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COLIN E. JEFFCOAT. Some Related Queueing Models with Dependent
Service and Inter-arrival times. (Under the direction of
WALTER L. SMITH).

ABSTRACT

In this dissertation we discuss some related queueing models
which allow for a type of dependence between the service and inter-
arrival times. We assume that there are a finite number of customer
types and that the service time of a customer depends on either the
preceding inter-arrival time (backward models) or the following
arrival time (forward models) through the customer type. Particular
cases of the general models are the transition models, for which
arrivals are generated by transitions in a Markov chain in continuous
time. Possible applications for these models are production lines,
doctor's appointments and storage situations.

We analyse the stationary behaviour of the forward and backward
models. The case of the forward model has been examined before, and
quite general results are possible. We consider how these results
relate to the forward transition model. A complete analysis of the
stationary behaviour for backward models is achieved only in the
particular case of exponential arrivals, where we show how to compute
the Laplace transform of the stationary distribution of total waiting
times.

We also analyse the busy period distribution for this last model,

and show how to compute the busy period transform.
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NOTATION

arg(s) argument of s

a.s. almost surely, i.e. with probability 1
def definition

deg degree (of a polynomial)

d.f. distribution function

iid independent and identically distributed
Im(s) imaginary part of s

I the nxn unit matrix

R the set of real numbers

Re(s) the real part of s

We abuse the usual set notation by writing {s : s has property P}

as {s has property P} .

*
Fo(s),F (s) denote the Laplace and Laplace-Stieltjes transform of F

(see Appendix).

All integrals of the form J g(x) F(dx) are understood to include the
0

lower limit.

f(x) = o(g(x)) as x-+ 0 or <« means
Zgig -0 as x>0 or =

f(x) = 0(g(x)) as x> 0 or « means
£(x) is bounded as x>+ 0 or .
g(x)

[0 denotes the end of a proof or result.



CHAPTER 1

INTRODUCTION
1.1 Introduction to Queueing Theory

A queue is created when customers arrive at a service facility
and wait for service in the event that it is not immediately avail-
able. The probabilistic description of a queueing model is specified
by

a) the distribution of arrival times,

b) the number of servers,

c) the queue discipline, i.e. the order of service,

d) the distribution of service times.

Throughout this dissertation we consider only single-server
queues in which the customers are served in order of arrival (first
come, first served). If two or more customers arrive simultaneously,
we assume that there exists a procedure for deciding precedence.

Observation of the queue is assumed to begin at time 0. Let
UO be the time of the first arrival, and Un the time between the
nth and (n+1)th arrivals (n = 1,2,...). Vn will denote the

service time of the nth

customer (n = 1,2,...), with VO the
sum of the service times of any customers already in the system at

time O.



The mathematically interesting aspects of a queue are the
number of customers in the system at one time, the amount of time
a customer has to wait for service and the duration of busy periods,
i.e. the time intervals during which the server is continuously
busy. We define the queueing time of a customer to be the time
between his arrival and commencement of service. Total waiting
time is defined to be the time from arrival to completion of
service.

Analysis of the transient (time-dependent) behaviour of a queue
is usually quite complicated. A common procedure is to show that
a unique equilibrium distribution exists and assume in applications
that the system has reached equilibrium. We use the terms
stationary distribution and equilibrium distribution interchangeably
to mean a limiting distribution in some sense. For example, if
{Qn} is a sequence of random variables with F = the d.f. of Q.
then the stationary distribution of {Qn} is 1lim F , provided

~>C0

this limit exists and is a proper d.f. "
1.2 Correlated Queues

Most investigations of the single-server queue assume that the
inter-arrival times {Un} and service times {Vn} are independent
sequences of iid random variables. We wish to consider queueing
models for which this independence assumption does not hold;
following Conolly [2] we call these correlated queues.

Several authors have considered various types of dependence
between service and inter-arrival times. D. R. Cox and W. L. Smith

analysed a model which had {Un} and {V } related through



the queue size at arrival epochs [5; § 2.4]. C. M. Harris discussed
in [7] a similar case where service time is dependent on the queue
size at the moment when service begins.

M.F. Neuts investigated in [16] a model where arrivals and
service times were related through an extraneous phase process:
during phase i arrivals are Poisson with parameter Ai and services
initiated during this phase have d.f. Hi

R. M. Loynes generalized some results of D. V. Lindley concern-
ing equilibrium distributions to the case where {(Un,Vn)} is a
strictly stationary metrically transitive sequence [12]. In a
subsequent paper [13], he showed how the stationary distribution of
queueing time may be found when the queue has a certain structure.

We are interested in two related subclasses of correlated queues,
which may be characterized as follows:

(1) queues with backward dependence: Un and Vh+1 are
dependent n = 0,1,2,..., all other pairs Un,Vm being
independent;

(II) queues with forward dependence: Un and Vn are depen-
dent, n = 0,1,2,... , all other pairs Un’vm being
independent.

With backward dependence, the service time of a customer is related
to the arrival interval preceding his arrival. With forward depen-
dence the service time is related to the following arrival interval.

B. W. Conolly in [2] and [3] (with N. Hadidi) analysed a
particular backward model with Vn+1 directly proportional to Un.

The motivation given for studying this type of model was that such



queues may be made self-regulating: the server may adjust Vn+1
according to the value of U, in order to stabilize the queue, i.e.
to reduce waiting times for a fixed traffic intensity.

F. I. John discussed a general method applicable to yucues with
forward dependence. As possible applications he mentions a production
line and appointments at a doctor's office. In both cases the time
between arrivals "should depend strongly on the estimated service
times" [8].

Conolly claims in [2] that forward models cannot be interpreted
usefully as self-regulating systems. However, such an interpretation
can certainly be made if service times are ascertainable immediately
on arrival (as in storage applications), or if an estimate of
service time is available then, as in John's examples.

Backward dependence does seem more natural, however, since it
is quite plausible that the service time of a customer might influ-
ence the time required for arrival; this is especially so when the
queue is interpreted as an infinite store (or dam) as in [20], [14],

for then service times correspond to size of deliveries.

1.3 Definition of the basic models

We now define the queueing models that we deal with in this
dissertation. First we define the general backward and forward
models, then the particular cases of the transition models.

The so-called general models are not the most general models
as described in the previous section. Instead they are the special
cases of (I) and (II) where there are a finite number of customer

types, and {Un} and {Vn} are related only through the customer



types. This does restrict the range of application considerably,
but some such simplification appears necessary if usable results
are to be obtained (c.f. § 1 of [13]).

We define the general backward model as follows: There are «
customer types represented by 1,2,...,x. The (unconditional)
probability that an arriving customer be of type j is “j’ where
ﬂj >0 for each j and Z Wj = 1. Let Zn be the type of the nth

Customer. Then we suppose that {Un:nzl} and {Vn:nzl} are iid

with

Priu, < x | {Z },{V }} = A, (x) (n=1,2,...),

Zn+1

Pr{vV_ < x | {z },{u_}} an(x) (n=1,2,...)

Clearly Un and Vn+1 are related through Zn+1’ but conditionally
independent given Zn+1 .

The definition of the general forward model is the same except
that Un is related to Zn’ i.e.

Pr{Un < x| {Zm},{Vm}} = Azn(x) (n=1,2,...) . Thus for
the general forward model, Un and Vn are related through Zn’
but conditionally independent given Z, -

The transition models are special cases of these general models,
with inter-arrival distributions belonging to a subclass of those
distributions with rational Laplace transforms. In particular, the
arrivals correspond to certain transitions in a finite Markov chain -
in continuous time.

We suppose that {zt,tzo} is an homogeneous Markov chain with

state space {0,1,...,ck} and infinitesimal transition probabilities



Priz, . =] | z, =i} = (1-2;h)8; 5 + Aihpij + o(h)
for t,h>0, where AO,AI,...,AK are positive real numbers and
P= [pij] is an irreducible Markov transition matrix.

Realizations of (Zt) have the following form: the process
stays in state i for a time period which is exponentially distri-
buted with parameter Ays then jumps to state j according to the
probabilities {pij}’ j e {0,1,...,k} (see [9; pp. 226-9]) . Note
that a “jump" is not necessarily a change of state, since transitions
i+ 1i may be possible. Ue call (Zt) the guiding chain.

We define the backward transition model as follows. There are
k+l customer types represented by 0,1,...,k . Arrivals are generated
by transitions into state 0 of the guiding chain; in particular, a
transition j - 0 is identified with the arrival of a type j
customer, with service time d.f. Bj .

The forward transition model is defined similarly, except that
arrivals correspond to transitions out of state O0: a transition
0+ j is identified with the arrival of a type j customer.

The inter-arrival distributions for the transition models are
(possibly infinite) mixtures of Erlang distributions, since each
arrival interval is the sum of a variable number of exponential
phases. Actually, it is possible to show (as in Lemma 2.12)
that each A, has a rational Laplace transform for these models. As
noted by Loynes in [14], it is possible to construct a large class of

inter-arrival distributions by varying K,{Aj} and P (see also

[4D).



An annoying feature of the transition models is that every
arrival interval begins or ends with an exponentially distributed
phase with parameter Ao . The resulting difficulties in interpre-
tation may be minimised by taking Ao very large; it would be
convenient to be able to set Ao = o , Instantaneous states may
lead to theoretical difficulties; however, it is possible to rede-
fine the transition models so as to incorporate the effect of having
Ao = » , provided Poo © 0. This is done for the backward model in
Section 4.4.

With Ao = » , we may represent the backward model with

exponential arrivals (as treated in Chapters 3 and 4) as a transi-

tion model with

= -1

0 ﬂl ﬂz ﬂK

P = 1 0 0 . 0
_1_ 0 C ... 0 |

More complicated inter-arrival distributions can be constructed by
choosing submatrices of P appronriately. For example, Erlangian and
hyperexponential inter-arrival distributions are generated by sub-

matrices of the form

0. 1 0...0] 0 Py Py ..o P, O
0 0 1. 0 0 O 0 . 0 1
5
0 0 0. 1 0 0 0 0 1
1 0 o0...0| 1 0 o 0 0




1.4 Suwmmary of Known Results

The general backward model does not seem to have been investigat-
ed before. Results concerning the stationary distribution of queueing
time are implied for the general forward model by results in [13].

W. L. Smith analysed the transient behaviour of the forward
transition model in some unpublished work (c. 1958 - see [21]). He
obtained an explicit expression for the Laplace transform of the
busy period distribution.

R. M. Loynes considered in [14] what is essentially a more
general transition model, including both the forward and backward
transition models as special cases. His analysis of the transient

behaviour did not lead to any explicit solutions.

1.5 Outline of the dissertation

The main objective of this dissertation is - to obtain some
useful results for the backward models. Ve have not been able to
derive explicit solutions for the busy period transform for the
backward transition model as in the case of the forward transition
model.

In Chapter 2 we apply the methods of W. L. Smith [20] to the
general forward model to obtain results on the stationary distribu-
tion of queueing time. Actually, the main results of this chapter
are contained in [13]; they are derived independently here and
included for completeness and comparison with the results of
Chapter 3. We also show how these results apply to the forward

transition model.



