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Abstract

In this paper a new beam-type pipe Element is presented. For the shell displacements of
the pipe, splines interpolation is used in the circumferential direction, while strip theory
interpolation is used along pipe length

The element has been tested and as a result it seems to be more effective than beam-type
pipe elements already known in the literature available.

1. Introduction

Basically, three methods [}] of modelling piping systems are known:

(a) First, methods based on a beam element analysis which utilizes v.Karman flexibility, and
stress-intensification factors.

(b) Second, methods based on a shell discretization of the pipe,

(c) and third, combined methods based on a superposition of beam and shell displacements
according to v.Karman's hypothesis.

The scope of the present paper is the development of a new pipe (c)-methods-element,
which, instead of the v.Karman generalized displacements Dﬂ, uses, strip theory interpola-
tion, and discrete degrees of freedom on the middle circumference of the shell. This new
type element seems to offer a better approximation of the pipe displacementsand flexibility.

2. Curved Beam Element Formulation
For the geometry of Fig.la,1b using curvilinear coordinates (r,8,9) the following
strain-displacement relations (Tinear elasticity) are obtained
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Eqs.(1) are confirmed by BICKFORD and STROM [3]. It is simple to express the components
UpsUy,Ug of u,v,w in coordinates system (x,y,z). Then, UpsUp,lg are - in terms of centerline
displacements and rotations:

up = ux-BZrcose-Syrsme
u, = uy+exrs1n3

= 2
uZ+9chose (2)

Finally, using the exact shape functions S{9) for a 2-node element, U ['ux y,uz,ex ey,ez] is
expressed in terms of QT (k=1,2, node number). These functions (which allow the use of
large element angle 95> €.9. <p0=900) are computed either (i) numerically, using straight
beam elements to approximate the curved beam, or (ii) analytically, using the differential
equations. The unknowns yé are the components of gk in the global system (xG,yG,zG) Strain
& is

kyk
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3. Shell Formulation for Pipe Element

3.1, Strain-Displacement Relations

Setting r=ry in egs.(1) and using for u,v,w the expressions for the shells as they are
found in KRAUS [4] (ch.2, §4), the relations for a thin curved pipe are obtained (R=const.,
Fig.la,lc). If UgsVgoWg are the displacements of middle surface, then it is valid
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where no=1—rocose/R.
The above relations are in full agreement with MILLARD and HOFFMANN [5] and KRAUS [3] (ch.s,
61, application for pipe geometry). Following thin shells hypothesis, these lead toa simple
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expression for §£=[eee,ew,v‘p9] (keeping appropriate terms to secure continuity along x=Ry)
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while the inextinsibility hypothesis is

€00

Wg = =-9Vg/00 (6)

3.2. Shell Shape Functions
According to von Karman's original idea, Vg is expanded in Fourier series (variable 8).

The choice of these types of functions was based on the necessity of periodic function and
the remark: nw 36—-f v =0. MILLARD [6], BATHE and ALMEIDA [6] and other used the same
appr‘ox1mat1on for vg, to constr‘uct such a beam-type element. This paper introduces splines
interpolation functions around angle 8 and discrete degrees of freedom at four points

(step=90°) of middle circumference of the pipe

4
vg(x,0) = 1 Ny (E)vg, () )
"7 with &=6/2n

N1(E) is shown in Fig.2. The rest N1.(Z) are obtained with rotation of Nl(E).

Shape functions Ni(E) provide among others the possibility of a non-symmetrical
deformation pattern of pipe cross section, of a better approximation of internal pressure
effects, etc.

Under the hypothesis of in-plane bending only and SZ=8uy/R3<p, eqs.(1) and instructions

of §2 lead to au azu u
. —R'X_- rcos6 71__1 (8)
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Let it be, n=1, @B, R—»r , uy—»-ws, UoVes Y= rcos6+-Z=-(r- o ), eq.(8) gives '
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Eq.(9) is the first of eqs.(4) if the term cavs/roae is neglected. Hence, the exact shape
functions for the curved beam can be used to approximate Ni(e). This is especially useful
in case reinforcements are used along pipe length, which means irregularity on cross section
thickness.

The interpolation functions along the pipe Tength are,

veilx) = (1-3nz+2n3)v1 (n—2n2+n3)R(|) v;l1.+
+ (anP-an® )i H(on Zn )Rtpovg1 (10)

where n=(D/(DO, v;1.=dvs1./dx and upper subscript (k=1,2) means the number of node. The selection
of (10) was based on "Strip theory” hypothesis. A pipe element based on finite strips is
f.e. the MARK element 17 [7].
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Using eqs.(5), (6), (7) and (10) we find
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4, Stress-Strain Matrix and Stiffness Matrix
The following g-g relation for plane stress conditions in 6-¢ plane is used
O ] 0 0 R
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where E is Young's modulus and v the Poisson ratio of the material,
Using superposition, total strain £ is 3
N T
€ = Eb+£s = Z __bgsl Uk (13)
k=1 =s |
and the stiffness Matrix: k=] 8"oBav (14)

We have 14 (=6+8) degrees of freedom per node. Many integrations of eq.(14) have been
performed analytically.

5. Example Test Problem

Pipe element ELSPOL was introduced in PIPES-Code developed during recent years at NTU-
Athens. For sake of clarity and due to limited space a short example for straight pipe is
given. Data for the problem is given in Fig.3 and has been received (with results) from
BATHE and ALMEIDA [8]. Displacement wS(S) is shown in Fig.4 while ws(x) and dws(x)/dx in
Fig.5a,5b, ELSPOL gave excellent results with only four 2-node elements.

References

[{] Boyle, J.T., SPENCE, J., "Inelastic Analysis Methods for Piping Systems", Nucl. Eng.
Design, Vol.57, 1980, pp.369-390.

[2] von Karman, T., "Uber die Forminderung Dunnwandinger Rohre, Innsbesondere Federneder
Ausgteichrohre", Zeitschrift des Vereines deutscher Ingenieure, Vol.55, 1911, pp.1889-
1895.

[3] BICKFORD, W.B., and STROM, B.T., "Vibration of Plane curved beams", Journal of Sound
and Vibration (1975) 39(2), pp.135-146.

[4] KRAUS, H., "Thin Elastic Shells", John Wiley, 1967.

Bﬂ MILLARD, A., HOFFMANN, A., "Refined inelastic Analysis of Piping Systems Using a Beam-
Type Program", Proceedings Sixth Int, Conf. on Structural Mechanics in Reactor
Technology, Paris, 1981, Paper M10/2.

Bﬂ Bathe, K.J., ALMEIDA, C.A., "A Simple and Effective Pipe Elbow Element-Linear Analysis",
ASME Journal of Applied Mechanics, Vol1.47, 1980, pp.93-100.

Dj MARC User's Guide, CDC/MARC Analysis Corp., 1977,

[8] Bathe, K.J., ALMEIDA, C.A., "A Simple and Effective Pipe Elbow Element-Interaction
Effects", ASME Journal of Applied Mechanics, Vol.49, 1982, pp.165-171,

— 342 — B 9/2



£=05
=75 z
c £=025
g
-3
1 e
y
N1(§)={ -12984 +144£3- 4482 41 04 € £0.5

12801-64 41440 61344015 P 10,5EL1

Fig.1 Elbow pipe element, coordinates systems and displacements Fig.2 Shell shape functions around middle circumference
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Fig.3 Straight cantilever pipe test problem, E=Young's modulus
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Fig.4 Shell displacement W at node 5
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Predicted response of cantilever straight

pipe using four 2-node finite elements
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