
 

Abstract 

 
CAO, SHUFEN. A Novel Hybrid Scheme for Large-Eddy Simulation of Turbulent 
Combustion Based on the One-Dimensional Turbulence Model. (Under the direction of Dr. 
Tarek Echekki). 
 

 A hybrid numerical scheme based on Large-Eddy Simulation (LES) and the One-

Dimensional Turbulence (ODT) model for turbulent combustion is developed and validated. 

The ODT model resolves, both temporally and spatially, subgrid scale processes such as 

mixing, molecular transport, and chemistry. This model addresses the limitations of 

traditional models in representing strong local and transient phenomena such as ignition or 

extinction and processes strongly dependent on cross-correlations of different scalars. 

The ODT model formulation and numerical implementation involves the treatment of 

different processes governing the transport and chemistry for scalars and momentum through 

a combination of stochastic and deterministic solutions, which are implemented in parallel on 

the ODT domains. These domains are embedded in the LES computational domain. The 

ODT-based and the LES solutions provide a coupled set of solutions for scalars and 

momentum with redundancy in the way these quantities can be computed. The key processes 

included in the proposed formulation are: molecular processes consisting of reaction and 

diffusion, turbulent stirring, and filtered convection. In the present study, turbulent stirring is 

represented by random, instantaneous rearrangements of the fields of transported variables 

along a one-dimensional line via ‘triplet maps’, which emulate the rotational folding effects 

of turbulent eddies. Molecular diffusion and chemistry are solved deterministically through 

finite-difference solutions of the unsteady reaction-diffusion transport equation along the 1D 



 

domain. A novel method to incorporate 3D convection in ODT, denoted as ‘node convection’ 

combined with ‘intra-node relaxation’, is implemented. The Smagorinsky model is used as a 

subgrid stress closure model for LES. The coupling of LES and ODT is accomplished 

spatially by interpolating velocity information from LES to ODT and temporally at each LES 

time step.   

The problem of non-homogeneous autoignition in isotropic turbulence is used to 

validate the proposed model. This problem offers a stringent test for the proposed model 

because it exhibits different modes of combustion (from ignition kernels to premixed and 

non-premixed flames) and a complex coupling between turbulent transport and molecular 

processes, diffusion and reaction, under highly transient conditions. The validation is carried 

out in comparison of the LES-ODT results with results from Direct Numerical Simulation 

(DNS). Both low and high turbulence conditions are considered, with three Lewis number 

cases carried out for the high turbulence condition. Both volume-averaged statistics and 

mixture fraction-conditioned statistics show that LES-ODT is able to accurately predict not 

only the flame ignition and extinction, kernel propagation, transition between different 

burning modes, but also the turbulence and Lewis number effects. LES-ODT simulation 

results are in excellent agreement with DNS results. This is achieved with a significantly 

reduced computational cost compared to DNS. 
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Chapter 1 Introduction 

1.1 Background 

Combustion and its control are of vital importance in the history of humanity. In 

prehistoric times, our ancestors discovered fire and used it to warm themselves, cook their 

food, and provide protections from predators. The discovery of fire was a start of human 

civilization. With rapid development of science and technology, combustion has become a 

separate field for study. It impacts our daily life with or without our notice. The heat for our 

home comes directly from combustion of coal, oil, or gas, or indirectly through electricity 

generated by burning fossil fuels. Moreover, many industrial processes rely heavily on 

combustion.  

A combustion process involves mixing and burning of a mixture of a fuel and an 

oxidizer resulting in heat release. Based on the types of the fluid flow, a combustion process 

can be categorized as laminar and turbulent. While applications of laminar combustion are 

restricted to candles, lighters, and some domestic furnaces, turbulent combustion is 

encountered in most practical devices such as internal combustion engines or aircraft 

engines, industrial burners, and furnaces. Computational Fluid Dynamics (CFD) provides us 

useful ways to solve the governing equations for the turbulent combustion problems. The 

first definitive work of importance in CFD may be attributed to Richardson (1910), who 

introduced point iterative schemes for numerically solving Laplace’s equation and the 

biharmonic equation in an address to the Royal Society of London (Tannehill et al., 1997). 
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Nowadays, a variety of numerical methods have been developed and applied to a broad 

variety of fluid physics, including combustion. Computational approaches within the 

continuum limit of reacting flows can be divided into three categories based on the resolved 

scales in the flow. 

The first category is the Direct Numerical Simulation (DNS) of the transport 

equations for scalars and momentum (Poinsot and Veynante, 2001) in which all (temporal 

and spatial) scales are resolved on the computational grid. DNS can provide complete 

information regarding the 3D turbulent flow field that is often difficult to obtain 

experimentally. Thus, DNS results can greatly enhance our understanding of turbulence 

flows and can be used to assist the development and improvement of turbulence models. 

However, in DNS, the number of grid points needed to capture the physics of the flow 

increases exponentially as the problem size increases and the computational work is 

disproportionately weighted to the small scales. A fine-grained resolution of the reacting 

flow field also requires very small time steps to accurately capture physics associated with 

chemistry and transport. Furthermore, as turbulence Reynolds number becomes high, the 

Kolmogorov length scale, which expresses the size of the smallest turbulent structures, 

becomes very small and the number of numerical grids to solve the problem increases 

dramatically. Due to the prohibitive numerical costs, DNS is limited to applications with 

relatively low Reynolds numbers and simple geometries.  

The second approach is known as the ‘Reynolds Averaged Navier-Stokes’ (RANS) 

technique (Poinsot and Veynante, 2001). In this approach, the mean values of all quantities in 
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the flow field are obtained by solving the averaged governing equations for scalars and 

momentum. The mean values correspond to either time averages for statistically stationary 

mean flows or ensemble averages. The averaging process results in loss of unresolved details 

associated with the spatial and temporal resolution of the physics; these details are to be 

represented through closure terms in the governing equations. Compared to DNS, the 

numerical cost of RANS is reduced, but only lower moments of transported quantities are 

solved. 

The third category is the Large-Eddy Simulation (LES) approach (Poinsot and 

Veynante, 2001). Motivated by the limitations of RANS and DNS approaches, Deardorff 

(1974) proposed the LES approach. In LES, the three-dimensional unsteady turbulent 

motions in larger scales are explicitly computed while the effects of the motions in smaller 

scales are modeled using subgrid closure models. Although LES is more expensive than 

RANS in the aspect of computational cost, it is more accurate and reliable for flows that 

exhibit significant unsteadiness in large scales. Compared with DNS, the computational cost 

of LES is much cheaper because the LES grid is coarser than the DNS grid. Therefore, LES 

can be applied to high-Reynolds-number flows in which DNS becomes inapplicable. 

Recently, LES has been implemented to study engineering flows involving combustion (see 

for example, Sankaran et al., 2003). 

1.2 Motivation 

Simulating turbulent combustion processes is a challenging task because: 
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• Combustion by itself is a complex chemical process involving heat release and a 

large number of species. 

• Turbulence by itself is a complex phenomenon and processes of transport occur 

along a wide range of length and time scales. This range increases with turbulent 

intensity as well as the complexity and the size of the flow geometry. 

• In turbulent combustion, turbulence increases the volumetric combustion rate and 

modifies the chemistry process through the balance of chemistry and transport; 

therefore, flame structures are also modified by turbulence. On the other hand, the 

heat release from the combustion process has a large effect on the turbulent flows. 

It can either contribute to the dissipation of turbulence through increased viscosity 

or to the baroclinic generation of vorticity. The two-way interactions between 

chemistry and turbulence are very complicated and the descriptions of turbulent 

combustion remain open questions. 

The prediction of turbulent reacting or mixing flows offers additional challenges. 

Processes of combustion in localized reaction-diffusion structures (i.e. flames) may extend 

the range of time and length scales required to resolve the physics. More importantly, these 

small scale processes may play an important role in defining the dynamics of the larger 

scales. The equations governing the transport of species or their phases, energy, and other 

potential scalars offer additional non-linearities due especially to reaction source terms. 

Traditional theories emphasized the convenience of treating turbulent processes from 

a statistical perspective: a complex unsteady flow may be statistically steady and an averaged 
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approach to the governing equations may result in formulations of the flow that are similar to 

their laminar counterparts. More recent theories of turbulent flows have emphasized the role 

of large scales in determining the rate of transport of momentum and scalars and the 

universality of the role of smaller scales. From this emphasis, important strategies have been 

adopted to address the multi-scale nature of turbulent flows. Large-Eddy Simulation (LES) 

represents one promising strategy to address this nature.  

1.3 LES of Turbulent Combustion 

 In this section, we discuss some important strategies adopted to address the closure 

for chemistry and transport in turbulent combustion. The bulk of the discussion is based on 

LES models for non-premixed combustion to illustrate the limitations of existing models and 

motivate our proposed strategy. Similar challenges exist for premixed combustion as well, 

and at least two models, the Filtered Density Function (FDF) approach and the Linear-Eddy 

Model (LEM) can be used to model turbulent premixed flames. Much progress in LES of 

turbulent combustion has been made over the past decade or so. LES has been broadly 

applied in various combustion problems such as the predictions of pollutants (Eggenspieler 

and Menon, 2004) and engine combustion (Haworth and Jansen, 2000; Moin, 2002). 

In LES, the governing equations are generated through a low-pass spatial filtering 

process. Below the filter scales, the unresolved contributions are modeled and closure terms 

have to be represented. These terms concern primarily non-linear contributions in the original 

unfiltered equations. The same constraints are present for averaging operations of these 
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equations as applied in RANS. Thus, the similar closure problem encountered in RANS is 

also present in LES. Among the non-linear contributions to the transport equations of scalars 

and momentum, two closure issues are most prominent. The first is related to Subgrid scale 

(SGS) transport of momentum, the so-called SGS stress, or scalars (SGS fluxes). The 

traditional approach to LES closure of SGS scalars or fluxes is based on gradient diffusion 

type approximations such as the Smagorinsky model (Smagorinsky, 1963) and the dynamic 

model (Germano, 1991). Those gradient diffusion types of models rely on deriving the 

closure information for unresolved physics using resolved scales. These models have serious 

limitations for turbulent mixing and combustion. One limitation is that the non-unity Lewis, 

Prandtl, and Schmidt number effects may not be adequately modeled with gradient diffusion. 

Moreover, counter-gradient diffusion has been observed in computational and experimental 

studies (Poinsot et al. 1996; Veynante et al., 1997; Caldeira-Pires and Heitor, 2001) when 

heat release is present. 

Another important challenge in the LES of turbulent combustion is the modeling of 

source terms of chemistry or radiation. These terms are generally non-linear and display a 

myriad of time scales associated with different rates of a complex mechanism, which can 

involve thousands of reactions and hundreds of species for practical fuels. Even more critical 

in the modeling of these source terms is their tight coupling with molecular transport 

mechanisms, such as diffusion. From this coupling, thin structures such as flames that 

characterize the combustion process can impose even stringer requirements on the spatial 

resolution to resolve these structures. This coupling is also modulated by the temporally 
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evolving flow field. Large scale mixing increases the number of interfaces separating 

reactants and products (in premixed flames) or the fuel and the oxidizer (in non-premixed 

flames) and affects scalar gradients in the flow field, thus directly affects the rates of 

molecular transport processes and their coupling with chemistry.  

While large scale mixing is expected to be coupled with small scale mixing and 

chemistry for a wide range of practical combustion problems, reasonable assumptions can be 

made to attempt to decouple, at least partially, these processes. The validity of the 

assumption will depend on the conditions in a particular regime in which combustion occurs. 

The Eddy-Dissipation Concept (EDC) or the Eddy Break-Up (EBU) model is among the 

earlier approaches based on the comparison of rates of mixing versus rates of chemistry. 

Recently, more sophisticated approaches have been demonstrated with reasonable success 

using the Reynolds-Averaged Navier-Stokes (RANS) approach and have been extended to 

LES. Among these are the Flamelet model, the Conditional Moment Closure (CMC) model, 

and the transported Filtered Density Function (FDF) model. A principal assumption for 

flamelet and CMC approaches is that reactive scalars can be represented through ‘transport’ 

equations in phase space or sample space in terms of quantities that can be transported in 

physical space. A typical quantity used in both flamelets and CMC is the mixture fraction. 

The transport of a passive scalar in physical space reduces the number of scalar transport 

equations and eliminates requirements for the description of source terms in the transport 

equations. But, such parameterization also involves assumptions about the combustion mode 
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(e.g. non-premixed) or the combustion regime (e.g. flamelet or distributed reaction), which 

can not be met uniformly in space or time. 

Structure-based approaches in physical space, such as the Linear-Eddy Model (LEM) 

and the One-Dimensional Turbulence (ODT) model, are design to overcome inherent 

assumptions about the combustion mode or regime. More importantly, they address the 

coupling between turbulent transport, chemistry and molecular transport with reasonable 

fidelity. In LEM and ODT, the coupling of mixing and chemistry is predicted at all scales by 

resolving the turbulent advection, molecular transport, and chemistry in one-dimension in 

physical space. A brief review of those models is included below. 

1.3.1 Flamelet Models 

 The basic idea of flamelet modeling is to assume that chemical timescales are short 

enough so that reactions occur in a thin layer around stoichiometric mixture on a scale 

smaller than the small scales of turbulence (Pitsch, 2006). With this assumption, a small 

instantaneous flame element embedded in a turbulent flow has the structure of a laminar 

flame. The advantage of flamelet modeling is that it takes into account for the finite-rate 

chemistry effect. There are basically two strategies in flamelet modeling depending on the 

parameter used in the flamelet library.  

The first strategy is to use the scalar dissipation rate for parameterization. The steady 

flamelet modeling approach, in which the flame structure is assumed to be in steady state, 

has been applied to simulations of experimental configurations by Kempf et al. (2003) and 



9 

 

Raman and Pitsch (2005a). However, the steady flamelet model is inaccurate when chemistry 

is slow. Thus, transient flamelet models have been proposed and applied in LES of turbulent 

combustion. Pitsch and Steiner (2000) have used the Lagrangian flamelet model (LFM) in 

LES for a piloted methane/air diffusion flame, in which the unsteady flamelet equations are 

solved and coupled with LES solutions to provide the filtered scalar quantities using a 

presumed filtered probability density function of the mixture fraction. Another version of the 

transient flamelet approach proposed by Pitsch (2002) is the Eulerian flamelet model, in 

which the flamelet equations are solved in the Eulerian form and the resolved fluctuations of 

the scalar dissipation rate are considered. The disadvantage of transient flamelet modeling is 

that the scalar dissipation rate has to be properly determined.  

Although the flamelet approach using the scalar dissipation rate as a parameter in the 

flamelet library has advantages in dealing with the finite-rate chemistry effect, it has an 

inherent weakness in predicting flame extinction and reignition due to the fact that solutions 

to the transport equations are not unique for one scalar dissipation rate value. Therefore, 

researchers (Pierce and Moin, 2004) suggested a second parameter for the flamelet model 

based on the progress variable. 

In the second category of flamelet models, the reaction progress variable is used to 

replace the scalar dissipation rate for parameterization, which offers the advantage to better 

describe local extinction and reignition. The transport equation is solved for the filtered 

progress variable and the filtered chemical source term is closed with the flamelet library and 

the presumed joint filtered probability density function of the mixture fraction and the 
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reaction progress variable. Pierce and Moin (2004) applied this model to a non-premixed 

dump combustor using a delta-function for the presumed filtered probability density function. 

The results show that the progress variable approach is able to capture the unsteady, lifted 

flame dynamics observed in the experiments and the model significantly outperforms the 

steady laminar flamelet model. However, Ihme et al. (2005) found that the steady-state 

assumption of the flamelet solutions, especially during reignition at the low scalar dissipation 

rate, is inaccurate. An extension of the model to an unsteady flamelet library formulation has 

been addressed by Pitsch and Ihme (2005) as a new development of the model. 

While using the progress variable to parameterize the flamelet library offers an 

improved description of the flame extinction and reignition, it imposes another challenge 

because the joint filtered probability density function (FPDF) of the mixture fraction and the 

reaction progress variable needs to be provided. The delta and beta functions for the FPDF 

have been investigated and further improvement needs to be addressed. 

As we attempt to predict more complex combustion phenomena, refinements in 

flamelet approaches involve the addition of additional variables to parameterize reactive 

scalars’ response to transport. With additional variables, more closure models are needed, 

with potentially increased uncertainty about model accuracy or physical predictions. The 

problem is further complicated by the fact that when more than a single stream of fluid are 

present. 
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1.3.2 Conditional Moment Closure  

 The conditional Moment Closure (CMC) approach was independently developed by 

Klimenko (1990) and Bilger (1993) in a RANS context. The basic idea is to derive, close, 

and solve exact balance equations for the mixture fraction-conditioned means of reactive 

scalars. Kim and Pitsch (2005) developed CMC model for LES because the mixture fraction-

conditioned balance equations are difficult to solve in LES. Navarro-Martinez et al. (2005) 

successfully applied the LES-CMC approach to a non-premixed, piloted, turbulent jet 

diffusion flame. The results show good predictions of the variance of major and intermediate 

species and improved predictions of the conditional mass fractions over RANS-CMC 

simulation (Roomina and Bilger, 2001).  

 However, there are a number of limitations for the CMC approach. First, CMC 

provides an approximate closure of chemical source terms because the mean chemical source 

terms are assumed to be dependent on the conditional mean values only (Chen, 2004). 

Second, because CMC solves for conditional average equations that have many similar 

features to the transient flamelet model, it shares similar challenges facing the transient 

flamelet modeling approach, such as the determination of the scalar dissipation rate and 

limitations in the prediction of strong finite-rate chemistry effects such as flame extinction 

and reignition (Chen, 2004). Refinements to these models to predict these effects involve 

either adding transport equations for higher moments of the scalars or using additional 

conditioning variables. These refinements, as in the case of the flamelet approach, require 

additional closure models and add substantial computational cost. 
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1.3.3 Transported Filtered Density Function Approach 

 The transported Filtered Density Function (FDF) method was originally introduced 

by Pope (1990). This method has been demonstrated capable of modeling turbulent 

combustion with strong finite-rate chemistry effects, such as local extinction and reignition 

(Chen, 2004).  However, because the transport equation is based on one-point one-time 

information, the molecular mixing, depending on multipoint information, has to be modeled. 

This is a severe restriction for the model to be applied to turbulent combustion, in which the 

turbulent mixing can be as important as the details of chemistry (Pitsch, 2006). Moreover, the 

joint scalar FDF transport equation can not be solved by finite volume or finite difference 

method and is usually represented by the equivalent system of notional particles. Because the 

accuracy of the model scales with the square root of the number of notional particles, a large 

number of particles is required per cell (Pitsch, 2006). Thus, computational cost becomes a 

major challenge in applying FDF in LES. Muradoglu et al. (1999) proposed a hybrid scheme, 

in which energy equation is solved using the transport equation but the chemical source term 

is obtained through the joint PDF. Zhang and Haworth (2004) have provided an appropriate 

algorithm for unsteady RANS; but for LES, it needs more work (Pitsch, 2006).  

Despite its potential computational cost, there are inherently a number of advantages 

of the FDF approach compared to the flamelet and CMC approaches. The FDF methodology 

does not implicitly assume a given mode of combustion or a parameterization in the sample 

space of reactive scalars. Therefore, the principal challenge to FDF approaches is related to 

the mixing models.  
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Summary 

 The above three types of models provide improved predictions of the finite-rate 

chemistry effects in turbulent combustion compared to the traditional EDC and EBU models. 

However, with the exception of the FDF approach, these models offer limited predictions in 

the study of a class of problems including strong local or transient phenomena such as 

ignition or extinction events, processes that are strongly dependent on cross-correlations of 

different scalars such as soot radiation, and problems involving transition of burning modes 

during simulations. In FDF methods, predictions of important finite-rate chemistry effects in 

combustion, such as extinction and re-ignition, largely depend on the mixing model used. 

Furthermore, representing the physics of turbulent mixing and chemical reaction is 

directly related to model accuracy in the turbulent combustion process. Because scalar 

mixing process involves interactions of turbulent advection and micro-processes such as 

viscous dissipation at scales smaller than Kolmogorov scales, a model that can distinguish 

those processes at the smallest scales of the flow is essential. Although direct numerical 

simulation can provide us detailed information in both space and time, it becomes 

computationally unaffordable as the problem size increases. Therefore, it is necessary to 

develop new modeling approaches that are spatially and temporally resolved. To reduce the 

computational requirement of the spatial and temporal resolution, the new modeling 

approaches are low-dimensional. 
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1.3.4 The Linear-Eddy Model 

The Linear-Eddy Model (LEM), which was originally proposed by Kerstein (1988), 

addresses the difficulty in adequately predicting turbulent mixing-reaction coupling at all 

scales by spatially and temporally resolving the turbulent advection, molecular transport, and 

chemistry in one-dimension in physical space. A key advantage of LEM over other 

traditional models is that turbulent stirring and molecular diffusion, two primary physical 

mechanisms that govern the scalar mixing process, are treated distinctively. The molecular 

diffusion and chemical reaction are implemented by the numerical time integration of the 

reaction-diffusion equation along the 1D domain. The turbulent advection is treated 

stochastically by random, instantaneous rearrangements of the scalar field, which is 

accomplished using triplet mapping. The triplet mapping emulates the strain and rotational 

folding effects of turbulent eddies.  

In the LEM proposed by Kerstein (1988), a block inversion model is used to represent 

turbulent convection and Fickian diffusion is used to represent molecular processes. One 

limitation of this model is the discontinuity of fluid motions inherent in the stochastic process 

representing convection. Kerstein (1989, 1990) applied this model to turbulent shear layers 

and consequently generalized it to axi-symmetric flows. Kerstein (1991, 1992a, and 1992b) 

used the LEM to study the microstructure of diffusive scalar mixing fields, the structure of 

turbulent jet diffusion flames, and finite-rate chemistry and multi-stream mixing. In those 

applications, the turbulent convection is represented by the triplet mapping method, which is 

more advanced than the block inversion method because it is measure preserving and 
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continuous. McMurtry et al. (1993) used LEM to predict the evolution of a decaying scalar 

field in homogeneous turbulent flows over a wide range of Reynolds and Schmidt numbers. 

The results show overall good agreement with direct numerical simulation results. Goldin 

and Menon (1996) applied LEM to steady-state turbulent combustion. The model constructs 

the single point joint scalar probability density function (PDF) from LEM simulations and 

has been applied to a turbulent jet diffusion flame. All of the above applications use the LEM 

as a stand alone model. 

LEM as a sub-grid closure is first applied by McMurtry et al. (1992) to hydrogen-air 

combustion. Later, Menon et al. (1993) studied LES-LEM for both turbulent premixed and 

non-premixed combustion flows. The splicing method is employed to transport the subgrid 

scalar information across LES cell boundaries. Zimberg et al. (1998) studied coupled 

turbulent mixing, soot chemistry, and radiation effects using coupled LES-LEM and results 

demonstrate that LEM can capture the interaction between turbulent mixing and radiative 

cooling in high soot regions. Sone et al. (2001) used LES to simulate fuel-air mixing in the 

internal combustion engine, in which LEM is used as the subgrid closure to LES. Good 

agreement is demonstrated with DNS/LES and experimental studies.  

LEM also have some limitations. In LEM, the frequency and the eddy size 

distribution of the stirring events are prescribed by a predefined energy spectrum and flow 

properties are specified empirically by assigning parameters that govern the random event 

sequence. Therefore, there is no provision for feedback of local flow properties to the random 

process governing subsequent events. Furthermore, LEM is a mixing model and the 
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turbulence information of the velocity field is not represented at small scales. For flows 

whose turbulence properties known empirically, this approach has been proven useful; 

however, for general flows, we need a more advanced model.  

1.3.5 The One-Dimensional Turbulence Model 

A more recent and robust refinement of the LEM approach is the One-Dimensional 

Turbulence (ODT) model, which was also developed by Kerstein (1999a). ODT is a method 

for simulating, with full spatial and temporal resolution, the turbulent transport and dynamic 

fluctuations in velocity and fluid properties that one might measure along a one-dimensional 

(1D) line of sight through an actual 3D turbulent flow (Schmidt et al., 2003).  

