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University of North Carolina

Summary. We imagine the experimental data to be given in
the form of frequencies in cells determined by a (finitely)
multiway cross classification, with predefined categories,
finite in number, along each way of classification. Accord-
ing as the marginal frequencies along any way or dimension
are held fixed or left free, that dimension or "way'" will

be said to be associated with a "factor" or a "response."
The general probability model 1is that of a product of several
multinomial distributions, the "probabilities over the dif-
ferent cells" being supposed to be unknown, to start with,
except for certain broad equality and inequality relations.
According as a set of (real) values is or is not associated
with the categories along any "way of classification" (with
or without fixed marginal frequencies) that "way of classi-
fication" will be said to be a structured or unstructured
response or factor. It is the purpose of this paper
(which is a follow-up of previous papers [1,2,3,4,5)) to
pose hypotheses that the authors consider to be generaliza-

tions appropriate to this set-up of the usual hypotheses in

1This research was supported partly by the Office of
Naval Research under Contract No. Nonr-855(06) for research
in probability and statistics at Chapel Hill and partly by
the United States Air Force through the Air Force Office of
Scientific Research of the Air Research and Development Com-
mand, under Contract No. AF 49(638)-213. Reproduction in
whole or in part is permitted for any purpose of the United
States Government.



classical "normal" univariate "fixed effects” analysis of
variance or ANOVA, "normal" multivariate "fixed effects"
analysis of variance or MANOVA, and in analysis of various
kinds of "normal" independence and to offer large sample
tests for such hypotheses. Point estimation and confidence
bounds on meaningful parametric functions would follow on the
lines discussed in the previous papers [1,2,4,5] and are not
separately discussed here. Nor are more general decision
procedures (e.g., ranking, choosing the best, etc.) that are
no doubt physically more meaningful than the usual testing
of hypotheses or even estimation, discussed in this paper.
Another severe restriction is this. For each (kind of) re-
sponse or factor, we make a distinction between the structured
and the unstructured case; but even for structured factors
we give the pre-Box treatment, that avoids the realistic
problem of exploring the nature of the dependence of the re-
sponse on the structured factor or factors. Such progress
as has been recently made beyond these restrictions will be
reported in subsequent papers. Part of the material on re-
sponses that are categorical without a structure presented
here is a recapitulation of earlier discussion [1,2,4,5]
while the rest is new, the material on responses that are

categorical with a structure being all new.

1. Introduction and preliminaries. Let

no.l nij
(1.1) e =TT| = Tl‘pij
J 1
IJ nij!




denote a product-multinomial distribution of a certain number

of experimental units such that Z P;; = Poj3 =1 and
J
Y nyy = ngy is fixed with i = 1,2,..0,7 and § = 1,2,000,8:

*

i
In other words, the set-up might be regarded as one of strati-

fied sampling in which "j" refers to a stratum and "ij" to

the i-th category in the j-th stratum, Ny the preassigned
sample size from the j-th stratum, Ny 5 the observed frequency
of experimental units in the i-th category of the j-th stratum,
and P; 3 the probability of having an experimental unit from
the j-th stratum in the i-th category. It should be further
noticed that i may be a multiple subscript, say,
i1i2...ik with 115 1,200,093 125 1,2,000,T25 coe; ik =
1,2,....rk, so that, all combinations being supposed to be
allowed, T = IqFgee.T} . Likewise, j also might be a multiple
subscript, say, Jija-eedp with 31 1,2,600,81; J2=1,2,00¢,82;
cos jL=:1’2""’5L’ but with this important distinction that
all combinations may not be allowed. In other words, the
classification with respect to the j's might be based on a

multi-dimensional incomplete design such that,given
Jqreensdpqr B € (Ql)j,jz...j&_1 (jy takes a set of values
which is a subset of the integers 1,2,.+.,8, depending upon
3132"'3L-1)’ and similarly, jp_4 € (QL-1)j1jz---jL_2’°";

j3==(52)j1 and j1=1,2,e04581. Thus s is not necessarily

S1SgeseSh, but can be computed from this characterization of



the incomplete design. This will be called a k-response

(or k-variate) and 4-factor problem, “i,?,"ig",...,"ik" being
called responses (or variates) and “j1",“jg",...,"jﬁ' being
called factors. Summation over a subscript will be indicated
by replacing that subscript by o; on n such a summation will,
of course, indicate a marginal frequency. On p, however,
such a summation will indicate a marginal probability only
when the subscript in question is associated with a response,
not when it is associated with a factor. It may be noticed
that o3 in (1.1) and Poj 2 few lines below really stand for
no...oj1...jL and pOo--Oj1--.j£. To fix our ideas, consider,
for example, three subscripts, say ijiizis. Then a typical
quantity (other than n or p) depending upon i;igiz will be

denoted by, say, If it depends on iy and ig but

i4ipis"
not is it will be denoted by 9, %ig’ and so on. Thus a star
in place of a subscript will indicateAthat the quantity in
question is independent of that subscript.