In Chapter 3 we consider the stationary behaviour of the general

backward model. Instead of proceeding as in Chapter 2 we nmust
consider here the total waiting times. To solve the resulting
integral equation we are forced to restrict ourselves to the case of
exponential arrivals.

In Chapter 4 we consider busy periods for the backward models.
In the case of exponential arrivals we generalize a procedure used
in [5] to obtain the busy period transform. This procedure may be

partially generalized to the backward transition model with Ao =

L]



CHAPTER 2

THE STATIONARY DISTRIBUTION OF QUEUEING TIME FOR THE FORWARD MODELS

2.1 Introduction

The stationary distribution of queueing time was investigated
for the G/G/1 queue by D. V. Lindley in [11] and W. L. Smith in
[20]. In this chapter we apply Smith's methods to the general
forward model.

Section 2.2 is essentially a complete derivation of Smith's main
results with only a few minor changes.

In Section 2.3 we obtain some more pracfical results (following
§6§ 3.4, 3.5, 4.2 and 4.3 in [20]) by making further assumptions on
the service time or inter-arrival time distributions. We develop the
latter case in more detail and show how it applies to the forward

transition model.

2.2 1In this section we consider the general forward model with «
customer types. We describe this model as follows: at each arrival
epoch the probability that the arriving customer be of type j is
"j’ independently of any previous events (j = 1,2,...,k). We
assume T >0 for all j. The service time d.f. of a type j
customer iS Bj’ and the time to the next arrival after a type j

customer has d.f. Aﬁ‘
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Let Z, denote the type of the nth customer, V

th

his service

time, and Un the time between the n and (n+1)th arrivals.

Then for n 2 1, we have Pr{Zn = j} = ﬂj, Pr{Vn < x| z, = jl = Bj(X),

1’
as are UI’UZ"" ;3 we leave unspecified the distributions of Uo,
the time to the first arrival, and Vo’ the residual service time at

and Pr{U_ < x ]Zn = j} = Aj(x). VisVy,... are iid random variables,

0. Un and Vn are conditionally independent given Zn for n 21,

Let xn = Vn - Un (n = 0,1,2,...). Then Xl’XZ"'. are iid random

variables, which enables us to apply the methods of Lindley and Smith.

We assume that Aj and Bj have finite means

aj = J X Aj(dx), bj = I X Bj(dx) .
o )

Let a = z "jaj’ b= Z m.b.. Set Hj(x) = j Bj(x+y) Aj(dy), and
J o

j J )

K
H(x) = 521 TerJ. (x). Then Hj (x) = Pr{X < x | Z, =3} and H is
the d.f. of Xn (n=1,2,...) .

th customer, i.e. the

Let Qn be the queueing time of the n
time from his arrival to commencement of service (n =1,2,...).

Take Q0 = 0. Then we have the familisr relation (see [11])

Q = max (Qn + Xn,O) (n = O,I,Zs"‘) . (2'1)

n+l

Qn+1 is determined by {(Uk,vk): Osksn}, so clearly {Qn} is a
Markov process. Note that Qn is independent of Zn and Xn. For

n=20,1,2,... let Fn(x) = Pr{Qn £ x}. Then for x 2 0
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Fre1(®) =

Pr{Qn+l <X ] Qn = u} Fn(du)

]
O N, 8

Pr{xn < x-u} Fn(du)

t
O Sy 8

by (2.1), since Q is indspendent of Xn. Thus

Fn+1(x) = j H{x-u) Fn(du), for x20, n=20,1,2,... (2.2)
0

We show that under the usual first moment condition {Qn} has a

stationary distribution, i.e. 1lim Fn(x) exists and gives a proper
n->e

distribution function. Assume

K
.(b.-a.) <0, i.e. EX
jglﬂj( 3 aj) , 1.e

1 < 0. (A1)

LEMMA 2.1: Under assumption (Al), {Qn} has a stationary distribution.

PROOF: See §§ 3,4 of [11]. Lindley's proof applies to our model

also [see note on p. 278 of [11]]. g

Let F be the (unique) stationary distribution function, i.e.

F(x) = lim Fn(x). Then F satisfies
n-r«

F(x) = [ H(x-u) F(du) (x 2z 0) (2.3)
[}

from (2.2) and the dominated convergence theorem. (2.3) corresponds
to Equation (4) in [20].
We now follow the Wiener-Hopf procedure as outlined by Smith.

First we define
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Fl(x) = J H(x-u) F(du) for x <0,

{o

0 for xz20.

Then for any real x we have

F(x) + Fl(x) = J H(x-u) F(du), 2.4)
0

If we take Laplace-Stieltjes transforms of both sides of (2.4), then

we obtain
F'(s) + Fl*(s) =H(s) F(s) . (2.5)

We know that both sides of (2.5) are finite at least for s on the
imaginary axis; we can extend this range by making the following -
assumpticn: {A2) There exists uv > 0 such that for each

joe{1,2,...,k}

] $
J et X Bj(dx) < o, J M X Aj(dx) < o,
0 [ ‘
%*

Assumption (A2) implies that Bj (s) is analytic in {Re(s) > -u'}
*
and Aj (-s) is analytic in {Re(s) < u'} for each j. It

K x *
follows that H*(s) = Z “jAj (—s)Bj (s) 1is analytic in
j=1
Su = {s : -y < Re(s) £ u} for some wu > 0. Fix u with this
def '
property, e.g. u = ulz .

A
=

*
LEMMA 2.2: Under assumption (A2), F1 (s) converges for Re(s)
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K

PROOF: Let A(x) = | ﬂjAj(X), i.e. A is the unconditional d.f.
]

) j= -
. . of Un, for n 2 1. Assumption (A2) implies that 1 - A(x) = o(e H x)

as Xx + + o (Theorem 2.2b in [23]). Now for x> 0

(0=) Fl(—x) = J H{~x-u) F(du)
[¢]
£ H(-x)
= Pr{Vl - Ul < -x}
< Pr{U1 2 x}
=1-A(x - 0) .
?
Thevefore F,(-x) = o(e™* as x=++ o, so by Theorem 2.1 in

* v
[23], F, (s) converges for Re(s) <u . 0

Taus, wnosr assumption (A2) we see that (2.5) is valid at least
for all values of s 4in the strip {0 < Re(s) s ul.

Our next step is to factorize 1 - H*(s). We need a further
assumption: (A3) There exists & > 0 such that H*(s) = 0(|sl-6)
as |s| >« in S, - ‘

REMARK: Assumptions (A2) and (A3) are satisfied in most practical
applications of queueing theory, e.g. if Al""’AK’ Bl""BK are
exponential, hyperexponential or Erlangian distribution functions.
(A3) certainly implies that H cannot be a lattice d.f., for if
H puts all probability at points a +md, m=0, £+ 1, + 2,... ,

d
Throughout the rest of this section we will assume (Al), (A2) and

# (s
then |H [253}) =1 forn=1,2,..., which contradicts (A3).

(A3) implicitly.
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*
LEMMA 2.3: We can choose u >0 so that 1 - H (s) has only one

zero in § .
u

PRCOF: 1 - H*(s) has a single zero at s = 0, since H*(s) =
1 + (a-b)s + o(|s]|) as |s| +0 . There are no other zeros on the
imsginzry azis, since H is & lattice d.f. if IH*(ie)l =1 for
some 0 e R - {0}, and #his is ruled out by assumption (A3).

It also follows trom (A3) that there exists A > 0 such that
1 - H*(s) hag no zeros in Su n {s : [Im(s)l > A}. Inside the
cleserd, hounded rectargle Su n{s : lIm(s)l <A} 1 - H*(s) is
analytic and therefore can have only a finite number of zeros. Since
ali Lot one of these zeros must lie off the imaginary axis, we can
chocse 1 so that the zero at s = 0 is the only one contained in

S, . ri

*
yiovzder o factorize 1 - H (s) we consider the function g(s)

defived e follows: fix A real so that A > M and set

[}

g(s) §él-{l - H*(s)} for s e Su - {0},

g(0) = A(a-b) .

Clearly g(s) is analytic in Su - {0}, It is easy to show that
g(s) has a power series expansion around s = 0, so that g(s) is

analytic everywhere in Su .

LEMMA 2.4: g(s) is bounded in Su’ and also bounded away from zerc.

i} l ~1 and |1 - H*(s)l S 1+ Mlsl'6

PROOF: For |s| 1large,
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by (A3). Thus g(s) is bounded in some set S 0 {s : |s] > a).
Clearly g(s) is bounded in the closed, bounded set

5, n {s : |s| = a}. Thus g(s) is bounded in Su . Since g(s)
has no zeros in S = and lg(s)] ~1 for |s| 1large, it follows by

the continuity of ¢ thzt g(s) is beunded away from zero in Su' a

LEITA 2.5: It i3 poscible to dafine arg {o{s)} so that

Fouss . Covsider fivst points s on the imaginary axis: suppose
s » iv,7 ¢ R-{0}, In the proof of Lemma 2.3 we showed that

, W . *

iocigdi ¢ 1, which implies lH (ir)l < 1. Therefore

. *
i~ & (i) € {z ¢ |z-1] <1} and Re{l - H (it)} > 0. Since

Re{lT-A} =1
it

* iT-
we oan Sefine ave{l - H (it)} and arg {1;TA} continuously so
that
* . ™ it-A m
larg{l - H (i)}< "/, , |arg=—| < /, -

Since g(0) = A(a-b) > 0, it follows that we can define arg{g(s)}
continuously on the imaginary axis so that Iarg{g(s)}l <m .,

For |s| 1large, we have from the proof of Lemma 2.4 that
g(s) =1+ O(Isl's) +1 as |s| >« in S, - Thus arg{g(s)} ~ 0,
so that there exists A > 0 such that |arg{g(s)}| < n for all

ses n {z : |z| > a} .
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The set S 0 {z : |z| < A} is compact, and larg{g(s)}]| <
for all s in the closed subset {z : Re(z) = 0,]z| < A}. Therefore,
by Lemma A3 , since arg{g(s)} is a continuous function of s, there
exists € > 0 such that lorg{g(s)}]| < = for all

. ' .- R .
s e s nfz: |zt s dt. Sinecz £ 1S indapandent of u, we may

vociace o v ominlg,cr. dhen {argig{ﬁ}]g < 7n Ffor all s € Su. 0
Boom Lowmas 2.4 wod 2.5 44 dollews whatl G(s) = 1log g(s) is a

def
Crewniaed, analytic, hovnded funcoica of & in S .

e a o m .
woll-gafinea, I108L0 "

Fitiy, 70t Thene ordiinan Mozl sack that for all s € Su

4

1+ |s|®

[C{s)] <

vpotis bs 3| > e with s e S~ we have

2ray 5 lloglg(s) || + larg{g(s)}]|
« oglt + oCls™1] + Jtan™ oClsI™)]
= o(}s|™% .

