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A Mathematical Dynamical Model of Distributed Parameters of 
Continuous Mass Crystallization Process — Part I: The Construction 
of Constitutive Equations for Continuous Mass Crystallization Process

W. Niemiec
Technical University of Gliwice, ul. Kochanowskiego 35/902, PL-44-100 Gliwice, Poland

Abstract
Basing on the physico-chemical features of the continuous mass crysta­
llization process according to the literature experiments studies, a 
mathematical dynamical model of time and space distributed parametres 
containing composite processes pertaining to the continuous crysta­
llization such as: 
- primary nucleation 
- crystal growth 
- secondary nucleation 
has been suggested.



1• Introduction
Several models of the continuous mass crystallization process can be 

found in literature. However no models of process of mass crystallization 
can be found which consider the following parameters of continuous mass cry­
stallization process distributed in working space of crystallizer and time: 
- primary nucleation / from solution/ 
- crystal growth / from solution/ 
- secondary nucleation / through the collision breedings/ 
from the point of view of the mutual interrelations of these constituent pro­
cesses. The object is to find common physico-chemical features deciding about 
the course of the mentioned constituent processes of the continuous mass cry­
stallization. In my doctorate dissertation[1 J I have proposed, basing on over 
200-quoted papers concerning the continuous mass crystallization, a new met­
hod describing this process as an arrangement of double local distributed pa­
rameters. The aim of the present article is to show this method as descrip­
tion of the continuous mass crystallization using the medium contact /diffu­
sion, heat transfer, distribution of the field vector velocity/.

2. A concept of double local distributed parameters of the continuous mass 
crystallization process.

According to 1,2, 3-8], 16-17, [19,[20, the concentration distribution 
around the growing crystal has a form - Fig.1. From Fig.1. it can be seen 
that the crystal growth processes are connected with the local distributed 
parameters. The following, phenomena are related to the physico-chemical 
parameters changes through the reaction of crystal growth around the growing 
crystal: - diffusion concentration transport, - diffusion energy transport, 
- energy transport through the heat transfer, - mass and energy transport 
in the stream of field vector velocity /equations of Marshall, Ranz-Marshall, 
Frossling[5]/.

Fig. 1.
On the other hand, the same features may be defined for the selected volume 
element of fluid phase in which there is a nucleon*’ in statu nascendi", as 
a physico-chemical parameters changes through the nucleation reaction 3-11, 
63-18
Primary nucleation and crystal growth/disturbed through secondary nucleation/ 
are competitive in the working space of the crystallizer and the residence 
time of crystals in the crystallizer. Thus, it can be assumed in line with 
Powers theory [8], that around the growing crystal and nucleon*’in statu nacen- 
di” certain fluid/adsorbtion/ layer exist, being connented with the physico­
chemical parameters of solution of the working medium. In connection with the 
fact that the literature of the process of continuous mass crystallization 
consider the crystal like, a regular mass block in my doctorate disseration
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I have proposed the Lx Ly, Lz- dimensions of this mass block. The fluidal/or 
adsorbtion/ layer arrangements around the nucleon"in statu nascendi" and gro­
wing crystal are assumed to be cuboidal on oriented surfaces F/x y z/ and 
FK/ y z/surrounding the S2/x, 2/ /nucleon/ /crystal/ volumes.
In my doctorate thesis I have proposed, a new way of description method of the 
continuous mass crystallization process, as a double local distributed parame­
ters with reactions in two phases - Fig. 2. [1,2
Fig.2.
The points 0/3, =Q ‘ /33 33‘ / are variable points of the crystallizer 
working spaces?, / the so-called variable points/ because the stream balances 
are in the stationary points Z/x,y,2/— K/x,y,z/ / Green or Neumann function 
theory/ 0/303/ - potentional fields /diffusion, heat transfer/
I‘/3 33‘ / - rotational fields / field vector velocity/
3. Nucleation balances

3.1. Mass balance 1,2
The mass stream of driving with v velocity volume S2/x y z/ 

there is a solution concentration C, has a form:
in which

3 = c v —56— /1/
From the point 03, ,3/ diffunding in direction Z/x,y,z/ stream:

Jp = " desrad c [m28 ’J /2/
In point Z/x,y,z/ there is the solution concentration decrease through nucle­
ation reaction: —) i . _ molVB = b/C - C8/ and Cs —------------------------- /3/

With the molar mass G full stream of solution dynamical concentration decre­
asing value in volume element P/x,y z/ can be written as:

2. ff C aSP/x,y,2/ Agrad e - C-7*-]dF* /-JvBG d5?/x /*//
•9/x,3,2/ F/X,3,2/ 9x,3,2/

