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INTRODUCTION
Most economical multiple-decision theory is primerily an

extension of Professor Hoeffding's formulation of most economicsl
two~decision theory, as given in his course lectures at Chapel Hill.
The concept is an application of Wald's formulation of sequential
analysis to non-sequentiel decision theory in which the cholce of

a sample size is at the disposal of the experimenter - instead of
minimizing the expected sample size of a gequential experiment sub-
Ject to bounds on the probabilities of error, Hoeffding suggests

minimizing the fixed sample size of s non-sequential experiment

subJect to these bounds. Assuming the cost of experimentation to
be proportional to the semple size, such procedures are, in a sense,
"most economicel". In terms of the now clessical Neymen-Pearson
theory of testing hypotheses,‘such decision rules adjust the sample
size soc as to obtain the desired power against certain slternatives;
such an approach is implicit in the writings of Neymen end Pearsm .,
In the words of Ferris, Grubbs, and Weaver / 5 /, "... if the
sempler wents a given degree of assursnce in rejecting the null
hypothesis when a particular alternstive is true, he would like to
know the minimum sample size which would accomplish this when the
probebility of reJecting the null hypothesis when true 1s given.”
For this purpose, these authors have supplied graphs of the power
functions for various semple sizes for some of the common stetis-
ticel tests. Hoeffding's lectures constitute a formalizetion, end
generalization ss well, of this espproach to testing hypotheses and

give, in addition, a number of existence theorems.



vl

The multiple-decision extensions treated here are, first,
to the consideration of decision rules for deciding emong m elter-
natives, rather than just two, which mini;ize the semple size sub-
Ject to bounds on the m probabilities of choosing the alternative
which is to be preferred, or which, in a sense, 1s the "correct"
alternative, under the prevailing one of m possible eitﬁatione
(true distributions or classes of distributions). A second exten-
sion is to decision rules which minimize the sample size subject
to bounds on each of the probebilities (less than fm in number)
of making "incorrect" decisions - the probebilities of choosing
one of the m elternatives which is not to be preferred when one of
the [ possible situations prevails. Solutions to the first pro-
blem turn out to be "likelihood ratio" decision rules, and to the
latter, "unlikelihood retio" decision rules, defined precisely in
the text. They are cbtained by en application of Wald's minimax
theory for fixed sample sizes; however, the minimdx theory 1s
used solely as a tool and does not lend itself to sny interpreta-
tion according to Wald's theories. But 1t is an effective tool
in that it is proved thet one has nothing to lose by restricting
his consideration solely to minimex solutions with respect to
certain artificial loss functions for various.eample sizes.

Problems of both "simple" end "composite" discrimination
are considered, and characterization theorems and existence theorems
are given. Various properties of the decision rules are derived,

as well as reletionships with works of Weld, Wolfowitz, Lindley,
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Reo, and others. A number of examples are treated which ere
generalizetions of some of the common stetisticel tests. The
theory as given is applicable to multiveriate problems as well ss
univariste ones, and this generality enebles scme k-populetion
problems - such es deciding which of several populations has the
largest meen - to be covered slso by considering a set of k ob-
servations, one from each univariate populstion, as one observa-
tion from s k-variste population.

Finally, utilizing the analogies with Wsld's statisticel
decision functions, a generalizstion to a most economicel theory
of decision functions is considered in which the maximum expected
cost 1s minimized subject to bounds on the expected loss function.
This epproach to stetistical decision functions overcomes one of
the common criticisms of Weld's theory, that losses due to incor-
rect decisions and cost of experimentation are treeted on an equal
footing, simply by summing them. The relationship with enalogous
work of Blyth end Konijn is pointed out.

Some of the theorems and their proofs, e well as some of
the concepts, ere fairly streightforward generalizations end
adaptations of the work of Hoeffding, Wsld, Lindley, end others,
end indication to thet effect is given wherever sppropriste.

In Chapter I, the basic sssumptions and definitions sre
given and problems of "simple discrimination” ere treated - that
is, problems in which one of a finite number of posesible distribu-

tions underlies the decision problem. Chapter II treate problems
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of composite discrimination - discrimination among possible classes
of distribution functions. Chapter III gives scme very general
necessary and sufficient conditions for the existence of most
economical decision rules for both simple end composite discrimim-
tion, And Chapter IV treests generalizations of the foregoing
theory to statisticel decision functions, giving existence theorems
as well as indiceting various applications. An appendix trests
some particular examplesof two- and three- decision rules; a
nomograph is given for obtaining such rules explicitly, and some

brief tables of most economical sample: gizes ere computed from it.

NOTATION

We use X's to denote random varisbles end x's to denote
observations on the corresponding randcm variables., X or x with a
subscript denotes one real- or vector-valued variable, and without
a8 subscript it denotes a sequence of such veriables, ususlly n in
number .,

For clerity, we use "//" to denote the completion of & preof.
Numbers in square brackets refer to bibliogrephy. "Decision rule"
is ebbrevisted "d.r." and '"most economicel”, "M.E."; '"with
respect to" is abbreviated "w.r.t.".

For conciseness, any symbol, sey s, when underlined denotes
m (or sometimes f) of the same with subscripts running from 1 to
m (or f); thus, s denotes 815 Sy, ..., 8. Throughout, m is a
positive integer grester then unity. All other notation is

introduced as needed.



CHAPTER I

MOST ECONOMICAL MULTIPLE-DECISION RULES
FOR SIMPLE DISCRIMINATION

1,1 Formulation of the Problem,

1.1.1 Basic Assumptions and Definitions. We are con~-

cerned with a sequence Xl, X2, veey of real- or vector-valued,

independent, and identically distributed random variables, each
having a generalized density function f(x) w.r.t. a measure

w(x). £(x) is not completely known, but is assumed to belong to
some specified class (*) of density functions w.r.t. the speci-

fied measure p.

We suppose we are faced with a number m of alternative de~

cisions, Al’ ey Am, one of which is to be chosen after having

taken a Sample of size n, that is, after having observed the first

n random variables Xy, ..., X, denoted simply X, n being at our
disposal. We denote the sample values by x = (x;, ..., xn). n

is to be fixed in advance of experimentation and is to be com-
pletely non-random, not depending on the observations nor on any
chance mechanism, We assume further that the cost of experimen-
tation is proportional to the sample size, It would be necessary

to assume only that the cost be some specified increasing function



of the sample size by making minor alterations throughout, but
we make the former assumption for expediency.

The decision procedure consists first in choosing a non-
negative integer n, and then, after taking an observation on

X =(X, «v.y X ), in choosing one of the alternative decisions
1 ? "n :
Al’ eeey Am. The decision problem is to formulate a rule for

choosing n, and having taken a sample of size n, for choosing

among A,, ..., A . A multiple-decision rule D (hereafter abbre-
1 > "m

viated m=d.r., or simply d.r., m denoting the number of alterna-

tives available) for choosing among Al, cees Am after an observa-

tion x on X has been taken is defined by an ordered set of non-

negative, real-valued, and measurable functions @(x) = Z_¢1(x),

cevs Qh(x);7 on the space X of x having the property

m
z ¢i(x) = 1 identically in x (for n = 0, D is defined by a set
i=]

of non-negative constants ¢ = (¢l, cees %n) summing to unity).

D is interpreted as follows: having taken a sample of size n and
computed @(x), a chance mechanism is used to select one of the

alternatives Al’ cery Am, the probability of choosing Ai being
¢i(x) (i =1, ..., m) when x is observed. Such a d.r. is said

to be a "randomigzed" d.r. A d,r. is said to be 'mon-randomized"

if the values of the ¢i's are restricted to 0 and 1; then each ¢i
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is a characteristic (or "indicator") function of a set, commonly

called a region, say Ri’ of the sample space 35r and the property
Z¢i = 1 implies that Rys «voy R are mitually exclusive and ex-

haustive, We call such regions "acceptance regions" since a non-

randomized d,r, is of the typet if x ¢ Ri’ accept A, (i=1, ...

m). For every d.r. D, a set of functions ¢ is implicitly assumed,
and we shall refer to a d.r. either by D or by the set of func-

tions Q. A subscript n on D is sometimes used to denote the

corresponding sample size; gn denotes'the set of functions de-

fining Dn‘ Unless otherwise specified, we assume the class of

d.r.'s at our disposal consists of all possible d.r.'s as defined

above for every possible fixed sample size n = 0, l, 2, ... .,

1.1.2 Problems of Simple Discrimination., We suppose

throughout this chapter that Sfl consists of a finite number, say
{, of elements £ cevs ff’ and we denote (7) = £ = (£35 «vos
f[); when this is the case, we say that the corresponding decision
problem is one of "simple discrimination" and a d.r. is a d,r.

for "simple discrimination" or for "discriminating among " We
use the same notation to denote the joint density functions of

the first n random varisables in the sequence, sometimes using a

superscript n to denote the sample size when necessary to avoid

E
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confusion; similarly, the measure p may be used to denote a joint

. ~ : . n
measure of n random variables ~-- that is, we denote J{ fj(xi)
i=]1

= f?(x) = fj(x), where x without a subscript denotes an n-vector,

and we say fj(x) is a density function w.r.t. p(x) (j =1, ...,

m).

A d.r. D will be characterized by the functions

(1.1) pij(D) = Ppr(D chooses Ajl fi) = ¢j(x) fi(x) du = Ei¢5(x)

X

(1=1, ..., f5 =1, ..., m) where the subscript on the expec=
tation operator E denotes the corresponding density function. If

D is a non-randomized d.r., (1,1) implies

R,
J
We shall consider two different criteria for choosing a
d.r. for simple discrimination, The first criterion is applica-
ble only to the case when the number { of elements in L:) is equal
to the number m of alternatives and the alternative decisions core

respond to the possible true density functions in such a way that

the decision A, is to be preferred when fy is true (i =1, ..., m);



Ai is said to be a "correct!" decision if fi is true aﬁd "incor-
rect! if fj is true (j # i). We denote pii(D) = pi(D) = 1-qi(D)
(i=1, ..., m), so that when the d.r. D is used and £, is true,
p; is the probability of a correct decision and 9 the probability

of an incorrect decision. We now formulate the first criterion:

DEFINITION 1.1: Let g = (al, .e.s @ ) De a given vector of
positive1 constants each less than one. A d.r. DN’ based on a

sample of size N, is said to be a most economical m-decision rule

relative to the vector a for discriminating among f-= (fl, coe fﬁ)

if it satisfies

(1;2) pi(D) e, (i=1,...,m)

and if N is the least integer n for which (1,2) may be satisfied

by some m-d.r. Dn based on a sample of size n. N is said to be
the most economical sample size,
Thus, by this definition (and assuming the sampling cost to be

proportional to the sample size), a most economical d.r. (hereafter

abbreviated I,E. d.r.) is one with a minimum sampling cost subject

1. If any a, wWere zero, we may Jjust as well never choose

Ai and consider an (m-l)-d.r. for discriminating among the m-1 fj's

(5 #1).



to lower bounds on the m probabilities of correct decisions. We
note that (1.2) implies lower bounds on the probabilities of an
incorrect decision, vis., qi(D) <1- ay (i=1, ..., m),

A second criterion for choosing a d.r. will now be given,
We no longer require that { = m, but shall suppose that correspon-

ding to cach f, one or more of the alternatives Aj is preferable

i

(or '"correct') when fi is true.

DEFINITION 1.2: Let B = (pij) be a given f x m matrix of
positive constants such that for every i, j pair for which Aj is

a correct decision when f; is true pij =1, Ad.r. DN’ based on

a sample of size N, is said to be a most economical m~decision

rule relative to the matrix B for discriminating among f = (£,

vers i‘y) if it satisfies
(1.3) PP =By (E=1, 0, f53=1, .y m)

and if N is the least integer n for which (1.3) may be satisfied

by some m-d,r. Dn based on a samplc of size n, N is said to be

the most economical sample size.

Thus, by this definition, a M.E, d.r. is one with a minimm sam-

ple size subject to an upper bound on cach of the probabilities



of incorrect decisions, If we wish to reclinquish control of the
probability of any particular incorrect decision, we simply set

the corresponding Bij =1, If { =n and Ai is preferred when fi

is true (i = 1, .,., m), then a M,E, d.r, relative to B also con-

trols the probabilities of correct decisions if ; Bij < 1 since
J#i

(1.3) implies

pys(D) =1 - j?ipij(D) >1 - jf!ipij (i=1, ..., m,
For some applications, one may wish to restrict the class

of d.r.'s to the class of all non-randomized d.r.'s and define

4,E, non-randomized d.r.'s relative to a vector or matrix by the

same definitions, but this may requirc an incrcased sample size.

M ternatively, one may wish to allow a random choice between two

(or more) consecutive sample sizes, and this may decreasec the

average sample size over a number of cxperiments. (Hoeffding Z-Q;7

has considcred such procedures in the two-decision cass,) How-

ever, we shall assume throughout that the sample size is non-random,

but shall allow randomized d.r.'s unless otherwisc specified,

In the case of 2-d.r.'s when f = m = 2, we have Pyo = 1-Pyq
and Pyy = l-p22. Suppose A1 is the decision to accept the hypo-

thesis Ho¢ £ =

1 1 and A2 is the decision to reject Hl in favor of

t £ =1 Then Pyo and Py, are the classical first and second



kinds of error, respectively, associated with a test of Hl against
H2, and, denoting ¢ = 1 = a = ﬂ12 and B =1 - a, = 321, it fol-

lows that both (1,2) and (1.3) rcduce to upper bounds (a, B) on the
two kinds of error, Hence, Definitions 1,1 and 1.2 are equivalent
(if f = m = 2), both defining & M.E, 2-d.r. as one with minimum
sample size subject to these bounds, Consider for each sample size

n, the most powerful test ‘1‘n of size a of Hl against H2' It may
be shown that if for some n the power of Tn is at least 1 - B,
then the test TN, where N is the least n for which this is true,

is "most economical". Hoeffding 173;7 has considered such two-
decision problems in some detail, Definitions 1.1 and 1,2 arc
two extensions of these concepts to multiple-decision problems,
In the following sections we shall be concerned with de~
riving both types of M,E, m-d.r.!'s for simple discrimination, as
defined by Definitions 1.1 and 1.2, Wc shall consider minimax
d.r.!'s w.,r.t. certain weight functions relative to the class of
all d;r.'s based on a sample of fixed size n and shall prove that
in order to obtain M.E, d.r.'s we nced only consider minimax
d;r.'s for various valucs of n. Thc question of "admissibility"
of M,E, d.r.'s obtained in this way is also considered. It
should bs emphasized that we are using minimax theory only as a
tool; the loss functions introduccd are somewhat artificial, In

Scction 1.3.3 we shall consider another approach to obtaining



M.E. d,r.'s, but shall show that it is virtually equivalent to
the minimax approach. First, in the next section, we shall re-
view Wald's theory of minimax d.r.'s for fixed sample sizes when
the number of possible decisions and the number of possible dig=

tributions are both finite,

1.2 liinimax Decision Rules for Fixed Sample Sizes, We shall re-

view briefly some of the concepts introduced by Wald in Z_2g;7,
Section 1,1, as applied in Section 5,1,1, and shall repeat some
of his thcorcms of Sections 3.5 and 5,1.1, altering his notation
slightly to conform to the notation introduced in the previous
section, There are only minor differences between the "data of
the decision problem" as assumed by Wald and hore: he treats dis-
tribution functions rather than generalized density functions
w.r.t. some measurc, and he assumes univariate random variables
rather than allowing the possibility of multivariate random var-
iables, but these and other differcnces arc inessential in what
follows, Ve assume throughout that the sample size n has been
fixed.

We assume a bounded weight function W(fi, Aj) = wij (i=1,

eees f3 3=1, ..., m), representing the 'loss' incurred by ac=

cepting Aj when fi is true, The corresponding risk function when

using a d,r, D is defined as the expcected loss:
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m

We introduce an a priori distribution g = (El, cees g{) over

(") where E; 2 0and 2, =1; £, represents the 'probability
i=1
that fi is true'., The average risk relative to g is defined:
| 3 s W
(1.5) r(g, D) = 2 g,;r(f;, D) = 2 g,W, .p, (D),
i=]1 i3

A d.r. D" is said to bo a Bayos d.r. relative to £ if it

minimiges thc average risk relative to &; i.e., if r(§, D*)

= inf r(g, D). A d.r. D9 is said to be a minimax d.r. if it
D

s . . - . . 0
ninimizes the maximum risk over ( l s i.e., if max r(g,,D")

EJ
1<i<f 1

= inf max r(f,, D). An a priori distribution go is said to be
D 1<i<f
a least favorable distribution if it maximizes w.r.t. £ the mini-

mum of the average risk; i.e., if inf r(go, D) = sup inf r(g, D).

D E D

The following two theorems arc given by Wald (1722;7, parts

of Theorems 5.1, 5.3, and 3.9):
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THEORE:! 1.1t A necessary and sufficient condition for a d.r. D

to bec a Bayes d.r. relative to a given a priori distribution £ is

that ¢j(x) = 0 for any x (except pcrhaps in a set of -measurc

zero2) and for any j for which

{ {
TEMW, . f(x)> min [ ZgVW f(x) 7.
je + 1371 %9?3{. 4=1 1 ik'i -

THEORE! 1,2: (i) There exists a minimax d.r, D°;
(i1i) thore oxists a least favorable distribution g?;
(1ii) any minimax d.r. is a Bayes d.r, relative to any
least favorable distribution, and conversely;
(iv) for any i for which Eg > 0, r(fi, %)

= max r(f,, %)
i<i<f

ASSWIPTION 1.1t The moasure u is non-atomic,>

2., By the E-measure of a subsct R of X we mean

e (.00 a

AX .

=1 i g i H
R

3. A mecasurce is non-atomic if cevery set of non=-zero
measure has a subset of diffcrent non-zero measure; ec.g.,
Lobesgue mcasure is non-atomic,
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Dvoretzky, Wald, and Wolfowitz /|, / have proved under
Assumption 1.1 that any randomized d.r. for simple discrimina=-
tion may be replaced by an "equivalent! non-randomized d.r.,
Usquivalent! implying equality of risk functions,

We conclude this scction with a lemma which will be useful

later on. Conditions under which rs defined below, tends to zero

are given in Chapter IIT,
IEMMA 1,11 For every fixed sample size n =0, 1, 2, ..., lot DO

be a minimax d.r. and denote r = max r(fi, Dg). Then the se=
i

quence [rn },n=0,1, 2, ..., is a non-increasing sequence,
Proof: Iet o@n denote the class of all m-d.r.'s based on a sam=
ple of fixed sizen (n=0,1, 2, ...). Now @ng EN for all

n<N(N=0,1, 2, ...) since we may take g(xl, vous XN) inde-

pendent of X412 02 X in which casc g definces a d.r. in '8n

and in '@N' Hence

r = inf max r(fi, D) > inf max r(fi, D) = ry (n<N). //

n
De@n i DG‘ON i

1,3 Most Economical Decision Rules Relative to a Vector a. We
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shall apply the thoory of Section 1.2 to two specific weight

functions ng and develop in cach casc a method of obtaining .E,

d.r.!'s as defined by Definition 1.1, In both cases we assume
f = m. Various properties of these docision rules are considered

and some examples indicated,

1.3.1 First Minimax Approach. Let

(1.6) W(fi, Aj) = wij -gsij/ai (4, 3 =1, ..., m)

where 6ij donotes the Kroneker 6-function.l‘l Then, from (1.l),

i, Tho loss function (1.6) may be interpreted in terms of
gains., Onc might develop a decision theory completely analogous
to Wald's theory but with Wald's loss function replaced by a gain
function which is positive when a "correct" decision is made and
zero otherwise, A Bayes d.r. might be defined as one which maxi-
mizes the average expected gain, and a "maximin" d,r., as one which
maximizes the minimum expected gain, But such a theory would be
completely equivalent to the Wald theory if one defines loss as
negative gain, or, if one prefers a non-negative loss function, if
onc defincs loss as the difference between the maximum possible
gain (maximum over all possible distributions as well as over all
possible decisions) and the actual gain, (Savage /19 7 considered
Wald!s loss functions in terms of gains, defining loss as the dif-
ference between the maximum gain for the prevailing true distribu-
tion and the actual gain, so that his loss is always zero when a
correct decision is made and positive otherwise.,) Either of these
loss functions satisfies Wald's requircments (if all gains are
finite) though it is not necessarily zoro when a correct deoision
is made nor necessarily positive otherwise, as suggested -- but
never rcquired mathematically -- by Wald., Thus, we may consider
Gy = Bij/ai as a gain function and define the loss function in

(1,6) by'wij = -Gij’ or, alternatively, we may replace (1.6) by
Wiy = (max Gyy) - Gy
1,J



1

the risk w,r.t. W,. is
1)

m
(1.7) r(fi, D) = jilﬁijpij(D)/ai = p,(0)/ay, (=1, ...,m),

Theorem 1.2 asserts the cxistence of a minimax d.r. DO for any
(fixcd) sample size, We shall consider minimax d.r.!'s for cach
valuc of the sample size n = 0, 1, 2, ..., and prove the follow-

ing thcorcms

THEOR®! 1,3t For cachn =0, 1, 2, ..., let Dg be a minimax d.r,

w.r.t. the weight function (1.6) for samples of fixed size n.