ODT is an outgrowth of LEM and both of them treat the turbulent advection and 

molecular diffusion similarly. However, distinct from LEM, a mixing model, ODT is a self-

contained turbulence model in that it not only solves for scalars but also velocity vectors at 

subgrid scales, which provide information about the shear field, thereby a mechanism for 

driving the turbulence. Therefore, ODT is a more advanced model compared to LEM in that 

it is a methodology for fully resolved simulations of pure mixing, chemical reaction, and 

related scalar processes in turbulence. Another advantage of ODT over LEM is that the 

distribution function in ODT is not predetermined, rather it advances in time and is computed 

based on the turbulent kinetic energy. Furthermore, ODT has an advantage of allowing 

affordable simulation of high Reynolds number turbulent flows over a full range of 

dynamically relevant length scales. Thus, ODT is a more robust and advanced model than 
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LEM and it provides a sound representation of turbulent advection, molecular diffusion, and 

chemical reaction. ODT can be either a stand-alone model or a subgrid closure model for 

LES. In our research work, we will focus on the performance of ODT as a subgrid model for 

LES. 

Considerable progress has been achieved in the development of ODT model since it 

was proposed. Kerstein (1999a) has implemented ODT to compute statistical properties of 

velocity and scalar fields in shear and buoyant stratified flows. This study illustrated the 

extension of the application of ODT capability for inertia-driven as well as buoyancy-driven 

flows. For buoyancy-driven flows with no applied shear, important features of double-

diffusion convection (Kerstein 1999b) and associated properties are reproduced with ODT. 

The computed fluxes across heat-salt and salt-sugar interfaces reproduced the experimental 

observation of a variable regime in a single flow realization, which has not previously been 

achieved computationally or experimentally. Accordingly, it is verified that ODT can be used 

to decouple multi-component diffusion effects, applied shear, property variation, and related 

flow and fluid properties that happen in many technological and naturally turbulent 

combustion processes. Kerstein (2001) developed the vector formulation of ODT and applied 

it to free shear flows. The formulation is able to capture the free shear flow structure, 

energetics, and fluctuation properties. Schmidt et al. (2003) developed a near-wall LES 

closure model based on a modified form of ODT. In this formulation, finely resolved ODT 

lines are embedded within each wall-adjacent LES cell. 
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The simulation by Echekki et al. (2001) of turbulent hydrogen-air flames is the first 

implementation of ODT for reacting flows. The results obtained using ODT show reasonable 

agreement with experimental statistics of thermo-chemical scalars. Moreover, ODT 

predictions and measurements of differential-diffusion effects show that those effects are 

important in the near-field and decrease as moving to downstream. 

Summary 

 LEM and ODT for LES of turbulent combustion resolve both temporally and spatially 

subgrid scale processes such as mixing, molecular transport, and chemistry. They address the 

limitations of the first class of modeling approaches, thus offer better predictions of turbulent 

combustion. Most importantly, ODT is a more robust than LEM because it resolves not only 

the scalar but also the vector field as well. Furthermore, ODT offers better predictions of 

turbulence because the distribution of turbulent eddies is not prescribed, but computed 

instantaneously based on the kinetic energy of the flow field. 

1.4 Objectives 

The goal of this thesis is to develop an innovative hybrid scheme, Large-Eddy 

Simulation and One-Dimensional Turbulence (LES-ODT) model, and to validate the scheme 

by performing simulations of non-homogeneous autoignition in isotropic turbulence and 

comparing the results with the direct numerical simulation results. We have chosen non-

homogeneous autoignition in isotropic turbulence for simulation because it is a complex 
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process involving interactions of chemical reactions, molecular diffusion, and turbulent 

transport. Moreover, it is a transient process. Both LES-ODT and direct numerical 

simulations are carried out on a three-dimensional computation domain with equal length in 

each direction. Periodic boundary conditions are imposed in all three directions. A random 

mixture fraction field is initialized using the von Karman-Pao Spectrum (Hinze, 1975). The 

reaction mechanism is simplified to single step, second order, and irreversible. We 

implement the concept of Conditional Moment Closure (CMC) and present the statistics of 

the numerical simulations in terms of the averages and variances to study the burning modes 

and the flame propagation phenomenon. We also explore conditioning using a second 

variable, a progress variable for the direct numerical simulations.  

1.5 Outline 

The remainder of this dissertation is organized as follows. Chapter 2 presents the 

DNS approach of studying the autoignition. Chapter 3 discusses the statistical description of 

the flow field and the DNS results. This discussion serves to motivate the complexity of the 

problem of autoignition in non-homogeneous mixtures and to highlight the potential 

challenge to its study using LES. The LES-ODT model formulation and numerical 

implementation of the model are the main emphasis of Chapter 4. Moreover, the coupling of 

LES with ODT is addressed in Chapter 4.  Chapter 5 addresses the simulation conditions and 

parameters for LES-ODT simulation of non-homogeneous autoignition in isotropic 

turbulence. Chapter 6 presents the volume-averaged statistical results from LES-ODT 
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simulations and the results are compared that from DNS. Chapter 7 presents the mixture 

fraction-conditioned statistical results from LES-ODT simulations and the results are also 

compared with that from DNS. Chapter 8 is the last chapter, in which conclusions and 

recommendations for future work are addressed.  
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Chapter 2 Autoignition in Non-Homogeneous Mixtures: DNS 

Formulation and Numerical Implementation 

2.1 Objectives 

We have discussed in Chapter 1 some principal challenges encountered in modeling 

turbulent combustion. The different remedies proposed within the context of the flamelet and 

the CMC approaches addressed key assumptions of the modeling process by reducing the 

solution of thermo-chemical scalars in the phase space. These assumptions are specific to the 

mode of combustion (e.g. premixed vs. non-premixed), the dominant chemistry (e.g. strained 

flamelets vs. ignition), or the combustion regime (flamelet vs. distributed reaction). While 

these assumptions can be made for a large class of problems, they clearly have their 

limitations in general. Another challenge is the prescription of the mixing mechanism, which 

is also a constraint for FDF models. In flamelet and CMC models, the mixing process is 

modeled through a presumed PDF shape to account for fluctuations of pertinent scalars. 

However, in many conditions, the actual PDF shape is not known a priori. 

The principal limitations of existing modeling approaches are illustrated here using a 

canonical problem of importance in practical combustion: the problem of autoignition in non-

homogeneous mixtures. The same problem will be used to validate our proposed LES-ODT 

model; and therefore, it will illustrate the proposed model versatility to address evolving 

chemistry, combustion modes, and even combustion regimes. The discussion will emphasize 
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the salient features of statistics exhibited by the simple canonical problem, such as 

autoignition in non-homogeneous mixtures. 

In this chapter, the non-homogeneous autoignition in isotropic turbulence is studied 

using direct numerical simulation (DNS). The present DNS is based on the numerical 

solution of non-dimensional transport equations for total mass, momentum, energy, and 

reactants’ mass fractions. The principal assumptions include ideal gas behavior, constant 

transport coefficients, and negligible radiation, Soret, and Dufour effect. The following 

discussion is organized as follows. First, the reaction mechanism is discussed. Second, the 

governing equations of turbulent combustion are presented. Third, the numerical 

implementation and solution procedures for the governing equations are examined. 

2.2 Non-Homogeneous Autoignition in Isotropic Turbulence 

Autoignition in non-homogeneous mixtures is a complex process, because it involves 

interactions of chemical reactions, molecular diffusion, and turbulent transport. For example, 

in a non-homogeneous mixture, the rate of chemistry competes with the rates of turbulent 

mixing and diffusion. Since autoignition occurs in discrete kernels where conditions for the 

onset of chemistry are favorable (e.g. low dissipation rate, right temperature and mixture 

composition), the details of this competition eventually determines the volumetric rates of 

heat release or even the fate of the reacting mixture. Another important characteristic of 

autoignition is that, it is a transient process. During this process, the dominant chemical 

reactions, the mode of chemistry or the combustion regime can evolve in time.  
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Autoignition in turbulent flows is important in many practical applications such as 

diesel and aircraft jet engines. In these applications, autoignition competes with the mixing 

process for fuel, oxidizer or burnt products. The competition between mixing and chemistry 

results in different regimes for autoignition and the subsequent combustion process. When 

mixing is very rapid, autoignition occurs in a relatively homogeneous mixture; although non-

homogeneities in the temperature field can result from the presence of physical boundaries 

such as walls. When mixing is very slow, autoignition is initiated at the interface between the 

fuel and the oxidizer streams, and may occur primarily in a non-premixed combustion mode. 

This ‘diffusive burning’ regime has long been the standard model for Diesel engine 

combustion. 

Recent observations in Diesel engines (Dec, 1997) show that autoignition occurs 

primarily in a stratified mixture, and evolves through propagation and mixing to the 

remaining regions of the non-homogeneous mixture. Therefore, the autoignition process 

generally will involve both mixing and propagation of ignition fronts. Echekki and Chen 

(2002) carried out simulations in a stratified mixture. In this study, the mixture contains a 

random field of fuel and oxidizer regions (or ‘blobs’) and the mixture fraction varies 

between zero and one. The results show that the ignition is initiated in lean premixed 

mixtures and propagates into richer mixtures. They also show that as the kernels of flames 

expand into richer mixtures, diffusion flames form along the stoichiometric isocontours. 

Echekki and Chen (2003) further investigated the coupling between chemistry and the 

unsteady scalar dissipation rate in 2D non-homogeneous autoignition. Because of this 
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coupling, the balance between radical production and dissipation determines the success 

or failure of a kernel to ignite. Details of the coupling effects are documented in Echekki 

and Chen (2003). Therefore, the simulations by Echekki and Chen (2003) illustrate the 

importance of propagation and the presence of different modes of combustion to the 

autoignition process. 

In the present study, we will investigate the important statistical features of 

autoignition in non-homogeneous mixtures using DNS in a simplified mixture and flow 

configurations. The conditions considered here share similar features to the general 

problem of autoignition in stratified mixtures. The present study will address only the 

features that are in common with more practical fuels and configurations, including the 

transient nature of autoignition, the presence of different modes of burning, combustion 

off stoichiometric conditions, and the presence of propagation as an integral mechanism 

for the autoignition process.  

2.3 Reaction Mechanism 

 In the present study, we implemented a simple chemistry model in which the 

chemistry is characterized by the single-step, second-order, and irreversible reaction 

mechanism with an Arrhenius dependence on temperature. This is a standard simplification 

in ignition works, justifiable when the activation energy is high, that the fuel and oxidant 

concentrations do not change appreciably (Mastorakos et al., 1997b). Although the current 

reaction mechanism is simplified, it is sufficient for us to study the transient nature and the 
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presence of burning modes. In the following discussion, the development for the simplified 

chemistry model is included. 

 A one-step chemical reaction for a general system can be written as the following 

equation by Kuo (1986) 

  , (2-1) 
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where iν ′  is the stoichiometric coefficient of species i as a reactant, iν ′′  is the stoichiometric 

coefficient of species i as a product, Mi is the chemical symbol for species i, and N is the total 

number of species in the reaction. 

The law of mass action, which is confirmed by numerous experiments, states that the 

rate of reaction is proportional to the products of the concentrations of the reactants (Kuo, 

1986)  
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For a given reaction, k is the function of the temperature only and is given by the Arrhenius 

law 
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where B is the collision frequency factor, T is the temperature, α is the temperature exponent, 

and Ea is the activation energy. 

For ideal gases 
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where pi is the partial pressure of the chemical species i. The mass of species i per unit 

volume, ρi is  
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where Ru is the universal gas constant and Wi represents the molecular weight of species i. 

Combining Eq. (2-5) with (2-6), we can get  
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Substituting Eqs. (2-4) and (2-7) into (2-3) and using iω  to express the rates of change for 

the chemical species i in units of mass per volume yeild 
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 In the present work, the chemistry is represented by one single step, second-order, 

and irreversible reaction between a fuel F and an oxidizer O with equal molecular weight. 

We also assume that the reaction forms a single product P, which has the same molecular 

weight as that of the fuel and the oxidizer (WP = WO = WF). Thus, the reaction is simplified to 

  POF →+ , (2-9) 
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Moreover, we neglect the term αT  compared to the exponential term in (2-8). Therefore, Eq. 

(2-8) gives us 
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From Eq. (2-9), the mixture fraction at any given time and location can be expressed as 

 PF YYZ 2
1+= , (2-13) 

where  is the mass fraction of the product and it can be expressed as PY

 OFP YYY −−= 1 . (2-14) 

Substituting Eq. (2-14) into (2-13) yields 

 ( )OF YYZ −+= 12
1 . (2-15) 

 In the present autoignition problem,  and  equal to 0.5 at stoichiometric 

conditions. Thus, the stoichiometric the mixture fraction value is 0.5. Therefore, lean 

premixed flames exist at conditions under which mixture fraction value is lower than 0.5 and 

rich premixed flames sit at places where the mixture fraction value is higher than 0.5. 

Diffusion flames are formed at the stoichiometric mixture fraction of 0.5. 

FY OY
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2.4 The Governing Equations 

The governing equations for continuity, conservation of momentum, conservation of 

energy, and conservation of species, and the equation of state (Mason, 2000) are presented in 

this section. The governing equations are simplified based on the following assumptions 

(Mason, 2000): 1) ideal gas behavior for all species, 2) Newtonian fluid, 3) negligible body 

forces, 4) zero bulk viscosity, 5) constant and equal specific heat Cp for all species, 6) 

Fourier’s law for molecular heat conduction, 7) constant thermal conductivity λ, 8) negligible 

Soret and Dufour effects and thermal radiation, 9) Fick’s law for mass diffusion and equal 

mass diffusivities D for all species, and 10) constant dynamic viscosity. 

Continuity:  

 0=
∂
∂

+
∂
∂

i

i

x
u

t
ρρ , (2-16) 

where ρ is the density. 

Conservation of Momentum: 
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where µ is the dynamic viscosity and P is the pressure. 

Conservation of Energy: 

 Multiple forms exist for the energy conservation equation. Here, the conservation of 

energy for a reacting flow is written in terms of temperature T. 
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where Cp is the specific heat, 
Dt
DP  is the substantial derivative of pressure, λ is the thermal 

conductivity, kω  is the reaction rate for species k, k,fh∆  is the standard enthalpy of 

formation per unit mass for species k, where ijτ  is 
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Use the relation provided in Eq. (2-11), the last term in the conservation of energy equation is 

reduced to 

 ( )P,fO,fF,fk,f

N

k
k hhhh ∆∆∆ω∆ω −+=−∑

=1

, (2-20) 

where ω is given in (2-12). Following Mason (2000), assume  

 ( )refadpP,fO,fF,f TTChhh −=−+ ∆∆∆ , (2-21) 

where Tad is the adiabatic flame temperature and Tref is the reference temperature. Eq. (2-18) 

now becomes 

 ( refadp
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Conservation of Species: 

 For flows involving chemistry, the species conservation equation for species k is  
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where D is the mass diffusivity. Assuming ρD is constant for all species, Eq. (2-23) can be 

further simplified to 
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 In the present study, only three species are present. We only need to solve species 

conservation equations for the fuel and the oxidizer and the mass fraction of product can be 

found from Eq. (2-14). From Eq. (2-11), we know ωωω −== OF  and ω is given in Eq. (2-

12). Therefore, the conservation equations for the fuel and the oxidizer are the same 
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where k = F or O. 

Equation of State: 

All the species are assumed to behave as ideal gases, thus the equation of state for all 

the species is 

 TRPW uρ= . (2-26) 

 Following the non-dimensionalization and low-Mach number assumption in Mason 

(2000), the above governing equations can be written as 
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Continuity: 
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∂
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ρρ  (2-27) 

Conservation of Momentum: 
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Conservation of Energy: 
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Conservation of Fuel: 
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Conservation of Oxidizer: 
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Reaction Rate: 
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Equation of State: 
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In Eqs. (2-27)–(2-33), the following scaling is applied: 
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The subscript ‘d’ in (2-34) denotes the dimensional quantity and the subscript ‘ref ’ denotes a 

reference value. The subscript ‘ad’ represents adiabatic mixture conditions. The non-

dimensional parameters in Eqs. (2-27) to (2-33) are 

The Mach Number: 
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where γ is the ratio of specific heats. 

The Reynolds Number: 

 
µ

ρ refrefref UL
Re =  (2-36) 
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The Prandtl Number: 

 
λ
µpC

Pr =  (2-37) 

The Lewis Number: 
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λ
=  (2-38) 

The Non-dimensional Temperature Rise: 
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refad

T
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=α  (2-39) 

The Non-dimensional Activation Energy: 
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The Damköhler Number: 
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With the low-Mach number approximation, density changes due to heat release are allowed, 

but acoustic waves are not.  
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 Note that P  in the momentum equation denotes the first-order pressure ( )1P  in the 

low-Mach number expansion of pressure ( ) ( ) ( ) ...PPPP +++= 2210 εε  in terms of the 

parameter 2Maγε = . The first order pressure ( )0P  is assumed to be constant. Moreover, the 

viscous dissipation term 
j

i
ij x

u
∂
∂τ  is removed from the energy equation because it is of order 

ofε  and ε <<1. 

 The non-dimensional governing Eqs. (2-27)-(2-31) represent a complete system with 

unknowns including . The numerical solution procedure for the 

system of equations will be discussed in the following section. 

OF Y,Y,T,P,w,v,u and

2.5 Numerical Implementation 

The DNS code is based on the formulation by Mason (2000). Non-staggered uniform 

grids are used in the formulation. A third-order Runge-Kutta method is used to integrate the 

system of equations in time. A fully consistent fractional-step method is used for the solution 

of the momentum equation. The pressure in the momentum equation is solved using the 

Poisson’s equation. Linearly implicit variation of third-order Runge-Kutta scheme is used to 

integrate the energy and the species equations. Spatial derivatives are computed using the 

fifth-order explicit finite-difference schemes. 
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2.5.1 Spatial Discretization 

A schematic of the three-dimensional computational domain is given in Figure 2-1. 

The non-dimensional domain length in each direction is the same and is denoted by L in the 

figure. The boundary and initial conditions for all the variables are presented in Chapter 3. 

The computational domain is discretized using uniform non-staggered grids in all directions. 

One advantage of using non-staggered grids is that all the dependent variables are located at 

the same position. Therefore, momentum cells are collocated with the continuity cells and 

this eliminates the need for cell boundary interpolation. The result is that the code is 

computationally more efficient than using staggered grids. 

y-direction L

x-direction 
L

z-direction 
L

 

Figure 2-1 Three-dimensional computational domain 
 

Figure 2-2 shows the two-dimensional grid geometry in the xy-plane. Grids are 

uniform in both x and y directions. Solutions for dependent variables 

 at nodes denoted by ‘•’ in Figure 2-2 are obtained. Each node is 

associated with a continuity cell of width and height ∆L for which the continuity and 

OF Y,Y,T,P,w,v,u and
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transport equations are solved. In the present study, simulations are in three dimensions. In 

each direction, x, y, and z, the grid spacing is 

 
1−

=
N

LL∆ , (2-42) 

where N is the total number of nodes in each direction. 

1, N N, N

i, j 
∆L

y-direction 
∆L

continuity cell 
1, 1 N, 1

x-direction
 

Figure 2-2 Two-dimensional computational grid in xy-plane 

2.5.2 Spatial Differentiation 

The explicit finite difference scheme is used for spatial differentiation. In the present 

implementation, the order of spatial derivatives can be specified in a range of 3 to 11 as a 

user input. Fifth order is used in the present study. The stencils for derivatives in all three 

directions are pre-computed. This is done by using Taylor series and solving the system of 

linear algebraic equations for the coefficients. The linear system is solved using a simple 

Gauss elimination procedure. The truncation error matrix is subject to a singularity for 

operators with high orders of accuracy. Mason (2000) used the singular value decomposition 

(SVD) method to check the singularity of each truncation error matrix for every operator. 



37 

 

The major advantage of using explicit finite difference scheme is that it offers the flexibility 

for exploring the issue of operator consistency in the solution to the Poisson’s equation for 

pressure. 

2.5.3 Solution to the Governing Equations 

Details of solving the momentum equations can be found in Mason (2000) and 

Appendix A, which is included for completion. Here, we are just highlighting the major 

steps. The momentum equation is integrated using the fractional-step method following 

Mason (2000). First, an intermediate velocity field is generated by integrating the convection 

and diffusion terms in the momentum equation. Second, the pressure is solved using the 

Poisson’s equation. Third, the new velocity field is obtained by correcting the intermediate 

velocity vectors using the gradients of pressure.  

 Details of solving the energy and species equations can be found in Mason (2000) and 

Appendix B, which is included for completion. The energy and species equations are 

integrated in time using a linearly implicit variation of the third-order Runge-Kutta scheme 

used to integrate the momentum equation. While the convection and the diffusion terms are 

integrated in the same way as in the momentum equation, the reaction rate term is integrated 

implicitly for stability due to the fact that it is usually large. Crank-Nicolson scheme is used 

to integrate the reaction rate term.  
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2.5.4 Numerical Integration Procedure 

 At each Runge-Kutta sub-step within each time step, the governing equations are 

solved in an order that is listed in Figure 2-3. First, the reaction rate term is computed using 

the most recent values of the temperature, the density, and the species mass fraction. Second, 

the energy and species equations are integrated. The reaction rate term is integrated using the 

linearly implicit scheme. Third, the density is obtained from the equation of state. Finally, the 

momentum equation is integrated in three steps. The first step is to integrate the convection 

and diffusion terms to obtain the intermediate velocity field; the second step is to solve the 

Poisson’s equation for pressure; the third step is to update the velocity field. 

 

Figure 2-3 Flow chart of the numerical solution procedure 

Integrate the energy and species equations

Compute the reaction rate 

Integrate the reaction rate 

Compute density 
Runge-Kutta Time step 

loop loop 
Integrate the momentum equation 

Solve the Poisson equation 

Update the velocity field 
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2.6 Conclusions 

 In this chapter, we have identified non-homogeneous autoignition in isotropic 

turbulence as the problem for the present study and developed the chemistry model for the 

autoignition problem. The governing equations including continuity, conservation of 

momentum, conservation of energy, and conservation of species are presented and the 

numerical implementation of the equations is outlined. The direct numerical simulation 

results are included in the next chapter. 
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Chapter 3 DNS of Autoignition in Non-Homogenous Mixtures: 

Conditional Statistical Results  

3.1 Objectives 

The goal of this chapter is to present the statistical results of 3D direct numerical 

simulation of the non-homogeneous autoignition in isotropic turbulence based on the 

governing equations in Chapter 2. The non-homogeneous autoignition is simulated for two 

turbulence conditions, one with low turbulence intensity and the other with high turbulence 

intensity. For high turbulence conditions, three cases with Lewis numbers equal to 0.5, 1.0, 

and 2.0 are studied. The following discussion of this chapter is organized as follows. First, 

initial conditions are presented in section 3.2, followed by a discussion of the boundary 

conditions (section 3.3), and the simulation parameters (section 3.4). A discussion of the 

statistical quantities obtained from the simulations is presented in section 3.5. Results based 

on these statistics are presented and discussed in sections 3.5-3.7. 

3.2 Initialization of the Flow Field 

3.2.1 Initialization of the Vector Field 

The initialization of the turbulent velocity field to an isotropic state is performed in 

the associated Fourier space based on the random distribution of the turbulent kinetic energy. 
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The analytical relation between the distribution of the turbulent kinetic energy and the wave 

number is described by the von Karman with Pao (Hinze, 1975) correction for near-

dissipation scales and it is given in the following form 

 ( ) ( ) ( )
( )[ ] ( ) ⎟
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where A = 1.5 and α = 1.5. In Eq. (3-1), both , which is the root mean square velocity, 

and 

turbu

dε , which is the dissipation number, are user-input parameters. Also in Eq. (3-1),  is 

the wave number of the most energetic scale and it represents the peak of the turbulent 

kinetic energy distribution;  is the wave number corresponding to the Kolmogorov 

dissipation scale and it represents the maximum level of dissipation.  

ek

dk

 The initialization of the velocity field in the Fourier space using the von Karman-Pao 

spectrum must satisfy the continuity condition 

  ( ) ( ) ′+′== 21 ekekeu~u~ ii βα , (3-2) 

where 
i

e  is the computation vector basis and ie ′  is any vector basis having 3′e  parallel to 

k . The complex components α  and β in general are random in amplitude and phase and 

having the following form 
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where 1θ , 2θ , and φ  are the phases of the turbulent velocity components in the Fourier 

space. They are uncorrelated and are uniformly distributed random numbers on the interval 

(0, 2π) given as 

 ( )50Rand2 11 .−= πθ , (3-5) 

 ( )50Rand2 22 .−= πθ , (3-6) 

 ( )50Rand2 3 .−= πφ . (3-7) 

 To complete the formulation of the initial velocity field in the Fourier space, we need 

to relate the basis ie ′  to the computational basis 
i

e . Any basis subject to the constraint  

 
3322113

ekekekek ++=′ ,   (3-8) 

works because rotations about 3
′e  are absorbed into the random phase φ . We can choose 

arbitrarily a basis having 

 031
=⋅′ ee , (3-9) 

which leads us to the solution for ie ′  
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where , , and  are wave numbers in x, y, and z directions, respectively, and are given 

in the following expression 

1k 2k 3k
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In Eq. (3-11), k  is the following 
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By solving Eqs. (3-10) and (3-11), we get 
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 The inverse FFT transfers the values of the turbulent velocities in the Fourier space 

back to the real, physical space. Because the random-number generator is used for the phases 

of the velocity fluctuations in the associated Fourier space, each computation will be started 

with a different initial velocity field regardless the constants of  and turbu dε . Note that 

during the initialization, the mean velocity components in the computational domain are zero. 

