
ABSTRACT

MCGOVERN, EMILY CATHERINE. Combinatorial Techniques for Module Categories over
Positive Characteristic Web Categories . (Under the direction of Corey Jones).

In this dissertation, we construct and study module categories over web categories in

positive characteristic fields. These categories appear in the study of fundamental representa-

tions of Lie algebras and quantum groups, and were introduced by Kuperberg in [Kup96].

We are particularly interested in a modification of the sln spiders of [CKM14] in positive

characteristic that appears in [BEAEO20]. Our main goal is to generalize the fiber functors

from these categories constructed by C. Jones in [Jon21].

We equip the category of vector bundles over the vertices of a locally finite Ãn−1 building

∆ with the structure of a module category over a category of type An webs in positive

characteristic. This module category is a q-analogue of the Rep(SLn) action on vector bundles

over the sln weight lattice. We show our module categories are equivariant with respect to

symmetries of the building, and when a group G acts simply transitively on the vertices of ∆

this recovers the fiber functors constructed in [Jon21].

We also begin an extension of this theory to type C. In particular, we construct a graph

related to the degenerate building in type C̃2. We then show that a slight modification of the

sp4 category presented in [Bod22] into the graph planar algebra ([Jon99]) of this graph. We

hope that this embedding can be extended to n > 2 using the web categories of [BERT21].
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CHAPTER

1

INTRODUCTION

The goal of this dissertation is to construct a class of nonstandard module categories for web

categories (also known as spiders). Our constructions will generalize the fiber functors of

[Jon21]. We will use a categorification of a combinatorial structure called an affine building

to give these module categories their nonstandard nature. We will show that over certain

positive characteristic fields, these buildings locally satisfy the relations of the appropriate

web categories. Additionally, given a group action on a building, we can construct another

module category using the process of equivariantization.

We will give a complete treatment of this construction in type A. In type C, we will

give an introductory result and discuss the process of generalizing it. In the rest of this

chapter, we will give context to the problem we are tackling by discussing the history of web

categories and buildings. Then, in section 1.2, we will outline the rest of the dissertation and

state our main results.

1.1 History and Context

Web categories, or spiders, are diagrammatic presentations of certain representation theories,

particularly those of Lie algebras. The first instance of these is the A1 spider, capturing the
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representation theory of sl2. This spider is the well-known Temperley-Lieb algebra TLn(δ),

introduced in [TL71]. This algebra of transfer matrices is generated by e1, ..., en−1, subject to

the relations

e2i = δei, ejeiej = ei, for |i− j| = 1, and eiej = ejei for |i− j| > 1,

which are explicitly stated in [Bax82]. V. Jones showed that TLn(δ) is finite dimensional

over any field in [Jon83]. The first diagrammatic presentation of this algebra was given

by Kauffman in [Kau90]. For more information on the conception and early history of the

Temperley-Lieb algebra, see [DG23].

The study of spiders in general was initiated by Kuperberg in his paper [Kup96]. In it,

he outlined the importance of spiders to multi-linear invariant theory, a field which had

regained interest after the introduction and popularization of quantum groups. Kuperberg

defined spiders as spherical categories that are abstractions of some representation theory,

with the operations of tensor product, cyclic permutation/rotation and contraction. Such a

representation theory can be described with planar graphs. He then completely defined the

notion of spiders for the rank two Lie algebras (that is, A2, B2 and G2) by giving genera-

tors and relations for these spiders and showed that they are isomorphic to the respective

representation categories. In addition, he defined spiders for the quantum deformations for

these Lie algebras. Kuperberg also conjectured that analogous spiders exist for all simple Lie

algebras and their quantum groups, which established the research program of determining

these spiders for higher rank representation theories.

Over the first decade of research to find these spiders, several partial results were established.

Kuperberg’s student Kim took on the task of generalize Jones-Wenzl projectors, a special

class of idempontents in TLn(δ) (see [Jon87], [Wen87]), to other Lie algebras. He developed

a theory for similar idempotents, called clasps in the general case in Uq(sl(3,C)). Along
with this, he conjectured a set of web relations on Uq(sl(4,C)) (these conjectures and results

can be found in [Kim03] and [Kim07]). Later, Westbury ([Wes08]) provided a diagrammatic

description for the invariant tensors of so(7) = B3. Finally, in his PhD thesis, Morrison

([Mor07]) took the first steps to providing a description for webs in every type A Lie algebra by

constructing diagrammatics and defining a functor from the diagrammatics to the subcategory

of fundamental representations of Uq(sln). Additionally, Morrison developed methodology to

identify elements of the kernel of this functor, but could not completely determine the kernel

of this functor, thus leaving the problem open.
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The breakthrough results in type A came in the paper [CKM14], which provided a complete

description of Rep(SLn) as a pivotal tensor category with generators and relations. Building

off the functor described in [Mor07], objects are tensor powers of fundamental representations.

The addition of a set of relations on all webs with less than 4 boundary edges defining the

kernel of the functor allowed the authors to construct the desired monoidal equivalence.

The main tool in proving this result was skew Howe duality, a technique where relations

in Rep(SLn) are realized as truncation of relations U(glm) for a sufficiently large m. The

authors also deformed the SLn spider by q to get a diagrammatic presentation of the category

of Uq(sln)-modules. In addition, they noted that these webs can be used to compute quantum

knot invariants by taking advantage of the braided monoidal structure of Rep(SLn), providing

alternate techniques to find the results of [MOY98] on closed webs.

Further work in type A has included Elias’s work in [Eli15] to extend the results in [CKM14]

to webs over Z[q, q−1] (the latter defined webs over Q(q) by constructing a Z[q, q−1]-basis for

the appropriate morphism spaces. This paper also worked towards recovering Rep(SLn) from

Fund(SLn), proving several results about the structure of clasps on SLn. Finally, Elias made

a connection between webs and tilting modules, stating that sln webs are an integral form

for tilting modules over the quantum group.

In [Big18], Bigelow provided a new definition for the SLn spider and showed that it contains

the spider of [CKM14]. He noted that the previous set of relations may seem somewhat

arbitrary to a reader, and motivated his definition using the combinatorics of the root system

in type A. Bigelow’s webs (which he calls cobwebs), are built of bivalent vertices labeled

by roots αi,j and tags on strings and are extended to webs with virtual crossings. Bigelow

conjectures that this new definition is related to the graph planar algebra (see [Jon00] and

later discussion) with paths in the root lattice of sln.

The results of quantum deformation on webs is known and often developed at the same time

as the original theory of webs as in [Kup96] and [CKM14]. The webs we have previously

discussed are defined over characteristic 0 fields (almost always C). In [BEAEO20], the

authors looked at a new type of deformation for webs, namely, defining the category over a

positive characteristic field. The goal of this paper was to describe the semisimplification of

titling modules of GLn over a field of characteristic p. The authors did this for 0 < p < n

by using the p-adic decomposition of n to decompose the semisimplification of Tilt(GLn),

extending results of [GK92], [GM94] and [EO22]. An important tool in the proof of this
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results is the Schur category [BEAEO20, Definition 4.2], the diagrammatic presentation

([BEAEO20, Theorem 4.10] of which is a category called PolyWeb(GLn), which we will

interpret as the type A web category in positive characteristic. The authors gave credence

to this interpretation by constructing a full monoidal functor from the Schur category to

Tilt(GLn).

In [Jon21, Section 3.2], C. Jones continued the development of webs in positive characteristic

by defining a category Web(SL−
n ) that is a monoidal quotient of [BEAEO20]’s PolyWeb(GLn)

and showing that it is equivalent to Tilt(SLn) over an algebraically closed field. The main

purpose of the paper was to define a class of fiber functors from Web(SL−
n ) using Cartwright’s

([Car95]) triangle presentations (We will discuss the details of this construction in later

sections as it is key to the main results of this dissertation). These fiber functors also generate

positive characteristic solutions to the Yang-Baxter equation ([Jon21, Section 4.1]).

After the landmark results of [CKM14], work has been done to find the corresponding

web categories for other Lie types. The most attention has been paid to type C, corresponding

to the Lie algebra sp2n. The first attempt at specifying these categories was by [ST19]. The

authors strategy in the paper was to use an analogue of Howe duality in other types, and were

able to construct a framework for webs that answered questions about what this analogue is in

types BCD. However, their approach made some concessions. In particular, the quantization

of the enveloping algebra used to construct the dualities is not the standard one.

In [RT22], the authors defined a set of a relations for the category Web(SL6) and con-

jectured that it is equivalent to the fundamental representations of sp6, constructing a full,

essentially surjective functor to the fundamental representation category. The case of sp4

was completed in [Bod22], which uses the type C analogue of the light ladders introduced in

[Eli15] to find a diagrammatic presentation for type B2 slightly different than the original B2

spider defined by Kuperberg. Finally, [BERT21] provided a complete description of spiders

in type C, showing that their webs are equivalent to the subcategory of fundamental rep-

resentations of sp2n. They prove this using Brauer-Schur-Weyl duality, a type C analogue

of Schur-Weyl duality in which they student a certain full subcategory of FundRep(sp2n).

While this is certainly the most complete extension of [CKM14] to other types, [SW22] gave

an diagrammatic presentation of the invariant tensors of exceptional type F4.

The other major tool we use in this dissertation is a building. We will define these structures

in Section 2.2, but we now present a brief history of their conception. For a more thorough
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treatment of buildings both historically and mathematically, see [AB10], [Bro89] and [Ron09].

Buildings were pioneered by Tits as a geometric way of understanding semisimple com-

plex and p-adic Lie groups (and later algebraic groups). In [Bru54], Bruhat used the existing

notions of a Weyl group (W = N/T for T a maximal torus and N its normalizer) and Borel

subgroup B of a complex Lie group and defined the Bruhat decomposition of a Lie group.

This approach was later refined by Chevalley ([Che55] [Che05]) by finding a unified approach

to proving the Bruhat decomposition for all types. From this work and his work on geometries

in the 1960s, Tits was able to develop the initial axioms for buildings, which appear in [Tit62].

Tits continued to develop this theory throughout the 1970s (see [Tit95] for the initial

definition). In [Tit74], he gave a full account of the theory to that point, taking a simplicial

approach to buildings. This initial idea of a building was to view it as simplicial complex

with apartments made of chambers. This book ([Tit74]) carefully detailed the structure of

spherical buildings, that is, those buildings coming from semi-simple Lie groups. For several

Lie groups (An, Cn, Dn, En, F4) it gave explicit descriptions of these buildings as geometries.

Further development of the field went in two directions. The first of these was a re-imagining

of the original definition of buildings. Tits developed an alternate paradigm for buildings,

viewing them as chamber systems and forgetting the system of apartments ([Tit92]). This led

to the introduction of twin buildings - whose key pieces are chambers and a Weyl-group valued

distance function. A third approach to buildings is the study of the geometric realization of a

building as a metric space, which leads to some nice properties. This is a natural approach

for spherical and affine buildings (which have an Euclidean metric on apartments), but was

show to work in general by M. Davis in [Dav98].

The second direction for the development of buildings was to study different types of groups

and the resulting buildings. This originated from the work of the authors of [IM65] with

p-adic groups, but was also studied for groups produced by Kac-Moody Lie algebras, resulting

in Kac-Moody buildings, by [MT72]. A p-adic groups can be used to construct an affine

building. Unlike spherical buildings, affine buildings are infinite simplicial complexes. Bruhat

and Tits developed the general theory of affine buildings in [BT72].

Affine buildings have many interesting applications. Among these, MacDonald used them in

[Mac71] to study spherical functions on p-adic groups. Borel and Serre used affine buildings

to prove results about arthimetic groups in [BS76] and [Ser03]. Finally, Quillen used them in
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his work on K-groups of a curve, later recorded by Grayson in [Gra82]. The later chapters of

this dissertation will introduce another interesting application of affine buildings.

The last tool that we wish to provide context for are graph planar algebras. Planar al-

gebras were introduced by V. Jones in [Jon99] as a tool in subfactor theory. Specially, planar

algebras (defined abstractly as invariant tensor powers of a bimodule) aided in calculating

subfactors by providing another axiomization of the standard invariant of finite index sub-

factors. Graph planar algebra were defined in [Jon00], and associate to a planar algebra a

bipartite graph, creating a model using statistical mechanical sums defined by a labelled

planar tangle. These graphs are usually finite, but [GJS10] constructed planar algebras for

infinite graphs. This paper also noted that graph planar algebras give connections between

subfactors, random matrices, and free probability theory. We will use graph planar algebras

as a way to categorify the data found in an affine building in this dissertation.

1.2 Contents and Selected Results

We will now briefly outline the contents of this dissertation and provide an overview of the

results to follow. In Chapter 2, we rigorously develop the underlying theory of the structures

key to our results. We separate the background material into two sections. In Section 2.1,

we introduce categorical background needed to understand module categories. This includes

definitions of monoidal categories, rigid monoidal categories, Abelian categories and tensor

categories, with examples and important facts included throughout the section. The main

goal of the section is to justify our understanding of module categories as a categorification

of R-modules for a ring, and it concludes with the definition of both a module category and

a module functor.

Section 2.2 treats the combinatorial structures needed to understand the theory of affine

buildings. We start with the basics of Coxeter systems and simplicial complexes, before joining

these concepts by defining a Coxeter complex. While we make all definitions in general, we

are specifically interested in types An−1 and Ãn−1, and provide examples using these systems

throughout. Finally, we define buildings, and provide detailed examples of both finite and

affine buildings in Type A.

In Chapter 3, we build a class of Web(SL−
n )-module categories using the structure of type Ãn−1

buildings. These module categories generalize the fiber functors of [Jon21] (we show explicitly

why this is the case in Example 3.41). The category Web(SL−
n ) ([BEAEO20], [Jon21]) is the
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rigid monoidal category with objects finite sequences of integers in {1, ..., n} and morphisms

generated by

j + k

j k

and

j + k

j k

and

n

and
n

subject to the following relations:

j + k + ℓ

j k ℓ

=

j + k + ℓ

j k ℓ

and

j + k + ℓ

j k ℓ

=

j + k + ℓ

j k ℓ

(1.1)

j+k

j+k

kj =

(
j + k

j

)
j+k

(1.2)

j

k

m ℓ

=
∑
t

(
m− ℓ+ j − k

t

) k - t

j- t

m ℓ

(1.3)

j

k

m ℓ

=
∑
t

(
ℓ−m+ k − j

t

) k - t

j - t

m ℓ

(1.4)

n

=

n

and = (1.5)

m

=

m

m

n-m
=

m

m

n-m
(1.6)
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Our module category construction happens in two steps. In the first, we take advan-

tage of the local structure of buildings (in particular, a result of Tits in [Tit74] that the

link of a vertex in a type Ãn−1 building is a finite projective geometry). We use the 1-

skeleton of a locally finite Ãn−1 building ∆ to build a graph Γ∆. We then construct the

graph planar algebra ([Jon99]) of Γ∆ and define images for the Web(SL−
n ) morphisms in G(∆).

An important invariant of a building ∆ of type Ãn−1 is its order q (the order of the fi-

nite projective geometry describing the links of its vertices). We first look at the degenerate

case, where q = 1. In this case, the building ∆ is simply the Coxeter complex Σ of type Ãn−1.

In Section 3.3.2, we first show that the 1-skeleton of the Coxeter complex is equivalent as

a graph to both the Cayley graph of the sln weight lattice and the triangle presentation

(see [Car95] and [Jon21]) of order 1 (also called the degenerate triangle presentation). More

accurately, we first show in Proposition 3.18 that the weight lattice and triangle presentation

are isomorphic, and that the triangle presentation and Coxeter complex are isomorphic in

Theorem 3.19. The most important result of this section is Theorem 3.21.

Theorem 3.21. If Γ is the sln weight lattice, then there exists a functor Web(SL−
n ) → G(Γ)

as defined in section 3.3.1 and [Jon21, Section 4], where the relevant categories may be defined

over any field k.

This result is important since it is the only known case where this functor exists for a

field k of any characteristic (In both [Jon21] and our later results, we must put restrictions

on the characteristic). In Section 3.3.3, we extend Theorem 3.21 from Coxeter complexes to

buildings. To properly set up this functor, we recall that Web(SL−
n ) is defined over some field

k with characteristic p. We choose this field so that p ≥ n+ 1, and take a Ãn−1 building ∆

where the order q of ∆ satisfies q ≡ 1 mod p. This choice allows us to reduce q-integers to

normal integers, and is the key to proving that the embedding of Web(SL−
n ) in the graph

planar algebra G(∆) defined in Section 3.3.1 is a monoidal functor. We then prove the second

important result of the chapter, Theorem 3.24.

Theorem 3.24. Suppose ∆ is an Ãn−1 building of order q and G(∆) is the graph planar

algebra of ∆ over a field k of characteristic p ≥ n− 1 where q ≡ 1 mod p. Then the maps we

defined as the images of the Web(SL−
n ) maps in the graph planar algebra satisfy the Web(SL−

n )

relations. Therefore these maps define a functor from Web(SL−
n ) to the graph planar algebra

of ∆ over k.

With this result in hand, we can turn to the second step of defining Web(SL−
n ). In this

step, we use the action of a group G on a Ãn−1 building ∆ to construct a class of module
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categories for each building. To do this, we first define the category V ec(∆) of ∆-graded

vector spaces, whose object are tuples of vector spaces indexed by the vertices of ∆. We

define a special class of functors Fm,m ∈ {0, ..., n− 1} and show that natural transformations

between compositions of these functors can be interpreted as morphisms in G(∆). From this,

we construct a functor from G(∆) to End(V ec(∆)), which allows us to extend Theorem 3.24

to a monoidal embedding Web(SL−
n ) → End(V ec(∆)), thus giving V ec(∆) the structure of a

Web(SL−
n )-module category.

The final step is to choose a group G acting on ∆ and re-define the Fm functors in V ec(∆)G,

the G-equivariantization of V ec(∆). We then show that the construction of a Web(SL−
n )

module category above is compatible with the G-action in a way which allows us to extend

the module category structure to V ec(∆)G, giving us Theorem 3.40.

Theorem 3.40. For a fixed n, if k is a field of characteristic p ≥ n− 1 and ∆ is an Ãn−1

building of order q ≡ 1 mod p, V ec(∆)G has the structure of a Web(SL−
n )-module category,

where the action is by the equivalence in Theorem 3.31 pre-composed with the functor defined

in Theorem 3.24.

Nothing in our construction of these module categories suggests that our results should

be limited to type A, and so our hope is that we can find similar module categories over

web categories in other types. Chapter 4 of this dissertation includes the initial results of

attempting to build a module category for a Type C web category by finding an embed-

ding for [Bod22]’s C2 webs into some graph planar algebra. Our first step to defining this

embedding is noting that the C̃2 Coxeter complex is isomorphic to the sp4 weight lattice.

Because of this, we can use sp4 representation theory to label the edges of the Coxeter complex.

Our main concern here is the lack of symmetry in this simplicial complex. To work around

this, instead of constructing a graph planar algebra on the C̃2 Coxeter complex, we create a

new graph we call the partial completion of the C̃2 Coxeter complex. We define the graph

planar algebra on this graph exactly as we do in Chapter 3.

To define an embedding functor η into G(ΓΓC̃2

), we first define Web(SP−
4 ) as the cate-

gory we get when we take q = −1 in Bodish’s relations (note that if we are able to replicate

this process for buildings, we can define the web category over a field of characteristic p

where q ≡ −1 mod p). One major difference in this embedding functor is that we must fix

an orientation for this graph, as our definition of the images of the web generators in G(ΓΓC̃2

)

depend on this orientation. This construction allows us to prove the following theorem.
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Theorem 4.12. The functor η as defined in Section 4.3 is a monoidal functor and thus

provide an embedding of Web(SP−
4 ) into G(Γ̄C̃2

).

While this is certainly a weaker result than we have achieved in type A, it gives us some

hope that an more general embedding functor exists. The main issues in type C are that the

labeling of the vertices in the Coxeter complex does not match up with the labeling of the

weights in the sp4 weight lattice in a canonical way (in type A, we were able to show that

these both correspond to subsets on {1, ..., n}). The final section of Chapter 4 discusses in

depth the failings we have found in type C and what could be done to fix them.
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CHAPTER

2

PRELIMINARIES

2.1 Tensor Categories and Module Categories

One of the major structures we will make use of throughout this dissertation is that of a

module category for a tensor category. This concept is a categorification of the concept of

modules for a ring. Just as module theory relies heavily on the theory of rings, in order to

build up a theory of module categories, we must first develop the theory of tensor categories.

The following will introduce the major players on the categorical side of this dissertation. We

briefly recall that the structure of a category is a set of objects, and given two objects, a set

of morphisms on these objects for which composition is well-defined and identity morphisms

exist. A functor is a map between categories that is well defined on morphisms and respects

composition and identities.

We also recall the basic structure of a ring for our convenience, so we can see what concepts

we must categorify to build a theory of tensor categories that is a true categorification of

the theory of rings. Recall that a ring is a set R along with two operations + and ∗ such

that (R,+) is an Abelian group and (R, ∗) is a monoid, where multiplication distributes over

addition.
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We discuss the necessary categorical background in the sections below. Our treatment

is mostly due to [EGNO15] and [HV19] and specific references will be given throughout.

2.1.1 Monoidal Categories

The first concept we will categorify is that of a monoid, that is, a set with a associative binary

relation and identity . To do this, we must define some concept of a binary relation on our

category, specifically on its set of objects.

Definition 2.1. ([EGNO15, Definition 2.2.8], [HV19, Definiton 1.1]) A monoidal category is

a category M along with a operation ⊗ : ob(M)× ob(M) → ob(M), where ⊗(X, Y ) is written

as X ⊗ Y for X, Y ∈ ob(M), a unit object 1 ∈ ob(M) and choice of natural isomorphisms

α : (−⊗−)⊗− → −⊗ (−⊗−), ℓ : − → −⊗ 1 and ρ : − → 1⊗− that satisfy the following

coherence axioms:

(((A⊗B)⊗ C)⊗D)

(A⊗ (B ⊗ C))⊗D (A⊗B)⊗ (C ⊗D)

A⊗ ((B ⊗ C)⊗D)) A⊗ (B ⊗ (C ⊗D))

αA⊗B,C,DαA,B,C⊗idD

αA,B⊗C,D αA,B,C⊗D

idA⊗αB,C,D

(2.1)

(A⊗ 1)⊗B A⊗ (1⊗B)

A⊗B
ℓ−1
A ⊗idB

αA,1,B

idA⊗ρ−1
B

(2.2)

The pentagon and triangle axioms tell us that we can identify all distributions of paren-

theses in a tensor product of 3 objects to each other in a well-defined way. This a property

we wish to extend to any length tensor product. The following theorem gives this to us.

Theorem 2.2. ([HV19, Theorem 1.2]) If M is a monoidal category with associator αM and

unitors ℓM and ρM . Then any well-typed equation in αM , ℓM , ρM and there inverses holds.

As stated, this important result allows us to identify all possible bracketings of a tensor

product A1 ⊗ ...⊗ An. Because of this, we can move parentheses and add or remove the unit

object without much thought when working in monoidal categories.
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A natural next question is how the tensor product in a monoidal category affects mor-

phisms. We can build morphisms f ⊗ g : A⊗B → C ⊗D from morphisms in the category,

and these morphism satisfy the following.

Theorem 2.3. ([HV19, Theorem 1.7] ) If f1 : A1 → B1, g1 : B1 → C1, f2 : A2 → B2,

g2 : B2 → C2, then

(g1 ◦ f1)⊗ (g2 ◦ f2) = (g1 ⊗ g2) ◦ (f1 ⊗ f2)

One can look at the properties assigned to the unit object in M and wonder if there is

more than one object in M that we can equip with unitors to satisfy these properties. The

answer is no, not meaningfully.

Proposition 2.4. ([EGNO15, Proposition 2.2.6]) The unit object of a monoidal category is

unique up to isomorphism.

The natural isomorphism α gives us a notion of associativity of this multiplication on

objects. Similarly, ℓ and ρ give us a notion of multiplication by an identity object. If α, ℓ, ρ

are all simply the identity natural transformation, we call M a strict monoidal category

([HV19, Defintion 1.25]).

We now give several examples of strict and non-strict monoidal categories.