Supposc for some n,

0]
(1.8) maxx r(fi, Dn)

1

< -1

and lot N be the least such integer. Then Dg is a M,E, d.r. rela-

tive to thc vector o for discriminating among f. Conversely, if

there oxists a M.E, d.r, relative to g for discriminating among f

and the M,E., samplec size is N, then Dg is a M,E, d.r.

Proofs From (1,7) and (1.8), it follows that Dg satisfies (1.2).
Now supposc for some n < N, therc oxists a d.r. Dn satisfying

(1.2). But Dg is a minimax d.r. so that
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(1.9)  max r(fi,Dg) e mix r(£;,D ) = mi.x [-p;(D ) /ey T .
1

Since D satisfies (1.2), we have from (1.9) that max r(fi,Dg)

i
< =1, in contradiction to the fact that N is the least integer n
for which this is true. Honce, DJ is a M.E. d.r.

To prove the converse, supposc DN is a M,E, d.r. Then

-1> ma;['-pi(DN)/&i 7 = max r(f:.L D ) > max r(f N) since Dg
i i i

is a minimax d.r. Hence,(1,8)is satisficd for n = N, and since N

is tho M,E. samole size, Dg is a I.E, d.r. //

Hence, to obtain M.E. d.r.'s relative to g, we need consider only
minimax d,r.'s for various valucs of n., Lemma 1,1 should prove
helpful in finding the M.E. samplc size since it assures us that
any n for which (1.8) is violated is too small. Now let us con-
gsider the structure of minimax d.r.'s for a fixed sample size n,

Lot £ be an a priori distribution., HNow

z glwlafl(x) = £ L. (x)/a (3 =1, ..., m).
i=1

Hence, by Theorem 1.1, a necessary and sufficient condition for D
to be a Bayes d.r. relative to £ is that for any x (except perhaps

in a sct of £ -measure zero) and any j for which ¢j(x) > 0, we have
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(1.10) 5jfj/“j = 11;1?<cmgifi/cci .

DEFINITION 1,3: A d.r. D defined by #(x) is said to be a likeli-

hood ratio d.r., if there exist positive constants 895 eees &y
such that for any j and any x for which ¢5(x) >0, ajfj(x)

> aifi(x) for all i # j.

(Note that Qg5 eees B determine'g completely cxcept in sets of x

for which aifi(x) = max ajfj(x) for morec than one valug of i.)
J

Setting as = Ej/hj, it follows from (1,10) that a Bayes d.r. rela-

tive to any ¢ for which all Ei > 0 is a likelihood ratio d.r., and

conversely.
Morcover, it follows from (1,7) and Theorem 1.2 (iv) that

if all components of a least favorablc distribution are positiva,

any minimax d.r. DO has the property:
(1.11) p, (0% /e, = ... = p (0°)/a
' 1 1 - m m '’

We shall give sufficient conditions for this to be true.

ASSUMPTION 1.2¢ If R is a subsct of }E for which S fi(x) de =0

R
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for some i, then ( fi(x) du = O for all values of i, (Whenever
/
R

this assumption is made, we shall tacitly assume that 36 is re=

defined so as to oxclude all such sets R; this implies that fi(x)

>0 for all i and for all x ¢ X .)

We prove a theorem analogous to Wald!s Theorecm 5.h.[f2gi75; the
proof is also analogous,
THEOREM 1l.Lt If Assumption 1.2 holds, all components of a least

favorable distribution gp w.r.t. the weight function (1.6) are

positive,

m
Proofs Consider the d.r. D defined by ¢i(x) = ai/ b aj identically
J=1

inx (i=1, ..., m); and let D° be a minimax d.r. Then

(1.12) max r(f.,DO) = inf max r(f_,D) < max r(£,,D) = max(-a./Za,)
R

<0,

5. 1t might bc noted that Wald's condition (iii) of
Theorem 5.0 is superfluous since it is-always fulfilled; e.g., In
Wald's notation, let 5, = l/u (i =1, ..., u) identically in x,

and then r(Fj, 6) =(u-1)u<lforj=1, ...,k



18

Now suppose for some j, gg = 0. Then, under Assumption 1.2,

(1.13) 0= ggfj(x)/aj < mix g?_fi(x)/ai for all x.

But D° is a Bayes d.r. relative to go (by Theorem 1.2) so that

(1.10) and (1.13) imply ¢§(x) = 0 identically in x. Hence,
pj(Do) = 0 and r(fj, DO) = 0, in contradiction to (1.12). Hence,

gg >0 for all j. //

1,3.2 Seccond Minimax Approach. We consider a sccond

weight function Wij:

(L.1w)  u(gy, Aj) =Wy = (1 - Gij)/(l - aj) (1,5 = 1,...,m),

Iet 1 -~ a. = 8.. Then
J td

(1.15) r(f;, D) = q;(0)/g;  (i=1, .., nm).

Theorem 1.2 asserts the existence of a minimax d.r. Proceeding
as with the first weight function, we statc the following theorem,
the proof of which is not given since it is analogous to the

proof of Theorem 1,3,
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THEOREM 1.5¢ For ecachn =10, 1, 2, ..., let Dg be a minimax d.r.
w.r.t, the weight function (1.1L) for samples of fixed size n.

Supposc for some n, max r(fi, Dg).f 1, and let N be the least such
i

integer. Then Dg is a M,E., d.r. relative to the vector g for dis-

criminating among f. Conversely, if there oxists a M.E. d.r. rclh-

tive to a and N is the M,E., samplc sizec, then Dg is a M.E, d.r,

Thus, we have a second mcthod of obtaining M.E. d.r.'s (if cxis-
tent) from minimax d.r.'s.

Now let £ be an a priori distribution. Then

n n
iilgi‘qijfi(x) = iilgifi(x)/.si - gjfj(X)/ﬁj (J = 1, tee) M).

By an argument analogous to the onc uscd with the first-weéight
function, we havet a nccessary and sufficicent condition for D to
be a Bayes d,r. relative to a givon a priori distribution £ is
that for any x (cxcept perhaps in a sct of g-measure zero) and

for any j for which ¢j(x) > 0, bjfj(x) > bifi(x) (1 =1, ..., m)
whore bj = gj/sj (j =1, ..., m). Hence, Bayes d.r.'s w.r.t. the
weight function (1.14) relative to any ¢ for which all £, > 0 are

also likelihood ratio d.r.'s, and conversely.
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Morcover, it follows from (1.15) and Theorem 1.2 (iv) that
if all components of a least favorable distribution arc positivo,
any minimax d.r, Do has the proporty:

Ov/ia o o (0
We shall give sufficient conditions for this to be truc.

LEMMA 1,2¢ If Assumption 1.2 holds, and if therc exists some d.r.

D for which r(fi, D)< 1/ max B

Lo s (i=1, ..., m), then all com-
<j<m

ponents of a least favorable distribution arc positive,

Proof: Lat p° be a minimax d.r.; then max r(f Do) < max r(fJ,D)

J ¥ J
< 1/max B, so that
3 J
(1.17) r(2,, %) < 1/,  for all 4.

Now supposc for scome j, gg = 0, By an argument analogous to the
one in the proof of Theorem 1.4, this implics ¢g(x) = 0 identi-
cally in x. Hence, qj(DO) = 1 and r(fj, Do) - l/Bj, in contra-

diction to (1.17). //
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n Za -1
1 . .
IBMA 1.3t If 8, <=2y Z B (i.0., o >'"ﬁ%T_ ) for all i,

j=1

then there exists a d,r. D for which r(fi, D) < 1/max Bj for alli,
J

Proof: Let D be defined by ¢i(x) = 1-(m-1)Bi/Zﬁj > 0 identically

inx (i=1, ..., m). Then r(fi, D) = qi(D)/pi = (m-l)/Zﬁj < 1/Bj

for a1l j (i =1, ..., m). //

LEMMA 1.L4% Suppose Assumption 1,2 holds., If gg > 0 for some j

for which 8, > Bi’ then gg >0,

J
" Prooft In the proof of Lemma 1.2, we found that gg = 0 implies

0

r(fi, D7) = l/Bi; hence, we need only prove that r(fi,Do) < l/Bi.

By Theoren 1.2 (iv), we have max r(f,, %) = r(1,, %) = qj(Do)/p.

J

S/, <V/py. //

THTOREM 1.6: Suppose Assumption 1,2 holds. For any sample size
greater than or équal to the M,E. sample size, all components of

a least favorable distribution arc positive.

Proof: Suppose n > N, the M,E, sample size, and that Dg is a
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minimax d.r., for samples of size n; then, using Lemma 1,1 and

Theorem 1.5, Dg satisfies (1.2), This implies qi(Dg) < Bi and

0] 0
r(fi, Dn) = qi(Dn>/Bi <1< l/m;x Bj. Lemma 1,2 completes the

proof of the theorem. //

Hence, under the conditions of the theorem, Dg is a likelihood

ratio d,r. A possible advantage in using this second weight
function in order to obtain M.E, d.r.'s is that if for some n one
of the components of a least favorable distribution is zero, we
know immediatcly that n is less than the M.E. sample size. (It

cannot be greater by Lemma 1.1,)

1.3.3 An Alternative Approach, It was shown in the pre-

vious sections that, under Assumption 1,2, a M.E, d.r., relative
to g obtained by one of the minimax methods satisfies (1,11) or
(1,16). This suggests an alternative approach for obtaining
these d,r.'s which is described below, the proofs of the various
statements being indicated but not always given in detail, This
method gives some geometric insight into the properties of the
d,r.'s thus obtained,

Assume the sample sizc n is fixed, and, given a, define two

classes of d.r.'s C = C(a) and I = I(8) as follows:
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C=(D: pl(D)/a1 =, = pm(D)/%n)

I=(D: ql(D)/B1 -, = qm(D)/gnl

where §; =1 -a, (1=1, ..., m) as before; that is, C is the

class of d,r,'s for which the m probabilities of a correct de-
cision are in assigned ratios and I is the class of d.r.'s for
which the m probabilities of an incorrect decision are in as-
signed ratios, A d.r. is said to be optimum in C (or I) if it
maximizes over all d.r.'s in C (or I) all probabilities of cor=
rect decisions; that is, if it maximizes the common ratio

pi(D)/'ai (or minimizes the common ratio qi(D)/Bi)- Clearly, op-

timum d.r.'s in C and I, when existent, are minimax d.r,'s w.r.t,
the weight functions (1.6) and (1.1l), respectively,

Rao (/717_7, page 311) has considered the class I of d.r,'s
for problems of classification in multivariate analysis, in which
case tho sample consists of one observation from a multivariate
population, This is no restriction, of course, since a sample of
size n from a p-variate population may be treated as a sample of
size 1 from an np-variate population. Rao gives sufficient. condi-
tions for a d.r. to be optimum in I; his conditions are that if
there exists a likelihood ratio d,r. in I, then it is optimum in
I, However, his conditions cannot always be fulfilled since I

may be a null class (if m > 2), Heuristically, this may be seen
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as followst suppose onc gi’ say Bl’ is very closc to unity and all

others are very close to zero; then for any d.r. in I, the ratio

(1 - pi)/(l - pl) = 8,/8, must bc very small for all i > 1; but
cven for a d.r. for which Py = 0 it may not bc possible to make
all the other pi's sufficiently largc for this to hold, If this
is the casc, the obvious thing to do is to always rcject Al and

consider (m - 1)-d.r.'s in the corresponding class I,

A theorcm completoly analogous to Rao!s theorem may be
proved for the class C, giving the same condition as sufficicnt
charactcrization of an optimum d.r. in C; and wc shall sec that
C is never null. It will be shown by a geometric argument that
similar conditions are also nccessary for a d.r. to be optimum,
Much of this development was suggested by similar argumcnts of
Lindley /16 7.

Consider the m-dimensional Euclidean spacc of points

p= (pl, ceay pm); every d.r. D has a corresponding point p with

—

p; = pi(D). Lot P denote the set of points corresponding to all

possible d.r.'s (for a fixed sample size), and lot C’ and I' de-
note sub-sets of P corrcsponding to C and I respectively, It
may be proved (e.g., as a corollary to Lindley's Theorem 1.1
1716:7 since P is a subspace of the space considered by him, or

as a special case of a theorem of Dvoretsky, Wald, and Wolfowitz
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(sce footnote 2 in /72 7) for the woight function (1.6) or (1,14))
that P is a convex body; i.e., P is closed, bounded, and convex.
Clcarly, P is cncloscd in the unit cube U, and all points with onc
coordinate unity and thc other m - 1 coordinates zero are points
in P, Since P is convex, the intcrscction of U with the hyper-

plane Zpi = 1 determined by these m points is contained in P; de-

6

note this "flat" sub-space of P by Po .

The cquations pl/a1 = ... = pm/hﬁ.determine a line L, pass-

ing through the interior of U (since all a, > 0) and passing

through the origin, and ' is thc scgment of this line interscct-

ing P; such a segment exists since L, must intersect Po, Since
1
P is a convex body, C is closcd and the endpoint furthest from

the origin, say BC, corresponds to any optimum d.r. in C. Ilet

315 «..5 @ bc constants (at least one of which is positive) de-
- . C. . C

termining a supporting hyperplanc to P at p7; i.e., Zaipi = Zaipi,

C
and for any P e P, Zaipi < Zaipi, or
m m ¢C
(1.28)  za g §,(x)5,(x) du < 3 e, g MELNCIEN

. . i
i=1 i=1

X X

6. It may be pointed out that all points on and below P,
(that is, on the samc side of P, as the origin) correspond to
Mrivial” d.r.'s and all points above PO to "non-trivial' ones,

as defined in Chapter TII,
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whore §° defincs an optimum d.r. in C and § dofines an arbitrary

d.r. Let A be a "small" subsct of ¥ such that for a "small™

positive €, ¢g(x) >¢ for all x ¢ A and g fl(x) du > 0, That
A

such a sct exists, at least for small e, is guaranteed since

pg > 0. For some j > 1, define @#(x) as follows:

)

(x) ~¢e ifxe b fori=1
¢i(x)= j(x)+s if x e A for i = j

¢g(x) if x ¢ A for i =1, j and for all x for
i#1, 3.

Thon (1.18) implies

3y S fl(x) du > aj S fj(x) du ,
A A

which is true for any j, so that by taking 4 and € sufficiently

small we have that alfl(x) > ajfj(x) (7 =1, ..., m) for all x
for which ¢§(x) > 0 and fl(x) > 0, Morcover, since at least one

25 is positive and pg >0, ay must bc non-negative., A similar
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relation holds for i > 1 as well as for i = 1, so that any d.r. D

for which B(D) = BC is of the 1likelihood ratio form with non-

nogative constants By eevs By which are not in gencral ncces-
sarily all positive, But clecarly, sincc all pg > 0, under
Assumption 1.2 211 ai's must be positive, so that in this case

an optimun d.r. in C is a likelihood ratio d,r,

Now consider thc line LI determinced by the equations
(1 - pl)/ﬁ1 = .., = (1~ pm)/Bm. This line passes through the

intorior of U (since all 8, < 1) and through the point (1,1,...,1),

i

but docs not neccssarily intersect PO and may not interscct P

(sco the rcmarks in thc third paragraph of this scction). In

fact, it may bec shown that LI intersects PO if and only if cvery

mn
B < 2 8,/(n - 1).7 I L intersects P, I' is the scguont of
J=1
!
LI intersccting P, and EI, the cndpoint of I closest to the

point (1, 1, ..., 1), corresponds to any optimum d,r, in I, If

LI intersects P, it may bc shown, as in the previous case, that

7. <The sufficicency is proved by constructing a d.r, which
is in both Fj and T as in Lemna 1.3, The necessity is proved by
showing that if g, > ZBJ/(m-l), say, then L; intersects the hyper-
planc Zpi = ] in a point with a ncgativc first coordinate, and

hence outside of U.
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any d.r. D for which B(D) = EI is of the likelihocod ratio form de-
fined by the non-negative constants bl’ cves bﬂ wiich determine

&

a supporting hyperplane of P at BI, and if Assumpticn 1,2 holds,

all bi arc positive. If a M,E. d.r, rclative to o cxists, then
it may be proved under Assumption 1.2 that LI intersects P for

the M.E, sample size; i.e., that I is not null. A dircct proof
has been established but will not be given since Theorem 1.6
proves the same thing. The fact that I may be nvll for smaller
sample sizes is essentially e quivalent to the fact that some of
the components of a least favorable distribution may be zero
for such sample sizes,

How let Pn’ Cn, and In denote the corresponding classes

P, C, and I for samples of size¢ n, n=0, 1, 2, ... . For any

n, thc two lines LC and LI interscct in the point p = a which
n n

is interior to U, Intuitively, thc lcast n (if any) for which
this point is contained in Pn is the #.E. sample size; formally,

we have:!

THEOREM 1.7¢ Supposc for some n the point p = ¢ is in Pn and let

N be the least such integer. Then N is the M.E, sample size.

tlorcover, there exist optimum d.r.!'s in CN and IN and any such

d.r. is a 4., d.r.
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Proof: ile assume Zai > 1 since otherwise O is the M,E, samplc

sizc and the theorem is trivial. Clecarly, any d.r., D for which

p(D) = g satisfies (1.2), and any such D is in C and in I so

that d,r.'s corresponding to EC and BI exist and satisfy (1.2).
We need only prove that N is the M.%. sample size. Supposc it

is not and that Dn is a M,E, d.r. for n < N, Let DC be an op-
n

timum d.r, in Cn’ and suppose a5 ..., 3 are non-negative con-

C C
stants defining a supporting hyperplane at p %, Then Zaipin

> Zaipi(Dn) > Zaiai since Dn satisfics (1.2); but since the

C
pin's arc proportional to the ai's, this implies pin‘z ay for
Cn
all i so that the point p = a, being between p = and Po, is in

Pn' This is a contradiction, so that N is the M,E., sample

size. [/

Clearly, for n = O, Pn = PO defincd previously, and similarly to

Lerma 1.1, we have that P C P if n, <n,. Under "favorable"
m = ny 1-"2

conditions, we might cxpect Pn to bec a proper subset of Pn+1 for
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every n and Pn to tend in the limit to U, thus guaranteeing the

existence of a M.E. d.r. relative to any a. Such "favorable"
conditions will be given in Chapter III. (Though stated in dif-
ferent terms, it is easy to verify that Theorem 3.6 does just

this. )

1.3.4L Admissibility. When considering M.E. d.r.'s rela-

tivec to a vector a, we shall definc admissibility as follows: a
d.r. D is said to bc admissible if there does not exist a d,r.

1
D for the same sample size for which

(1.19) p;(0') > py(0)  (i=1, ..., m)

with strict inequality for at lecast onc i. For either of the

weight functions inmtroduced in Sections 1.3.1 and 1.3.2, this is

cquivalent to Wald's definition (sec /22 7 or /2l 7).

A Bayes d.r. D relative to the sequence of a priori dis-
tributions (z%, ..., £7) is defined inductively as follows: for
h =1, D is a Bayes d.r. rolative to £%; for h > 1, D* mini-
mizes the average risk relative to gh w.r.t., all d,r.'s which

are Bayes d.r.'s relative to the sequence (gl, cees gh-l). This
definition is duc to Wald and Wolfowitz / 2l 7; they proved the

following thecorem:
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THEQREM 1.8: A neccssary and sufficicent condition for a d.r. to

be admissible is that it is a Bayes d.r. rclative to a sequance
C s oaa . . 1 h
of h (<m) a priori distributions (¢, ..., £ ) such that

(i) for any j, g? > 0 for some i, and

(ii) the sequence (gl, cees gh‘l) does not have property (i).

It follows that a Bayes d.r. relative to any & of which all com-
ponents arc positive is admissible, Hence, any likelihood ratio
d.r. is admissible, and M.E, d.r.'s obtained by either of the
minimax approaches of Sections 1.3.1 and 1.3.2 arc admissible if
all components of a least favorable distribution are positive;
under Assumption 1,2, this latter condition holds (by Theorems
1.4 and 1.6).