3.2.2 Initialization of the Scalar Field 

 The initial scalar field is generated by initializing the mixture fraction field in the 

associated Fourier space with von Karman-Pao spectrum. In the following discussion, the 

mixture fraction is denoted as Z. The initial spatial distribution of the mixture fraction varies 

from pure fuel to pure oxidizer over a characteristic length scale, , which is defined as CL

 ( )
( )0

d
0

Z

Z

C Q
rrQ

L ∫
∞

= , (3-15) 

where  is given as ( )rQZ
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 ( ) ( ) ( )rxZxZrQZ +′′′′= . (3-16) 

In Eq. (3-16), ( )rQZ
 is the two-point correlation function for the local mixture fraction 

fluctuation at a distance r. The length scale, , measures the characteristic scale over which 

the mixture evolves from the fuel to the oxidizer, and vice versa. The resulting initial scalar 

field is characterized by fuel-centered and oxidizer-centered ‘blobs’ of fluid between which 

the mixture fraction changes.  

CL

 A mean value of the mixture fraction is imposed to the fluctuating mixture field to 

yield an average value of 0.5, which is the stoichiometric mixture fraction. Moreover, the 

values of the mixture fraction are adjusted with a coefficient and a tanh profile is used to 

maintain the mixture field to be from 0 to 1.  Figure 3-1 shows the initial mixture fraction 

field. In the present study, the mixture fraction range is from 0.15 to 0.85.  

 

Figure 3-1 Initial mixture fraction field 
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 Based on the initial random field for the mixture fraction, Z, which can be expressed 

as 
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=
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= , (3-17) 

where  is the fuel mass fraction,  is the oxidizer mass fraction,  is the fuel mass 

fraction in the fuel stream,  is the fuel mass fraction in the oxidizer stream,  is the 

oxidizer mass fraction in the fuel stream, and  is the oxidizer mass fraction in the 

oxidizer stream. The initial fields for the fuel and the oxidizer mass fraction can be obtained 

from Eq. (3-17) as follows 

FY OY FFY ,

OFY , FOY ,

OOY ,

 ( )OFFFOFF YYZYY ,,, −+= , (3-18) 

 ( )OOFOOOO YYZYY ,,, −+= . (3-19) 

 Assuming that the fuel stream contains only the pure fuel, i.e. , 1, =FFY 0, =FOY , and 

that the oxidizer stream contains only the oxidizer, i.e. 1, =OOY , 0, =OFY , the initial fuel and 

oxidizer mass fractions can be expressed in terms of the mixture fraction field as follows 

 ZYF = , (3-20) 

 ZYO −=1 . (3-21) 

 To initialize the temperature field, we first write the energy balance equation 

 mixOmixFOOFF hYhYhYhY +=+ , (3-22) 
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where  is enthalpy of the fuel stream,  is the enthalpy of the oxidizer steam, and  is 

the enthalpy of the mixture. Assuming constant specific heats for both the fuel and the 

oxidizer, we have 

Fh Oh mixh

 ( ) mixOFOOFF TYYTYTY +=+ , (3-23) 

where  is the temperature of the fuel stream,  is the temperature of the oxidizer stream, 

and  is the temperature of the mixture. Substituting Eqs. (3-20) and (3-21) into Eq. (3-

23), the initial temperature of the mixture is 

FT OT

mixT

 ( )( )FF TTZTT −−+= 01 . (3-24) 
 
Write Eq. (3-24) at the stoichiometric condition 

 ( )( )FstFst TTZTT −−+= 01 , (3-25) 

where  is the stoichiometric mixture fraction, which is equal to 0.5, and  is the 

corresponding temperature at the stoichiometric mixture fraction prior to the onset of 

combustion. Because the oxidizer is preheated relative to the fuel to provide a mechanism for 

the autoignition of the mixture, the stoichiometric temperature is set to zero. Therefore, Eq. 

(3-25) is reduced to 

stT stZ

 OF TT −= . (3-26) 
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3.3 Boundary Conditions 

In the present study, periodic boundary conditions are imposed in all three directions 

during the simulation. Simulations with more complex boundary conditions and analysis of 

the boundary condition effects on simulation results are recommended for future work. 

3.4 Simulation Parameters 

Direct numerical simulations of non-homogeneous autoignition in isotropic 

turbulence are conducted for both low and high initial turbulence conditions. The turbulence 

conditions play a significant role in the interactions of mixing and chemistry. Thus, studying 

the turbulence induced effects is very important in autoignition. For the low initial turbulence 

case, unity Lewis number is used. For the high initial turbulence case, three simulations are 

performed for Lewis numbers equal to 0.5, 1.0, and 2.0. The purpose of carrying out 

simulations for different Lewis numbers is to address the importance of mass transport in the 

autoignition process. Table 3-1 presents a summary of the common parameters used in all the 

cases. The flow and chemistry parameters have been defined in Eqs. (2-35)–(2-41). The 

reaction rate and the heat release rate parameters, Da, α and β, are 200, 0.75 and 2.0, 

respectively. The time step, which is set by the numerical accuracy and the stability 

requirements, is 0.001. The parameters for initialization are discussed in section 3.2. 

Table 3-2 presents a summary of the specific parameters used in each case. The grid 

resolution with 129×129×129 grid points over the prescribed non-dimensional domain size of 

3.6×3.6×3.6 is chosen to sufficiently resolve the flame structure and the range of flow and 
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scalar scales considered. This non-dimensionalization is prescribed by a characteristic 

Reynolds number, Re, which is defined in Eq. (2-36).  The rates of chemistry are sufficiently 

high such that ignition time scales are shorter than mixing time scales. The initial turbulence 

intensity is defined as 

 ( ) ( ) ( ) 212121

wwvvuuuturb
′′′′=′′′′=′′′′= . (3-27) 

The Taylor time scale is defined as 

 ( ) 21
3

20
LReRe =λ , (3-28) 

where  is the turbulence Reynolds number and it is defined as LRe
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LuRe = . (3-29) 

In Eq. (3-29),  is the integral length scale and turbL ν  is the kinetic viscosity and they are 

defined as 
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where 

 ijij SSγε 2= , (3-31) 

and 
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The turbulence time scale is defined as 
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The mixing time scale is expressed by  

 ( ) χτ ZZmix
′′′′= . (3-34) 

The over-bar in Eqs. (3-31), (3-32), and (3-34) represents a volume average over the entire 

computational domain. For the present calculation, 10.LLC = , where L is the domain size. 

The non-homogeneous field, with the prescribed value of , results in an average of 6 to 7 

of these structures in a given direction. 

CL

 

Table 3-1 Common parameters for DNS simulation of non-homogeneous autoignition in 
isotropic turbulence 

 
Common Parameters Description Case/Value 

dimension 3D General 
Characteristics chemistry reacting 

Re  Reynolds number 200 
τturb turbulent time scale 13 
τmix scalar mixing time scale 0.15 Flow 

Characteristics Po zeroth-order pressure  1.0 
Pr Prandtl number 0.7 
Da Damköhler number 200 
α non-dimensional heat release 0.75 

Chemistry 
Characteristics 

β Zel’dovich number 2.0 
Nx× Ny ×Nz grid size 129×129×129 

dx,dy,dz grid spacing 2.8125×10-2

∆t time step 0.001 
Numerical 
Parameters 

εSOR Successive Over-Relaxation tolerance 2.5×10-9

Zmean mean value of mixture fraction 0.5 Initialization 
Parameters To initial oxidizer temperature 0.4 
Statistics Nbin number of mixture fraction bins 31 
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Table 3-2 Specific parameters for DNS simulation of non-homogeneous autoignition in 

isotropic turbulence 
 

Specific 
Parameters Description Value 

turbu  turbulence intensity 3.0 0.74 

λRe  Taylor time scale 405 100 
Le  Lewis number 0.5 1.0 2.0 1.0 

Nx= Ny =Nz grid size in each direction 129 129 129 129 

3.5 Data Post-Processing Using Conditional Moment Closure Approach 

In the earliest formulation of CMC, the modeling strategy relied on the assumption 

that fluctuations in the scalar quantities are primarily correlated with the fluctuation of only 

one key variable, the mixture fraction. Klimenko (1990) proposed that turbulent diffusion in 

mixture fraction can be modeled more rigorously than in physical space. Bilger (1993) 

observed that most of the fluctuations of the reactive scalars can be associated with 

fluctuations of the mixture fraction and derived the balance equations based on this 

observation. In the CMC governing equations, the first moments are means or averages; the 

second moments are variances and covariances of the fluctuations about the averages; the 

third moments are triple correlations between the fluctuations (Klimenko and Bilger, 1999). 

The reactive scalars are expressed in terms of averages or variances of these scalars 

conditioned on the value of the mixture fraction.  

In the present study, the singly-conditioned first and second moments of scalars are 

obtained using CMC. The conditioning is based on the mixture fraction, which is the primary 

variable adopted in the modeling of autoignition problems. These statistics are of relevance 
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to the first and second order CMC approach; however, observations may be extended to 

broader implications to turbulent combustion models of non-homogeneous autoignition.  

The first conditional moments include the conditional means for the temperature 

Z|T , the fuel and the oxidizer mass fractions, Z|YF
  and Z|YO

, and the reaction rate, 

Z|ω . Here, the mixture fraction, Z, is the conditioning variable; the conditioning operation 

is expressed in terms of the operator “ Z|⋅ ” for the scalars.  

 The second conditional moments include co-variances and the variances of the 

species mass fractions and the temperature with the dissipation rate. For convenience, we 

present the co-variances in terms of the root mean square values, 21Z|YY FF
′′′′ , 21Z|YY OO

′′′′ , 

and 
21Z|TT ′′′′ . The variances are expressed in terms of correlation functions, which are 

expressed as 

 
2121 Z|Z|

Z|
R

χχθθ
χθ

θχ ′′′′′′′′

′′′′
= , (3-35) 

where θ  represents any one of the reactive scalars, T , , and  and χ is the scalar 

dissipation rate, which is given as  

FY OY

 ( )ZZD ∇⋅∇≡ 2χ , (3-36) 

where D is the mass diffusivity associated with the mixture fraction, which in this problem is 

identical to the kinematic viscosity of the fluid divided by the Lewis number. The variances 

and co-variances are prominent closure terms in the first and the second-order CMC 
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equations (Mastorakos and Bilger, 1998; Swaminathan and Bilger, 1999; Li and Bilger 

1993).  

From the direct numerical simulation, results for scalars at each computational node 

are obtained. At any given time, the data of those scalars is used to compute the conditional 

averages, co-variances, and variances. The calculation of conditional moments involves three 

steps. First, the mixture fraction values are divided into 31 bins ranging from zero to one. 

Second, scalars at each computational node are distributed among those bins according to the 

mixture value at each node. Third, the conditional moments in each bin are calculated. The 

statistics are evaluated at different snapshots in time. Thus, the autoignition process from the 

formation of autoignition kernels to the completion of the combustion process is captured by 

snapshots in sequence. The statistical results are presented in the next section. 

3.6 Past Research on DNS of Autoignition 

First-order singly-conditioned CMC has been validated for a number of practical 

combustion flows studied by Bourlioux et al. (2000), Fairweather et al. (2003), Kim et al. 

(2000), Kronenburg et al. (1998, 2001), Smith et al. (1995), and Vervisch et al. (1998). 

The work by Mastorakos et al. (1997a), Mastorakos and Bilger (1998), and Sreedhara and 

Lakshmisha (2000) provides validations of the second-order CMC approach in ‘non-

premixed’ autoignition. However, there are two problems in those studies. First, fully 

segregated fuel and oxidizer streams are represented by ‘slabs’ of the fuel and the oxidizer 

in these studies using DNS. Therefore, the statistics obtained by the above DNS studies 
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reflect conditions of autoignition that, even though initiated off-stoichiometric conditions, 

will evolve into combustion in a non-premixed combustion mode (near-stoichiometric). 

However, it is not evident that a similar modeling strategy can be applied for non-

homogeneous autoignition such as the configuration studied by Echekki and Chen (2002) 

or the more general condition of autoignition in stratified mixtures. 

Multiple conditioning within the context of CMC has been proposed as an alternative 

to higher order conditioning in CMC. Cha et al. (2001) proposed the modeling of the 

dissipation rate as an additional conditioning variable for the prediction of extinction and re-

ignition. Bilger (1992) and later Kronenburg (2004) proposed the sensible enthalpy as an 

additional conditioning variable for problems involving both extinction and re-ignition. 

Therefore, the principal implementations of double-conditioning are limited to the prediction 

of extinction and re-ignition. In this application, the use of an additional conditioning 

variable explicitly accounted for the different processes of mixing and reaction; while, in the 

traditional single-conditioning approach, a single parameter measuring the progress of 

mixing was also used to address the progress of reaction. 

3.7 Simulation Results of the Present Study 

In this section, we present results of the evolution of conditional statistics for the 

passive and reactive scalars. The statistics are all obtained by post-processing the DNS data. 

The process of autoignition in non-homogeneous mixtures involves the formation of 

autoignition in discrete kernels; and the combustion process evolves eventually due to the 
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propagation of these kernels through the stratified mixture. The temporal evolution of the 

process is represented in terms of the non-dimensional time. The statistical results show that 

complete combustion is achieved earlier in the high turbulence cases than in the low 

turbulence case. For high turbulence cases with different Lewis numbers, the scatter plots 

show that the second conditioning variable is not enough for cases with non-unity Lewis 

numbers. In the following discussions, the results for conditional means are presented first. 

Then the results for conditional variances and co-variances are discussed. Finally, the scatter 

plots for the second conditioning variable are presented. 

3.7.1 Conditional Means of Scalars 

Conditional Means of the Scalar Dissipation Rate 

Figure 3-2 shows the temporal evolution of the conditional means of the scalar 

dissipation rate profiles in the mixture fraction space for the different cases considered. The 

relatively high conditions of dissipation rates at lean and rich conditions are consistent with 

the presence of local peaks in the mixture fraction.   

Turbulence affects the conditional means of χ . At low turbulence conditions, the 

conditional means of  gradually decrease with respect to time (Figure 3-2 (a)); on the other 

hand, at high turbulence conditions, the conditional means of 

χ

χ  increase at earlier times and 

gradually decrease (Figure 3-2 (b), (c), and (d)) at later times. This is because the scalar 

gradients are relatively very high at high turbulence conditions, which causes a rapid increase 

of the conditional means of χ  at earlier times. However, at later times, all the mixtures 
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approach a high extent of mixing and the conditional means of χ  decrease in time regardless 

of the turbulence conditions. Furthermore, turbulence affects the mixture fraction range, 

which shrinks at a faster speed in the high turbulence cases than in the low turbulence case. 

The Lewis number also affects the mixture fraction range and the magnitude of the 

conditional means of χ . First, a wider mixture fraction range is observed in the high 

turbulence case with a large Lewis number. A larger Lewis number results in a lower mass 

diffusivity compared to the energy transport. Therefore, the scalar molecular mixing rate will 

be lower, which results in a wider mixture fraction range. Second, the magnitude of the 

conditional means of χ  is lower in the high Lewis number case at earlier times. This can be 

seen by comparing Figure 3-2 (c) with Figure 3-2 (d) for the conditional means of χ  at time 

equal to 0.12. However, although the Lewis number in Figure 3-2 (d) is twice of that in 

Figure 3-2 (c), a factor of two in the magnitude of the conditional means of χ  is not observed 

between these two cases. This is due to the competing roles of mass diffusion (or Lewis 

number) and the evolution of scalar gradients. Given two identical mixture fields, a lower 

mass diffusivity (i.e. higher Lewis number) associated with the mixture fraction results in 

steeper mixture fraction gradients, and vice-versa.  The scalar gradients in the case shown in 

Figure 3-2 (d) is slightly higher than in the case shown in Figure 3-2 (c) as a consequence of 

its lower mass diffusivity. Therefore, the total effect of the mass diffusivity and the scalar 

gradients makes the conditional means of χ  only slightly lower in the high Lewis number 

case than in the low Lewis number case. At later times, Lewis number effects are not 

significant; indeed, the magnitude of the conditional means of  is higher in the high Lewis χ
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number case than in the low Lewis number case. Therefore, higher molecular diffusion can 

precipitate the decay in scalar gradients, and accordingly, the rate of scalar dissipation at later 

times of the simulation. 
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Figure 3-2 DNS conditional means of the scalar dissipation rate for different cases 

 

Conditional Means of the Temperature and the Mass Fractions 

Figure 3-3, Figure 3-4, and Figure 3-5 show the temporal evolution of the conditional 

means of the temperature, the fuel mass fraction, and the oxidizer mass fraction profiles, 

respectively, in the mixture fraction space for the different cases considered. Note that at time 

equal to zero, the profile corresponds to pure mixing conditions, which also corresponds to 

the initial state of the mixture. In the present problem, the pure mixing profile for the 
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conditional means of the temperature corresponds to a negative-slope linear curve. The linear 

correlations of the initial temperature with the mixture fraction are consistent with the 

initialization prescribed in Eq. (3-24), which prescribes the preheated oxidizer at lower 

values of the mixture fraction and cooler mixtures as the mixture fraction approaches unity.  
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Figure 3-3 DNS conditional means of the temperature for different cases 

 
A similar trend has been observed in the conditional means of the fuel and the 

oxidizer mass fractions for the different cases considered here. The onset of combustion is 

characterized by the departure of temperature from the linear profile in the mixture fraction 

space. Because the oxidizer is preheated, the first departure from the pure mixing profiles 

occurs at fuel lean conditions, i.e. lower values of the mixture fraction. While leaner mixtures 

reach their corresponding adiabatic temperature conditions, the next layers of richer mixtures 



58 

 

are ignited, showing an increasing trend for the temperature in time. The corresponding 

values of the fuel and the oxidizer mixture fraction indicate a depletion of the fuel for 

mixture fractions below the stoichiometric value of 0.5 and a depletion of the oxidizer at 

mixture fractions higher than the stoichiometric value. In both conditions, the deficient 

reactant is depleted; while the excess reactants occupy a new linear curve in the mixture 

fraction space corresponding to equilibrium conditions with the products. The trend in time 

clearly indicates a transition from predominantly lean burning at earlier times to rich burning 

at later times. The highest temperature is achieved at stoichiometric conditions.  
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Figure 3-4 DNS conditional means of the fuel mass fraction for different cases 
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Figure 3-5 DNS conditional means of the oxidizer mass fraction for different cases 

 
Beside the similarities that have been observed in the conditional mean profiles of the 

temperature and the mass fractions, differences do exist between the low turbulence case and 

the high turbulence cases, and among cases with different Lewis numbers. Note that we refer 

to the same time in different cases when we address the effects of turbulence conditions and 

Lewis numbers. The major effect imposed by the turbulence conditions is that the mixture 

fraction range corresponding to the conditional means of the temperature and the mass 

fractions shrinks faster in time (Figure 3-3 (b)–(d),  Figure 3-4 (b)–(d), and Figure 3-5 (b)–

(d)) at higher turbulence conditions. This is the expected role of turbulent mixing, which 

results in turbulent scalar transport. The Lewis number effects contribute to the conditional 

statistics of reactive scalars in two major aspects. Higher Lewis numbers correspond to lower 
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mass diffusivities compared to the energy transport. This has two consequences. First, the 

scalar molecular mixing rate is lower, which results in a wider mixture fraction range. 

Second, because the scalar gradients are higher, the size of the kernels will be smaller. Thus, 

the heat loss of the kernels is higher, which results in a lower magnitude of the conditional 

means of the temperature. Consequently the fuel and the oxidizer are consumed less. 

Conditional Means of the Reaction Rate 

Figure 3-6 shows the temporal evolution of the conditional means of the reaction rate 

profiles in the mixture fraction space for the different cases considered. The transition in 

combustion from lean to rich conditions is clearly illustrated in the conditional mean profiles 

of the reaction rate for the low turbulence case shown in Figure 3-6 (a1) and (a2). An initially 

single peak of the reaction rate ‘propagates’ from lean mixture fractions at early times to 

richer conditions at later times and the transitions occur at Z = 0.5. For cases with high 

turbulence conditions, the flame kernels exist at only lean conditions and subside near the 

stoichiometric conditions before they reach the rich conditions. This is due to the fact that 

scalars mix faster at high turbulence conditions and complete combustion is achieved earlier. 

Furthermore, the case with Lewis number equal to 2.0 shows a subtle autoignition delay in 

time compared to other Lewis number cases. This trend may be attributed to the competing 

rates of chemistry and turbulent mixing. During early times of autoignition, turbulent mixing 

can result in high local gradients of the mixture fraction, and accordingly high local rates of 

dissipation, which tend to delay the autoignition process at a number of autoignition kernels. 

But, as the other autoignition kernels begin to expand, the same process of turbulent mixing 
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increases the interface between products and reactants, and enhances the volumetric rate of 

chemistry. Moreover, the conditional means of reaction rate profiles are broader and span a 

wider mixture fraction range in the high Lewis number case (i.e. Le = 2.0), because the mass 

diffusivity is smaller in this case. 

The magnitude of the peak value of the conditional means of the reaction rate 

decreases with respect to time in each case. This trend reflects the role played by the 

preheating of the oxidizer. In actual fuels, both preheating and stoichiometry may play an 

important role in the rate of reaction and heat release. Furthermore, Lewis number affects the 

magnitude of the reaction rate. In the high turbulence case with a high Lewis number, the 

scalar gradients are higher due to a smaller mass diffusivity. As a result, the kernel sizes are 

smaller and heat loss is higher. As a consequence, the temperature is lower in this case, but 

the fuel and the oxidizer mass fractions are higher. However, the magnitude of the reaction 

rate has an exponential dependence on the temperature and only a linear dependence on 

reactants’ mass fractions. Therefore, the magnitude of the conditional means of the reaction 

rate is lower in this case.  
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Figure 3-6 DNS conditional means of the reaction rate for different cases 

 
In addition to flame propagation, three different burning modes are observed for the 

low turbulence case, and they are clearly shown in Figure 3-6 (a1) and (a2). Those burning 

modes are lean premixed, rich premixed, and non-premixed combustion. The premixed 

flames are indicated by the shifting peaks in the conditional means of the reaction rate. On 

the other hand, the non-premixed flame is characterized by a single fixed peak of the reaction 



63 

 

rate around the stoichiometric conditions. This peak is visible at later times as shown in 

Figure 3-6 (a2). The diffusion and rich premixed flames are an order of magnitude lower than 

the lean premixed flames. The reduced rates of reaction also results in the relatively long 

periods of time associated with fuel-rich combustion in contrast with fuel-lean combustion. 

Furthermore, only one burning mode exists in the high turbulence cases shown in Figure 3-6 

(b), (c), and (d). The rich premixed burning mode and the diffusion flame are absent because 

chemical reaction occurs so fast that fuel and the oxidizer are depleted even before the 

kernels reach the rich conditions. 