Example 2.5. ([EGNO15, Example 2.3.3]) Consider the category V ec where objects are finite

dimensional vector spaces over a field k and morphisms are linear transformations We can

give V ec a monoidal product by taking the monoidal product as the standard tensor product

on vectors spaces and k as the monoidal unit. We can choose the canonical isomorphism

(X ⊗ Y )⊗ Z ≃ X ⊗ (Y ⊗ Z) and k⊗ V ≃ V ≃ V ⊗ k for our associators and unitors. This

construction gives V ec the structure of a non-strict monoidal category.

Example 2.6. ([EGNO15, Example 2.3.12])If C is any category, the category End(C) of
endofunctors on C (functors F : C → C) is a monoidal category, with F ⊗ G = F ◦ G and

unit given by the identity functor. Since composition of functors is associative directly, this is

an example of a strict monoidal category.

Example 2.7. ([EGNO15, Example 2.3.6/8]) For a field k and a group G, let V ecG be the

category of G-graded vector spaces, that is, the category whose objects are

V =
⊕
g∈G

Vg
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and morphsims are direct sums of component morphisms. Take δg to be the object with k
in the g component and 0 in all other components. We can write every object in V ecG as a

direct sum of these objects, so they form a sort of “basis” for V ecG. Now, we can define a

tensor product on V ecG as

(V ⊗W )g =
⊕

h1h2=g

Vh1 ⊗ Vh2

Under this product, see δg ⊗ δh ≃ δgh. We can also choose δ1 as the monoidal unit. As defined,

this category has trivial associators, but we can give it additional structure by choosing

a 3-cocycle ω with values in some Abelian group A. Recall that ω : G × G × G → A is a

3-cocyle if

ω(gh, x, y)ω(g, h, xy) = ω(g, h, x)ω(g, hx, y)ω(h, x, y)

for all g, h, x, y ∈ G. Now we can define an associator α by αδg ,δh,δk = ω(g, h, k)idδghk and

extending to all of V ecG. The properties of a 3-cocycle ensure that this choice satisfies the

pentagon axiom. The unitors are extensions of ℓδg = ω−1(1, 1, g)idδg and ρδg = ω(g, 1, 1)idδg .

If we choose these associators and unitors, we call this new monoidal category V ecωG.

These are just some of the examples of monoidal categories, and we will see several more

in later chapters of the dissertation. Given a notion of monoidal category, it is natural to

also have a notion of a functor between these categories. Of course, we can simply take any

functor without giving thought to the extra structure we have imposed, but we can also make

the following definition

Definition 2.8. ([EGNO15, Definition 2.4.1] [HV19, Definition 1.27]) A monoidal functor

from (C1,⊗1) to (C2,⊗2) is a functor F : C1 → C2 and a natural transformation J :

F (−)⊗ F (−) → F (−⊗−) such that the following diagram commutes.

(F (O1)⊗ F (O2))⊗ F (O3) F (O1)⊗ (F (O2)⊗ F (O3))

F (O1 ⊗O2)⊗ F (O3) F (O1)⊗ F (O2 ⊗O3)

F ((O1 ⊗O2)⊗O3) F (O1 ⊗ (O2 ⊗O3))

JO1,O2
⊗idF (O3)

α2
F (O1),F (O2),F (O3)

idF (O1)
⊗JO2,O3

JO1⊗O2,O3
JO1,O2⊗O3

α1
O1,O2,O3

(2.3)

If the functor F is an equivalence of categories, then (F, J) is a monoidal equivalence.

We previously discussed the notion of a strict monoidal category, and now note that

working in strict categories can be less complicated, since we don’t have to worry about the

action of associators. This makes the following theorem a rather useful tool.
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Theorem 2.9 (MacLane Strictness Theorem). ([EGNO15, Theorem 2.8.5] [HV19, Theorem

1.25]) Any monoidal category is monoidally equivalent to a strict monoidal category.

Now, we discuss several additional structures that we can place on a monoidal category.

The first is a partial categorification of the concept of inverse objects in a monoid.

Definition 2.10. ([EGNO15, Definition 2.10.1]) Given a monoidal category M and an object

M ∈ ob(M), a left dual for M is an object M∗ ∈ ob(M) and morphisms evℓM : X ∗ ⊗X → 1

and coevℓM : 1 → X ⊗X∗ such that the following compositions of morphisms evaluate to the

identity.

X (X ⊗X∗)⊗X X ⊗ (X∗ ⊗X) X

X∗ X∗ ⊗ (X ⊗X∗) (X∗ ⊗X)⊗X∗ X∗

(coevℓx⊗idx)◦ρx αX,X∗,X ℓ−1
X ◦(idx⊗evℓX)

(idX∗⊗coevℓX)◦ℓX∗ αX∗,X,X∗ ρ−1
X∗◦(evℓX⊗idX∗ )

(2.4)

A right dual for M is an object ∗M ∈ ob(M) and morphisms evρM : X ⊗ ∗X → 1 and

coevρM : 1 → ∗X ⊗X satisfying analogous axioms.

Example 2.11. Suppose M = V ec, the category of finite dimensional vector spaces over

a field k. Now, for any vector space V , take V ∗ to be the usual dual vectors space (which

we think of as linear functionals f : V → k). Fix a basis v1, .., vn of V and call its dual basis

f1, ..., fn. Now we can define evℓV (f⊗v) = f(v) and coevℓV (1) =
∑n

i=1 vi⊗fi. This satisfies the

required axioms to be a left dual in the monoidal sense. We will show the first composition

to be the identity below, by performing it on a generic vector v =
∑n

i=1 civi.

n∑
i=1

civi 7→
n∑

j=1

vj ⊗ fj ⊗
n∑

i=1

civi 7→
n∑

i=1

n∑
j=1

vj ⊗ fj ⊗ civi 7→
n∑

i=1

n∑
j=1

vj ⊗ fj(civi)

=
n∑

i=1

vi ⊗ cifi(vi) =
n∑

i=1

vi ⊗ ci 7→
n∑

i=1

civi

where first and second equalities follow from the definition of a dual basis. Showing the

other composition is also an identity follows similarly.

As with the monoidal unit, there is nothing in the definition of a left or right dual that

requires uniqueness of the dual object. However, it turns out that this is the case.

Proposition 2.12. ([EGNO15, Proposition 2.10.5], [HV19, Theorem 3.4]) Left and right

duals are unique up to isomorphism.
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Now, we notice that in our example of V ec, every object has a both a left and right dual

(in this case, the left and right duals are the same object, but this is not true for all monoidal

categories). This observation motivates the following definiton

Definition 2.13. ([EGNO15, Definition 2.10.11]) An object in a monoidal category M is

rigid if it has both a left dual and a right dual. M itself is called rigid if every object in M
is rigid.

Example 2.14. ([EGNO15, Example 2.10.14]) V ecωG is rigid. To see this, take δ∗g =∗ δg = δ−1
g

and extend to the entire category, while taking evδg = ω(g, g−1, g)idδ1 .

The second piece of structure we have partially categorifies commutativity for a monoidal

product.

Definition 2.15. ([HV19, Definition 1.17/20]) A braided monoidal category M is a monoidal

category with an additional natural transformation defined component-wise bAB : A⊗B →
B ⊗ A so that the following diagrams commute:

C1 ⊗ (C2 ⊗ C3) C1 ⊗ (C3 ⊗ C2)

(C1 ⊗ C2)⊗ C3 (C1 ⊗ C3)⊗ C2

C3 ⊗ (C1 ⊗ C2) (C3 ⊗ C1)⊗ C2

α−1
C1,C2,C3

idC1
⊗βC2,C3

α−1
C1,C3,C2

βC1⊗C2,C3
βC1,C3

⊗idC2

α−1
C3,C1,C2

(2.5)

C1 ⊗ (C2 ⊗ C3) (C2 ⊗ C3)⊗ C1

(C1 ⊗ C2)⊗ C3 C2 ⊗ (C1 ⊗ C3)

(C2 ⊗ C1)⊗ C3 C2 ⊗ (C1 ⊗ C3)

α−1
C1,C2,C3

βC1,C2⊗C3

αC2,C3,C1

βC1,C2
⊗idC3

idC2
⊗βC1,C3

αC2,C1,C3

(2.6)

If furthermore, bBA ◦ bAB = idA⊗B, then the braiding is called a symmetry and M is called

symmetric monoidal category

Example 2.16. For M = V ec, extending the map v ⊗ w 7→ w ⊗ v gives us a braiding.

2.1.2 Tensor Categories

A monoidal category will serve as the categorification of the multiplicative monoid for a ring.

We now need to find a similar categorification for the additive group of a ring. Our first step
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to do this is by defining a category which has a notion of addition of morphisms.

Definition 2.17. ([EGNO15, Deinition 1.2.1/2]) An additive category C is a category with

the following additional axioms:

1. HomC(A,B) can be equipped with the structure of an Abelian group (written additively).

Composition of morphisms is biadditive (that is, f ◦ (g1 + g2) = f ◦ g1 + f ◦ g2 and

(f1 + f2) ◦ g = f1 ◦ g + f2 ◦ g.

2. There exists an object 0 ∈ Ob(C) such that HomC(0, 0) = 0.

3. Direct sums of objects exist: Given X, Y ∈ Ob(C), there is some object Z with maps

i1 : X → Z, p1 : Z → X, i2 = Y → Z, p2 = Z → Y , where p1i1 = idX , p2i2 = idY and

i1p1 + i2p2 = idZ .

If additionally, HomC(X, Y ) are k-vector spaces and composition of morphisms in k-linear,
we say that C is k-linear.

Definition 2.18. ([EGNO15, Defintion 1.2.3]) A functor F is additive (or k-linear) if the
maps HomC(X, Y ) → HomF (C)(F (X), F (Y )) are group homomorphisms (or, respectively,

k-linear transformations).

Remark 2.19. ([EGNO15, Proposition 1.2.4]) An additive functor F distributes across direct

sums. That is,

F (X)⊕ F (Y ) ≃ F (X ⊕ Y )

.

Definition 2.20. ([EGNO15, Section 1.3]) Let C be a category and f : X1 → X2 be a

morphism in C.

• A kernel of f is an object K along with a morphism κ : K → X1 satisfying f ◦ k = 0

such that if g : M → X1 so that f ◦ g = 0, there is an unique morphism m : M → K

so that g = κ ◦m.

• A cokernel of f is an object C along with a morphism c : X2 → C satisfying c ◦ f = 0

such that if h : X2 → D so that h ◦ f = 0, there is an unique morphism d : D → C so

that h = d ◦ c.

Kernels and cokernels, when they exist, are unique up to isomorphism. A monomorphism

in an additive category is a morphism whose kernel is 0, and an epimorphism is a morphism

whose cokernel is 0.
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Definition 2.21. ([EGNO15, Definition 1.3.1]) An Abelian category A is an additive category

such that for every morpism f : X1 → X2 in A, there is a sequence:

K
k→ X1

i1→ I
i2→ X2

c→ C

such that:

1. i2 ◦ i1 = f

2. (K, k) is a kernel of i1 and (C, c) is a cokernel of i2.

3. (X1, i1) is a cokernel of k and (X2, i2) is a kernel of C.

Note that this sequence, when it exists, is unqiue up to unique isomorphism. In an Abelian

category, we can define several relations on objects.

Definition 2.22. ([EGNO15, Section 1.3]) If X1 is an object in an Abelian category A

• A subobject of X1 is an object X2 and a monomorphism from X2 → X1. (we will use

subset notation X1 ⊂ X2 to represent the subobject relation). In this setting, we call

the cokernel of this monomorphism X1/X2.

• A quotient of X1 is an object X2 and an epimorphism X1 → X2.

([EGNO15, Section 1.3]) A simple object X is one where the only subobjects are 0 and

X.

Definition 2.23. ([EGNO15, Definiton 1.5.3]) An object A in an Abelian category A is of

finite length if there exists a sequence

0 ⊂ F1 ⊂ F2 ⊂ ... ⊂ Fn−1 ⊂ Fn = A

where Fi+1/Fi is simple for all i. In this case, any filtration of A must have n objects and we

call n the length of A.

Definition 2.24. ([EGNO15, Section 1.5]) A k-linear category C is locally finite ifHomC(X, Y )

is finite dimensional for all objects X and Y , and all objects have finite length.

We now have all of the concepts that we need to define a tensor category.

Definition 2.25. If C is a locally finite k-linear, Abelian, rigid monoidal category, C is

a multi-tensor category if the monoidal product is bilinear on morphisms. In addition, if

EndC(1) ≃ k, then C is a tensor category.
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2.1.3 Module Categories

We finally have the context need to present the categorifcation of R-modules. We will show

that some important notions in the theory of modules can be categorified as well. For this

section, let (C,⊗, α, ℓ, ρ) be a monoidal category.

Definition 2.26. ([EGNO15, Definition 7.1.1]) A left C-module category is a category M
along with a bifunctor ⊗ : C ×M → M which can be thought of as the action of C on M
(we write ⊗(C ×M) = C ⊗M for objects C ∈ ob(C) and M ∈ ob(M)). For every choice of

objects C1 and C2 in C and M ∈ ob(M) we have an isomorphism

µC1,C2,M : (C1 ⊗ C2)⊗M → C1 ⊗ (C2 ⊗M).

For every triple of object C1, C2, C3 ∈ ob(C) and object M ∈ ob(M), the following diagram

must commute:

((C1 ⊗ C2)⊗ C3)⊗M

(C1 ⊗ (C2 ⊗ C3))⊗M (C1 ⊗ C2)⊗ (C3 ⊗M)

C1 ⊗ ((C2 ⊗ C3)⊗M)) C1 ⊗ (C2 ⊗ (C3 ⊗M)))

µC1⊗C2,C3,M

αC1,C2,C3
⊗idM

µC1,C2⊗C3,M
µC1,C2,C3⊗M

idC1
⊗µC2,C3,M

(2.7)

It is analogous to define a right C-module category but in this dissertation we will almost

exclusively use left module categories.

Recall that in the theory of modules over a ring, we have a bijective correspondence between

modules and representations of the ring. We are able to categorify this correspondence in the

following way.

Proposition 2.27. ([EGNO15, Proposition 7.1.3]) Left C-module category structures on a

category M are in bijection with monoidal functors F : C → End(M).

The key to showing this is to make use of the natural isomorphism J that is part

of the data of the monoidal functor (see Definition 2.8). If F : C → End(M), then

JC1C2 : F (C1)⊗ F (C2) = F (C1) ◦ F (C2) → F (C1 ⊗C2). We can define C ⊗M as F (C)(M)).

If we do this, then the inverse of J morphisms satisfy the relations for µ by definition.

As we have done previously, we can now use the structure that we have defined on a

class of categories to put some additional structure on functors with these categories as
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sources and targets. We would like functors between C-module categories to be compatible

with the C-action, as defined below.

Definition 2.28. ([EGNO15, Definition 7.2.1]) A module functor is a functor between C-
module categories M and N , along with a natural isomorphism defining how the functor

“distributes” along the respective C-actions.

Remark 2.29. ([EGNO15, Section 7.2]) If C is a tensor category, we additionally require

that C-module categories are locally finite and Abelian, and that the C-action is bilinear on

morphisms and exact in the first variable.

We now present several basic examples of module categories.

Example 2.30. Any monoidal or tensor category is a module category over itself. Here the

monoidal product is the C-action and the data of µ is just the data of the associator α.

Example 2.31. If G is a group and H ≤ G, then Rep(H) is a Rep(G) module category. We

can act on a representation ρH of H by a representation ρG of G by restricting ρG to H and

then taking the tensor product ρG|H ⊗ ρH .

2.2 Coxeter Combinatorics and Buildings

The second structure fundamental to this dissertation is that of affine and finite buildings. As

discussed in Section 1.1, buildings are a combinatorial structure first introduced by Tits in

the 1970s. Throughout the years, buildings have been used in many combinatorial, geometric

and topological applications. In the following section, we detail the combinatorial approach

to buildings, starting with foundational definitions, and developing examples throughout.

2.2.1 Coxeter Combinatorics Crash Course

The simplest way to come at the defintion of a building is as a simplicial complex with

structure determined partially by a Coxeter group. For more detailed information on Coxeter

groups, see [BB05].

Definition 2.32. ([BB05, Section 1.1]) A Coxeter group W is a group that is determined by

a choice mij ∈ {1, 2, ....,∞}. Given this choice, we can present W as

W = ⟨si for i ∈ I|s2i = 1 for all i ∈ I, sis
mij

j = 1⟩

Here, we can only choose mij = 1 if i = j. If we have such a set of generators S = {si|i ∈ I},
then we call (W,S) a Coxeter system.
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If we have a Coxeter system (W,S), we can represent the information of the system as a

graph, called a Coxeter diagram. This graph has one vertex for every generator si. We draw

an edge between si and sj when mij > 2, and label the edge with mij for mij > 4. We can

also represent this data as a |I| × |I| matrix with entries mij.

Example 2.33. Perhaps the most well known example of a Coxeter group is the symmetric

group Sn. Here we have a Coxeter system W = Sn and S = {si = (i i+ 1)|1 ≤ i ≤ n− 1}.
For |i− j| > 1, mij = 2, as in this case si and sj will be disjoint (and therefore commuting)

transpositions. If i = j ± 1, then sisj is a 3-cycle (sisi+1 = (i i + 1 i + 2)) and so mij = 3.

When i = j, mij = 1, since all transpositions have order 2. The data we have just computed

can be organized in a graph as follows, where we choose n = 6.

1 2 3 n-2 n-1

(2.8)

Figure 2.1: An−1 Coxter diagram

The group An is an example of an irreducible Coxeter group, one whose Coxeter diagram

is connected. Finite irreducible Coxeter groups are completely classified in [Cox35]. Along

with this classification, there is a classification of affine Coxeter groups in [Car52]. The affine

counterpart to Sn is defined below.

Example 2.34. The affine Coxeter group Ãn−1 is Coxeter group with S = {si|1 ≤ i ≤ n}.
For 1 ≤ i, j ≤ n− 1, mij is the same as in the previous example. For i = n, mij = 2 unless

j = 1 or n− 1, in which case mij = 3. Again, we can represent this as a graph (see Figure

2.4). Unlike An−1, the group Ãn−1 is infinite.

1 2 3 n-2 n-1

n

(2.9)

Figure 2.2: Ãn−1 Coxeter diagram
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The complete classification of finite and affine Coxeter groups can be found in [BB05,

Appendix A1]. Geometrically, there is realization of any Coxeter group as a reflection group.

This allows us to make a connection between Coxeter groups and the representation theory

of finite dimensional semi-simple Lie algebras.

A standard reference for this connection is [Bou08] explained how to derive a root sys-

tem from the Cartan subalgebra of a finite dimensional semisimple Lie algebra using the

roots of the Lie algebra. We construct a collection of hyperplanes perpendicular to the roots

and further produce a group generated by the reflections associated to these hyperplanes.

This group, called the Weyl group of the Lie algebra is a finite Coxeter group. There is

also an inverse process by which we can recover a root system from the Coxeter group by

constructing a special basis for R|S| and a bilnear form whose values are derived from the

Coxeter matrix. This connection between Coxeter groups and Weyl group explain our choice

of W as the letter to represent a Coxeter group.

2.2.2 Simplicial Complexes

Before we move on to our discussion of buildings, we first review the definition of an abstract

simplicial complex and some of its most relevant properties for future sections.

Definition 2.35. ([AB10, Definition A.1]) Given some vertex set V , an abstract simplicial

complex ∆ is a non-empty collection of finite subsets of V satisfying the following properties:

• If A ∈ ∆ and B ⊂ A, then B ∈ ∆.

• For every v ∈ V , {v} ∈ ∆.

We call any element A ∈ ∆ a simplex, say that it’s rank is r = |A| and that it’s dimension is

r − 1 (here the empty set has rank 0 and dimension −1) in ∆.

While this is a good definition, in some cases (specifically the one we will encounter), it is

not the most practical to verify. Instead, we can note the following.

Remark 2.36. ([AB10, Section A.1.1]) If we view an abstract simplicial complex ∆ as a

poset, it satisfies the following two conditions:

1. For every A and B in ∆, the greatest lower bound A ∩B exists.

2. For A ∈ ∆, ∆≤A, the subposet of ∆ consisting of elements less than A, is isomorphic to

the poset of subsets of a finite set.
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It turns out that we have the following proposition as well (see [AB10, Section A.1.1] for

proof)

Proposition 2.37. If a poset satisfies conditions 1 and 2 from the above remark, then it is

isomorphic to an abstract simplicial complex.

One special type of simplicial complex that we will often consider is a flag complex of

some set.

Definition 2.38. ([AB10, Defintion A.4]) A flag in some poset is a chain (that is, a listing

of elements p1, ..., pk so that p1 ≤ ... ≤ pk). A flag complex of a set V has the elements of the

power set of V as vertices. Simplices in this complex are flags in the poset of subsets of V .

Example 2.39. Suppose V = {1, 2, 3}. Then we can construct a flag complex as depicted

below:
{1}

{1, 3} {1, 2}

{3} {1, 2, 3} {2}

{2, 3}

(2.10)

The simplicial complexes that we are interested in fall under a special class called chamber

complexes.

Definition 2.40. ([AB10, Section A.1.3]) If ∆ is a simplicial complex where all maximal

simplices have the same dimension, a gallery in ∆ is a sequence of adjacent (that is, sharing

a codimension 1 simplex) maximal simplices.

Definition 2.41. ([AB10, Definition A.8]) A chamber complex is a simplicial complex where

all maximal simplices have the same dimension and rank and where every pair of maximal

simplices is connected by a gallery.

Given a set I, we can label the vertices of a simplicial complex ∆ by I, which in turn

induces a labeling of the simplices of ∆ by subsets of I. When we have a chamber complex,

we can require some extra structure on the way we choose this labeling.

Definition 2.42. ([AB10, Page 665]) A labeling of a chamber complex ∆ by a set I is a map

ℓ : V (∆) → I, where V (∆) is the set of vertices of ∆, such that the vertices of any chamber

are in bijection with the elements of I. If a chamber complex admits a labeling, it is called

labelable.
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In [AB10], this is called a coloring and chamber complexes are called colorable. Finally,

we would like some way to discuss the local structure of a simplicial complex. To do this, we

can make the following definition.

Definition 2.43. ([Bro89, Section A.D]) The link of a simplex A in a simplical complex ∆

(denoted lk∆A) is the subcomplex of ∆ of simplices B where A ∩B = ∅ and A ∪B ∈ ∆.

Example 2.44. Consider the flag complex we constructed in the previous example. The

union of the middle vertex with any other vertex is the edge between them, and the union of

the middle vertex and line between two other vertices is the triangle with the middle vertex

and the other two vertices. So the middle vertex is has empty intersection and union in ∆

with every vertex and line not containing it. So it’s link is the outside perimeter of the hexagon.

On the other hand the vertex {1} has union in ∆ with {1, 3}, {1, 2}, {1, 2, 3} and any

lines between those vertices. So its link is simply the following:

{1, 2} {1, 3}

{1, 2, 3}

2.2.3 Coxeter Complexes and Buildings

We now work to define buildings of type W for some finite of affine Coxeter system (W,S).

We must begin with the following definition.

Definition 2.45. ([AB10, Definition 2.12]) Let (W,S) be a Coxeter system. A subgroup of

W is called special if it is ⟨J⟩ for some subset J ⊂ S. Any coset of a special subgroup is

called a special coset.

It is easy to show that not all subgroups of a Coxeter subgroup are special (e.g.

{(1 2 3), (1 3 2), 1} ≤ A2 is not special). We now define a simplicial complex using this notion

of special subgroups and cosets of (W,S).

Definition 2.46. ([AB10, Definition 3.1]) The Coxeter complex of type (W,S) , denoted

Σ(W,S), is the poset of special cosets of W , ordered by the opposite of the inclusion relation.