But suppose Assumption 1.2 doecs not hold. We shall now
show, for any sample size, how a minimax d.r. w.r.t. thc weight
function (1.6) may be altered to obtain an admissible d.r. The
same mcthod may be used for the M.E. sample size for the weight
function (1.14). This will enable us to obtain M.E, d.r.'s which
are admissible.

Geometrically, the situation is thist the line Ib inter-

sects the surface of P in a point BC; if this point is at a
Uflat" part of the surface of P, then we may be able to obtain a

"better! point by choosing a boundary point of this flat sub-~
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space which is further from PO; that is, without changing any of
the coordinates of‘_gC determining the sub-space, we may increasc

some of the coordinates of.BC within the subspace.

Lot §O be a least favorable distribution and Do a minimax

d.r, w.r.t. the weight function (1.6), and supposc k (0 < k < m)
0 0 u .
of the components, say El, veny Ek’ are zero, Wwe shall introduce
below a distribution 51 with the first Iz components positiwve and
re~-define DO, without increasing thc maximum risk, in such a way
that it is a Bayes d.r. rclative to the sequence (_é;o, g_l). Using
Theorem 1.8, this d.r. will be an admissible minimax d.r.
Definc the class ,@0 = { D+ D is a Baycs d.r. relative
0y . . 0, - '
tog'); ie., B is the sct of all minimex d.r.'s. The d.r.
DO, defincd by ¢O(x), is a particular member of this class. Let
S=(x1*1

(x) =... = fm(x) = 0} ; we shall verify presently

that S is not empty. Now for all x ¢ X - S, max g(?i‘i(x)/ai >0
. k<i<m

so that by Theorem 1.1 (see (1.10)), ¢1(x) =,,, = ¢k(x) = 0 for
all x ¢ X - 8 for any ¥(x) defining a d.r. D € 50, Hence,

using (1,1), for any such d.r.,
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g #(x)f (x) du for i =1, ..., k

S

(1.20) p;(D) =
S ¢i(x)fi(x) du for i = k+1, ,,., m,

X -85

Then, if we re-define go(x) in S, we will not affect pk+1(DO),

O .
LS ) pm(D )o

Let s, = g fi(x) du (i=1, ..., k). Suppose s; =0
S

for some i, say i = 1; then from (1.20),p1(D0) = 0, implying

r(f., D°) = 0, in contradiction to (1.12) (which does not de=

l,
pend on Assumption 1.2). Therefore, all 55 > 0, implying that S

is not cmpty as well,

e
5

Let f;(x) (i =1, ..., k) be the conditional density

function of x w.r.t. u given x ¢ S; i.c., f?(x) = fi(x)/si. Iet

3 *

st *
g = (gl, cees gk) be some a priori distribution over (fi, ceny

fz) with £; > 0 for all i, Lot f(x) = zf¢§(x), coes B2 T
define a k-d.r. D*, say, which is a Bayes d.r. rclative to g*

o * . 3* s s
for discriminating among fl, cees fk; i.e., D satisfies
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¥*
- N k E
(1.21) r(g_",D*) = inf r(g_*,D) =« sup 2Z E& g ¢ (x)f (x) du
D g i=17i
S
k £]
= - c SEP li:la-; g ¢ (x)f (x) du
S

1 k 4
where £ = Ei/sic and c = Z gi/si. (If x =1, g*(x) has the
i=1

single component "1".) By Theorem 1.1, for any x € S and for any

j for which f(x) > 0, we have E-).('fé'f(:c)/a. = max E, ¥ (x)/a or
J P e td

F,].‘f.(x)/a. = max £ e (x)/a .
Jd J J l<l<k

Let _E_l = (Ei, vees Er]r‘x) where £1]<-+1 = .. = E:l = 0 so that

Z«Ei = 1, and let D1 be an m-d.r. defincd by

Zo(x) ifxe X -39S

(1.22) g0 = ,
[¢;€:(x): cvey ¢;‘z(x), 0, ..., 0_7 if x e S.

Now, by definition, D1 is a Bayes d.r. relative to the sequence

@&, gH it ot e A9 and ir
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e
R

k
Z

(1.23)  r(g', P = inr r(z,D) = - sup z =
Delﬁo Délﬁo i=1 71

Q

g g, (x)f;(x) du.
S

Now D° and D are equal oxcept in S so that by (1,20), r(gp, Dl)
= r(go, DO); hence, ol ¢ B9, Moreover, any D ¢ D9 for which
the supremun in (1.23) is attained must have ¢k+1(x) = ..,

= ¢h(x) = 0 for x ¢ S since Z¢i(x) = 1, Clearly, then, from
(1.21), (1.22), and (1.23), pl is a Bayes d,r, relative to (go,

£h)

.

1.3.5 Iikelihood Ratio Decision Rules. It was shown in

the previous sections that to obtain M,E., d.r.'s relative to a

vector a under Assumption 1.2 we need consider only likelihood

ratio d.r.'s, and that any likelihood ratio d.r. is admissible.
Suppose the density functions in (7) are completely speci-

fied except for a parameter O, taking on one of the values Ol’
vees 8 (assuming f = m). Clearly, then, to obtain a likelihood

ratio d.r. we need consider only sufficient statistics, if exis-

tent. The following thcorem is of a related nature.

THEOREM 1.9t Suppose there exists a statistic t = t(x) which is

a monotone increasing function of fj(x)/fi(x) for every j and
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for cvery i < j (for some ordering of thc subscripts). Then

there exist constants cy, ..., ¢ _; such that if @#(x) defines a

likelihood ratio d.r., we have

1
¢j(x) > 0 implies ¢5.1 <t < F for j = 2,...,m~1
t>c 1 for j = m

for any j and any x ¢ X.

Proof: By Definition 1.3, therc exist positive constants 815 sees

a  such that ¢j(x) > 0 implies fj(x)/fi(x) > ai/aj for all i # 3.

Now f./f. > a,/a, for all i < j implics t > b,. for all i < j for
Fri= Y = ij

some constants bij (i < j), and fj/fi > ai/aj for all 1 > j (or

fi/fj < aj/ai) implics t < bji for all i > j. Hence

t <min b,, for j=1
~is1 M
¢j(x) > 0 implies max bij <t <min bji for j=2,...,m-1
i<j i>j

tgmaxbim for j = m ;
i<m
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or, in particular,

tfbl? for j=1

(x) > 0 implies b, . <t<b, .. for j=2...,ml
f5(x) P J=1,3 = ~ = 73,341 YT G

t > bm-l,m for j = m.
Set c, =) (3 =1, ..., m~1), and thc proof is completed. //

J Jsad*l

This theorem characterizes M.E, d.r.'s obtained by ecither of the
minimax mecthods of Sgetions 1.3.1 and 1.3.2. If all probabili-

tics of correct decisions arc to be positive, then -oo < ¢y S ¢,

S<..%c <00 and
(1, 0, 0, ..., 0) if t < cq
(al, 1-31, O, seey o) i.f tl = Cl
(o, 1, 0, ..., 0) if c, <t <c,
(10?1',') g(x) = (O’ a2, 1-32, e ey O) if t = 02
(0, 0,1, ..., 0) ifc,<t<c

2

(0, 0,0, ..., 1) ift > Cno1

where 815 «+es 8y 4 8T appropriately choscn constants betwcen
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zero and onc. If Assumption 1.1 is satisfied, the ai's may be set

cqual to O or 1 arbitrarily and‘g then defines a non-randomized

d.r,
Notc that if each fi(x) is of the form
(1.25) £.(x) = Alx) exp [0 (6,) t(x) + 7 (8,) 7
where €1, ..., Om are so ordered that p(Gl) <,,. < p(Gm), then

the conditions of Theorem 1.9 arc satisficd,

1.3.6 Four Examplcs. In this section we give four exam=

ples of M,E, m-d,r.'s relative to a vector @ for simple discrimina~
tion, cach of which is obtained by the characterization thecorem
of the previous section. For m = 2, thoy reduce to the standard

"one-sided" tests of hypotheses.

EXAMPLE 1: Mean of Normal Distribution. Each fi(x) is a normal

density function with variance 02 (known) and with mean Qi (=00

<6, <...<¢ < 00). The m alternatives Ay, ..., A corres-

1

pond to the true densities fy, ..., f . Now.fi(x) is of the form

(1.25) with t(x) = X, the sample mcan, so that, by the rcesults of
the previous section, a non-randomized d.r. Dn with acceptance

rogions
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n_ .- n
Rl {x.xfcl}

(1.26) Rg’= [x:crjl_l<§fcr.l],l<j<m
n: . n -r
Rm {x : Col < x)

is a likelihood ratio d.r, Since Assumpiion 1.2 is satisficd, a
likelihood ratio d.r. satisfying (1.11) (or (1.16)) with n
chosen so that the ratio in (1.11) is approximately, but not less

than, unity is a M.E, d.r. Hence, we may obtain a M,E, d.r. by

first solving the following cquations for n, cg, ceny C;-l’ with

cn -8

1
T 2D,

pl(Dn)

no. n

c.- c. ~Q.
FRLA) - 7mLd) = ap, 1<

(1.27) pj(Dn)

il

cn_l - @
1-gWhn _m-—E_—JE) = %Pn

{ p,(D,)

where _g" denotes the standard normal distribution function, and
then, choesing N to be the lcast integer > n and re-solving (1.27)

for c?, veey cﬂ_l,p N? with n = N, the acceptance regions (1.26)
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with n = N will define a li.E. d.r. relative to @ which is a mini-

max d.r. w.r.t. (1.6) for samples of size N. Alternatively, we
1
n

may replace (1.27) by equations of tho form 1 - pi(Dn) - (l-ath
and procecd as before, obtaining a M.E. d.r. which is a minimax
d.r. w.r.t. (1.14). Or, solving for il as above, we may choose any
c;'s for which a likelihood ratio d.r. D,; satisfies (1.2), and

this d.r., will be a M.E, d.r.
Equations (1.27) with P, = 1 may be solved iteratively by
choosing a trial value of n, solving the first equation for c;,

the second for cg, and so0 on until the jth equation is unsolvable,
and then cheosing another trial value of n, and so on; at each

stage it will be obvious from the jth cquation whether to try a

larger or smaller n.

EXAPIE 2: Variance of Normal Distribution. Each fi(x) is a
normal density function with mean p (lnown) and variance ci
(0 < 0y < ... <0 < 00). fi(x) is again of the form (1.25)

but now with t(x) = 2 (xk - u)z/h. Hence, the results are simi-
k
lar to Examplc 1 with X replaced by Z(xk - u)2/h in (1.26), and
k

the normal distribution functions rcplaced by the corresponding

X i distribution functions in (1.27).
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BXA'PLE 3: Binomial Parameter. Each fi(x) is a point binomial

probability function with paramecter A (0<e@, <... < 6, < 1),

1

and hence is of the form (1.25) with ¢ = Zxk. The results arc

similar to Example 1 except that herc a randomized d.r. will
usually be required. The nocessary modifications to the methods

of Example 1 are obvious.

EXAMPLE 4+ Poisson Paramcter. Each fi(x) is a Poisson probabili-

ty function with paramcter li (0 < Xl < ... < km < 00), and hence

is of the form (1.25) with t = X, The results are similar to

thosec of LExamplec 3.

1.4 Host Economical Decision Rules Relative to a Matrix B, We

shall derive a method of obtaining H.E, d,r.'s as defined .by
Definition 1.2, using minimax theory., In this development we ro-

placc each 8, . which is equal to unity by +co which, of course,

ij
makes no cffective change in Definition 1.2. This has the same
effect as omitting completely all corresponding terms throughout,
but becausc it is complicated notationally to do so we use the
above devicc,

Supposc n fixed, and lct Lﬁl' be a set of density functions
85 wr.top (=1, ..., £; =1, ..., m) where g5 = f; iden-

' -1
tically in x; thus, there arc { = fm clements in ). Dofine a
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weight function W(gij, Ak) = wijk where

1/pij if j=k

(1.28) wijk = (i

#

1,...5053,k = 1,

c.s M),
0 otherwisc

Wo shall consider m-d.r.'s D for choosing among A, e A

when onc of the (' density functions gij is "truc", and where
the "loss" incurred by choosing Ak when g5 is "true" is'w(gij,
Ak). This interprctation is mcaninglecss, but it serves to
clarify the approach. The risk function when using a d.r. D

and 855 is "truc" is: r(gij, D) = 3W, ., p

1
k'ijk (D) where pijk(D)

1
ijk

= Pr(D chooscs A | gij) = Pik(D)' From (1.28), then, we have
(1.9.9) r(gijsD) = pi'?(D)/@ij (i= 1;°--;y3 J= 1:---,m)'

!
Theorem 1.2 when applied to the class L l and thc woight func-

tion (1.28) asserts the cxistence of a minimax d.r. DO; i.e., a

d.r. D° such that max/_p..(DO)/B.. 7 = inf/ max p, .(D)/B.. 7.
1,3 iJ 1) - 1J 1)

3 1,

We have the theorem:
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THEORIA 1.10: For each n = 0, 1, 2, ..., let DO be a minimax d.r,
w.r.t. tho weight function (1.28) for discriminating among (gll’

810 cees gfh) for samples of fixod sizc n. Suppose for some n,

o?) < <

(1.30) max r(glJ, M

i,J

0

N is a M,E, d.r. rela-

and lot N be the loast such integer. Then D
tive to the matrix B for discriminating among (fl, ceey f(). Con-
versely, if there exists a M.E. d.r. relative to 8 and N is the

i1,E. sample size, then DO is a M.E. d.r.

N

Prooft From (1,29) and (1.30), it follows that Dg satisfies

(1.3). Now suppose for some n < N, there cxists a d.r. D satise

fying (1.3), But D is a minimax d.r. so that maxzpp )/B 3;7

= wla?j( r(g j, D ) < ma’; r(gi 39 = I:a};[plj(Dn)/BiJ—7 = 1 by
1, i, 3

(1.3), in contradiction to thc fact that N is the least integer n
for which this is true., Hence, Dﬁ is a M,E. d.r,

To prove the converse, supposc DN is aM.E, d,r. Then
1 2 max/"p; ;(Dy)/By 7 > max r(e;y g).
i,J 1,)

Hence, (1.30) is
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gatisfied for n = N;and since N is the M.E. sample size, Dg is a

M.E. d.r. [/

Thus, to obtain M.E, d.r.'s relative to B, we noed only cénsider
minimax d.r.'s relative to the weight function (1.28) for various
valucs of n. Lemma 1.1 may be helpful in finding the M.E. sample
gize, Now let us consider the structurce of minimax solutions.

- !
denotc an a priori distribution over () . By Theorem 1.1, a
necessary and sufficient condition for a d.r. D to be a Bayes
d.r. rclative to ¥ is that for any x (cxcept perhaps in a set of

r-measure zero) and any k for which ¢k(x) > 0, we have

5 E, (x)

i,

g (x) min 2 Z.

B4
1<ksm 1,3 13 13k ij

13 13k
or

4 4
(1.31) iilaikfi(x)/aik < iilgijfi(x)/sij (3=1, ..., m),

Since for any i,j pair corresponding to a correct dccision,ﬁij

= 00, thc sums in (1.31) may be replaccd by sums over all i for
which i,k on the left or i,j on thc right correspond to incorrect

docisions. Setting a, . = gla/BlJ, we thus have from (1.31) that
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any Bayos d.r. rclative to £ is a '"minimum unlikelihood" d.r., as
defined by Lindley /716 7. Herecafter, we shall supposc Eij =0
for every i,j for which Bij = oo without loss of generality.

Theorem 1,2 asscrts the existence of a least favorable dis-

tribution go, and that any Bayes d.r. relative to 50 is a minimax

d.r. and conversely; moreover,

(1.32) pij(Do)/Bij = r;azg[pij(Do)/ﬁij_7 for any i,j for which
2

Eij > 0,

Apparently, however, therc are no general conditions undor which
all ggj arc positive, and consequently we have no proof of the ade

missibility of a minimax d.r. In fact, supposing f = m and the
b 0

B;.'s satisfy 2 B,. =1 for every i, if ¥., > 0 for all i, 3

"1J j=1'lJ 1

then pij = Bij’ regardless of the sample size., This, of course,

is too much to cxpect! Geometrically, the convex body in the

{-m~dimensional space with coordinatc axes pij’ corresponding to

all possible d.r.'s for a fixed sample size, is not necessarily

intersected by thc line determined by pij/gij =p, ,/B,, for
i i

all pairs of subscripts corresponding to incorrcct decisions.
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(See /716 7 and Section 1,3.3.) However, we do have the follow-

ing thcorem in this rcgard, assuming f = m and Ai is "correct"

when £, is true (1=12, ..., m.

THEORE! 1,11: Supposc Assumption 1,2 holds and that 2 ﬁij <1
31
for every i, For any sample size greater than or equal to the
Y.B, sample size, a least favorablc distribution go has the pro=-
m

perty 2 gg. > 0 for every j.
j=1 +J

Prooft Suppose the theorem false; i.e., for some j, ggj

=0
for every i. Then, for some k ¥ j, ggy > 0 for at lecast one i,

Honce, for all x (using Assumption 1.2), Z g?.f.(x)/a.. =0
§ ST

<3z Egkfi(x)/Bik. Thorefore, a Bayes d.r, relative to go mist
i

have ¢k(x) = 0 identically in x. Hence, denoting a minimax d,r.

by DO, piy(Do) = 0 for all i; in particular, pkk(DO) = 0. Now,
sincc the sample size is > N (the il,E. sample sizc) and using

Lemma 1,1, p° satisfies (1.30) == i.c., it satisfies (1.3) --

so that
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- 0
0= 3g (0°) -
=1

]
]

0
2 pe5(D°) + p (0°) - 1
3

0 0
< zZ8.+p,(D)-1<p, (D),
3% kj kk kk

a contradiction, //

According to this theorem and (1.32), it follows that pij(Dl?I)/Bij
attains its maximum for at least one value of i for every j,

where DO

N is a minimax d.r, for samples of the M.E. size, This

may be uscful for obtaining M.E. d.r.'s.

EXAMPIE: lMecan of a Normal Distribution, Variance Known. We shall

consider briefly minimum unlikelihood d.r.'s for samples of sizc

'n for discriminating among m normal density functions fl, cesy fm

with means Oi (~00 < Gl <.,.. < @m < 00) and common variance 02.

For simplicity, supposc 02 =1and { = m = 3, the alternatives

Al, A2, Aé corrcsponding respectively to the densities fl’ f2,

f3. Suppose further, without loss of generality, that 92 = 0,

We nced consider only non-randomizecd d.r,'s. A d.r. with

acceptance rcgions



L8

R’{ =[x hg(x) < hg(x),‘ hg_l(x) < hg(x)}

(1.33) R) = (x : hp(x) <h](x), hy(x) < hg(x)}
Rg = {x: h?(x) < hl;(x), hg(x) < hg(x)]

n < s . .
wharc hi(x) ajifg’(x) + akifﬁ(x) and (i, j, k) is a permutation
of (1, 2, 3), is a minimum unlikelihood d.r. for the weights (aij)'

Denoting the samplc mean by X, we have

h?(x) = C(X)Z_aji exp(ngjinngg/é) vy exp(négi-n0§/2li7

k

vwhere C(x) = (Qn)'n/Qexp(-Zx2/2) (> 0). Let g?(x) = hg(x)/c(x).
Clearly, we nay replace hg(x) by g?(x) throughout (1.33), and
thus the acceptance rcgions depend on x only through x. It may

ecasily be verificd that gr]t 1s an increasing function of x and

I

g is a decrcasing function of X, Setting dgg/d'i = 0 and solving

for X, wo obtain the single stationary point of gg, X = [ n(O3

-1 . n _.
- Ol)_7 log (-al291/33203)’ which is a minimum of g, since the

sccond derivative is overywherec positive. Hence, by sketching
the three gri functions, it is clear that if none of the acceptance

regions is to bc empty, one of threc possibilities must obtain:
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the acceptance regions are of thc form

R, = [x=3c'_<_clorc353—c§ch}
(1.3L) Ry= (x:c,<x<cy)

R3= {x:clfgc'chorSEzch}
wherc cither ¢y = Cpy OF 03 = Ch’ or both. (Zquality signs

have becen assigned everywherc in (1.34) for simplicity.) Let

¢ (= 2 or 3) denote the number of c;'s to be determined, The

ci’s arc obtainecd by solving ¢ + 1 of the six equations pij

)

=p B'j (i, 3 =1, 2, 3; 1 # j) for the c;'s and p, the choico

of the equations to be solved being such that pij <pg for

ij
all six pairs of subscripts. Thcorcm 1.11 may e helpful in
this choice of equations to be solwved,

To obtain a M.E, d,r., the samplec size n is to be mini-
mized subject to p=p n =< 1.

