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SUMMARY

The objective is to compare the exact probability distribution of the peak combined 
response with an approximation. The combined response is the sum of a Poisson Square wave 
and a Poisson shock process. The sizes of the square waves are independent and identically 
distributed random variables, and so are the shock sizes. The combined response models 
earthquake and operating load responses. The two stochastic processes are dependent because 
events in the processes may occur simultaneously. That is, shocks may cause changes in the 
square wave process, or changes in the square wave process may cause shocks.

The approximation for independent processes is accurate in the neighborhood of the mean 
of the peak combined load if the responses in one of the stochastic processes dominates the 
responses in the other or if shocks are rare. The approximation is not accurate if the 
processes have approximately the same means and if events occur frequently in the 
processes. This inaccuracy is shown in one example.
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1. The Probability Distribution of the Peak Combined Load From a Bivariate Poisson Shock 
and Square Wave Process
Renewal theory helps find the cumulative distribution function (cdf) of the peak 

combined load in a finite time interval from Poisson processes. The Poisson processes may 
be dependent. The cdf is given as a Laplace transform.

The combined load is the sum of a Poisson shock process and a dependent Poisson square 
wave process. (See Figure 1.) These load processes are typical of shocks and operating 
loads. Dependence means a change in the square wave causes a shock or a shock causes a 
change in the square wave.

The peak combined load cdf for independent Poisson shock and square wave processes has 
been approximated [1 - 4]. The exact cdf was given as a multiple integral in [5]. Jacobs 
and Gaver [6] wrote the renewal equation for the peak combined load cdf and obtained its 
Laplace transform.;

Dependent load processes are common but have rarely been modeled. Wen [7] and 
Winterstein [8] modeled load processes with shocks of finite duration that follow a Poisson 
event after random delays. This paper models the sum of two different, dependent stochastic 
load processes. The Poisson square wave process represents a load process that is constant 
but changes randomly at event times in a Poisson process. The Poisson shock process 
represents a load process that is zero except for event times in another Poisson process. 
The two Poisson processes are dependent as in [9]. The magnitudes of the square wave and 
the shocks are independent random variables.

Definitions:
X(t) magnitude of square wave process at time t

F(x) P[X(t) < x]

22 * x12 = the rate of changes of the square wave process

Y(t) magnitude of shock load process at time t

G(y) P[Y(t)>y|Y(t) >0]

A + X12 = the rate of shocks

Z(t) X(t) + Y(t)

M(t) sup Z(s) maximum load combination to occur in [0,t]. 
s < t

H
x(t) P[M(t) < x]

H
x(5) / e-tt Hx(t)dt

dLx(z) (1/01 + 112)) dF(z) + (12/0 + 12)) G(x - z)
dF(z)

Lx( 5) = Ze-EdL,(z)

Renewal theory gives the equation for H,(t).
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The renewal equation is easily solved for the Laplace transform of H(t). The 
solution is

Hx(E) = LX(5) [1 - (X1 + A12) L()J1. (1)

This is derived in [10]. The transform will be inverted by subroutine FLINV [11] for 
comparison with approximations.

2. Comparison of the Exact Load Cdf for Independent Processes with Simulation
In this section, we compare the exact cdf obtained from inversion of the Laplace 

transform with the empirical cdf from simulation. We compare the cdf for independent 
Poisson shock and square wave processes. The comparison is good, and the computation time 
is about the same.

When the shock and square wave processes are independent, A12 = 0, and the Laplace 
transform is

Hx(5) = Mx( 5) [1 - 32 Mx(©)T1 (2)

where [6]
M(E) =L6+22+ \ G(x - y)]_1dF(y). (3)

If shock sizes have an exponential cdf, G(x) = e"x, and the square wave is 1.0 or 2.0 with
equal probability,

F(x) =

then from (3)

( 0
M (?) = 5 (1/2)

1 (1/2)

0 x < 1
< 1/2 1 < x < 2

(1 x 2 2,

x < 1

[5 + >2 + \e‘x + 1 ] 1 1 - x < 2

{[5+ 32 + h e”x * 1r1 + [5+ 32 + A e‘x +211}

(4)

(5)

x> 2

In order to invert H,( 5), we need the singularities of (2), the solutions of

1 - 32 Mx() = 0. (6)

Assume A = ) = 1. The singularities are

E _ [1 + e-x#1 + e-x42 *VE+ e=xfl +e-x#272 - 4(e-2x43 -1%o , •12

for x >2. These singularities are more interesting because the square wave is 2.0 half the 
time, so the peak load has probability 1/2 of being at least as large as 2.0.