Next, as to the hypothesis, it may be noticed that
(1.1) assumes constraints on pij's, namely, that ; pijzpoj
= 1, aside from inequalities of the type discussed in
[1,2,4,5). If, with (1.1) as the model, a hypothesis K, is

given in the form of certain constraints on pij's (in addi~

tion, of course, to Z pij=‘l), then the large sample test

i
of )ﬂ1 under (1.1) for model is in terms of a statistic

given by



(ni.-no.ﬁi.)z
(1.2) Z J AJ J ,
1,5 ojPij

in which ﬁij's are estimates (in terms of nij's) of pij's

which maximize the ® of (1.1) subject to Z pij==1 and to

i
the further constraints on pij's that define the hypothesis.
This statistic, in the limit as n = = subject to n ;/n's
being held fixed, is distributed as a x® with degrees of

freedom = the no. of independent constraints on pij's

(beyond z:pij==1) that define the hypothesis. It may be ob-

served t;at in place of the maximum likelihood estimates of
pij's, we might as well have considered the minimum X 2
estimates or any set of estimates belonging to the broader
well-known class of BAN estimates. Likewise, instead of

the statistic (1.2) we might as well have considered the
slightly different one known as x? (with the same asymptotic
x2-distribution). At this stage we can go further, intro-
duce some additional constraints on pij's and thus define a
new hypothesis Mz C 21 C (1.1). The test of ¥a, under
(1.1) for model, is in terms of a statistic given by

(ngj - ng3Psy)°
(1.3) ) J i

1,] NojPij

which, in the limit as n =+ = subject to noj/n‘s being held
fixed, has the x®-distribution with degrees of freedom =

no. of independent constraints on pij‘s (beyond Z pij=‘1)
i



that define Jy plus the additional ones that define ¥z.
However, if we want to test 2 under 20y for model, then the

test will be given in terms of a statistic [1,2]

(1.4)

a 2
) (njj - ng3Bsy) e FRal Lk

i,) nojﬁij 1,J nojpij

which, in the limit as n -+ « subject to noj/n's being held
fixed, has the [1,2,4,5] x2-distribution with degrees of
freedom = no. of free paraﬁeters under the model - no. of
free parameters under the hypothesis = the no. of additional
independent constraints on the pij's that define )z under
¥4y for model. The asymptotic power of such tests for ¥
under (1.1), ¥z under (1.1), and gfz under Jfy have been
defined and obtained (in an abstract form) in [1,2]. So far
as these large sample tests (as also their asymptotic power)
are concerned, the treatment given in an abstract form in
[1,2,4,5] is perfectly general and can take care of both
situations--namely when the responses (or variates) and/or
the factors are structured or unstfuctured.

Now let us consider the case of a structured response.
A response, say "iaﬁwill be said to be structured if there

is a set of (real) values aim) (im==1.2,---.rm) associated
m

as weights with the set of categories "i ". (1) If the cate-
gories "iﬁ' are class intervals (numbered in the proper order)

for a continuous stochastic variate, then the distances from



an arbitrary origin of, say, the mid-points of such intervals

form a natural set of aém)'s. (2) Likewise, if, back of us,
m
there is a discrete (real) valued stochastic variate taking

on values a§m) < aém) € eee £ aim), then these might be the
m

natural weights to go with the categories in that direction,
which alsbo might be defined and numbered in a natural manner.
(3) If the response is not even a discrete (real) valued
variate but is categorical with an implied ranking (like
good, fair, poor, etc.) then the categories can be defined
and numbered in a natural way and scores can be assigned to
these categories. (4) Finally, if the response be in terms
of categories without even an implied ranking (for example,
like black, yellow, red, etc.), then the numbering of these
categories is purely nominal and there is no natural system
of weights to go prima facie with the categories. However,
on economic or other considerations we might assign a system
of (real-valued) weights to these categories in which the
initially unstructured response would become structured.

But éven in the case of (1), (2) and (3), such considera-
tions might induce a system of weights different from the
ones that are "natural" for (1), (2) or (3). In most
realistic problems, especially of a utilitarian (rather than
purely scientific) nature, each kind of response eventually
becomes structured although it may be unstructured to start
with. On the other hand, so far as the factors are con-

cerned, any factor could well be either continuous or



discrete or categorical with an implied ranking or purely
categorical. Thus, in general, in a complex realiétic situ=-
ation some of the responses are of type (1), some of

type (2), some of type (3) and the rest of type (4), with

a similar division into four types for the factors. In the
present paper we shall discuss three types of problems,
namely (i) where all.responses are unstructured and so also
all factors, (ii) some responses are structured and the rest
are unstructured and all factors are unstructured, and

(iii) some responses are structured, the resi unstructured,
and some factors are structured while the rest are unstruc-
tured. So far as the problems of interest are concerned

the main distinction between the unstructured and the struc-
tured case seems to be this. It is feasible and also use-
ful, in the structured case, to go ahead and define certain
overall (or, to borrow a phrase from differential geometry,
im grdssen) aspects of the distribution which it is not
possible to define for the unstructured case. Then, while
in the structured case it is still possible to study the

. (interesting for the unstructured case)
same problems as in the unstructured case, such problems/are

for the structured case
hardly of ° the same interes¥, and the problems involving
the newly-defined overall aspects are the ones that become
more meaningful. Problems involving other possibilities will
be discussed in later papers.