Example 2.47. Take n = 3. The Coxeter complex of An−1 = Sn is given by the following

(where each simplex is labeled by the coset it represents and we write the coset {w} = w⟨1⟩
as w for w ∈ W ):

24



⟨s1⟩ = {1, s1}⟨s2⟩

s2⟨s1⟩

s2s1⟨s2⟩ s1s2⟨s1⟩

s1⟨s2⟩ = {s1, s1s2}

s1 = s1⟨1⟩

s1s2s2s1

s2

s1s2s1

1

Figure 2.3: The A2 Coxeter Complex

Example 2.48. The Coxeter complex of Ãn−1 is partially given by Figure 2.4 below. Here

the triangle are elements of the group, edges are cosets w⟨S ′⟩ with |S|′ = 1 and vertices are

cosets w⟨S ′⟩ with |S|′ = 2.

⟨s1, s3⟩ ⟨s2, s3⟩

⟨s1, s2⟩
s2⟨s1, s3⟩

⟨s1⟩ ⟨s2⟩

⟨s3⟩

s2⟨s1⟩

Figure 2.4: The Ã2 Coxeter complex

Note that we have a invertible W action on Σ(W,S) where w · w′⟨S ′⟩ = ww′⟨S ′⟩. We will

make frequent use of this action when proving the following facts about Σ(W,S).

Proposition 2.49. ([AB10, Theorem 3.5]) Σ(W,S) is a chamber complex.
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Proof. ([AB10, Theorem 3.5]) To show this, we must show that Σ(W,S) is simplicial. To do

this, we use the strategy of checking the conditions of Remark 2.36.

First, to see that for any A and B that A ∩ B, we recall that since we are working un-

der the opposite of inclusion that we are working to find a least upper bound for the cosets

A = w′⟨S ′⟩ and B = w′′⟨S ′′⟩. First, because the W action on Σ(W,S) is invertible, we can

shift A and B so that one is a special subgroup by acting on them by w′−1, so that A′ = ⟨S ′⟩
and B′ = w⟨S ′′⟩ where w = w′−1w′′. Now, we note that by [Bro89, Corrolary 2.3C.3], there is

a set Sw that is the smallest subset S ′ of S for which w ∈ ⟨S ′⟩. The least upper bound of A′

and B′ is the smallest coset containing S ′, S ′′ and w, which we now see is ⟨S ′, S ′′, Sw⟩.

To show that Σ(W,S)≤A is a Boolean poset for every A, we must only show this for a

maximal simplex (i.e. a coset of {1}). We can again use the W action on Σ(W,S). If we show

this for {1}, it holds for every maximal coset. Now, the poset Σ(W,S)≤{1} is simply the poset

of special subgroups of W under the opposite of the inclusion relation.

Now, we show that the map from subsets of S to special subgroups of W given by

S ′ 7→ ⟨S ′⟩ is a bijection. To show it is injective, see that if S1 ̸= S2, and s′ ∈ S1 \ S2, then

s′ ∈ ⟨S1⟩ but s′ /∈ ⟨S2⟩ since by the Coxeter relations, we cannot compose generators to get

another generator. To show surjectivity, we must only note that every special subgroup is

generated by a subset of S by definition. Since if S1 ⊆ S2 then ⟨S1⟩ ≤ ⟨S2⟩, this bijection
gives us ( special subgroups of W )op ≃ (subsets of S)op as poset. But we also have a poset

isomorphism (subsets of S)op to the subsets of S by sending S ′ to S − S ′. So we have shown

( special subgroups of W )op ≃ (subsets of S) as desired.

We define the rank of a simplex w⟨S ′⟩ to be |S| − |S ′|. So we can see that all maximal

simplices have rank n, since they are w⟨1⟩ for some w ∈ W . To show that any two maximal

chambers are connected by a gallery, suppose we have some chamber C represented by w⟨1⟩,
where w = w′si. See that w⟨si⟩ = {w,w′} is a wall between C and C ′ represented by w′⟨1⟩.
Now, write w′ = w′′sj and repeat this process to get a gallery from C to {1}. To get a gallery

between any two chamber we must simply concatenate their repspective galleries to ⟨1⟩. So
Σ(W,S) is a chamber complex, as desired.

Now that we have shown that Coxeter complexes are indeed chamber complexes, we can

show that they are labelable. From now on, we will say Σ = Σ(W,S) for ease.

Proposition 2.50. ([AB10, Theorem 3.5]) Any Coxeter complex S is labelable by S. Moreover,

the labeling ℓ is defined by ℓ(w⟨S ′⟩) = S − S ′.
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Proof. We need to show that the elements of a chamber are in bijection with the elements of

S. Because of the W action on Σ we can once again prove this by making the argument for

the chamber {1}. Now, see that the vertices of this chamber are simply the special subgroups

generated by sets of size n− 1. Under ℓ each of these subgroups has for a label a unique si.

Also, by construction, there are exactly as many subgroups as elements of si so there is the

desired bijection. Therefore Σ is labelable.

In future chapters, we will refer mostly to the vertex labeling on Σ, as we will construct

different labelings for the edges. We also want to make note of the following facts about the

local structure of Coxeter complexes as they will come into play in later chapters.

Proposition 2.51. ([Bro89, Page 60]) For any A ∈ Σ, lkΣA is isomorphic to a Coxter

complex. More specifically, if S ′′ = ℓ(A), then S ′ = S − S ′′ and W ′ = ⟨S ′⟩ then lkΣA ≃
Σ(W ′, S ′).

Corollary 2.52. ([AB10, Corollary 3.20]) If A is a codimension 2 simplex labled by a coset

of ⟨S − {si, ij}⟩, then the link of A in Σ is a 2m-gon where m = m(si, sj).

Now, we turn our attention from Coxeter complexes to buildings. We begin with the

following definition.

Definition 2.53. ([AB10, Definition 4.1]) A building (often denoted ∆) is a simplicial

complex that can be expressed as the union of a set A = {Σi|i ∈ I} of subcomplexes called a

system of apartments satisfying the following axioms:

1. Every apartment Σ is a Coxeter complex.

2. For every pair of simplices A and B in ∆, there is some apartment in ∆ containing

both A and B.

3. If Σ1 and Σ2 are two apartments containing simplices A and B, there is an isomorphism

Σ1 → Σ2 fixing A and B pointwise.

By Proposition 2.49, a building is a chamber complex. If we pick maximal simplices A

and A′, by axiom 2, there is apartment Σ containing both. Since Σ is a Coxeter complex,

and therefore a chamber complex, A and A′ must have the same dimension and be connected

by a gallery.

Remark 2.54. ([AB10, Remark 4.2]) What we have just defined as a building is in the

literature sometimes called weak building, with the term building given to a chamber complex

that satisfies our definition and is also thick (i.e., every codimension 2 simplex is contained

in at last three chambers).
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We note that the specific system of apartments is not a piece of the structure. A building

may be equipped with several distinct systems of apartments. There is however, a canonical

system of apartments for every building. It is true that the union of a collection of system of

apartments is also a system of apartments (see [Bro89, Section 4.4]). So we have a maximal

system of apartments (the union of all systems of apartments. We call this system the

complete system of apartments.

Axiom 3 of a building can be replaced by two equivalent conditions. The first is:

Axiom 3.1: ([AB10, Remark 4.3]) Σ1 and Σ2 are apartments that both contain a chamber C

and simplex A, then there is an isomorphism between Σ1 and Σ2 fixing A and C pointwise.

Proof. We show this new axiom implies Axiom 3. Choose any simplices A1 and A2, and

apartments Σ1 and Σ2 containing A1 and A2. Now, choose some chamber C1 ∈ Σ1 so A1 ⊆ C1

and C2 ∈ Σ2 so A2 ⊆ C2. By axiom 2 of a building, there some apartment Σ′ containing C1

and C2. Now, axiom 3.1 implies that there is an isomorphism ϕ1 : Σ1 → Σ′ fixing C1 and A2

and an isomorphism ϕ2 : Σ
′ → Σ2 fixing C2 and A1. So ϕ2 ◦ ϕ1 is the isomorphism need to

satisfy axiom 3.

The second of the equivalent axioms is as follows (the proof of equivalence can be found

in [AB10, Page 175]):

Axiom 3.2 ([AB10, Remark 4.4]): If Σ1 and Σ2 are apartments that both contain a chamber

C, there is an isomorphism Σ1 → Σ2 that fixes each simplex of Σ1 ∩ Σ2.

Now, we wish to extend an important property of Coxeter complexes to buildings as well.

From this point, take ∆ to be an arbitrary building and A to be a system of apartments (not

necessarily complete) for the building.

Proposition 2.55. ([AB10, Proposition 4.6]) A building ∆ is labelable.

Proof. ([AB10, Proposition 4.6]) To show this, first pick some chamber C in ∆ and an

arbitrary labeling ℓ on the vertices of C with some label set I. Now, see that for every

apartment Σ containing C, we can use the W action on Σ to construct ℓΣ, the unique labeling

of Σ consistent with ℓ. This labeling is also preserved by the isomorphism ϕ : Σ1 → Σ between

two apartments containing C, since ϕ fixes C, ℓΣ1 ◦ϕ and ℓΣ are both labelings of Σ1 agreeing

with ℓ and therefore the same labeling. So we can combine these labelings to get a labeling

on the union of all apartments containing C. But, by axiom 2 of buildings, every simplex in

∆ shares an apartment with C, so this union is ∆. Therefore, ∆ is labelable.
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Given a labeling ℓ with index set I of ∆, we can fix an apartment Σ and intrepret the

labeling set I as indexing the generating set S for the Coxeter complex. For any simplex A

of type I −{i, j}, mij = diam(lkΣA) (this is an 2m-gon due to similar reasoning to Corollary

2.52). We can then construct a Coxeter matrix M = [mij]. Since we have isomorphism

between apartments that are labeling preserving from the previous proposition, this matrix

M is the same for any choice of Σ. So every apartment in ∆ is a Coxeter complex of the

same type.

Definition 2.56. ([AB10, Proposition 4.7]) The type of a building ∆ is the same as the type

of any of its apartments.

Before we present some examples, we note that as in the case of Coxeter complexes, the

link of any simplex in a building is also a building. We will talk more about this result in

later chapters.

To present our first example, first suppose Q is a set with an incidence relation (that

is, a reflexive and symmetric relation on Q). We can partition Q into set Q0, Q1, ..., Qn−1.

We call this partition an incidence geometry if two members of Qi are incident only if they

are equal. We can put many different sets of axioms on an incidence geometries. We will see

both in the upcoming example and in later chapters that some types of incidence geometries

correspond to different types of buildings. We call attention in particular to one type here.

Definition 2.57. ([AB10, Definition 4.17]) A projective plane is a incidence geometry

P = P0 ∪ P1, where we call P0 points and P1 lines subject to the following axioms.

1. Any two points are incident to a distinct line.

2. Any two lines intersect at a distinct point.

3. There exist 3 points that are non-colinear.

Example 2.58. ([AB10, Example 4.16]) Suppose that ∆ is a building of rank 2. In this case,

the chambers are lines, and codimension 1 simplices are points. Necessarily, this means that

the apartments of ∆ must be the Coxeter complex of a rank 2 Coxeter group (chambers

are default labeled by w⟨1⟩ and so lines must be w⟨si⟩, so |S| − 1 = 1). So our building has

Coxeter type defined by the diagram

• •m (2.11)
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We will consider the case where m = 3. This diagram corresponds to the system A2, which

as we have seen before has the Coxeter complex:

Here we partition the vertices into P0 (white vertices) and P1 (black vertices). We see that we

can view this apartment as three lines (P1) whose pairwise intersections are 3 distinct points

(P0). This suggests that the building ∆ has the structure of a projective plane. This is indeed

true and we can say this in general for any A2 building. Indeed we can also say the converse,

that the flag complex of a projective plane is always a type A2 building ([AB10, Page 179]).

Concretely, let P be the projective plane over F2, which has 7 points (which are each

on 3 lines) and 7 lines (with three points on each). This means that the corresponding

building will have 14 vertices and 21 edges, as in Figure 2.5.

◦ •

• ◦

◦ •

• ◦

◦ •

• ◦

◦ •

Figure 2.5: The building corresponding to the projective plane over F2
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We will say more about this correspondence between type A buildings and projective

geometries in a later chapter. If we were to change the value of m in our example, the resulting

building would correspond to a different type of plane geometry (for example, the m = 4 case

corresponds to polar geometry).

We would like to now present a concrete example of a building of affine type. To do this,

we first need the following context.

Definition 2.59. ([AB10, Definition 6.106]) Suppose k is a field with unit group k∗. A

discrete valuation on k is a surjective map v : k∗ → Z so that

v(k1 ∗ k2) = v(k1) + v(k2)

and

v(k1 + k2) ≥ min(v(k1), v(k2))

for all k1, k2 ∈ k∗ (we sometimes extend this definition to k by setting v(0) = ∞).

From this we have a subring A called the valuation ring of k, defined as A = {k ∈
k∗|v(k) ≥ 0}. The units of this ring are A∗ = {k ∈ k|v(k) = 0}. Also, if we choose a element

π ∈ k with v(π) = 1, then every k ∈ k∗ can be written as k = πnu for n ∈ Z and u ∈ A∗. So

we have a maximal principal ideal of A defined by πA and therefore k = A/πA is a field,

called the residue field of A.

Example 2.60. ([AB10, Example 6.108]) Let k = Q and p be some prime. We can define

what we will call the p-adic valuation on k by defining v(k) to be the exponent of p, positive

or negative, in the prime factorization of k. That is, if we write k = pmu, where m ∈ Z
and p does not divide u, then v(k) = m. See that the valuation ring of k is the ring

A = {k1
k2
|p does not divide k2} (having a factor of p in the denominator is the only possible

way to get a negative valuation). Here, the residue is Fp, the finite field with p elements.

Proposition 2.61. ([AB10, Definition 6.110]) The valuation ring A is a principle ideal

domain.

Because of this, we can now use the theory of modules over principal ideal domains to

talk more about A. In particular, we can take the vector space V = kn and look at lattices

in V (that is, we look at A-submodules L ⊂ V where L = Ae1 ⊕ ... ⊕ Aen for some basis

{e1, ..., en} of V .

If we consider two lattices L and L′ and with we can choose a basis e1, ..., en for L such that
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L′ = Aλ1e1 ⊕ ...⊕Aλnen. We can take the λi to be powers of π and these coefficients (called

elementary divisors of L′ with respect to L) are, up to order, unique.

Example 2.62. ([AB10, Section 6.9.2]) Given the setup provided, we can define an equiva-

lence relation on lattices where L and L′ are equivalent if L′ = λL for some λ ∈ k∗. We use

[L] to denote the equivalence class of L, or, if L = Av1 ⊕ ...⊕ Avn, then we may label the

equivalence class as [[v1, ..., vn]]. These equivalence classes will now serve as the vertex set of

a building, but in order to fully define this building, we must have a notion of both type and

incidence.

To determine type, we see that GLn(k) acts on the lattice classes that we have defined.

Also, see that under this action, the stabilizer of [An] is Z ·GLn(A) where Z is the group of

scalar multiples of the identity matrix. We note that v(det(G)) is 0 mod n for any matrix in

this stabilizer. In light of this, we can look at an arbitrary class L and see that if G ∈ GLn(k)
such that G[An] = L will have v(det(G)) mod n constant , so that we can set v(det(G)) to

be the type of L. If L = [[v1, ..., vn]], then naturally [v1, .., vn] will be one of those matrices

and therefore type(L) = v(det([v1, ..., vn])) mod n.

Now, we call two lattice classes L1 and L2 incident if we can find representatives L1 and L2

respectively such that πL1 ⊂ L2 ⊂ L1. This is a symmetric incidence relations, and suggests

that the elementary divisors of L2 with respect to L1 are some sequence {1, ..., 1, π, ..., π}.
This means that L1 and L2 must belong to equivalence classes with different types, and so

we have built an incidence geometry.

It can be show that the flag complex of this incidence geometry is a building of type

Ãn. The proof of this fact is complicated, and can be found in [AB10, Section 8.8C].

The crux of the omitted proof relies on an action of G on the building ∆. We often have

groups acting on buildings in this way: as type-preserving automorphism that are simplical

and send apartments to apartments. These actions are called strongly transitive if they are

transitive on the pairs (Σ, C) of apartments and chambers. From these strongly transitive

actions, we get the theory of BN -pairs . We can also use the theory in the opposite direction,

defining an abstract BN -pair as follows.

Definition 2.63. ([AB10, Definition 6.55]) A BN -pair of a group G are subgroups B and N

of G such that G = ⟨B,N⟩, T = B ∩N is normal in N and W = N/T is generated by a set

S, satisfying the following:

• For all s ∈ S, w ∈ W , (BsB)(BwB) ⊆ (BwB) ∪ (BswB).
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• For all s ∈ S, sBs−1 ⊆ B.

If we have a BN -pair for a group, then we can take ∆(G,B) to be the poset of parabolic

subgroups of G (that is subgroups that contain a conjugate of B) under the opposite of

the inclusion relation. This construction makes ∆(G,B) a building. Many of the classical

examples of buildings come from the theory of BN -pairs.

2.2.4 Triangle Presentations

Finally, we will discuss another combinatorial object that arises from an affine building,

introduced by Cartwright and his coauthors (see [CMSZ93], [Car95]). Recall that a group G

can act on a building ∆ by permuting the vertices of the building.

Definition 2.64. A group G’s action on a set A is simply transitive if for all pairs a1, a2 ∈ A,

there is a unique g ∈ G where g ∗ a1 = a2.

Example 2.62 uses the action of PGL(n,k) to construct a Ãn−1 building ∆. Cartwright’s

goal when developing the theory of triangle presentations was to find subgroups of PGL(n,k)
that act simply transitively on ∆. One could ask a similar question for any type of building,

but the following proposition shows that it is only answerable in a special case.

Proposition 2.65. ([CMSZ93, Proposition 2.1]) Suppose ∆ is an affine building whose

Coxeter diagram is connected. Then there exists a group G that acts simply transitively on

the vertices of ∆ only if the building is of type Ãn−1.

Recall that we have a canonical labeling ℓ of the vertices of ∆ with the integers {1, .., n}.
A G-action is called type-rotating if for every g ∈ G and vertex v in ∆, ℓ(g ∗ v) = ℓ(v) + c

mod n for a fixed c. Given a group G of type rotating automorphisms on ∆, [CMSZ93,

Proposition 2.2] and [Car95, Theorem 2.6] show that there is a presentation of G in terms of

generators and relations so that each generator gx corresponds to a nearest neighbor vertex x

of some fixed vertex v0 in ∆, and all relations are of the form gxgygz = 1, for x, y, z nearest

neighbor vertices of v0. From this presentation, we also get an bijection σ between vertices

of type k and type n− k and list of 6 axioms for triples (x, y, z) where gzgygz = 1. This is

the canonical example of a triangle presentation, and from this, we can obtain a general

definition.

Definition 2.66. ([Car95, Page 46]) Let Π by any projective geometry of dimension n ≥ 3.

For i ∈ [n − 1], let Πi = {u ∈ Π : dim(u) = i}. Let σ : Π → Π be an involution such that

σ(Πi) = Πn−i for each i. A Ãn−1-triangle presentation compatible with σ is a set T of triples

(u, v, w), with u, v, w ∈ Π, satisfying the following properties.
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1. Given u, v ∈ Π, then (u, v, w) ∈ T for some w ∈ Π if and only if σ(u) and v are distinct

and incident.

2. If (u, v, w) ∈ T , then (v, u, w) ∈ T .

3. If (u, v, w1) ∈ T and (u, v, w2) ∈ T , then w1 = w2.

4. If (u, v, w) ∈ T then (σ(w), σ(v), σ(u)) ∈ T .

5. If (u, v, w) ∈ T , then dim(u) + dim(v) + dim(w) ≡ 0 mod n.

6. If (x, y, u) ∈ T and (x′, y′, σ(u)) ∈ T , dim(x) + dim(x′) < n and dim(y) + dim(y′) < n,

then there exists a unique w ∈ Π, for which (y′, x, w) ∈ T and (y, x′, σ(w)) ∈ T .

[Jon21] presents several alternate conditions for condition 6, which will prove useful to us.

Proposition 2.67. ([Jon21, Proposition 2.5]) Condition 6 in the above definition can be

replaced by either of the following conditions:

6’. If (u, v, σ(r)), (r, w, σ(s)) ∈ T and dim(u) + dim(v) + dim(w) < n, then there exists

a unique t ∈ Π such that (u, t, σ(s)), (v, w, σ(t)) ∈ T .

6”. If (u, t, σ(s)), (v, w, σ(t)) ∈ T and dim(u) + dim(v) + dim(w) < n, then there exists

a unique r ∈ Π such that (u, t, σ(r)), (r, w, σ(s)) ∈ T .

Example 2.68. ([Jon21, Example 2.7]) Suppose N = q2 + q + 1 for q = pn, where p is

prime. A cyclic planar difference set is a set D ⊂ Z/NZ where every element of Z/NZ can

be written in a unique way as a difference of elements in D. Additionally, we call the cyclic

planar difference set standard if D is invariant under multiplication by p.

From standard cyclic planar difference set, we can define an abstract projective plane

where the points are the elements of Z/NZ, the lines are translates of D and the incidence

relation is inclusion. We can also define a bijection σ from points to lines where σ(z) = z+D.

From here, we can define the following sets:

T1 = {(z, z + d, z + (q + 1)d|z ∈ Z/NZ, d ∈ D} (2.12)

T2 = {(σ(z′′), σ(z′), σ(z))|(z, z′, z′′) ∈ T1} (2.13)

T = T1 ∪ T2 (2.14)
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We can show that T as defined is a triangle presentation. More details on this example and

explicit examples of cyclic planar difference sets can be found in [Jon21].

35



CHAPTER

3

MODULE CATEGORIES FOR Web(SL−n )

FROM Ãn−1 BUILDINGS

3.1 Introduction

In [Jon21], the author presents the construction of a fiber functor on a certain monoidal

category Web(SL−
n ) of type A webs in positive characteristic, which can be extended to a

non-standard fiber functor on the Rep(SL2k+1) as shown in [CEOP21, Example 7.3.4]. This

functor is constructed through the use of a combinatorial structure called a triangle presenta-

tion of type Ãn−1, as introduced in Section 2.2.4. The existence of a triangle presentation relies

on the presence of a vertex-transitive action of a group on a building (see Proposition 2.65.

This type of action requires the high level of symmetry found only in type A combinatorics.

Thus we cannot apply the same ideas to obtain non-standard fiber functors in other types.

Instead of looking for fiber functors, it is natural to look more generally for module categories

arising from the combinatorics of buildings, which may exist outside type A. There is a

canonical module category for Rep(SLn) whose underlying category is the category of vector

bundles on the type A weight lattice ΛW , which arises from restriction. In a certain sense, a

36



locally finite building of type Ãn−1 and order q (see note after Lemma 3.6) can be thought of

as a q-analogue of ΛW . This motivates the following result, which is the main theorem of this

chapter.

Theorem A. If k is a field of characteristic p ≥ n− 1 and ∆ is an Ãn−1 building of order

q ≡ 1 mod p, there is a monoidal functor Web(SL−
n ) → End(V ec(∆)), where both categories

are defined over k. When n is odd, this equips V ec(∆) with the structure of a module category

over Tilt(SLn).

In the above theorem, V ec(∆) denotes the category of vector bundles over the set of

vertices of ∆. From this module category, we can recover the non-standard fiber functor

introduced in [Jon21] by studying symmetries. Any action of a group G on ∆ induces an

action on the category V ec(∆) and so we can consider its equivariantization V ec(∆)G. Our

second main theorem extends the module category of Theorem A to V ec(∆)G.

Theorem B. Let k be a field of characteristic p ≥ n − 1. For any type-rotating action of

a group G on ∆ there exists a monoidal functor Web(SL−
n ) → End(V ec(∆)G), equipping

V ec(∆)G with the structure of a Web(SL−
n ) module category.

When G acts simply transitively on an affine building in type A, then V ec(∆)G ≃ V ec,

and as we have End(V ec) ∼= V ec, we recover the fiber functor on the Web(SL−
n ) category

constructed in [Jon21].

In order to build the module category from Theorem A, we consider an intermediate tensor

category G(∆), called the graph planar algebra of ∆. Graph planar algebras were introduced

in [Jon00], [Jon99] and [Mor10]. Our version varies slightly, but we show in Remark 3.12 how

it fits into the pre-existing framework.