3.7.2 Conditional Co-Variance 

Conditional RMS of the Scalar Dissipation Rate 

Figure 3-7 shows the temporal evolution of the conditional RMS of the scalar 

dissipation rate profiles in the mixture fraction space for the different cases considered. By 

comparing Figure 3-7 with Figure 3-2, the turbulence effects and the Lewis number effects 

that we have observed from the conditional means of χ  are also present in the conditional 

RMS of . Moreover, the magnitude of the conditional RMS of χ χ  is nearly two times the 

magnitude of the conditional means of χ , reflecting the strong spatial variations in the 

mixture fraction field. 
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Figure 3-7 DNS conditional RMS of the scalar dissipation rate for different cases 

 

Conditional RMS of the Temperature and the Mass Fractions  

Figure 3-8, Figure 3-9, and Figure 3-10 show the temporal evolution of the 

conditional RMS of the temperature, the fuel mass fraction, and the oxidizer mass fraction 

profiles, respectively, in the mixture fraction space for the different cases considered. 

Because the conditional RMS of mass fractions follows the same trend as that of the 

temperature, the following discussion will address primarily the conditional RMS of the 

temperature; similar conclusions can be drawn for the mass fractions. 
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Figure 3-8 DNS conditional RMS of the temperature for different cases 

 
For the low turbulence case shown in Figure 3-8 (a), the peaks of the conditional 

RMS of the temperature shift from locations corresponding to low mixture fraction values to 

locations corresponding to high mixture values as flame propagates from fuel-lean to richer 

mixtures. The fluctuations of the temperature during rich premixed burning are larger 

compared to lean premixed burning. For the high turbulence cases, the peaks of the 

conditional RMS of temperature exist at the lean premixed burning side except for time equal 

to 1.6 for cases with Lewis numbers of 0.5 and 1.0 and for time equal to 2.0 for the case with 

Lewis number equal to 2.0. At those times, the peaks appear at the rich premixed side and 

rapidly diminish near the stoichiometric mixture conditions. This is due to the fact that the 

complete burning is achieved earlier before any transition to burning at fuel-rich conditions 
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occurs. Furthermore, the mixture fraction range shrinks faster in the high turbulence cases 

than in the low turbulence case because of the high scalar mixing rate associated with high 

turbulence intensities. 
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(d) 0.3=turbu , Le = 2.0 

 
Figure 3-9 DNS conditional RMS of the fuel mass fraction for different cases 

 
Moreover, the overall magnitude of temperature fluctuations shown in the temporal 

snapshots is a significant fraction of the mean temperature range. Therefore, temperature 

fluctuations during the autoignition process can not be ignored in any model of autoignition 

in non-homogeneous mixtures given the strong non-linear dependence of chemical source 

terms on temperature. In the low turbulence case, the peak at the stoichiometric mixture 

fraction is formed at the later stage of burning due to the burning of excess fuel and oxidizer 

from either side of the stoichiometric mixture fraction in the diffusion flame mode.  
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Figure 3-10 DNS conditional RMS of the oxidizer mass fraction for different cases 
 

Lewis number effects are also present in the conditional RMS of the temperature. By 

comparing high turbulence cases (i.e. Figure 3-8 (b), (c), and (d)), we can see that the 

mixture fraction range corresponding to the conditional RMS of the temperature is wider for 

the case with Lewis number equal to 2.0. This is due to a smaller mass diffusivity and a 

smaller scalar mixing rate associated with the high Lewis number. Moreover, the magnitude 

of the fluctuations of the temperature is smaller for the case of Lewis number equal to 2.0 

because the magnitude of the reaction rate is smaller in this case. 
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3.7.3 Conditional Variances 

In this section, we investigate the evolution of the correlation of reactive scalars with 

the dissipation rate. To help us to understand this correlation, two reference problems are 

reviewed first for comparison with our present calculations. In both cases, the mixture 

fraction fields evolve the same way in the absence of density and transport property changes 

due to heat release. However, species mass fraction profiles and temperature profiles are 

expected to evolve differently for the reacting from the non-reacting case.  

The first reference problem corresponds to pure mixing without chemistry, in which 

the initial velocity and mixture fraction fields are identical to the present study, but chemistry 

is turned off. Figure 3-11 shows the correlation between the conditional means of the 

temperature and the scalar dissipation rate, , as a function of the mixture fraction for a 

low turbulence condition at different times of the scalar field evolution for the non-reacting 

case. The figure shows that the temperature and the scalar dissipation are fully correlated at 

mixture fractions near 0 and 1; the correlation is primarily due to the initialization of the 

mixture fraction field where these conditions represent local peaks, and therefore conditions 

of zero dissipation rates. Outside these limits, there is no correlation between the temperature 

and the dissipation rate for the times considered. The same results are found at later times. 

Therefore, the pure mixing computation shows that in the absence of chemistry, the 

temperature and the dissipation rate fields are not correlated, except where initial conditions 

dictate the nature of the correlation. 

χTR
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Figure 3-11 Conditional profiles of the variance of the temperature and the dissipation 
rate for pure mixing 

 
The second reference problem corresponds to the case of autoignition in fully-

segregated mixtures, such as the cases obtained using the slab model for the mixture fraction 

field (Mastorakos and Bilger, 1998). For this problem, a correlation between the temperature 

and the dissipation rate (Figure 3-12) show a positive correlation with a local peak for rich 

mixtures and negative correlations with a local minimum for lean mixtures. The overall 

shape of the correlations remains essentially the same over the course of the evolution of the 

autoignition process and the peak and minimum values of the correlations do not shift 

significantly in time. Both correlations for the pure mixing problem and the non-premixed 

autoignition problem will be compared to the findings based on the present configuration. 

We will also attempt to explain the mechanisms by which positive and negative correlations 

between the temperature and the dissipation rate are generated. 



70 

 

 

Figure 3-12 The correlation coefficient between the temperature, T, and the scalar 
dissipation rate, χ, for the homogeneous burning case at different times 

(Mastorakos et al., 1998) 
 

Correlation between the Temperature and the Scalar Dissipation Rate 

In contrast to the reference problems, the conditional correlation between the 

temperature and the scalar dissipation rate in the present study exhibits different trends.  

Figure 3-13 shows the results in the present reacting computation for the different cases 

considered. Although the shapes of the correlation coefficient are similar to that obtained by 

Mastorakos and Bilger (1998), which shows a leading peak (positively correlated) and a 

trailing minimum (negatively correlated) around conditions of maximum chemical activity, 

the optimum values of the correlation functions in our present work shift towards richer 

conditions, a trend consistent with the shift of chemical activity from lean to rich mixtures. 

Because the flame takes longer to propagate and the reaction sustains longer in the low 

turbulence case, Figure 3-13 (a1) only shows the correlation between the temperature and the 

scalar dissipation rate at earlier stages of burning. The later burning stages are shown in 
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Figure 3-13 (a2). In all the high turbulence cases, the stages of burning are plotted in the 

same plot. Figure 3-13 (b), (c), and (d) show the correlation between the temperature and the 

scalar dissipation rate with Lewis numbers equal to 0.5, 1.0, and 2.0, respectively.  

In all the cases, the peaks continue to shift from lean to rich conditions, and 

eventually diminish when the reaction subsides. Once the combustion process subsides, the 

pure mixing statistics are recovered with zero correlation functions in the wake of the 

burning conditions. The pure mixing statistics is reflected by the behavior of these 

correlations at lean mixture conditions and in the gap separating the stoichiometric conditions 

and the rich burning conditions at later times in the simulations. In summary, the peaks 

present in the positive and negative correlations track closely the active combustion regions 

in the mixture fraction space. 

There are some differences in the correlation terms between the high turbulence cases 

and the low turbulence case. The low turbulence case exhibits a stronger correlation than the 

high turbulence cases. This can be observed by comparing Figure 3-13 (a) with Figure 3-13 

(b), (c), and (d). The magnitude of the correlation term is higher in the low turbulence case 

than in the high turbulence cases. Furthermore, the transition of the correlation profiles is 

continuous and the correlation profiles have a clear shape in the low turbulence case. The 

reason is due to the competing rates of turbulent mixing and chemistry, which are affected 

significantly by turbulence conditions. In the low turbulence case, the turbulent mixing rate is 

slow and the correlation between the temperature and the scalar dissipation rate is higher; on 

the other hand, in the high turbulence cases, the turbulent mixing is very high, thus, the 
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correlation is much weaker. This is also consistent with what we have observed from the first 

reference problem. Moreover, the correlation term in the high turbulence case with Lewis 

number equal to 2.0 spans a wider mixture fraction range due to a smaller mass diffusivity 

and a smaller scalar mixing rate. 
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(a1) , Le = 1.0, earlier times 74.0=turbu
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(a2) 74.0=turbu , Le = 1.0, later times 
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(c) 0.3=turbu , Le = 1.0  
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(d) 0.3=turbu , Le = 2.0 

 
Figure 3-13 DNS conditional profiles of the variance of the temperature and the 

dissipation rate 
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Correlation between the Mass Fractions and the Scalar Dissipation Rate 
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(a2) 74.0=turbu , Le = 1.0, later times 
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(b) , Le = 0.5  0.3=turbu
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(c) 0.3=turbu , Le = 1.0  
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(d) 0.3=turbu , Le = 2.0 

 
Figure 3-14 DNS conditional profiles of the variance of the fuel mass fraction and the 

dissipation rate 
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(a2) 74.0=turbu , Le = 1.0, later times 
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(b) , Le = 0.5  0.3=turbu
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(c) 0.3=turbu , Le = 1.0  
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(d) 0.3=turbu , Le = 2.0 

 
Figure 3-15 DNS conditional profiles of the variance of the oxidizer mass fraction and 

the dissipation rate 
 

Figure 3-14 and Figure 3-15 show the correlation coefficients of the fuel and the 

oxidizer mass fraction with the scalar dissipation rate, respectively, for the different cases 

considered. These correlations are opposite in sign to that of the temperature-scalar 

dissipation correlation; the fuel and the oxidizer are depleted while the temperature is 



75 

 

increased. Moreover, they also feature a shift of the peaks from lean to rich conditions. 

Similar to the correlation between the temperature and the scalar dissipation rate, the 

correlation term for the low turbulence case is also stronger. At high turbulence conditions, 

the mixture fraction range is also wider in the case with Lewis number equal to 2.0 due to a 

smaller scalar mixing rate. 

3.7.4 The Progress Variable as a Second Conditioning Variable 

The transient evolution of singly-conditioned moments underscores the importance of 

adequately predicting the transitions in burning modes from lean premixed flames to rich 

premixed flames and the combustion in non-premixed mode. The transient evolution is also 

characterized by propagation in both physical and phase spaces, and is found in both the first 

and the second order conditional statistics of passive and reactive scalars. Therefore, a 

critical modeling element of tracking the transition in combustion modes is still needed with 

a higher order conditioning. As stated earlier, an alternative strategy to the higher order 

conditioning is multiple conditioning. Would the choice of a second conditioning variable, 

which measures the progress of transition in combustion modes, address the principal 

deficiency, which cannot be addressed with the higher order modeling? The results presented 

so far suggest the following facts. 

In the premixed modes, the mixture exhibits three potential states: an unburned, a 

burned, and a transition mixture state. Both burned and unburned states are consistent with 

pure mixing statistics at conditions of the burned and unburned mixture, respectively; while 
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the transition state corresponds to active burning, and covers a range of mixture fractions. 

The extent of this range is primarily governed by the extent of stratification of the mixture 

and the dissipation rate field, which may allow conditions of burning to occur at different 

mixture conditions at the same time. A secondary diffusion branch is present once the 

transition to rich premixed burning occurs. Burning in the diffusion flame is relatively slow 

and insignificant relative to the burning in premixed modes. 

A reaction progress variable can provide a measure for the evolution of the transition 

zone, and therefore a mechanism for tracking the ‘propagation’ of burning in the mixture 

fraction space.  Sensible enthalpy or reduced temperature has been applied by Bilger (1992) 

and Kronenburg (2004). A reaction progress variable can potentially distinguish the 

unburned and burned mixture states as well as the transition states. In this section, we 

provide a preliminary assessment of the addition of a second conditioning variable, which in 

the present problem is the progress variable, c. The progress variable is expressed as 

 ( )
( ) ( )ZTZT

ZTTc
ub

u

−
−

=  (3-37) 

In this expression, c, represents a temperature normalized using the unburnt and burned 

(equilibrium) temperatures, Tu and Tb, which are prescribed for the same mixture fraction. 

Therefore, the two temperatures are prescribed a priori and correspond to the asymptotic 

values at a given mixture fraction between pure mixing (initial conditions) and final burned 

mixtures (the maximum temperatures achieved for a given Z). The value of c varies between 

0 and 1 for any given mixture fraction during the autoignition process.  
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Figure 3-16 and Figure 3-17 show scatter plots of the fuel mass fraction and the 

reaction rate as a function of the reaction progress variable, c, at different times of the 

autoignition process and for a narrow range of the mixture fractions between 0.495 and 

0.505. Please note that the fuel mass fraction and the reaction rate shown in Figure 3-16 and 

Figure 3-17 are already singly-conditioned upon values of the mixture fraction. The extent of 

the scatter of the reactive scalars as a function of the progress variable provides an indication 

of the value of second conditioning using the progress variable, c.  
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Figure 3-16 Scatter plot of the fuel mass fraction at different times vs. the reaction 

progress variable, c, for a range of mixture fractions between 0.495 and 0.505 
 

We can see from the Figure 3-16 and Figure 3-17 that a considerable overlap of the 

scatter points corresponding to different times of the autoignition process is only present in 
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unity Lewis number cases at both low and high turbulence conditions. In the unity Lewis 

number cases, the degree of scatter is relatively narrow compared to the conditional mean 

value. Despite the presence of this scatter, the results clearly show that a coherent correlation 

for the reactive scalars at different times as a function of the progress variable, c. Both 

profiles of the fuel mass fraction and the reaction rate for unity Lewis number cases closely 

follow the autoignition profiles of a homogeneous mixture in the progress variable space. 

Because of similarities of the governing equations between the reactants’ mass fractions and 

the temperature, the profiles of the reactants’ mass fraction as a function of the progress 

variable are linear. The magnitude of the reaction rate and its shape are governed by the 

relative composition of the fuel and the oxidizer and the preheating effect. The shape of the 

reaction rate is determined by the pre-exponential term represented by the reactants’ mass 

fractions and the exponential term, which contains the explicit contribution of the 

temperature. The rates of reaction at earlier (c = 0) and later times (c =1) approach zero 

because either the temperature is low or the reactants are depleted, respectively.  

However, in non-unity Lewis number cases, the overlap of the scatter points 

corresponding to different times of the autoignition process is not clear and the degree of 

scattering is more pronounced. Therefore, the results from non-unity Lewis number cases 

suggest that the correlation between the reactive scalars at different times as a function of the 

process variable is not valid. In order to arrive at a conclusion, let us examine another set of 

results. 
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Figure 3-17 Scatter plot of the reaction rate at different times vs. the reaction progress 

variable, c, for a range of mixture fractions between 0.495 and 0.505 
 

Figure 3-18 and Figure 3-19 show the scatter plots of the same variables for a range 

of the mixture fractions between 0.595 and 0.605. In Figure 3-18 and Figure 3-19, the scatter 

points are not present at high progress variable values, because these values correspond to a 

completion of the combustion process.  We can see from those figures that the correlation 

between the reactive scalars and the progress variable is only valid for cases with unity Lewis 

numbers. Therefore, within the context of the present chemical model with the simplified 

mixture and flow configuration, in unity Lewis number cases, a second conditioning variable 

based on the progress variable offers a reasonable prediction of scalar statistics over the 
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entire period of the autoignition process. However, in non-unity Lewis number cases, a 

second conditioning variable is not sufficient. 
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Figure 3-18 Scatter plot of the fuel mass fraction at different times vs. the reaction 

progress variable, c, for a range of mixture fractions between 0.595 and 0.605 
 

A model that includes the progress variable in addition to the mixture fraction as 

measures of the progress of chemistry during the autoignition process has been proposed 

recently by Tap et al. (2004). The model is presented in the context of the flamelet approach. 

It represents the mean heat release rate in terms of the product of a generalized flame surface 

density and a generalized surface average of the reaction rate. A principal assumption of the 

model is that the surface average of the reaction rate can be uniquely expressed in terms of a 

generalized progress variable, which can be evaluated using the laminar autoignition data. 
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Therefore, the model by Tap et al. (2004) does not contain any conditioning with respect to 

local mixture fractions or progress variables as presented here. Therefore, it also does not 

explicitly or implicitly account for the potentially non-linear effects of fluctuations of these 

local quantities on the chemical source terms. Moreover, the non-unity Lewis number cases 

were not addressed by the author and the validation of the model is not performed for non-

unity Lewis number cases. From the results obtained from the present study on the different 

turbulence cases with different Lewis numbers, we can see that a second conditioning 

variable is not sufficient for the non-unity Lewis number cases. 

C

ω

0 0.25 0.5 0.75 1
0

0.1

0.2

t=0.8

t=1.2

t=1.6 & t=2.0

t=2.4

t=2.8

 
(a) , Le = 1.0 74.0=turbu

0 0.05 0.1 0.15
0

0.005

0.01

t=0.12

t=0.4

t=0.8

C

ω

0 0.25 0.5 0.75 1
0

0.1

0.2

 
(b) 0.3=turbu , Le = 0.5 

0 0.05 0.1 0.15
0

0.005

0.01

t=0.12

t=0.4

t=0.8

C

ω

0 0.25 0.5 0.75 1
0

0.1

0.2

 
(c) , Le = 1.0 0.3=turbu

0 0.25 0.5
0

0.03

0.06

t=0.12

t=0.4

t=0.8

C

ω

0 0.25 0.5 0.75 1
0

0.1

0.2

 
(d) 0.3=turbu , Le = 2.0 

 
Figure 3-19 Scatter plot of the reaction rate at different times vs. the reaction progress 

variable, c, for a range of mixture fractions between 0.595 and 0.605 
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3.8 Conclusions 

We have studied the autoignition process in non-homogeneous mixtures in isotropic 

turbulence using DNS and simple chemistry. The turbulence intensity plays an important role 

in the evolution of autoignition in non-homogeneous mixtures, since it affects the 

competition between mixing and chemistry. Three burning modes exist in the low turbulence 

case, but only one burning mode exists in the high turbulence cases. Furthermore, Lewis 

number effects are studied. These effects contribute to the conditional statistics of reactive 

scalars in two major aspects. Higher Lewis numbers correspond to lower mass diffusivity 

compared to the energy transport. This has two consequences. First, the scalar molecular 

mixing rate is lower, which results in a wider mixture fraction range. Second, because the 

scalar gradients are higher, the size of the kernels will be smaller. Thus, the heat loss of the 

kernels is higher, which results in a lower magnitude of the conditional means of temperature 

and reaction rate, and a lower magnitude of conditional RMS of thermo-chemical scalars. 

Consequently the fuel and the oxidizer are consumed less. 

The study attempted to explore the modeling consequences of non-homogenous 

autoignition using conditional statistics with respect to one conditioning variable, the mixture 

fraction. The addition of a second conditioning variable, a reduced temperature, is assessed.  

The results show that there are two distinct burning modes present at various stages of the 

autoignition process: premixed (lean and rich) and diffusion burning. Both scalar profiles in 

physical space and conditional statistics in the mixture fraction space indicate clear 

transitions and ‘propagation’ from predominately lean burning to rich burning due to the 
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onset of autoignition at the preheated lean mixtures. The presence of these transitions and 

propagation underscore the transient nature of autoignition in non-homogeneous mixtures, 

which is also reflected in the conditional statistics. These statistics depart fundamentally from 

those obtained by using fully segregated mixtures of the fuel and the oxidizer (Mastorakos, 

1998 and Sreedhara, 2000). The conditional moments show that the temporally-varying 

statistics are present in higher conditional statistics; therefore, higher order CMC approach 

may not adequately address the complexity exhibited by propagation of burning in both the 

mixture fraction and physical spaces. 

In the present problem, we also found that the using of a second conditioning 

variable, a reduced temperature, yields consistent profiles for unity Lewis number cases 

during the entire period of the autoignition process. For autoignition processes with non-

unity Lewis numbers, more conditioning variables may be needed to represent the flame 

propagation. More importantly, the addition of a conditioning variable in coarse-grained 

simulations generally requires the solution of an additional transport equation for that 

variable.  

Finally, we propose the problem of non-homogeneous autoignition as a critical test 

problem for turbulent combustion models. The autoignition process is inherently transient 

and may involve important transitions during the evolution of the process in dominant 

chemistries and burning modes. Moreover, the coupling between chemistry, molecular 

transport, and turbulent transport is critical to the fate of ignition kernels and the rate of their 

evolution in physical and phase spaces. The direct numerical simulation data provides us 
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basis for validation of the model of the hybrid scheme that will be introduced in the rest of 

the thesis. 
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Chapter 4 LES-ODT Formulation and Numerical 

Implementation 

4.1 Objectives 

The goal of this chapter is to present the formulation and the numerical 

implementation of the proposed LES-ODT model. The governing equations for both LES 

and ODT are derived and discussed. A LES-ODT simulation is in fact a hybrid simulation 

procedure of both a LES code and a set of ODT domains embedded within the LES-

computational domain. The simulations are carried out simultaneously, albeit at different 

time steps associated with the integration of the LES governing equations and the different 

processes making up the ODT formulation. Because the ODT 1D governing equations are 

inspired by Navier-Stokes equations, the hybrid scheme can be implemented in different 

ways and may be carried out with redundancies in the quantities that are transported. The 

discussion below only refers to one such implementation; while whenever useful, we will 

discuss alternative coupling strategies between LES and ODT solutions.  

ODT contains three key features to simulate turbulent combustion: (1) a 

representation of 3D turbulent stirring with a stochastic process involving instantaneous 

mappings along each ODT 1D domain, (2) a representation of the molecular diffusion and 

reaction processes with deterministic solutions of unsteady reaction-diffusion transport 

equations along each ODT 1D domain, and (3) a representation of the convection events 
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along each ODT 1D domain. In the present model, a novel convection scheme denoted as 

‘node convection’ and ‘intra-node relaxation’ or ‘co-linear convection’ is proposed and 

implemented. This convection scheme enables the coupling of the different ODT domains, 

albeit at their intersections, and the LES solution for momentum. The procedures for 

coupling LES with ODT in the current work are addressed. The numerical implementation of 

LES-ODT methodology is examined. The convection scheme is numerically implemented 

using the total vanishing diminishing (TVD) scheme to enforce scalar boundedness. 

4.2 Model Strategy 

Figure 4-1 shows a schematic layout of the ODT elements in the x-y plane. ODT 

elements can be laid on a 3D lattice on LES grids or in between. Fine DNS-like uniform 

grids are embedded on each ODT element. Solutions for dependent variables 

 at ODT grids are obtained. The ODT nodes are defined as the 

intersection points of ODT elements in all three directions. In general, ODT nodes can either 

be at the same location as LES grids or in between. Each node is associated with a continuity 

cell for which the node convection based on LES interpolated velocity is carried out. In the 

present study, simulations are carried out in three dimensions. 

OF Y,Y,T,w,v,u and
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Figure 4-1 Schematic layout of the ODT elements in x-y plane 

4.3 The Governing Equations 

4.3.1 LES Governing Equations 

The LES governing equations are obtained by performing the filtering operation on 

the transport equations for scalars and momentum. These equations serve as the basis of 

LES-ODT model formulation and can be used for variable density as well as constant density 

flows. The equations are given as 

Continuity: 
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Conservation of Momentum: 
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Conservation of Energy: 
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Conservation of Mass Fractions 
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In Eq. (4-2), ijτ  is as follows 
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In Eq. (4-4), i,kJ  is defined as 
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The ‘~’ in Eqs. (4-1)–(4-4) corresponds to a density weighted (Favre-averaged) filtering of a 

given quantity,  φφφ ′′+= ~ , which is expressed by 
ρ
ρφφ =~ . Term ( )jiji uuu~u~ ~−  in Eq. (4-2) 

is the subgrid stresses. Terms ( TuT )~u~ ~
ii −  in Eq. (4-3) and ( )kiki YuY~u~ ~−  in Eq. (4-4) are 
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subgrid fluxes. Those subgrid stresses and fluxes need to be modeled using a subgrid closure 

model. 