Similar methods may be applicd to simple discrimination

problems conccrning any distribution of the form (1.25).

1.5 A Generalization of Most Bconomical Decision Rules Relative

to a Vector,

DEFINITION 1.4t Given an mx m matrix W = (Wij) of non-ncgative
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elements and a vector 8 = (_81, cees -Bm) of positive constants, a

d.r, D, based on a sample of sizc N, is said to be a M.E, m-d,r,

N’
relative to B w.r.t. the matrix W for discriminating among

£=(fy, ooy £ ) if it satisfics

m
(1.35) jflwijpij(nn) <g; (=1, ..,m

and if N is the lecast integer n for which (1.35) may be satisficd

by somc m-d.r, Dn bascd on a samplc of asize n.

Letting Wij =1 - Gij (Kroncker 6) and 31 =] - P this defini-
tion reducecs to Definition 1.1.

Suppose fi(x) = f(x, Gi) (i=1, ..., m) and L (Gi
- Oj)g. If we interpret the alternative Aj as the decision to
estimate the true © by Qj’ then Gj (thc cstimate) is a random
variable with probability function pij if Oi is the true 0, and

Wij is the squared error. Hence, alil,E. d.r, relative to 8

w.r.t. W is a d.r. with minimum samplc sizc subject to bounds
(8) on the n mean-squaredAdeviations corresponding to the m pos-
sible truc valucs of ©.

Mininax theory for fixed samplc sizes may be applicd as

before to obtain M.E, d.r.'s. Lect
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(1.36) W(fi’ Aj) " wij/el (1, 3=1, ..., m),

n
Then r{f,, D) = L W, .p,.(D), By Thoorem 1.2, for any fixed
i Bi =1 1374

0 for the weight func-

samplc sizc, therc exists a minimax d,r. D
tion (1,36). By considering minimax d.r.‘'s Dg for cach sampls
sizc n, we may prove in a manner completely analogous to Theorem

1.5 that Dg is a M,E, d,r. if N is tho least n for which

0
mix r(£, D) =1,

In Chapter IV, we shall considor further generalizations,



CHAPTER II

MOST ECONOMICAL MULTIPLE-DECTSION RULES

FOR COMPOSITE DISCRIMINATION

2.1 The Problem of Composite Discrimipation.

In this chapter we no longer require that () be a finite
clase of densaity functions but allow a derurterale or non-denumers=
able infinityr of elements as well, all of which are density
functicns w.r.t., a specified measure u. We sh2ll sssume that
() is a parametric class of generalized density functions,
completely snecified except for some unknown real-. or vector-
valued parsnieter Q; this is somewhat restrictive, but with only
minor changes the whole of this chapter may be extended to more
general classes cof distributions. We dencte the parameter space
by (") end the corresponding density function by £(x,0). All other
assumptions and definitions of Section 1l.1.l carry over.

We suppose, moreover, that some finite number, say f, of

disjoint subsets @, ..., @y of the space ( ) are specified

such that for every pair i, J (i =1, ..., m; =1, ..., f),

there is a definlte preference for or agzainst the decision A

J

if the true Oewi; we suppose that none of the decisions is

!

definitely preferred if ©¢( Lfl - U wi), the "indifference
i=1
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region", and therefore we shall hereafter denote for simplicity

() = Uaw,, vhich we often denote @ = (®,, ..., ®y), Under
=1 * 1 f

these assumptions, we say that the corresponding decision

problem is one of 'composite discrimination" and a d.r. is a

d.r., for "composite discrimination" or for "discriminating

among ® = (wl, ‘o wl)“. As before, f or £” denotes the Joint

density function w.r.t. u = u(x) of the first n random variables.
A d.r. D will be characterized by the functions pJ(O,D),

J=1, «o.y m, defined for all @ € ("), where

(2.1) pJ(G,D) = Pr(D chooses AJIO)

= ¢j(x) £(x,0) du = Eg¢3(x)

X

where the subscript on the expectation operator E denotes the
corresponding paremeter point. If D is a non-randomized d.r.

with acceptance regions Rl’ ceny Rm’

pj(O,D) = S £(x,0) du .

Ry
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As in the case of simple discrimination, we shall consider
two different criterie for choosing a d.r. for composite dis-
crimination., The first criterion is applicable to the case
vhen the number of subsets, f[, of L—l is equal to the number,

m, of alternatives and the alternative decisions correspond to

the possible true parameter polints in such a way that Ai is

preferred when Qew, (1 =1, «ooy m); A, 1s said to be a correct

decision if Oea)i and incorrect if Qew 3 (J#1).

DEFINITION 2.1: Letq = (al, crey am) be a given vector of

positive constants each less than one. A d.r. DN’ based on a
sample cfdze N,is said to be a most economical m-decision rule
relative to the vector @ for discriminating emong w = (a)l ,...,wm)

if it satisfies

(2.2) pi(O,D) 2a, for all Gew (£ =1, ooy, m)

i

and if N is the least integer n for which (2.2) may be satisfied

by some m-d.r, Dn based on a sample of size n. N is said to be

the most economical sample size.
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Thus, assuming the sampling cost to be proportional to the sample
size, a M.E, d.r, is one with minimum sampling cost subject to
lower bounds on the probabilities of correct decisions. (2.2) mey

be written

inf p (Q,D) >a (1 = 1, s s 0y m)
o i =71
Oy

or

sup qi(O,D)Sl-a (i=1, ..., m)

Oewi

i

where qi(O,D) =1 - pi(O,D), 8o that lower bounds on the

probabilities of an incorrect decision are implicit in the
definition.
A second criterion for choosing a d.r. vill now be

given, We suppose that corresponding to each w, one or more

i

alternatives Aj is preferable, or correct, when Oewi.

DEFINITION 2.2: Let B = (B, J) be a given [xm matrix of positive
constants where for every i, J pair for which AJ is a correct
decision when Oewi, Bij =1, A d.r, DN’ based on a sample of

size N, is said to be a M.E. d.r. relative to the matrix p for
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discriminating among w = (wi, ceey wh) if it satisfies

(2.3) pJ(O,D) < Bij for all Qew, (i=1,¢0.,033=1,...,m)

and if N is the least integer n for which (2.3) may be satisfied

by some m-d.r. Dn based on a sample of size n. N is said to be

the M,E. sample size,

The remarks following Definition 1.2, with minor modification,
are applicable here as well. In particular, when ( =m = 2, the
twvo definitions are equivalent. Considering a 2-d.r. as a test

of the hypothesis that Oewl against the class of alternatives

Oewz, both (2.2) and (2.3) specify bounds on the two kinds of

error; Hoeffding‘[-3;7 has proved that a M.E, 2-d.r. may be

obtained by considering, for each n, tests of size ¢(= l«xl)

v.r.t, wl which maximize the minimum power w.r.t. Wy and choos~

ing that test for which n is a minimum subject to the minimum

pover being at least 1 - B (= a2). Definitions 2.1 and 2.2 are

two extensions of these concepts to multiple decision problems.,
In the following sections, we shall derive both types

of M.E. d.r.'s for composite discrimination from minimax d.r.'s

We.r.t. certain weight functions relative to the class of all
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d.r.'s based on a fixed sample size, First, we shall review
parts of Wald's theory with some additional theorems to be

applied to M.E. theory afterwards.

2.2 Minimax Decision Rules for Fixed Sample Sizes,

We shall review briefly some of Wald's concepts of
Sections 1.1 and 5.14% /722 7, with minor changes as indicated
in Section 1.2 above, We assume throughout that the sample size
n has been fixed.

We assume a boundedl weight function W(O,AJ) = WJ(G)

(3 =1, ..., m), defined for all Qe( ) representing the "loss"

incurred by accepting A, when @ is true. The corresponding risk

J

function when using a d.r. D is:

m

(2.4) r(e,D) = I wJ(o) pJ(G,D) .
J=1

We introduce an a priori distribution, denoted § = (£,N), over

the Borel subsets {(w} of (7):

1. The boundedness is not always required (see Ghosh /76 7)
but is not restrictive here,
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e

§(w) = Pr(eew) = Z £\ (w)
i=1

where

g, = &lw;), M(0) = Pr(oen | Gew)  (i=1,...,0) .

The average risk relative to £ is:

3
1

i M=

(2.5) r(g,D) = r(e,D) dg =

r(6,D) dhi .
i

i

*
A dor. D is said to be a Bayes d.r., relative to ¢ if it
*
minimizes the average risk relative to &; i.e., if r(¢,D ) =

*
inf r(€,D). A d.r. D 1is said to be a Bayes d.r. relative to
D

the infinite sequencé {gv} of a priori distributions if

* *
lim /Tinf r(¢',D) - r(£¥,0) 7 = 0. D is said to be a Bayes
V=00 D

*
d.r. in the strict sense if there exists a ¢ such that D is a
Bayes d.r. relative to it, and a Bayes d.r. in the wide sense if
*
there exists an infinite sequence of distributions such that D

is a Bayes d.r. relative to the sequence. A d.r. DO is said to
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be a minimax d.r. if it minimizes the maximum risk over (7);

i.e., if sup r(Q,DO) = inf sup r(Q,D). An a priori distribution
— D —
L) L)

§0 is said to be least favorable if it maximizes w.r.t. & the

minimum of the average risk; i.e., if for any other ¢

(2.6) inf r(go,D) > inf r(¢,D) .
D D

Wald has proved the following two theorems ( /22 7 remarks

on page 148 and parts of Theorems 3.8, 3.9, 3.10, and 5.12):

THEOREM 2.1: A necessary and sufficient condition for a d.r.
D to be a Bayes d.r. relative to a given a priori distribution

t is that ¢J(x) = 0 for any x (except perhaps on a set of t-

measure zero) and for any J for which

(2.7 W.(0) £f(x,0) d¢ > min g W, (0) £(x,0) at .
’ 1<k<n
)

)

THEOREM 2.2: (1) There exists a minimax d.r. Do;
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(1i) eny minimax d.r. is a Bayes d.r. in the

vide sense.
(iii) suppose there exists a least favorable
distribution §O; then any minimax d.r. 0° 15 a Bayes d.r.
relative to it and conversely; and sup r(O,Do) = r(g?DO);
(@]

(iv) 1if EO is a least favorable distribution,
p° & minimax d.r., and  the set of all 0¢(”) for which r(9,d°)
< sup r(O,DO), then §O(w) = 0.

(]
We formulate two assumptions ( / 22 / Assumptions 5.1 and

5.6) and state a lemma and a theorem proved by Wald ( /22 7

Lemma 5.1 and Theorem 5.11).

ASSUMPTION 2.1: Sfl is closed and bounded and WJ(O) (J=1,04.,m)

is a continuous function of 0.

ASSUMPTION 2.2: If [OV} is a sequence of parameter points such

that l1im @ = 6°, then
V=00
v 0
lim £(x,0") ap = £(x,0") dau
V=00
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uniformly in all subsets R of X .
LEMMA 2,1: If £(x,0) is continuous in ¢, Assumption 2.2 holds,

THEOREM 2,3: If Assumptions 2.1 and 2.2 hold, then there exists

a least favorable distribution.

Another existence theorem for least favorable distributions has
been given by Lehmann /14 7.

We consider another assumption and prove three theorems
which may be helpful in finding minimax d.r.'s. Sverdrup / 20 7

gives some other theorems which may prove useful in this same

regard.

ASSWMPTION 2.3: For each i, Jpair (1 =1, .o, f5 J =1, ...,m),

WJ(O) equals a constant, say wiJ’ for all Oew,.

This assumption is that for each alternative the loss varies

only from subset to subset among Wiy eoey wr and not within

any subset. For a given set of conditional distributions

A= (kl, veey A{), we denote

(2.8) £ = | sxe) e, (@=1, ..., ().
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THEOREM 2.4: If Assumption 2.3 holds, a necessary and sufficient
»
condition for a d.r. D to be a Bayes d.r. relative to ¢ = (£,M)
*
for discriminating among w = (wl, ceey w[) is that D be a Bayes
X A A A
d.r. relative to § for discriminating among £~ = (fl”"’f[)

vw.r.t. the wveight function W The average risks in the two

i3°
cases are eqgual,

Proof: Using Assumption 2,3 and (2.8), we have

(2.9) g wJ(o) £(x,0) d¢ = 1=1§i g LI £(x,0) dn,
(@] @y
{ A
= 1§1§i wij £] (x) .

The first part of the theorem follows immediately from (2.9)
and Theorems 1.1 and 2.,1.

We now show that for any d.r. D, the two risks are equal.,
We have, using (2.4), Assumption 2.3, (2.1), Fubini's Theorem,

(2.8), (1.1), and (1.4):
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m
(2.10) g r(9,D) an, = Jfl W,(0) p,(0,D) an

D4 4

= ?Wid g S #,(x) £(x,0) au ar
o X

i

< ‘3"1.)' g ¢j(x) f;‘(x) dp
X

| £

vhere we have denoted pij().,D) = Pr(D chooses A 1).

J

by (2.5) and (105))
(2.11) r(¢,D) = r)‘(s,D)

where r)\(g,D) is the average risk relative to § when dis-

.criminating among ;" . //

Hence,
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THEOREM 2.5: Suppose Assumption 2.3 holds. Necessary and
sufficient conditions that €0 ={t%,A0) ve a least favorabile

distribution and DO a minimax d.r. for discriminating among

W are that

(1) 50 is a least favorable distribution and p° is a

0

minimax d.r. w.r.t. Wij for discriminating among zh ; and

(1i) for any i for which 52 >0,

Oew

g r(O,Do) dhg = sup r(Q,DO) .
i

]

Moreover, the maximum risks in the two cases are equal; i.e.,

0
(2.12) sup r(0,0%) = max r(f’i‘ ,00)

) 1<igf

Proof: We first prove the necessity. Since (2.6) holds for

any £ = (§,\), we have in particular inf r(go,D) > inf r«gjko),D)
D D

for any &, so that, using (2.11), inf r (EO,D) > inf r .(&,D);
= p Al =p 0"
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that is, EO is a least favorable distribution for discriminating

0
among 2} . By Theorem 2.2 (iii), 00 is & Bayes d.r. relative

to £°, so that, by Theorems 2.4 and 1.2 (i11), D° is a minimax
)"0
d.r. for discriminating among £~ .

We shall now verify (2.12). By Theorem 1.2 (iv),

0 { 0
= 2 r(e} 0% = (¢%0
1<i<f i=1 A

%

so that together with (2.11) and Theorem 2.2 (iii), we have

0
mx r(r) ,0°) = r(t%,0% = sup r(o,0%) .
1<i -
== {1
0 A0 o 2’ o
For any i for which &; > 0, we have r(fi , D7) = m?x r(fi ,D7)

by Theorem 1.2 (iv) and sup r(O,DO) = sup r(O,Do) by Theorem
(D —
i ()

2.2 (iv), which, together with (2.12) and (2.10), prove (ii).
We now prove the sufficiency. By Theorems 1.2 (iii) and

2.4, 0% is a Bayes d.r. relative to §O = (go,xo); i.e.,



(2.13) r(¢°,0% = 1ar £(¢°,0) .
D

Suppose §° is not a least favorable distribution; then there

exists a ¢ = (§,7\) such that

(2.1%) iﬁ‘ r(t°,0) < 1nf r(€,0) .
_ D

But

{
(2.15) 1gf r(épD) S r(i,DO) = &L Ei g r(c,DO) d"i
i=1

@y

<z ¢, sup r(O,DO) < max sup r(O,DO)
i=1 w gy w,

= sup r(G,Do)

)

¢
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0

By Theorem 1.2 (iv), for any i for which gg > 0, r(f? ,DO)

=

0
max r(f? ,0%), which, together with (2.10) and (ii) implies
1

sup r(O,Do) = max sup r(O,DO) = sup r(O,Do). Hence, from (ii),
w, i o, -
i i ()

r(goJDo) =X £

0
i i

r(9,0°) dhg = sup r(9,00) ,

€)

in contradiction to (2.13), (2.14), and (2.15). Hence, §0

is a least favorable distribution, and, by Theorem 2.2 (iii),

p° is a minimax d.r. for discriminating among w. //

THEQOREM 2.6: Suppose Assumption 2,3 holds, and suppose )

is a sequence of sets of conditional a priori distributions and

DO a d.r. such that

(2.16) 1lim r(o,D¥) dA: =sup r(0,0%) (i=1, ..., [)

V= (V]
o0 i
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where for each v=1, 2, ..., D' is a minimex d.r. for dis-

v
criminating among ;_‘_" . Then D° is & minimax d.r. for dis-

criminating among w.
Proof: By Theorem 1,2 (ii) and (iii), for each v there exists

a least favorable distribution _§_V and DV is & Bayes d.r. relative

v
to g_" for discriminating among .f;)‘ ; i.e., for any d.r, D,

r (8,0") <r (£',D). Hence, using (2.10),
A A

(2.17) r(0,D) dx;'

It Mo

<z g‘i’ sup r(0,D)

1 w,
1

< sup r(e,D) .
()]

v
Now each sequence {g‘i') has at least one limit point; let {¢ J},
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j=1,2, ..., be a sub-sequence of {t’ = (_g_v,)sv)) for which each
v, 0 0
giJ converges to a limit, say §i; then Z §i = 1. By Theorem

i

1.2 (iv) and (2.10), for each i for which &} > 0,

r(6,0") a\] = max r(o,dD¥) ar/
i

so that, from (2.16), for each i for which §g > 0, sup r(O,DO) =

@4
0 0
max sup r(0,D”) = sup r(9,D"). Hence, from (2.16),
i w, -
i £)
v v v
lim X §i'j r(e,D 'j) d}\i‘j = I §g sup r(O,DO)
J=oo i=l i=l wi
'l

sup r(O,DO) ,

()]

which, together with (2.17), asserts sup r(O,DO) < sup r(O;.D)
£) )
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for any D; {.e., Do is a minimax d.r. for discriminating

among w. //

If a least favorable distribution exists, the problem
reduces to one of simple discrimination, so that if p is non-
atomic only none-randomized d.r.*s need be considered., We state a
lemma for the case of composite discrimination analogous to

Lemma 1.1; the proof (not given) is also analogous.

LEMMA 2.1: For every fixed sample size n = 0, 1, 2, «.., let

Dr? be a minimex d.r. and demote r_ = sup r.(O,Dg). Then the

(@]

sequence (rn), n=0,1 2, «.., 18 2 non-increasing sequence.

2.3 Most Economical Decision Rules Relative to a Vector a,

As in Sections 1.3,1 and 1.3.2, we shall apply the theory
of Section 2.2 to two specific weight functions W J(O) and develop
in each case a method of obtaining M.E. d.r.'s as defined by

Definition 2.1. In both cases, we assume { = m. First, let
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-lfa, if0cw

J J

2

(2.18) W(O,AJ).=WJ(0) =
0 otherwise",

From (2.4), the risk w.r.t. WJ(O) is

r(e,D) =~pi(0,D)/ai if 0 e w; (1=1, .v., m),

and

(2.19) sup r(Q,D) = - inf pi(O,D)/ai (i=1, «os, m) .
e e

By Theorem 2.2, there exists a minimax d.r. DO. We consider

such d.r.'s for each sample size n and prove:

THEQREM 2.7: For eachn =0, 1, 2, ..., let Dg be a minimax

d.r. w.r.t. the wveight function (2.18) for samples of fixed

2. The remarks in footnote 4, Chapter I, are applicable
here as well.
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size n. Suppose for some n, sup r(O,Dg) << and let N be the
least such integer. Then Dg 1s a M.E. d.r. relative to the
vector & for discriminating emong w. Conversely, if there

exists a M.E. d.r. relative to @ for discriminating among w

0

N is a M.E. d.r.

and the M.E. sample size is N, then D

Proof: The proof is exactly like the proof of Theorem 1.3,

replacing p, (D ) by inf p, (0,D ). //
®

i
Note that the weight function (2.18) satisfies Assumption

2.3 with W1J given by (1.6). Hence, if a least favorable distri-

bution §0 = (go,ho) exists, Theorems 2.4 and 2.5 imply that
the composite discrimination problem may be treated as a

0
simple discrimination problem with fi(x)=f;'_' (x)= g f(x,O)d)\g,

@5
and the theory of Chapter I will be applicable. If a least
favorable distribution does not exist, Theorem 2.6 asserts
that by a similar treatment for a sequence of a priori distri.

butions having certain properties in the limit, it may be

rossible to solve the composite discrimination problem. Now

suppose a least favorable distribution gO = (EO,AO) exists.
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Then, by Theorem 2.6,

g = inf pi(Q,Do) for any i for which §g>0.