To make everything concrete we shall consider in this

paper only some three-way, four-way and five-way tables.



table
For the three-way/(ijk) we shall consider the following

cases. (a) "i," "jw "k" all responses and all unstructured

or one or more unstructured and the rest structured, (b) "i"
an unstructured response and "j" and "k" unstructured factors,
(c) "i" is a structured response and "j" and "k" are factors,
either both unstructured or one structured and the other
unstructured. For four-way (ijki) tables we consider problems
similar to (a) above; and for five-way (ijkIm) tables we con-
sider the cases where (a) "i" and "j" are unstructured re-
sponses and "k*, "L" and "m" are unstructured factors, (b) Hiv
and "j" are structured responses while wgn LM and "m" are
either all unstructured factors or "k" is a structured, and
n" and "m" are unstructured factors. This will serve for
illustration, and what happens as we increase the dimension-
ality of the table (but otherwise stay within the limitations

indicated earlier) will be immediately obvious.

2. A three-way table (ijk) in which "iv, “j" and "k" all are

responses or variates. Let us consider a single-multinomial

distribution

n. -
(2.1) o = - TT p 13K
b1,k 1k

where Z Pijk = 1 and Z Njjp = 0 (fixed).
i, i,k i,j,k

2.1. The case where "i";, "j" and "k" are all unstruc-

tured.--In this set-up we shall consider, for illustration,
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some important specific hypotheses, which are as follows.

(2.1.1) Hor: Dy = Bi-%l;-i-l-‘:-i‘-‘-
which can be described as the hypothesis that "i" and "j"

are independent in the conditional distribution of "i" and
Wjw, given "k", or, in other words, that there is no partial
association between "i“ and "j", given "k." There are two
equivalent ways to get at (2.1.1). One is to notice that

the conditional joint distribution of "i" and "j", given kv,
is pijk/pook and the conditional marginal distribution of
®in, given "k",is piok/pook’ that of "j", given "k", is
pojk/pook’ which leads to (2.1.1) as the condition that there

is no partial association between "i" and "ju, Another way

is to start with the condition
(2.1.2) pijk/pojkisindependent of "j"=q;4 (say),
which means that the conditional distribution of "i",given

"3 and "k", is independent of "j'", rewrite (2.1.2) in the
form

(2.1.3) Pjjk = Pojkdixk °

sum up both sides over "j" and thus verify that (2.1.2) <>
(2.1.1). This hypothesis and the x® appropriate to it has
already been discussed in [2,4], except that the approach
(2.1.2) was not considered.

We proceed next to the hypothesis that "j" and k"

are independent and so also "i" and "k ", or in symbols,
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(2.1.4) Hozt Poik=PojoPook 2" Piok = PiooPook °
and note that o1 /) KXoz =

(2.1.5) X os: Pijk © PiooPojoPook *
which is the hypothesis of overall independence of win niw

and "k", It should also be noticed that Moz =

(2.1.6) Hoat Pyjk = PijoPook

which is the hypothesis that "k" is multiply independent of
"ij*", or, in other words, that there is no multiple associ-
ation between "ij" and "k". It is easy to check by summing
the two sides of (2.1.6) over "i" and over "j" separately
that J} oe => Xosz,» but not, in general, the other way
around (unlike what happens in the multivariate normal case).
It is also easy to check that one could also get to (2.1.6)

by either starting from

(2.1.7) Pi5k/ Pijo F® independent of "ij" = Q. (say)

or from

(2.1.8) pijh/'pookjﬁ independent of "k" = qjjx (say).
Another hypothesis which might be of interest is that

of two by two independence of "i%","j" and "k",or in symbols,

(2.1.9)  Hos: Pijo~ PiooPojo’ Piok = PiooPook and

pojk = pojopook *

It is easy to check that ) os = J os but unlike what
normal . .
happens in the multivariate/case it is not here (i.e., in
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general) the other way around, which is, of course, well
known to probabilists. We observe that the experimenter
might be very well interested in Hoa but not necessarily

in %oe, and likewise in Jfos but not necessarily in Hos .

2.2 The case where "i" is structured but not neces-

sarily "j" or "k".-~Let us start by considering a hypothesis

which doesvnot have any analogue under the previous set-up,

namely,
(2.2.1) Xoo: z aipijk//pojk = an unknown function of
i
nj" X an unknown function of "k" = Qu;xduxy (say)
or

* * *
(2.2.2) X oo: z aipijk/pojk = Qujx R P (say) .
i

We next consider a hypothesis analogous to 3 01. We consider
the version of M o1 given by (2.1.2), and express this cor-
responding hypothesis in this set-up by
* . T
(2.2.3)  J} o1 z aipijk/%ojkis independent of "J" = Qyuy (say),
i

-where ai's are supposed to be given. This is, of course, a
special case of (2.2.1). By rewriting (2.2.3) as