Thus there exist A > 0, M; 2 0 such that l6(s)| = M1|s|-6 for
|s| > A, Since G(s) is bounded in S, there exists M, 2 0 such
that |G(s)]| < M, . If ve choose M = max[M1(1+A-6),M2(1+A6)], then

the result follows. O

Consider the rectangular contour AT obtained by truncating

Su at Im(s) =T (T>0), i.e. AT is the rectangle with vertices
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* y t iT. Suppose z is any point inside Su' Then z will be

inside Ay for T sufficiently large;

and inside AT

since G(s) 1is analytic on

we have by Cauchy’s integral formula

1 G(s
G(z) = mj S-(Z) ds .
Ay
Now from the proof of Lemma 2.6
u+iT
G(s). ds| < 27 sup {ﬁiﬁl : Im(s) = T,s ¢ 8 }
s-2 $~2 u
-u+iT
= O(T-l"d) as T+ o,
Thus
u+iT
G(s) ds >0 as T+ o,
5-2
-u+iT
Similarly
u=-iT
G(s) ds 0 as T > o
$-2
-u-iT
Define
ptie ~ptie
- G(s) - G(s)
Iy(2) = ] e ds, 1,(2) s ds ([Re(@)] <) .
p-iee -u-ie

Then G(z) = ‘é'ylr_l

{Il(z) - Iz(z)} .

LEMMA 2.7: Il(z) {resp. Iz(z)) is bounded and analytic for

Re(z) £ uw - € (resp. Re(z) z -u + €)

for any ¢ > 0.
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PROOF: Suppose z = x + iy where x < u - ¢ . Then

. . L

- G(u+it
@] -] e«

-0

(-]
< j M o 5 1 5175 dt by Lemma 2.6
efurit]®  [(u-x)%+(t-y)“]

-0

0
M 1
oo .
é 2 2.1/2

Lo 1]t [Peen?Y
Choose p,q > 1 so that pé > 1 and p'1 + q'1 = 1, Then, since
——B——g e L and [62+(t—y)2]‘1/2 € L, we have by Hblder‘s
inequality

-}

MP 1/p [ dt 1/q
I.(z)| < { J ——— dt} o
1| (1+]e[5)P s [e2+ct-y>2]Q/2}

- 00 -0

[ 1/p 4 1/q
] Lz}’ {] )
(1+]¢|%P (e?+u?yd/2

-0 - O

Since this last bound is finite and independent of 2z it follows
that Il(z) is bounded for Re(z) s u - ¢ .
To show that I,(z) 1is analytic in {Re(z) < u - e} consider

z2=Xx+1y, where xS u-¢, and h # C. We have



u+ic
1 - G(s)
f {I;(z+h) - I,(2)} = j (5-7) (s—z-hy 95

u-ie

-

. j G(u+it) it
{u-x+i(t-y) Hu-x-h+i(t-y) 7 “* -

- 00

If hs e/2 » then the integrand is bounded by

15

(1+'t]6){[ez+(t-y)2][52/4+(t_y)2}}1/2 € Ll
Therefore by the dominated convergence theorenm
p+io
iig %-{Il(z+h) - 1,(2)} = J Ef%f%f ds (< = .
p=ie *

Thus I,(z) is analytic in {Re(z) < u - €} . The proofs of the

corresponding results for Iz(z) are similar. O

We may now prove the main result of this section.

20

such that for fixed A >

1-H(s) =

THEOREM 2.1: Under assumptions (Al), (A2), (A3), there exists pu > 0
M O)
——E———g——— for s in {IRe(s)l < ul, (2.6)
(s=2)% (s)
in

where @+(s) (resp. @ (s)) is analytic, bounded and zero-free

{Re(s) 2 -u + ¢} for any € >0 (resp. {Re(s) < u - €}). The

Laplace-Stieltjes transform of the stationary queueing time distri-

bution is
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+

¢ (0)
o* (s)

F*(s) = for Re(s) 20 . 2.7

PROOF: We know that for s e {|Re(s)]| < u}

- * = ——-s—-. © G(s)
l1-H(s) = % ©

-

and we have shown above that G(s) = 5%; {Il(s)-Iz(s)}. Let

@*(s) = exp { - 5%;-12(53}, ¢ (s) = exp { - E%E-Il(s)} .

Then Equation (2.6) follows. By Lemma 2.7 ¢+(s) is analytic and
bounded in {Re(s) 2 -u + ¢} . Clearly ®+(s) has no zeros in
{Re(s) 2 -u + €}. The properties of ¢ (s) follow similarly.

From (2.5) and (2.6) we have
st ()P (s) = -(s~A)¢'(s)Fl*(s) for 0 < Re(s) < u . (2.8)

Now @+(s) and F*(s) are analytic and bounded for Re(s) > 0, so
se*(s)F (s) is analytic and 0(|s|) as |s| +® in {Re(s) > 0} .
Fl*(s) is analytic and bounded for Re(s) < u by Lemma 2.2. Also
¢ (s) is analytic and bounded for Re(s) =< u/2 . Therefore
(s-A)@‘(s)Fl*(s) is analytic and 0(|s|) as |s| + « in
{Re(s) < u/2} . |

Thus the two sides of (2.8) represent.a function which is analytic
in the finite complex plane and 0(|s|) as |s| + o . It foliows
from a variant of Liouville's Theorem [22; 2.52] that this function

must be linear, i.e. there exist complex numbers a,8 such that
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s¢*(s)F'(s) = a + Bs for Re(s) = 0 .

Putting s = 0 shows that o = 0, and by continuity B = ¢+(O).

Therefore (2.8) follows. D

COROLLARY: The cumulant-generating function of queuveing time is

-u+im

* __S . 1 2= *
log F (s) = 5y j Z(z-5) log {";- (1-H (5))} dz .
-H-ie
PROOF:
* 1
log F (S) = EFI.{IZ(S) - 12(0)}
-u+im
-1 sG(z)
T 2wl z(z-5s) dz . 0
..u..ioo

2.3 We may obtain more practical results by making further assump-
tions on either the service time or the inter-arrival time distri-
bﬁtions. We prove one result with conditions on the service times
on the basis of some results in [20]. Then we develop in more
detail the case of conditions on the inter-arrival distributions;
we show that the required conditions are always satisfied for the
forward transition model. Throughout this section we retain assump-
tions (A1), (A2), (A3). |

Let T be the class of distribution functions with rational
Laplace-Stieltjes transform. We show that the stationary distribution
of queueing time is in T if the service time distribution functions

are in T and no customer has zero service time a.s. In addition,
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*
we are led to a formula for F (s) which may be inverted easily in

any particular example.

THEOREM 2.2: 1If

—

(1) Bl""’BK eT ,

(ii) Bj(O) <1 for each j ,

then F ¢ T ; in particular we have

R M 1- 5/,
F (s) = I { —————-—l'} for s in {Re(s) z 0} , 2.9)
j=1 L1 - s/dJ._«‘

w
where Cyse++5Cy are the poles of H (s) in {Re(s) < 0} and

dl""’dM are the zeros of 1 - H*(s) in {Re(s) < 0} .

PROOF: Condition (i) implies that H*(s) is meromorphic in

{Re(s) < 0}, i.e. has no singularities there other than a finite
number of poles CpseensCy We have Bj*(s) = g?é;; s+ Where

Pj(s) and Qj(s) are polynomials in s such that deg{Pj} < deg{Qj}.
1f deg{Pj} < deg{Qj}, then Bj*(s) +0 as |s| »® in any direc-
tion. If deg{Pj} = deg{Qj}, then the ratio of the leading coeffi-
cient of Pj to that of Qj is Bj(O), since Bj*(s) - Bj(O) as

$§ > +» along the real axis. In either case, condition (ii) implies
that IBj*(s)l <1 for |[s| sufficiently large in {Re(s) < ol
Since lAj*(-s)I <1 for Re(s) <0, it follows that [H (s)] < 1
for |s| sufficiently large in {Re(s) < 0} . The theorem then

follows by Theorems 1 and 3 in [20]. O
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COROLLARY: The stationary probability of an arriving customer
M

finding the server free is I dj/cj .
j=1

PROOF: F(0) = 1lim F*(s) (s real). 0

§
APPLICATIONS

Suppose we know Aj’Bj (j = 1,2,...,) . Then we can find
the poles of H*(s) by inspection. To apply formula (2.9) we need

only solve

T omA (58, (s) = 1
T.A, -S R s} =
jer 33 j

in the left half-plane for dl""’dM . We can then find F(x)

M ol - s/c.
1)
j=1 1 - S/dj

in partial fractions and inverting termwise.

by expanding

To obtain the corresponding result with conditions on the
inter-arrival distributions we need to express F*(s) in terms of
%" (s) and consider the behaviour of H*(s) and ¢ (s) in the right
half-plane (see § 4.3 in [20]).

To prove an analogue of Smith's Theorem 1 we need a family of
simple closed contours in the right half-plane on which the inequality
IH*(S)I <1 is valid. We saw in the proof of Lemma 2.3 that
IH*(ie)l <1 for 0 ¢ R- {0}. In our next result we show that

* -
|H (s)] <1 on a small semicircular arc to the left of s = 0 .
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*
LEMMA 2.9: There exists e > 0 such that |H (s)| <1 for all s

in {|s| = €, Re(s) < 0}.

* *
PROOF: H (0) =1 and H (0) =a-b> 0, sothere exists e in
(0,u) such that
*
0 <H (x) <1 for all x (real) in (-¢£,0) .

Suppose Re(s) = 0 ¢ [-€,0). Then

A

* K %* *
|1 (s) | J___Z_l mslas (-9 |8y ()]

A

2

A" (-0)B, " (0)
M. N -0 . a

H' (0)

<1 . |

Fix € in (0O,u) with this property. For any R > g, we

define C, to be the simple closed contour formed by joining the

R
semi-circular arc of Lemma 2.9 with the arc {|z] = R,Re(z) > 0}
along the imaginary axis,i.e. Cp = {|z|=¢,Re(2)<0}u{e<|z|<R,Re(2)=0}

u{|z|=R,Re(z)>0} . CR may be represented by the following diagram:

t

v
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We have the following analogue of Smith's Lemma 2:

LEMMA 2.10: If, for some R > ¢ ,

*
(i) H (s) is meromorphic inside CR s

(ii) IH*(s)I <1 on the arc {|s|=R,Re(s)>0} ,

% %*
then 1 - H (s) has the srre wunber of zeros inside C,. as i: (s)

has poles .

*
PROOF: The proof is very similar to that of Smith's Lemma 2. H (s)

has a finite number of poles inside C, and no other singularities

R
in or on CR . Let these poles be 51""’SN . Define
N *
P(s) = I (s-sj), R(s) = P(s) H (s) .
j=1

*
We suppose here that H (s) is expressed in lowest terms as
R(s)/P(s), i.e. P(s) and R(s) have no common factors, Since the

*
only singularities of H (s) are poles, this means that
P(s) = 0= R(s) # 0 .

P(s) and R(s) are analytic inside and on CR . By Lemma 2.8 and
the remarks preceding it, condition (ii) implies that IH*(s)] <1

for all s ¢ C Therefore, since P(s) # 0 on CR’ we have

R

[R(s)| < |P(s)] for all s ¢ Cp -

*
By Rouché's Theorem, P(s){1-H (s)} = P(s) - R(s) has exactly N
zeros inside C, . No zero of P(s){l-H*(s)} can be a zero of

R
*
P(s) as well, since P(s) = 0 => R(s) # 0. Thus 1 - H (s) has
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N zeros inside CR .