Table 1 compares the exact cdf of M(t) with the simulated empirical cdf. The simulation 
was for several t values and 10000 replications were used for each simulation. The same 
seed was used for every replication, and this probably explains the simulation bias.
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Table 1. A Comparison of Exact and Simulated Peak Load Cdfs

Load 
x

Time 
t

Exact
H,(t)

Empirical 
cdf of H (t)

1 0.5233 0.5290
1 0.7814 0.7772
1 0.9122 0.9136
1 0.9666 0.9676
1 0.9998 0.9999
5 0.0477 0.0526
5 0.2999 0.3023
5 0.6341 0.6362
5 0.8443 0.8404
5 0.9988 0.9985

10 0.00247 0.0038
10 0.0911 0.0950
10 0.4029 0.4050
10 0.7130 0.7166
10 0.9977 0.9977
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THE SUPERPOSITION OF A POISSON SQUARE WAVE AND A POISSON SHOCK PROCESS.
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3. Comparison of the Exact Load Cdf for Independent Processes with an Approximation
In this section, the exact load cdf for independent processes is compared with an 

analytical approximation. (We don't compare the exact cdf for dependent processes with an 
approximation because there is no approximation.) The comparison is bad.

The approximation is [2]

Hx(t) ~ exp{-A2 t P[X(t) + U > x]} (8)

where U is a random variable that approximates the shock process. Its cdf is

A 1P[U < u = {1 + — G(u)}'1 (9)
A2

Since the square wave process has equal probability of being 1.0 or 2.0, the convolution cdf 
(assuming G(x) = e"x) is

{
0 . x < 1

‘1
(1/2) [1+A2 e-*t]71 1 < x < 2 (10)

(1/2) {[1 +A1e-x*1y1 +[+ e-x+21-1) x> 2.2 2
Table 2 gives the exact cdf and the approximation for the same parameters as in Section

2, A1 = A2 = 1 and = 0. The approximation is, for x 2 2,

Hx(t) - exp {-t[l-(2(1+e=x*1))51 -(2(1+e=Xe+2))-1]. (12)

The cdf H,(t) tells the probability peak combined response during a time interval of 
length t is less than or equal to x. Since the approximation for H,(t) is greater than 
the exact, the approximation is not conservative.
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Table 2. A Comparison of Exact and Approximate Peak Load Cdfs

Load
X

Time 
t

Exact
Hx(t)

Approximate
Hx(t)

2 1 0.5233 0.8236
3 1 0.7814 0.9201
4 1 0.9122 0.9678
5 1 0.9666 0.9877
10 1 0.9998 0.9999
2 5 0.0477 0.3790
3 5 0.2999 0.6593
4 5 0.6341 0.8491
5 5 0.8443 0.9402
10 5 0.9988 0.9996
2 10 0.00247 0.1436
3 10 0.0911 0.4347
4 10 0.4029 0.7210
5 10 0.7130 0.8839
10 10 0.9977 0.9992

DISCLAIMER
This document was prepared as an account of work sponsored by an agency of the United 

States Government. Neither the United States Government nor any agency thereof, nor any of 
their employees, makes any warranty, expressed or implied, or assumes any legal liability or 
responsibility for the accuracy, completeness, or usefulness of any information, apparatus, 
product, or process disclosed, or represents that its use would not infringe privately owned 
rights. Reference herein to any specific commercial product, process, or service by trade 
name, trademark, manufacturer, or otherwise, does not necessarily constitute or imply its 
endorsement, recommendation, or favoring by the United States Government or any agency 
thereof. The views and opinions of authors expressed herein do not necessarily state or 
reflect those of the United States Government or any agency thereof.
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