Z a3;P; 5k = Do 3k Twni and summing both sides over "j" it is

i
easy to check that (2.2.3) could be rewritten in the equiv-
alent form

piOkp0='!k] - O R

(2.2.4) X ?-:1: a:[pssy -
Z it¥ijk Pook

i
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It should be noticed that 2 ¢3 = }Cg} but not the other
way around, for a given set of ai's. However, if (2.2.4)
is to hold for sets of a;'s, then (2.2.4) (for all sets of
a;'s) &= Hore
Also analogous to oz (but with an interchange of
subscripts) we now have
(2.2.3) X 32: Z:aipijo//pojois independent of "j'=\ (say)
i
and Z aipiok//pookisindependent of "k"=pu (say),
i
leading eventually to

*
(2.2.6) MY oz Z ai(pijo"pioopojo) =0 and
i

L. 33 P10k ~ PiooPook) =
1

1
o

the same remarks being applicable as after (2.2.4). Like-
wise, analogous to Jfos (but with an interchange of sub-
scripts) we have
(2.2.7) K o Z aipijk/pojkis independent of "jk"=wv (say),
i
" leading to
(2.2.8) }(,?;4: z ai(pijk'pioopojk) =0,
i
the same remarks being applicable again as after (2.2.4).
The analogues of Hos and Xos are obvious and can be left
to the reader. The more interesting case is where more than

one of "i", "j" and “"k" are structured.
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2.3 The case where "i" and "j" are structured but not

necessarily "k",--If, for concreteness, we fix on "i" (say),

then the hypothesis of independence of "i" with respect to
"j" and "k" of the types (2.2.3), (2.2.5) and (2.2.7) (as
also the tests) will stay the same as before. If these are
tested and rejected, then (in subsequent experiments with the
same type of material) we have other interesting and useful
possibilities. Assuming a set of weights bj‘s to go with "j"
we can write down, for example, a hypothesis related to }631
in the form
(2.3.1) Nor: Z:aipijk//pojk= an assumed function of by X

;h unknown function of "k"=(\+ kb ;) Qe (say),

or = (Kk*'ukbj) (say) (which is more general),
where Qyy and N and W are supposed to be unknown functions

of "k",and N and 4 are supposed to be unkngagﬁta?zsis easy
to see that (2.3.1) is a fruitful special case of (2.2.1)
when "j" is structured. We can test this in the spirit of
testing for linearity of regression, or assuming this as a
model, we can go ahead and test the hypothésis that 0 = 0
(say) or w = 0 (say).

A hypothesis naturally related to }{ﬁa, for example,
would seem to be
(2.3.2) 9ﬂ§§: XZaipijo (Pgjo= N assumed function of bj =

i
N+ by (say), and

z aipiOk/pook is independent of Yk.r,
i
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In this case again, treating A and W as unknown, we can test
this hypothesis (in the spirit of testing for linearity of
regression for the "normal" case) or, assuming this as a
model, we can go ahead and test for, say, p = O,

In this éet-up a hypothesis naturally related to
4 :4 and more general than (2.3.1) has not so far suggested
itself to us. It may be observed that (2.3.1) itself might,

in a sense, be regarded as being related to 2634.

2.4 The case where "i","j" and "k" are all structured.--

As in section 2.3, if, for concreteness, we fix on "i" (say),
then the.hypothesis of independence of "i" with respect to
"j" and "k" of the types (2.2.3), (2.2.5) and (2.2.7) (as
also the tests) will stay the same as before. If these are
tested and rejected then in subsequent experiments with the
same type of material we have other important and interesting
possibilities. Assuming a set of weights bj's to go with
"j" and ck's with "k", we can write down, for example, a
hypothesis related to 963;'1n the form
(2.4.1) }C::*} Z aipijk//pojk=:an assumed function of bj

i

and ck=)\+ ubj +vey (a linear function, say, -
for the sake of concreteness and simplicity of illustration).
We can test this hypothesis (in the spirit of testing for
linearity of regression in "normal" analysis of variance), in
this case, treating A, p and v as unknown and using a xz-test.

Also assuming (2.4.1) as a model (on top of (2.1)) we can
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also test, for example, the hypothesis that p = 0 or that

v = 0. Likewise, the one related to (2.2.5) would seem to be

*XK* s '
(2.4.2) oz : z 3;P; 50/ Pojo~ an assumed function of bj

1 =Ny + ubj (say)

and Z aipiok//pook= an assumed function of Cx

: = hg + VO (say).

In this case also, treating Ay, Az, M and v as unknown, we
can test this hypothesis (in the spirit of testing for
linearity of regression in the "normal" case) or, assuming
this as a model we can go ahead and test for, say, ¥ = 0
and/ér v = 0.

Similarly, the one related to (2.2.3), although not
too natural in this case, would seem to be
(2.4.3) H o1 s Z a3P; 5/ Pojk = 20 assumed function of by X

i
an unknown function of "k"= (x*-ubj)q**k (say)

or = N\ t “kbj (say, to make it more general),

where Oyy Kk and W, are supposed to be an unknown function

constants.
of "k", and N and W are also supposed to be unknown/ We can
test this in the spirit of testing for linearity of regres-
sion, or, assuming this as a model we can go ahead and test
for, say, k= 0 or py % 0. We can also set up a similar
hypothesis by interchanging "j" and "k" and replacing bj's
by ck's. It is easy to see that if both "j" and "k" are

structured, then (2.4.1) and (2.4.2) are among the natural
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hypotheses to test. (2.4.3) is not too natural but is per-
missible. On the other hand, (2.4.3) would be quite natural
if "k" were unstructured while "j" is structured. Likewise,
a hypothesis similar to (2.4.3) in which the roles of "j"
and "k" were interchanged and bj's were replaced by ck's
would be natural if "j" were unstructured while "k" were
structured. Nevertheless, even if "j" and "k" wére both
structured the hypothesis (2.4.3), one similar to this with
"j" and "k" interchanged and with Sk in place of bj's, and
also one in which the right side is just replaced by

e ><q*j* , would all be permissible, although none of
them would be too natural.