N.B. Note that we do not require SyseeesSy to be distinct. 0

In Theorem 2.1 we showed that Equation (2.6), viz.

s¢+(s)
(s-2)2 (s)

is valid for all s such that -u < Re(s) < u . In the following

1 - H*(s) =

lemma we extend the domain of validity of this equation.

*
LEMMA 2.11: If H (s) 4is meromorphic in {Re(s) > 0}, then

(5-2)2"(s) [1-H (s)] = s¢* (s) (2.10)

throughout {Re(s) > -u} except at isolated points in {Re(s) > u} .

PROOF: From (2.6) we know that (2.10) is valid for s in

{-u < Re(s) < u}. Now so¢'(s) is analytic in {Re(s) > -y} and
h(s) = (s-A)@n(s)[l-H*(s)] is analytic in {-u < Re(s) < u} .
There%ﬁfe h(s) has an analytic continuation throughout {Re(s) = u}.
If H*(s) is meromorphic in {Re(s) > 0}, then 1 - H*(s) may be
continued analytically throughout {Re(s) 2 u} except at a finite
number of poles SyseesSy - It follows that (s-A)® (s) has an
analytic continuation defined by

+
(s-1)27(s) = ég_éil_
1-H (s)
throughout {Re(s) 2 u} except at Syse+esSy OT at the zeros of

*
1-H (s), which are isolated. It follows that (2.10) is valid
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throughout {Re(s) > -u} except at these points. 0

COROLLARY: The zeros of 1 - H*(s) in {Re(s) > 0} are the poles
- *
of (s-X)% (s) in {Re(s) > 0} ; the poles of H (s) (sl,...,sN)

are the zeros of (s-A)¢ (s) in {Re(s) > 0} . 0

We may now prove the analogue of Theorem 2.2 with conditions on

the inter-arrival distributions.

THEOREM 2.3: 1If

(i) A A e 7T

1°°° K

(ii) Aj(O) <1 for each j,

*
and $ys+-+5Sy are the poles of H (s) in {Re(s) > 0}, then

*
1 -H(s) has N-1 zeros in {Re(s) > 0}, TyseeesTy g Say, and

N-1
(a-b)s .H (s/rj-l)
F'(s) = J=1 for all s in {Re(s) 2 0} (2.11)
* N ,
{1-H (s)} T (s/s.-1)
j=t

(the right-hand side of (2.11) being defined by continuity when terms

in the denominator vanish).

PROOF: Condition (i)isplies that H*(s) is meromorphic in

{Re(s) > 0}. Since ¢ < u and H*(s) is analytic in Su, we see
that H*(s) has a finite number of poles inside any CR . We may
choose R sufficiently large that CR contains all the poles of

H'(s) in {Re(s) > 0} .
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As in the proof of Theorem 2.2, condition (ii) implies that
. [H*(s)l <1 for all s on the arc {|s| = R,Re(s) > 0} for R
sufficiently large. Since the only zero of 1 - H*(s) inside Su
is a single zero at s = 0, it follows by Lemma 2.10 that 1 - H*(s)
has N-1 zeros in {Re(s) > 0}. Denote these by TyseeesTy g

From (2.10) it follows that

lim (s-1)8 (s)
s>0+

%" (0)

l-H*(s)
)

A(a-b)e (0) ,

and therefore for all but isolated points in {Re(s) > 0}

Fi(s) = —2(8b)0 (O)s (2.12)
{1-H (s)}(s-2)2 (s)

From the corollary to Lemma 2.11, the function ¥(s) defined for

s ¢ {sj} v {ra} by N-1
I {(s-r.)
- 1 J
v(s) = (s-1)2 () |
I(s-s,)
1 J

and by continuity elsewhere, is zero-free and entire in the finite

plane. We show that y(s) is bounded and therefore constant.
N-1
I (s-r.
(s 15)

In {Re(s) = 0}, (s-A)~lﬁ—————— is bounded since Re(sj) > 0,
I(s-s.
1(s 53)

- Re(rj) >0 for each j. Also ¢ (s) is bounded in {Re(s) < u/2} ,

50 Y(s) is bounded in the left half-plane. Choose I so that
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A,sl,...,sN,rl,...,rN_l all lie inside CR . Now
"N-1
I (s-rj)
(s-2) —%f——————- is bounded in {]|s| 2 R,Re(s) > 0} , and 0 (s) is
I(s-s;)
1 J

bounded there also since by (2.10)

se’ (s)

7 (s) = <
(s-2){1-H (s)}

and ¢+(S),§§X and {1-}i*(s)}-1 are all bounded there. Therefore
¥(s) is bounded in {|s| 2 R,Re(s) > 0}, i.e. outside Cp in the
right half-plane. ¢(s) is bounded inside CR since analytic there

and bounded on CR . Thus Y(s) 1is bounded everywhere, and therefore

is constant by Liouville's Theorem. Suppose ¥(s) = p # 0. Then we
have N

N(s-s.
p 1(s sJ)

N-1
I (s-r.)
1 J

(2.11) now follows from equation (2.12). [

(s-2)8" (s) = for s ¢ {rj}, Re(s) 2 0 .

COROLLARY: The stationary probability of an arriving customer finding

the server free is N

(a-b) s,
17
N-1
I r,

1 ]

Application to the forward transition model:

Consider the forward transition model with customer types

0,1,...,x, transition matrix [pjk] and parameters AO,Al,...,AK .
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We recall that for this model a type j arrival corresponds to a
transition 0 + j in the guiding chain (Zt); the time spent by
(Zt) in state j between transitions is exponentially distributed
with parameter Aj . (assume 0 < Aj <®), j=0,1,...,& . We shall
demonstrate that the conditions of Theorem 2.3 are always satisfied
for this model.

Condition (ii) is clearly satisfied since each type j arrival
interval begins with an exponentially distributed period in state j
of the guiding chain. [We may allow A\, tobe +» here if Poo = 0.]

In the following result we show that condition (i) is always satisfied.

LEMMA 2.12: The inter-arrival distributions for the forward transi-

tion model have rational Laplace transforms.

PROOF: Let Aj be the d.f. of a type j arrival interval as usual
(3 = 0,1,...,c). The length of a type j arrival interval is the

time when the guiding chain first leaves state 0 given Z(0) = j.
A
o

+
Ao S

For j = 1,...,k we have the relation

*

Clearly Ao (s) =
- A, K %

Aj (s) = }‘j+s kzo pjkAk (s) ,

since a period in state j is followed by a transition to some state

k. We may write this as

Aj+s * K * Ao
A, (s) - kgl Pkt (8] = Pjo iaw s (= L2, (2.19)

A, T3
j J

* *
Thus we have «x linear equations in A1 (s),...,AK (s). The deter-

minant of this system of equations is a polynomial in s which i5 zero
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%
only at isolated points. By Cramer's rule, A.j (s) 1is seen to be a

ratio of polynomials in s. O

NOTE: The proof of Lemma 2.12 goes through when Ay =+

We conclude this chapteér with a numerical example.- =~ = .

Example: Consider the forward transition model with K=2,Ao-4,

A1=3,A2=3 and

1 1 1
3 2 3
P =1 0 0
1 1 1

| 3 3 3 |

We suppose that service times are constant, with

.1 -1 = 1
bo=3s by =3, by=73

0
* -sb.
The Bj (s) = ¢ J, so that Theorem 2.2. does not apply. From (2.13)
we have
Yrs) = 4 sy = o324 *rs) = mnd(0Fs)
RS RO Il ¢ rry y v rey SN O Bl s rvs y g res vy rey i
=1 = 7 =11
Hence A, T 8 o a4y = 13 and
- =1 b= « 37
= Zpojaj =q7 » b Zpoij g

Now b-a = - %%—< 0, so (Al) is satisfied. (A2) and (A3) may be

. o . ! 3 _ * _ * * .
verified with y = 5 s §=1., H(s) = EpojAj (-s)Bj (s) has 3
*
poles in {Re(s) > 0} at s = 2,3,4. 1-H (s) has 2 zeros in
{Re(s) > 0} which are computed by Newton's method to be 2.76,4.60.

*
We may now evaluate F (s) by (2.11).



CHAPTER 3

STATIONARY BEHAVIOUR OF THE BACKWARD MODELS

3.1 Introduction

The queueing time process {Qn} is not Markovian for the back-
ward model, so we cannot expect to obtain a simple integral equation
like (2.3) for the stationary queueing time distribution. However,
the total waiting time process is Markovian; in Section 3.2 we show
that this process has a stationary distribution G under the usual
first moment condition, and derive an integral equation for G.

In Section 3.3 we solve this equation in the case of exponential
arrivals. As a by-product we see how to calculate some stationary
probabilities that will be useful in dealing with busy periods in

Chapter 4.

3.2 In this section we consider the general backward model, so-
called because at each arrival epoch the customer type (and therefore
service time) is related to the preceding arrival interval. Speci-
fically, we assume that there are « customer types: at each arrival
epoch the type of the next customer is selected from {1,2,...,k}
according to the probabilities MysTosesesT independently of

any previous events. The service time of a type j customer is

sampled from a distribution with d.f. Bj, and the length of the
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arrival interval preceding a type j customer has d.f. Aj

G=1,2,...,k).
Let Zn be the type of the nth customer, V, his service time
and Un-l the time between the (n-l)th and nth arrivals
(nb= 1,2,...) (Uo being the time from 0 to the first arrival).
Let A be the residual service time at time 0. We leave unspecified

the distribution of V0 . We may summarize our assumptions as follows:

for n=1,2,...
Pr{Zn = j} = ﬂj s
Pr{V_ s x | z, ® j} = Bj(x) '

Pr{y , <x | z, = it= Aj(x) .

Thus Vl,Vz,.., are iid random variables, and Uo’ul"" are iid

also. Vn and Un-l are dependent through Zn' but conditionally

independent given Zn' We suppose that the mean service and inter-

arrival times are finite, i.e.

aj = j u Aj(du) < ® bj = j u Bj(du) < w
0 0

K K
let a= | =n,a, , b= )} w.b. . Then E{U }=a for n=0,1,2,...,
j=1 33 jep 173 n

E{Vn} =b for n=1,2,... . Let

xn 5 Vn - Un-l (n=1,2,..‘)

Then xl’XZ"" are iid random variables, with E{Xn} =b-a,
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The queueing time process {Qn} (as defined in Chapter 2) is not
Markovian for the backward model. This is evident from a consideration

of the relation (e.f. (2.1))
Qn+1 = max (Qn + Vn - Un,O) . (3.1)

Since Qn max (Qn 1 ¥ n 1 Un~1’0)’ we see that knowledge of
both Qn-l and Qn yields information about Un-l (and therefore
Vﬁ) that is not contained in knowledge of Q, alone. As a result
the conditional distribution of Qn+1 given Qn—l’Qn will be
different from the distribution of Qn+1 conditional on Qn alone.