Oewi

(2.20) | p,(0,0% an

ASSUMPTION 2.4: If R is a subset of X for which (f(x,O)dpFO
R

for some Qe( ), then S £(x,0) du = O for all Qe( ) .

R

This assumption implies Assumption 1.2 for the density functions

f;, ceey f;, defined by (2.8), for any set of conditional distri-

butions A. If Assumption 2.4 holds, and if a least favorable
distribution exists, it follows from Theorems 1.4 and 1.2 (iv)

and (2.20) that

(2.21) I inf p(9,0°) = ... = 2 inf p_(0,09)
1 Qewl m Oewh

where DO is a minimex d4.r.
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We now consider a second weight function WJ(O):

1/, 1if Qew,, ifj
(2.22) W(0,4,) = W,(0) =

0 otherwise

where B, =1 - @, as before. From (2.4), the risk w.r.t.

WJ(Q) is

(2.23) r(e,D) = qi(e,n)/ai if Qew, (i=1, vos, m),

and

sup r(0,D) = sup qi(o,D)/Bi (L =1, ..., m).

w .
i wl

By Theorem 2.2, there exists a minimax d.r. Do. The proof of
the following theorem is analogous to the proof of Theorem 2.7
and therefore will not be given.

THEOREM 2.8: For eachn =0, 1, 2, ..., let DS be a minimax
d.r. w.r.t. the wveight function (2.22) for samples of fixed

size n. Suppose for some n, sup r(G,Dg) <1 and let N be

)
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the least such integer. Then D§ is a M,E. d.r. relative to the
vector o for discriminating among w. Conversely, if there exists

a M.E. d.r. relative to o for discriminating among ® and the M.E.

sample size is N, then Dg is a M.E. d.r.

Note that the weight function (2.22) satisfies Assumption

2.3 with WiJ given by (1.1k). Hence, Theorems 2.4t to 2.6 and

the theory of Chapter I may be applied to obtain M.E. d.r.'s.

Suppose a least favorable distribution §0 = (go,ho)

does exist. Then, by Theorem 2.5 and (2.23)

(2.24) qi(O,Do)dhg = sup qi(O,DO) for any i for which §g > 0.
w
i

If Assuaption 2.4 holds, if a least favorable distribution

exists, and if

(2.25) sup r(O,DO) < 1/ max BJ
) 1Sz
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where D~ is a minimex d.r., then by Lemma 1.2 and (2.2L4)

(2.26) L sup qi(O,Do) T 4. = é— sup qm(Q,DO) .

B
1 Oanl m ea%n

The following two lemmas give sufficient conditions for (2.25)

to hold.

LEMMA 2.2: Suppose Assumption 2.4 holds. For any sample size

greater than or equal to the M.E. sample size, (2.25) holds.
Proof: OSuppose n > N, the M.E. sample size, and that Dg is a

minimex d.r. for samples of size n; then, using Lemma 2,1 and

Theorem 2.8, Dg satisfies (2.2). This implies qi(O,Dg) < Bi

for all Qew, and sup r(O,DS) = max sup qi(O,Dg)/ﬁi <1

/!

< 1l/max B..
j J

m
LEMVA 2.3: If B, < Jz ﬁJ/(m-l) (i.e., a, > (ﬁaj- 1)/(m-1)) for
=1

all i, then (2.25) holds.
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Proof: The lemms may be proved anelogously to Lemma 1.3, //

Thus, we have given two methods for obtaining M.E.
d.r.'s relative to @ for composite discrimination., If Assumption
2.4 holds and if a least favorable distribution exists, the
first method leads to M.E. d.r.'s for which the minimum

probabilities of a correct decision are in the ratios al:

Qpi ves 2O (see (2.21)), and the second method leads to M.E.

d.r.'s for which the maximum probabilities of an incorrect

decision are in the ratios Bl - Bm (see (2.26)).

This suggests an alternafive approach: we may consider for
each n the class of d.r.'s satisfying (2.21) (or (2.26)) and
define an "optimum" d4,r. from among this class as a d.r, which
meximizes (or minimizes) the common ratio. By considering
these "optimum" d.r.'s for n = 0, 1, 2, ..., and choosing the
least n for which the ratio is < (or >) 1, we can obtain M.E,
d.r.'s. Results similar to Theorems 2,5 and 2.6, stated in
terms of the weight function (2.18) (or (2.22)), may be
derived as sufficient conditions for a d.r. to be optimum in
the corresponding class. This is clearly equivalent to the
minimax approsach.

Thus, to obtain a M.E. d.r., we look for & set of "leasg
favorable conditional distributions”, or a sequence of distri-

butions which is "least favorable in the limit", and then
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determine n and constants defining a likelihood ratio d.r.
for discriminating among these "average" demsity functions
for which (2.21) (or (2.26)) are satisfied.

Wald's definition of admissibility for either of the
weight functions considered here is: a d.r. D is said to be
admissible if there does not exist a d.r. D for the same

L
sample size for which pi(O,D ) > P1(°’D) for all Oewi(i=l,...,m)

with strict inequality for at least one Oqffl . No proof of
admissibility of the M.E, d.r.'s derived in this section has
been obtained. However, 'if Assumption 2.4 holds and there exists
a least favorable distribution, it can easily be verified that

1]
there does not exist a d.r, DN based on a sample of size N for

]
which inf pi(O,DN) > inf pi(O,DN) (1 =1, .o, m) with strict
w w
1 i
inequality for at least one i, where DN is a M,E, d.r. obtained

by either of the minimax methods of this section.

2.4 Most Economical Decision Rules Relative to a Matrix B.

We now consider M.E. d.r.'s for composite discrimination
as defined by Definition 2.2. Just as the approach of Section
1.5.2 vas extended in Section 1.4, we shall extend the approach

of Section 2.3 in this section. The argument is very brief

N
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because of this analogy. We replace each aiJ which is equal to
unity by +oo.

Suppose n fixed, and consider parameter spaces Lfll""l

£, each iﬁlg being identical to (7), and denote Lfl'=g.£flj.

For each j, denote the corresponding subsets by wﬁj’ veso, wfj'

Define a weight function wk(o) for k =1, ..., m, by

l/ﬁij if OG(Dij and J=k(i=l,ooo,1;,j=l’-oo,m)
(2.27) W(0,4)=¥, (6)=
0 otherwise,

We obtain

_1 :
r(e,D) = Bij pJ(O’D) if Oewij.

~ !
Let € be an a priori distribution over { ) and for any subset

w in () denote

E(w) = Z ¢ .\, . (0)
1, i1j1j

where
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Eyy = g(wij) and hij(w) = Pr(OemIOamij) (i=l,c00,f; 3=1,.00,m).

For a given set of conditional distributions Kz(kll’hlE""'x[m)’

denote

(2.28) g’i‘j(x) - £(x,0) g,

ij

In & manner completely analogous to Sections 2.3 and 1.4, we
have:
THEOREM 2.9: For eachn =0, 1, 2, ..., let Dg be a minimax
d.r, w.r.t the weight function (2.27) for samples of fixed
size n. Suppose for some n, sup r(O,Dg) <1 and let N be
(o)
the least such integer. Then D§ is a M,E, d.r. relative to
the matrix B for discriminating among w = (wl, coe, mi).
Conversely, if there exists a M.E, d.r. relative to B for
discriminating emong w and the M.E. sample size is N, then Dg
is a M.E. d.r.
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The theorems of Section 2.2 may be applied to obtain minimax

d.r.'s for composite discrimination w.r.t. the weight function
1

(2.27) by replacing { in the theroems by { = f.m and replacing

single subscripts i by ij and f? by g?g' If a least favorable

distribution exists, then the composite discrimination problem

reduces to a problem of simple discrimination among the "average"
density functions 8?3 defined by (2.28) w.r.t. a set of "least

favorable conditional distributions" A, and Theorem 1.1l and the
remarks of Section 1.4 are applicable. Thus, this method of
solution gives minimum unlikelihood d.r.'s as M.E. d.r.'s. If a
Teast favorable distribution does not exist, then a minimax d.r.
will be a Bayes d.r. in the wide sense and Theorem 2.6 may be

applicable.

2.5 Some Parametric Examples of Three-Decision Rules.

EXAMPLE 1: Normal Mean, Variance Known. Suppose f£(x,0)

is a normal density function with variance 02 (known) and mean

<0<0

Q, andw, = {0 : 0 < Ol}, w, = (0 : 6, < 5 }, W =

1 - 2

1
{0: 0> 05}, where Ol < 02 < 92 < 05. Define a set of condi-

tional distributions A

(Al, M Lj) over w,, w,, w;, respec-

"
(i =1, 2, 3) and 02 =9, or 9,, to

W
-

tively, where Ai(Qi)
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be determined later, For fixed n, we shall show that such a
set of A's is "least favorable" in the sense of Theorem 2.5
(ii), w.r.t. the weight function (2.18), and hence, tﬁis
composite discrimination problem reduces to the simple dis-
crimiration problem considered in Example 1, Section 1.3.6,

with Ge determined as follows:

1 t t

(2.29)

" 1] [ "
92 = 92 if pe(Ge,D ) < pQ(Qe,D )

n

]
where D and D are the solutions to the corresponding simple

]
discrimination problems (with 02 = 92 or 02) for fixed n; we

shall show below that such a determination of @, is complete

2
and consistent., We shall only treat this extension of Example
1 of Section 1.3.6, but the other three examples of that section
may be extended in a completely analogous manner. Also, ve
may use the weight function (2.22) instead of (2.18) by meking
minor changes throughout.

We now show that N satisfies Theorem 2.5 (ii) for fixed

n. Let D, defined by ¢, and c,, be a minimax d.r. for dis-

2)

criminating among Ol’ 02, 05, as given in Section 1.3.6; primes
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on any symbol refer to the corresponding value of 02. Now

since # is an increasing function and using (1.26),

c,=-0 c,-@
F(vm20)=Fum 5

1

inf pl(O,D) = inf
Wy e<oe

w.

1
and similarly
c2-03
inf pg(0,0) =1 - F (/o 5=) = | p5(0,0) arg
@3
s
Furthermore
' c2-0 cl-O
inf p,(0,0)= inf [ F (4B <) - Hom5-) T
“2 0,<0. <0,

= min [2,(0,,0), p,y(0y,D)7
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since pQ(O,D) is an increasing function of @ for 0 < (cl+c2)/2
and a decreasing function of @ for © > (cl+c2)/2. Hence, if 6,
is chosen according to (2.29), Theorem 2.5 (ii) is satisfied.

We now show that such a choice of 02 is possible by
" 7" t " " t ' t
showing that if p2(02,D ) > p2(02,D ) then p2(02,D ) >p2(92,D )
and conversely. From (1.27), with either a prime or double-prime

c,-@
onp, D, ¢,, and ¢,s Ve have a.p = (4o lo l) and asp =

c2-03
l-_@'(;\/‘ﬁ—-—a———) so that

120+ 0™ (@p)/Va

0
#

0
L]

5 = 05+ of -1 (1459)/'\/5

where Q"l(x) = t is defined by § (t) = x. Hence

R 0-0 _
2(0,0) =B [V5 2=+ F "H1ap) T - F [V5 -+ Tlay0)]
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which is obviously a decreasing function of p for fixed 0. Now

" 1" 1t
agp' = pe(o',D') and ap = pg(o ;D ) so that, upon subtracting,
" t " 1 ] 1
(2.30) ay(p - p ) = py(6,,0 ) - py(6,,D ).

noon t n 1 '
Suppose p2(92,D ) > p2(92,D ) so that from (2.30), ae(p -p)>
1 "' 1 ] . " t )
pQ(OQ,D ) - p2(02,D ), implying that p > p since pQ(OQ’D) is
[}4 .
a decreasing function of p. Then, since p2(02,D) is a decreasing
" ' L t
function of p, we have from (2.30) that O <a2(p -p )<p2(02,D )
. t ! . " t )
- P (02, D )'_- . Conversely in the same manner, if pQ(GQ’D )
N t t ) " t " ]
> Py (65, D), then from (2.30), a,(p -p)> (05,0 )
17" ] 1t 1
- p2(02,D ), and p must be greater than p ; hence, from (2.30),

n ' "ot ' "
0<ay(p -p ) <py(e,D) - P,(8,,D ).

EXAMPLE 2: DNormal Mean, Variance Unknown. Now suppose f(x,9),

0 = (u,0), is a normal density function with both mean p and
1t

)
variance o° unknown, and suppose, given Ol, 92, 02, 95 (Gl <

1 "
02 <o, <93)’ that o, = {0: ufo < 0,, 0L 0< ool, w, = (o:

11
o, < w0 <o, 0< 0 <00), wy = (0: /020, 0< 0<00) .
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We shall show that, for a fixed sample size n, a non-randomized

d.r, D0 with acceptance regions of the form (1.26) with x
replaced by Student's t-statistic is a minimex d.r. w.r.t. the

weight function (2.18), €ys €, 8nd p are determined by

equations of the form (1.27) with the normal distribution
functions replaced by non-central t distribution functions.

By considering such d.r.'s for various sample sizes, a M.E,
d.r. may be obtained according to Theorem 2.7. (Alternatively,
ve may use the weight function (2.22) and Theorem 2.8;}

To prove that D0 is minimax, we consider a sequence of

distributions {kv} and a corresponding sequence of minimax

v
d.r.'s {D') for discriminating smong £" , defined by (2.8),

and apply Theorem 2,6. The methods of this example are adapted
from Hoeffding's lecture notes / 87 where he shows that a test
based on Student's t maximizes the minimum power against a one-
sided class of alternatives,

Let n be fixed throughout. For each v = 1, 2, 3, ...,

v

consider a set of conditional distributions (h{, M A;) where

kz assigns probability one to sets of € in which u/o =

"

H
o, (1 =1, 2, 3), 0, = 9, or O, to be determined later as in

(2.29), and o is distributed over (0,00) according to the

probability density
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m me-l

(2.31) T e dr, 0<71<o00

where T = l/(202), m=1/v, and ¢ is a positive constant.
For each v(or m), a non-randomized likelihood ratio d.r. for

v

N v v
discriminating among (fl , £

A fg ) which satisfies (1.11) is

2 ?
a minimax d.r. w.r.t. the weight function (1.6) for simple

discrimination., Denote such.a d.r, by D¥. Now DY is determined

AY zY AV
by the ratios LiJ(x) = fJ (x)/f1 (x) for various values of

i, J (1 < Jj). Ve have, using (2.8) and (2.31),

v

2
-n65/2 m
f? (x) = ﬂ'n/2 e 1 S

T(m)

. Tn/2 + m-l exp‘[:T(c+Zx2)+012x-/27 ar

(1= 1, 2, 3).
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Let u = 7(c + Zx‘?) and denote tc(x) = Ix/ 1/Zx2+c ; then

00

un/2 * m-l exp [:u-l-OJtc J2u _Jau

un/"’3 * ol oo [:u+01tc J2u _Jdu

a function of t, only. By a theorem of Kruskal ( [127, see

v

his equation (’4.2)), L;j is an increasing function of tc for

0, <0, (1 <)) so that Theorem 1.9 is applicable, and D’ is

of the form (1.26) with X replaced by t, end the constants

v
Cimc? Come? and p are determined by the equations

(2052) aipv = S Pi(g,Dv) d)\: (i = 1, 2, 5)0

@
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When O, is true, Y = (x.k- Olo)/a is N{0,1) so that

Z(yk+01)

pr /[~

—— = e 1o, 7
/Z(yk+cl) +ecT

sl(c'r,clmc), say,

which depends on ¢ through T; and in a similar manner, using

an obvious notation, pe(Oe,Dv) = Pr(clmc < tc < €ome | 92)

= 55(CT) Cppes Cop) and ps(05, DY) = Pr(t, >c, | 05)

SB(CT, c2mc)’ From (2.31), (2.32), and (2.33),
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(2.34) af”=

and similar equations may be obtained with agpv and ajpv on the

left. These ere the equations determining Cime? Some? and pv,

and thus it is clear that Cyme 204 Cope 8re independent of c,

which therefore is arbitrary. Hereafter, we omit c as a
subscript.
Now the distribution of t depends on O only through

u/0 so that pi(oi,Do) is independent of o0 (1 =1, 2, 3), It

may be verified as in Example 1 that

(2.35)  py(0,,0%) = inf p,(0,0% (1 =1, 2, 3)
w
i
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1

t t
vhere 92 = 02 or 92, to be determined as in (2.29). (That

such a choice of 92 is possible may be proved as in the

previous example.)

Student's t may be written t(x) =4/(n-1)/0 Zx/ JZ(x-%)2

= J(a-1)/n to/1/1 - tg/n vwhere t = Zx/ o Zx° , and clearly

t is an increasing function of to. Hence, the 4, r. D0 may be

expressed in terms of to rether than t with corresponding constants

s

7 and

T 1 t
cl and s defining the acceptance regions; that is, ¢ C
p are determined by pi(Oi, Do)ﬁzi =p (1 =1, 2, 3); explicitly,

using the notation introduced in (2.33) and the follovwing equations,

O _ 1 _ H _
pl(Ql,D )—Pr(tO < <, | 01) = sl(O,cl) =0

1 1

0 1 t
(2-36) } pe(QE)D )=Pr(cl < t _<_ C2 l 92) = Se(o)clicz) = aep

\ 0

|
|
0 1
(pB(Oi,D )=Pr(t, > ¢, | 05) = 63(0,c2) =g .

We shall prove presently that



g2

(2.37) lim p =p ,
V=00

Assuming it to be true temporarily, we have from (2.32) and
(2.36)

(2-38) lim g pi(Q,Dv) d)\]-::"" pi(@i,DO) (i=1;2:3) .
V=00

&y

From(2.38), (2.35), and (2.19), (2.16) is satisfied for the
weight function (2.18) so that p° is a minimax d.r.

We need only prove that (2.37) holds. First, we prove

(2.39) lm ¢, =c. (1 =1, 2)
n=00

] 1]
where ¢, and ¢, are defined by (2.36).

For any v > 0, we have



00 00
o -u 1 W - ’
(2.40) m e du < e T,—\rn—ly e du
v v
[o.0]
m
1 u -u -
<'; e e du = v
0

Hence, remembering that 0 < s, < 1, we have from (2.34)

m-1
v _ u -u
(2.41) e’ = ( S : f ) 8y (use,) By o™ au
0 v
v 00
Wy ' ( Bty
= sl(alv,clm) ) e du+51 ) @) e  du
0 v
1
(0< 8, 8 <1)



oL
00 00

Mel ' mel
u -Uu ~7 u -1
5,(8) viey) 1 - S a) © du-/+61§ @

v v

o0

m-1
1 " u -1 t
sl(Slv,clm)+(51-81) g @y © du (0 < 5, < 1)

v
= 8,(8,v,c, ) + & n/v (la*l < 1) from (2.40).
1717 %1m 1 1t =
Let v =4/m so that, from (2.41),

(2.42) oV = sl(sl Jm, clm)/al + Siﬁ /al ;

similarly, we may obtain

(2.43) p¥

* *

(2.44) pY = 33(:55 ﬁ,cm)/a5 + S;JE /oz3 (055551, ]a;l <1).
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Suppose, for at least one i (i = 1, 2), ¢, does not tend to

]
cy; e.g., suppose that lim sup Cim = S1* € (e > 0). Then there
m=0

exists a sequence [mJ}, =1, 2, «s., such that lim m, = 0 and
J=00
)

1 1
lim ¢, = ¢ + ¢, and, since sl(u,cl) is continuous in u and c,,

J=00 T

v ]
the right hand side of (2.42) tends to s, (O,c + e)ﬁal and the

¥*
left side tends to p = lim sup pv. Suppose 1lim sup Com = Cgt
v=00 J=oo 4

& (d % 0). Then there exists a subsequence {ka), k =1,2,404,

4
redefined as [mk], such that lim ¢ =c,+ ® and the right
k=00

1 |
sides of (2.43) and (2.44) tend to 52(0,c1-+€,c2+8)/a2 and
]
55(0,c2+6)ﬁu3, respectively, whereas the left sides both tend

* t
to p . But, from (2.36), it is seen that sl(O,cl) is an

] L] 1
increasing function of 1 sg(O,cl,cz) is a decreasing function

1 1
of ¢, and an increasing function of c,, and 85(0,02) is a

]

t \} t
o+ Hence, sE(O,cl,ce)/a2 = sl(O,cl)/al

decreasing function of ¢
] ! t
< sl(o,c1+ e)ﬁal = 82(0’c1+ €,ct 8)/&2, implying & > 0, and

s5(0,c2)/a5 = sl(O,cl)/al < sl(O,cl+e)/al = sj(o,cé+6)ﬁ23,

implying 5 < 0, a contradiction. Hence, lim sup ®im < cy -
m=0
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t

)
5 c2 and lim inf °1m.2 ci
m=0

Similerly, we may show that lim sup ¢
m=0

om
(i=1,2). Consequently, (2.39) holds. Taking the limit in (2.42)
and using (2.36), (2.37) is verified.