The reader must have perceived that in the study of
association in this nonparametric set-up we have been working
in the spirit of "regression" (i.e., "prediction") rather
than in the spirit of "correlation.” In other words, we have
not been trying to use a single measure for any of the vari-
ous types of association. We feel that such a single measure
has only a limited use and not too much use in the nonpara-
metric set-up. However, such single measures (which come
out as the noncentrality parameters in the asymptotic power
functions of the respective tests for independence of various

kinds) and their limited uses have already been discussed in

[1,2,4,5].
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3. A three-way table (ijk) in which "i" is a variate or re-

sponse and "j" and "k" are factors. Let us consider a

product-multinomial distribution

o'k.O n. .k
(3.1) ®=T] 2 7 p.%J
ok |TT ngqt 10 13K

i J

where Z Pisk = Pojk =1 and z N 5k = Ny sk (fixed).
i i
3.1 The case where "i*,"j" and "k" are all unstruc=--:

tured.--The hypothesis of no interaction between "j" and "k"
means, essentially, that for a given "i",there is a lesser
number of unknown parameters than would be given by all
allowable (jk) combinations. Two specializations seem to be
fruitful (and they are in the same spirit as in ordinary
analysis of variance). From here on we must keep in mind
that the unknown parameters or parametric functions intro-
duced on the right sides must be such that (a) 0< pijk<1
for all allowable (ijk) combinations and (b) ) By = 1,
again for all allowable (jk) combinations. 1 The same kind
of constraint also carries over into tables of dimensions
higher than three, whenever we have factorial situations

to deal with. The specializations are as follows.

and
* * *
(3.1.2) 06 Pjjyk = ik * dig%

The physical interpretations are as follows. For (3.1.1),
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pijk//pij'k is independent of "k" and pijk//pijk' is inde-
pendent of "j",and, for (3.1.2), (pijk - pij'k) is inde-
pendent of "k" and (Rijk - pijk') is independent of "j".
Now,if it is a complete " design, then summing both
sides of (3.1.1) over "j" and "k" separately and then
jointly it is easy to check that (3.1.1) can be rewritten
(letting cb stand for complete block) in the equivalent form

(cb), -
(3.1.3) o6 * Pjjk " piokpijo//pioo !

where it must be remembered that none of Piok® Pojk’ O Pjo0
is a probability, each being based on summation over the
levels of a factor, i.e., a summation over subscripts be-
longing to different multinomial distributions. Thus (3.1.3)
is only formally similar to (2.1.1), but it is easy to check
that (3.1.3) would be completely identical with the condition
for no partial association between "j" and "k! given "i ",

if "j" and "k" were variates and not factors as in the
present case. Thus the no-interaction hypothesis in the
form (3.1.3) (but only in the case of a complete design) has
a tie-up with the no partial association hypothesis in case
"j" and "k" were variates.

Next consider (3.1.2). Let s(k) = no. of "j"'s that

go with a given "k", t(j)= no. of "k"'s that go with a given

win and u = Z s(k) = z t(j) = no. of "jk" combinations.
k=1 i=

If it is a complete design then s(k)= S, t(j)= t, and u= st.
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In this case, summing (3.1.2) over "j" and "k" separately ad
next over both "j" and "k" it is easy to check that (3.1.2)

can be rewritten in the equivalent form

(cb)* 1 1 1
(3.1.4) Hos * Pijk™35 Piok™ T Pijo ™ st Pioo °

Going back to Hpe (expressed in the form (3.1.1))
we can test the narrower hypothesis that i 5% is independent
of "j",or, in other words, that P; 5k is independent of "j",
which, without any loss of generality, we can write in

either of the equivalent forms

(3.1.5) H o7t Py T Gk
or
_
(3.1.6) Mot Pi 5k = (k) Piok °
S

It is easy to check that, expressed in either of the equiv-
alent forms (3.1.5) or (3.1.6), we shall eventually get the
same hypothesis if we start from‘xgs (expressed in the form
(3.1.2)) and try to state the narrower hypothesis that qzj*
is independent of "j", or, in other words, that P; 5k is
independent of "j". Now, assuming for concreteness that
nj" stands for treatments and "k" for blocks in a (possibly)
incomplete block design (i) Hoe (expressed in the form
(3.1.1)) and (ii) ¥ se (again expressed in the form (3.1.2))
state respectively the hypothesis or model of no interaction
(i) in the multiplicative sense and (ii) in the additive
sense. M oo, given by (3.1.6), states the hypothesis of

no treatment effect. It is open to us (depending upon
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past knowledge) (a) to start from (2.1) as the model and test
as a hypothesis either Hoe or ){:6 or directly even Hoas
or (b) to start from a model which is (2.1) together with
either Jog or }ng,and then (in either case) to test 30 o9

as a hypothesis.