However, a related process is larkovian. Let Wn be the total

waiting time of the nth customer, i.e. the time from his arrival to

conpletion of service. Then, as remarked in [2 ; p. 1013], {Wn} is

a Markov process. This is clear from the recursive relation

W = max (wn - Un + (n=20,1,2,...) (3.2)

n+l Vn+1’vn+1)

. 3 4] - .1 =
which follows from (3.1) since L Qn + Vn . (Take ho Vo).

Clearly Woel is determined by {V ,U Vl’ul""’un’vn+1} , and
the Markovian property follows. We note that Wn+1 is independent of

U

41 and 2

n+l’

Let Gn be the d.f. of Wn (n = 0,1,2,...). In the following

result, we derive a recursive relation for {Gn} .

e’
n

LEMMA 3.1: For x 20, 06,1,2,... we have

X

K

G4 (0= 21 ™ JJ G, (x-utz) A;(dz) By(du) . (3.3)
oo



36

PROOF ;
K
= AT = 3
Pr{W_,, < x} z s PriW ., sx |2, =3}
and

Priy ., <x |z

X
AR j Pl < x | 2,0 = 3, Vo, = ud B (dw.
o}

If Vn+1 £ x, then from relation (3.2) we have

Wn+1 £ X = Wn" bn + Vn+1 <X .

Hence it follows that

PriW ,, < x | Zoey =30 Vg =ub=PrlW - U <x-u| Zoay = 31
= j Gn(x -u+ z) Aj(dz)
0
since Wn and Un are independent. Therefore (3.3) follows. O

We may show that {Wn} has a stationary distribution if EX; < 0.

LEMMA 3.2: 1If Exl =b-a <0, then G(x) = 1lim Gn(x) exists for
' ‘def no

all x and is a proper d.f.

PROOF: Applying relation (3.2) repeatedly, we have

Vo + X,y #0004+ X 5000,V

i = .
kn max (Vo + X, + X2 +...+ X 2 n n-1

1 n? * Xn’vn):

1

Pr{wnsx} = Pr{vnsx,vn_1+xn5x,...,V1+X2+...+Xn5x,vo+xl+...+anx} .
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Since Vl’VZ""

dependent, we may replace Vj by V

are iid and Uo’Ul"" are iid with Uk—l’vk

n+1-—j (J = 1:2,~--,n) and UJ'l
by U _; (§ =1,2,...,n) without changing the above probability.

This means replacing Xj by X for j = 1,2,...,n. Let

n+l-j

Sj = Xl L PR Xj (G =1,2,...); S0 = 0. Then we have

Gn(x) = Pr{VlsX,S +V25x,Sz+V33x,...,Sn_1+VhSX,Sﬁ+VOSx}.

1
Let Hn(x) = Pr{V15x,81+V25x,SZ+V3sx,...,Sn_1+Vn5x} . Then
0 = Gn(x) < Hn(x) <1 and Hn+1(x) < Hn(x) (n=1,2,...) . It

follows that 1im H_(x) exists: define G(x) lim H_(x).
nseo O nse

Now O = Hn(x) - Gn(x) < Pr{Sn * v, > x} and since s, is

independent of Vo we have
©
Pr{Sn *V, > X} = J Pr{Sn > x-y} Go(dy) .
0

By the strong law of large numbers, Pr{Sn > x-y} +0 as n-+
for all x,y , so by the dominated convergence theoren,

Pr{Sn + V0 >x} >0 as n + », Therefore, lim Gn(x) exists and
n->o

equals G(x) -
We have G(x) = 0 for all x < 0, and G(x) is clearly a
non-decreasing function. Therefore, to show that G(x) is a proper

d.f. we need only show that 1lim G(x) = 1. This follows by the same
X->00

methods as used in §4, (ii) of [11], since Sn + Vn+1-+-m a.s. by

the strong law of large numbers and

G(x) = Pr{sup(S

+V ) < x}. O
nz0 n+l

n
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We assume throughout the rest of this chapter that the
stationarity condition, b -a < 0, is satisfied. It follows from
(3.3) that G satisfies the integral equation

XOO
G(x) = “j j [ G(x-u+z) Aj(dz) Bj(du) (x =2 0). (3.4)
=5

it R

This equation can be written in Wiener-Hopf form as

[+

G(x) = J H(x-u) G(du) ,
0

but the kernel function H does not bear such a simple relation to
{Aj’Bj} as does the kernel for the forward model. Therefore, the
methods of Chapter 2 are not appropriate.

Let Kj(x) be defined for each j as

Kj(x) G(x+z) Aj(dz) (xz0) ,

"
O O 8

(x <0) .

Then (3.4) may be written as
X

G(x) = L j Kj(x-U) Bj(du) (xz0) .
If we take Laplace transforms, then by Lemma A2 we have

¢°(s) =

L 1<J.°(s) Bj*(s) , (3.5)

1 3

It ~R

wherever both sides are defined.
To proceed further with the solution of (3.5) we need to express
*
Kjo(s) in terms of Go(s) and Aj (s). We have been able to do this
=A.X

only in the case of exponential arrivals, i.e. when Aj(x) = 1-¢ J

(G = 1,2,...,k). We examine this case in the following section.
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3.3 In this section we continue the investigation of the stationary
distribution of total waiting time for the particular case of the
backward model with exponential arrivals. In addition to the assump-
tions of Section 3.2 we suppose that for each j Aj(x) is of the
form

-ALX )
A) =1-e J xz20) .

Clearly Aj = 1/a » since the mean of an exponential distribution

J ~
with parameter A is l/A .
This restriction leads us to a simple expression for ch(s) in

terms of Go(s) .

LEMMA 3.3: For all s in {Re(s) 2 0} such that s # Aj

A,
Kjo(s) = Xj%g-{Go(s) - G°(Aj)} G=1,.0.,6) . (3.6)
J
PROOF: We have
o0 o
o -Sy-A.2
Kj (s) = Aj j J e J G(y+z) dz dy .
[¢Jo)
Put y+z = u, z = t. Then we have

-s(u-t)-A.t
e I G at du

O N 2

(o]
Kj (s = J
4]

A

v ~(h.-s)t
e %Y G(u) { J e J dt} du

j
A, ° ~(A.-s)u
—J I e SU {1 -e J } G(u) du

o —38

A.~S
J [¢]
A, o o
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From (3.5) and (3.6) we have

T.A.
J 3 ¢q0 o ¥
. Aj_s {G"°(s) - G (Aj)} Bj (s) (3.7)

G°(s) =
j

[ e

for all s ¢ {Al,hz,...,AK} in {Re(s) = 0} .
*
Since G (s) = s Go(s) we have the following result:

K
THEOREM 3.1: If ) m, [bj A } < 0, then the stationary
j= j

distribution of total waiting time for the backward model with

exponential arrivals has Laplace transform

Z -JL- ' 04) B, " (s)

6" (s) = 3‘1 : — ) (3.8)
J *
jgl Ty By () -1

*
To make use of (3.8) to calculate G (s), we need some way of deter-
mining the quantities G*(Aj) . We proceed as follows:

Suppose A .,AK are distinct. (If not, then we could amalga-

100
mate the appropriate customer types as is done in Chapter 4 without

affecting G*(s).) Consider the function ¢(s) defined by

K m.A,B. (s)
¢(s) = Z -!—J-AL——- (Re(s) 20, s ¢ {A;,...,A D) .

In Lemma 4.13 we show that the equation ¢(s) = 1 has exactly k-1
*
(real) positive roots Hyserosh Since G (s) 1is analytic through-

out {Re(s) > 0} , it follows that
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K T, . .
jzl i}%g‘ G (lj)Bj (s) =0 for s = Myslgsenesll

*
Let Tj = ﬂj G (Aj) . Then we have « - 1 linear equations in

TysTosesesT We may derive one more equation by considering (3.8)

<
*

as s + 0+ . Since G (0) = 1, we have

T, *
e O
lim i AJ
s>0+ 1 i3 *

s § T.-s By (8 - 1}

[y
n

7
/
i

Y or, lim {(1 - S/Aj)-l Bj*(s) - 1}

j s+0+

'3
I 7/

1
LGy - vy)

-

L',
A,
—_—
a-»b

Thus we have «k linear equations in TysTosreesTy s viz.

T.
J/A =a-b, (3.9)
1 J

LI e Y

j

sj*(uk) =0 (k=2,3...,K . (3.10)

To summarize our procedure, we solve $(s) =1 for Hyseeosl,  @s in
Section 4.3, then calculate TyoeresTy from (3.9), (3.10). Hence we

*
can evaluate G (s) as
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J (S)

G (s) =

T.A.

)

j
) AJ ] B, (s) - 1
j

x-u.l_i

for s ¢ {Aj},Re(s) 20

-5
J

We may interpret Tj in terms of stationary probabilities.

LEMMA 3.4: Tj is the stationary probability that an arriving

Customer be of type j and have zero queueing time.

*
PROOF: G (A.) = A.G°(a.
( J) j ( J)

J G(x) Aj(dx)
0

A customer has zero queueing time iff his total waiting time is equal
to his service time. From (3.2) this occurs iff the total waiting
time of the previous customer W is no greater than the intervening
arrival time U. Since W, 1s independent of U, for any n, it
follows that the stationary probability of a type j customer having

zero queueing time is

Pr{W - U <0} = j G(x) Aj(dx) = G*{Aj) .
o

Since ﬂj is the probability that an arriving customer be of type j,

the result follows. O
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COROLLARY: The stationary probability that the server be free is

E
Ts o 0
j=1 )

T,
Let y. = =% . Then Yj is clearly the stationary probability

] T,
that a customer wi%h zero queueing time be of type j. As the arrival
of a customer with zero queueing time is equivalent to the beginning
of a busy period (see Chapter 4), Yj may be regarded as the station-
ary probability that the initial customer of a busy period be of type
i
We may show that the stationary probability that a busy period

start with a type j customer is in general different from the

probability ﬂj that any arriving customer be of type j.

LEMMA 3.5: It is not possible that Yy =T for two distinct values

j
of j .
PROOF: Since 7. G (A,) and ] =G (A,) = )
: Since T, = m, . . = , Yi = T, = ) o= ).,
it j Yj I, Y55 3T

Therefore, if Y1 T and Yy = T, where Al < Az, we have

G'(A) =G (A) . But
. . T X -Ay%
G (Al) -G (Az) = J {e - e } G(dx)
o}

and exp{ - Alx} 2 exp{ - Azx} with equality only at x = 0.

* *
Therefore G (Al) = G (Az) iff G puts all probability at 0, i.e.
G(0) = 1. This is impossible with exponential arrivals, so the

result ‘follows. O
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NOTE: For the general forward model the stationary probability

that a customer with zero queueing time be of type j is ﬂj, i,e.
the same as the unconditional probability that a customer be of

type j. That is because Qn is independent of Zn for this model.
It can be shown that the stationary probability that the server be
free is simply 1 - b/a . and the mean length of a general busy

period is T:%7§ for the general forward model (c.f. Section 4.3) .