Note that in the sequence of distributions [kv], the

parameter c was left completely arbitrary (c > 0). Note aiso

that the sequence of d.r.'s (0"} does not converge to Do if ¢
is held fixed. This can be achieved, however, by letting ¢ tend

to zero as v tends to infinity.

2.6 A Non-Parametric Example of a Three-Decision Rule.

We shall give an extension of the sign test for the median
of an aribtrary distribution function by adapting an example
given by Hoeffding in /7 /. (See also Ruist /18 7 in this
regard.) In an analogous manner, a M.E. d.r. concerning any
quantile of an arbitrary distribution may be derived,

As was remarked in Section 2.1, the theory holds also
for non parametric classes of density functions. Let Lfl be
the class of all density functions f w.r.t,., a fixed measure p

on the real line such that u(x <0} > 0, u(x > 0} > 0. Denote

2 (x) = T% £(x,) and 6(f) = £(x) du. Given
1=1

=00



97

' n [} n

01, 0 05, 05 (0< 0 <0, <1/2K0,<0

17 9o 1 o o 3 <1), let

o = (£: 0(£) <0, @ = (f: 0, SO(F) £0,), w; =

(£: o(f) > 03]. The alternatives, A,

Ae, AB’ corresponding

to w

19 ©ns wB, might be that the median of the unknown distri-

bution is "significantly" less than zero, "close" to zero,
"significantly" greater than zero, respectively.

Consider the density function

ob(x)(l-c)l‘b(x)/A' if |x] <a
£(x,0) =

0 otherwise

1
where b(x) = 1 if x < 0 and O otherwise, A = u{(-4,0)), and A

is an arbitrary positive constant, and denote f£'(x,0) =

. v _
Tr~f(xi:9)- Define a set of conditional distributions A =
i=1

(hl, Moy h5) over w,, @, W, respectively, where h, assigns

probability 1 to f(x,Oi) (1 =1, 2, 3), hereafter denoted -

]
= 02 or 92

simply fi’ and where © , to be determined later as

2
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in the parametric examples above. Note that G(fi) = £(x,0;)du

-00

= @ sothatf isinw, (1 =1, 2, 3). Consider the simple

discrimination problem of discriminating among fn(x,Ol), fn(x,OQ),
fn(x,Oj), and let Dn be a minimex d.r, w.r.t. the weight fqnction
(1.6) for samples of fixed size n; clearly, Dn is a likelihood
ratio d.r. Now fn(x,Oi) is of the form (1.25) with t(x) =

A b(xk) so that Theorem 1.9 is applicable, and Dn’ defined by
k

Qé(x), is of the form (1.24) with m = 3,
Nov t has a binomial distribution with parameter 0 = O(f)
and index n where f is the true density function. Clearly, then,

for Dn defined above,pi(f,Dn) depends on £ only through 0 = @(f),
so ve denote pi(f,Dn) = Pi(O’Dn) (i =1, 2, 3). Then, denoting

the binomial distribution function and probability function by

Bn,O and bn,O’ respectively,
p(9,D)) =B olej-1) + &) by, 0lcy)
Pp(0,D,) = Bn,o(ce‘l)+aebn,o(°2)'3n,o(°1)+(1‘a1)bn,o(°1)

p5(°,Dn) = l-Bn,O(02)+(l-a'2) bn,g(ce)
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where 815 8y €, C depend on n and are determined so that

2

inf p,(£,D) =a;p (i =1, 2, 3) for some p. Now Bn,g(t) is

fewi

a decreasing function of 6, and bn G(t) is a decreasing or an
3

increasing function of © acéording as t < or > (n-1). Hence

pl(Q,Dn) is a decreasing function of © using the fact that if
c, > (n-1) o, p, may be vritten Bn,G(cl) - (l-al) bn,G(cl);
similarly, pB(Q’Dn) is an increasing function of ©. Since
O(fi) = Oi, clearly Theorem 2.5 (ii) for the weight function

(2.18) is satisfied for i = 1, 3. Now pQ(Q,Dn) mey be shown

[] "
to have a maximum between © = 02 and @ = 02, say at © = OO,

1
which is near 0 = (cl+c2)/2(n-l) (if this point is between 92

n "

)
and O,; othervise the maximum is at 6, or 92), and to be an

increasing or a decreasing function of @ according as © < or

0 . ! "
> e . Hence, ;nf Pe(f’Dn) = min 152(92,Dn), pQ(OQ,Dn)_7, and
ew
2
n

]
by a proper choice of ¢, = O, or Q

since G(fe) = Q o o o

X , Theorem

2.5 (ii) is satisfied for i = 2. That such a choice of 02 is

possible may be proved as in Section 2.5.
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Thus M is "least favorable" in the sense of Theroem 2.5
(ii) end a M.E. d.r. may be obtained by solving Pi(fi’Dn) =
a0 (1 =1, 2, 3) vithp = 1 for n, €5 Cpy 8y, 8y, and then
with N equal to the least integer < n, re-solving for Py €y

c‘2, &, a3 DN is then a M.E, d.r. for discriminating among

W), Wy W



CHAPTER III

EXISTENCE THEOREMS FOR MOST ECONOMICAL MULTIPLE-DECISION RULES

3,1 Introduction.

In the two-decision case, it can easily be shown that the
existence of a uniformly consistent sequence of d.r.'s (see
Definition 3.3) implies the existence of M.E. d.r.'s. Berger
[';;7 has given sufficient conditions for the existence of such
sequences (in the two-decision case). Hoeffding /8 7, having
defined non-trivial 2-d.r.'s for fixed sample sizes (see Definition
3.1) and given some sufficient conditions for their non-existence,
has proved the existence of a uniformly consistent sequence from
the existence of & non-trivial d.r. for some n by an adaptation of
Berger's theorem, Berger and Wald [-2;7 have given rather broad
sufficient conditions for the existence of certain two-decision
rules (what we shall define as strongly selective d.r.'s), the
existence of which implies the existence of non-trivial 2-d.,r.'s,
as defined by Hoeffding, for any n > 0. Briefly, their conditions
are that ifll and ST)Q, defined below, be disJoint, assuming the

exlstence of least favorable distributionsl:

1, See Theorem 2.3 and the remarks following it.
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£y = #(x) 5 £(x) = £(x30) an, ) (1=1,2)

where ki is any distribution function over w, . Thus, Berger and

Wald's results supply sufficient conditions for the existence of
a uniformly consistent sequence of 2-d.r.'s, and, therefore, for
the existence of a M.E, 2-d.r.

We shall extend this work to the case of m-decision rules.
The concept of non-triviality does not appear very fruitful in
this case; instead, we define "strongly selective" m-d.r.'s and
use them to prove that the existence of certain non-trivial
2-d.r.'s is both necessary and sufficient for the existence of a
uniformly consistent sequence of m-d.r.'s, Finally, the existence
of M.E. m-d,r.'s (relative to a or B for ( = m) is proved from the
existence of a uniformly consistent sequence of m-d.r.'s. Thus,
the existence of M.E. m-d.r.'s basically depends on the existence
of certain non-trivial 2-d.r.'s, sufficient conditions for which
are given by Berger and Wald, and some necessary conditions for
which are given by Hoeffding's sufficient conditions for non-exist-

ence. Hoeffding's results are that if there exists a sequence
o = (A M), v =1, 2, ..., of conditionsl distributions over

w, and Wns respectively, such that
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zY zY
lim [t] ) -2; (x)Jau=0
V=00

v 4
A A
[y >, 7

where f? is defined by (2.8), then a non-trivial 2-d.r. for
discriminating between Wy and wb does not exist,

The results are derived for composite discrimination among

parametric classes of density functions, w

1 erer O but they

hold as well for more general classes of density functions and

hence, in particular, for simple discrimination .

3.2 Non-Trivial, Selective, and Consistent Sequences of Decision

Rules.

Many of the results of this section hold for sequences of
randcm variables which are not necessarily identically distributed
and some do not require independence, but since the results are
derived primarily for application to most economical theory, we
make both assumptions throughout.

We find it convenient throughout this section to specify
a d.r. D by @(x), sometimes adding a superscript n to denote the

sample size.



iok

DEFINITION 3.1: A dur. §(x) = [ (x), ..., ¢m(x)_7 1s said to

be non-trivial for discriminating among Wy eeey W if the conditions

E0¢1(X)_>_a for 0 € (1 =1, «4s, m)

i i

can be satisfied with some numbers Ops weey O (0 < a, < 1) such

m
that Z a, > 1; or, equivalently, if
i=1

m
L inf E

i=1 Qewi

o¢1(x) >1 .

The term “non-trivial” is used since, if L a, <1, the conditions

i
can always be satisfied without taking any observatins., (See
footnote 7, Chapter I.)

The oxiscence of a non-trivial 2-d.r. for discriminating

between ®, and wJ for some i, J (i#J) implies the existence of a

non-trivial m-d.r. for discriminating among Wiy seey O = 1O matter

m
what the reraining wk's are; for, suppose ¢i(x) + ¢J(x) =1
identically in x and in? E0¢i + inf EO¢J > 1; set ¢k(x) =0

w, @y

identically in x for all k#i, J; then



-
<
O

m
Lg(x)=1 end L inf Ef,(X) > 1 .
i=1 1=1 o,

(A proof can also be given in which ¢k(x) > 0 for kfi, J). Hence,

the concept of non-trivial m-d.r.'s does not appear to be
particularly uzeful except for m = 2, We shall introduce a

slightly more restrictive class of d.r,.'s:

DEFINITION 3.2: A d.r. @(x) is said to be selective (or weakly

selective)for discriminating among ® if

inf E.@,(X) > sup E.f.(X) for all j#i (L =1, «ov, m),
Oen, oy ~ o, ©9 S

A d.r., Q(x) is said to be strongly selective for discriminating

among @ if all the above inequalities hold strictly.

(We should be careful not to confuse selectivity with the similar

concept of unbiasedness, which might be defined as implying

inf Eg¢1(x) > sup E0¢1(X) for all J#l (L =1, voey m);
Qew eew

i J
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this definition reduces to what has been termed an unbiased test
in the literature.) In the classical notation, strongly selective
in the two-decision case means ¢ < 1/2, B < 1/2, whereas non-trivial
means @ + B < 1.

It may easily be shown that selectivity does not imply non-
triviality but strong selectivity does. We give some sufficient

conditions for strong selectivity:

(1) sup Eg¢j(X) <1/m for all i, § (1#3), since
Qew
i
inf E.§, = inf E.(1 - Z @#,)=1-8sup I E.¢
w1°1 wig 9 o, st 94
-1 1
>1- % gup EF, >1-22 = =
J%i wi (21N n m
> max sup E.@ (1 =1, .vo, m);
X g ) 2
J#L wy J
(2) inf E°¢i(x) > 1/2 for all i, since
Qew

i
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inf 330951 >1/2> 1 - inf E°¢i =sup &% E
wy w, @, 3

o’

> max sup E0¢ (1 =1, «.o, m).

¥ow, 09

DEFINITION 3.3: The sequence [Qn(x) }, n(sample size) =0, 1, 2, ...,
of d.r.'s is said to be uniformly coneistent for discriminating

among ®w,; «.s, @, if, for every Oyy aeey O (o Sai < 1), there
exists an N = N(@) such that for n > N, E{(X) > @, for all

Cew (1=1, ..., m); or, equivalently, if

lim  inf E°¢’i’(x) =1 (1=1, .., m).
n=00 wi

THEOREM 3.1: If there exists a strongly selective d.r. for
discriminating emong w for some n, then there exists a uniformly

consistent sequence of d.r.'s for discriminating among o,

Proof: Part 1l: First, suppose for n = 1, a strongly selective

d.r. Q(xl) exists; thus
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(3.1) 1‘1;1; E g, (X,) >r3:;:i: s:);i: E°¢J(X1) (1=1, ..., m).

We define, forn =1, 2, ..., the functicns

° 1 .
ai(x) = '1-1 J:l ¢l(xj) (1 =1, euuy m))

and note the following properties of them (for any n, and

i, j = l, se0y m):

n
(1) BB, (X) = B, (X))

By Ll x 1
(it) Varg ai(}.) = = Var, ¢i(‘1) <z

L
n 2

n n n . n n
(i11) Var, @i - ¢J) < Var, @i + Var, '{ZJ + Q(Varoﬁi . Vargad)

< 4/n (1£3).
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We define, for each n, the d.r. ¥ (x) = (WI;, coes Wz):

n n
1
0 if 51 >~¢J for all J#i with equality

Vi(x) = for k values of J

0 othervise (L=1, ..., m).

m
Clearly, L \Ill;(x) = 1 identically in x. We have, for i = 1,...,m,
i=1

m-l n n
. | B 1
ngyi(x) = kfo ) Po(ai > 7’3 for all jJ#i with equality for k jta)

n n
2 Po(ﬁi > .ﬁj for all j#i)
taking only the first term in the sum; hence, using (i),
n n n )
Eo"’i(x) 21- Pg(ﬁi < 53 for at least one J#i)

n n
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n n n n
=1 - z.i (@, - ‘¢'J + EOT»'J - Bg, <

3

Egfy(K)) - By (X)) ) .

Let 8 = min [/ inf Egd, (X,) - m;x sup EQ¢J(X1)__7 . By (3.1),
I

Kism o w,

3> 0., Thus

n n n n
(3.2) inf EWi(X) 21 - = B(-B+ B,- EF+ EF, > 8)
w 3

n n n n
>1 - aii Pl By~ By- BBy~ By) | > @)

5 n n 1
>1 - ot Varo('ﬁi - 753) -52—

by Tchebycheff's Inequality. By (3.2) and (iii), we have
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inf EOW:(X) 2 l - h mél) (i = 1, ee ey m) .
Wy nd

Hence, for { = 1, ..., m,

lim inf ng;‘(x) = 1;
=Q0 (Di

i.e,, {_yn (x)} is a uniformly consistent sequence of d.r,'s for

discriminating among w.

Part 2: Now, suppose a strongly selective d.r.,

Q(xl, cony xv) , exiats for an integer v. Take n = pv for some

integer u, and define for i = 1, ,.., m
" 1
ﬁi(xl, ceey X)) = ﬁ[¢i(xl’ veey X))+ ¢1(xv+l’ ey Xy )t

¢1(XHV-W1’ seoy xuv)__7 *

The remainder of the proof is analogous to that in Part 1. //
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It may be shown that the above theorem does not hold for weskly
selective d.r.'s. In the two-decision case, a more powerful

theorem is possible:

THECREM 3.2: If there exists a non-trivial 2-d.r. for dis-

criminating between w, and wd (1#3) for some n, then there exists

i
a uniformly consistent sequence of 2-d.r.'s for discriminating
betveen w, and Oy
This theorem is given in /[ 8 7, being en adaptation of a theorem
in /1 7, and will not be proved here. The proof of Theorem 3.1

given here 1is somewhat analogous to the proofs quoted above.

THEOREM 3,3: If there exists a non-trivial 2-d.r. for discriminat-

ing between w, and o, for some By 4 (sample size) for every i, J =

1, ..e, m (i#J), then, for some n, there exists a strongly selective

m-d.r. for discriminating among wl, ooy ah.

Proof: Consider a particular pair i, j (i#J). By Theorem 3.2,
there exists a uniformly consistent sequence of d.r.'s for

discriminating between w, and wj; denote such a secuence by

n n n
Qij(x) = (¢1(J)’ ¢J(i))’ n=1 2, ... . This implies that there

exists an NiJ such that for n > Nij’



m-l

(3.3) inf E ¢ £(3) (x) > —=, inf €¢ (1) (x\ >-~ .

Gew

3 GewJ

This is true for every pair i, J (i#j). Take N = pax
i,d

ij'
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Then,

for all n > N, (3.3) holds for every 1, J = 1, ..., m (1#3).

1

n
Consider some such n and define \Iri(x) L ¢i(k)(x)

() k#i

(1=1, ..., m). Now _Yn(x) = (\V;_l, cens \V;) is an m-d.r, since

0<¥ <1and

m
Ble) o L g
TV B by ) s 2
1=1 (o) 1k (p) B
i#k
=2.--- Iz ¢1(k)(")
@) 1
o on
so that = \I/i (x) = 1 identically in x. We have

[N
L
]

[1- k(i)(x)-]



b A 1 5 .o
(3.4) inf Ev; (X) = == inf Eg¢i(k) (x)

w, 2) W k#i

1 n
S>e=e L inf E X)
= (x;) Kfi 21 O¢i(k)(

>y (1) Z2 vy (3.3)

_ 2(m-1)

m2

(i = l,o.o,m);

furthermore, for j#i,

n
(3.5) sup ngg(x) =--%-— sup I B,

w, (5) o ki

< -2 = sup E ¢n
- 0" J(k)
(3) kA o

11k
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1 ° i
— /7L sup Eg¢ k) ¥ sup EO(1'¢1 )7
& Lefs, 2 *P s+ o (3)

1 n
S'E;;)' [(m-2) + (1 - inf Bofs ()
2 i

<-§-(m-1 -9;:-1-1-) by (3.3)

@)

=‘gj-ni_;ll (i=l, se sy m) .
m

From (3.4) and (3.5) it follows that yn(x) is a strongly selective

d.r. for discriminating among w. //
We shall now give a converse to Theorem 3.3:

THEOREM 3.4: 1If there exists a strongly selective m-d.r, for

discriminating among Wiy eeey Oy then there exists a non-trivial

2-d.r, for discriminating between oy and wJ for every 1,Jj=1,.4.,m

(1£3).
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Proof: Suppose @(x) = (¢l, ceey ¢&) is a strongly selective d.r.

for discriminating among w; 1.e.,

(3.6) inf E°¢i > sup E°¢J for all Jfi (L =1, ey m) o

w, w,
b8 1

Consider some particular i, J (i#3), and suppose

(3.7) sup E0¢j > sup Ef, .

l.l)i lDJ

Now inf EO(1'¢1) =1 - sup E0¢i’ end upon adding this to (3.6),
w w
J

J

we obtain

inf EO¢i + inf EQ(1-¢1) > 1+ sup Eg¢J - sup Eg¢i
()] w u)i (l.)'j

i J

2 1 by (3.7) «
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Hence, (¢i’ 1'¢J) is a non-trivisl 2-d.r, for discriminating

between ®, end W, If instead of (3.7), we have sup Eg¢j
o
i

< sup E0¢i’ e similar argument will prove (1'¢j’ ¢J) to be a
w

J

non-trivial 2-4.r, for discriminating between w, and w,. This

i J
is true for every i, J (1#3). //

THEOREM 3.5: A necessary and sufficient condition for the existence
of a uniformly consistent sequence of m-d.r.'s for discriminating

aImONg Wy, seey W is that there exist non-trivial 2.d.r.'s for
discriminating between w, and @, for some Byy (sample size) for

every 1, j = 1, ..., m(1#J).

Proof: The sufficiency follows directly from Theorems 3,3 and 3.1.
. n n n
To prove the necessity, suppose ¢ = (¢l’ ceny ¢m), n=1 2, ..,

is a uniformly consistent sequence of d.r.'s for discriminating

BIIONE Wy, ssey O o Then let N be an integer such that for n 2 N,

inf EQ¢? >1/2 for 1 = 1, ..., m. By the second sufficient condi-
[
i

tion for strong selectivity given early in this section, and

Theorem 3.4, the proof is completed. //

For some sufficient conditions for the existence, and for
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the non-existence, of non-trivial 2-d.r.'s, see the remarks
in Section 3.1.

We shall now consider the case of simple discrimination.
We say that two density functions f£(x) and g(x) w.r.t. a
measure u are "distinct" if the set of all x for which £(x) # g(x)
has positive p-measure; and a set of density functions is said
to be "distinct" if every pair in the set is distinct. Let

fl, veey fm be density functions w.r.t., a measure u; we have

the theorem:

THEOREM 3.6: A necessary and sufficient condition for the existence
of a uniformly consistent sequence of m-d.r.'s for discriminating

among £), 4., £, 16 that £,, ..., £ be distinct.

Proof: The distinctness of any pair £y, Ty (i#3) implies the
existence of a non-trivial 2-d.r. for discriminating between fi
and fj for some nyy (sample size) by Wald and Berger's theorem

quoted_ig Section 3.1, The sufficiency part of this theorem
follows, then, as a special case of Theorem 3.5 which is true for
general classes of density functions as well as for parametric
classes,

The necessity is proved as follows: choose an e(0< e < 1/2).