3.2 The case where "i" is structured but not neces-

sarily "j" or "k".--In this case, the natural analogues of

H oes and 95:3 (with a given set of a;'s) would seem to be

(3.2.1) Hos: Z:aipijk = Quen G jx
i
and
* * *
(3.2.2) }f o8 z aipijk = q**k + Q*j* .
i

Remembering that q:*k and q:j* are completely unknown func-
tions of "j" and "k" respectively, we can rewrite (3.2.2) in
the equivalent form

* * *
(3.2.3) ¥ os: Z ;P 5k = Z a5k ¥ Z 3195 j»
i i i

* *
or ) a;lpyj = oy * a3l = O -
i
It is now easy to see that )C:G of (3.1.2) ==>g¢’§e but not
the other way around, but that (3.2.3) for (all sets of ai's)
= '}f;e. On the other hand,neither P oe => J{ oe nor the
.'s). Suppose we

i
ask the question, what happens if (3.2.1) is to hold for all

other way around (even for all sets of a

sets of ai's? Rewriting the right side as, say,

q*j*,z a;q; 5, » We can rewrite (3.2.1) as
i
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(3.2.4) Hoe: Z ai[pijk - qi*kq*j*] =0.
i

This means that if we set up a hypothesis

(3.2.5) Hosr: Pijk = 9ixkGxjx

then Hog1 = 9{03 but not the other way around. However,
(3.2.4) (for all a;'s) = ¥ 081 with/ﬁounterpart formed
by interchanging "j" and "k" on the right side of (3.2.5).
Thus it turns out that }os does not have a natural tie-up
with }oe in the sense in which ¥ o has a natural tie-up
with 9{:5. The tie-up of ){os (in this sense) is with
9{031 or its counterpart. However, if we sum up both sides

of (3.2.5) over i, then since Poik = 1, we should have

1 = q*j*-z d; %+ Whence Axje = 1//2 q; %> Which really means
i i
that both are pure constants (not depending on either "j"

or "k" or "i"). Thus st is essentially # o7, and its
counterpart is essentially the counterpart of }(09, and
(3.2.1) (for all sets of a;'s) is the same as either (3.2.6)
(for all sets of a,'s) or a statement (for all sets of a;'s)

i
similar to (3.2.6) with Oy % replacing Quy on the right

side.
Going back to afoq we write down its analogue in the
form

i
which, as in the case just preceding, can also be written

in the equivalent form
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(3.2.7) Hoos Z ai[pijk - ;%ET piok] =0 .
i

'Again, as before, Jo» => JHoe but not the other way around.
However, (3.2.7) (for all sets of ai's) <&<==> (3.1.6). The
other remarks made after (3.1.6) would also carry over to
this case, covering (3.2.1), (3.2.2) and (3.2.6).

Going back to (3.2.1) we can set up as follows another
hypothesis which has the same tie-up with 2(05 as }f?a has

a

(3.2.8) Hosz: IJ pijk = Quyalung

a. a;
Rewriting the right side as | ] q_l q ' we can rewrite

i ij¥ ik
(3.2.8) as
a,
(3.2.9) os2t 11 (Dssv/ Qs 3595 30 ) =19,
% i 1Jk// ij*ixk

It is easy to check that Hoe == ¥ osz but not the other way
around, and also that (3.2.9) (for all a;'s) = Hose It

remains now to interpret the left side of (3.2.8). We notice
1

a

a: 1i
i
that [}l p..é} is a kind of weighted geometric mean of
i 1 :

Pi 5k (over "i") with a;'s for weights and that, since Z ag
i
is independent of "i", the left side of (3.2.8) is a certain

-power of this weighted geometric mean. We still don't

know how meaningful or useful this interpretation of this
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model or hypothesis (3.2.8) would be in the end. We offer

it quite tentatively at this stage.

3.3 The case where "i" and "j" are both structured

but not necessarily "k".--In this case (assuming a given set

of weights bj's to go with "j") the natural analogues of

Hos> )fga and ¥ oo would seem to be

(3.3.1) ){510: Z:aipijk = Qg X an assumed function of bj's
i

= q**k X ()\ + ubj) ’ (SaY)

or =N+ “kbj , say (which is more general),

where Kk and W, are supposed to be unknown functions of k

and N and B just unknown constants,

* *
(3.3.2) . % 010+ Z aipijk = Qxxi + (N + p.bj)
1
and
(3.3.3) %0113 z AP35k T Gwxk
i

The remarks on interpretation and inference procedures made
after (3.1.6) would also carry over here. However, on the
question of interpretation this case involves some additional
possibilities (in terms of the conceptual universe or frame-
work). While treating "k" as an unstructured factor it is
open to us to treat "j" as a structured factor in a two-
dimensional (jk) design or a concomitant variate in a one-
way (k) classification. But for several reasons we shall,

in this paper, skip this aspect and interpretation.