We expect similar results relating web categories and buildings should be true outside

of type A. As outlined in Section 1.1, there have been many web categories defined in

other types following the introduction of web categories in [Kup96]. In Chapter 4 of this

dissertation, we consider this question in type C, taking the web category presentation of

[BERT21] (or, more accurately, [Bod22]) that corresponds to the representation theory of

sp2n and the Coxeter/Lie combinatorics in type C. We will show an elementary result and

discuss challenges in duplicating our type A construction. Finally, we remark that as in

[Jon21], the functors and natural transformations defining our module category make sense

in characteristic 0, but do not satisfy the Web(SL−
n ) relations. Instead they generate a new

category related to the quantum automorphism group of the building, introduced and studied

in [RV22], building on the previous work of [VV19]. It would be interesting to precisely clar-

ify the relationship between Web(SL−
n ) and the quantum automorphism group of these graphs.
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The structure of this chapter is as follows. In Section 3.2, we recall from Chapter 2 the main

players in our work, namely Ãn−1 buildings and the categories Web(SL−
n ), and define G(∆) for

a locally finite building ∆ of type Ãn−1. Section 3.3 defines the functor Web(SL−
n ) → G(∆),

while also proving some results about buildings of order 1 (which are Coxeter complexes).

Section 3.4 then details the construction of V ec(∆)G as a Web(SL−
n ) module category and

provide examples of the category for several actions of G on ∆. The results of this chapter

originally appear in [McG22] and much of the text is taken directly from this source.

3.2 Preliminaries

3.2.1 Buildings and Graph Planar Algebras

In this section, we will review the definitions of Coxeter complexes and buildings, with a

focus on types Ãn−1 and An−1. We will also state several facts about the structure of these

objects and discuss their connections to each other and to the representation theory of the

Lie algebra sln. We will then introduce graph planar algebras, and describe the construction

of a graph planar algebra for any building of type Ãn−1. We refer the reader to [AB10] and

Section 2.2 for further background on Coxeter systems and simplical complexes.

Coxeter Complexes and Buildings

Recall from Definition 2.45 that the special subgroups of a Coxeter system (W,S) are the

subgroups ⟨S ′⟩ for some S ′ ⊆ S and the special cosets are the cosets of theses subgroups.

The Coxeter complex of (W,S), Σ(W,S) or Σ if context is clear, is the poset of special cosets

under the opposite of the inclusion relation. This poset is a labelable chamber complex (see

Proposition 2.49).

Recall that we can represent a Coxeter system (W,S) as a graph called the Coxeter di-

agram of (W,S). In this chapter, we are interested in the groups with the following Coxeter

diagrams.
1 2 3 n-2 n-1 1 2 3 n-2 n-1

n

(3.1)

These diagrams represent the Coxeter systems of type An−1 and Ãn−1 respectively. A group

of type An−1 is isomorphic to the symmetric group Sn and Ãn−1 is the corresponding affine,
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irreducible system.

The link of a simplex X in a simplicial complex Σ (denoted lkΣ(X)) is the subcomplex of all

simplices that are both disjoint from and joinable toX (see Definition 2.43). If a is a vertex of Σ,

then lkΣ(a) is the induced subcomplex with vertex set V = {b|b is connected by an edge to

a in Σ}. If lkΣ(a) has finitely many vertices for every vertex a ∈ Σ, we call Σ locally finite.

We have the following results about the links of the An−1 and Ãn−1 Coxeter complexes.

Lemma 3.1. The link (see Definition 2.43) of a vertex in a Coxeter complex of type Ãn−1 is

isomorphic to the Coxeter complex of type An−1

Proof. To see this, notice that we identify each vertex v in our Coxeter complex with a coset

of a special subgroup with generating size n− 1. This special subgroup is isomorphic to An−1,

and so we can get cosets of special subgroups of size n− 2 contained in our initial vertex coset

by first taking a coset of size n− 2 in this isomorphic copy of An−1 and then multiplying by

the coset representative in Ãn−1 on the left. We know that these cosets of size n− 2 count

two objects: edges adjacent to v in the Coxeter Complex Ãn−1 and vertices in the Coxeter

complex of type An−1. So we can identify a vertex adjacent to v by the coset related to it’s

edge. We must now show that this identification preserves adjacencies.

Suppose we have a triangle with vertices v, x and y in our Coxeter complex of type Ãn−1.

We must show that this occurs exactly when the cosets associated to the edges from v to

x and v to y are connected in our isomorphic copy of An−1. We call these edges e1 and e2

respectively and refer to the coset related to an edge or vertex simply by the name we have

given that edge or vertex. The existence of the triangle v, x, y implies that there is some coset

with generating set of size n− 3 that is contained in v ∩ x ∩ y. We call this coset t. Since e1

and e2 bound this triangle, we have t ⊂ e1 and t ⊂ e2. Now, these inclusions imply that t is a

coset of the isomorphic copy of An−1 that we had previously defined. So t as a coset defines

the edge between e1 and e2 viewed as vertices in this type An−1 complex, and so e1 and e2

are adjacent in this complex.

To show the opposite direction, if e1 and e2 are adjacent in our An−1. Then there ex-

ists some coset with generating set size n − 3 that is contained in e1 ∩ e2. But when we

map into the type Ãn−1 complex, we see that e1 ∩ e2 ⊂ v ∩ x ∩ y, where x and y denote the

opposite end of edges e1 and e2. So t ⊂ v ∩ x ∩ y and this implies the existence of a triangle

with vertices v, x, y which means that x and y are adjacent. So we have shown the desired

isomorphism.
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Lemma 3.2. The Coxeter complex of type An is isomorphic to the flag complex of proper

non-empty subsets of [n].

Proof. First, we show that the vertices of the these structures are in bijection. The vertices of

the Coxeter complex are cosets w⟨S−{si}⟩, for some w ∈ W and i ∈ [n], where (W,S) is the

Coxeter system of type An. We will identify w⟨S−{si}⟩ with the subset {w(1), w(2), ..., w(i)},
and show that this map, which we call α, is a bijection.

First, we show that α is injective. Suppose that α(w⟨S − {si}⟩) = α(w′⟨S − {sj}⟩). First, see
that this means si = sj . So we have {w(1), ..., w(i)} = {w′(1)....w′(i)}. Applying w−1 to both

subsets, we see that {1, ..., i} = {w−1w′(1), ..., w−1w′(i)}. This implies that w−1w′ ∈ ⟨S−{si}⟩.
So we have w⟨S−{si}⟩ = w′⟨S−{si}⟩ and so α is injective. To show that α is surjective, take

some subset A of [n]. Suppose that |A| = i, and fix some ordering a1, ..., ai of the elements

of A. Now, take wA to be some permutation so that w(j) = aj for all j ∈ [i]. See that

α(wA⟨S − si⟩) = A. So α is indeed a bijection between the vertex set of a type An Coxeter

complex and that of a flag complex of proper non-empty subsets of [n].

Now, we must show that two cosets are adjacent in the Coxeter complex if and only if

the corresponding subsets under α are adjacent in the subset flag complex. To see this,

first suppose we have adjacent cosets w⟨S − {si}⟩ and w′⟨S − {sj}⟩. This implies that the

cosets have non-zero intersection (more specifically that they both contain some special coset

with generating set of size n − 2), and this means that if i = j, these are cosets are not

adjacent but equal. So we assume without loss of generality that i < j and proceed. See

that this adjacency is equivalent to saying that ⟨S − {si}⟩ is adjacent to w−1w′⟨S − {sj}⟩.
So we will work with these cosets instead. See that ⟨S − {si}⟩ ∩ w−1w′⟨S − {sj}⟩ ̸= ∅ if

and only if w−1w′ ∈ ⟨S − {si}⟩. This inclusion means that w−1w′ must stabilize the sub-

sets {1, ..., i} and {i + 1, ..., j}. So we have that {1, ..., i} = {w−1w′(1), ..., w−1w′(i)}. Now,
since i < j, we have that {w−1w′(1), ..., w−1w′(i)} ⊂ {w−1w′(1), ..., w−1w′(j)}. So we have

{1, ..., i} ⊂ {w−1w′(1), ..., w−1w′(j)}, which proves adjacency of the image of these cosets in

the flag complex. This proves adjacency of the images of our original cosets as well.

Now, suppose we have subsets A,B with A ⊂ B so that they are adjacent in our flag

complex. We can find some permutation w∗ ∈ W so that A = {w∗(1), ..., w∗(i)} and

B = {w∗(1), .., w∗(j)}. So α−1(A) = w∗⟨S − {si}⟩ and α−1(B) = w∗⟨S − {sj}⟩. See that

α−1(A) ∩ α−1(B) = w∗⟨S − {si, sj}⟩, and so α−1(A) is adjacent to α−1(B).

So we have adjacency in the Coxeter complex if and only if we have adjacency under
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the image of α in the 1-skeleton of the flag complex. This is enough to prove that the

complexes are isomorphic.

Note that the isomorphism in the above lemma is consistent with the canonical labelling

of Σ (i.e. vertices with the same label are matched to subsets of the same size). We will use

these facts throughout this chapter.

The Ãn−1 Coxeter complex Σ appears in the representation theory of the Lie algebra sln.

In particular, the sln coroot lattice is embedded in Σ (see [AB10, Section 10.1.8]. If n = 3,

it is easy to see that as graphs, Σ is isomorphic as a graph to the sln weight lattice. We

show in Section 3.3.2 the connection between the 1-skeleton of the Ãn−1 Coxeter complex,

the sln weight lattice, and the Cayley graph of a distinguished group that we will define

in that section. A way to see this is by choosing a Weyl chamber as in [FH04, Lecture 14].

The collection of these Weyl chambers is isomorphic to a An−1 Coxeter complex (or more

specifically, the flag complex of proper subsets of {1, ..., n} as previously defined).

A building of type Ãn−1 is a simplicial complex which is built out of Coxeter complexes,

originally introduced by Tits [Tit74, Definiton 3.1]. We recall Definition 2.53.

Definition 3.3. A building ∆ is a simplicial complex with a distinguished set of subcomplexes

called apartments that satisfy the following properties:

1. Each apartment is a Coxeter complex for some Coxeter system (W,S).

2. If A and B are simplices in ∆, then there is some apartment ΣAB containing them

both.

3. There is an isomorphism between any two apartments Σ and Σ′ fixing the intersection

Σ ∩ Σ′.

Recall the collection A of apartments of ∆ is called a system of apartments and that

one building can be equipped with multiple possible systems of apartments. All apartments

of a building must be Coxeter complexes of the same type (see Definition 2.56 and [AB10,

Proposition 4.7]). So we will say ∆ is type Ãn−1 if its apartments are of type Ãn−1. For

examples of buildings, refer to Examples 2.58 and 2.62.

The labeling on each apartment Σ previously discussed can be extended to a consistent

labeling of the building ∆ (i.e. a labeling that restricts to the labeling of the Coxeter complex

on any apartment Σ) - see 2.55. So a building is itself a labelable chamber complex. We can

describe the links of vertices in building in a analogous way to those of Coxeter complexes.
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Lemma 3.4. The link of a vertex v0 in a building ∆ of type Ãn−1 is a building of type An−1.

Proof. To see this, first fix a vertex v0 in a Ãn−1 building ∆. Consider the subset A′ of a

system of apartments A, where A′ are precisely the apartments containing v0. We know that

for each Σ ∈ A′, we have that the neighbors of v + 0 in Σ form a An−1 Coxeter complex Σ∗,

and that every vertex adjacent to v0 will be contained in some apartment Σ ∈ A′. So we take

∆∗ to be
⋃

Σ∈A′ Σ∗. We will show that ∆∗ is a building with system of apartments given by

the collection of Σ∗’s.

First, suppose we have two simplices A∗ and B∗ in ∆∗. Since v0 must is connected to

every vertex of both A∗ and B∗, we have simplices A = A∗ ∪ {v0} and B = B∗ ∪ {v0} in ∆.

So we have some apartment Σ ∈ A′ such that A and B are both in Σ (we know Σ ∈ A′ since

a ∈ A). Now, see that when we remove a, we have A∗ ⊂ Σ∗ and B∗ ⊂ Σ∗. So we have A∗ and

B∗ in a common apartment in ∆∗, which proves axiom (B1).

Next, suppose that we have A∗, B∗ contained in two apartments Σ∗ and Σ′
∗ of ∆∗. We

can again adjoin a to see that A = A∗ ∪{v0} and B = B∗ ∪{v0} are contained in both Σ and

Σ′. Now, since ∆ is a building, we have an isomorphism Σ → Σ′ fixing A and B pointwise.

Since this isomorphism fixes v0 pointwise, it must take neighbors of a to neighbors of v0. Since

it also fixes A∗ and B∗, we see that its restriction to Σ∗ is an isomorphism Σ∗ → Σ′
∗ which

fixes A∗ and B∗ pointwise. So this proves axiom (B2). Therefore, we have ∆∗ a building of

type An−1 as desired.

In order to describe buildings of type An , we recall the following definition.

Definition 3.5. [Moo07, pg. 127] A finite projective geometry is a incidence geometry

satisfying the following, where we call n the projective dimension of the geometry (A subspace

S is a collection of points in the geometry such that for every two of its points, the line

containing these points is also in S):

• There is a unique line through any two points.

• There exist three non-colinear points.

• Every line contains at least three points.

• A chain of (non-empty) subspaces (under the partial order of containment) has length

at most n+ 1.

• Every line that is incident with two side of a triangle, and not with the vertices of the

triangle, must be incident with the third side of the triangle.
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Notice that this definition is a generalization of the definition of a projective plane

(Definition 2.57). A locally finite building is a building where the link of every vertex is finite.

Equipped with this terminology, we can state the following lemma due to Tits.

Lemma 3.6. [Tit74, Theorem 6.3] A locally finite building of type An−1 is isomorphic to a

finite projective geometry of projective dimension n− 1.

The order of the building is defined as the order of the finite projective geometry arising

as the link of (any) vertex. This gives us an interesting description of the relationship between

Coxeter complexes and buildings. We recall that we can define the q-integer [k] = qk−q−k

q−q−1 and

[k]!q = [k]q[k − 1]q...[2]q[1]q To see this, we first recall that in a finite projective geometry of

algebraic dimension n and order q, the number of subspaces of dimension k is
[
n
k

]
q
= [n]!q

[k]!q [n−k]!q

(see [Moo07, Page 121]). If we set q = 1, this is simply equal to
(
n
k

)
. This is of course the

number of subsets of size k of an n element set. So in the philosophy of [Tit57], a flag complex

of proper non-empty subsets of [n] can be thought of as a finite projective geometry of

dimension n over Tits’ degenerate “field of order 1”. Reversing the logic, this suggests that

we can think of general finite type An−1 buildings as q-analogues of the An−1 Coxeter complex.

Now we consider this in the affine case. Lemma 3.3 and the facts stated we can say that Ãn−1

Coxeter complexes are equivalent to Ãn−1 buildings of “order 1”. Since the 1-skeleton of the

Ãn−1 Coxeter complex is isomorphic as a graph to the Cayley graph of the weight lattice

of sln, we can say that a locally finite Ãn−1 building is a q-analogue of this weight lattice.

Another way to say this, is that the Coxeter complex is the degenerate building over the field

of order 1 as imagined in [Tit57].

As we finish our discussion of how finite projective geometry ties into the theory of buildings,

we state several facts that we will use in our proof of Lemma 3.23 and Theorem 3.24. Recall

that in algebraic dimension ≥ 4, these questions are problems in linear algebra, as we must

only consider classical projective geometries. In algebraic dimension 3, we must turn to the

theory of projective planes. Both of the facts below follow from the basic theory of projective

planes (see [Moo07, Chapter 6] and in particular Theorem 6.3 for justification). Note that

the projective dimension of the geometries in these Lemmas is n− 1.

Lemma 3.7. In a finite projective geometry of algebraic dimension n and order q, the number

of subspaces of algebraic dimension k is
[
n
k

]
q

Lemma 3.8. In a finite projective geometry of algebraic dimension n and order q, the number

of subspaces of algebraic dimension k containing some fixed m-dimensional subspace is
[
n−m
k−m

]
q
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Finally, we note that for subspaces V and W of a vector space U , we have dim(V +W ) =

dim(V ) + dim(W )− dim(V ∩W ). This fact also holds for projective planes, and is easy to

see by inspection of the definition.

3.2.2 The Graph Planar Algebra G(∆)

We can view the 1 skeleton of a type Ãn−1 building ∆ as a graph which we call Γ∆, where we

define the vertex and edge sets of Γ∆ as the 0 and 1 simplices of ∆ respectively. This graph

is undirected, but we can easily view it as as directed graph by replacing each edge with two

directed edges with opposite sources and targets. Recall that every building has a vertex

labeling that is consistent with the labeling of its apartments. So we can label V (Γ∆) by the

elements of the set [n] in a way that is consistent with the labeling on ∆ (where a vertex v

has label ℓ(v)) . We use this vertex labeling to define a labeling on E(Γ∆) by labeling an edge

from x to y with ℓ(x)− ℓ(y) mod n. We see then that if the edge x → y has label k, then

edge y → x has label n− k mod n. We will abuse notation slightly by using Γ∆ to refer to

this directed graph as well. In fact, we will almost exclusively use the directed version of Γ∆.

Remark 3.9. Recall that for any vertex v0 in ∆ a Ãn−1 building of order q, that lk∆(v0) is

isomorphic to a An−1 building. This is in turn isomorphic to a finite projective geometry of

order q. So we can choose to identify every vertex in lk∆(v0) (or equivalently all the edges

in Γ∆ originating at v0) with a proper subspace of an n dimensional vector space in a way

that the label of an edge in Γ∆ will be equal to with the dimension of the subspace to which

it is identified (see the proof of [Tit74, Theorem 6.3]). Incidence in the projective geometry

corresponds to inclusion of subspaces. So a cycle v0 → x → y → v0 exists in Γ∆ if and only if

one of the subspaces associated to x and y is contained in the other.

Now, equipped with an encoding of any Ãn−1 building as a directed, edge-labeled graph,

we make the following definitions.

Definition 3.10. If p is a path in Γ∆ with edges e1, ..., ek, then the type of p (notation

type(p)), is the tuple of length k where (type(p))i = ℓ(ei).

Definition 3.11. For a graph Γ whose edges are labelled by natural numbers, we define the

category G(Γ) over a field k as the category whose:

• Objects are finite sequences of natural numbers (selected from the edge labels of Γ).

• A morphism between objects σ and τ is a linear functional

f : k({(p1, p2)| type(p1) = σ, type(p2) = τ}) → k
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where f((p1, p2)) = 0 unless the starting and ending points of p1 and p2 coincide.

• A composition of morphisms f : σ → τ and g : τ → ω is defined on a matched pair

(p1, p2) of type (σ, ω) as follows:

(g ◦ f)((p1, p2)) =
∑
p′∈P ′

f((p1, p
′)) ∗ g((p′, p2)) (3.2)

where P ′ is the set of paths of type τ whose starting and ending vertices coincide with

p1 and p2.

This category is a strict monoidal category. The monoidal product acts in the following way

• For sequences σ and τ , σ ⊗ τ = (σ1, ..., σk, τ1, ..., τm).

• For morphisms f : σ → τ and g : ω → µ,

(f ⊗ g)((p1 ⊗ q1, p2 ⊗ q2)) = f((p1, p2)) ∗ g((q1, q2))

.

The monoidal unit is the empty sequence.

The main focus of our discussion will be G(Γ∆) for ∆ a locally finite building of type

Ãn−1. We will use the short hand G(∆) for this category. The categories we have described

above are instances of graph planar algebras originally introduced by V.F.R. Jones in the

context of subfactors (see [Jon00], [Jon99] and [Mor10]) Our version is slightly different but

very similar in spirit.

Remark 3.12. Looking to the work in [Mor10] we see that G(∆) follows the authors’

definition of a graph planar algebra in the following way. Let G be the following graph

v0 1

2

n-1
n

Let π : Γ∆ → G be the homomorphism sending every element in V (Γ∆) to the single vertex

v0 in G and every edge with label i in E(Γ∆) to the edge in G labeled i. Now, we can use the

structure of Ãn−1 buildings to see that choosing δk =
[
n
k

]
q
and d(v) = 1 for all v ∈ V (∆Γ)

gives us Perron-Frobenius data for this homomorphism.
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Notice that Γ∆ is not finite, and thus does not exactly satisfy [Mor10]’s definition of a bidi-

rected graph, but that this construction only requires Γ∆ to be locally finite, which it is. We

then see that G(π) as defined in ([Mor10], definition 2.5) is equivalent to our previously defined

G(∆). Because of this connection, we will often refer to G(∆) as the graph planar algebra of ∆.

Finally, we introduce the following definition which will help us discuss this category locally.

Definition 3.13. For a list of composable morphisms f1, f2, . . . , fk in G(∆) where fi : σi →
σi+1, a labeling is a specific choice of paths of types σ1, . . . , σn with common initial and final

vertices. For example each choice of p′ in 3.2 gives us a labeling (p1, p
′, p2) of f, g.

Notice that we can use this idea to reword the definition of composition in Definition 3.11

by saying that we can compose a list of morphisms f1, f2, . . . , fk by summing over all labelings

of this list and taking the product of values in each labeling. For a specific evaluation of this

map (i.e. f1 ◦ f2 ◦ fk(p1, p2)), we will consider only labelings starting with p1 and ending with

p2. Also, if we have a morphism that is the sum of multiple web pictures, we can evaluate

it by independently summing over labelings of each summand and then adding the values

together.

3.2.3 The Category Web(SL−
n )

In this section, we introduce the category Web(SL−
n ) as an an example of a class of categories

often called “web categories.” (first found in [Kup96]). These categories, described by dia-

grammatic generators and relations, derive their name from their morphisms, as complicated

compositions in these category have pictorial descriptions resembling spiderwebs. We will

examine the representation theoretic context of Web(SL−
n ) in Subsection 3.2.3.

Web(SL−
n ) was introduced in [Jon21] as an extension of the categories described in [BEAEO20].

These are closely related to the sln web categories originally introduced in [CKM14], though

our categories do not have a chosen pivotal structure. Formally, the category Web(SL−
n ) is

the category whose objects are finite sequences in [n] and whose morphisms are generated by

the following diagrams (called webs):

j + k

j k

and

j + k

j k

and

n

and
n

Here, j and k can be any natural number labels, such that j + k ≤ n. If j + k > n, then the

morphism does not exist. The collection of morphisms in this category is just the collection
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of formal k linear combinations of horizontal and vertical compositions of these generating

morphisms. The morphisms satisfy the following relations.

j + k + ℓ

j k ℓ

=

j + k + ℓ

j k ℓ

and

j + k + ℓ

j k ℓ

=

j + k + ℓ

j k ℓ

(3.3)

j+k

j+k

kj =

(
j + k

j

)
j+k

(3.4)

j

k

m ℓ

=
∑
t

(
m− ℓ+ j − k

t

) k - t

j- t

m ℓ

(3.5)

j

k

m ℓ

=
∑
t

(
ℓ−m+ k − j

t

) k - t

j - t

m ℓ

(3.6)

n

=

n

and = (3.7)

m

=

m

m

n-m
=

m

m

n-m
(3.8)

We will call relation 3.3 the associativity and coassociativity relation, relation 4.5 the bigon

bursting relation and relations 3.5 and 3.6 the square switch relations. We define a tensor

product on objects of Web(SL−
n ) as concatenation of lists and on morphisms as horizontal

composition of pictures. This construction makes Web(SL−
n ) a strict monoidal category (see

[EGNO15] and Section 2.1.1 for background information on monoidal categories). Furthermore,
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we see that the last relation for morphism shows that we have duals in Web(SL−
n ). So Web(SL−

n )

is also a rigid monoidal category.

Remark 3.14. The category PolyWeb(GLn) is essentially Web(SL−
n ) without lollipops

and any relations involving them. In [BEAEO20], the category PolyWeb(GLn) is originally

defined with three types of generators, the third being

jk

kj ,

and relations 3.3, 3.4 and the following:

ℓm

kj

=
∑
s

ℓm

kj

s (3.9)

It turns out that including a crossing generator is redundant, as we can use the relations

to show that
jk

kj

=
∑

t(−1)t

jk

kj

t
(3.10)

Using this rewriting of the crossing generator, relations 3.5 and 3.6 can replace relation

3.9.