Then, for some n = n , there exists a d.r. @(x) such that
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(3.8) Ei¢1(x) >1l-e>1/2 for all i,

where the subscript on the expectation operator refers to the
corresponding density function as in Chapter I. Now suppose for

some 1, J (1#3) £, and fJ are not distinct. Then

n
B8, (X) + Eyf,(X) = B8, (X) + Eyfy(X) < k):lEiqsk(x) =1,

in contradiction to (3.8). Hence, £, end fJ are distinct for all
1,9 (149). //

3.5 Existence Theorems for Most Economical Decision Rules.

We assume throughout this section that { = m and that a
pair i, J corresponds to a correct decision if i = j and an in~

correct decision if 1#J.

THEOREM 3.7: A necessary and sufficient condition for the
existence of a M,E, d.r. relative to any vector ¢ for dis-

criminating among @ = (wl s eeey wm) is that there exists a

uniformly consistent sequence of m-d.r.'s for discriminating

among w.
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Proof: The theorem is obvious from the definitions involved;
hovever, a formal proof may be given analogous to the proof of

Theorem 3.8. //

THEOREM 3.8: A necessary and sufficient condition for the
existence of a M.E. m-d.r. relative to any matrix § for dis-

criminating among w = (wl, cour, wm) is that there exists a

uniformly consistent sequence of m-d.r.'s for discriminating

among w.

Proof: Part I: Sufficiency: Suppose there exists a uniformly

consistent sequence of d.r.'s {Dn]. Then, for any positive ¢ <1,

there exists an N = N‘5 such that for n > N, inf P1(°’Dn) 21l-c¢
w
i
(=1, ..., m). Hence, for all i, J (i#3),

sup p,(Q,D ) < sup Zp(O,D)=1-1nfp(O,D)_<_e .
wi J n wi J;‘i J n o i n

Given any B = (Bi.j)’ let L = min BiJ' Then, for n > N, D

i,d

1£J
satisfies (2.3). Since (2.3) can be satisfied for some n, there
exists a least n for which it may be satisfied; i.e., there exists

a M.E. d.r., relative to B.
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Part 2: Necessity: Suppose, given any B(0 < 51315 1),

there exists a M.E. d,r. relative to B. Given € < 1, let

(1 1f 1=
ije
le/(m-l) 1If 143 (1, 3=1, ..., m),

and let D€ be a M.E. d.r. relative to ﬁe. Then, since sup pJ(O,De)
®
i

< €/(m-1) for all i, J (i#J), we have

(3.9) 1of p,(0,05) =1 - sup 2 p,(0,0%) >1 - I sup p,(0,0%)
w, w; J# J# @

Z l-e (i = 1, s0sey m)o

Let {ev], v=1, 2, ..., be a decreasing sequence of positive

€ .
constants converging to zero. Let D Y ve a M.E. d.r. relative

to (Bide ) defined above and let Nv be the corresponding M.E.
v

sample size. Now (Nv) is a non-decreasing sequence since, for
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p<v, Nu is the least integer for which sup pJ(O,D) < Bide
M

e

= e“/(m-l) (i, 3 =1, +.., m; i#J) can be satisfied by sowe D,

and Nv is the least integer for which

sup pJ(Q,D) < ev/(m-l) < eu/(m-l) (L, 3 =1, oo, m3if))
w
1

can be satisfied by some D, and hence N'_l < Nv' We shall suppose

the sequence [Nv] does not contain any integer more than once,

for if it does we may delete some terms from (evl and re-number

the subscripts so that it will not. Consider the sequence [Dn 1,
€

= _n Vv
n =ny, ny+ 1, ..., vhere n, = min {Nv] and where D = D

if

N,<n< N, Hence, using (3.9), we have

l.

€
lin inf p,(9,D ) = lim inf p (0, Y)

n=00 W V=
i o0 W,

Zlim (l—ev) =1 (i=l, oeey m);
v=00
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i.e., (D ) is a uniformly consistent sequence of d.r.'s. //

Theroems 3.7 and 3.8 hold, of course, for the analogous cases
of simple discrimination as well.

According to these two theorems, the necessary and
sufficient conditions for the existence of a uniformly consistent
sequence of d.r.'s given by Theorems 3.5 and 3.6 provide sufficient
conditions for the existence of a M.E. d.r, relative to any specif-
ic g or Band necessary conditions for the existence of M.E. d.r.'s
relative to every @ or B. Thus we have existence theorems for
M.E. d.r.'s defined by Definitions 1.1, 1.2, 2.1, and 2.2 (for
{ = m), and hence sufficient conditions for the assumptions of
Theorems 1.3, 1.5, 1.7, 1.10, 2.7, 2.8, and 2.9, deriving M.E,
d.r.'s from sequences of minimax d.r.'s for fixed sample sizes,

to be satisfied.



CHAPTER IV

1OST ECONGMICAL DECISION FUNCTIONS

4.1 Introduction. 1In this chapter we extond the concept of M.E,

d.r.'s to more goneral decision problems, We assume the formula-
tion of the statistical decision problem as given by Wald (Zf22;7,
Chapter 1) in its complete generality, oxcept for onc modificae-
tion: we shall be concerned with two nmairs of loss and cost func-
tions., For conciscness, we denote the sum of one pair (onc loss
function and one cost function) bylil and the sum of the other
pair by W2. (In applying the results, we shall suppose that one
of the Wi's is simply a loss function and the other a cost func-
tion, but wc statc the problem in this manner for symmetry and
gencrality.) W, and W2 are rcferred to as '"weight functions",

1
In considering risk functions, we denote

r}(F, 6) = ri(F, 8) + ri(F, 6) (i=1, 2)

1 and rt

where rl 5

correspond to Wald's rq and s the i designating

that v~ is the risk w.r.t. the weight function W.. We assume

Wald's subscquent definitions, notations, and theorems through-
out. A1 refcrences to Wald refer to_[‘22;7 unless otherwisc

specified,
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Iet £ donote the class of all decision functions at the
dispesal of the experimenter, and defino the following sub-

classcs:

D = (8eD 2suBrl(F, 8) <1)
Fe( )

D= (8ed suprz(F, 6) <r)

for any non-negative real r.

We shall consider the following problem: to find a mini-
max solution w.r.t.'W2 relative to thc class ,Zﬁ%; that is, to
find a decision function 6 which minimizcs the maximum risk w.r.t.
the wgight function W2 subject to the condition that the risk

w.r.t, the woight function Wi is nowherc grecater than unity,

Blyth /3 7 considered this problem (with minor modifica-
tions) and proved, under suitable conditions, that a minimax

solution, 60, w.r. b, ol + W, (relative to ) where ¢ is chosen

so that s?p)rl(F, 50) = 1 is a solution to the problem., His con-
Fe (T

ditions arc that there exists a class C of minimax solutions &

w.r.t, CWi + W2 (for some c¢) for which

sup Z—rl(F,S) + rg(F,5);7 = sup rl(F,é) + sup r2(F,5)
Fe() el ) o)
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for all & ¢ C, and that for cvery value L between the minimun and
maximum of W, (over X, ), Dt’, s), there exists a 8; € C for

which sup rl(F, GL) = I,
re(")

Ve shall consider a differcnt approach. We prove under
very general aséumptions that a minimax solution w,r.t, Wl rela-

tive to br is such a decision function, where Ty is the
0

minimum r for which a minimax solution w.r.t. Wl relative to

pa)

the existence of ro and of such minimax solutions,

r is in 08*, and shall also give sufficient conditions for

4.2 Prcliminary Theory. Let 5r denote any minimax solution

(if existont) w.r.t, W

1 relative to ﬂr’ and dafine

080

(6, (r>0) 256 ¢ £7)
and

2

#

(8, ¢ ﬁo : _s_gp)J r2(F, ér) =)

LEMMA L.1:  Supposc there cxists a minimax solution w.r.t, Wl

relative to ﬂr for cvery r for which Acf’r is non-mull, Then

B . »o
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!
Proof: Every 6 eﬁo is also in ﬁo, so that we nced only

=0
show that cvery 6 & &) is also in O° .
t '
Consider an arbitrary clement & of ‘@O; then & must be

a minimax solution w.r.t, W, relative to some @r’ say '@r"

1
I ?_ng rz(F, 6') = r', then & e ,80 .

1
Now suppose sug r2(F, §)=r <r. Then 5 ¢ ﬁr" S0
e

that

(4.1) inf sup rl(F, 8) = '(3_1_11)3 rl(F, 5') inf sup rl(F, 8).
rt = 2 - - " A L

—

But °Or" - ﬁr, since r" < r!' so that

(L4.2) inf sup rl(F, 8) < inf sup rl(F, 5).
ﬁr' L l ﬁr" -g- -).

'
From (L4.1) and (L4.2) we have that § is a minimax solution w.r.t,
. : 2 &'y = " PN
W, relative to ’@’r"; but ?3_11; r(F, 8 ) =r sothat 6§ e . //

According to Lemma L.1, under certain conditions we may consider

6, as a minimax solution w.r.t, Wl relative to the class of all
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decision functions in 0 for which sup r2(F, 8) =r.

LEMMA L4.2: Suppose there exists a minimax solution w.r.t. WQ

relative to O ¥* and a minimax solution w.r.t. Wl relative to

ﬁr for cvery r for which p@r is non-null, and denote

(4.3) r* = inf sup r2(F, 8).
2 ()

Then (i) any minimax solution w.r.t. Wl relative to <O . is a
r

minimax solution w.r.t, W2 relative to @0, and converscly; and

(ii) any minimax solution w.r.t. WQ relative to p@o is a mini-

3

max solution w.r.t. W, relative to .

Prooft Lot 6 be a minimax solution w.r.%t. W, relative to D,

* o, . ¥* e s
Now .@r is non-null sincc & & o) .+ Let 6 , be a minimax

r r

e

solution w.r.t. W, relative to o) 4 Since @O C % and

1
r
5*6 o@*,
r r

(L.y) inf sgb re(F, 8) > inf sup rz(F, 8) = > sup rz(F, 5 .).
2o () 2% ) L2 i

S



129

Now 6 & D B 4 80 that
r

&)
-
=
[
~
|
-
O
o
()
~—

1> sup rl(F, 5") > inf sup rl(F, §) = 0
) ¥ L) [

Thereforc, & _ & S and hence 6 . € 20, Hence, the squality

r r

is a minimax solution w.r.t.

signs must hold in (L.L), and &
r

W, relative to ,@O, proving the first part of (i).

Since cquality must hold in (L.Li), we have inf sup rz(F,ﬁ)
7)

oe L)

= inf sup r?(F, 5), and therefore, since 2° C % (i1) is
% L)

proved,
O O! ]
By Icrma 4.1, we may replacc O by O . Lot 6 be a

1 ' 1
minimax solution w.r.t. W, relative to D%, since ' ¢ 50 .

it must be a minimax solution w,r.t, Ul rclative to some o@r,

' 1 '
say fﬁr,, and sup rg(F, 5)=r ., By(ii), ?_13;)) r2(F, 6 )

' %
= inf sup rQ(F, 6); that is, r =1 and o@, = ) ,. Thus,
b‘t-_(_l r r

'
6 is a minimex solution w.r.t. Wl rclative to ) «s DProving
r .

the converse of (i). //
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THEOREM L.1l: Supposc therc cxists a minimax solution w.r.t. W2
relative to .@* and a minimax solution 6r w.r.t, Wl rclative

to O r for cvery r for which "61' is non-null, Then
min {r @ 6r e D7) = ros Say, exists and 5r is a ninimax
0

solution w,r.t. W2 relative to O *, i.c.,

(4.5) sup r2(F, 8 ) = inf sup r2(F, 6).V
) o e ()

Morcover, if 5" is any other minimax solution w.r.t. wz relative

(L.6) sup r(F, 5_ ) < sup r1(F, 5%).
) o T ()

-— - — -

Proof: Now inf sup rg(F, 8) =inf (r : & e ,@*} . By
ac () r

Lomma 4.2 (i) ard Lomma L.1, therc exists a minimax solution

! 3
w.r.t, W, relative to ﬁo or .@o . Hence, min (r : 6, e,@e}

exists and 5r is a minimax solution w.r.t. W2 relative to &) O.
0]

Iorma L.2 (ii) complctes the proof of (L.5).
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By Lemma L.2 (i), sup rl(F, 6, ) = inf sup rl(F, 8)
) ° &kl
r

where r is defined by (L.3), and since & € ) %
r

inf sup r'(F, 8) < sup r'(F, 6'), thus proving (L.6). //
2 ) )
r

Clcarly, if XD satisfies Wald's Assumptions 3.1 to 3.5
then any subset of & also satisfics them. Konijn /711 7 hes

proved that if © satisfics his formulation of Wald's Agsumption
3.6, then B ana '8r (for any non-negative rcal r) satisfy

this assumption, Then, by Wald's Thcorem 3.7, asserting the
cxistence of a minimax solution under his Assumptions 3.1 to

3.6, we have Theorem 4.2 stated. below,

ASSMIPTION L.l: The stochastic proccss X = (X,, X ) under-

1’ 2, LY

lying thc dccision problem, the class () of possible distribu-

tion functions of X, the spacc Db of possible terminal dccisions,

both weight functions Wy and Wy, and the class ) of decision

functions at the disposal of the ocxperimenter satisfy‘Wald's
Assumptions 3.1 to 3.5 and Konijn's formulation of Wald's As=-

sumntion 3.6.l

1, Some of these assumptions may be rclaxced somewhat;
c.g., sce Ghosh /6 7 and Léhmann /71l 7.
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THEORELI L.2: Supposc Assumption 4.1 holds. Then

(1) if D™ is non-null, therc exists a minimax solution

w.r,t. W, rclative to the class .@*; and

(ii) for any r for which .@r is non-null, therc exists a

minimax solution w.r.t. ¥, relativo to "81«'

Morcover, minimax selutions relative to .~ and 08r are charac-

terized according to Wald's gencral thcory as given in [22_7,

Chapter 3.

.3 Most Economical Decision Functions. ILet o(x; s) be a cost

function as defined by Wald and denotc the cxpected cost function

when using 6 by r2(F, 8). Let w(F, dt) be a loss function as

defined by Wald and denotec the expectcd loss function when using

& by rl(F, 6). Let 8(F) be a givon positive-valued function dee

fined for all F e (7) .

DEFINITION L.1: A decision function 50 is said to be most econo-

mical (rclative to the class &) ) if it satisfics

(L.7) rl(F, 8) < 8(F) for all F e (7)

and if, for any other & satisfying (1.8), sup r2(F,80)§ sup r2(F,6).
Fe() re (")



133

Thus, a most economical (M.E.) decision function minimizes the
maximum expected cost subject to upper bounds on the expected
loss,

Define two weight functions:

t
(4.8) Wi = w(F, 4°)/8(F), W, = c(x; s).
Clearly, the problem of finding a most economical decision func-

tion is simply the problem introduced in Section 4.1 with Wl

and W2 defined by (L4.8). Theorem L.l gives a method of obtaining

such decision functions: Definc the class )Ejr of decision

functions for which the expected cost is nowhere greater than r

and obtain a minimax solution 5r w.r.t. W, rclative to ofﬁr.

1

Letting ry be the minimum r for which 6 satisfics (L.7), 5.,
0

is a M,E, decision function. And Theorem 4.2 gives sufficient
conditions for the existence of a sclution by this method; ox-
plicitly, if Assumption L.l is satisficd and if there exists
some dccision function satisfying (l.7), then therc cxists a
M,E. decision function,

Wald's scquential probability ratio tost (see /21 7)is

an cxample of a M,E. decision function., Suppose Kl’ X2, cees

are independent and identically distributed and that Sf) consists
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of but two clements, Fo and Fi. Supposc the cost depends only on

the samplec size and is proportional to it. Suppose Dt has but

two clements do and at corresponding to "FO is true" and "Fl is

truc", respectively. Supposc the class of decision functions at
the disposal of the experimenter is unrestricted. ILet w(Fi, dJ)

=1 - Sij (Kroneker 6; i, j = 0, 1), and let p(Fb) = qa and

B(Fl) = B, Then, according to a thcorem of Wald and Wolfowitz

/7237, the scquential probability ratio test of Hy & F = Fy

against H1 t F= F1 is most economical where a and B are bounds
on the two types of errors. In fact, it does more than minimizc
the maximum cxpected cost; it minimizcs the expected cost at

both FO and Fl.

Blyth /3 7 gives solutions to somc estimation problems.
His solutions may be uscd to find "M.E, estimators" for the mean
of a variablc which is (1) normal with known variance, or (2) roc-
tangular with known range, and the cost is proportional to the
sample sizc and the loss function is an arbitrary non-decreasing
function of the absolute crror of cstimate,

Now lct us consider non-sequential M,E. decision functions,

e supposc (Kl, cees Xp), (Xp+1, cors X2p), ..., are indepen~

dont and identically distributed random vectors. Let Afjn be tho
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class of decision functions for which thc probability is onec
that thc first np random variables in X are obscrved and no
morc, and supposc the class of decision functions at the dis-~

posal of thc experimenter is ) = L“])Ejn (that is, we only
n

admit samples of a fixed size n, n=0, 1, 2, ..., from the p-
variatc population)., Suppose the cost function is a function

of n only, say c¢(n), Denote decision functions in ;3>n by 6n.

ot

Then a ¥.E, decision function GN is onc which satisfics

(4.9) ry(F, 8) < p(F)  for all Fe (7)

and ¢(N) < c(n) for all n for which somec 6 ¢ iirlsatisfies

(h.9); We then say that c(N) is thc minimum cost and N is
the M,E, sample size. If c(n) is an increcasing function of n,
then by defining a weight function and a 8-function as in Sec-
tions 1.3.1, 1.3.2, 1.L, 2.3, or 2.L, this definition reduccs
to Definition 1.1, 1.2, 2,1, or 2.2, respectivcly.

To find such decision functions, Theorem 1 suggests the
following proccdurc, analogously to the corresponding procecdures

given in Chapters I and II: Let 62 be a minimax solution w.r.t.
Wl (defined by (4.8)) relative to ﬁijn (which surcly cxists if
Assumption 4.1 holds). Suppose the minimum of c¢(n) over all n

for which 52 satisfies (L.9) is attained for n = N, Then Sg is
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a I1,E, dccision function. Moreover, Theorom L.l also asscrts

1
that if & is any other M.E. decision function, then

or

' 0
B(F) - r (F, &) < i 8(F) - rl(F, &) .
= B(F) = (- B(F)

No property analogous to (L4.10) was proved for the special cascs
in Chaptecrs I and II,
A possible extension of non-scquential M,E, decision func-
tions as given above is to problems of k populations. We consider
a cost function c(n) whe;e ns= (nl;...,nk) and n, is the fixed sample

th

size for the i™ population. We consider classcs of decision

functions af?c = (6e O ¢(n) =c ) , and let 6. bc a mini-
max solution w.r.t. W, relative to js)c' Then, by Theorem 4.1,
if we order the Gc's according to increasing cost and choose the
first 60 in thc scquence for which r(F, 60) < B(F) for all F, we

will obtain a M.E, decision function,
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L.li Docision Functions with Bounds on thc Maximum Expected Cost,

We makc thc same definitions and assumptions as given in the
first paragraph of Scction L.3, but instecad of (4.8), we definc

the two weight functions

(L.11) W, = c(x; s)/B(F), W, = w(F, a%y.

Then a minimax solution w.r.t. W, rolative to £ % will be a do-

cision function which minimizes the maximum expected loss subject
to the bounds on the expectod cost: rz(F,G)'f 8(F) for all
Fe ().

If 8(F) is independent‘of F, then, in torms of the weight
functions (.8), such decision functions arc simply the minimax

solutions w.r.t. Wi relative to ;fir (with r = 1) that wore con-

sidered previously in obtaining H,3. decision functions. Thus,
the approach to finding M.E, solutions by using Theorem 4.1 is
similar to attacking this problem dircctly, Though Theorems 4.1
and l,2 arc applicable, their mcthod of solving this problem docs
not appecar to bec very practical,

It may be noted that Blyth!s results arc applicable to
this problem also, He gives the solution to the two estimation

problems rcferred to in Section 4. 3.



APPENDIX

SOME "TWO-SIDED" TWO-DECISION RULES AND SYMMETRIC
THREE-DECISION RULES FOR COMPOSITE DISCRIMINATION

A.1 Some "Two-Sided" Two-Decision Rules.