From (3.9) we have the following expression for the stationary

probability that the server be free:

Iy - -Z—"“—’-‘-/’A— . (3.11)
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CHAPTER &

BUSY PERIODS FOR THE BACKWARD MODELS

4.1 A busy period begins when a customer arrives to find the server
free, and ends when the server becomes free again. In this chapter
we work in terms of busy periods generated by a fixed initial service
time; in particular, we denote by Y(w) the length of a busy period
generated by an initial service time w. If ¢(w,s) is the Laplace
transform E{e-SY(w)} and Yj denotes the length of a busy period

begun by a type j customer, then

-sY, r:
E{e J} = I d(w,s) Bj(dw) .

o
In Section 4.2 we consider busy periods for the backward model

with exponential arrivals, generalizing a procedure applied by Cox
and Smith in [5 ; §5.6] to the random arrivals case. We show that
the busy period transform ¢(w,s) 1is a mixture of exponential terms,
i.e.

K 'Wuj(s)

o(w,s) = ] Hi(s) e ,

j=1 7
and derive equations enabling us to solve for Hj(s), uj(s) for all
j. In Section 4.3 we show how to compute the means
mj = EYj, m(w) = EY(w). In Section 4.4 we extend some of the results

ir “ection 4.2 to the ore general case of the Lackward transition

model with Ao = ® ,
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Similar results could be obtained for ¢(w,s) for the corre-

sponding forward models, but the simple expression for

-sY.
E{e J}

above is no longer valid, since the initial service time and the time
to the second arrival are now dependent. Therefore, the procedures of

this chapter are of little value for the forward models.

4.2 The backward model with exponential arrivals

In this section we consider the general backward model with «
customer types, general service times and exponential inter-arrival
times. At each arrival epoch the type of the next customer is select-
ed from {1,2,...,k} according to the (non-zero) probabilities
MysToseeesT and independently of any previous events. If the next
customer is chosen to be of type j, then the time to his arrival is
sampled from an exponential distribution with parameter kj, and his
service time has d.f. Bj' If Aj = Ak for some j # k, then we
could amalgamate the two customer types without affecting the busy
period distribution by taking

ﬂij + ﬂkBk

T, bW
J

k
as the new service time d.f. Therefore, we may assume that
AI’AZ""’AK are distinct; suppose 0 < Al < Az < ... < AK . We

assume also that the mean service times

b, = [ u B, (du)
J def o J

are finite.
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To consider the busy periods for this model, we suppose that at
time 0 a customer with service time w has arrived to find the
server free. Let Wt(w) be the virtual waiting time at time t 2 0
under this initial assumption. Define Y(w) = inf {t : Wt(w) = 0} ,
i.e. Y(w) 1is the length of the busy period induced by the arrival
of a customer with service time w. Y¥(w) is measurable since it is
a hitting time for the process (Wt,tzo), [15; p. 72}, and Y(w)

is finite a.s. provided the stationarity condition holds, i.e.

K
(b, - 1/, o,
jgl Moy - 1/2) <

since then Wt reaches 0 eventually with probability 1 (see Chapter
3).

At any instant t > 0, there will be a customer in the process
of arriving, of the type selected at the previous arrival epoch. We
define Zt to be this customer type and make (Zt,tZO) right-
continuous, so that if t is an arrival epoch, then Z, is the type
of the next customer to arrive. Then (Zt) is a stationary Markov
process, with Pr{Zt = j} = ﬂj . We will refer to Zt as the arrival
state at time t.

Consider realizations of the process (Wt(w),tZO). (In the rest
of this paragraph we suppress w). (Wt) has discrete increments at
each arrival epoch equal to the service time of the arriving customer.
Elsewhere (Wt) decreases continuously at a unit rate until it
reaches zero, where it remains until the next arrival epoch. (Wt) is

not g Markov process since {Ws i1 0<s st} contains information

about the time of the last arrival before t that is not given by
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knowledge of Wt alone, and this information affects the distribution
of the time to the next arrival after t, except when the (overall)
inter-arrival distribution is exponential. |{The unconditional inter-
arrival distribution has d.f.

K =A.X

’ ﬂ.(l -e J ].

=1 7

Suppose (WS,ZS) is given for 0 <s < t. The distribution of inter-
arrival time conditional on the arrival type is exponential, so the
time to the next arrival after t is now independent of the time

since the last arrival before t, as Z is given. Therefore, the

t
future behaviour of (Wu,Zu) for u >t depends on {(WS,ZS),
0 <s <t} only through (Wt’zt)' This shows that ((Wt,zt),t z 0)
is a Markov process. It is clear from the discussion at the beginning
of this paragraph that the behaviour of (Wu,Zu) for u >t given
(Wt,Zt) is independent of t, i.e. ((wt,Zt)) is homogenegus [1 ].
Define ¢(w,s) = E{e'SY(W)} for Re(s) 20,w 20; i.e. ¢(w,s)
is the Laplace-Stieltjes transform of the d.f. of Y(w). In the

classical random arrivals case, which is what our present model reduces

to when « =1, it is possible to show that

0wy * wy,5) = ¢(wy,s) ¢(w,,s) for any w,,w, >0,
and consequently that ¢(w,s) is necessarily of the form

-wo(s) [5; p. 145]. In generalizing this procedure to our

$(w,s) = e
present model we must split ¢(w,s) into components corresponding to
the conditional transforms of the busy period distribution given the

initial and final arrival states.
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Let

b3 ,3) = E{e'sycw)lzo = 1,2y = j} : Pr{ZO =120 j} .
Then

K K
o(w,s) = § J 035 00,8) .
izl j=1

In the following lemma we derive a relation satisfied by the components

¢ij(w,s) and corresponding to the relation
O(wy + wy,8) = ¢(w;,8) ¢(w,,s)
for the random arrivals case.

LEMMA 4.1 For any WisW, > 0 and 1i,j e {1,2,...,k}, Re(s) 20,

1
_‘q)iz(wlbs) ¢2'J'(w2)s) ° (4'1)

6550wy *+ Wpes) = ™

Bt~ R

=1

PROOF: We may split the busy period generated by an initial service
time Wi+, into two parts, the first part being the time required
to expend amount Wy of the virtual waiting time, the second being

the time required to expend the remaining amount Woe Let

Y1 = inf {t : Wt(w1 + wz) = wz}, Y2 = inf {t : Wt+Y1(w1 + wz) = 0} .

Then

Y(w1 + w2) = Y1 + Y2 .



o

50

Let Eij be the event

and Eija the event

Then

and so we have

H
~—~
[¢)]
i
7]
~
)
—
+
3
[ %]
Nt
{2y
[
Ui
R —
o)
x ]
~
tn
[
Rende
~

1Eij2} . Pr(Eijz)

(where P is the probability measure of the underlying probability

space).

If E,

152 has occurred, then WY =W, and ZY = & . Because

1 1
of the homogeneity of the (Wt,Zt) process, the conditional distri-

bution of Y2 given Yl’Eijk is the samg as the distribution of the
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length of the busy period induced by an initial service time Wy
conditional on the initial arrival state being 2% and the final arri-

val state j, i.e,

Pr{Y2 s zIY1 = V'Eijz} = Pr{Y(wz) s leo = Y(wz) J} .
(We note that the conditional probability
Pr{Y2 $ zlY1 = Y’Eijz}
can be defined for almost all y as

1im Pr{Y <zly s Y, <y + 8, E; }
550 2 1 ij8

{17; p. 260].) Since
Pr{Y2 s zlY1 = y’Eijk}

is. therefore, independent of y, it follows that Yl and Y2 are

conditionally independent given E..z, for if

ij
Gijp ) = PrlYy s y|E; .0},
then we have Yy
Pr{Y1 S ypsY, s yz'Eijz} = J Pr{Y < yzlEIJQ ij%cdy}
[o]
"
= Pri{Y, s y,[E; ;) [ G; 52 (d¥)
o)

PriY, < yzlEijZ} Pr{Y, < yllEijz}
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Because of this conditional independence of Yl,Y2 we have

-s(Y, +Y,) -sY -sY
1 2 1 2
E{e IEijz} = E{e IEijﬂ} . E{e IBijz} .

We defined Y. as inf {t : Wt(w1 + wz) = wz} ; for every realiza-

1
tion of the process (Wt(w1 + wz)) there is a realization of (Wt(wl))
such that wt(w1 + wz) = Wt(wl) + W, for all t such that

0 st <inf {u: Wu(wl) = 0} . Thus the conditional distribution of

Y1 given Eijl is the same as the conditional distribution of Y(Wl)

given Zo = 1’ZY(W1) = L. Hence

-3Y $. ,(w.,8)
E{e llE.. } = 121
ijs
Pr{Zo = 1,ZYCW1) = Z}
From our discussion of the conditional independence of Y1 and

Yz given Eijk’ it follows that the conditional distyribution of Y2

given Eij£ is the same as the conditional distribution of Y(w2)

given ZO = 2,2 = j . Hence

-sY $,.(W,,5)
E{e ZIE.. } = 42 .
ijk

Pr{Zo = Z,Zchz) = j}
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Now, since (Zt) is stationary, we have

Pr{Z0 i,ZYl = 2’ZY + YZ = j}

= Pr{ZQ =1,z = z}. pr{zY Ly =312, = i,ZY1 = z}

= Pr{z0 i Yl
{

2

Pr(Bijz)

i
ot
-
£~
#
ES
B
"
b
—,
£~
o]
#
ted
N
L]
=
s

Therefore, we have shown that

K Pr{ZY(wz) = leo =z R:}
63300y + Wgus) = F 0y, (Wu8) 65 (Wy,8)e .
%=1 priz = 2,2 =
0 ’ Y(wz) J
p 1

Zl NCRD RN

2= Pr{Zo = 2}

which gives us Equation (4.1), since Pr{Zo s L} = Ty . 2

Let ©2(w,s) be the «k x k matrix with (i,j)-element ¢ij(w,s).

Then (4.1) is equivalent to the matrix relation
-1
@(w1 + w2,s) = @(wl,s) A @(wz,s) s (4.2)

where & = diag (wl,nz,...,nK). From (4.2) we may derive a partial

differential (matrix) equation for &(w,s). Let

¢.j(wss) b ;¢ij(w,5)» wlj(s) = I ‘b.j(u,s) Bi(du) .
1 o
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Then

_ st ¢
w;j(s) = u{e lAYi = J} . Pr{dyi = J} .
i.e.

wijCS)

is a multiple of the Laplace transform of the length of the busy

period initiated by a type i customex. conditionai on the busy

period ending in arrival state 3. Let ¥(s) be the «k x k matrix
. Coay . - Cen B , . ,

with (i,j)-element wij(s) ()i s) Gij Aiwij(s), Sij being the

Kronecker delta: Glj =1 if i = j, = 0 otherwise.

THECRE!! 4.1 ¢(w,s) satisfies tne matrix differential equation

& 0(w,s) = - 2(w,s) ¥(s) £or w >0, Re(s) 2 0 . (4.3)
PROOF: Suppose w,h > 0. Then from {4.2) we have
-1 -1,,-1
h “{&{w + h,s) - ¢ (w,s)} = &(w,s) h”" "{A “¢(h,s) - IK} .