Web(SL−
n ) in Context

A quotient of a monoidal category C is a dominant monoidal functor C → D for a monoidal cat-

egoryD. One way to derive Web(SL−
n ) is as a quotient of a larger web category PolyWeb(GLn).

In fact, this is how [Jon21] presents this category.

The theory of web categories gives us a pictorial way to describe categories of represen-

tations. For example, the larger category PolyWeb(GLn) is equivalent to the category of

polynomial representations of GLn over an algebraically closed field. When n = 2k + 1,

we have that Web(SL−
n ) is equivalent to a web category Web(SL+

n ), with almost identical

structure (the major distinction between these categories are the coefficents attached to

relation 6). If we take these categories over an algebraically closed field k, we have that the

Karoubi envelope of Web(SL−
n ) is equivalent to Tilt(SLn), the category of titling modules for

48



SLn (see [Jon21, Remark 3.4]). As a result (and because [GMP+23, Theorem 3.21] show that

the Karoubi completion is categorical), functors from Tilt(SL2k+1) are completely described

by functors out of Web(SL−
2k+1), where we must simply define images for all generating

morphisms that satisfy the Web(SL−
n ) relations.

In characteristic 0, Tilt(SLn) is equivalent to the category Rep(SLn), but in positive char-

acteristic it is not. Instead, it is simply a full subcategory of Rep(SLn). In this setting,

Tilt(SLn) can be characterized as the subcategory of Rep(SLn) whose behavior mimics that

of Rep(SLn) in characteristic 0. Additionally, Rep(SLn) is the Abelian envelope of Tilt(SLn)

[CEOP21].

When n is even, we believe that Web(SL−
n ) corresponds to tilting modules for a q = −1

deformation of SLn. For example, when n = 2, we have that Web(SL−
2 ) ≃ TLJ(2), the

Temperley-Lieb-Jones category (see [KL94], [Tur94], [Che14]) with loop parameter δ = 2.

Remember that this category is the k-linear strict monoidal category whose morphisms are

generated by and with relations:

= =

and = 2
(3.11)

The monoidal equivalence mentioned above comes from extending the following identification

to all of TLJ(2).

7→

◦

1 1 (3.12)

7→
◦

1 1

(3.13)

3.3 Embedding Web(SL−
n ) in G(∆)

Our goal for this section is to define a functor from Web(SL−
n ) to G(∆) for any locally finite

type Ãn−1 building ∆. We will do this by specifying the images of the generating maps

in Web(SL−
n ). We will then explore what it would mean to have these images satisfy the

Web(SL−
n ) relations, and introduce the language we will use to ultimately prove the existence
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of this functor.

3.3.1 Defining the Maps

Recall, the generating maps of the category Web(SL−
n ) are:

j + k

j k

and

j + k

j k

and

n

and
n

Now, notice that in both Web(SL−
n ) and G(∆) the objects are sequences of integers in {1, ..., n}.

We map a sequence of integers in Web(SL−
n ) to the corresponding sequence mod n in G(∆).

This allows us to identify n ∈ Web(SL−
n ) with 0 in G(∆). We now define the images of the

generating maps in G(∆).

For j + k < n,

j + k

j k

7→ 1j,k : k({(p1, p2)| type(p1) = (j, k) and type(p2) = (j + k)}) → k

n

j n-j

7→ 1j,n−j : k({(p1, p2)| type(p1) = (j, n− j) and type(p2) = ∅})

For j + k < n,

j + k

j k

7→ 1j+k : k({(p1, p2)|type(p1) = (j + k) and type(p2) = (j, k)}) → k

n

j n-j

7→ 1∅ : k({(p1, p2)| type(p1) = ∅ and type(p2) = (j, n− j)})

n
7→ 1∅,∅ : k({(p1, p2| type(p1) = (∅) and type(p2) = ∅}) = k → k

n 7→ 1∅,∅ : k({(p1, p2| type(p1) = ∅ and type(p2) = (∅)}) = k → k

Here, ∅ represents the path with no edges. We must use this when we have a label n, since

we do not have an edge label n ≡ 0 in Γ∆ (this comes from the fact that the two distinct
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vertices of the same type cannot be connected in the Ãn−1 Coxeter complex). The map 1j,k

evaluates to 1 on a matched pair (p, q), if pq, the concatenation of p and q is a cycle of length

2 or 3, and 0 otherwise (for 1∅,∅, this simply evaluates to 1 on every vertex). Similarly, the

other maps defined also evaluate to 1 on every 2 and 3 cycle and 0 elsewhere. To show that

this construction indeed gives us a functor Web(SL−
n ) → G(∆), we must show that the maps

defined above satisfy the Web(SL−
n ) relations.

Since the Web(SL−
n ) relations are pictorial, in order to show that the maps we have chosen in

G(∆) satisfy these relations we wish to have a pictorial understanding of them as well. To do

this, we notice that the generator of Web(SL−
n ) correspond to triangles and length 2 loops in

Γ∆. Specifically, each string in one of these generator represents an edge whose label matches

that of the string. As a result, each region bounded by two or more strings can be labeled

with a vertex of Γ∆. In order for a composition to have a valid labeling as in Definition 3.13

we must have a collection of compatible triangles in Γ∆ (by compatible, we mean triangles

that share an edge where two Web(SL−
n ) generators are composed). Also, note that the maps

1j,k,1j+k,1j,n−j,1 take the values 0 or 1. Any composition of these maps is a function that

simply counts the number of triangle arrangements that satisfy this composition. Of course,

as before, evaluating a map at a specific pair of paths fixes the initial and final paths in a

labeling. See that this fixes some vertices in our triangle arrangement as well (If we draw this

arrangement of triangles on top of our pictorial composition, these fixed vertices will appear

in the boundary regions of our picture).

3.3.2 The Degenerate Case

To aid in our proof of the existence of the desired functor for all Ãn−1 buildings, we explore

the special case where q = 1. In this case, note that as previously discussed we can treat a

collection of finite subsets of a set of size n as a finite projective geometry of order 1. We

will now show in detail, the connection between the sln weight lattice and the Ãn−1 Coxeter

complex. We make the following definition to provide an alternative presentation of the

weight lattice. This definition will help us to prove the existence of the functor we defined in

the previous section.

Definition 3.15. [Jon21, Example 2.11] For some natural number n, let x = {1, ..., n}, S
be the collection of proper nonempty subsets of X and define a function σ : S → S where

σ(x) = X \ x for all x ⊂ X. We can partition X into subsets Πi for 1 ≤ i ≤ n− 1, where Πm

51



is the set of subsets of size m. Then if we set

T1 = {(A,B,C) ∈ S × S × S|A,B,C are pairwise disjoint, and A ∪B ∪ C = X}

T2 = {(A,B,C) ∈ S × S × S|(σ(C), σ(B), σ(A)) ∈ T1}

then we can define T = T1 ∪ T2. We can also define a group

ΓT = ⟨ga|a ∈ S, gagbgc = 1 if and only if (a, b, c) ∈ T , gagσ(a) = 1⟩.

Note that this means A,B,C ∈ T1 if and only if A ∩B = ∅ and σ(C) = A ∪B. We will

occasionally call T the degenerate triangle presentation, from the work of [CMSZ93], as the

q-analogue of the structure we have defined is Cartwright’s Ãn−1 triangle presentations. In

particular T satisfies the following properties.

• [Jon21, Proposition 2.5] If dim(A)+dim(B)+dim(C) < n, then (A,B, σ(D)), (D,C, σ(E)) ∈
T if and only if (A,F, σ(E)), (B,C, σ(F )) ∈ T , where D,E, F are unique.

Lemma 3.16. If (A,B,C) ∈ T , then |A|+ |B| < n if and only if (A,B,C) ∈ T1.

Proof. First, we show that if (A,B,C) ∈ T1, then |A|+ |B| < n. To see this, note (A,B,C) ∈
T1 means that A,B and C are disjoint sets whose union is X, then |A|+ |B|+ |C| = n, so

|A|+ |B| = n− |C| < n.

Now, to show the converse, we will show that if (A′, B′, C ′) ∈ T2, then |A′| + |B′| > n.

To do this, see that (A′, B′, C ′) ∈ T2 implies (σ(C ′), σ(B′), σ(A′)) ∈ T1. By the rotational

symmetry of triangle presentations and out definition of T1, we have (σ(B
′), σ(A′), σ(C ′)) ∈ T1

as well. See that now from the first paragraph, |σ(B′)|+ |σ(A′)| < n. But now |A′|+ |B′| =
n− |σ(A′)|+ n− |σ(B′)| = 2n− (|σ(B′)|+ |σ(A′)|) > n. So |A′|+ |B′| > n for every element

of T2, which completes the proof.

One of our goals of this section is to show the connection between the Coxeter complex

of type Ãn−1 and the sln weight lattice. To do this, we first define a set of functionals that

generate the weight lattice.

Definition 3.17. ([FH04, pg. 177]) For a diagonal matrix in Cn×n, the linear functional Li,

is :

Li


a1

. . .

an

 = ai
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Proposition 3.18. ΓT is isomorphic to the sln weight lattice ΛW .

Proof. To construct an isomorphism ϕ : ΛW → ΓT , we first come up with an alternate

notation for an element g of ΓT . Since g = gA1 ...gAk
for subsets A1, ..., Ak ⊆ X, we can

represent g as the multiset that is the union of A1, ..., Ak. For example g{1}g{1,2} is identified

with the multiset {1, 1, 2} or {12, 21}. This description is well defined since all generators in

ΓT commute. Now we can define ϕ as the map that takes the weight a1L1 + ...+ anLn to the

element of T represented by {1a1 , ..., nan}. It is easy to see that ϕ is a homomorphism.

We must now show that if two weights are connected in the weight lattice, that the corre-

sponding vertices are connected in T . We consider the weights α = a1L1 + ... + anLn and

β = b1L1+...+bnLn. This means that (a1L1+...+anLn)−(b1L1+...+bnLn) = c1L1+...+cnLn

where ci ∈ {0, 1} (this is since all weights directly adjacent to 0, and therefore appear as the

difference between adjacent weights, are Σn
i=1aiLi, with ai ∈ {0, 1}. So ϕ(α) and ϕ(β) will

differ by a multi-set where each element has multiplicity 0 or 1, which is just a subset of

{1, ..., n}. In ΓT , the multi-sets of ϕ(α) and ϕ(β) differing by a subsets of {1, .., n} means

that the group elements differ by a generator, and are connected in ΓT .

To show that ϕ is a isomorphism, first note that surjectivity follows from a1L1 + ...+ anLn

being in ΛW for all sequences a1, ..., an. The only question for injectivity is that weights can

be described by multiple sequences of integers. This is due to the fact that L1 + ...+ Ln = 0

in the weight lattice. Suppose we have a weight Li1 + ... + Lin = −Lj1 + ... + −Ljn . See

that ϕ(Li1 + ...+ Lin) = g{i1,...,in} and ϕ(−Lj1 + ...+−Ljn) = g−1
{j1,...,jn}. The relation on the

weight lattice means that {i1, ..., in} ∪ {j1, ..., jn} = {1, ..., n} where the union is disjoint,

and therefore .g{i1,...,in} = g−1
{j1,...,jn} by definition of ΓT . This argument extends to any two

sequences of integers describing the same weights because ϕ is a homomorphism, and so ϕ is

injective.

Recall that the facts that we stated in Section 3.2.1 give us a connection between edges

in a Coxeter complex Σ and subsets of a set of order n. If we take the graph planar algebra

of Σ, we will see that the order of the subsets corresponds directly to the label of the edge.

This definition motivates the following theorem.

Theorem 3.19. If T is the degenerate triangle presentation of type Ãn−1, then the Cayley

Graph of the group ΓT has flag complex isomorphic to Σ, the Coxeter complex of type Ãn−1

(or equivalently, the Cayley graph of ΓT (with generators corresponding to subsets of X) is

isomorphic to the 1-skeleton of Σ).
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This theorem is a re-imagining of [Car95, Theorem 2.5] for the F1 case, and the proof

follows similarly to the proof of that theorem. It holds since the Coxeter complex is the

building of order 1, and T as defined is the triangle presentation of order 1.

An important consequence of Theorem 3.19 is that all triangles in the Ãn−1 Coxeter complex

must have edge labels summing to n (this follows from property E on page 46 on [Car95]).

This must hold for any Ãn−1 building as well, since the edge labeling is derived from the

vertex labeling, which is consistent between a building and any of its apartments.

The connection between the Cayley graph of ΓT and the 1-skeleton of Σ give us a cor-

respondence between cycles a → b → c → a in the graph planar algebra of Σ and elements

(u, v, w) ∈ T (namely, that (u, v, w) are the subsets labeling the edges in the cycle). So we

can say that the collection of cycles in G(Σ) also satisfies the following property.

Property 3.20. If there exists vertices a, b, c, d ∈ Σ so that labels of edges a → d, d → b

and b → c sum to less than n, a → b → c → a and a → d → b → a are cycles in G(Σ) if and

only if a → c → d → a and b → d → c → b are cycles in G(Σ). That is, we have the left

picture as a subgraph of G(Σ) if any only if we have the right picture as a subgraph of G(Σ)

a

b

dc

a

b

dc (3.14)

[Jon21] gives a definition of a functor from Web(SL−
n ) to V ec(ΓT ) where T is any triangle

presentation, for defining field of characteristic p ≥ n−1 and q ≡ 1 mod p. We will show that

when T is the degenerate triangle presentation as defined in Definition 3.15 (and therefore is

the sln weight lattice), the restriction on the characteristic of the field is unnecessary. We

show this in the following theorem.

Theorem 3.21. If Γ is the sln weight lattice, then there exists a functor Web(SL−
n ) → G(Γ)

as defined in Section 3.3.1 and [Jon21, Section 4], where the relevant categories may be

defined over any field k.

Proof. Recall that we must show that the images of the Web(SL−
n ) maps in V ec(Γ) (as defined

in section 3.3.1) satisfy the Web(SL−
n ) relations. We will show this by using the presentation

of the weight lattice stated in Definition 3.15. This allows us to assign to each edge of the

weight lattice (and therefore, strings in the Web(SL−
n ) maps and relations) a proper subset of

[n]. Our first goal is to prove the square switch relations in full generality ([Jon21, Lemma
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4.1] gives a proof where char(k) = p ≥ n− 1). We will show the proof of equation 3.5. First,

we will denote the functions in Hom(m⊗ ℓ,m− (k − j)⊗ ℓ+ (k − j)) given by the left and

right hand side of the equation as L and R respectively. So for some (z, u) ∈ Πm × Πℓ, we

have that

L(z ⊗ u) =
∑

(w,v)∈Πm−(k−j)×Πℓ+(k−j)

Lz,u,w,vw ⊗ v

R(z ⊗ u) =
∑

(w,v)∈Πm−(k−j)×Πℓ+(k−j)

Rz,u,w,vw ⊗ v.

We will show that Lz,u,w,v = Rz,u,w,v for all z, u, w, v. To see this, first note that by definition of

Web(SL−
n ), the elements of the triangle presentation represented by the generating morphisms

will always have |A|+ |B| < n and so we can say (A,B, σ(C)) ∈ T1 by Lemma 3.16, which

implies that A ∪B = C. We will make heavy use of this fact in our argument. We will use

the shorthand δ = k − j throughout.

First, fix z ∈ Πm, w ∈ Πℓ, w ∈ Πm−δ, v ∈ Πℓ+δ, with |z ∩ w| = m − i for some k. If

j ≤ k, we have i ∈ [δ, d] and if c > d we have i ∈ [0, d]. Note that Lz,u,w,v is the number of

tuples (p, r, q, s) that satisfy the left hand side of the picture below (i.e. choices of subset so

that every trivalent vertex is labeled by an element of T ). Similarly, Rz,u,w,v is sum of all

allowable t of the number of tuples (p′, r′, q′, s′) that satisfy the right hand side of the picture

below.

s

r

qp

z u

w v

=
∑
t

(
m− ℓ+ j − k

t

) s’

r’

q’p’

z u

w v

First, suppose that we have a valid tuple (p, q, r, s), where (p, r, σ(z)), (r, u, σ(q)), (s, v, σ(q)),

(p, s, σ(w)) ∈ T . See that if |z∩w| = m− i, then |z \w| = i and |w \z| = i−δ. Since p∪r = z

and p∪ s = w, then we have p ⊆ z ∩w. We must then have z \w ⊆ r and w \ z ⊆ s. Also, we

must have z \ w ̸⊆ s and w \ z ̸⊆ r, r ∩ u = ∅ and s ∩ v = ∅. So we must have z \ w ⊆ v \ u
and w \ z ⊆ u \ v. If these two conditions are not met, Lz,u,w,v = 0. So we assume that they

are true and proceed with our proof.

Now, we can say that p = (z ∩ w) \ j, where |j| = k − i. See that this forces r = (z \ w) ∪ j,

s = (w \ z) ∪ j and q = u ∪ j ∪ (z \ w). These values will make the (p, r, q, s) satisfy this

morphism. We are free to pick any subset j ⊂ (z ∩ w) \ u. So we have Lz,u,w,v =
(|(z∩w)\u|

k−i

)
.
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Now, consider the right hand side diagram and suppose we have a valid tuple (p′, r′, q′, s′).

See that we have z ∪ r′ = p′ and w ∪ s′ = p′ and so we must have that z ∪ w ⊆ p′. Also, see

that we must then have w \ z ⊆ r′ and z \w ⊆ s′. Also, see we have z \w ̸⊆ r′, w \ z ̸⊆ s′ and

so we have z \ w ⊆ v \ u and w \ z ⊆ u \ v. If these two conditions are not met, Rz,u,w,v = 0.

So we have Lz,u,w,v and Rz,u,w,v are 0 under the same conditions.

Now, see that p′ = (z∪w)∪ j′ where |j′| = k− t− i. Also, see that this forces s′ = (z \w)∪ j′,

r′ = (w \ z)∪ j′ and q′ = u \ r′. We are free to pick any subset j ⊆ u \ (z ∪w). Also, we must

have k − i− t ≥ 0, so we will have t ∈ [0, k − i]. So Rz,u,w,v =
∑k−i

t=0

(
m−ℓ−δ

t

)(|u\(z∪w)|
k−i−t

)
.

We must show that (
|(z ∩ w) \ u|

k − i

)
=

k−i∑
t=0

(
m− ℓ− δ

t

)(
|u \ (z ∪ w)|
k − i− t

)

We will do this by showing |(z ∩ w) \ u| = m− ℓ− δ + |u \ (z ∪ w)| and then applying the

Chu-Vandermonde identity.

First, see that |z∩w \u| = |z∩w|− |u∩ z∩w| and similarly |u \ (z∪w)| = |u|− |u∩ (z∪w)|.
We can further decompose |u∩ (z∪w)| as |u∩ (z \w)|+ |u∩ (w \z)|+ |u∩z∩w|. Substituting
these into desired equality, we now have

|z ∩ w| − |u ∩ z ∩ w| = m− ℓ− δ + |u| − |u ∩ (z \ w)| − |u ∩ (w \ z)| − |u ∩ z ∩ w|

Now, we know that z\w ⊂ v\u, so the third to last term is simply 0. Also, |u∩(w\z)| = |w\z|
since w \ z ⊂ u \ v. So we can further simplify to

|z ∩ w| = m− ℓ− δ + |u| − |w \ z|

Remembering |z ∩ w| = m− i, |u| = ℓ and |w \ z| = i− δ will give us the desired equality.

Thus (5) holds. The proof of (6) follows similarly.

The proof of the other Web(SL−
n ) relations follows exactly like the proof of theorem 4.2

in [Jon21].
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3.3.3 The Functor for Buildings

Now, we move towards a functor from Web(SL−
n ) to the graph planar algebra of any building

∆ of type Ãn−1. We will lean heavily on the correspondence between edges connected to a

distinguished vertex in ∆ and elements of a finite projective geometry of order n that we

established in Section 3.3. When we examine the graph planar algebra of ∆, the labels of

edges in our graph will coincide with the dimensions of the corresponding subspaces. In the

degenerate case studied above, we were able to extend our labeling of edges at one vertex

to a consistent labeling of every edge in the diagram. However, in general, we do not have

the symmetry needed for this labeling. Instead, we must center any argument on a specific

vertex and only use subspaces to describe the link of this vertex.

We must consider one more property of an Ãn−1 building. This property will prove es-

sential to showing that the square switch relations are satisfied in the graph planar algebra

of ∆.

Lemma 3.22 (The Tetrahedron Property). Suppose ∆ is a locally finite building of type

Ãn−1 and Γ∆ is as defined in Section 3.2.2. If cycles a → b → c → a and a → d → b → a

exist in Γ∆, where the sum of labels on edges a → d, d → b and b → c is less than n, then c

and d are connected and therefore the cycles a → c → d → a and b → d → c → b exist.

Proof. Consider the 2-simplices C and D with vertex sets a, b, c and a, b, d respectively. By

the axioms of a building, these simplices must lie in a common apartment. Hence there exists

some Coxeter complex ΣCD ∈ A so that a, b, c, d are vertices in ΣCD. So in the graph ΓΣCD
,

we have cycles a → b → c → a and a → d → b → a. Now, use Property 3.20 to show that

a → c → d → a and b → d → c → b exists in ΓΣCD
. But since ΓΣCD

is embedded in ΓΣ, we

have that these cycles exist in ΓΣ as well.

This property derives its names from it’s implication that if we have two faces of a

tetrahedron in our building ∆ we must have the entire tetrahedron in ∆ as well. Equipped

with this useful property and the language of finite projective geometry to describe our

buildings locally, we now prove a special case of the square switch relations which [Jon21]

shows is sufficient to prove them in general.

Lemma 3.23. For a locally finite Ãn−1 building ∆ of order q, if k is a field of characteristic

p, where q ≡ 1 mod p, then the following special cases of the square switch relation are
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satisfied by our embedding of Web(SL−
n ) into the graph planar algebra of ∆ over k.

1

1

m-1 2

m 1

m 1

= m+1

m 1

m 1

1

1

+ (m− 1)

m 1

(3.15)

and

1

1

2 m-1

1 m

1 m

= m+1

1 m

1 m

1

1

+ (m− 1)

1 m

(3.16)

Proof. We will give the proof of the first relation, with the second being analogous. We must

show that the left and right hand sides of 3.15 have the same evaluation for every pair of

paths (p1, p2) where p1, p2 have type (m, 1). The choice of (p1, p2) will fix the vertices labeling

the boundary regions of our diagram. As mentioned in Section 3.2.2, evaluating each side of

the equation amounts to summing over all labelings of each side whose first element is p1

and final element is p2. Note that since the image of the generating morphisms in Web(SL−
n )

evaluate to either 0 or 1 for any input paths, we need not worry about multiplying values in

our sum, instead just adding 1 to our total for every valid labeling. Recall also from Section

3.2.2 that on the right hand side we will evaluate each morphism independently and add the

result. To begin, we set p1 = a → b → c and p2 = a → d → c, and note that this totally

determines the right hand side, while on the left side we will count over all e such that

p′ = a → e → c gives us a labelling (p1, p
′, p2). This will correspond to the following diagram.

a c

b

d

e = a c

b

d

+ (m− 1) ∗ a c

b

d

First, note that we must have m < n, since we cannot have edges with label n in Γ∆. If

m = 1, this relation is trivial. So we assume 1 < m < n. We define La,b,c,d as the number of

labelings of the left hand side consistent with our choice of boundary vertices, and Ra,b,c,d as

the number of labelings of the right hand side consistent with our chosen boundary. We must

show that La,b,c,d = Ra,b,c,d when evaluated in the field k.