No matter which interpretation we make, if "k" is a
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factor and not a set of blocks (i.e.n9%tfactor that is irrel-
evant and yet enters into the experiment in an unavoidable
manner), then another meaningful hypothesis parallel to Ko
would be

i
(where N and p are, of course, assumed to be unknown). Going

back to (3.3.1) we observe that in place of this it is open
to us to consider the same kind of possibility that we did
in the previous case in terms of Mosz of (3.2.8). But we
are not going to pursue it here. The same remark applies to
later cases whenever we consider the multiplicative model or
hypothesis of no interaction with responses that are struc-
tured and factors that are either all unstructured or some
of them structured and the rest unstructured--for example,

to (5.2.1), (5.2.3), (5.3.1) and (5.3.3).

3.4 The case where "i", "j" and "k" are all structured.--

In this case, assuming furthermore a given set of weights
cp's to go with "k", it is possible to set up the same J}o10,
%310, Hor1 and Hor1z and also similar ones in which the
roles of "j" and "k" are interchanged and bj's are replaced
by ck's. However, in this case, the more natural hypothesis
would seem to be
(3.4.1) )f013: Z a;P; 5 = @n assumed function of

i

bj and Cy = A+ ubj + vey
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(say, for the sake of concreteness and simplicity, where M\,

i and v are, of course, supposed to be unknown). (i) Starting
from (3.1) as a model we can test this hypothesis or directly
one in which p = 0 and/or v = 0,or (ii) startihg from (3.1)
together with (3.4.1) as a model we can test the hypothesis
that n = 0 and/or v = 0.

4. A four-way (ijkl) table in which "i", "j", "k" and "L" are

all responses or variates.

n,.
(4.1) o = n! p LIk
. TT;L n;seat B3,k 13k
l’J’ s

where Z Pijet, = 1 and z Ny = 0 (fixed).
i,3,k,A i,j,k,4
Whether these variates are all unstructured, or all struc-
tured, or some of them are unstructurea and the rest struc-
tured, there is much in common between this four-variate case
and the three-variate set-up discussed in section 2. However,
the four-variate set-up presents certain new features and we
shall discuss a few of these, for purposes of illustration.
These are by no means exhaustive. We shall consider, for

example, for

4.1 the case where "i", "j", "k" and W are all unstruc-

tured
(4.1.1) 9{0143 pijko = piokopojko} Pooko

Pijod = pioo%pojol//pooo% .
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We shall also consider for

4.2 the case where "' is unstructured and "i","j"

and "k" are structured with given sets bf weights a

1
i's, bj s

and ck's to _go with them.

(4.2.1) 9{615’ (i) Z 23D3 50/ Pojko = 0 assumed function
i
of bj and ¢, = A+ ubj + vey (say)
- Lk, *
or (ii) Z bjpijko//pioko =N *uagtvocy (say)
J
together with (iii) X:aipijol//pojo% = q***t>< an assumed
i function of bj
*E K%
= Quxnp, X (N RTb)
(say)
) _* PR &
or (iv) Z bjpijo&//pioo% = q***&>< ¢N + W ai)
(say), where (i) is %aken with (iii),or (ii) is taken with (iwh
KKK

A more general possibility with NE* and uz* or with My

L . . . s .
and ) could also be considered here, as in similar situ-

ations in previous cases.

5, A five-way (ijkdm) table in which "i" and "j" are responses

or variates and "k","4" and "m" are factors.

n, .
(5.1) o= TT  nook£mi ijkidm

k,om TT 0t 303 1jkdm
i,3

where ) B3 iitn = Pooktn = 1 209 L Mijptn = Nookdm (Fixed).
i,J i,3

Again, whether all these are structured or some of
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them structured and the rest unstructured, there is much in
common between this set-up and the corresponding three-way
set-up already discussed in section 3. However, there are
some new features and we shall discuss a few of these as
follows.

5.1 The case where all are unstructured.--We shall

consider the hypothesis

(5:1.1)  Hote: Pygpdm = Iixwbms sk A *kdx

and  Posihm = GwjelmTxjkxmIxjkdx

or i
* * * *
(5.1.2) }60153 Piokdm = qi**ﬁm+'qi*k*m*-qi*k%*

_ % + + o F
and  Djsibym = Axjulm T Dejkom ™ Ixjedx |,
and next, the hypothesis
(5.1.3) Ko17: Pioutm = Fgwicnndiantxdiannn

and PojkAm = Gxjk#x%xelx%xjxum

or
* * ¥* *
(501 04) %01 7: piOk’?/m = qi*k**+ qi*-)(,?,*.i- qi***m
- x * *
and - Pojkdm " Ui ¥ Dgln T Dejoem
and finally

(5.1.5) 7fb1e= the right side is independent of one or more
of the factors "k","®" and "m"

or

(5.1.6) % :13: the right side is independent of one or more

of the factors "k","d" and "m."
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It is easy to check that o1s DI o017 > o8 and

X :15 32{’,:173% :18, and it seems to be natural to start
from (5.1) and test Xo16 or X 315 as a hypothesis, or from
X ore or}{,:“.-, as a model and test Xo19 or%gm as a
hypothesis, or from ) o17 or 2% :17 as a model and test

M o018 OT 96313 as a hypothesis. There are various inter-
esting intermediate cases which we omit and which the

reader can supply himself.