According to the Gauss-Ostrogradzki law, equation /4/ can be written as: 

99 = div Pgerad e - C •J - v^G /5/
If De = De /x,y,zt/ continuitet equation has form:

B%----  = grad C/grad D. -v‘7 /6/
If De • D. /x,y,2,t/ continuitet equation has a form:

@c— = - v’grad 0 /7/‘OC
Continuitet equation /6/ and /7/ can be obtained from /5/ when

D— = 0 /see Appendix 1xand 27 and:

DC O C —
Dt = t + grad C/ v - grad Dc/
The following derivative form of equation /5/ is /see Appendix 17

BC— = DeV’c - c divv"- VB’G

/8/

/9/
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3.3. Energy balance for nucleation 1,2
Enthalpy stream of volume SB „ has a form:

------— ----- . /1094/ r j
ie=CHv m2s—

Heat transfer stream from Q/%, 0,2/ to Z/x,y,2/ is written as:
4 = - Asrad T n2 1

in volume

J 
s

a form:

Enthalpy stream through diffusion from 03, ,3/ to 2/X,32/

S2/x,3,2/ has 8 value: 1 = Ho(div/Dggraa c/)a2,, y z/ 
IA,yz/ 0

Dynamical energy balance value in volume element Jx y z/ has
8+JcnaS/x,y,z/5$ DAErad 7 - cKVTar/x,1,2/*

Se7k,3,2/ F837/+ HoJ (div/Dcgrad C/) d52/x,3,27
ZllHg"sd)dSB/x,3,z/

With application the Gauss-Ostrogradzki law and continuitet equation
3.1. -7 /A./x,y ,Z, t/ and Def De/x,y ,2,t/ /or continuitet equation
3.1. -6 /X=)/x,y,z,t/ and D = D /x,y,z,t/ with H-——H/x,y,z,t/ 
equation /13/ can be transformed to the following derivative form: 

c -9V2r - CT- div- - ~-VBG +* ’ DV2c
p - *-3.3. Impulses balance for nucleation 1,2

Kinetic energy stream of the solution volume elementSP, _ has -------- 2 1 F _____ ________  _______ , ________ ________  r - /x,y,z/

Potential energy stream of the solution volume element /x y z/

/10/

/11/

/12/

/13/

/14/

ai form: 
/15/

NSsG.5d /X,3,2/ _ [NJ
stream solution feeding volume element J/, /

wgleya9,,,,.7 ' ’ —
stream of viscosity forces of the volume element Sc/x y 2/

[26], [29,30 :/see Appendix *

Energy

Energy

a WV 1LAJ4.
grad divv"a9/x,3,2/ NJ

/16/

/17/

/18/
Dynamical balance of the impulses streams has in volume element SB,, 2/ 
form:.

it |NJ= V ^2+ N /19/
Following derivative form of the dynamical balance of the impulses streams in
point Z/x,,2/ of the volume elementSt/x y z/:
C-DY =wv”— c vdiv v‘+ Cg grad divv
4. Crystal growth balances

/20/

N V +

According to the fact that the primary nucleation and the crystal growth 
/disturbed through the secondary nucleation/ are competitive in the working 
space of the crystallizer and the residence time of crystals in the crystalli­
zer, the circulation of the orientation vectors n‘Z/ and n/Z/are in opposition.
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From this point of view the sing of the summation the potentional fields/dif- 
fusion, heat transfer/ to the rotational field/field vector velocity/ is other 
in relation to the same of the primary nucleation.
4. 1. Growing crystal mass balance 1,2 |
in volume elementMK/x y z/growing crystal takes £/x,y, z/volume trie part in
solution. Crystal mass stream has a form:

3k= 9x 83
kg 

m2s /21/
Diffusion stream from Q/3, 0,3/ to K/x,y,z/ has a form: 

3k= - DAgradc/1-8 / kgm2s J
7227

Increas of the crystal mass is going out through the growth reaction:

ax=a/C - C,/P/L7 and 's 7237
With the crystal molar mass GK full mass stream of volumetric part of the 
crystal in volume element SK/x y z/can be written as:

VK - Dxerad c/1 -&/ dFK/x „ , z eT/vox®x€/6%/4244/
JR%y2/ Eyz/

With the Gauss-Ostrogradzki law equation /24/ can be transformed to:

Ve = div. % grad [c/1 -8/ }+ Vax®x&
The following derivative form of the equation 4257 can be obtained as:
BE- = " yr * • c/1- &/] +Eatv ‘ * Sg* v ck&
4.2. Energy crystal growth balance 1,2

VK 7257

/26/

Enthalpy stream of growing in volume element Sk/x y 2/ crystal has a form:

7277
Crystal heat transfer stream from U3,0,3/ to K/x,y,z/ in volume element

.y» : 4 - -Aerad n/i-e/ a J /28,
Growing crystal diffusion enthalpy stream has in volume elementSc,

/28/

IKD” H< dSK/x,y,z/ J 
s 7297

Enthalpy of growing crystal in volume elementSEK/x y z/ has a dynamical form:

SEk/x,3,7/
,y,3/<ai

/x,y,2/ +

After transformations the same as in
x,y,z/ /30/

.2. there is the following derivative
form of the crystal temperature:

EKLTEEEAK7m/-87 +STxdiv VK + HGKSK
Cpxk . Va& Hec,

2

4.3. Growing crystal impulses balance 1,2
Growing crystal kinetic energy stream of the volume element ar _
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NK =2—9 QK°VK7 d FK/x,y,z/° VK/9K’/ VK 8rad/VK‘
FKA42/P —

Potential energy stream of crystal in volume element 1K/x y z/ :

+I c/1- &/ -]aSk/x,y,2)
JLk,z/ .

Energy of thegrowing crystal viscosity forces stream:

NScK K K/x,y,2/

N. VK 3N&-grad divvk

K/x,3,2/ [N

K/x,y,z/

/32/

Energy of feeding k/x ly z/ stream is equal to the crystal own energy since
the crystal should float in the solution r •

N, =E41-8/ ] dSek/x,3,2/ = vk=JQx&/G2K/x,3,2/ “g"
Dynamical balance of the impulses streames in point K/x,y,z/ has a form

/35/

3. [-N3 = Ng * Ngex 4 NK /36/
Following derivative form of the dynamical balance of impulses streams in point
K/x y z/of the volume elementSK/x y z/ like in 3-3- 

c/-E/-B- - eVy + gxe azvny2+d" 
+9K& + c/1-8/]g

5. Secondary necleation 1, 2/ see Appendix 47
According to the literature studies, in my doctorate

& grad div vK

proposed the new - full description of the secondary
dissertation [1] ,

/37/

I have
nucleation through the

crystal energy balance/with literature assumption that 
disappear very fast /in the form:

collision deformation

Impact energy

Ez

5.1. Crystal vibration kinetic energy 
PP. 1 — 1 -L‘ 11 1 /
Ek = Z‘BgK‘0+2 5 2 Bgk * 7 77

Vibration kinetic
energy

Ek

Statical crystal 
energy

s

O2
(o2Ly Z /39/

5.2. Crystal collision energy | 1 2, f 21-24 /see. Appendix 4
This energy is going out from impact energy of n crystal collisions:

E2/n/=n-B2/1/ = n-KvSrLWk2 r - M /40/
5.3. Statical deformation energy 1,2, 25-27 /see Appendix 47
There are statical hipotetical crystal deformations in the form:

E = h /V2L +  ---- - ------ grad div -L/ 
s • k - 2

5.4. Dynamical energy balance on crystal surface
see Appendix 47 ~2__ — _

nKvyt * + 2 • gx 8 2" = NN 4* --5 grad div 17 /42/
6. The discussion of the equations mathematical model with distributed parame- 

teres of the continuous mass crystallization

J /41/
has a form 1, 2

The equations

I
Dt-DT A c 

Dt“p

of the primary nucleation process:
C - C div v - v^G

V2r - C • T-div v —o"B--vs@ + 1c. PeV2c

/1/

/2/
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R—=QW2v- C v div v‘+ Cg*+ 30“ grad div v /3/
The equations of the crystal growth process:

P& = —42/1-8 / 1 +&div—v + -K—v€ /1/

-] • enarys, ■ sH—a=geV‘en-e7 7z7 

c/1-8 Br = w&V2—e + Rx&vdivvx+ [ 9K8+ c/1-8/8* J&srad divvx 
in the equations of crystal growth there is a function of growth reaction -
VaK, which is not only a function of supersaturation/C-C,/but also of the cry­
stal size f/L/. I have modified this literature form of crystal growth solving
an equation /42/ due to L/Lx, Ly, Lz/: By solving a dynamical equation L in
the form L Kv L VK 2

the crystal growth function is modified considerably in equations II-1‘,1I-2‘.
In its turn equation III is related through crystal velocity to crystal growth.
equation II-3‘. The crystal growth is medium connected through mass and energy 
diffusion transport .The interrelation of the same type is observed between equ­
ations 1-1 and 1-2 due to Il-Pand 11-2’because:

Vc/1-8/] = /- £/ V2 c-cV2e /1/
8ndV2]-e/n]-1V2[-e/]+/18/V2r 72/
In equations /1,2/there is a part of fluid phase and a part o crystal phase.
The fluid phase; /1- &/V2c and T2 /1-€/. The crystal phase; - C V2E 
and /1-&/V2 TK- Since the fluid phase nucleation"in statu nascendi"has to be 
described by equations I - 1,2,3 , the crystal growth equations have a form:

1 C V2& + &div ve

II

cDTK _H
Cpt (“pK /-8/V2 

.Me
KK K c.