4.3.2 ODT Governing Equations 

The ODT governing equations provide us necessary guidance to obtain information 

on physics of turbulence. Formulation of the momentum and scalar equations for each ODT 

domain is critical to the development of the model. In this section, the transport equations 

that govern the temporal and spatial evolution of the momentum and the energy on ODT 1D 

elements are presented. The governing equations are obtained by writing the instantaneous 

transport equations for scalars and momentum along ODT 1D elements with contributions 

from LES resolved terms in Eqs. (4-2)–(4-4). Those equations can be used for both variable 

density and constant density flows. 
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Conservation of Energy 
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Conservation of Mass Fractions 
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 In Eqs. (4-7)–(4-9), “η ” denotes the direction along each ODT element and “^” 

denotes the inverse filtering of LES solutions. In Eqs. (4-7) – (4-9), “ ” denotes the 

stochastic contributions. The terms inside the brackets ‘[.]’ represent contributions from the 

resolved diffusion terms, the source terms, and the stochastic process along ODT 1D 

elements. The stochastic contributions represent 3D transport events, including stirring, 

pressure scrambling, and contributions from fluctuating terms in the different variables. The 

stochastic contributions are implemented as instantaneous stirring events through triplet 

maps, which are described in detail in section 4.4. The molecular diffusion and reaction 

terms are obtained by solving the reaction-diffusion transport equations and will be addressed 

in detail in section 4.5. 

iΩ

 The terms inside the brackets ‘{.}’ represent contributions from unresolved terms 

along ODT 1D elements and they are obtained from LES simulations. These terms are 

crucial for momentum and scalar transport between ODT elements. The convection terms are 

currently implemented as ‘node convection’ at each ODT node and as ‘intra-node relaxation’ 

or ‘co-linear’ convection along each ODT element. The convection scheme will be examined 

in section 4.6. 

4.4 The Representation of Turbulent Transport in ODT 

One of the inherent attributes of turbulence is its 3D nature. In order to capture the 3D 

turbulent flow structures with 1D line of sight in ODT, each individual eddy turnover, an 

‘eddy event’,  is emulated through a stochastic process by applying a random, instantaneous 
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mapping to an interval of the domain corresponding to the range of the stirring motion being 

represented. The mapping method employed here is known as the ‘triplet maps’ (Kerstein et 

al., 2001). During each eddy event, a triplet map is followed by kernel transformations to 

physically represent pressure-induced redistribution of energy among velocity components 

(Kerstein et al., 2001). Both velocity and scalar fields are modified during an eddy event, 

which is governed by a distribution function obtained instantaneously from the kinetic 

energy. In the following discussion, the triplet map, the kernel transformation function, and 

the eddy rate distribution function are presented. 

It is important to note here, that the procedure adopted here to model turbulent 

transport is essentially the same procedure adopted by Kerstein and co-workers (Kerstein et 

al., 2001). It is based on the model affectionately called “Neapolitan” ODT by Kerstein and 

co-workers or “vector ODT”, which involves the transport of the three components of the 

velocity vector. 

4.4.1 The Triplet Map 

The triplet map is the simplest of a class of mappings that satisfy the physical 

requirements of mass, momentum, and energy conservation laws. This means that the all 

integral properties remain the same before and after employing the triplet mapping. The 

triplet map (Kerstein et al., 2001) is defined as 
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where  is the mapping function,  is the starting location of the eddy, and ( )yf 0y l  is the 

length scale of the eddy. First, the mapping takes a line segment [ ]ly,y +00
 and compresses 

it to a third of its original length. Then, the original domain is replaced with three copies of 

the compressed segments. Thus, the local gradients are increased geometrically and the 

turbulence cascade is enhanced. At last, the middle copy of the map is reversed and the 

meanings are twofold. The first meaning is to mimic the rotational folding effect inherent to 

turbulent flows. The second meaning is to maintain the continuity of the function. The vector 

and scalar fields outside the selected segment are unaffected. Because the mapping function 

is continuous, the fluid elements that were close to each other before the mapping are close to 

each other after the mapping, therefore avoids introducing discontinuity to the vector and the 

scalar fields. Figure 4-2 is a schematic show of the triplet mapping procedure of 

compression, copy, and inversion.  
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Figure 4-2 The triplet mapping procedure 
 

For the numerical implementation of the triplet map, the number of discrete points 

spanning the eddy should be a multiple of 3. The discrete mapping formula (McDermott, 

2005) is defined as 
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where  is the discrete mapping function,  is the discrete starting location of an eddy, 

and  is the discrete eddy size. The eddy length scale is defined as 

( )jf 0j

ke hkel ⋅= . Figure 4-3 

shows a schematic of a triplet map event of a vector, v(y), over a segment that is discretized 

with 9 discrete points. The points before mapping are denoted as diamonds and circles after 

mapping. The end points of the eddy stay at the same location during triplet mapping, in 

other words,  and ( ) 00 jjf = ( ) kekef = . Because triplet mapping with eddy size equal to 3 

does not change the field, the next available eddy size that is a multiple of 3 is ke  equal to 6. 

( )yv  ( )( )yfv

ly +0 ly0y  0y 0y+0
ly +0  
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In practice, the smallest turbulence scales should span a range that is larger than this 

minimum set of grid points (i.e. larger than 6 grid points). 

ly +0

( )yv

0y
 

Figure 4-3 The discrete triplet map with ke  = 9. Dashed line: original line segment; 
Dotted line: line after triplet mapping. 

(McDermott, 2005) 

4.4.2 The Pressure-Scrambling Model 

In the study of buoyant stratified flows, Wunsch and Kerstein (2001) encountered a 

circumstance under which triplet mapping of the density field alters the total potential energy 

while leaving the total kinetic energy unchanged. In order to enforce energy conservation, 

they added a kernel transformation function to the velocity field to allow the transferring of 

energy on the same length scale as the eddy size. The added kernel transformation term 

introduces kinetic energy change that balances the total potential energy change and emulates 

the pressure-velocity interactions. 
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Kerstein (2001) addressed effects of pressure-induced energy redistribution among 

velocity components using free shear flows. The study shows that the scheme, which 

maximizes the inter-component energy transfer during an eddy event, can capture the shear 

flow structure and fluctuation properties and it generates more accurate results than a model 

based on equi-partition of turbulent kinetic energy on an eddy-by-eddy basis.  

In the present study, the velocity in ODT is treated as a three-component vector as in 

“Vector ODT” (Kerstein et al., 2001) to include the pressure scrambling effects. An eddy 

event maps the velocity and scalar fields in the ith direction as 

 ( ) ( )[ ] ( )yKcyfuyu iii +→ , (4-12) 

 ( ) ( )[ ]yfy ii φφ → , (4-13) 

where  is the amplitude and ic ( )yK  is the kernel transformation function, which is defined as 

 ( ) ( )yfyyK −≡ . (4-14) 

Notice that the kernel transformation function only affects the velocity field because it 

represents pressure-induced energy redistribution among velocity components.  is only 

effective inside an eddy interval and it integrates to zero so that the energy redistribution 

leaves the total momentum of velocity components unchanged.  

( )yK

 The amplitudes  are determined based on the kinetic energy change for each 

individual eddy. The kinetic energy of an individual velocity component is defined as 

ic

 ( )∫= dyyuE ii

2

02
1 ρ . (4-15) 
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The change of kinetic energy for a given velocity component due to mapping and kernel 

transformation is 
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In the above derivation, the energy conservation of triplet maps has been applied, that is 
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The first term in the final step of Eq. (4-16),  is defined as K,iu
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Substituting the expression of ( )yf  in Eq. (4-10) and ( )yK  in Eq. (4-14) into Eq. (4-18) 

yields 
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Moreover, the second term in the last step of Eq. (4-16) is obtained through the following 

integration 
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With the quadratic Eq. (4-16) of the kernel amplitudes, we can solve for  and get ic
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Under conditions that neglect the potential energy, the kinetic energy change between 

velocity components must sum to zero, 0=∑i iE∆ . In cases that no pressure scrambling is 

allowed,  can be set to zero and kernel transformation is removed to recover the original 

formulation of ODT (Kerstein et al., 2001). 

ic

 In order to implement the pressure scrambling model, we need to find a more explicit 

form for 
iE∆  in Eq. (4-21). Motivated by the interpretation of the pressure scrambling as a 

tendency to restore isotropy, Kerstein et al. (2001) delved more into the model and found out 

that the form of 
iE∆  must satisfy 

 ∑=
j

jiji QTE 0α∆ , (4-22) 

where  (  = 1, 2, or 3) is a quantity with units of energy that depends on  and scalars, 
jQ j ( )yu j

0α  is a free parameter, and the transfer matrix T  is defined as 
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211
121
112

2
1T , (4-23) 

where matrix T is symmetric and is formulated so that 0=∑i iE∆  is invariant under 

exchange of indices. 0α  represents the fraction of maximum allowable energy that is to be 
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exchanged and its physical realizable range is [0, 1]. When 0α  = 0, there is no exchange of 

energy between velocity components; while 0α  = 2/3 results in equi-partition of energy in 

the pressure scrambling model.  

 The task of finding 
iE∆  is now reduced to specifying  in Eq. (4-22). Based on the 

observation that the amount of energy that can be removed from a velocity component is 

bounded and the bound is determined by maximizing 

iQ

iE∆−  with respect to  in Eq. (4-16), 

we can differentiate Eq. (4-16) with respect to  

ic

ic

 ( ) 0
27
4 3

0

2

0 =−−=
∂
−∂

iK,i

i

i clul
c

E ρρ∆ , (4-24) 

and find the value for  that makes the derivative zero ic

 
l

u
c K,i

i 4
27

−= . (4-25) 

Kerstein et al. (2001) proposed to set  to be equal to the bound of the maximum removable 

energy from a velocity component because 

iQ

0α  can be conveniently interpreted as the energy 

extracted from each velocity component, expressed as the fraction of the maximum possible 

energy that can be extracted, for redistribution to the other components. Therefore,  can be 

obtained by substituting Eq. (4-25) into Eq. (4-16) 

iQ

 2

08
27

K,imaxii luEQ ρ∆ =−= . (4-26) 

Inserting Eq. (4-26) into Eq. (4-22) and then into Eq. (4-21) gives the result for the kernel 

amplitude in vector ODT 



99 

 

 ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++−= ∑

j
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4.4.3 The Eddy Rate Distribution 

Eddy events should occur with frequencies comparable to the turbulent eddy turnover 

frequencies. The eddy rate is parameterized by the position, , and the eddy size, l.  In 

ODT, eddy events are governed by the eddy rate distribution, which is defined by associating 

it with a time scale 

0y

( l,y;t 0 )τ  with every eddy event (Kerstein et al., 2001). The time scale is 

obtained based on the instantaneous velocity field. The eddy event rate is defined as 

 ( ) ( )l,y;tl
Cl,y;t

0

20 τ
λ ≡ , (4-28) 

where C is an arbitrary constant. For a quantitative definition of τ , Kerstein et al. (2001) 

employed a measure of the turbulent kinetic energy that is associated with each mapping 

interval. Based on the dimensional analysis 

 ∑
j

jjQB~l
2

3

0

τ
ρ , (4-29) 

where  are arbitrary dimensionless constants and  are chosen as the available kinetic 

energy of component 

jB jQ

j . The determination of time scales is based on the available kinetic 

energy of the velocity component that is parallel to the ODT domain. This is because the 

eddy events represent motions in this direction. In the present study, we have ODT domains 

line in three directions, x , , and . For explanation purposes, we arbitrarily choose  y z y
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direction, denoted as ‘2’, as the direction of the ODT domain. Note that this direction 

preference is only for determining the sequence of events, thus breaking the symmetry under 

index change due to this choice will not affect the implementation of each individual eddy 

event. Assembling Eqs. (4-22), (4-23), and (4-26), we can formulate 

  ∑+⎟
⎠
⎞

⎜
⎝
⎛

j
K,jjK, uTu~l 2

20
2
2

2

α
τ

, (4-30) 

where the first term on the right hand side is the kinetic energy added to the velocity 

component in  direction during triplet mapping and the second term represents the amount 

of kinetic energy that can be extracted. Thus, the right hand side of Eq. (4-30) represents the 

available kinetic energy of the velocity component, . 

y

2u

 A final consideration in determining the eddy time scale is viscous damping (Kerstein 

et al., 2001). Under conditions when the viscous time scale is smaller than the eddy time 

scale, the eddy event is prohibited. Therefore, the viscous penalty is added to the right hand 

side of Eq. (4-30) and the following expression is obtained  
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K,jjK,
να

τ
, (4-31) 

where the last term accounts for the viscous damping effects because the viscous time scale 

is 

 
ν

τν

2l~ . (4-32) 

Substituting Eq. (4-32) into Eq. (4-28), we can get 
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If the right-hand side of Eq. (4-33) is negative, the eddy event is suppressed and λ  is set to 

zero. The terms proceeding Z  in the square root of Eq. (4-33) have the form of a Reynolds 

number and Z  can be viewed as a parameter that controls the critical Reynolds number for 

eddy events. 

 The eddy rate distribution function determined in Eq. (4-33) involves three free 

parameters, namely, C , 0α , and Z . C  is a coefficient that represents the turbulence intensity; 

0α  denotes the degree of kinetic energy exchange among velocity components; Z  is a 

viscous cut-off parameter and determines the smallest eddy size for given local flow 

conditions (Kerstein et al., 2001). 

 The sequence of the eddy events is governed by the eddy rate distribution, λ . Given 

a time t, the probability that an eddy event will occur at location, , and within range 

 is 

0y

[ ]ly,y +00 ( l,y;t 0 )λ . Each eddy event changes the velocity field and consequently 

modifies the eddy rate distribution function, λ . In LEM, a mixing model, the eddy rate 

distribution, λ , is prescribed a priori. 

4.4.4 Sampling the Distribution 

Although a sampling of the eddy rate distribution can be used to determine the eddy 

event sequence, the explicit reconstruction of the rate distribution is numerically 
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unaffordable. To overcome this problem, an alternative implementation is used. This 

implementation is based on the ‘rejection method’ described by Ross (1990). In this method, 

the trial values from the sample space are proposed first and then accepted with a probability 

proportional to the probability evaluated with the trial value. The acceptance probability is 

the ratio of the desired probability to the presumed probability, which is properly normalized. 

Again, this is the same strategy that has been adopted by Kerstein and co-workers (Kerstein, 

1999; Echekki et al., 2001) to efficiently compute the velocity and scalar fields within ODT. 

The ODT Acceptance Probability 

The ODT acceptance probability is evaluated based on the eddy rate distribution 

normalized by the guessed probability density functions of l  and  following Kerstein 

(1999) and Echekki et al. (2001) 

0y

 ( )
( ) ( )0

0

yglf
tl,y;tP S

a

∆λ
= , (4-34) 

where St∆  is the time step between successive eddy events, ( )lf  and  are the presumed 

shapes of the probability density functions for an eddy length scale, 

( )0yg

l , and an eddy location, 

, respectively. Choosing a correct 0y St∆  is very critical. If St∆  is too small, then we are 

over sampling the eddy events resulting in added simulation cost; if St∆  is too large, we are 

under sampling the events and the results will be less accurate. The forms for  and ( )lf ( )0yg  

are not unique and they are discussed below. 
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The ODT Length-Scale Distribution 

Following Kerstein (1999) and Echekki et al. (2001), the trial length-scale 

distribution is as follows 

 ( ) 2l
Alf = , (4-35) 

where  is a constant and l  is the eddy length scale. Let the smallest eddy size be denoted as 

“ ” and the largest eddy size be denoted as “b”. The total distribution spanning from the 

smallest eddy length to the largest eddy length is 

A

a

 ( ) 1=∫ dllfb

a
. (4-36) 

Substituting Eq. (4-35) into Eq. (4-36) yields 

  
ab
baA

−
⋅

= . (4-37) 

Thus, the trial length distribution function can be written as 

 ( ) 2

1
lab

balf
−
⋅

= . (4-38) 

The Eddy Location Selection 

The eddy location is sampled from a uniform distribution function on the ODT 

domain. Thus, the distribution function for the eddy location is expressed as 

 ( )
L

yg 1
0 = . (4-39) 

where L is the length of each ODT element. 
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4.5 The Molecular Diffusion and Reaction Processes in ODT 

The molecular diffusion and the reaction terms in the energy and species equations 

are represented by deterministic solutions of the 1D reaction-diffusion transport equations for 

the scalars. The diffusion terms in the momentum equation are represented by deterministic 

solutions of the 1D momentum transport equation. The equations along ODT 1D element can 

be obtained through decomposing Eqs. (4-7)–(4-9). In practical implementations, the 

diffusion terms in Eqs. (4-40)–(4-42) can be multiplied by a factor of 3 to account for the 

diffusion in the two directions that are normal to the ODT 1D element. 

Diffusion for the Velocity Components 

 ⎟⎟
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Reaction-Diffusion for the Temperature 
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Reaction-Diffusion for the Mass Fractions  

 
k

,kk J
t

Y ω
η

ρ η +
∂

∂
=

∂
∂   (4-42) 

For the energy and species equations, the reaction rate terms are computed based on the 

instantaneous and local thermodynamic state of the mixture (i.e. pressure, temperature, and 

composition). 
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4.6 The Convection Process in ODT 

The representation of 3D contributions on the ODT 1D element is the most 

challenging task of developing a hybrid LES-ODT approach. On the ODT 1D element, only 

contributions defined along the 1D domain (e.g. diffusion or convection along ODT) or at a 

ODT cell (e.g. reaction) can be adequately integrated with ODT temporal and spatial 

resolutions. Contributions from the remaining directions are implemented with terms that are 

resolved on a coarser LES grid and time step. In the present formulation, we represent the 

contribution from convective terms (the principal terms to be modeled with 3D contributions) 

using a two-step process: ‘node convection’ at each ODT node combined with ‘intra-node 

relaxation’ or ‘co-linear convection’ along each ODT element. The nodes of ODT are 

illustrated in Figure 4-1, and correspond to the common intersection of ODT domains (3 in a 

Cartesian 3D lattice). Again, we adopt a split operator scheme for the governing equations 

for ODT elements that integrate each process with its own time step. The transport equations 

for convection can be obtained by decomposing Eqs. (4-7) – (4-9). 

Convection for the Velocity Components 
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Convection for the Temperature 
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Convection for the Mass Fractions 
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In Eqs. (4-43) – (4-45),  represents the term solved by LES governing equations.  jû

4.7 Operations for LES-ODT Coupling 

Two operations, interpolation and filtering, are adopted in the present study to couple 

the LES and ODT solutions. Interpolation represents in fact an operation of inverse filtering. 

The interpolation is employed to interpolate the LES resolved velocity field to ODT grids 

during simulations. The filtering operation is used to filter the initial ODT flow field to LES 

grids for initializing the LES field. 

4.7.1 Interpolation 

Interpolation is designed to represent an inverse LES filter. The interpolation is 

conducted in three dimensions using a tri-linear interpolation. The tri-linear interpolation is 

similar to the bilinear interpolation (Press et al., 1996). Here, we will present the tri-linear 

interpolation in a discretized way. We want to find an estimate of g(x,y,z) from a three-

dimensional grid of tabulated values g and 3 one-dimensional vectors giving the tabulated 

values of each of the independent variables x, y, z. To implement it numerically, let’s 

consider a given matrix of functional values fi,j,k, where i varies from 1 to m, j varies from 1 
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to n, k varies from 1 to p. We are also given three arrays xi of length m, yj of length n, and zk 

of length p. The relation of these arrays to the function g(x,y,z) is 

 ( )kjik,j,i z,y,xgf = , (4-46) 

and we want to estimate the function, g,  at point (x,y,z) by interpolation.  

Figure 4-4 illustrates the surrounding points and the interior point in 3D for tri-linear 

interpolation. The eight tabulated points surrounding the desired interior point (x,y,z) are fi,j,k, 

fi+1,j,k, fi,j+1,k, fi,j,k+1, fi+1,j+1,k, fi,j+1,k+1, fi+1,j,k+1, fi+1,j+1,k+1. The location of the interior point 

satisfies 
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The formula for tri-linear interpolation on the surrounding points is 

  
 
 

                                                                                                           (4-48) 

g(x,y,z) = (1 - ∆x) (1 - ∆y) (1 - ∆z) fi,j,k
 + (1 - ∆x) (1 - ∆y) (1 - ∆z) fi,j+1,k
 + (1 - ∆x) (1 - ∆y) (1 - ∆z) fi,j,k+1
 + (1 - ∆x) (1 - ∆y) (1 - ∆z) fi,j+1,k+1
  + (1 - ∆x) (1 - ∆y) (1 - ∆z) fi+1,j,k

 + (1 - ∆x) (1 - ∆y) (1 - ∆z) fi+1,j,k+1
 + (1 - ∆x) (1 - ∆y) (1 - ∆z) fi+1,j+1,k
 + (1 - ∆x) (1 - ∆y) (1 - ∆z) fi+1,j+1,k+1

,

 

 

where 
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The interpolated velocity field is employed in ‘node convection’ and ‘intra-node relaxation’ 

or ‘co-linear convection’ on ODT elements. The benefit of ‘node convection’ and ‘co-linear 

convection’ is to enable the 3D effects of large turbulent eddy motion, and to couple the 

different ODT domains, thus allowing the filtered motion to cascade to small scales within 

ODT.   

fi+1,j,k+1fi,j,k+1k-direction 

fi,j+1,k+1 fi+1,j+1,k+1

 

Figure 4-4 Tri-linear interpolation 
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4.7.2 Filtering 

The filtering operation is carried out in the physical space where weighted averages 

of a variable are computed over a given volume. The filtering operation in the physical space 

is defined as 

 ( ) ( ) ( ) xdxxGxfxf ′′−′= ∫ , (4-50) 

where the integration is over the entire flow domain, f  is the filtered vector or scalar, f  is 

the original vector or scalar, and G is the filter function that must satisfy the normalization 

condition 

 ( ) 1=′′∫ xdxG . (4-51) 

 There are many types of filter functions G. The most commonly used filters are the 

box filter, the Gaussian filter, and the spectral cut-off filter. In the present study, we used the 

box filter. With the box filter, the filtered quantity ( )xf  is the average of the original quantity 

 in the interval ( )xf ′ ∆∆ 2
1

2
1 +<′<− xxx . The box filter function is given below: 
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xx,

xx,
xG . (4-52) 

4.8 Numerical Implementation of Large-Eddy Simulation  

In order to solve the LES governing equations, the closure terms in Eqs. (4-2)–(4-4) 

have to be modeled. Those subgrid closure terms can be modeled using the Smagorinsky 

model (1963), the Germano dynamic model (1991), or the scalar similarity model (Poinsot 
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and Veynante, 2001). However, those gradient-diffusion based models have limitations in 

representing the subgrid fluxes as we have addressed in Chapter 1. Furthermore, our major 

focus is to develop a coupled LES-ODT strategy to model turbulent combustion, not to 

address the details of subgrid flux closure modeling. Therefore, in the present study, we only 

solve the velocity field based on the LES momentum equation. The Smagorinsky model is 

chosen due to its simplicity to model the subgrid stresses by defining the model constant 

using a priori test. A more advanced model may be used in the future work. The numerical 

implementation of the LES momentum equation follows the same procedure discussed in 

section 2.5.4 in Chapter 2. However, both the spatial and the temporal resolution are much 

coarser in LES than in DNS in a real run.  

The Smagorinsky Model 

 Smagorinsky (1963) proposed the most common subgrid stress model. The model is 

based on the assumption that the subgrid stress or flux tensor is a scalar multiple of the 

resolved rate of the stain tensor or of the scalar gradient. It has gained more and more 

popularity since it was proposed because of its simple formulation. In the Smagorinsky 

model, the subgrid stresses are expressed as 

 
ijtij Sντ 2−≈ , (4-53) 

where 
ijS  is the resolved strain 
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and tν  is the subgrid scale eddy viscosity that can be modeled from dimensional arguments 

as  

 SlC tSt
3

23
42∆ν = , (4-55) 

where  is the turbulence integral length scale,  is a model constant, and tl SC S  is defined as 

 ( ) 2
1

2 ijij SSS ≡ . (4-56) 

Eq. (4-55) can be simplified by assuming that the integral length scale  is of the order of 

the grid size 

tl

∆≈tl , thus 

 ( ) SCSt

2∆ν = . (4-57) 

 It should be noted that  depends on the filter type, the numerical method, and the 

flow configuration. For different flows, the constant  is different. For the homogeneous 

isotropic turbulence case,  is approximately 0.2. The model requires a priori knowledge of 

the flow in order to define the coefficient, .  