5.2 The case where "i" and "j" are structured and

nk, "A¥ and "m" are unstructured.--The analogues of the
case
hypotheses in the previoua/would, in this case, seem to be

as follows (and in the same order).
(1) 1) (1) 7
i

(2) (2 (@ r
and Z bjpojk%m = Qyeswsed g Do ¥ Toenid *

k|
oF (1) Ay )
1
* * * - %
(5.2.2) % 019 Z aipiok&m = Q***,?,m*' Q-x-*k*m+ Q**kz?,*L
i

(2 L) L@
and ) biDositm = Gt Dexiom * Deeicdx

j -
1y (1) (1) 7

Qe 36 36 o6, % e3¢

(5.2.3) )Coao= z 3;Pi okdm

i
N
(2) (2 (2
and Z bjpojk&m = e %% Dol # Qoo wn
J J

or
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(1) (1) (1)1
* * * *
(5.2.4) 3 oz0: Z 33P; okdm = Gwaenn T Dowselx T Aoy
i
_ #(2) £(2)  4(2)
and Z bjpojkﬁm = q**k**'*q***%**'q****m ,

J i,

and finally

(5.2.5) 96031: the right side is indepehdent of one or more
of the factors "k","d" and "m"
or
(5.2.6) )ﬂ 331: the right side is independent of one or more
of the factors "k","™" and "m",
The remarks made after (5.1.6) would also apply here.
We shall consider a final

5.3 case where "i","j",and "k" are structured while

"t and "m" are unstructured.--The natural analogues of the

hypotheses of the previous case would, in this case, seem

to be (in the proper order) as follows:

(1) (1) R
(5.3.1)  Hoza: Z 3;Piokdm = g * Mom ) (say),
i
(2) (2 N 1
and Z bjpojk%m = (N&m + B ck) (say)
J W,
o ) (1) (1) i
(5.3.2) )ﬁ 333: Z 3;Piokdm = q:**tm'+ x* + p* Cy (say)
i .
_ #(2) £(2)  x(2)
and Z bjpojk&m = q***&m*' A + 1 Ck (say{d

J



(5.3.3) Moz2s: Z 8;Pj okim =
i
and Z b3y jikm =
J
or
¥*
(5.3.4) }Cozs= Z 3;Piokdm
i
and Z b3Pojkdm =
J

and finally

(5.3.5) Hoae: the right side
of q&u and "m"
being zero

or

(5.3.6) A oza:

of u,Q,u and "m"

being zero.

The remarks made after (5.1.6)

the previous case.

that it might also be regarded

(5.2.11) given by

(5.2.11) Hore1: Z 3;Piokdm
i

and Z b3Pojkbm =

J

the right side

Going back
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ORGERORO
Mg Mo+ Box Hug i)
?
(2) (2) (2) (2)
Ovpe My + Mo My )
»
»(1) «(1) (1) (1)
Qb T Doexrery T M TR Cx
(say) |
%(2) £(2) £(2)  4(2)
ST JVR . e U ki
(sayzd,

is independent of one or more

with or without the u's

is independent of one or more

with or without the 1™ s

would also apply here as in

to (5.3.1) it may be observed

as a rather remote analogue of

1) (1)
Axxedm Do %

(2) (2)
Auxxelm Txjexx 2

(which is a special case of (5.2.1)) and likewise, (5.3.2)

might also be regarded as a rather remote analogue of (5.2.21)
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given by (1) (1)
1 1
* * *
(5-2-21) % 0101° Z aipiok&m = Q***,tm + Q**k-x—*
i
(2) (2)
* *
and Z bjPOJkLm = q**%m + q**k** ’
J

(which again is a special case of (5.2.2)). There is a
question whether in this case there is anything more general
than (5.3.1) or (5.3.2) but along the same lines. So far

we have failed to hit on any such thing.

6. Concluding remarks. The foregoing discussion suggests

the proper treatment for a complex experimental situation in
which some of the responses or variates are structured, say
vy in number, the rest unstructured, say vz in number, some
of the factors are structured, say fi in number, while the
rest are unstructured, say fz in number. In theory or
principle the tests in terms of the appropriate y®-statistic
(or difference of two X2's) can be set up for all the specific
hypotheses mentioned, as also for the corresponding hypoth-
eses in the larger framework indicated in this section and
the asymptotic power functions can also be calculated [1,2,
4,5]. The actual form of the ¥x2 has been given for only

some of the specific hypotheses discussed in sections 2-5,
and the asymptotic power functions for even fewer of such
tests., More of both have been obtained later on and the
derivation of the rest is under way. These will be presented

in a subsequent publication.
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The treatment given above is all in terms of single
or product-multinomial distributions which, again, are based
on sampling with replacement. .That is no doubt somewhat
unrealistic, the more realistic operation being sampling
without replacement, which would generate a hypergeometric
or product-hypergeometric distribution. However, even under
sampling without replacement, the multinomial or product-
multinomial distribution would be a good enough approximation
if the sampling fraction were small. If the sampling fraction
were not small, a development in terms of hypergeometric or
product-hypergeometric distributions parallel to the above

seems to be called for, and this is under consideration.
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