First, let’s assume that b ̸= d. We will show that La,b,c,d ≤ 1 and Ra,b,c,d ≤ 1 and then
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that La,b,c,d = 1 precisely when Ra,b,c,d = 1. Suppose La,b,c,d ̸= 0. We then have an e such

that we have edges a → e of type m − 1, e → b and e → d of type 1, and e → c of

type 2 in Γ∆. Then we have cycles a → e → b → a and a → e → d → a in Γ∆. Now,

since e and b are connected to both a and each other in ∆ they are also connected in

lk∆(a). We can apply Remark 3.9 to lk∆(a) and assign a subspace V (a → x) for each

edge from a to x ∈ lk∆(a). Recall that the dimension of V (a → x) corresponds to the

label of a → x (i.e. V (a → b) and V (a → d) are m-dimensional, while V (a → e) is

m − 1 dimensional). So by Remark 3.9, we have V (a → e) ⊂ V (a → b) and similarly

V (a → e) ⊂ V (a → d) (which implies V (a → e) ⊂ V (a → b) ∩ V (a → d)). Now, b ̸= d

implies V (a → b) ̸= V (a → d). Since dim(V (a → b)) = dim(V (a → d)) = m, then

V (a → b)∩V (a → d) has dimension at most m−1. V (a → e) is m−1 dimensional and so we

must have that V (a → e) = V (a → b)∩V (a → d). So if dim(V (a → b)∩V (a → d)) < m− 1,

La,b,c,d = 0. If dim(V (a → b) ∩ V (a → d)) = m − 1, then V (a → b) ∩ V (a → d) labels a

unique vertex, and this vertex is the only possible e. So La,b,c,d is at most 1.

Now we show that Ra,b,c,d is at most 1. First, notice that b ̸= d implies that the sec-

ond term of this sum is 0. Now, notice that all regions of the first term are predetermined

by our choice of a, b, c, d. So there is at most one way to fill in the diagram. We now give

a condition for the existence of this filling. If we associate edges a → x with vector spaces

as before, we see that V (a → b) ⊂ V (a → c) and V (a → d) ⊂ V (a → c). So we have that

V (a → b) + V (a → d) ⊂ V (a → c). Edge a → c is type m+ 1 and therefore V (a → c) has

dimension m + 1. However, b ̸= d, implies dim(V (a → b) + V (a → d)) ≥ m + 1 (since as

before b ̸= d implies V (a → b) ̸= V (a → d)). So in order to fill in this diagram, we must have

dim(V (a → b) + V (a → d)) = m + 1. In this case V (a → b) + V (a → d) = V (a → c) and

Ra,b,c,d = 1. Otherwise, Ra,b,c,d = 0.

Now, suppose that Ra,b,c,d = 1. This means that V (a → b) + V (a → d) has dimension

m + 1. Since dim(V (a → b) + V (a → d)) + dim(V (a → b) ∩ V (a → d)) = dim(V (a →
d)) + dim(V (a → b)), we have that dim(V (a → b) ∩ V (a → d)) = m− 1. We choose e to be

the unique vertex with edge a → e such that V (a → e) = V (a → b) ∩ V (a → d). Thus we

have cycles a → e → b → a and a → e → d → a in our graph. Now, notice that Ra,b,c,d = 1

also implies that we have cycles a → b → c → a and a → d → c → a in our graph. If we

suppose m < n− 1, we can apply the tetrahedron property to the pair of cycles

a → b → c → a, a → e → b → a and a → d → c → a, a → e → d → a
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and use uniqueness of edges in our graph to see that we have an edge e → c. So e → c → b → e,

e → c → d → e and e → a → c → e are cycles in our graph. The first two give us a consistent

filling of the left hand side of the equation and so La,b,c,d = 1.

If m = n − 1, then a = c and we can directly see that having a → b → c → a and

a → e → b → a implies e → c → b → e, and similarly for d, without having to use the

tetrahedron property.

Now, suppose that La,b,c,d = 1. This means that dim(V (a → b) ∩ V (a → d)) = m − 1.

So dim(V (a → b) + V (a → d)) = m + m − (m − 1) = m + 1. Thus, we have that

V (a → b) + V (a → d) represents some edge a → g with label m + 1, where we have

cycles a → b → g → a and a → g → d → a in our graph. If m < n − 1, we can apply the

tetrahedron property to the pairs

a → b → g → a, a → e → b → a and a → d → g → a, a → e → d → a

to see that we have cycles e → b → g → e, a → e → g → a and e → d → g → e in our graph

as well. This shows us that we have a vertex g in G(∆) that is connected to a, b, d and e. We

also know that labels of the edges b → g and d → g are the same as the labels of b → c and

d → c. If the edge a → c exists, then it will also have the same label as a → g. Also, recall

that the labels of edges in any cycle must sum to 0 mod n. We know that a → e has label

m− 1 and g → a has label n− (m+ 1), so e → g must be labeled with 2.

Now we need that g = c. To see this, we forget the subspaces with which we labelled

edges starting at a. Instead, we apply Remark 3.9 to lk∆(e) and label each edge with target

vertex x and label ix with a subspace W (e → x) of dimension ix. So based on the the labeling

of lk∆(e) of e, we have 1-dimensional subspaces W (e → b) and W (e → d). Since we have

shown that g is connected to both b and d, the 2 dimensional subspace W (e → g) contains

W (e → b) +W (e → d). But since b ̸= d, we have W (e → b) +W (e → d) is 2-dimensional, so

W (e → g) = W (e → b)+W (e → d). Note c is also connected to both b and d. We can repeat

this reasoning with W (e → c) to see that W (e → c) = W (e → b) +W (e → d). So we must

have W (e → c) = W (e → g). Since each edge is labeled by a unique subspaces, that gives us

g = c. This means that we have an edge a → c with label m+ 1 and therefore Ra,b,c,d = 1.

If m = n − 1, then m + 1 = n, so a = c. Thus the cycles on the right hand side are

simply loops a → b → a and a → d → a.
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Now, suppose b = d. We have that

Ra,b,c,b =

m a → b → c → a in ∆

m− 1 otherwise

Now, we consider La,b,c,b, and see that we are counting vertices e so that a → e → b → a and

e → b → c → e are cycles in ∆. To count these, we apply Remark 3.9 to lk∆(b). That is, we

define an n−m dimensional subspace S(b → a), a n− 1 dimensional subspace S(b → e) and

a 1 dimensional subspace S(b → c). Now, our previous statement about existence of cycles is

equivalent to requiring S(b → c) ⊂ S(b → e) and S(b → a) ⊂ S(b → e). So we must choose

for S(b → e) any n− 1 dimensional subspace containing the subspace S(b → a) + S(b → c).

If a → b → c → a is a cycle in ∆, we have S(b → c) ⊂ S(b → a). So we are choosing an n− 1

dimensional subspace containing a fixed n−m dimensional subspace. By Lemma 3.8, there are[
m

m−1

]
q
ways to to do this, which in our case (q ≡ 1 mod p) reduces to m. If a → b → c → a

is not a cycle, we are instead counting the number of n− 1 dimensional subspace containing

a fixed n−m+ 1 dimensional subspace. Again by Lemma 3.8, there are
[
m−1
m−2

]
q
ways to do

this, which in our case reduces to m− 1. In either case, we have La,b,c,b = Ra,b,c,b.

Since the square switch relations are the most complicated of the Web(SL−
n ) relations,

this lemma almost completely gives us the following theorem.

Theorem 3.24. Suppose ∆ is an Ãn−1 building of order q and G(∆) is the graph planar

algebra of ∆ over a field k of characteristic p ≥ n− 1 where q ≡ 1 mod p. Then the maps

we defined as the images of the Web(SL−
n ) maps in the graph planar algebra satisfies the

Web(SL−
n ) relations. Therefore these maps define a functor from Web(SL−

n ) to the graph

planar algebra of ∆ over k.

Proof. Associativity and Co-associativity: We must show that our maps satisfy relation

3.3. We do this by labeling the regions in the following ways

a d

c
b

=
a d

b
c

and
a d

c
b

=
a d

b
c

See that the left hand side of these equations are 1 if a → b → c → a and a → c → d → a are

cycles in our graph and that the right hand side of these equations are 1 if a → b → d → a

and b → c → d → b are cycles in our graph. Now, note that these cycles are directly related
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by the tetrahedron property. So by Lemma 3.22, both sides of this equation are 1 at exactly

the same time (The edge sum condition on the tetrahedron property ensures that both sides

of the equality are valid morphisms in G(∆)).

Bigon-Bursting: We must show that our maps satisfy relation 4.5. We do this by la-

beling the regions in the following ways

ca b =

(
j + k

j

)
ca

We consider lk∆(a) and assign subspaces to each label. We see that V (a → b) is a j dimen-

sional subspace and that V (a → c) is a j + k dimensional subspace. On the left hand side of

this equation, we are counting the number of b’s so that a → b → c → a is a cycle in our

graph. Notice that this is equivalent to counting the number of j dimensional subspaces that

are incident to the j + k dimensional subspace V (a → c). We can do this by counting n− j

dimensional subspaces containing a fixed n− (j + k) dimensional subspace. By Lemma 3.8,

there are
[ n−(n−(j+k)
n−j−(n−(j+k))

]
q
=
[
j+k
k

]
q
. In our setting this equals

(
j+k
k

)
=
(
j+k
j

)
, as we have chosen

q ≡ 1 mod p. But this is exactly the value of the right hand side, since we have labelled this

diagram in a unique way by definition.

Square Switch Relations: Proposition 3.3 in [Jon21] says that Lemma 3.23 gives us

the general square switch relations whenever 1 ≤ j, k ≤ n− 2. So we must consider the cases

where we have j = n − 1 or k = n − 1. We will show the case that k = n − 1 for the first

square switch relation and proofs of the other cases will follow similarly.

In our setup, if no edges have labels n, k = n − 1 then m = n − 1 and ℓ = 1. So if we

look at the possible values of t for the right hand side of the equation, we see that the only

possible value of t giving a non-zero value is j − 1. So our relation reduces to the following

diagram,

n-1 1

j n-j

=

n-1 1

j n-j

which is trivial. The other cases similarly give trivial equalities of diagrams. So we see that

the square switch relations hold in general.
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SL−
n Relations: We must show that our maps satisfy relation 3.8. We do this by la-

beling the regions in the following ways

a b = a b
a

b
= a b

b

a

The left hand side of this equation is 1 whenever there is an edge a → b of type m. Both

the center and right hand side of this equality are 1 whenever there are loops a → b → a and

b → a → b, where a → b has type m and b → a has type n−m. These conditions are exactly

equivalent given the structure of our graph.

3.4 Constructing Module Categories

Recall from Section 2.1.3 that module categories for a tensor category C are a categorification

of the concept of R-modules for a ring R. For a tensor category C, a C-module category M
can be characterized by a category M along with a monoidal functor C → End(M). More

details concerning module categories can be found in [EGNO15, Section 7.1] and Section

2.1.3. Definitions 3.32, 3.34, and 3.33 are taken from [EGNO15, Section 2.7]. Our goal is to

use the functor we established in the previous section as an intermediate step to a module

category. We will then show that symmetries of the underlying building yield new module

categories under the equivariantization construction. As a special case, we recover the main

results of Jones ([Jon21]) when the symmetries are simply transitive. When n = 2k+1 and k
is algebraically closed, these will also be Tilt(SL2k+1) module categories (see Section 3.2.3).

3.4.1 Building a module category

We introduce a new category whose structure relies on an Ãn−1 building ∆. We will then

establish a connection between this category and G(∆) as in Definition 3.11.

Definition 3.25. For a locally finite building ∆ of type Ãn−1 with set of 0-simplices (i.e.

vertices) V (∆) the category V ec(∆) is defined as the category where:

• Objects are tuples V = (Vi)i∈V (∆) of vector spaces.

• Morphisms from V to W are collections of linear transformations (fi : Vi → Wi)i∈V (∆).

• Composition of morphisms is a componentwise operation.
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While V ec(∆) ties a vector space to each vertex of our building (and thus of Γ∆), it does

not give us any information about which vertices are connected. We would like to use the

structure of the 1-simplices of ∆ (i.e. the edges of Γ∆) to construct a endofunctor on V ec(∆)

in a way that encodes the data of Γ∆. Consider the following collection of functors.

Definition 3.26. For m ∈ {0, ..., n − 1}, define the functor Fm : V ec(∆) → V ec(∆) on

objects as (Fm(V ))i = ⊕k∈E(m,i)Vk, where E(m, i) = {k ∈ V (∆) | there exists an edge i →
k with label m in Γ∆} and on morphisms as (Fm(f))i = ⊕k∈E(m,i)fk.

Consider the composition of functors of this form. For example

(Fm1Fm2(V ))i = ⊕j∈E(m1,i)(Fm1(V ))j = ⊕j∈E(m1,i)(⊕k∈E(m2,j)Vk).

This double sum on the right hand of side of this equality can equivalently be indexed by

all paths starting at i whose edges have labels m1 and m2 respectively. So we see that the

composition of these functors is encoding paths whose edge labels have a certain type. Recall

that the type of a path a1 → a2 → ... → ak is σ = (σ1, ..., σk−1) where the edge with source

ai has label σi. We will write Fσ for the composition of functors Fσ1 ...Fσk−1
.

Now, we will consider a special class of objects of V ec(∆) which we will later show serves in

some sense as a generating set for the entire category.

Definition 3.27. For each vertex a ∈ V (∆) define an object ka ∈ V ec(∆) where (ka)b = k
if b = a and (ka)b = 0 otherwise.

Now, consider Fσ(V ) for some path type σ. Notice that for arbitrary a ∈ V (∆), (Fσ(V ))a

is a direct sum
⊕

Vb for all vertices b that are a σ-type path away from a. This means that

(Fσ(V ))a ≃
⊕

b(
⊕dim(Vb)

i=0 k) for all compatible b. We show Fσ commutes with direct products.

So we can simply move them inside the direct product and direct sums, and study (Fσ(ka))b

instead.

Lemma 3.28. For any path type σ, Fσ(
⊕

i∈I V
i) ∼=

⊕
i∈I Fσ(V

i) for all V i ∈ Ob(V ec(∆)).

Proof. We will show this isomorphism component-wise. For a sum
⊕

i∈I V
i of objects in

V (∆) and a functor Fm for m ∈ {0, ..., n− 1},

(Fm(
⊕
i∈I

V i))j =
⊕

k∈E(m,j)

(
⊕
i∈I

V i)k =
⊕

k∈E(m,j)

(
⊕
i∈I

V i
k )
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We can then switch the order of sums to see that⊕
k∈E(m,j)

(
⊕
i∈I

V i
k ) =

⊕
i∈I

(
⊕

k∈E(m,j)

V i
k )) =

⊕
i∈I

(Fm(V
i))j

So we have the equality for each component of Fm and therefore in general.

We will see that these Fσ form a set of distinguished objects in End(V ec(∆)) that allow

us to embed G(∆) into End(V ec(∆)). To this end, we have the following theorem, which

gives us a correspondence between morphisms in G(∆) and End(V ec(∆)).

Theorem 3.29. For functors Fσ as defined in Definition 3.26,

Nat(Fσ, Fτ )=̃HomG(∆)(σ, τ)

as k-vector spaces.

Proof. Consider fixed path types σ and τ and choose an arbitrary natural transformation

η : Fσ → Fτ . Notice that η is composed of maps ηV for each V ∈ V ec(∆). Each ηV is

further broken down into component maps (ηV )a for each vertex a ∈ V (∆). By the previous

paragraph, we need only consider the maps (ηka)b for vertices a and b. We can then recover

the overall structure of the transformation from these maps.

First, we see that if σ = (σ1), then (Fσ(ka))b =
⊕

c∈E(b,σ1)
(ka)c. which is k if there exists an

edge b → a of type σ1 and 0 otherwise. So for a path type σ of arbitrary length, we see that

(Fσ(ka))b =
⊕

p∈P (σ,b,a) k, where we define P (σ, b, a) as the set of paths of type σ that start

at b and end at a. Notice that
⊕

p∈P (σ,b,a) k ≃ k[P (σ, b, a)], the k vector space with σ paths

between b and a as a basis. So (Fσ(ka))b ≃ k[P (σ, b, a)]. Similarly, (Fτ (ka))b ≃ k[P (τ, b, a)].

So we can think of (ηka))b as a map from the k-linear span of P (σ, b, a) to the k-linear span of

P (τ, b, a). Since ∆ is locally finite, these are both finite dimensional vector spaces. This yields

a finite matrix M = (mq,p)p∈P (σ,b,a),q∈P (τ,b,a) for (ηka)b. For every pair (p, q) we have a chosen

element of k, namely the matrix entry mq,p. We can rearrange data we are given to form a

linear functional from the k-vector space spanned by the elements of P (σ, b, a)×P (τ, b, a) to k.

Now, we collect all of the data from all choices of b in (ηka)b. So we can determine a

functional from the space spanned by all matched pairs of paths with types (σ, τ) with final

vertex a. Furthermore, the collection of maps ηka for all vertices a ∈ V (∆) then encodes the

data of a linear functional fσ,τ from the space spanned by all matched paths of type (σ, τ)

(call the matrix we get from this aggregation M(η)). This functional is uniquely determined
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by our choices of matrices M for each pair of vertices (a, b). On the other hand, for an

arbitrary functional f : k[(p1, p2) : type(p1) = σ, type(p2) = τ ] → k, we can determine

entries for the matrix M for a given a and b by saying Mq,p = f(qp). Now, f is by defini-

tion in Hom(σ, τ) ∈ G(∆). So, this is an explicit construction of the isomorphism between

HomG(∆)(σ, τ) and Nat(Fσ, Fτ ) as desired.

Now, if η ∈ Nat(Fσ1 , Fτ1) and µ ∈ Nat(Fσ2 , Fτ2), we consider the natural transformation

η ⊗ µ ∈ Nat(Fσ1Fσ2 , Fτ1Fτ2). We can describe a component of this transformation as the

following composition

(Fσ1Fσ2(km))n
(ηFσ2 (km))n
−−−−−−−→ (Fτ1Fσ2(km))n

Fτ1 (µkm )n−−−−−−→ (Fτ1Fτ2(km))n.

We can identify (Fσ1Fσ2(km))n with the k-vector space of paths of type σ1σ2 (here list-

ing path types consecutively means concatenation of lists) from n to m, and similarly with

(Fτ1Fσ2(km))n and (Fτ1Fτ2(km))n. So we can represent these maps by matrices as before, and

their composition by matrix multiplication. Thus, we have matrices M = M(ηFσ2 (km))n) and

M ′ = M(Fτ1(µkm)n).

Lemma 3.30. For the matrices M and M ′ as defined above, we have the following

Mq′p′,qp =

0 p ̸= p′

M(η)q′,q p = p′
M ′

q′′p′′,q′p′ =

0 q′ ̸= q′′

M(µ)p′′,p′ q′′ = q′

Proof. We will show this for a general object X in V ec(∆) and as a result will have the desired

statement. We begin with showing the first claim. Define a map ep0,p
′
0 : Fσ2(X) → Fσ2(X)

as the map from the vector space of σ2 paths to itself sending the path p0 to p′0 and ev-

ery other path to 0. Now, Fσ1(ep0,p′0) will act on σ1σ2 paths by fixing the σ1 path and

applying ep0,p′0 to the σ2 path. Let Ep0→p′0 be the matrix of Fσ1(ep0,p′0). So we have that

E
p0→p′0
q1p1,q1p2 = δq1=q2δp1=p′0

δp2=p0 . Since we will consider a fixed p0 and p′0 in the argument, take

E = Ep0→p′0 . Now, we can repeat this process with Fτ1(ep0,p0) to get a matrix E = E
p0→p′0 for

this map where Eq′1p1,q
′
2p2

= δq′1=q′2
δp′1=p′0

δp′2=p0 .
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Now, consider the following naturality diagram.

Fσ1(Fσ2(X)) Fσ1(Fσ2(X))

Fτ1(Fσ2(X)) Fτ1(Fσ2(X))

Fσ1 (ep0,p′0
)

ηFσ2 (X) ηFσ2 (X)

Fτ1 (ep0,p′0
)

Commutativity of this diagram is simply saying that EM = ME. This equality will put some

restrictions on the entries of M . Now, we will expand the matrix multiplication at an entry

and see that

EMq′1p1,q2p2
=

∑
q′p∈P (τ1σ2)

Eq′1p1,q
′pMq′p,q2p2 =

∑
q′p∈P (τ1σ2)

δq′1=q′δp1=p′0
δp=p0Mq′p,q2p2 = Mq′1p0,q2p2

where we also carry the information that p1 = p′0. In all other cases, this matrix entry will be

0. Now, see also that

MEq′1p1,q2p2
=

∑
qp∈P (σ1,σ2)

Mq′1p1,qp
Eqp,q2,p2 =

∑
qp∈P (σ1,σ2)

Mq′1p1,qp
δq=q2δp=p′0

δp2 = p0 = Mq′1p1,q2p
′
0

where we carry the extra condition that p2 = p0. Now, we combine these expressions to see

that Mq′1p0,q2p2
= Mq′1p1,q2p

′
0
where we must have p1 = p′0 and p2 = p0 for this entry to be

non-zero. This last condition shows that our matrix entry can be rewritten as Mq′p0,q2p0 . So

any non-zero entry of M will have fixed σ2 component.

Now, we show this fact forM ′. To see this, see that Fτ1(µkm)n : Fτ1(Fσ2(km))n → Fτ1(Fτ2(km))n.

Now, expanding this statement based on the action of Fτ1 , we get this alternate form of the

map. ⊕
k→n∈P (τ1)

(µkm)k :
⊕

k→n∈P (τ1)

Fσ2(km)k →
⊕

k→n∈P (τ1)

Fτ2(km)k

Since this map is a component wise map, there is no way to map from one competent (that

is a fixed τ1 path) to another. So we must have that M ′ has non-zero entries only when

q′′ = q′.

Now, consider the matrix M ′M . See that

M ′Mq′′p′′,qp =
∑

q′p′∈P (τ1,σ2)

M ′
q′′p′′q′p′Mq′p′,qp =

67



∑
q′p′∈P (τ1,σ2)′

M(µ)p′′,p′M(η)q′qδp′=pδq′=q′′ = M(µ)p′′,p′M(η)q′q

since all other terms have either p′ ̸= p or q′ ̸= q′′. As before, these maps on components

generalize to way to describe η ⊗ µ and its image fη⊗ν as a matrix. Now, see that under the

image of the isomorphism described earlier,

fη ⊗ fµ(q1p1, q2p2) = fη(q1, q2)fµ(p1p2)

by definition of the tensor product in G(∆). So we will have fη⊗fµ acts the same way as fη⊗µ.

In End(V ec(∆)), Fσ ⊗ Fτ = FσFτ is a sum over paths of type στ . Also, see that in G(∆),

σ ⊗ τ is simply the concatenated sequence (σ1, ...., σn, τ1, ..., τm) so that Fσ ⊗ Fτ = Fσ⊗τ .

From this, we can extend Theorem 3.29 to the following.

Theorem 3.31. There exists a monoidal embedding G(∆) → End(V ec(∆)).

This theorem means that when our categories are defined over a field k whose characteristic

p ≥ n− 1 is such that q ≡ 1 mod p we can extend our functor Web(SL−
n ) → G(∆) as stated

in section 5 to one from Web(SLn)
− to End(V ec(∆)). Theorems 3.24 and 3.31 together give

us the proof of theorem A.

3.4.2 Equivariantization

Now, suppose that G is a group acting on ∆ by permuting the vertices and preserving

adjancency. We can use the action ofG to create other interesting Web(SL−
n )-module categories.

Define Cat(G) as the monoidal category where objects are group elements, the only morphisms

are identities and the tensor product is group multiplication. Also, recall Aut(C) is the

category of auto-equivalences on C where morphisms are natural isomorphisms of functors

(See [EGNO15, Section 2.7] for these definitions).

Definition 3.32. Given a group G and a category C, an action of G on C is a monoidal

functor A : Cat(G) → Aut(C). We denote this g 7→ Ag ∈ Aut(C), and the “tensorator”

isomorphisms γg,h : Ag ◦ Ah ≃ Agh for all g, h ∈ G.

Definition 3.33. An G-equivariant object (X, u) in C is X ∈ Ob(C) together with a choice

of a family of isomorphisms u = (ug : Ag(X) → X)g∈G such that the following diagram
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commutes.

Ag(Ah(X)) Ag(X)

Agh(X) X

Ag(uh)

γg,h ug

ugh

Definition 3.34. The collection of G-equivariant objects of C forms a category CG, called

the G-equivariantization of C. Morphisms in HomCG((X, u), (Y, v)) are simply morphisms f

in HomC(X, Y ) such that the following diagram commutes.