SC

SC

SC

SC

4.9 Numerical Implementation on ODT Elements 

ODT simulations at each ODT element are implemented as three parallel processes: 

molecular, stirring, and convection. Here, operators in the governing equations for these 

processes are split to integrate the different processes individually. Each process has its own 

time step and timer. One LES time step is divided into several ODT time steps. Each ODT 

time step is equal to the DNS time step. The purpose of letting the ODT time step equal to 
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the DNS time step is to generate ODT statistics that are comparable to DNS statistics at each 

LES time step.  

Figure 4-5 shows a rendering of the parallel processes for the ODT simulation. The 

process with the smallest time step is executed first. The time for this process is advanced 

with the process’ time step at the end of the execution. The next process, which is in line for 

execution because it has the lowest time, is selected and implemented. Once it is 

implemented, its time is advanced by its prescribed increment, and the selection of the next 

process is repeated. This is continued until the integral time of ODT is achieved. Processes 

concerned with the ODT implementation include: turbulent stirring, reaction-diffusion 

integration, and convection integration. 
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Figure 4-5 Implementation of ODT simulations in parallel processes 
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4.9.1 Implementation of the Turbulent Transport 

Steps for the Stirring Process 

The turbulent stirring process, denoted as Ω  in Eqs. (4-7) – (4-9), is carried out in 

five steps: the eddy size selection, the eddy location selection, the eddy rate distribution 

function and the probability computation, the probability acceptance determination, and the 

triplet mapping. The turbulent eddy size is selected according to the length distribution 

function in Eq. (4-38). The discrete eddy size is randomly selected within the range of 6 to 

the smallest eddy size that can be solved by LES, which equals to the ratio of ODT grids 

along one ODT element to LES grids in one direction. Eddy location is randomly selected 

along an ODT element. The probability is then computed based on the rate distribution 

function and Eq. (4-34). The last step is to compare the probability with a random seed to 

determine the acceptance of the eddy. If the probability is smaller than the random seed of 

[0,1], then the eddy stirring events are prohibited; otherwise, if the probability is larger than 

the random seed and smaller than 1, the eddy stirring events are allowed. Then the kernel 

transformation amplitude and function are computed and the triplet mapping of both the 

vector and the scalar fields are carried out. Figure 4-6 is a flow chart that shows the steps of 

the turbulent stirring process. 

Stirring Time Step Adjustment 

The stirring time step is adjusted based on the sampling data and the target 

probability, which is set to 1.0 currently. The time step is adjusted as follows 
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where  is the target probability,  is the maximum probability during sampling,  is 

the new adjusted stirring time step, and  is the old stirring time step. In the present study, 

 is set to 0.1 following the recommendations by McDermott (2005).  
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Figure 4-6 The turbulent stirring process 
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4.9.2 Implementation of Molecular Diffusion and Reaction 

 Eqs. (4-40) – (4-42) are solved explicitly using a second-order central finite 

difference method. In Eqs. (4-41) – (4-42), the reaction rate terms are computed 

instantaneously based on the scalar field and integrated with the diffusion terms with respect 

to time. A check for scalar boundedness is implemented during the time integration. Scalar 

boundedness is equally enforced during the integration of the filtered convection operator. 

4.9.3 Implementation of Convection  

In ODT, the representation of convection is implemented by two distinct processes. 

The first process corresponds to the turbulent stirring events, in which the largest scales are 

comparable to the LES filter size (the smallest scales resolved in LES). The second process 

represents a mean or filtered advection. This advection process is problematic for a number 

of reasons. First, advection occurs in three directions, thus at least two directions can not be 

solved at the ODT time scale or on the ODT 1D element. Second, non-linear contributions 

from convection processes pose important constraints on scalar boundedness. 

In the present study, we implemented a novel method to address the 3D convection 

using ‘node convection’ combined with ‘intra-node relaxation’ or ‘co-linear convection’. We 

will also address the scalar boundedness using the total variation diminishing method (TVD) 

with a flux limiter. 
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The Total Variation Diminishing Method 

The total variation diminishing (TVD) scheme (Tannehill, 1997) is implemented to limit the 

flux and to avoid oscillations that can result in mass fractions going beyond limit. 

Considering Eq. (4-43), the total variation (TV) for the discrete case is given by 

 ∑ −= +
i

ii uu 1TV . (4-59) 

A numerical method is total variation diminishing, or TVD, if 

 ( ) ( )nn uu TVTV 1 ≤+ . (4-60) 

 The second-order upwind scheme proposed by Warming and Beam (1975) is used to 

compute the fluxes for convection. The scheme includes the predictor and the corrector steps 

and uses backward (upwind) differences in both steps.  
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where ct∆  is the convection time step, and the corrector is 
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Substituting Eq. (4-61) into Eq. (4-62), the following one-step algorithm is obtained 
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The third term on the right-hand side of Eq. (4-63) represents contributions from the second-

order corrections to the first order difference. We want to restrict the corrections in regions of 

rapid change to avoid undesirable behavior by limiting the magnitude of the difference in u  

or, more generally, the flux or variable gradients. The scheme can be written as 
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where ψ  is a limiter function, and is defined as a function of the ratios of consecutive 

variations. For simplicity, the limiters can be written based on only the single ratio of the 

local point 
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where the ratios are given as 
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Case 2:  0<jû

The predictor is 
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and the corrector is 
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Substituting Eq. (4-68) into Eq. (4-69), the following one-step algorithm is obtained 
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Applying the flux limiter yields 
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where the flux limiters are given as 
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where the ratios are given as 

  
ii

ii
i uu

uur
−
−

=
+

−−
+

1

1
21 , (4-73) 

and 

  
12

1
23

++

+−
+ −

−
=

ii

ii
i uu

uur . (4-74) 



120 

 

There are various versions of flux limiter functions that satisfy the TVD condition (4-59). In 

the present study, we implemented the “Superbee” limiter of Roe (Tannehill, 1997), which is 

  ( ) ( ) ( )[ ]2min12min0max ,r,,r,r =ψ . (4-75) 

The TVD scheme can be applied in a similar manner for the scalar Eqs. (4-44) and (4-45). 

The Convection Process 

 The convection Eq. (4-43) can be rewritten using Eqs. (4-64) and (4-71) 
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for 0>jû  

and 
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for 0<jû . 

 Figure 4-7 illustrates the ‘node convection’ in three directions. The ‘node convection’ 

for velocity vectors is implemented at each ODT node in the following steps. First, the 

convection terms on the right hand side of Eq. (4-76) or Eq. (4-77) are computed in x , , 

and  directions depending on the sign of the LES interpolated velocity  in each direction 

and are accumulated. Second, Eq. (4-43) is integrated with respect to time and velocities at 

each node are updated in all three directions. Third, the updated velocities are averaged over 

y

z jû
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three directions and the averaged velocity is used as the new velocity at each node. The ‘node 

convection’ for scalars is implemented similarly following the same procedures. 

 ‘Intra-node convection’ or ‘co-linear convection’ for the velocity vectors and the 

scalars is carried out similarly as ‘node convection’ except that it is performed along ODT 

1D elements. This process enables the transfer of statistical contributions from the nodes to 

grid points between the nodes. This is treated as an ‘intra-node relaxation’ or ‘co-linear 

convection’ procedure because the “flow” of statistics is largely governed by the rate of 

transport, which also determines the relative contribution from the nodes. 

LES Grid/ODT
ODT Grid Convection 

Node
ODT Element 

y-direction 

x-direction 
z-direction 

 

Figure 4-7 Schematic show of the node convection 

4.10 Numerical Coupling of LES and ODT 

4.10.1 Solution Algorithm 

 In the present study, the solution algorithm of LES-ODT includes initializing the LES 

field and ODT elements, solving the LES governing equations, interpolating the LES 
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velocity field to ODT elements, adjusting the ODT solution, and carrying out the parallel 

processes in ODT.  Figure 4-8 shows the solution algorithm using a flow chart.  

Start

 

Figure 4-8 Solution algorithm of LES and ODT 

4.10.2 Coupling Procedure 

The coupling of LES and ODT solutions needs to be carried out both temporally and 

spatially. The procedure is presented in the following discussions. 

Time Integration Coupling 

The LES and ODT solutions are coupled at each LES time step. Figure 4-9 shows the 

coupling procedure schematically. The time integration of LES solutions and ODT processes 

Initialize LES field 

Yes 

Time integration of 
LES solution 

End of all LES 
time steps? 

Initialize ODT field 

End 

Adjust ODT solution 

No 

Interpolation of LES 
velocity field to ODT 

field
LES solution at t 

ODT stirring, diffusion and 
reaction, and convection 

Filtering ODT field to 
LES field
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is carried out in four steps. First, the ODT stirring, diffusion and reaction, and convection 

processes are integrated in time for half of a LES time step. Second, the LES field is 

integrated with a LES time step. Third, the ODT velocity field is adjusted based on the LES 

velocity field after integration. Fourth, the ODT field is integrated with a full LES time step. 

Those four steps are repeated until the program reaches the end of all the LES time steps. The 

above time integration procedures are carried out so that the ODT statistics built up over the 

time integration represent the statistics averaged over a LES time step. 

∆tLES

LES

Stirring

Convection

Diffusion and Reaction

∆tLES∆tLES/2 
 

 Figure 4-9 Coupling of LES and ODT 

Spatial Coupling 

The coupling of LES and ODT in space involves: (1) interpolating the velocity from 

LES grids to ODT grids along each element for ‘node convection’ and ‘co-linear convection’ 

in ODT and (2) adjusting the ODT velocity field with a corrector. It is important to note that 

the correction is carried out on the velocity field and not on the scalar field. The interpolation 

is carried out based on Eq. (4-48). The ODT velocity adjustment is discussed below. 

The ODT velocity adjustment is accomplished by adding a corrector to the ODT 

velocity. The corrector is computed as 
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where  denotes the velocity corrector to ODT field,  denotes the LES velocity 

field,  and  denotes the ODT velocity filtered to the LES field. The box filter (4-52) is 

used in the present study due to its simplicity. 

ODTC LES
k,j,iV

fODT
k,j,iV

The adjustment of ODT velocity field enforces the consistency of the velocity fields 

between LES and ODT. Thus, the turbulence decay between LES and ODT are consistent. 

This is very important when turbulence intensity is very high, which generates vigorous 

velocity fluctuations that enhance the turbulent mixing at subgrid scales resolved by ODT. 

4.11 Conclusions 

In this chapter, we have addressed LES and ODT model formulation and the 

numerical implementation in detail. The LES and ODT governing equations for the 

conservation of momentum, energy, and mass fractions are presented. The LES-ODT 

formulation proposed in the present study enables a structure-based strategy to predict 
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subgrid scale processes directly. Moreover, the LES and ODT governing equations are 

formulated to be consistent, and, therefore, different degrees of redundancies between the 

LES and ODT solutions can be established. This consistency also establishes a choice in the 

type of closure used to solve the LES equations. Here, we have adopted a less than full 

coupling between LES and ODT that may use ODT data to build closure models for SGS 

fluxes and stresses, and filtered source terms. The strategy solves the LES momentum 

equations using a “standard” LES closure for SGS stresses. The LES velocity field 

components are used to force consistency between the LES and ODT solutions. Scalar 

transport equations along with momentum equations are solved in the ODT solutions. 

The proposed LES-ODT formulation addresses the limitations faced by traditional 

modeling approaches such as the inadequacy of predicting local extinction and reignition and 

the enormous demand of computational power. ODT is a more advanced model than LEM in 

that the vector field is resolved instantaneously, which allows the eddy rate distribution 

function to be determined based on the available kinetic energy. 

The novel formulation of ODT convection scheme proposed in the present study 

offers a great improvement in addressing the limitations faced by the one-dimensional 

convection along the ODT element. The 3D convection strategy, denoted as ‘node 

convection’, combined with the 1D convection mechanism, denoted as ‘intra-node 

relaxation’ or ‘co-linear convection’, allows three-dimensional convection effect to be 

accounted in the ODT formulation. This feature is critical in predicting the turbulence 

mixing-reaction coupling at subgrid scales. 
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Most importantly, the computational cost for LES-ODT is dramatically reduced 

compared to DNS. Let Nx, Ny, and Nz represent the number of LES grid points in x, y, and z 

direction, respectively. Let λ denote the ratio of ODT grid points to LES grid points, which 

also represent the ratio of the DNS grid points in one direction to LES grid points in the same 

direction. Thus, the ODT grid points required during the simulation is 3λ (Nx ×Ny× Nz). 

Given the condition that DNS grid points in each direction is equal the ODT grid points 

along one ODT element, the number of DNS grid points required during the simulation is 

λ3(Nx ×Ny× Nz). Therefore, the computational cost for ODT is much cheaper than DNS, yet it 

provides robust predictions of turbulent combustion. Typical values for λ are of the order of 

10 and ideally even higher than that, while requirements for LES resolution in practical 

systems place the values of Nx, Ny, or Nz in the range of hundreds, thousands or even higher. 

Therefore, it is easy to see that computational saving in terms of grid points compared to 

DNS can be of the order of 100 or higher. 
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Chapter 5 LES-ODT Simulation Conditions: Autoignition in 

Non-Homogeneous Mixtures 

5.1 Objectives 

In this chapter, the simulation conditions are presented for LES–ODT modeling of 

non-homogeneous autoignition in isotropic turbulence. The autoignition problem has been 

chosen due to the fact that the autoignition in non-homogeneous mixtures offers a number of 

critical challenges to traditional turbulent combustion modeling. The details have been 

addressed in Chapter 3. This chapter is organized as follows. First, the initialization and 

boundary conditions are presented. In order to make LES-ODT results comparable to DNS, 

the initial LES-ODT field is obtained by interpolating the DNS initial flow field. Second, the 

simulation conditions and parameters are discussed. In the present study, both low and high 

turbulence conditions are addressed, with three different Lewis number cases included for the 

high turbulence conditions. For each case, two simulations with different LES spatial 

resolutions are carried out. Finally, the mechanisms for post processing LES-ODT results are 

addressed. 
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5.2 The Governing Equations for Autoignition 

5.2.1 LES Equations 

 Using the same assumptions presented in section 2.4 in Chapter 2, LES governing 

equations in section 4.3.1 for constant density flow are presented below. The equations are 

non-dimensionalized similarly as Eqs. (2-27)–(2-31). 
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The over bars in Eqs. (5-1)–(5-5) represent LES-filtered quantities. The term ( )jiji uuuu −   in 

Eq. (5-2) is the subgrid stress. Terms ( )TuTu ii −  in Eq. (5-3), ( )FiFi YuYu −  in Eq. (5-4), and 

( )OiOi YuYu −  in Eq. (5-5) are subgrid fluxes. Those subgrid stress and fluxes terms need to be 

modeled using a subgrid closure model. 

5.2.2 ODT Equations 

 The ODT equations are obtained from (4-7)–(4-9) based on the assumptions in 

section 2.4 in Chapter 2 and are simplified for constant density flow. The equations are also 

non-dimensionalized similarly as Eqs. (2-27)–(2-31). The factor of 3 in front of the resolved 

diffusion terms in Eqs. (5-6) – (5-9) is to account for the terms contributing to the dissipation 

rate from the two directions that are normal to the ODT 1D element. 
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Conservation of the Fuel 
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Conservation of the Oxidizer 
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5.3 Initialization of the LES-ODT Flow Field 

The initialization of the flow field including initializing the velocity vectors, the 

temperature, and the fuel and the oxidizer mass fractions in all three directions, x , , and 

. In order to generate LES-ODT statistics that are comparable to DNS, the initial vector and 

scalar fields of LES and ODT are obtained from the DNS field. First, the initial flow field is 

generated using DNS employing the steps presented in section 3.2 of Chapter 3. Second, the 

flow field from DNS is interpolated to the ODT field via tri-linear interpolation presented in 

section 4.7.1 of Chapter 4. Finally, the initial LES flow field is obtained from filtering the 

ODT flow field using the box filter in Eq. (4-52). 

y

z

5.4 Boundary Conditions 

Periodic boundary conditions are imposed in all three directions for LES-ODT 

simulations. Specifying the periodic boundary conditions during triplet mapping is tricky and 

special care is recommended. The starting location of an eddy that is selected randomly can 

be near the right boundary of the ODT element. If the lengths for these eddies happen to be 
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long enough such that those eddies extend beyond the boundary, correct boundary conditions 

have to be specified with care to ensure the precision of mapping. 

5.5 Simulation Conditions 

The concept of the turbulence energy spectrum is employed to specify the simulation 

conditions. The energy spectrum is the most important single quantity that characterizes the 

part of the turbulence that is associated with a given length scale (Batchelor, 1982). Theories 

on deriving the turbulence spectrum formula can be found in Pope (2000) and Batchelor 

(1982). Here we only included the expression for the spectrum 

 ( ) ( ) ( )kdE S∫= kk ii2
1 Φ , (5-10) 

where  is the velocity spectrum tensor and ( )kiiΦ ( )kS  is a sphere in the wave space centered 

at the origin with a radius of k . 

 The turbulent energy spectrum is plotted against the wave number in Figure 5-1. As 

we examine the numerical simulation approaches for turbulent combustion from the energy-

spectrum point of view, it is important to re-iterate the distinction between two simulation 

approaches considered here. The first approach is the Direct Numerical Simulation (DNS) 

approach, in which details of the flow at all energy scales are solved completely. The second 

approach is the so-called Very Large-Eddy Simulation (VLES) approach. VLES is a coarse-

grid LES in which the filter size is significantly larger than the DNS spatial resolution. All 

other immediate LES approaches fall inside the range between VLES and DNS. While DNS 

provides detailed, extensive information about the flow, it is computationally too expensive 
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and may not be achievable in complex or industrial flows. VLES is computationally cheap, 

but the detailed information of the flow is missing and modeling this information may not be 

adequately represented by the standard approaches of LES based on extrapolation of resolved 

fields to represent subgrid scales. In the present study, we used two LES spatial resolutions 

that fall between DNS and VLES. Part of the motivation for this choice is to show that the 

proposed LES-ODT approach may be used to represent a broad range of cut-off scales, 

which can span from near DNS to near VLES. 

k
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Figure 5-1 Turbulence energy spectrum plotted as a function of wave numbers 
 

LES-ODT simulations of non-homogeneous autoignition in isotropic turbulence are 

performed for both low and high initial turbulence conditions. The turbulence condition 

imposes a stringent test of the model in predicting the interactions of turbulence and 

chemistry. Therefore, validation of the model for autoignition at both low and high 
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turbulence conditions is essential. Unity Lewis number is used for the low initial turbulence 

case. Three cases with Lewis number equal to 0.5, 1.0, and 2.0 are studied at high turbulence 

conditions. The purpose of carrying out LES-ODT simulations for different Lewis numbers 

is to validate the model against DNS for cases when mass transport plays an important role in 

the autoignition process. For each specific case, different LES resolutions are chosen 

according to the turbulence spectrum perspective. The simulation parameters for all the cases 

are presented in the next section. 

5.6 Simulation Parameters 

The common parameters for all the LES-ODT simulations are listed in Table 5-1.The 

flow and chemistry parameters have been discussed in chapters 2 and 3. The ODT model 

constants 0α , C , and  have been presented in Chapter 4. The ODT model constant S
ZC min 

denotes the minimum eddy size and should be equal to or larger than 6 and also be a multiple 

of 3. The model constant Lmax/∆ denotes the maximum ODT eddy size divided by the 

minimum LES eddy size and should be unity. The model constant for the filter size is chosen 

to be 2 for the box filter during filtering operations applied to the ODT field. The numerical 

parameter of the LES time step is chosen to be 40 times of the DNS time step according to 

the resolution requirement. The ODT time step equals to the DNS time step. The stirring time 

step for ODT is chosen small enough to allow sufficient stirring events to happen without 

over or under sampling the events. The diffusion and reaction time step and the convection 
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time step are all chosen to be at the same magnitude as the stirring time step but are different 

from each other. 

 

Table 5-1 Common parameters for LES-ODT simulation of non-homogeneous 
autoignition in isotropic turbulence 

 

Common Parameter Description Case/ 
Value  

dimension 3D General Characteristics chemistry reacting 
Re Reynolds number 200 
τturb turbulent time scale 13 
τmix scalar mixing time scale 0.15 

Flow 
Characteristics 

Po zeroth-order pressure 1.0 
Pr Prandtl number 0.7 
Da Damköhler number 200 
α non-dimensional heat release 0.75 

Chemistry 
Characteristics 

β Zel’dovich number 2.0 

0α  degree of energy exchange among velocities in ODT 0.33 
C stirring event frequency control parameter 3.78 
CZ viscosity penalty 0.002 
Smin minimum eddy size 6 

Lmax/∆ ratio of maximum ODT eddy size to minimum LES 
eddy size 1.0 

Model 
Constants 

fc filter size 2.0 
L1d number of ODT elements in each direction 17 
NODT ODT grid size along each ODT element 129 

L domain size in each direction 3.6 
∆tLES LES time step 0.04 
∆tODT ODT time step 0.001 
∆tS ODT stirring time step 1.0×10--5

∆tD ODT diffusion and reaction time step 1.2×10-5

∆tC ODT convection time step 9.0×10-6

Numerical 
Parameters 

εSOR Successive Over-Relaxation tolerance 2.5×10-9

Statistics Nbin number of mixture fraction bins 31 
 

The simulation parameters that are specific to each case are listed in Table 5-2. The 

turbulence intensity is defined in Eq. (3-27) and Lewis number is defined in Eq. (2-38). The 
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Taylor microscale is defined in (3-28) and the turbulent time scale and the scalar mixing 

scale are defined in (3-33) and (3-34), respectively. The LES grid size is selected based on 

the spectrum analysis. The number of ODT elements is specified in order to obtain sufficient 

statistics. The ODT grid size is consistent with the DNS grid size so that the statistics 

collected are comparable to DNS statistics. The domain size is also consistent with that used 

in DNS. In Chapter 6 and Chapter 7, case (a) is characterized by the LES grid size equal to 9 

and case (b) is characterized by the LES grid size equal to 17. 

 

Table 5-2 Specific parameters for LES-ODT simulation of non-homogeneous 
autoignition in isotropic turbulence 

 
Specific 

Parameters Description Value 

uturb turbulence intensity 3.0 0.74 
Reλ Taylor time scale 405 100 
Le Lewis number 0.5 1.0 2.0 1.0 

NLES
LES grid size in 
each direction 91 172 91 172 91 172 91 172

5.7 Data Post-Processing 

Simulation results of autoignition in non-homogeneous mixtures using the proposed 

LES-ODT model are post-processed in order to compare with the DNS results. Here, the 

comparisons are based on both volume-averaged statistics and conditional statistics of 

thermo-chemical scalars. Volume-averaged statistics provide measures for the global 

evolution of the mixture and the progress of reaction. Conditional statistics provide further 

                                                 
1 Represent LES-ODT case (a) 
2 Represent LES-ODT case (b) 
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insight into the finite-rate chemistry effects. For an acceptable outcome of the simulations, 

both sets of statistics must be consistent qualitatively and to a large extent quantitatively to 

statistics obtained from DNS. 

5.7.1 Volume-Averaged Statistics 

The first validation experiment is to compare LES-ODT simulation results with DNS 

using volume-averaged statistics, which provide global information on the model 

performance. Note here we will present the results for the LES-ODT case (b), which has a 

LES spatial resolution with 17 grid points in each direction, and compare the results with that 

from DNS. The means include the volume-averaged means of the progress variable (defined 

in 3-37), c , the reaction rate, ω , the temperature, T , and the mass fractions, FY  and OY . 

The RMS include the volume-averaged RMS of the temperature, 2T ′′ , and the mass 

fractions, 2
FY ′′ , and 2

OY ′′ .  

5.7.2 Conditional Statistics  

The statistics from ODT are obtained in such a way that the conditional means and 

RMS of scalars are computed based on averaging the instantaneous scalar field of ODT over 

time and space with respect to the mixture fraction field within a LES time step. The 

conditional mean of a scalar is expressed as 
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where φ  is the conditional mean of a scalar, and ijφ  is the instantaneous value of the scalar, 

 is the index varies from 1 to the total number of ODT time steps, i j  is the index varies 

from 1 to the total number of ODT points, which equals to ODT grid points multiplied by the 

number of ODT elements. Therefore, the conditional mean of a scalar is time and volume- 

averaged with respect to the mixture fraction. The conditional mean square of a scalar is 

computed in the same way 
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22 φφ , (5–12) 

where the instantaneous square value of the scalar ijφ  is averaged over time and space with 

respect to the mixture fraction. Thus, the RMS of the scalar can be expressed as 

 ( ) 2
122 φφφφ −=′′′′ . (5–13) 

5.8 Conclusions 

In this chapter, we have presented the initialization procedure for the LES-ODT field. 