Gy — 
or &-Yax 
RSKe. , OKCYGK

• C

C/1-8/-PY K div ‘K t ft 
c/i- £/ g

K

The above mentioned relations between the constituent processes

/I”/

/2”/

/3”7

of the conti­
nuous mass crystallization process: primary nucleation, crystal growth and the 
secondary nucleation can be considered as parameters /Co,To, Vo7 and / &o,ToK 
Lo/ corespondent to those of the initial stage of crystallization in points 
Z/x,y,2/ and K/x,y,2/. Factors/C,T,V7 and /&,Tg,Wg,U7are resultant magnitudes 
of the process.Input-Output of the continuous mass crystallization is shown by 
figure 3. Fig.3. 7. Conclusion.
The introduction of the following derivatives into all the equations aims to 
fulfil the conditions of constitutive invariance due to direction Q-------------------------------------- —Z and
Q----►K and geometrical coordinates transformation into mass coordinates,energy 
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coordinates and the coordinates of the fields vectors velocity. The derived equ­
ations make use of phenomenon relation occuring inside the working medium of 
the crystallization process. These equations are valid due to optimal working 
medium since in Eucledian space in Carthesian coordinates the vector components 
are the same for correspondent covariance and contravariance tensors. In my doc­
torate dissertation [1] I have solved the systems of equations ItII and III ba­
sing on the field theory and Green function theory.XX

Notation
C - concentration [kg hydrate/m3 solution] 3 
Cs - saturation concentration of solute kg/m 
b - coefficient of nucleation
a - coefficient of crystal growth 3
G - molar mass of solution kg/molm2
GK - molar mass of crystal kg/molnr
i - kinetic order of nucleation
j - kinetic order of crystal growth
T - solution temperature °K
TK - crystal temperature ° K
£ - volumetric crystal part in solution [crystal volume/ solution volume
1-€ - volumetric part of solution -
L - crystal size vector m
He - specific enthalpy of solution J 
HB - nucleation specific enthalpy J 
HGK - crystal growth specific enthalpy J 
De - diffusion coefficient solution-solution 
DK - diffusion coefficient crystal-solution 
T - heat transfer coefficient solution-solution 
>x - heat transfer coefficient crystal-solution 
Cp - specific heat of solution 
cpK - specific heat of crystal 
SK - specific crystal density
H - enthalpy of the solution
HK - enthalpy of the crystal
Kv - volumetric crystal shape factor
Kx - surface crystal shape factorn - statistical crystal collision number
k - Poisson constant
h - crystal press module
B - function of / AwL,8 ,Ky,KA, crystal dusting/ l m3
VB - nucleation reaction mol/s

L s J
J/»2s °K

J/m2s °K
J/kg °K
J/kg, °K 
kg/m3

J

N/m2 2

mol/s 3
m2
m

VGK - crystal growth reaction 
JR- volume of crystallizer 
a,b,c-dimensions of the at - primary nucleation

StK - crystal growth and secondary nucleation
_w - dynamic viscosity coefficient kg/m>
V - solution velocity vector m/s
VK - crystal velocity vector m/s,
& - gravitational constant m/s2
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Fig.1. The concentration distribution around the growing crystal .
C - bulk concentration. Ci- interphase concentration, C - crystal surface con­

centration

2,3-3

0/7-2:3/

n‘ K
F KS STK

Z/x,y,z/ K/x,y ,Z/

I‘/$233/
S?

D,P Sg gK

SK

SDK,PK

Fig.2. A double local distribute parameter method as a new way to describe 
-the continuous mass crystallization process 1..

na n- (normal volume orientation vector for nucleation, for crystal growth
Sp pr.Spp- diffusion/heat transfer stream for nucleation, for crystal growth
S.S.x- ‘ - gravity force stream for nucleon, for crystal growth
S, S- turbulence stream for nucleon "in statu nascendi”velocity vector, 

for crystal growth velocity vector.
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I nput Residence time Impurities Output
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To D,P 2/1,2 ,3,1/

DK,PK

&o
TKo Sr
VKo 2,33 k/x STK 473’ > ?‘ >3’ $7

VK

C

T

o

&

K

L o

X , 1 ,3‘

L
Y, M

Fig.3. Input- Output for continuous mass crystallization process*

— 12 — L 1/7