Ag(X) Ag(Y )

X Y

Ag(f)

ug vg

f

Our goal is to extend the functor constructed in Theorem 3.31 to one from Web(SL−
n )

to End(V ec(∆)G) and then explore the effects of different G actions on ∆. As we begin,

note that an element g ∈ G acts on ∆ by permuting the vertices. Thus, (Ag(V ))i = Vg−1(i)

for every vertex i ∈ V (∆). As Ag(Ah(V )) = Agh(V ), we can choose γg,h to be the identity

maps. Also, recall that a type rotating action of G on ∆ is one where type(g(i)) = type(i) + c

mod n for some fixed c and every i ∈ V (∆), g ∈ G. Our next task is to find an analogue of

our functors Fa from Definition 3.26 on V ec(∆)G. We will make use of the following lemma

in our discussion.

Lemma 3.35. If G acts on ∆ by a type rotating action, then the functors Ag that come from

the corresponding action on V ec(∆) commute with the functors Fm as defined in 3.26 for all

g ∈ G, m ∈ {0, ..., n− 1}. That is, FmAg = AgFm for all m ∈ {0, ..., n− 1} and g ∈ G.

Proof. We will show that Fm(Ag(V ))i = Ag(Fm(V ))i for all V ∈ V ec(∆) and i ∈ V (∆). To

do this, see that

Fm(Ag(V ))i =
⊕

k∈E(m,i)

(Ag(V ))k =
⊕

k∈E(m,i)

Vg−1(k)

and that

Ag(Fm(V ))i = Fm(V )g−1(i) =
⊕

k∈E(m,g−1(i))

Vk

we have equality between these two expressions whenever k ∈ E(m, i) implies that g−1(k) ∈
E(m, g−1(i)). But of course, this occurs for any type-rotating action of G. So we have that

these two classes of functors commute.

Now, we turn our attention to the category V ec(∆)G and make the following definition,

which will allow us to begin to extend our result in Theorem 3.31 to this category.
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Definition 3.36. For a given m ∈ {0, ..., n− 1}, define a functor FG
m ∈ End(V ec(∆)G) as

acting on a object (X, u) in the following way, FG
m(X, u) = (Fm(X), Fm(u)), where Fm(X) is

as defined in 3.26 and Fm(u)g = Fm(ug).

We arrive at this definition for FG
m(u) in the following manner. By Lemma 3.35, we have

that Ag(Fm(X)) = Fm(Ag(X)). So we have the following diagram

Ag(Fm(X)) Fm(X)

Fm(Ag(X))

Fm(u)g

=
Fm(ug)

This diagram shows us that the definition we made is the obvious choice for Fm(u). Now we

must verify that FG
m(X, u) is indeed an equivariant object. Recall that this means that we

must show that the following diagram commutes.

Ag(Ah(Fm(X)) Ag(Fm(X))

Agh(Fm(X)) Fm(X)

Ag(Fm(u)h)

= Fm(u)g

Fm(u)gh

To do this, we expand the diagram above as follows

Ag(Ah(Fm(X))) Ag(Fm(X))

Ag(Fm(Ah(X)))

Fm(Ag(Ah(X)) Fm(Ag(X))

Fm(Agh(X))

Agh(Fm(X)) Fm(X)

=

=

Ag(Fm(u)h)

Fm(u)g

=

=

Ag(Fm(uh))

=

Fm(Ag(uh))

Fm(ug)

Fm(ugh)=

Fm(u)gh

(3.17)

We see that the pentagon on the left commutes because of equality. All three triangles and

the top quadrilateral commute by our definition of Fm(u). The bottom center quadrilateral

commutes since X is an equivariant object and this square is simply Fm applied to the square

in the Definition 3.34 and the top center quadrilateral commutes by Lemma 3.35. So FG
m(X, u)
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is indeed an equivariant object as desired and FG
m for m ∈ {0, ..., n− 1} gives us a collection

of endofunctors on V ec(∆)G.

Now, equipped with our functors, we turn to the study of natural transformations be-

tween these functors. We want to show that a subcategory of G(∆) can be mapped to these

functors and thus embedded into End(V ect(∆)G). Then we will show that the image of our

Web(SL−
n ) maps are contained in this subcategory, and so this correspondence will allow us

to build a functor from Web(SL−
n ) to End(V ec(∆)G).

Recall that the motivation for Theorem 3.31 was the isomorphism between Nat(Fσ, Fτ ) and

HomG(∆)(σ, τ). So we wish to find some condition on natural transformations in V ec(∆)G

that allows us to construct a similar isomorphism between a subclass of morphisms in G(∆)

and these distinguished natural transformations. To do this, we must define what the G-action

does to a natural transformation η ∈ Nat(Fσ, Fτ ).

Definition 3.37. For a natural transformation η ∈ Nat(Fσ, Fτ ) and a group G acting on

V ec(∆), let g(η) ∈ Nat(FG
σ , FG

τ ) be the natural transformation with components g(η)(X,u) =

Fτ (ug)Ag(ηX)Fσ(ug)
−1 for g ∈ G.

Lemma 3.38. If η ∈ Nat(Fσ, Fτ ) is invariant under the action of G on V ec(∆) (that is, the

component maps ηX and g(η)(X,u) are equal for any choice of u), then η induces a natural

transformation ηG ∈ Nat(FG
σ , FG

τ ).

Proof. Suppose we have η ∈ Nat(Fσ, Fτ ) which is invariant under the action of G. This

means that for every g ∈ G and X ∈ V ec(∆), we have that ηX = Fτ (ug)Ag(ηX)Fσ(ug)
−1.

This equality gives us that the following diagram commutes.

Ag(Fσ(X)) Ag(Fτ (X))

Fσ(X) Fτ (X)

Ag(ηX)

Fσ(ug) Fτ (ug)

ηX

This diagram is exactly the diagram we need to show that (ηX)X∈V ec(∆) is a collection of

equivariant morphsims. Naturally of these maps follows from naturality of η, so we have for

each (X, u) a map ηG(X,u), where the collection ηG ∈ Nat(FG
σ , FG

τ ).

Now, if η is invariant under the action of G, we will have that M(η)p,q = M(η)g(p),g(q)

for all paths (p, q) of appropriate type. This means in our Theorem 3.31 correspondence,

the map f ∈ HomG(∆)(σ, τ) is invariant under the action of G on ∆. In fact, we can also
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reverse this statement. If f ∈ HomG(∆)(σ, τ) is invariant under the action of G (that is

f(pq) = f(g(p)g(q)) for any g ∈ G and p, q suitable paths), then the natural transformation it

is mapped to also has this property and so carries an induced V ec(∆)G natural transformation.

Lemma 3.39. The image of any web in Web(SL−
n ) under the functor defined in Theorem

3.24 is invariant under any type-rotating action of G on ∆.

Proof. Recall that the images of the Web(SL−
n ) webs in G(∆) are morphisms whose co-domain

is simply {0, 1}. So we must only show that the existence of the left triangle implies that of

the right triangle.

a b

c

j

j+k
k

,

g(a) g(b)

g(c)

j

j+k
k

Since the action of G is a graph automorphism, g(a), g(b) and g(c) will be connected. Now,

since the action of G is type-rotating, we have that type(a)− type(b) = type(g(a))− type(g(b))

and so all edges will have the same labels as well. So 1j,k((a → b → c, a → c)) = 1j,k((g(a) →
g(b) → g(c), g(a) → g(c))). The argument that 1j+k and the other generating webs are

invariant follows similarly.

The previous two lemmas allow us to extend Theorem 3.31 to the category Web(SL−
n ).

This then gives us the following theorem.

Theorem 3.40. For a fixed n, if k is a field of characteristic p ≥ n− 1 and ∆ is a locally

finite Ãn−1 building of order q ≡ 1 mod p, V ec(∆)G has the structure of a Web(SL−
n )-module

category, where the action is by the equivalence in Theorem 3.31 pre-composed with the functor

defined in theorem 3.24.

This theorem, along with Theorem 3.24 is enough to prove theorem B. Now, we have

a general action of Web(SL−
n ) on V ec(∆)G, where the specific structure of V ec(∆)G is

dependent on the action of G. We can consider certain classes of actions and what the functor

Web(SL−
n ) → V ec(∆)G looks like under these classes.

Example 3.41. Recall that a simply transitive action of G on ∆ is one for which there

exists a unique g ∈ G where g(x) = y for every x, y ∈ V (∆). [CMSZ93] and [Car95] show

that when G acts simply transitively on ∆, we can reduce the combinatorial information

in ∆ to a simpler object called a triangle presentation of type Ãn−1. [Jon21] further showed

that there exists a fiber functor from Web(SL−
n ) that in certain setting extends to a fiber

functor on Tilt(SL2k+1) whose structure comes from these triangle presentations. Now, when
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G admits a simply transitive action on ∆, that V ec(∆)G ≃ V ec. So we recover the existence

of the previously discovered fiber functor as a special case of Theorem 3.24.

Example 3.42. In general, we have for any transitive action of G on ∆, that V ec(∆)G ≃
Rep(Stab(∗)), where ∗ is any vertex in ∆. So, if we consider the stabilizers of various actions,

we can realize some representation categories as Web(SL−
n ) module categories.

Example 3.43. A natural place to start is to consider the action of PGLn(K) on the building

described in Example 2.62. See that under this action, the stabilizer of the standard lattice

(Ae1 ⊕ ... ⊕ Aen where e1, ..., en is the standard basis for Kn) is SLn(A). So, through this

action, we have that Rep(SLn(A)) is a Web(SL−
n ) module category.
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CHAPTER

4

TOWARDS A TYPE C EMBEDDING

4.1 Introduction

As mentioned in Chapter 3, an advantage of the module category construction of Theorem

3.40 is that we can construct a class of module categories for every Ãn−1 building, not just

those that admit a simply transitive group action. Because type A is the only type that

allows this type of action (see Proposition 2.65), our results give us hope that buildings of

other types can be used to build interesting module categories for the corresponding web

categories.

In this chapter, we turn our attention to type C. In particular, we are interested in buildings

(and therefore Coxeter complexes) of type C̃n. Tits ([Tit74]) states that finite buildings of

Type C are isomorphic to polar spaces. Detailed work on Type C̃n buildings has been done

by Shemanske in [She07] and his student Setyadi in [Set05] and [Set07].

On the web category side of the picture, the most complete presentation of type C, or

sp2n, spiders comes in [BERT21]. This paper provides an analogous category to [CKM14]’s

sln spiders. Before this, conjecture and partial results were found in [RT22] and [Bod22]. The

latter gives a constructive proof of the correctness of a category of sp4 which serves as a basis
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for the results of this chapter.

Our initial foray into establishing a connection between webs and affine buildings takes

n = 2. We will use the Coxeter complex of type C̃2, which is isomorphic as a graph to the

sp4 weight lattice, to construct a graph, which will vary slightly from the analogous graph

we defined in type C. We then define the graph planar algebra on this graph exactly as

in Definition 3.11. Finally, we define the category Web(SP−
4 ) as a modification of the sp4

spiders defined in [Bod22]. We then construct a functor from Web(SP−
4 ) to our graph planar

algebra by translating the maps Bodish defines on the fundamental representations of sp4 to

maps in a graph planar algebra. By taking q = −1, throughout we can show these satisfy the

appropriate web relations, which leads to the following theorem.

Theorem 4.12. The functor η as defined in Section 4.3 is a monoidal functor and thus

provide an embedding of Web(SP−
4 ) into G(Γ̄C̃2

).

The structure for this chapter is as follows. Section 4.2 will discuss the relevant background

information, including buildings and webs in type C and an introduction to the representation

theory of sp4. In Section 4.3 we will present our construction of an embedding of Web(sp4),

by constructing a graph planar algebra, defining embedding maps, and showing they satisfy

the appropriate web relations. Finally, in Section 4.4, we discuss the shortcomings of this

embedding, the differences between type C and type A and potential future steps.

4.2 Background

4.2.1 Buildings in type C

Recall from Section 2.2 that a building is associated to a specific Coxeter system (W,S). In

this chapter, we will be interest in the group C̃n and its finite counterpart Cn. The Coxeter

diagrams of these systems are show in Figures 4.1 and 4.2, where each diagram has n vertices.

We are particularly interested in the Coxeter complex of type C̃n. A portion of the 1-skeleton

of this simplical complex is pictured in Figure 4.3. From inspection, we can see that as a

graph, this 1-skeleton is isomorphic to the Cayley graph of the weight lattice of the Lie

algebra sp4. We believe that this is true for n > 2 as well, giving us a similar isomorphism as

• • • · · · • •4

Figure 4.1: The Cn Coxeter diagram
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• • • · · · • • •4 4

Figure 4.2: The C̃n Coxeter diagram

• • • • •

• • • • •

• • • • •

Figure 4.3: A portion of the C̃2 Coxeter complex

we have in type A (see Section 3.3.2).

To highlight a major difference between type C and type A, we first make the following

definition.

Definition 4.1. [Ron09, Page 35] A vertex v of the C̃n (or Ãn−1) is a special vertex (in

the Coxeter complex Σ), if lkΣ(v) is the Coxeter complex of type Cn (or An). A vertex in a

building is special if it is special in every apartment in which it is contained.

In type C, as in type A, the type of a vertex is defined by the generator s which is removed

from the special subgroup underlying the coset it represents. Recall that 2.51 states that

the link of this vertex is the Coxeter complex of the system that is (W,S − {s}). So we can

determine the special vertices of a Coxeter complex by looking at the corresponding Coxeter

diagram. In type A, every vertex is special. If we look at the Coxeter diagram of C̃2,

• • •4 4 (4.1)

see that the vertices corresponding to the end generators are special, but the middle generator

is not. We can directly observe this in the Coxeter complex as well, where we have vertices of

both degree 4 and degree 8. When we increase n, we will get more non-special vertices. In

addition, not all of these vertices will have the same degree (the link of the vertices will corre-

spond to the system Ck×Cn−k for some k. The C̃2 example is the Coxeter complex of C1×C1).

In Chapter 3, we made heavy use of Tits’ discovery that buildings of type An−1 have

the structure of finite projective geometries. We now discuss the analogous characterization

in type C.
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Definition 4.2. [Tit74, Definition 7.1] A polar space is a set S together with a set of

distinguished subsets L called subspaces that satisfy the following axioms.

• A subspace, together with the subspaces it contains, forms a projective space.

• The intersection of two subspaces is a subspace.

• Given a subspace X and a point (1-dimensional subspace) p not in X, there is a unique

subspace Y where X ∩ Y is n − 2 dimensional and Y contains p. Furthermore, Y

contains all points of X colinear with P .

• There exist two disjoint n− 1 dimensional subspaces.

Theorem 4.3. ([Tit74, Theorem 7.4]) A (weak) building of type Cn is a polar space of rank

n.

In order to fully take advantage of the above theorem, two things must happen. First, as

we saw above, only some of the vertices of a C̃n building can be described using Cn building

theory. We hope to modify these results in some way to work for non-special vertices as well.

Second, there are very few direct ways to count subspaces in a polar space. So understanding

more about the combinatorics of polar spaces is a future goal.

4.2.2 Representation Theory of sp2n

In this section, we introduce the underlying structure of the Lie algebra sp4(C) and more

specifically the n = 2 case of sp4(C). We discuss the basic structure of this Lie algebra and

its roots, weights and dominant weights. We then look at the representations of sp4(C), and
identify two fundamental representations that will prove the foundation to our connection

between sp4(C) and C2 webs. This discussion will follow closely the discussion in Lecture 16

of [FH04].

To begin, suppose we have a non-degenerate, skew-symmetric bilinear from Q : V ×V → C
where V is a 2n-dimensional vector space. We then have the following definition.

Definition 4.4. The Lie algebra sp2n(C) is the vector space of endomorphisms A : V → V

for which Q(Av,w) +Q(v,Aw) = 0 for all v, w ∈ V . The bracket is the commutator.

It turns out that this algebra does not depend on the specific form Q chosen. So we choose

a generic Q and use it to describe sp2n(C) in a way that hides its dependence on the form Q.

Suppose

Q(x, y) = xTMy, where M =

(
0 In

−In 0

)
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Now, consider the condition that for any X ∈ sp2n(C), Q(Xv,w) + Q(v,Xw) = 0 for all

v, w ∈ V . This means that

(Xv)TMw + vTM(Xw) = vT (XTM)wvT (MX)w = 0

for all v, w ∈ V . Note that since choosing v = ei and w = ej gives us v
T (XTM)wvT (MX)w =

(XTM)ij + (MX)ij, we must have XTM + (MX) = 0. Suppose we have a X satisfying the

above. Then, if

X =

(
A B

C D

)
, then XTM =

(
−CT AT

−DT BT

)
and MX =

(
C D

−A B

)

So, X ∈ sp2n(C) if B and C are symmetric matrices and A = −Dt. From now on, we will

use this characterization of the lie algebra, as it allows us to describe sp2n(C) simply by

properties of its elements and not by conditions on a form Q.

Our ultimate goal is to describe the representations of sp2n(C). In order to do this, we

first define the Cartan subalgebra which in sln(C) the Cartan subalgebra is simply the

subalgebra of diagonal matrices. The natural choice for the Cartan subalgebra of sp2n(C) is
the subalgebra of diagonal matrices that satisfy the conditions stated above. A basis for this

subalgebra h is the set {Ei,i − En+i,n+i|1 ≤ i ≤ n− 1} (we will denote Ei,i − En+1,n+i as Hi).

Note that under the standard representation, Ei,i − En−1,n−1 fixes e1, negates en+i and sends

every other standard basis vector to 0. Also, we have a dual basis Li ∈ h∗ (as in Defintion

3.17), where as usual ⟨Li, Hj⟩ = δij.

Now, in order to find the roots and weights of g = sp2n(C), we consider the adjoint action
of h on g Consider a matrix unit Ei,j ∈ gln(C). See that under action of h, Ei,j is sent to

itself under Hi, its negation under Hj and 0 otherwise. The same is true for En+j,n+i and so

we define a matrix Xi,j = Ei,j − En+j,n+i that will be an eigenvector for the action of h with

eigenvalue Li − Lj.

Unlike in the sln(C) case, this is not the only class of eigenvectors and eigenvalues for this

action. Table ?? shows the complete list of eigenvectors and their corresponding eigenvalues.

We note that the computation to discover these is similar to that in the paragraph above. So

from this, we can deduce that the roots of the sp2n(C) are ±Li ± Lj for all 1 ≤ i, j ≤ n. Our

next step in our discussion is to find the subalgebras of sp2n(C) that are isomorphic to sl(2C).
This will help us determine the weights of sp2n(C) (this is analogous to the discussion leading
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Table 4.1: Eiegenvalues/vectors of sp2n(C)

Eigenvector Eigenvalue
Yij = Ei,n+j + Ej,n+i Li + Lj

Zij = En+i,j + En+j,i −Li − Lj

Ui = Ei,n+i 2Li

Vi = En+i,i −2Li

to [FH04, Proposition 12. 15] for sln. For each root α, we must find a vector Hα so that Hα

take s the place of h in some copy of sl(2,C). For example, see that [Xij, Xji] = Hi −Hj, so

that HLi−Lj
must be the multiple of Hj −Hj such that its adjoint action on Xij is 2Xij . See

that

ad(Hi −Hj)(Xij) = ((Li − Lj)(Hi −Hj)) ∗Xij = 2X
ij(4.2)

. So HLi−Lj
= Hi − Hj. We can use a similar method to determine Hα for opposite roots

Li + Lj and Li − Lj. See we have that [Yij, Zij] = Hi +Hj and ad(Hi +Hj)(Yij) = 2Yij. So

we have HLi+Lj
= Hi +Hj and similarly HLi−Lj

= Hi −Hj.

A similar calculation using ±2Li and [Ui, Vi] give us H±2Li
= ±Hi. So our set Hα that we

desired is the set {Hi,±Hi ±Hj|i ̸= j}. The weight lattice ΛW is the set of linear forms on h

that are integral on all of the Hα. In this case, this is all integral combinations of the Li.

Our final goal for general n is to find a description of a Weyl chamber for sp2n(C) and
thus the fundamental weights. To do this, we can choose a linear functional ℓ on the weight

lattice where ℓ(
∑n−1

i=1 aiLi) = c1a1 + ... + cnan for some c1 ≥ c2 ≥ ... ≥ cn > 0. This gives

R+ = {Li+Lj}i≤j∪{Li−Lj}i<j as the set of positive roots. So we can define a Weyl chamber

W = {a1L1 + ...+ anLn|a1 ≥ ... ≥ an ≥ 0}. The walls of this chamber will occur when there

is exactly one equals sign in the sequence of ai.

For the rest of the paper, we will consider sp4(C), the n = 2 case. We begin by stating the

following theorem from [FH04, Section 16.2].

Theorem 4.5. There is a unique irreducible representation Γα of sp4(C) with highest weight

α for any α in the intersection of the closed Weyl chamber W with the weight lattice.

In sp4(C), we have as weights integral combinations of L1 and L2. So the α in question

are non-negative linear combinations of L1 and L1 +L2 which as we saw before, are the walls

of the Weyl chamber. Define Γa,b as the representation whose highest weight is aL1+b(L1+L2).
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First, we consider the standard representation of sp4(C) as endomorphisms of V , a 4-

dimensional vector space with basis {e1, e2, e3, e4}. The eigenvalues of the basis vectors are

L1, L2,−L1,−L2. These are the weights of the representation and so the highest weight is

L1. So, as a representation of sp4(C), V = Γ1,0.

Our next wish is to find the the representation Γ0,1. To do this, we must study the exterior

square Γ2V . In this representation, the eigenvalues are pairwise sums of distinct weights of V

(i.e. L1+L2, L1−L2, L2−L1,−L1−L2 and 0 with multiplicity 2). However, this representation

is not irreducible, as it is isomorphic to W ⊕C. As a representation C has weight 0. So W is

the irreducible representation with weights L1 + L2, L1 − L2, L2 − L1,−L1 − L2 and 0. The

highest weight here is L1 + L2 and so W is the representation Γ0,1.

The highest weights L1 and L1 + L2 of V and W are not only fundamental weights of sp4(C)
but they are also generators for the dominant weights. Adopting the notation that ω1 = L1

and ω2 = L2, we can define the category Fund(sp4(C)) as the subcategory of Rep(sp4(C))
generated by the fundamental weights ω1 and ω2. Finally, note that V ⊗ V ≃ 2V ⊕W ⊕ C
and so there is a one dimensional space of maps V × V → W (ie. V (ω1)⊗ V (ω1) → V (ω2)).

This subspace of maps will form the foundation for our diagrammatic description of the

category Fund(sp4(C)).

4.2.3 Webs in Type C

Recall that webs are a class of diagrammatic categories designed with the purpose of being

isomorphic to the representation theory of finite lie algebras and their quantum deformations.

The general theory of webs and spiders was begun by Greg Kuperberg in [Kup96] which

defined spiders for rank 2 lie algebras A2, B2 and G2. This opened the problem of finding the

correct categories of spiders (which may also be called webs) for all other finite type lie algebras.

In this paper, we will discussing some of the work done in solving the type C case. In

particular, we will be looking at Elijah Bodish’s presentation of these webs in [Bod22]. We

choose to present this work and not Kuperberg’s original construction because it has recently

been extended to a presentation of webs for sp2n(C) (see [BERT21]).

We now define Web(sp4). Recall that we define the quantum integers are defined as

[n] =
qn − q−n

q − q−1
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Also, let A = Z[q, q−1, 1
[2]q

]. We can now state Bodish’s definition of C2 webs.

Definition 4.6. The category Web(sp4) has objects generated by 1 and 2 (i.e. sequences

with 1 and 2 as the entries). The generating morphisms are

2

1 1 2

1 1
11

11
22

22

where we note that these morphisms and their compositions form a coherent graphical calculus

(that is, we can bend a leg of a morphism in any direction we desire and still have equality).

Additionally, we impose the following relations on our morphisms.