It is accomplished by interpolating the initial DNS flow field to LES and ODT so that LES-

ODT can generate comparable results with DNS. To be consistent with DNS, we used 

periodic boundary conditions for both LES and ODT simulations. The simulation conditions 
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are presented in an energy spectrum perspective. In each case, two simulation cases with 

different LES spatial resolutions are selected based on the energy resolved by LES.  
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Chapter 6 LES-ODT Model Validation: Autoignition in Non-

Homogeneous Mixtures – Volume-Averaged Statistics 

6.1 Objectives 

The principal objective of this chapter is to validate the coupled LES-ODT scheme by 

comparing volume-averaged statistics of thermo-chemical scalars during non-homogeneous 

autoignition in isotropic turbulence with DNS. The unity Lewis number case is studied at 

both low and high turbulence conditions. The simulation time for the low turbulence case is 

longer than for the high turbulence case because the reaction sustains longer. Note here we 

only compare the LES-ODT case (b), which has a LES spatial resolution with 17 grid points 

in each direction, with DNS; similar results can be obtained by comparing LES-ODT case (a) 

with DNS.  

6.2 Extent of Scalar Mixedness 

The extent of scalar mixedness is defined as 

 
( )ZZ
Z
−
′′

=
1

2

ζ , (6-1) 

where Z  is the volume-averaged mean of the mixture fraction, and 2Z ′′  is the volume-

averaged RMS of the mixture fraction. The extent of scalar mixedness represents the extent 

of the fluctuations relative to the means of a scalar. The theoretical range for the extent of 
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scalar mixedness is between 0, representing total mixedness, and 1, representing fully 

segregated mixtures. The temporal evolution of this quantity represents the rate of scalar 

mixing.  

Figure 6-1 shows a comparison of the scalar mixedness as a function of time between 

LES-ODT and DNS for the unity Lewis number case at both low and high turbulence 

conditions. Overall, the prediction for the extent of global scalar mixedness by LES-ODT is 

very good. The results from LES-ODT and DNS follow each other very closely. Initially, the 

mixtures are partially mixed. The mixtures approach a state of complete mixing with a 

relatively high scalar mixing rate at earlier times and a moderate scalar mixing rate at later 

times. This is because the scalar gradients are high initially, thus the mixtures tend to mix and 

diffuse faster. At later stages, the mixtures are approaching homogenization and the scalar 

mixing rate is much lower. The turbulence intensities play an important role on scalar 

mixing. The scalar mixing rate is much higher and the time to approach total mixing is much 

shorter when the turbulence intensity is higher, which is clearly shown in Figure 6-1. 
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(b) 0.3=turbu , Le = 1.0 

 

Figure 6-1 Comparison between LES-ODT and DNS for the extent of scalar mixedness 
as a function of time 
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6.3 Volume-Averaged Means 

 Figure 6-2 shows a comparison of the volume-averaged means of the progress 

variable as a function of time between LES-ODT and DNS for the unity Lewis number case 

at both low and high turbulence conditions. In both cases, LES-ODT generates excellent 

predictions of the global progress of chemistry in time. At low turbulence conditions, LES-

ODT results are almost exactly the same as DNS. In the high-turbulence case, there appears 

to be a shift in the ODT results, which is also observed in the results below for the reaction 

rate. This indicates that a slightly larger number of “failed” ignition kernels are found in the 

LES-ODT simulations, which explains the overall delay in ignition in the LES-ODT results. 

However, this is only a statistical delay due to the fact that the number of total ignition 

kernels is small. Consequently, if a single ignition kernel fails, the global reaction progress 

will be delayed, and this is verified by the fact that this delay is not present locally in the 

conditional statistics included in the next chapter. As expected, given enough time, the 

mixture evolves towards complete combustion as indicated by the asymptotic value of unity 

approaches at later times. Furthermore, the reaction progresses at a much higher speed at 

high turbulence conditions because turbulence enhances mixing. However, turbulence not 

only enhances mixing, but also generates instabilities and flame extinctions especially at 

early stages of ignitions. This is the reason why a small dip is observed at time equal to 1.0 

approximately in the high turbulence case.  
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 Figure 6-2 Comparison between LES-ODT and DNS for volume-averaged means of the 

progress variable as a function of time 
 

 Figure 6-3 shows a comparison of the volume-averaged means of the reaction rate as 

a function of time between LES-ODT and DNS for the unity Lewis number case at both low 

and high turbulence conditions. The figure shows that LES-ODT predicts the global 

evolution of the reaction rate very accurately. In both cases, the reaction rate exhibits a rapid 

increase initially with subsequently a more moderate increase to an intermediate peak value; 

as the mixture evolves towards complete burning, the volume-averaged reaction rate decays 

rapidly to zero. The rates of rise and decay of the mean reaction rates are captured 

successfully by LES-ODT simulations, with the lower turbulence conditions exhibiting an 

approximately factor of 2 decay time in comparison to the high-turbulence conditions (Figure 

6-3 (b)). While the times corresponding to the peak values of the reaction rates are essentially 

the same between LES-ODT and DNS results, the magnitude of the peaks associated with the 

LES-ODT simulations are lower by as much as 18% in the high-turbulence case (Figure 6-3 

(b)) and are slightly higher for the low turbulence case (Figure 6-3 (a)).  This difference is 
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consistent with what we have observed from the volume-averaged means of the progress 

variable and the reason has been stated clearly. 
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 Figure 6-3 Comparison between LES-ODT and DNS for volume-averaged means of the 

reaction rate as a function of time 
 

 Figure 6-4, Figure 6-5, and Figure 6-6 show a comparison of volume-averaged 

means of the temperature, the fuel mass fraction, and the oxidizer mass fraction, respectively, 

between LES-ODT and DNS for the unity Lewis number case at both low and high 

turbulence conditions. The figures show that the agreement between LES-ODT and DNS 

results is very good. Both of them exhibit the same trends in time including the initial rapid 

rise of the temperature and the initial rapid decay of the reactants’ mass fractions followed by 

the leveling off of chemical conversion at later stages of the mixture evolution. In all the 

cases, the volume-averaged means of the temperature and the reactants’ mass fractions 

approach an asymptotic value that indicates complete burning of the mixture. Later 

comparisons of conditional statistics reveal that the particular modes of burning reach this 

asymptotic state. Again, the time scales associated with the volume-averaged statistics also 

occur over similar scales between LES and DNS, and take approximately twice as long for 
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the lower turbulence case (Figure 6-4, Figure 6-5, and Figure 6-6 (a)). A difference of 

approximately 2% between LES-ODT and DNS results is observed at high turbulence 

conditions. Volume-averaged means of LES-ODT temperature is slightly slower than that of 

DNS temperature due to the slightly lower magnitude of the reaction rate and the subtle delay 

of the ignition as observed before in the volume-averaged means of the progress variable. As 

a result, the prediction by LES-ODT exhibits a slower consumption rate of reactants 

compared to DNS. 
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Figure 6-4 Comparison between LES-ODT and DNS for volume-averaged means of the 

temperature as a function of time 
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 Figure 6-5 Comparison between LES-ODT and DNS for volume-averaged means of the 

fuel mass fraction as a function of time 
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 Figure 6-6 Comparison between LES-ODT and DNS for volume-averaged means of the 

oxidizer mass fraction as a function of time 
 

In summary, the volume-averaged means show that LES-ODT generates excellent 

predictions of the global scalar mixing rate, the progress of chemistry, the global evolution of 

the reaction rate and the temperature, and the global consumption rate of the reactants’ mass 

fractions. The subtle delay in ignition shown in the LES-ODT simulation results at high 

turbulence conditions is only a statistical delay, which is not present in the conditional 

statistics included in the next chapter. The reason attributes to the fact that the number of 

total ignition kernels is small and consequently, if a single ignition kernel fails, the global 

reaction progress will be delayed. Overall, the volume-averaged means provide us a solid 

validation of the LES-ODT model against DNS. However, it is extremely difficult to capture 

the higher-order moments of the volume-averaged statistics, especially at high turbulence 

conditions. The following discussion will be focused on comparing the second moments of 

volume-averaged statistics between LES-ODT and DNS. 
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6.4 Volume-Averaged RMS 

Higher order statistics present more significant challenges to models of turbulent 

combustion. They also reflect additional moments of the statistical distribution of thermo-

chemical scalars, such as the shape of the probability-density function (PDF) of these scalars. 

The discussion below provides additional comparisons of LES-ODT and DNS results based 

on the second moments of the scalar statistics. 
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 Figure 6-7 Comparison between LES-ODT and DNS for volume-averaged RMS of the 

temperature as a function of time 
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Figure 6-8 Comparison between LES-ODT and DNS for volume-averaged RMS of the 

fuel mass fraction as a function of time 
 



147 

 

Time

Y
o R

M
S

0 1 2 3 4 5 6
0

0.06

0.12
DNS
ODT

 
(a) , Le = 1.0 74.0=turbu

Time

Y
o R

M
S

0 1 2 3
0

0.06

0.12
DNS
ODT

 
(b) 0.3=turbu , Le = 1.0 

 
 Figure 6-9 Comparison between LES-ODT and DNS for volume-averaged RMS of the 

oxidizer mass fraction as a function of time 
 

Figure 6-7, Figure 6-8, and Figure 6-9 show a comparison of the volume-averaged 

RMS of the temperature, the fuel mass fraction, and the oxidizer mass fraction, respectively, 

between LES-ODT and DNS for the unity Lewis number case at both low and high 

turbulence conditions. LES-ODT provides an excellent prediction of the global fluctuations 

of thermo-chemical scalars overall. At both turbulence conditions, the global fluctuations of 

thermo-chemical scalars are successfully captured by LES-ODT compared to DNS. At high 

turbulence conditions, the fluctuations of quantities from LES-ODT show a small difference 

compared to DNS. Given the fact the overall magnitude of the RMS is small, the difference 

between LES-ODT and DNS is not significant. The reason again attributes to the subtle 

statistical ignition delay due to the fact that the number of total ignition kernels is small. 

6.5 Conclusions 

In this chapter, we validate the LES-ODT against DNS based on volume-averaged 

statistics. Both low and high turbulence conditions are studied. LES-ODT provides very good 
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predictions of the global scalar mixing rate, the global progress of chemistry, the global 

evolution of the reaction rate and the temperature, and the global consumption rate of the 

reactants’ mass fractions. Moreover, the predictions of the global fluctuations of the thermo-

chemical scalars by LES-ODT are excellent. The time for the global progress of autoignition 

process at low turbulence conditions is twice as long as at high turbulence conditions, which 

is captured by LES-ODT successfully. Furthermore, a subtle statistical ignition delay is 

observed in LES-ODT simulations for the high turbulence case. The reason attributes to the 

fact that the number of total ignition kernels is small. Thus, a single failed ignition kernel 

may have an effect on the total ignition progress. This explanation can be verified by the 

results included in the next chapter because this delay is not present in the conditional 

statistics. 
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Chapter 7 LES-ODT Model Validation: Autoignition in Non-

Homogeneous Mixtures – Conditional Statistics 

7.1 Objectives 

In the previous chapter, we validate LES-ODT model by comparing the volume-

averaged statistics between LES-ODT and DNS. While volume-averaged statistics provide 

us information on the global performance of the model, conditional statistics shed more light 

onto finite-rate chemistry effects involved in the autoignition process. Therefore, validation 

of the LES-ODT model formulation by comparing the conditional statistics from LES-ODT 

with that from DNS is another important indicator of the LES-ODT model performance. 

In the following discussion, we will compare the conditional statistical results 

obtained from LES-ODT with that from DNS. The DNS statistics are generated by averaging 

over a time period that equals to 40 DNS time steps, with 20 time steps before and 20 time 

steps after the actual, instantaneous time. This is because LES time step equals to 40 DNS 

time steps. The remainder sections are organized as follows. First, the unity Lewis number 

case with low turbulence conditions is presented. Second, the three Lewis number cases with 

high turbulence conditions are discussed. In each case, the results of conditional means and 

RMS are compared between two LES-ODT cases and the DNS case. 
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7.2 Case with the Low Turbulence Intensity 

The comparison between LES-ODT and DNS conditional statistics at low turbulence 

conditions is performed in this section. The non-dimensional time period is from 0 to 6.0, in 

which the kernels start with ignition at lean mixture conditions, propagate from lean to rich 

conditions, and then subside near stoichiometric conditions with a diffusion flame burning 

mode. The conditional means and RMS are compared between two LES-ODT cases (a) and 

(b) with DNS. In case (a) of LES-ODT, the LES spatial resolution with 9 grid points in each 

direction is used and in case (b), a higher LES spatial resolution with 17 grid points in each 

direction is employed. The conditional means are discussed first and the conditional RMS is 

presented second. 

7.2.1 Conditional Means of the Temperature 

Figure 7-1 shows a comparison of the conditional means of the temperature between 

LES-ODT and DNS for the low turbulence case. Overall, LES-ODT results agree very well 

with DNS results during the whole autoignition process. The ignition is characterized by the 

departure of the temperature from the pure mixing linear profile, which is a straight line with 

a negative slope. Then the ignition kernels propagate from lean to rich mixtures and the peak 

temperature is found near the stoichiometric conditions due to the formation of diffusion 

flames at later stages of burning. The LES-ODT simulations successfully capture the onset of 

ignition and the transition of burning modes from lean premixed to rich premixed flames, the 

location and the magnitude of the peak values, and the shrinking speed of the mixture 
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fraction range due to mixing. Both LES-ODT cases (a) and (b) agree very well with the DNS 

results. This indicates that LES-ODT is reasonably independent of the LES spatial resolution. 
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 Figure 7-1 Comparison of conditional means of the temperature between LES-ODT 

and DNS at different times for the low turbulence case with Le = 1 
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7.2.2 Conditional Means of the Mass Fractions 

Figure 7-2 and Figure 7-3 show the conditional means of the fuel and the oxidizer 

mass fractions obtained from LES-ODT and DNS, respectively, at different times for the low 

turbulence condition. In general, LES-ODT predicts the conditional means of the reactants’ 

mass fractions very well. The onset of ignition is characterized by the departure of the 

reactants’ mass fractions from the pure mixing linear line at lean conditions due to the 

initially preheated oxidizer. As the ignition kernels propagate from lean to rich mixtures, 

reactants are consumed and further departure of the mass fractions from the pure mixing 

profile is observed. During the whole autoignition process, the fuel and the oxidizer diffuse 

towards each other and the mixture fraction range shrinks due to mixing. At the later stages 

of burning, diffusion flames are formed near the stoichiometric condition due to burning of 

excess fuel and oxidizer. LES-ODT is able to capture the ignition in lean mixtures, the 

propagation of the kernels, the distinct burning modes, and the shrinking of the mixture 

fraction range. Similar to what we have observed from the conditional means of the 

temperature, both LES-ODT cases generate accurate results compared to DNS and provide 

excellent predictions of the physics. Again, the LES-ODT model is reasonably independent 

of the LES spatial resolution. 
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Figure 7-2 Comparison of conditional means of the fuel mass fraction between LES-

ODT and DNS at different times for the low turbulence case with Le = 1 
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Figure 7-3 Comparison of conditional means of the oxidizer mass fraction between 

LES-ODT and DNS at different times for the low turbulence case with Le = 1 

7.2.3 Conditional Means of the Reaction Rate 

 Figure 7-4 shows a comparison of the conditional means of the reaction rate between 

LES-ODT and DNS for the low turbulence case at different times. Overall, the results show 

excellent agreement between LES-ODT and DNS. The ignition takes place in discrete 
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kernels at lean conditions due to the preheated oxidizer. The transition of burning modes 

from lean to rich premixed flames occur at stoichiometric conditions as flame kernels 

propagate from lean to rich conditions. At the end of the burning process (time equal to 6.0), 

only non-premixed burning is observed in the diffusion flame mode. Those physics are 

clearly represented by LES-ODT simulation results. Moreover, the shrinking of the mixture 

fraction range during the autoignition process is captured by LES-ODT accurately. Again 

both LES-ODT cases (a) and (b) show comparable results to DNS and LES-ODT model is 

independent of the LES spatial resolution. As we can see from the results, the magnitude of 

diffusion flames is tremendously lower compared to the lean and rich premixed flames and it 

is much harder to predict. Nevertheless, LES-ODT is able to capture not only the non-

premixed burning mode at the end of the burning process but also the magnitude of the 

diffusion flames with comparable accuracy to DNS. Thus, LES-ODT is a very promising 

model for predicting the transient nature of the autoignition process in non-homogeneous 

mixtures.  
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Figure 7-4 Comparison of conditional means of the reaction rate between LES-ODT 

and DNS at different times for the low turbulence case with Le = 1 
 

LES-ODT successfully predicts the physics that are represented by DNS. The physics 

include the onset of ignition, the distinct burning modes, the transition of these burning 

modes, and the locations and the magnitude of the peak values in the mixture fraction space. 

This provides us a fundamental validation of the LES-ODT model. The next task is to 

validate the LES-ODT model based on the RMS of reactive scalars. The second moments of 
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the conditional statistics are much harder to model; however, modeling higher order 

moments is an integral part of the model validation process because the fluctuations of 

scalars and interactions of mixing and chemistry at subgrid scales must be represented with 

reasonable accuracy in order to simulate the turbulent combustion process successfully.  

7.2.4 Conditional RMS of the Temperature and the Mass Fractions 

 Figure 7-5, Figure 7-6, and Figure 7-7 show a comparison of conditional RMS of the 

temperature, the fuel mass fraction, and the oxidizer mass fraction, respectively, between 

LES-ODT and DNS at different times. The overall prediction of fluctuations of the thermo-

chemical scalars by LES-ODT is very good. The shifting of peaks corresponds to the 

propagation of ignition kernels from lean to rich conditions. The fluctuations of thermo-

chemical scalars during rich premixed burning are larger than those during lean premixed 

burning. At later stages of the autoignition process, the fluctuations are only present near the 

stoichiometric conditions due to non-premixed burning in the diffusion flame mode. LES-

ODT is able to represent not only the kernel propagation and distinct burning modes but also 

the magnitude and the location of the peaks at different mixture fraction values during the 

whole autoignition process. Moreover, the mixture fraction range corresponds to the 

conditional RMS of the temperature shrinks during the autoignition process due to mixing. 

This is also predicted by LES-ODT accurately. Furthermore, both LES-ODT cases (a) and 

(b) represent the fluctuations with comparable accuracy to DNS and the effects of the LES 

spatial resolution on the model performance are negligible. 
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 Figure 7-5 Comparison of conditional RMS of the temperature between LES-ODT and 

DNS at different times for the low turbulence case with Le = 1 
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 Figure 7-6 Comparison of conditional RMS of the fuel mass fraction between LES-

ODT and DNS at different times for the low turbulence case with Le = 1 
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 Figure 7-7 Comparison of conditional RMS of the oxidizer mass fraction between LES-

ODT and DNS at different times for the low turbulence case with Le = 1 
 

As a short conclusion of this section, LES-ODT provides very good predictions of 

fluctuations of thermo-chemical scalars in the mixture fraction space. LES-ODT is able to 

capture the onset of ignition, the kernel propagation, and the transition of burning modes 

during the whole combustion process. Furthermore, the magnitudes and the location of peaks 
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are represented by LES-ODT accurately. In the next section, the validation of LES-ODT 

model is carried out further for high turbulence conditions. 

7.3 Case with the High Turbulence Intensity 

High turbulence conditions can generate effects such as flame instabilities and high 

fluctuations of vector and scalar fields. Thus, validation of the LES-ODT model against DNS 

is essentially harder compared to the low turbulence case. In this section, the conditional 

statistics from LES-ODT and DNS are compared for three different Lewis number cases, in 

which Lewis number equal to 0.5, 1.0, and 2.0, respectively. In each Lewis number case, the 

conditional means and RMS are compared between two LES-ODT cases (a) and (b) with 

DNS. In case (a) of LES-ODT, LES spatial resolution with 9 grid points in each direction is 

used and in case (b), a higher LES spatial resolution with 17 grid points in each direction is 

employed. For the high turbulence cases, time period from 0 to 2.8 is sufficient to compare 

the statistics because complete combustion is achieved earlier compared to the low 

turbulence case. 

7.3.1 Conditional Means of the Temperature 

 Figure 7-8, Figure 7-9, and Figure 7-10 show a comparison of the conditional means 

of temperature between LES-ODT and DNS at different times for high turbulence conditions 

with Lewis numbers equal to 0.5, 1.0, and 2.0, respectively. The overall agreement between 

LES-ODT and DNS is excellent. Similar to what we have observed from the low turbulence 
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case, the onset of ignition is again captured by LES-ODT correctly. Different from the low 

turbulence case, complete combustion is achieved before flames reach the rich mixtures and 

only lean premixed burning mode is present. This is predicted by LES-ODT accurately. 

Moreover, the magnitude and the location of the peaks are represented in LES-ODT with 

reasonable accuracy. The Lewis number effects and turbulence condition effects are 

represented by LES-ODT precisely. Discussions on the details of those effects are included 

in section 3.7.1 on page 54. Furthermore, results from both LES-ODT cases (a) and (b) are 

accurate and the LES grid size has negligible effects on LES-ODT model performance. 

The difference in the mixture fraction range between LES-ODT and DNS indicates 

that the local dissipation of turbulence between LES-ODT and DNS is marginally different 

and further refinements of the SGS models for SGS stresses can provide additional 

improvements in the LES-ODT model predictions. Potentially, the Germano dynamic model, 

in which the model constant is computed instantaneously based on the flow field, or more 

complex refinements in the modeling of SGS stresses can be used to refine the closure model 

for LES subgrid stresses. Ultimately, a direct evaluation of these terms can be achieved using 

the ODT data.  
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 Figure 7-8 Comparison of conditional means of the temperature between LES-ODT 

and DNS at different times for the high turbulence case with Le = 0.5 
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 Figure 7-9 Comparison of conditional means of the temperature between LES-ODT 

and DNS at different times for the high turbulence case with Le = 1.0 
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 Figure 7-10 Comparison of conditional means of the temperature between LES-ODT 

and DNS at different times for the high turbulence case with Le = 2.0 
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7.3.2 Conditional Means of the Fuel Mass Fraction 

 Figure 7-11, Figure 7-12, and Figure 7-13 show a comparison of the conditional 

means of the fuel mass fractions between LES-ODT and DNS at different times at high 

turbulence conditions with Lewis numbers equal to 0.5, 1.0, and 2.0, respectively. LES-ODT 

provides an excellent agreement with DNS in the predictions of the fuel consumption during 

the autoignition process in the mixture fraction. The onset of the ignition characterized by the 

departure of the fuel mass fraction from the pure mixing linear profile is clearly represented 

by LES-ODT. Due to high turbulence conditions, the fuel is depleted in the lean conditions. 

LES-ODT reproduces the physics represented by DNS results. Furthermore, LES-ODT 

provides excellent predictions of the Lewis number effects and the turbulence effects 

documented in section 3.7.1. Results from both LES-ODT cases (a) and (b) are accurate and 

LES-ODT model performance is reasonably independent of the LES grid size. 

Again, the difference in the mixture fraction range between LES-ODT and DNS may 

be attributed to the marginal difference in the local turbulence dissipation between those two 

schemes. Some strategies for improvement have been addressed in section 7.3.1. 
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 Figure 7-11 Comparison of conditional means of the fuel mass fraction between LES-

ODT and DNS at different times for the high turbulence case with Le = 0.5 
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 Figure 7-12 Comparison of conditional means of the fuel mass fraction between LES-

ODT and DNS at different times for the high turbulence case with Le = 1.0 
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 Figure 7-13 Comparison of conditional means of the fuel mass fraction between LES-

ODT and DNS at different times for the high turbulence case with Le = 2.0 
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7.3.3 Conditional Means of the Oxidizer Mass Fraction 

 Figure 7-14, Figure 7-15, and Figure 7-16 show a comparison of the conditional 

means of the oxidizer mass fractions between LES-ODT and DNS at different times at high 

turbulence conditions with Lewis numbers equal to 0.5, 1.0, and 2.0, respectively. LES-ODT 

generates excellent predictions of the oxidizer consumption in the mixture fraction space 

during the autoignition process. The onset of the ignition is characterized by the departure of 

the oxidizer mass fraction from the pure mixing linear profile and this is clearly represented 

by LES-ODT. Due to high turbulence conditions, the oxidizer is depleted before flames reach 

the rich conditions. LES-ODT reproduces the physics represented by DNS results. 