A, denote two alternative

4.1.1 Introduction. Ilet Al, 5

decisions, the acceptance of Ai being preferred when an unknown

parameter © of the density function f(x, ©) of a rmdom variable

X, to bec obscrved, is in a subset W of the paramcter spacc

() (i=1, 2). Given two numbers © 0, (01 > 02 > 0), we do-

1,

g
I

e: lol >0, 0o, = (6: Jol < 921 .

Given g = (al, a2), it is desired to construct a M.E. d.r. rcla-
tive to a for discriminating between Wy Wy We call such a

decision problem a "two-sided" two-dccision problem for obvious
rcasons,

We consider four different situations, using the above no-
tation for cach, M,E. d.r.'s for cach situation are given below,
and nomographs for obtaining such d.r.'s cxplicitly arce given in

Scection A.2; some cxamplcs are given in Section A.L4. The
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derivations of the d.r.'s are not giwen, however, since they arc
analogous to the derivations given in Section 2.5 and 2.6. Al-
ternatively, they may bc derived as tests which maximize the mini-
mum powor using a theorcm of Hoeffding referred to in Section 2.1.
(Many of thesc tests which maximize the minimum power have been

derived in the literature, especially for the case of 92 = 0;

c.g., soe Lehmann /715 7 and Hoeffding /777, /8 7, and [97.)
Horcover, we fcel that such two-sided problems are not usually
very realistic except as approximations to the analogous sym-

'

t !
metric three-decision problem where alternatives 4., A2’ A3

corrcspond to

t 1
respectively, and a, = a3 =q. We shall show in Section A.3

that this approximation is usually very good so that the solu-

tions to the "two-sided" two-decision problem may be used as

solutions to this symmetric three-decision problem.

The M.E, 2-d.r,'s roferred to above are given below,

A.1.2 The Mean of a Normal Distribution, Variance Known,

Suppose f(x, ©) is a normal density function with variance o°

(known) and mean p; i.e., X is N(p, 02). Lotting pu be 9 intro-

duced abowve, a M,E, 2-d.r. relative to (al, a2) ist Take a



samplc of size N and

>
(4.1) choose it [x| ¢ =ch
A2 =<
where (n, ¢™) is a pair of solutions of
R
(4.2)
g-n
g Wn F Whn ) 2 a,

and N is the lcast integer n for which a pair of solutions exists,

Solutions may be obtained by first solving the two equations

e. +c

(£.3) ¢r(vr_ ) -

(i=1,2)

where Yy = 1~ alp, Y, = a, P with p =1 for n and ¢ and then,

taking N to be the least integer > n, re-solving (4.3) for N
and P ,
A M,E, 3-d.r. for the corresponding symmetric thrce=-

decision problem is given in Section 1.3.6, whorc, by symmetry,

c, = -cg = -cn; that is, take a sample of size N and



1

wi
A
1
']

A if

choose A; if x| < ¢

]
v
o

A if
where N and ¢ are chosen as in Section 1.3.6,

4A,1.,3 The Mcan of a Normal Distribution, Variancec Unknown,

Again, we suppose X is N(u., 02), but now both u and o arc unknown.

n
We let p/o = © and denote s° = % (xi - E)Z/(n - 1). AMBE, 2-4.r.
i=1

rolative to (al, a2) is: Take a samplc of size N and choosc Al
or A2 according to (4,1) with X replaced by x/s, and where N and

¢ are chosen as in Section 4.1.2 with (.1.2) replaced by

Tn-l,/ﬁgl(ﬁc) - Tn-l,ﬁgl(_“/ﬁc) =l-q

(ak)
Tn-l,ﬁeg(ﬁc) - Tn-l,,/ﬁ@z(" ne) > a,

where Tf»5(t)' denotes the non-central t distribution function
3 .

with f degroecs of freedom and non-centrality factor 8 (i,e.,

t = /(z + 8)/ X, where z is N(O, 1) and x§ has a chi-squared

distribution with f degrees of freedom)., (A4.l) may bs solved as

in Scction 4.1.2 with (4.3) replaced by
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(A;S) Tn-l,JE gi(Jﬁ c) - Tn-l,/ﬁ gi(- nc)= ¥y (i = 1,2).

Al.L The Paramcter of a Binomial Distribution. Suppose

f(x, ©) is a point binomial distribution with paramcter p. Lot

e=p~-1/2 (1/2> 6, > 6, > 0), and denote by t the number of

obscrvations in a sample of size n that are < 0. We restrict
ourselves to non-randomized d.r.'s; a M,E. randomized d.r. may
be obtained by making obvious modifications.

AM.E, non-randomized 2-d.r. relative to (al, 02) is:
Take a sample of size N and choose A, or A, according to (4.1)
with X replaced by (tn/h - 1/2), and where N and ¢ arc choscn as

bofore with (4,2) replaced by

Bn,1/2+91(n/2 + nc) - Bn,1/2+91(n/? -ne-1)<l-q
(A.6)

\'
(2]

Bn,l/2+92(n/2 + ne) - Bn,1/2+92(n/2 -nc - 1) > 5

and (4.3) rcplaced by

"

1,2).

(A.7) B“’1/2+Qi(n/2+n0) - Bn,1/2+gi(n/2-nc-1) =y, (4

Bn p(t) denotes the binomial distribution function as in Chapter I.
3
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A.1.5 The Median of an Unspecified Distribution. Sup-

posc X has an unknown density function f(x) w.r.t. a measure u
on the real line such that u{x <0} >0 and p{x >0} >0,
0
and denote 6 = &(f) = S £(x) du - 1/2. Denote by t_ the number
-00
of observations in a sample of size n which are < 0, Restricting
oursclves to non-randomized d.r.'s, a M.E. 2-d.r. relative to

(al, a2) is: Take a sample of sizc N and choose 4, or 4, accord-
ing to (1.1) with X rcplaced by (tn/n - 1/2) and where N and ¢

arc chosen as before with (<.2) rcplaced by (4.6) and (i&.3) rc-
placed by (4.7); that is, a M.E. d.r. for the parameter of a
binomial distribution is also a M.E, d,r, for the median of an

unspecificd distribution, in the abovc scnse.

A.2 Nomcgraphic Solutions. In this section we develop a nomo-

graphic mcthod for solving the equations in (A.3) for n and cn.
Then, by using normal approximations to the non-central t and
binomial distributions, we usc thc same method for solving the
cquations in (4.5), (A4.7), and (A.9), thus making it possible to

obtain explicitly the M.E. d.r.'s of Scction i.1.

A.2.1 The Nomographs. Consider the function

(1.8) vix, y) =F(y+x)-F(y-x)



and the inverse function y = y(x, v). Figure A.1 below is a
graph of y as a function of x for various values of y. Figure

4.2 below is a graph of the function

Z(X; Yl’ YQ) = y(x, Yz)/Y(x, Yl)

as a function of x for various pairs of values (Yl, Y2).

Now supposc x is a function of n and c, say

(4.9) x = f(n, c).

Supposc further that y may be factored as:

(1.10) y = y(£(n,e), ¥) = gln,c)-hiy).

Then we have z = z(f(n,c); Y1 Y2) = h(YZ)/h(Yl)’ independent of

n and c,

Supposc we are given two values of Y, (Yl, Yo)’ and we

wish to solve the two corresponding simultancous cquations ex-
pressed in (A,3) for (n, c¢) where x and y are gi-m by (A.9) and
(A.10). Ve prvocced as follows: Enter Figuwe 4.2 at

z = h(Yz)/h(Yl) and read off x = x, as the ctsvissa of the (Yl,Yz)-

curve, BEnter Figure A,1l at X and rcad off y(xo, Yl) = ¥ as the
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FIGURE A .ll

y = y(x,7) Defined by 7(x,y) = § (y+x) - _§F (y-x)

FIGURE 4.2
2 2(x;7,,7,) = ¥(x,7,)/3(x,7,)
.h r-"‘"
For x > L:
'5 r—«

.= x-1.6449
2 -2 7 x+1.2816

A =" x-2.3263
Z = %1.68h9

0 l i
o} 0.5 1.0 1.5

1. This figure was constructed with the aid of Tables of
Normal Probability Functions / 26 7. -




146
ordinatc of the Y, -eurve. Then solve Xy = f(n, c) and
Yo = g(n, c) - h(yl) for n and c;
Note that if xj + y, is large, say > 3, then.gr(yb+xo) =1
sothatyl=_@'(yo+xo)-_g-(yo-xo)él-_g-(yo-xo) or
Yo = Xq +J?—'1(a1),“.(See Section A;3.) This gives an altcrnative
rmethod for obtaining Yo without using Figurc A.1. (By using

Figurce A.1, additional curves may bc plotted on Figure A.2 if

nceded., )

e now apply this method to solving the equations of Sec-

tion A,1.

A,2,2 The Mean of a Normal Distribution, Variance Known.

We shall use the nomographs of thec previous section for solving
the equations in (A.3) for n and M for specified wvalues of al

and o, with p = 1,

2
Note that tho cquations in (A.3) arc of the form (4.8)

with x = f(n, ¢) =/n c¢/o where h(yi) =6 (i =1, 2). There-
fore, by the procedurc of Scetion 4,2.1, we may obtain Xq = /1 c/o
and y, = y(xo, yl) =./n Ol/b and then solve for n and ¢, obtain-
ing

- - 2
c = Glxo/yo n = (YOG/Ql) .
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The least integer > n is the M.E. samplc sizc.

&.2.3 The Mean of a Normal Distribution, Variance Un-

known. Using a normal approximation to the non-central t dis-

tribution givon by Johnson and Welch /710 7:

Ty 6(t) & I =0y

/1+'—§—f

the equations in (A.5) may bo approximated by

c = Ql -C -~ Ql
7 (/n ) - F (/n -
3
nc nc
1+ 53 1+ 5
Ql +c Ql -C
= §(/n ) - F (/n )
p 5
. nc nc
1+ 5 1w
= (1 =1, 2)

f(n,c) =,/3cA/i;n02/(2n—2)

» = 1 = ¥ 11 =
where h(\i) 9 (i =1, 2). We may obtain x, and y, y(xO,Yl)

and arc thus of the form (A.8) with x

by the procedure of Section 4,2,1 and then solve for n and c, ob-

taining

¢ = 0x4/¥,
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2 2 2 2
¥ y, Y, x
n = 0 /1 + ncz/(Qn-2)'7 > Y (1 + c2/2) =0 + 0 s
- Y el 2
1 1 1

the latter giving a satisfactory apnroximation except for very
small n.

However, these solutions are only approximations sincc the
non-central t distribution has been approximated by a normal dis-
tribution. They may be improved itcrativcly, or simply checked
by sccing if a solution to (A.l) cxists for n = N - 1, computing
the non-central t distribution function more accurately from its

Edgeworth Type A Serics, as discussed in /710 7 (p. 388).

A.2.i The Parameter of a Binomial Distribution and the

Mcdian of an Unspecificd Distribution. The cquations to be

solved to obtain M,E, d.r.'s in Sections ..1.L and 4.1.5 are idene~
tical so the two problems are treatcd simultaneously here., Using

the normal approximation to the binomial distribution,

B (t) = (b 1/2 - np ),
n,p j op(L = pJ

the equations in (A.7) may be approximated by
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nc + 1/2 - n@ -nc - 1+ 1/2 -~ no,
7( 1) - g 1)

S maa-d T s - e

R O, + ¢+ 1/2n Y TR 8, - ¢ - 1/2n
= n - F (/M
/1)y - 68 Y1/ - &

=¥, (i =1, 2),

and arc of the form (A.8) with x; =/n (c +1/2n)//1/L - QE
and y; =/n 6,//1/k - 93 = g(n, ¢)-h(y;) where h(y,)

=6,/ /1L - eg, g(n,¢) =/ (i =1, 2). But x is not a func-
tion of (n, c¢) only, so that the above method cannot be applied

1
directly. Instead, let Xy = f (n, c, Yi)’ ¥i = y(xi, Yi)

Vxps vp)  hlyy)  0,/1/ - 6

= g(n, c)-h(yi), and z = : = . Con-

y(xy, ¥ ) _h(Yj B
1’ '1 1 91 /1/)4'952

1
sider v, fixed (implying e, fixed), and lect x = f(n, c)

c+ 1/ . f
= /et | Construct a graph of z as a function of x

J1/ - 91?

from Figure 4.1 by taking the ratio of the ordinatcs of the



!
Y,-curvo at the abscissi x ='/?l/h - Oi)/(l/h - QS) x and the

t
ordinates of the Y, -curve at the abscissi x = x . Entering this

924/1/1; - 012

! 1 t
graph at z = s We obtain x , and y = y(x , Yl) nay
91 Y1/l - Qg

!
be obtained from Figure 4.1; then x' and y as functions of n and

¢ may be solved, obtaining

1/&-05 ]
n=—-——g—2———y
1

s fn 2 2 -2,15= elx'/y' - 1/2n .
/A

=

To check or improve the accuracy of the solutions, tables

of the binomial distribution function may be uscd.

4,3  Lpproximate Equivalence with Symmetric Threc-Decision Rules.

We first consider thc case of decision rulcs concerning the mean
of a normal distribution, variance known. Thc cquations to be

solved for n and ¢ to obtain a M.E, symmetric 3-d.r. are, from

Scctions 1.3.6 and 4.1.2, @ /V/n (6] - Mo 7 = o, and
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B[/ (0, + Mo - F[V/A (8, - ")/0 ] = a5 and to obtain a

.E. two-sided 2-d.r., (i.3) must be solved with p = 1, Clearly,
if § /[y/n (Gl + cn)/§;7 = 1, then the solutions (n, c¢) of the

two pairs of cquations will bc equal, We shall show for various

lower bounds on o, and a, (sec Table A.1) that 1 -_Q_Z:/ﬁ (91
+ ¢") /o ] < .0005 independently of 0., 9,, and o,

Consider the equations

(A,11) _g'(yi + x) -_g-(yi -x) = Y (i=1, 2)

(yi >y, 20, x> 0) where Y, =1-a and v, = ay. It is
sufficient to show that y, + x is "large" for a; > ag (i =1,2),
say, and for all @, 6,, @ (91 >89, > 0). Dcnoting the standard

normal density function by ¢ and considering (i.11) as

vy = Yi(x, yi), we have

oY;
Y ¢(Yi +x) + ¢(yi -x) >0
3 ( '
‘é?; = ¢ vy * x) - ¢(yi - x) <0 since ly+x} > |y-x|
oY, dY -
X _ i i .
vy ayi/ = 0 (i=1,2)
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so that A\ is an increasing function of x for fixed ¥; and a de~

crcasing function of Y for fixed x, and x increascs with Y3 for

fixed Y5
Writing x as a function of v and Yo the two equations

in (A.11) may be written
(4.12) X(,‘jl, Yl) = x(y2: Yz)'

From the above monotonicity rclations, we thus have

(A.13) X = x(yé, Y2) > x(min Y,s min 72) = x(0, ag) = xo, say.

Writing ¥y as a function of x and Y15 W thercfore have

, 0 _ 0 0 0
(L.1) v (x5 v) 2 9y (x7, max vy) = yp(x7, 1 - o) =y; 5 say.

Thus, x° is the solution ofj?'(xo) - Qf(-xo) = ag , and yg is

. 0 0 0 0 0
the solution of_Q'(yi +x) -J?'(yi -X) =1« a; » and for all
0 . 0 0 0 0
0 >a; (1=1,2),y1+x2y1+x or_(_f(yli-x)?_'_g(yl-t‘x).
Table 4.1 below gives pairs (ag, ag) of lower bounds on
. 0 0 0 .
(a,, a,) for which F (y; + x ) > .9995 so that for a, > a. (i=1,
1’ 72 < V1 i-"1
2), 1 -_pr(yi + x) < ,0005 for all Gl, 92, o. For all such valucs

(al, a2), the symmetric three-decision problem is virtually
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cquivalont to the two-sided two-decision problem.

TiBLE A1

Lower Bounds on (al,a2) for which 1 -_QFZ?VE(91+CH)/§;7

< .0005
.001, .999 .501, .900 .950, .600
.035, .990 .800, .800 .990, .300
. 265, .950 .900, .700 .999, .100

If the variance is unknown, and wc assume the normal ap-
proximation to the non-central t-distribution given in Section
A.2.3 to be sufficiently accuratc, then the above argument
holds for this casc as well so that thc symmetric three-decision
problem and the two-sided two-decision problem are virtually
equivalent if TG %, satisfy bounds such as those given in Table
4.,

The cases of decision rules concerning the parameter of a
binomial distribution or the median of an unspeccified distribu-
tion can bec trcated in an analogous manner with one minor modifi-
cation, assuming the normal approximation to the binomial
distribution is sufficiently accurate. As in Section 4.2.}, we
sec that a subscript i is required on x in (4,11) and the ar-

gument following it, Equation (1.12) must bc replaced by
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1- 92

G

1 - Ql

xl(yl’ Yl) = x2(y2, Y2) ’

and hence X, > X, Hence, (A.13) may bc replaced by X, > x,

0

> x,(0, ) =x° and thus (4.14) still holds. Honce, the rosults

of the argument are the same and the two decision problems arc

virtually equivalent for G @ satisfying bounds such as those in

Tablc 4.1,

AL Tables of Most Economical Sample Sizes, In this section, we

give some tables of M.E. sample sizes, exemplifying the decision
problems considered above. Table A,2 gives M.E. sample sizes
relative to the vectors g = (.90, .95) and o = (.95, .99) for

various values of T, = Ol/b and T, = 92/b for the "two-gided" de-

cision problem concerning the mean of a normal distribution,
variance known, as introduced in Section A,1.2. The sample sizes
have been computed from the nomographs as indicated in Section
A.2,2, Table A.2 also gives the !M.E. sample sizes as computed
from the nomographs for the analogous decision problem when the

variance is known, as set out in Section A.1.3, where now TS

= Qi (i =1, 2). However, these latter sample sizes are not

necessarily exact since their computation utilized the normal
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approximation of the non-central t distribution given in Section
A,2.3; but, by using an Edgeworth expansion of the non-central t
distribution, several of the values were checked, all of which
were found to be correct. In any case, the relative sizes indi=-
cated may be of more interest.

Table A.3 gives the M.E, sample sizes for "two-sided" non-
randomized d.r.'s concerning the parameter of a binomial distri-
bution or the median of an unspecified distribution as defined
in Section A.l.L and A.1.5. All sauple sizes between O and 50

listed were taken from Tables of the Binomial Probability Dis-

tribution /25 7 and are accurate. All other values were com-
puted from the nomographs as outlined in Section A,2.Li, and the
last digit is very approximate due to the use of a normal approx-
imation to the binomial distribution. A better approximation
might be expected for randomized d.r.'s since the introduction
of randomization essentially has the effect of making a discrete
distribution continuous, just as the normal approximation does,
In any case, the relative values may be useful.

Of particular interest in both tables is the increass in
the 1.E, sample size when 92 (or = ) is increased from zero to

2

a slightly larger number.



Most Economical Sample Sizes:

TABLE A.2

- Normal Mean, Variance Known and Unknown

1

6

/Qi/o if o known ﬁ tlost Zconomical Sample Size

"1 8, if ¢ unknown a; = .90, a, = .95 ay = .95, a, = .99
Ty To o known {o unknown | o lmown o unknown
2.0 0 3 5 5 8
2.0 .10 3 5 5 9
2.0 .50 L 8 8 14
1.0 0 11 13 18 22
1.0 .10 12 1 20 2l
1.0 .50 35 L5 6L 83
0.5 0 L3 [ 72 75
0.5 .10 5h 57 99 104
O:S .20 96 102 176 188
0.2 0 263 265 Lhé6 Lh9
042 .05 382 385 701 708
0.2 .10 857 868 1578 1598
0.1 0 1051 1053 1782 1785
0.1 .02 1347 1350 2166 2L71
0;1 .05 328 3L39 6310 6329




TABIE A.3

liost Economical Sample Sizes:

Binomial Parameter or Median of Unspecified Distribution

. M.E. Sample Size M,E. Sample Size
Ql 92 ay = 90 ay = .95 Ol 92 a = .90 ay = .95

a, = .95 a, = .99 ay = .95 a, = .99
Lol o 11 19 .20 | .05 89 163
Lo .05 15 25 .20 | .10 195 359
Lol .10 17 32 100 0 259 139
Lol .20 37 61 10 1 .0 277 L85
.30 0 2L Lo .10 | .02 331 606
.30 .05 32 53 .10 | .05 837 1542
.30 .10 L5 81 05 1 0 1,8) 1775
.30{ .20 161 298 .05 1 .01 1333 245,
201 0 62 105 .05 | .02 2367 Lokl
.20 .02 66 | . 115 02 1 0 6561 11128
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[27
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