11
= − [6]q[2]q

[3]q
(4.3)

22
=

[6]q[5]q
[3]q[2]q

(4.4)

2

2

11 = −[2]q

2

(4.5)

2

11 = 0 (4.6)

2 2

2

1 = 01

(4.7)

11

11

2
= 1

[2]q

11

11

+

11

11

2 − 1
[2]q

11

11 (4.8)

Note that the coefficent in equations 1 and 2 are quantum integers by the following
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equalities:

[5]q − [1]q =
[6]q[2]q
[3]q

(4.9)

[7]q − [5]q + [3]q =
[6]q[5]q
[3]q[2]q

. (4.10)

The category Web(sp4) is a modification of Kuperberg’s original presentation of the B2

spider. Bodish’s definitions of the relations are scaled so that they will better conform to sp4

representation theory. In addition, the all relations exception the last have integer coefficients,

which make the category more useful combinatorially.

We will use a slightly modified version of Web(sp4) for our embedding. By taking q = −1 in

every quantum integer above, we get a web category whose relations have rational coefficients.

Definition 4.7. The category Web(SP−
4 ) has the same objects and generating morphisms as

Web(sp4), but the relations are as follows:

11
= −4 (4.11)

22
= 5 (4.12)

2

2

11 = 2

2

(4.13)

2

11 = 0 (4.14)

2 2

2

1 = 01

(4.15)
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11

11

2
= −1

2

11

11

+

11

11

2 +1
2

11

11 (4.16)

Recall that in the representation theory of sp4, we have a 1 dimensional space of maps

from V ⊗ V to W . The first generating morphism of Web(sp4) will corresponds to this space

of maps.

4.3 Constructing an Embedding

4.3.1 Choosing A Graph

In order to construct an embedding of the Web(SP4) category, we must define a functor from

Web(SP4) to some graph planar algebra. But first, we must define the graph that our graph

planar algebra is defined over and also pick a labeling of this graph. Recall that in type A,

this graph is quite simple to come up with, and we can use the following definition found in

[McG22].

Definition 4.8. The graph ΓÃn
is the 1-skeleton of the sln weight lattice (or Ãn−1 Coxeter

complex, with each 1 - simplex replaced by two opposite edges. The label of each edge s → t

is ℓ(t)− ℓ(s) mod n, where the labelling ℓ of vertices is the canonical labeling of the Coxeter

complex.

Since we also have that the weight lattice and Coxeter complex are isomorphic in type C,

we could make a similar definition for our type C graph. However, we choose to instead make

the following definition, which is more closely related to the representation theoretic origins

of this simplical complex.

Definition 4.9. The graph ΓC̃2
is the 1-skeleton of the sp4 weight lattice, with each 1-simplex

replaced by two opposite edges. These edges are both labeled by 1 if they represent a weight

in the first fundamental representation of sp4 and 2 is they represent a weight in the second

fundamental representation of sp4.

Pictorially, the above definition means that every horizontal or vertical edge has label 2

and every diagonal edge has label 1. We can also talk about the following graph, which we

call the partial completion of ΓC̃2
.
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Definition 4.10. The partial completion of ΓC̃2
, denoted Γ̄C̃2

, is ΓC̃2
with additional label 2

edges connecting every unconnected diagonally adjacent pair of vertices, and loops with label

2 on every vertex in the graph.

We can now define the graph planar algebra as in Definition 3.11 of Γ̄C̃2
, which we will

call G(Γ̄C̃2
). We now have a category to use at the target category in our embedding of

Web(SP−
4 ).

4.3.2 Defining an Embedding

In order to define an embedding of Web(SP4) into G(Γ̄C̃2
), we must first fix an orientation for

the graph Γ̄C̃2
. This allows to talk about the direction of each edge not just in the sense of the

label, but in the sense of the exact weight that the edge corresponds to (Note that traveling

the opposite direction on the edge corresponds to the opposite weight). The directions of an

edges around a fixed vertex are described in Figure 4.4 where a tuple (a, b) corresponds to

the weight aL1 + b(L1 + L2).

• • •

• • •

• • •

(1,0)

(1,−1)

(0,1)

(2,−1)

(−2,1)

(0,−1)

(−1,1)

(−1,0)

Figure 4.4: The directions in the Coxeter complex of C̃2

Now, we can define a functor η : Web(SP4) → G(Γ̄C̃2
) by where it sends the morphisms

of Web(SP4). Define maps cap1, cup1, cap2, cup2, f1, f2 in G(Γ̄C̃2
) whose values are given by

the Tables 4.2-4.7 below. Then, Equations 4.17 and 4.18 define η.

Table 4.2: Values of cup1 : k({(∅, p1)| type(p1) = (1, 1)})

Directions of p1 Value of cup1
(1,0), (-1,0) -1
(-1,1), (1,-1)
(1, -1), (-1, 1) 1
(-1, 0), (1,0)
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Table 4.3: Values of cap1 : k({(p1, ∅)| type(p1) = (1, 1)}) → k

Directions of p1 Value of cap1
(1,0), (-1,0) 1
(-1,1), (1,-1)
(1, -1), (-1, 1) -1
(-1, 0), (1,0)

Table 4.4: Values of cup2 : k({(∅, p1)| type(p1) = (2, 2)}) → k

Directions of p1 Value of cup2
(0,1), (0,-1) 1
(0,-1), (0, 1)
(2, -1), (-2, 1) -1
(-2, 1), (2,-1)
(0,0), (0,0) −1

2

Table 4.5: Values of cap2 : k({(p1, ∅)| type(p1) = (2, 2)}) → k

Directions of p1 Value of cap2
(0,1), (0,-1) 1
(0,-1), (0, 1)
(2, -1), (-2, 1) -1
(-2, 1), (2,-1)
(0,0), (0,0) -2

Table 4.6: Values of f1 : k({(p1, p2)| type(p1) = (2) and type(p2) = (1, 1)} → k

Directions of p1 Directions of p2 Value of f1
(0, 1) (1,0),(-1,1) -1
(2, -1) (1,0),(1,-1)
(-2, 1) (-1,1),(-1,0)
(0, 1) (-1,1),(1,0)
(0, -1) (1,-1),(-1,0)
(2, -1) (1,-1),(1,0)
(-2, 1) (-1,0),(-1,1)
(0, -1) (-1,0),(1,-1)
(0,0) (1,0), (-1,0)
(0,0) (1,-1), (-1, 1)
(0,0) (-1,0), (1,0) 1
(0,0) (-1,1), (1, -1)
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Table 4.7: Values of f2 : k({(p1, p2)| type(p1) = (1, 1) and type(p2) = (2)} → k

Directions of p1 Directions of p2 Value of f1
(1,0),(-1,1) (0, 1) -1
(1,0),(1,-1) (2, -1)
(-1,1),(-1,0) (-2, 1)
(-1,1),(1,0) (0, 1)
(1,-1),(-1,0) (0, -1)
(1,-1),(1,0) (2, -1)
(-1,0),(-1,1) (-2, 1)
(-1,0),(1,-1) (0, -1)
(1,0), (-1,0) (0,0) -1/2
(1,-1), (-1, 1) (0,0)
(-1,0), (1,0) (0,0) 1/2
(-1,1), (1, -1) (0,0)

11 7→ cup1 11 7→ cap1 22 7→ cup2 22 7→ cap2 (4.17)

2

1 1

7→ f1
2

1 1
7→ f2 (4.18)

4.3.3 The Proof of the Embedding

The proof of the existence of this functor is a verification that our maps cup1, cap1, cup2, cap2, f1

and f2 satisfy the relations in Web(SP4). Just as in [McG22] (and Chapter 3), we can do

this by identifying edges in Γ̄C̃2
with strings in Web(SP4), which in turn leads us to identify

regions in the web pictures with vertices of Γ̄C̃2
. We must show that the relations in Web(SP4)

hold for any choices of vertices a− b− c− d labeling the outside regions. Note that in Γ̄C̃2
,

all vertices are essentially identical (i.e. they have the same edges in and out in the same

directions), so we can pick a generic a. However, once we fix this a, the choice of b, c, d will

determine the values of the morphisms in G(Γ̄C̃2
) as these are dependent on the direction

of the edges between the vertices. So we must consider every possible choice of directions.

Consider Figure 4.5, which we will use to enumerate the cases we must check.

Lemma 4.11. The morphisms in the image of η : Web(SP−
4 ) → G(Γ̄C̃2

) satisfy the relation

4.16.

Proof. In order to begin verifying this relation, we must first enumerate all possible directions
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12

6 7 8

11 5 0 1 9

4 3 2

10

Figure 4.5: The near neighbors of a vertex in the graph G(Γ̄C̃2
)

for b, c and d. See Table 4.8, where the number for b,c,d refer to Figure 4.5. We will show the

verification of this relation for case 1, and note that verification of the other cases follows

almost identically.

To start, note that we have the following equality which allows us to evaluate the morphism

on the left hand side of the relation.

11

11

2
=

1 1

1 1

2

2 2

(4.19)

Refer to [Bod22, Notation 2.3] to interpret the two “forks” morphisms in this equality. Note

that we can then use this interpretation to say that the evaluation of one of these morphisms

in G(Γ̄C̃n
) is the product of the corresponding coefficent of f1 and cap1.

From here, we can label the edges in our diagram with the appropriate directions from

case 1.

(1,0) (-1, 1)

(-1, 1) (1,0)

(-2, 1)(2 -1)
a d

b

c

= −1
2

(1,0)(-1, 1)

(1,0)(-1, 1)

a d

b

c

+

(1,0)(-1, 1)

(1,0)(-1, 1)

(0,1)a d

b

c

+1
2

(1,0)(-1, 1)

(1,0)(-1, 1)

a d

b

c

(4.20)
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Table 4.8: Possible Values for b, c and d

Case # Choice of b Choice of c Choice of d
1 7 1 8
2 1 7 8
3 7 1 0
4 1 7 0
5 3 1 2
6 1 3 2
7 3 1 0
8 1 3 0
9 5 3 4
10 3 5 4
11 5 3 0
12 3 5 0
13 7 5 6
14 5 7 6
15 7 5 0
16 5 7 0
17 7 7 0
18 5 5 0
19 1 1 0
20 3 3 0
21 1 1 9
22 3 3 10
23 5 5 11
24 7 7 12
25 7 7 8
26 7 7 6
27 1 1 8
28 1 1 2
29 3 3 2
30 3 3 4
31 5 5 4
32 5 5 6

88



First, note that in the first morphism on the right hand side, b and c label the same

region and so should correspond to the same vertex. However, in case 1, this is not true, so

the morphism evaluates to 0. We can also see this by looking at the directions on the edges,

as we have labeled one string with two separate directions. Similarly, the third morphism

on the right hand side is also 0, since a and d label the same region but correspond to

different vertices in our graph in case 1. We can see that evaluating the string also gives

0, since cups and caps only have nonzero evaluation, when the strings label opposite directions.

So all we must do is show that the evaluation of the left hand side is equal to that of the

second morphism on the right hand side. See that on the right hand side, we are looking

at f2 ◦ f1, and so we must multiply the values of these morphisms. By definition, this is

−1 ∗ −1 = 1. Now, on the left hand side, we compute this constant by multiplying the

corresponding value of cup2 (-1), with the evaluations of the left and right forks (computed as

described above), which are −1 and 1 respectively. So, the value of this morphism is 1 as well,

and we have shown equality of this relation in case 1. The other cases proceed similarly, in

each case assigning the proper directions and evaluating the maps from the tables in section

3.1.

Now that we have tackled the most complicated Web(SP4) relation, we are ready to prove

that η is indeed a monoidal functor.

Theorem 4.12. When Web(SP4) is defined over a field of characteristic p such that q ≡ −1

mod p, the functor η as defined is a monoidal functor and thus provide an embedding of

Web(SP4) into G(Γ̄C̃n
)

Proof. Recall that proving the existence of this functor is verifying the following relations for

cap1, cup1, cap2, cup2, f1 and f2 as defined in Definition 4.6

11
= −4 (4.21)

The left hand side of this relation has two regions, inside and outside of the circle. See that

for any given choice of vertex a for the outside region, there are four choices of 1-labelled

edges to traverse first in one direction and then the other to end up at a. Also, note that the

values of cup1 and cap1 for a direction pair (x, y), (−x,−y) are always either -1 and 1, or 1

and -1. So each choice of a internal vertex b gives us a coefficent of -1 which we add together

89



to get -4 as the total value of the right hand side, which is what we needed.

22
= 5 (4.22)

Notice that again, when evaluating the left hand side, we must fix an outer vertex a and

consider all possible inner vertices b. This picture denotes traversing both directions of an

edge with label 2, so there are 5 choices for b. Notice that cap2 = cup2 for any (x, y), (−x,−y)

pair and so each b contributes a term of 1 to the final evaluation. So the value of the LHS

morphism is 5, which what is desired.

2

2

11 = 2

2

(4.23)

For this relation, we call the outer regions a and c respectively, and the inside region b. We

first tackle the case where a ̸= c. To start, first see that for any choice of a and c, there are

two possible choices for b ( a and c are opposite corners of a square in the graph Γ̄C̃n
, and

these choices of b correspond to traveling around the sides of the square from a to c). Note

that for any non (0, 0) direction of a 2-labelled edge, that the coefficents of f1 and f2 are -1.

So as long as a ̸= c, this morphism evaluates to 1 for every choice of b. Since there are two

choice of b, the final value of the morphism is 2 which is equal to the right hand side

When a = c, the direction of the two edge is (0, 0) and we now have four options for the

vertex b. Each choice corresponds to a different direction, but the value of f1 times the value

of f2 in all cases is 1
2
. So the sum over all possible values of b is again 2 as desired. So this

relation is true for any choice of a and c.

2

11 = 0 (4.24)

To verify this relation, note that as in the first two relations, we have only one outside region.

In fact, the only way that this differs from 4.3 is that the first morphism in the composition

is f2, instead of cup1. So again, for a given a, we have four choices of b, the vertex labeling

the inner region of the diagram. Also, note that since we have only one outer region, the
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direction of the 2 edge must be (0, 0). To evaluate this morphism, we must add it’s value for

each choice of b (which corresponds to a choice of direction for the edges). This value is the

product of the values of f2 and cap1, which is 1 when the direction of the left most 1 edge is

(−1, 1) or (1,−1) and −1 when this edges is direction is (1, 0) or (−1, 0). So the sum of all

possible b is 0, as desired.
2 2

2

1 = 01

(4.25)

For this equation, first see that if all of the edges labeled 2 have directions that are not (0, 0),

this configuration never appears in the graph planar algebra. So we consider two cases, when

all outside edges have direction (0,0) and when only one does (Note that two edges having

direction (0,0) forces the third to have this direction as well). First, if all edges have direction

(0, 0) we are looking at the web diagram labeled with directions as follows:

(0,0) (0,0)

(0,0)

(x,y) (-x,-y)
∗′∗

(4.26)

where ∗ = (x, y) and ∗′ = (−x,−y). So we see that the value of this morphism for a given

direction (i.e. a choice of internal vertex b) will be the product of the value of f1 and the square

of f2 for the directions (x, y), (−x,−y) and (0, 0) and the value of cup1 for (−x,−y), (x, y).

The values for each direction are shown in the tables below. We can easily see that the sum

Table 4.9: Evaluation of Equation 4.26

Initial Direction f1 f 2
2 cup1 Total Evaluation

(1,0) -1 1/4 1 -1/4
(-1,0) 1 1/4 -1 -1/4
(1,-1) -1 1/4 -1 1/4
(-1,1) -1 1/4 1 1/4

of these is 0, as desired.

Now, if only one edge has direction (0,0), we must fall into one of the following three
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cases for directions on diagram.

(w,z)(-w,-z)

(0,0)

(x,y) (-x,-y)
!′ !

(0,0) (w,z)

(w,z)

(x,y) (s,t)
∗′∗

(w,z) (0,0)

(w,z)

(x,y) (s,t)
!′ !

(4.27)

where here ∗, ∗′ are as in the previous case, and !′ = (s, t), ! = (−s,−t). Now, the choice

of two of (x, y), (s, t) and (w, z) will completely determine the third (or else the morphism

will evaluate to 0 and we need not consider it). Each of these three cases must sum to 0

over all choices of vertices in the inner region. Note also that if we label the outer regions

a, b and c going clockwise from the left side, the three cases we have break down into a = c,

a = b, and b = c respectively. When enumerating these cases, we note that we must only

choose (s, t) ̸= ±(x, y), since (s, t) = (x, y) will give f2 the value of 0, and (s, t) = (−x,−y)

puts exactly in the previously solved case. Again, we must multiply the values of f1, f2

and cup1 for the relevant direction pairs for each case. We enumerate the cases and do the

computations for each case in the Tables 4.10 - 4.12 below.

Table 4.10: Case 1: a = c

(x,y) (s,t) f1 Left f2 Right f2 cup1 Value of Composition
(1,0) (-1, 1) -1 -1 -1 -1 1
(1,0) (1, -1) -1 -1 -1 1 -1
(-1,0) (-1, 1) 1 -1 -1 -1 -1
(-1,0) (1, -1) 1 -1 -1 1 1
(-1,1) (-1, 0) 1 -1 -1 1 1
(-1,1) (1, 0) 1 -1 -1 -1 -1
(1,-1) (-1, 0) -1 -1 -1 1 -1
(1,-1) (1, 0) -1 -1 -1 -1 1

In all three tables, the sum of the far column is 0, thus fully verifying the relation.

11

11

2
= −1

2

11

11

+

11

11

2 +1
2

11

11 (4.28)
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Table 4.11: Case 2: a = b

(x,y) (s,t) f1 Left f2 Right f2 cup1 Value of Composition
(1,0) (-1, 1) -1 -1/2 -1 1 -1/2
(1,0) (1, -1) -1 -1/2 -1 1 -1/2
(-1,0) (-1, 1) -1 1/2 -1 -1 -1/2
(-1,0) (1, -1) -1 1/2 -1 -1 -1/2
(-1,1) (-1, 0) -1 1/2 -1 1 1/2
(-1,1) (1, 0) -1 1/2 -1 1 1/2
(1,-1) (-1, 0) -1 -1/2 -1 -1 1/2
(1,-1) (1, 0) -1 -1/2 -1 -1 1/2

Table 4.12: Case 3: b = c

(x,y) (s,t) f1 Left f2 Right f2 cup1 Value of Composition
(1,0) (-1, 1) -1 -1 -1 -1 1
(1,0) (1, -1) -1 -1 1 1 1
(-1,0) (-1, 1) -1 -1 -1 -1 1
(-1,0) (1, -1) -1 -1 1 1 1
(-1,1) (-1, 0) -1 -1 -1 1 -1
(-1,1) (1, 0) -1 -1 1 -1 -1
(1,-1) (-1, 0) -1 -1 -1 1 -1
(1,-1) (1, 0) -1 -1 1 -1 -1
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The proof of Lemma 3.1 is the verification of this relation. So we have shown all relations

hold, and so η is a valid monoidal functor.

4.4 Discussion of Results

Now that we have a weight lattice motivated graph planar algebra embedding for Web(SP4),

we look at why we needed to make several modifications to the graph we used for this

embedding. We wish to contrast this to type A, in which we have an embedding into the

graph planar algebra of the graph embedding in the most natural way.

In type A, the labelling on the Coxeter complex corresponds directly to the labelling of

the weight lattice by fundamental weights (that is, a vertex of type k will correspond to a

subspace of size k in, which in turn corresponds to the kth fundamental weight for a certain

labeling). In particular, this means there is a bijection between edges in the weight lattice

and edges in the coxeter complex that preserves labels. In type C, this bijection does not

exist. There are several ways we can see this. First, if we consider “label 1” vertex in the

C2 Coxeter complex/weight lattice, we see that it has degree 4, and that all of the edges

correspond to weights in the first fundamental representation of sp4. So these edges are all

labeled 1 in the weight lattice. However, in the Coxeter complex, the label is simply the label

of the target vertex minus that of the source. So we have edges labeled 1, with target vertex

labeled 2, and vice versa, in the Coxeter complex. Now consider the case of a vertex labeled

2, that has edges labeled 1 and 2 both in the Coxeter complex and weight lattice. In the

Coxeter complex, the 1-edges go from vertices labeled 2 to vertices labeled 0. But these edges

have label 2 in weight lattice, as do any edges between degree 8 vertices. So it is clear we

do not have the label preserving bijection we need here to allow us to label the edges of the

graph in a naive way and use that in our embedding.

However, even when we used edges labels corresponding to the fundamental weights, we

cannot embed Web(SP4) into the graph planar algebra of this graph. The reason for this, is to

prove the existence of the functor needed for the embedding, we must show that the relations

hold generically for any choice of boundary vertices. Because we have two different ”types” of

vertices (that is degree 4 and degree 8 vertices), there are several cases to consider for even

the most basic vertices. For example, we must consider the case in equation 4.4 where the

outside vertex has degree 4 and when it has degree 8. The issue with this is that there are no

edges with label two from the degree 4 vertex, so the morphism is 0, while the degree 8 vertex

gives us a value of 4 (or 5 if we add self-loops). So we can never have a relation on a circle
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with label 2 for every choice of boundary vertices. Doing the partial completion operation in

Definition 4.10 regains the symmetry that allows us to treat every case of boundary vertices

similarly and prove the embedding above. This of course is unnecessary in type A, as every

vertex has the same degree from the start.

Another major difference between our work here in type C and the results of Chapter

3 is the nature of the web category that we are choosing. Recall that the [Bod22] is a

modification of Kuperberg’s B2 spider that is then extended in [BERT21]. These categories

corresponds to the [CKM14] web categories in type A. However, our results in Chapter 3

use a version of SLn that have been adapted for positive characteristic (and no longer take

q-deformation into account) in [BEAEO20] and [Jon21]. A major difference between the two

type A characterization is that [Jon21] indirectly constructs cup and cap morphisms instead

of defining them as generators. It is possible that there is a similar positive characteristic

version of the type C webs which will be the “correct” category to build our module categories.

Finally, we must address the issues caused by the non-special vertices present in type

C when we try to extend this embedding to buildings. It is possible (and we believe it is

likely) that there is a canonical way to add extra edges to the graph derived from a building

in a similar way to Definition 4.10. But extending this construction beyond n = 2 gets messy

quickly. It would be better to find a way to describe the links of non-special vertices as some

kind of direct product of Cn Coxeter complexes (and thus buildings) and to use this definition

to do the appropriate combinatorics, but initial attempts to do this have been unsuccessful.
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APPENDIX

A

LIST OF SYMBOLS AND NOTATION

Table A.1: A collection of important notation used throughout

Notation Brief Definition First Appearance

(W,S) Coxeter System Definition 2.32

Σ(W,S) The Coxeter complex of (W,S) Definition 2.46

Σ Shorthand for a Coxeter complex Definition 2.46

ℓ The canonical labeling on a Coxeter complex Def. 2.42

or building Prop. 2.50

lkΣA The link of A in Σ Def. 2.43

∆ A building Definition 2.53

A A system of apartments for a building ∆ Definition 2.53

Web(SL−
n ) Positive characteristic type A web category Definition 3.2.3

T A triangle presentation Def. 2.66

(in Ch. 3, the degenerate one) Def. 3.15

ΛW The weight lattice of a Lie algebra (here, sln) Section 3.3.2

[k]q the quantum integer k Section 3.2.1

Γ∆ The graph associated to a building ∆ Section 3.2.2

type(p) The list of labels of the edges in a path p Definition 3.10
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G(Γ) The graph planar algebra of a graph Γ Definition 3.11

G(∆) G(Γ∆) Section 3.2.2

Li Linear functional selecting the ith Section 3.17

entry of a diagonal matrix

σ Involution associated to a triangle presentation Definition 3.15

V ec(∆) Vector bundles over the vertices of ∆ Definition 3.25

End(V ec(∆)) Functors from V ec(∆) to V ec(∆) Section 3.4.1

Fm For m ∈ {1, ..., n} a functor in End(V ec(∆)) Definition 3.26

that selects edges of label m

E(m, i) Vertices k in Γ∆ with an edge i → k with label m Definition 3.26

ka The object in V ec(∆) whose only non-zero Definition 3.27

component is k at index a

Ag Functor describing the action of g ∈ G on C Definition 3.32

CG The equivariantization of C under the action of G Definition 3.34

FG
m Equivariant version of Fm functors Definition 3.36

Web(SP−
4 ) q = −1 version of Bodish’s sp4 webs Definition 4.6

Γ̄C̃2
partial completion of C̃2 Coxeter complex Definition 4.10

as a graph
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