Furthermore, LES-ODT accurately captures the Lewis number effects and the turbulence 

condition effects documented in section 3.7.1. Results from both LES-ODT cases (a) and (b) 

are consistent and LES-ODT model performance is reasonably independent of the LES grid 

size. 
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 Figure 7-14 Comparison of conditional means of the oxidizer mass fraction between 

LES-ODT and DNS at different times for the high turbulence case with Le = 0.5 
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 Figure 7-15 Comparison of conditional means of the oxidizer mass fraction between 

LES-ODT and DNS at different times for the high turbulence case with Le = 1.0 
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 Figure 7-16 Comparison of conditional means of the oxidizer mass fraction between 

LES-ODT and DNS at different times for the high turbulence case with Le = 2.0 
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7.3.4 Conditional Means of the Reaction Rate 

The conditional means of the reaction rate are presented based on LES-ODT and 

DNS statistics at high turbulence conditions with different Lewis numbers of 0.5, 1.0, and 

2.0. The results are shown in Figure 7-17, Figure 7-18, and Figure 7-19, respectively. The 

overall prediction of the conditional means of the reaction rate by LES-ODT is very good. 

Ignition occurs in discrete kernels at fuel lean conditions and kernels propagate from low 

mixture fraction values to high mixture values. However, as observed earlier, there are no 

indications of fuel rich burning because the higher mixing rates associated with the higher 

turbulence intensities. Therefore, only the lean premixed burning mode is present in both 

LES-ODT and DNS results. The rich premixed and diffusion flame burning modes are absent 

in the high turbulence cases. Furthermore, the locations of the peak values of conditional 

means of the reaction rate are captured accurately by LES-ODT. The turbulence intensity 

effects and Lewis number effects documented in section 3.7.1 are also captured by both 

simulation approaches. Results from both LES-ODT cases (a) and (b) are consistent, and 

LES-ODT model performance is reasonably independent of the LES grid size. 
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 Figure 7-17 Comparison of conditional means of the reaction rate between LES-ODT 

and DNS at different times for the high turbulence case with Le = 0.5 
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 Figure 7-18 Comparison of conditional means of the reaction rate between LES-ODT 

and DNS at different times for the high turbulence case with Le = 1.0 
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 Figure 7-19 Comparison of conditional means of the reaction rate between LES-ODT 

and DNS at different times for the high turbulence case with Le = 2.0 
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The above discussion has been focused on validating the LES-ODT model against 

DNS at high turbulence intensity conditions using the conditional mean values. The results 

obtained from two LES-ODT simulations cases provide very good agreement with DNS 

results for all the Lewis number cases at high turbulence conditions. Modeling of the 

fluctuations poses a difficult task and we will address it in the following discussion. 

7.3.5 Conditional RMS of the Temperature 

Figure 7-20, Figure 7-21, and Figure 7-22 show a comparison of the conditional RMS 

of the temperature between LES-ODT and DNS at high turbulence conditions with Lewis 

numbers equal to 0.5, 1.0, and 2.0, respectively. The results show that the fluctuations of 

temperature in the mixture fraction space are represented accurately by LES-ODT and the 

overall agreement between LES-ODT and DNS is excellent. Different from the low 

turbulence case, complete burning is achieved before flames reach the rich mixtures and only 

lean premixed burning mode is present. This is predicted by LES-ODT accurately. Moreover, 

the magnitude and the location of the peaks are represented in LES-ODT with reasonable 

accuracy. The Lewis number effects and turbulence condition effects are represented by 

LES-ODT precisely. Discussions on the details of those effects are included in section 3.7.1 

on page 54. Furthermore, results from both LES-ODT cases (a) and (b) are accurate and the 

LES grid size has negligible effects on LES-ODT model performance.  
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 Figure 7-20 Comparison of conditional RMS of the temperature between LES-ODT 

and DNS at different times for the high turbulence case with Le = 0.5 
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 Figure 7-21 Comparison of conditional RMS of the temperature between LES-ODT 

and DNS at different times for the high turbulence case with Le = 1.0 
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 Figure 7-22 Comparison of conditional RMS of the temperature between LES-ODT 

and DNS at different times for the high turbulence case with Le = 2.0 



182 

 

 
Note that the turbulence intensity is relatively high compared to the low-turbulence 

simulations, and we have seen already the effects of the turbulence intensity on chemistry. 

These effects are amplified when we considered higher moments of scalar statistics. This is 

clearly illustrated by the more pronounced differences between the conditional RMS of the 

temperature between LES-ODT and DNS at high turbulence intensities. It is possible that 

additional fine-tuning of the model constants or the SGS stresses and fluxes models can 

result in improved agreements for higher moments of scalar statistics between LES-ODT and 

DNS. However, given the fact the overall magnitude of the RMS is small, the difference 

between LES-ODT and DNS does not impact significantly the positive attributes of the 

proposed model to address important finite-rate chemistry effects. 

7.3.6 Conditional RMS of the Fuel Mass Fraction 

 Figure 7-23, Figure 7-24, and Figure 7-25 show a comparison of the conditional 

RMS of the fuel mass fraction between LES-ODT and DNS at high turbulence condition 

with Lewis numbers equal to 0.5, 1.0, and 2.0, respectively. The fluctuations of the fuel mass 

fraction are predicted accurately by LES-ODT. Because the results are similar to the 

conditional RMS of the temperature, the results are included for completeness and readers 

are referred to section 7.3.5 for detailed discussions.  
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 Figure 7-23 Comparison of conditional RMS of the fuel mass fraction between LES-

ODT and DNS for the high turbulence case with Le = 0.5 
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 Figure 7-24 Comparison of conditional RMS of the fuel mass fraction between LES-

ODT and DNS for the high turbulence case with Le = 1.0 
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 Figure 7-25 Comparison of conditional RMS of the fuel mass fraction between LES-

ODT and DNS for the high turbulence case with Le = 2.0 
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7.3.7 Conditional RMS of the Oxidizer Mass Fraction 

 Figure 7-26, Figure 7-27, and Figure 7-28 show a comparison of the conditional 

RMS of the oxidizer mass fraction between LES-ODT and DNS at high turbulence condition 

with Lewis numbers equal to 0.5, 1.0, and 2.0, respectively. The fluctuations of the oxidizer 

mass fraction are predicted accurately by LES-ODT. Again the results are similar to the 

conditional RMS of the temperature and readers are referred to section 7.3.5 for detailed 

discussions. 
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 Figure 7-26 Comparison of conditional RMS of the oxidizer mass fraction between 

LES-ODT and DNS for the high turbulence case with Le = 0.5 
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 Figure 7-27 Comparison of conditional RMS of the oxidizer mass fraction between 

LES-ODT and DNS for the high turbulence case with Le = 1.0 
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 Figure 7-28 Comparison of conditional RMS of the oxidizer mass fraction between 

LES-ODT and DNS for the high turbulence case with Le = 2.0 
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In conclusion, LES-ODT simulation results provide excellent predictions of the first 

and second-order conditional statistics in the mixture fraction space during the whole 

autoignition process at high turbulence conditions. LES-ODT simulation captures not only 

the onset of ignition and kernel propagation, but also peak values and the locations of the 

peaks in the conditional statistics as well. Moreover, the turbulence condition effects and 

Lewis number effects are represented by LES-ODT accurately. 

7.4 Conclusions 

In this chapter, we have assessed and validated LES-ODT model based on conditional 

statistics for non-homogenous autoignition in isotropic turbulence. Two LES-ODT 

simulation cases with different LES spatial resolutions are performed. 

Both low and high turbulence conditions are studied and different Lewis number 

cases for the high turbulence conditions are examined. LES-ODT simulation results show 

excellent agreement with DNS results at both low and high turbulence conditions. LES-ODT 

simulation captures not only the onset of ignition, the kernel propagation, the transition of 

burning modes (low turbulence case), but also the peak values and the locations of the peaks 

in the conditional statistics as well. Moreover, the turbulence condition effects and Lewis 

number effects are represented by LES-ODT accurately. 

The difference in the mixture fraction range between LES-ODT and DNS indicates 

that further refinements of the SGS models for SGS stresses can provide additional 

improvements in the LES-ODT model predictions. The excellent agreement between LES-
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ODT and DNS results provides a solid foundation for the model validation. LES-ODT is a 

very promising model for simulating the turbulent combustion processes. 
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Chapter 8 Conclusions and Recommendations for Future Work 

8.1 Introduction 

A new hybrid numerical scheme based on LES and ODT is developed. The 

development of the model relies on a detailed implementation of the interactions between 

turbulent mixing and chemical reactions. The formulation of the hybrid scheme is discussed 

in detail and the validation of the scheme based on traditional direct numerical simulation 

results is carried out. The major findings and recommendations for future work based on the 

present study are presented below. 

8.2 Conclusions 

8.2.1 DNS results 

Chapter 3 presents the 3D direct numerical simulation results of non-homogeneous 

autoignition in isotropic turbulence. This chapter serves as a fundamental basis for testing 

and validating the new hybrid scheme. It also serves to illustrate a canonical flow that may 

present challenges for the most common models of LES of turbulent combustion. The 

initialization of the flow field using von Karman-Pao spectrum is described and the periodic 

boundary condition is implied. The conditional statistics with respect to one conditioning 

variable, the mixture fraction, are discussed.  
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The turbulence intensity plays an important role in the evolution of autoignition in 

non-homogeneous mixture, since it affects the competition between mixing and chemistry. 

Three burning modes exist in the low turbulence case but only one burning mode exists in the 

high turbulence cases. Furthermore, Lewis number effects are studied. These effects 

contribute to the conditional statistics of reactive scalars in two major aspects. Higher Lewis 

numbers correspond to lower mass diffusivity compared to the energy transport. This has two 

consequences. First, the scalar molecular mixing rate is lower, which results in a wider 

mixture fraction range. Second, because the scalar gradients are higher, the size of the 

kernels will be smaller. Thus, the heat loss of the kernels is higher, which results in a lower 

magnitude of the conditional means of the temperature and the reaction rate, and a lower 

magnitude of conditional RMS of thermo-chemical scalars. Consequently the fuel and the 

oxidizer are consumed less. 

The transition and propagation of flames during the autoignition process in the lean 

preheated mixtures are present in the conditional statistics. These statistics depart 

fundamentally from those obtained by using fully segregated mixtures of the fuel and the 

oxidizer (Mastorakos, 1998 and Sreedhara, 2000). The study further shows that the transient 

behavior is also present in the second order conditional statistics. Therefore, higher order 

conditioning may not adequately address the complexity exhibited by the kernel propagation 

in both the mixture fraction and physical spaces. The applicability to use a second-

conditioning variable, the reduced temperature, is also explored. The scatter plots presented 

in Chapter 3 show that the second conditioning only provides consistent profiles for unity 
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Lewis number cases regardless of the turbulence conditions. For cases with non-unity Lewis 

numbers, more conditioning variables may be needed to address the kernel propagation 

shown in the non-homogeneous autoignition. 

8.2.2 LES-ODT Model Formulation 

 Chapter 4 documents the LES-ODT model formulation and the numerical 

implementation. The governing equations are provided here, which are not available in other 

references. The LES governing equations are obtained by applying spatial filtering operations 

to the instantaneous equations. The ODT formulation includes representing the stochastic 

stirring events via triplet maps, solving one-dimensional reaction-diffusion transport 

equations for the molecular diffusion and reaction terms, and constructing schemes for 

convection. The numerical implementation of LES-ODT is addressed in detail. The 

stochastic stirring process and the molecular diffusion and reaction processes are 

implemented similarly as proposed by Kerstein (1999) in ‘Vector-ODT’. 

An innovative approach is proposed in the present study to address the turbulent 

convection, which was not included in the vector ODT formulation by Kerstein (1999, 2001). 

The convection scheme is characterized by the ‘node convection’ combined with the ‘intra-

node relaxation’ or ‘co-linear convection’. The motivation for the ‘node convection’ is to 

address the limitations faced by the one-dimensional convection along the ODT element and 

to account the 3D convection. Therefore, the ODT velocity and scalar information at each 

node, the intersection of three ODT elements in 3D space, is updated to represent the field in 
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three directions. Each ‘node convection’ event is followed by one ‘intra-node relaxation’ or 

‘co-linear convection’ event involving 1D convection at each ODT grid point on each ODT 

element. The ‘co-linear convection’ accounts for the turbulent transport on ODT 1D element. 

In both the ‘node convection’ and the ‘co-linear convection’, the TVD scheme is 

implemented to enforce scalar boundedness. The TVD scheme used here is the second order 

upwind scheme proposed by Warming and Beam (1975) with the “Superbee” flux limiter of 

Roe (1985).  

8.2.3 LES-ODT Coupling 

Chapter 4 also presents the coupling procedure for LES and ODT. Currently, LES 

only solves the vector field and the Smagorinsky model is used to represent the subgrid 

stresses. The velocity field solved by LES is interpolated to the ODT field to provide global 

information on the turbulence field. The solution algorithm to couple LES with ODT 

temporally and spatially is presented. LES and ODT are coupled at the LES time step 

temporally. Each ODT process has a much smaller time step compared to the LES time step. 

The spatial coupling between LES and ODT involves interpolating the velocity from LES 

grids to ODT grids along each ODT element and adjusting the ODT velocity field by adding 

a correction from the interpolated value obtained from the LES field and the filtered ODT 

field. Therefore, LES provides the global information of turbulence for ODT and ODT 

utilizes this information to represent the interactions of turbulent mixing and chemical 

reaction at subgrid scales.  
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8.2.4 LES-ODT Model Validation Using Volume-Averaged Statistics 

The first test performed to validate the LES-ODT formulation and implementation is 

to compare the volume-averaged means and RMS obtained from LES-ODT with that from 

DNS. We applied LES-ODT to non-homogenous autoignition in isotropic turbulence and 

initialized the field by interpolating the initial field from DNS to ODT to maintain 

consistency. Both low and high turbulence conditions are studied. LES-ODT provides very 

good predictions of the global scalar mixing rate, the global progress of chemistry, the global 

evolution of the reaction rate and the temperature, and the global consumption rate of the 

reactants’ mass fractions. Moreover, the predictions on global fluctuations of the thermo-

chemical scalars by LES-ODT are excellent. The time for the global progress of the 

autoignition process at low turbulence conditions is twice as long as at high turbulence 

conditions, which is captured by LES-ODT successfully. Furthermore, a subtle statistical 

ignition delay is observed in LES-ODT simulations at high turbulence conditions. The reason 

attributes to the fact that the number of total ignition kernels is small. Thus, a single failed 

ignition kernel may have an effect on the total ignition progress. This explanation can be 

verified by the conditional statistics in which the ignition delay is not present. 

8.2.5 LES-ODT Model Validation Using Conditional Statistics 

The second test performed for the validation of the LES-ODT formulation and 

implementation is to compare the conditional statistics obtained from LES-ODT with that 

from DNS. Two LES-ODT simulation cases with different LES spatial resolutions are 
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performed. Both low and high turbulence conditions are studied and different Lewis number 

cases for the high turbulence conditions are examined. LES-ODT simulation results show 

excellent agreement with DNS results at both low and high turbulence conditions. LES-ODT 

simulation captures not only the onset of ignition, the kernel propagation, the transition of 

burning modes (low turbulence case), but also the peak values and the locations of the peaks 

in the conditional statistics as well. Moreover, the turbulence condition effects and Lewis 

number effects are represented by LES-ODT accurately. The excellent agreement between 

LES-ODT and DNS results provides a solid foundation for the model validation. LES-ODT 

is a very promising model for simulating turbulent combustion processes. 

8.3 Recommendations for Future Work 

8.3.1 LES SGS Closure 

 This purpose of this recommendation is for the one-way coupling of LES with ODT, 

in which LES only provides information to ODT, but is not affected by ODT. In the present 

study, the Smagorinsky model (1963) is used as a subgrid stress closure model for LES. The 

turbulence intensity and the Taylor time scale are essentially very high in the high turbulence 

cases. In the conditional statistical results, the difference in the mixture fraction range 

between LES-ODT and DNS indicates that the local dissipation of turbulence between LES-

ODT and DNS is marginally different and further refinements of the SGS models for SGS 

stresses can provide additional improvements in the LES-ODT model predictions. 
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Potentially, the Germano dynamic model, in which the model constant is computed 

instantaneously based on the flow field, or more complex refinements in the modeling of 

SGS stresses can be used to refine the closure model for LES subgrid stresses. Ultimately, a 

direct evaluation of these terms can be achieved using the ODT data. 

8.3.2 LES-ODT Coupling 

LES provides global velocity information to ODT in the present formulation and this 

is a one-way coupling from LES to ODT. The coupling between LES and ODT can be 

improved by integrating the ODT model as a subgrid closure for LES. With this formulation, 

LES and ODT will be coupled in two directions. ODT can provide detailed information on 

the turbulence fluctuation, scalar mixing, and chemical reaction by computing the subgrid 

stresses, fluxes, and the reaction rate term and feed them back to LES. In this way, both the 

vector and scalar fields can be resolved by LES. The implementation might generate 

problems because the subgrid closure terms obtained from ODT may contain fluctuations 

that will cause the mass fractions go beyond the bound and induce instabilities to LES 

solutions. Furthermore, maintaining the consistency between LES and ODT solutions is 

another difficulty task to accomplish in the two-way coupling of LES with ODT. 

8.3.3 Chemistry Representation 

In the present study, we implemented a simple chemistry model in which the 

chemistry is characterized by the single-step, second-order, and irreversible reaction 
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mechanism with an Arrhenius dependence on temperature. This is a standard simplification 

in ignition works, justifiable when the activation energy is high, that the fuel and oxidant 

concentrations do not change appreciably (Mastorakos et al., 1997b). In the future work, Situ 

adaptive tabulation of chemistry (e.g. ISAT, Pope and co-workers) can be used for detailed 

chemistry implementation with reduced computational cost. 

8.3.4 Application to Other Types of Flows 

In the present study, LES-ODT model is validated for the non-homogeneous 

autoignition in isotropic turbulence. Future work can address the model validation for more 

types of flows. Echekki et al. (2001) has applied the ODT stand-alone model to simulate the 

turbulent jet diffusion flames. Implementing and validating the coupled LES-ODT for other 

types of flows are challenging yet exciting. 
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Appendix A Fractional Method for Solution of DNS Momentum 

Equations 

A.1 Introduction 

The discrete form of the momentum Eq. (2-28) is 

 ii
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where Ci represents the convection term 
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and Di represents the diffusion terms 
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In Eqs. (A-1) to (A-3), δ  denotes the discrete finite-difference derivative operators. 

 The momentum equation is integrated using the fractional-step method documented 

in Mason (2000). First, intermediate velocity field is generated by integrating the convection 

and diffusion terms in the momentum equation. Second, pressure is solved using the 

Poisson’s equation. Third, the new velocity field is obtained by correcting the intermediate 

velocity vectors using the gradients of pressure. 
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A.2 Convection and Diffusion Terms Integration 

Explicit third-order Runge-Kutta method is used for time integration of the 

convection and diffusion terms in the momentum Eq. (A-1). Each time step is divided into 

three sub-steps during the time integration. The equation for integration is derived from Eq. 

(A-1) without counting the pressure term 

 ( ) ( )[ ]22111 −−−−− +−−+−−+= k
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*

i DCDCtuu ςγ∆ , (A-4) 

where k = 1, 2, 3 indicates the sub-step, t∆  is the overall time step, and  is the 

intermediate velocity values at each new sub-step k. The integration coefficients 

*

iu

γ  and ς  

are 
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and the integration coefficients obey 

 . (A-6) ( ) 1
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kk ςγ

For each Runge-Kutta sub-step k, the time step is kdt

 ( ) tdt kkk ∆ςγ += , (A-7) 

where 

 tdttdttdt ∆∆∆
3
1

15
2

15
8

321 === . (A-8) 

For k = 1,  and  in (A-4) are not needed because 2−k

iC 2−k

iD 01 =ς . At each sub-step, only two 

storage locations are needed for each velocity component at each node. 
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A.3 Poisson Equation for Pressure 

 The equation used to correct the intermediate velocity field can be derived from Eq. 

(A-1) by neglecting the convection and diffusion terms. It is as follows 
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k
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The continuity equation in discrete form is 
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To ensure that the new velocity field satisfies the continuity Eq. (A-10), Eq. (A-9) is 

substituted into Eq. (A-10) to obtain the Poisson equation for pressure 
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At each Runge-Kutta sub-step during the time integration, pressure in Eq. (A-11) is solved 

such that the gradients correct the intermediate velocity field by Eq. (A-9) to produce a new 

velocity field that automatically satisfies the continuity Eq. (A-10). In Eq. (A-11), tk δδρ  for 

sub-step is approximated as 
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 In the Poisson Eq. (A-11), the left-hand side is a Laplacian operator constructed from 

a divergence operator acting on a gradient operator. The numerical operators representing the 

divergence and gradient used on both sides of Poisson equation should be the same in order 

to maintain the consistency in solving Poisson equation. This consistency issue is addressed 

in detail in Mason (2000). Here Eq.(A-11) is solved with complete operator consistency. The 

iteration scheme to solve the Poisson equation for pressure is Gauss-Seidel coupled with 

successive over-relaxation (SOR). For detailed information, readers should refer to Mason 

(2000). During each iteration, the updated pressure is subtracted by the old pressure and the 

L2-norm of the result is compared to the SOR tolerance. The optimum value of the relaxation 

parameter ω for convergence is found to be 1.1. In order for the code to converge, the 

Poisson matrix must be ‘diagonally dominant’.  

A.4 Velocity Update 

When the Poisson Eq. (A-11) is solved and gradients of pressure are obtained, the 

intermediate velocity field is updated using Eq. (A-9). Because the Poisson equation is 

derived from the continuity Eq. (A-10), the updated velocity field automatically satisfies the 

continuity equation. 

 

 

 



211 

 

Appendix B Solution to DNS Energy and Species Equations 

B.1 Introduction 

The energy and species equations can written in discrete form as 

 ω
δ
δθ

±+−= DC
t

, (B-1) 

where θ  can be T, YF, YO. In Eq. (B-1), C denotes the convection terms and D denotes the 

diffusion terms. The sign preceding the reaction rate term ω  is positive for the energy 

equation ( T=θ ) and negative for the species equations ( FY=θ  or ). OY

B.2 Time Integration 

 The energy and species equations are integrated in time using a linearly implicit 

variation of the third-order Runge-Kutta scheme used to integrate the momentum equation. 

While the convection and the diffusion terms are integrated in the same way as in the 

momentum equation, the reaction rate term is integrated implicitly for stability due to the fact 

that it is usually large. Crank-Nicolson scheme is used to integrate the reaction rate term. The 

form for time integration is  
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where k = 1, 2, 3. The signs preceding the kχ and kσ are positive when T=θ  and negative 

when FY=θ  or . The Runge-Kutta coefficients OY γ  and ς  are from Eq. (A-5). The Crank-

Nicolson coefficients χ  and σ  are from Mason (2000) and are as follows 

 61151154 332211 ====== σχσχσχ , (B-3) 

where 
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B.3 Energy and Species Equations 

 The unknowns kω  in Eq. (B-2) can be expanded in terms of 1−kω  using first-order 

terms of Taylor series as follows 
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where  is the Runge-Kutta time step from sub-step k-1 to sub-step k. The partial time 

derivatives of  at k-1 are combined with the Runge-Kutta time step to get 

kdt

OF Y,Y,T
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where  

 111 −−− −=−=−= k

O

k

OO

k

F

k

FF

kk YYYYYYTTT ∆∆∆ . (B-7) 

The linearization of the reaction rate term combined with the implicit Crank-Nicolson 

scheme constitutes the ‘linearly implicit’ procedure. 
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 Combining Eq. (B-2) with Eq. (B-5), we can get a system of three coupled equations 

for T∆ , FY∆ , and . The matrix form of the equations is OY
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The partial derivatives of the reaction rate term ω  are computed from Eq. (2-32). The time 

derivative of density is computed using Eqs. (A-12)–(A-14). The system of equations can be 

solved directly by multiplying the column vector on the right-hand side of Eq. (B-8) by the 

inverse of the coefficient matrix on the left-hand side of Eq. (B-8). 
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