We consider the behaviour of ¢(h,s) as h -+ 0+ . Let N(t) be the
number of arrivals in_ (0,t]. Since the inter-arrival distributions

are exponential, we have Pr{N(h) = OIZ0 =il =1~ Mho+ o(h) as

h >0+, PriNCGh) = 1|zo =i} = A,h + o(h) and Pr{N(h) > 1lzo =il = ofh).
If N(h) = 0, them Y(h) = h and zY{h) = Zo;_ if N(h) = 1, then

at time h the virtual waiting time is equal to the service time of

the newly-arrived customer, who is necessarily of type Z, =1 . There~

fore, we have

SR ke Paeten -
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1
¢ij (h,s) = EO E{e sY(h) 'zo=i’ZY(h)=j ’N(h)=m}° Pr{zo=i,zy(h)=j :N(h)=m}
. E{e'sy(h)IZo=i,ZYch)=j,N(h)>1} Pr{zo=i,ZY(h)=j,N(h)>1}
=7 (- Aih)e°5hﬁij + wiAihe~Sh f &;j(u,s)Bi(du) + o(h)
o
= Wifl - (Ai+s)h}ﬁij + mAh wij(s) + o(h)
Hence

. -1y -1 _ - .
;ig+ h {“i ¢ij(h,s) - Gij} = -(Ai+s)éij + Aiwij(s) wij(s)

SO

1im h A Yem,s) - 1 = - ¥(s) .
h+0+ K

It follows that ¢&(w,s) 1is differentiable with respect to w and

satisfies (4.3). [

In solving Equation (4.3) we take as boundary condition the

equation @(0,s) = A, since

4;5(0,8) = PriZ = i,20 0y = §} = w8, .

i°ij
§
For fixed s, the jth column of ¢ satisfies the differential
equation
dx v
R X
with boundary condition x(0) = “jgj’ where gj is the jth column
of I . The unique solution of this equation satisfying the boundary

K
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w

1
condition is x = e ¥ (ﬂjgj) [10; p. 190]. It follows that the

unique solution of (4.3) satisfying ¢(0,s) = A is
| ]
®(w,s) = A{e“wv } = ne WS

LEMMA 4.2 If A is an n xn matrix with n distinct eigenvalues

HysHoseoesly then

ty,
e J NGO

where Zj is a fundamental polynomial of Lagrange type with degree

n - 1 such that Rj(ui) = aij .

PROOF: A is simple ([10; p. 61], so the lemma follows from results

in [10; p. 169]. a

Suppose Y(s) has « distinct eigenvalues ul(s),...,uK(s) at

some point s in {Re(s) = 0}. Then by Lemma 4.2

K ‘qu-(s)
W) | ¥ e 25(¥(s),s8) »

j=1

where zj(u,s) is a polynomial in u of degree «x - 1 such that

Rj(ui(s),s) = Bij . Specifically, we have
u*uk(S)

(u,s) = T
ER R I O ©

It follows then that ¢(w,s), which is the sum of the elements of the

matrix ¢&¢(w,s) , can be written as
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"qu- (S)

K
¢w,s) = ] e H, (s) ,
121 3

J

where Hj(s) is the sum of the elements of the matrix Azj(W(s),s).
Let S={s : Re(s) 20 and Y¥(s) has «x distinct eigenvalues}.

Then we have proved

THEOREM 4.2 For all s € S and all w =2 0

K -wy, (s)
o(w,s) = [ H(s) e I (4.4)
j=1
Let S* = {s : Re(s) > 0}nS. We shall prove that Equation (4.4) is

. + . . .
valid throughout S  except at isolated points. First we note some

properties of uj(s),Hj(s).

LEMMA 4.3: (i) We may number the eigenvalues of Y¥(s) as s varies

so that uj(s) is a continuous function of s in {Re(s) 2 0}.

(ii) uj(s) is analytic throughout s*.

(iii) Hj(s) is analytic throughout s*.

PROOF: Since each wij(s) is a multiple of a Laplace transform,

the elements of V¥(s) are continuous functions of s in {Re(s) = 0}.

The eigenvalues of Y¥(s) are continuous functions of the elements of
¥(s) [10; p. 225], so (i) is clear.

N Since wij(s) is analytic throughout {Re(s) > 0}, each

wij(s) is analytic there. It follows from the theory of

analytic functions that each uj(s) is analytic at every

point s in <{Re(s) > 0} such that ¥(s) has non-repeated

eigenvalues [10; p. 237]. This proves (ii); (iii) follows directly
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~ from (ii) and the definition of Hj(s). We note that Hj(s) may

not be defined at points where Y¥(s) has repeated eigenvalues. t

We show now that points where V¥(s) has repeated eigenvalues

' correspond to the zeros of an analytic function, and are therefore

isolated. It is clear that Y¥(s) has repeated eigenvalues iff the

discriminant of the equation ]uIK - ¥(s)| = 0 is zero, i.e.

ifF 0= D(s) = T {u(s) - uj(s)}z .

def i<j

- LEMMA 4.4: D(s) is analytic throughout {Re(s) > 0}.

. PROOF: From (ii) of Lemma 4.3, D(s) 4is amalytic throughout S'.

; Since repeated eigenvalues may fail to be analytic, we need some results

from [6; pp. 233-7] to the effect that symmetric polynomials in

- multiple roots are analytic, in order to show that D(s) is analytic

- everywhere in {Re(s) > 0}.

We summarize the results we need from [6]: Let F(x,y) be
an analytic function of x and y in a neighbourhood of a point
(a,8) such that the equation F(a,y) = 0 has y = 8 as a root of
multiplicity n > 1. Then there exist positive real numbers p and

r such that for all x with |x - a| < r there are exactly n roots

; yl(x),...,yn(x) of F(x,y) =0 in {y : |y - 8] <p}. Bvery

. expression of the form

n
I ;e h

.

j=1

(with k = 1,2,,..) 1is analytic in x throughout {x : |x - a| £ r}.
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Applying these results to our situation, let
I =1 u(s) = w(s)}.

If W (s) 1is a repeated eigenvalue of Y¥(s), then {uj(s) tje Jk}

are multiple roots of the equation lyIK - ¥(s)| = 0. Since

F(s,y) = IyL, - ¥(s)|
def

is analyticin y and s in a neighbourhood of (s,uk[s)) for any

s in {Re(s) > 0}, it follows that

Ioo{ug(s)
jeJk J

is analytic in some neighbourhood of s for any 2= 1,2,... .

It follows that

v %
I {u (s
j=1 J

is analytic throughout {Re(s) > 0} for any & = 1,2,... . As
noted in [6 ; p. 235], this is sufficient to prave that all symmetric
polynomials in u1(s),...,uK(s) are analytic in {Re(s) > 0}; 1in

particular, D(s) is analytic throughout {Re(s) > 0}. 0

It will follow that D(s) has isolated zeros if D(s) is not
identically zero. In the following lemma we show that Y¥(s) ‘has
k distinct eigenvalues for all s with Re(s) sufficiently large,

$0 that D(s) cannot be identically zero.
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LEMMA 4.5: If Bj(O) = 0 for each j, then ¥(s) has «k distinct

eigenvalues when Re(s) is sufficiently large.

PROOF: We restrict our proof to the case where s is real; the proof
in the general case is similar. We show first that wij(s) = o(1)

as s -+ «, We have

‘wlj(S), :lJ ¢‘-j(u’s) Bi(du)l
0

€

lo ;(u,s)] B;(dw)

O ey,

< J ke B, (du)
0

since Y(u) z u

® Bi (s) .

Since

lim Bif(s) = B, (0)

S-hoo

it follows from the assumption Bi(O) = 0 for each i that

lim w,,(s) = ©
sw0 1) '

i.e. wij(s) = o(1) .
By Gerggorin's Theorem [10; p. 226], each eigenvalue of Y¥(s)

lies in at least one of the discs
(s) =4z : |z - (A, Aaws o (8)] < A .
DJ(s) {zA |z - i s) + JwJJ(s)[ kgj JIka(s)l}

(and in exactly one of these discs if Dl""’DK are disjoint).
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Now wij(s) = 0(1) implies Aj + 5 - Ajwjj(s) = Aj + s + o(l) and
A, = 1
kgj jlogel = o(1)

as s > o, 50 that Dl(s),...,DK(s) will be disjoint for s suffi-
ciéntly large. It follows that ul(s),...,uK(s) can be numbered so
that uj(s) = Aj +s + 0(l) as s+ o, so they must be distinct for

$ sufficiently large. (d
Thus we have proved

THEOREM 4.3: If Bi(O) = 0 for each i, then equation (4.4) is

valid throughout {Re(s) > 0} except possibly at isolated points,

REMARK: Hj(s) and uj(s) have been defined only in terms of
the matrix ¥(s), which is usually unknown. In order to solve for
Hj(s),uj(s) we need to derive equations satisfied by Hj(s),uj(s).

We shall obtain such equations by substituting

-Wu, (s)

K
o(w,s) = [ Hi(s) @ J

+

j=1

into an integral equation for o(w,s).

First we prove some properties of Hj(s),uj(s):

Hj(s) =1 for all s ¢ §

K
LEMMA 4.6 (i) )

j=1
(i1) 1f Bi(O) = 0 for each i, then lim Hj(s) =z ¥,
Re (5)+ J
for each j.

et el
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(iii) Re{uj(s)} 20 for s in {Re(s) 2 0}; Re{uj(s)} >0

for s in {Re(s) > 0}.

PROQF: (i) is clear since ¢(0Q,s) = 1 for all s. To prove (ii) we
restrict our proof to the case s real. From the proof of Lemma 4.5
we know that “2(5) = Az + s +0(l) as s -+ «, Therefore,

pj(s) - uk(s) = Aj - A o(1l); since wij(s) = 0(1) it follows
that the (m,n) - element of the matrix VY(s) - uk(s)I|< is

wmn(s) - uk(s) smn 3 (Am - Ak) Gmn + o(l) as s + «, For s

sufficiently large, s € S so that Hj(s) is the sum of the elements

of the matrix

<

¥(s) - w(s)I,
‘AT — G
k#J uj(S) My ,

Since all off-diagonal elements of Y¥(s) - uk(s)IK are of(1), it

follows that the (m,n) - element of 1 {¥(s) - uk(s)IK} is
k#j

:kgj(xm - Ak) Gmn + o(1) = ajmamn + o(l),iy

Hence Hj(s) = "j + o(l1).
Suppose u(s) 1is an eigenvalue of ¥(s). By Gerggorin's Theoren

there exists j ¢ {1,2,...,k} such that
- . . s < As W,
luts) = (a5 + 8) + Ayu (s k;j o)

(see proof of Lemma 4.5). Hence
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. )‘jlek(s)l .

Re{u(s)} = Re{Aj + 5 - Ajwjj(s)} - ng

Now

o

o0
ijk(s)l s j|¢'k(u,s)|8j(du) < j Pr{Zy(u) = k}Bj(du) = qjk,
0o )
say. qjk is the probability that a busy period initiated by a type

j customer ends during arrival state k, so qjk 20 and } qjk = 1,
' k

S ‘s ‘s .
ince Re{wJJ(s)} < IwJJ(s)I S qgy . we have

Re{u(s)} 2 Aj + Re(s) -~ X.Q.; - Aj = Re(s).

333 kgj %k

Thus Re(s) 2 0 = Re{u(s)} 2 0, Re(s) > 0 = Re{u(s)} > 0. 0

REMARKS: 1) For each j, the zeros of Hj(s) must be isolated in
S+, since Lemma 4.6 (ii) implies that Hj(s) is not identically
zerp, and we already know that Hj(s) is analytic throughout s*
(Lemma 4.3).
NOTE: This presumes that B,(0) = 0 for all i; we assume hence-
forth that this is true.
2) Part (ii) of Lemma 4.6 alsqp implies that
lim &% ¢(Q,s) = § . e-;\jw s

Re(s)-w js1
a result that we can obtain from another direction as follows:
Let E(w) = Y(w) - w, i.e. &(w) is the excess length over the
initial service time of a busy period induced by an initial service

K ~A.W
time w, Then Pr{f(w) = 0} = Pr{no arrivals in (0,w]} = [ "j e
, ) j=1
But E{e SE(W)} = e " ¢{w,s), so that

{
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Prig(w) = 0} = 1lim ¥ ¢(u,s) .
' Re(s) =

We now derive an integral equation for ¢(w,s):

LEMMA 4.7: ¢(w,s) satisfies the integral equation

K —(s+Aj)w ~(A;+s)z :
¢(w,s) = Z w.{e + j e J ¢(w-z+v,s)B.(dv)d§} (4.5)
j=1 J 4 J A ) .

for w20, Re(s) 2z 0.

PROOF: The derivation of this equation follows a standard pattern
for integral equations in queueing theory, so we merely sketch the
proof, We have
S -sY(w)
o(w,s) = § w. Ele z_ = 3} .
. j o
)=l
Given Zo = j, either no arrival occurs in (0,w] with probability
“A.W
e J » in which case Y(w) = w, or the first arrival in (0,w] takes
=A.2
place at time 2z with probability Aje ) az increasing the
virtual waiting time at z to w - z + V where V has d.f. Bj,
s0 that in this case

E{e-sY(w)} = J e % o(w-z + V,S)Bj(dv) . o
o

To derive equations for Hj(s),uj(s) we now substitute the
expression for ¢(w,s) from equation (4.4) into equation (4.5).

Then for each 8 ¢ S we have
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[ANCIOING
J e Bj (dv) dz}.

]

o ~(A;+8)z X - (w-2+v)u, (s)
Now A, e T H.(s) J e 17U, (dv)dz
] i=1 % J
o

~wi, (s) ¥

€
AL Z H.(s) e : j e
Jje1 t A

~(As+s-u, (8))z ¢ =vu, (s)
3o j e 1 B (dv)dz

0

-wy, (s) -(Aj+s-ui(SJ)z

K
A, ) Hi(s) e dz

I =1

Bj {ui(s)} I e

(]

-(A,;+s-yu, (s))w
K -W ui (S) * 1-e J 1
Aj igl H,(s) e Bj {u; (s)} Aj TS )

]

Therefore for each s € S we have

K -wi; (s)

’ H;(s) e i

i=1

-wui(s) -(Aj+s)w

K X * e -e
= z T.4€ + A Z Hi(S) Bj {ui(s)} A. +

-fs+Aj)w
ja1 J 4o j*rs- ui(S)

(4.6)

-wu, (s)
By Lemma A4 , we may equate the coefficients of e j and

- {s+A)w

e to zero, since for s ¢ S ul(s),...,uK(S) are distinct,
A

«»A,_ are distinct and ui(s) can equal Aj + s for some j

1".
only at isolated points in S* .

®
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-(s+A)w
Equating the coefficient of e to zero in equation (4.6),

we obtain for s € S, j = 1,2,...,k

€ H, (s) Bj*{ui(s)}

i o1 Aj + 5 - ui(s)

A =1. (4.7)

-Wui(s)
The coefficient of e in equation (4.6) is

K M.AL B~*{u (s)}
13 ) i _

Since each ui(s) is continuous throughout {Re(s) 2 0} and Hi(s)
has isolated zeros in S+, for this coefficient to be zero we must

+
have for every s ¢ S

K A, Bj*{ui(s)}

w
37J
j=1 Aj + § - ui(s)

=] for is 1,2,...,x . (4.8)

We may extend the domain of validity of equation (4.8} to the
entire right half-plane {Re(s) 2 0} in two steps: every s in
{Re(s) > 0} ~ S* can be surrounded by a deleted neighbourhood in
S*, so that (4.8) holds for all s in {Re(s) > 0} by the contin-
uity of ui(s); since ui(s) is continuous to the right at the
imaginary\axis, it follows that (4.8) holds for s on the imaginary

axis as well. To summarize, we have shown that

K H(s) Bj {ui(s)}

A =1 for se€S, j=1,2,...,6; (4.7)
Jiap A5 * 8- w(s)
*
K mids B {u; ()} _ .
I e O 1 for Re(s) 20, i = 1,2,...,k . (4.8)

j=1 73}
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Define

K B, CZ)
Q(z,s) = Z -j—l———jy—— for Re(z) 2 0, Re(s) = O.

LEMMA 4.8: For any fixed positive s, the equation Q(z,s) = 1 has

exactly « roots in {Re(z) > 0} .

PROOF: Once again we apply Rouché's Theorem, our proof following
the pattern of the proof of Lemma 2.10. Consider the simple closed

contour TI(e,R) defined for 0 < e < R by

I'(e,R) = {z : Re(z) = ¢,|z] < RIu{z : |z] = R,Re(z) > &} .

I'(e,R) 1is almost a semicircle in the right half-plané, as in the

following diagram:

[ TV U VR R T
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‘ Since Q(z,s) is analytic in {Re(s) > 0} except for a finite
number of singularities at z = Aj +s5, j=1,2,...,k, Q(z,s) is
analytic on TI'(e,R) for all e sufficiently small and all R
sufficiently largé. We show next that we may choose ¢,R so that
[Q(z,s)] <1 for all z e I'(e,R).

For |z| = R,Re(z) > 0 we have Bj*(z) < 1,|Aj+s-zl 2 R-lkj+s|,

K T,
so that |Q(z,8)| < } —dJ 50 as Row,
j=1 |R-]ay+s]]
Hence for R sufficiently large, |Q(z,s)| <1 on this arc. For
z on the imaginary axis, 2z = i6, say,
*
w.A.IBj (i8) |

K
laz,8) | s | -4
j=1 IAj +s - ie|

/ K s AL
< 7 J ] where s=o+irt

j=1 {(Aj+0)2 * (1-9)2}1/2

1l since o > 0 .

A

3 A
3
n

It follows by Lemma A3 that for e sufficiently small |Q(z,s)| <1
for all z in {Re(z) = e,|z] < R}. Thus we may choose e,R so

that |Q€z,s)| <1 for all 2z e T'(g,R).
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K
Let P(z) = ‘Hl (Aj +s - 2), M(z) = P(2)Q(z,s). Then
J=
K *
M(z) = ~£1 ijj Bj (2) lgj (A, +5s-12),

J

so P(z) and M(z) are analytic inside and on T{e,R), and
M(2)| = [P(z)||Q(z,s)| < [P(z)] for all z e I'(e,R). Therefore, by
Rouché's Theorem, P(z) = M(z) = P(z){1 - Q(z,s)} has the same number
of zeros inside TI'(e,R) as does P(z). It follows that P(z) - M(z)
has exactly «x zeros in {Re(z) > 0}.

Each zero of P(z) - M(z) mnust be a root of Q(z,s) = 1, for
if P(zo) = P(zo) - M(zo) = 0, then z, = Ak + s for some
ke {1,2,...,k} and

*®*
0= M(zo) = ﬂkAk Bk (Ak + s) zgk (A2 - Ak) .

But this is impossible, since ﬂk,xk > 0, Al,,..,AK are distinct

*
and Bk {u) cannot be zero for u positive (Lemma Al ). Thus we
have shown that the equation Q(z,s) = 1 has exactly «k roots

in {Re(z) > 0} . O

LEMMA 4.9: For each fixed positive s, the «k roots of the equation i

Q(z,s) = 1 in {Re(z) > 0} 1lie on the positive real axis: one

root in the interval (s,s + Al) and one in each of the intervals

(s + Ai,s + Ai+1)' for i=1,2,...,k-1 .

PROOF: Q(z,s) is real and continuous for z on the positive real

axis except at the points 3z = Aj + s, Since Q(Ai + s+ 0,s) # -»
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and Q(Ai+1 + 35 ~ 0,s) = 4o, it follaws that there is at least one
value of 2z in the interval (s + Ai,s + Ai+1) such that Q(z,s) =1,

for i =1,2,...,k~1. Since

K *
Q(s,s) = jzl ﬂj Bj (s) <1

and Q(s + Al - 0) = +o , there is at least one root of Q(z,s) = 1
in the interval (s,s + Al). By Lemma 4,8 there is exactly one raot

in each of these intervals. 0

COROLLARY 1: ¥(s) has «x distinct eigenvalues for all positive s.

PROOF: The eigenvalues of Y¥(s) aré k 7roots of the equation
Q(z,s) =1 in the region {Re(z) > 0}. By Lemma 4.8 there are
exactly « roots in this region, so the eigenvalues must be the
k distinct positive roots of Lemma 4.9,

K -wu, (s)
COROLLARY 2:  ¢(w,s) = jzl Hj(s) e 4 for all positive s.

We can now, in principle, calculate ¢(w,s) for any s. in
{Re(s) 2 0} : for positive values of s we solve (4.8) for
ul(s),...,uK(s) and then (4.7) for Hl(s),...,HK(s); for s in
{Re(s) 2 0, Im(s) # 0} we need to check whether the k solutions of
Q(z,s) = 1 are distinct: if they are, then we conclude that s ¢ $

so that we can solve (4.7) for Hl(s),...,HK(s) as before; if not

then we must evaluate ¢(w,s) as 1lim ¢(w,sn) where {sn} is a
b e

sequence in {Re(s) > 0} such that s, S .
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4.3 The Mean Length of a Busy Period

Let m(w) = E{Y(w)}, i.e. m(w) is the mean length of a busy
period induced by an initial service time w. We shall refer to a
busy period initiated by a type j customer as a type j busy

period. The mean length of a type j busy period is

-]

m, d:f E{Yj} = J n(w) Bj(dw) .

o
In this section we show how m(w) (and consequently ml,...,mk) may
be computed for the model of Section 4.2. In Chapter 3 we showed
how to calculate the probabilities YyseeeaY, where Yj is the
stationary probability that a busy period be of type j. If

YyseeesY, are known, then we can evaluate such quantities as the

overall mean length of a busy period,

E
m= y.m, ,
je1 33

the mean length of an idle period, and the stationary probability

that the server is free. As usual, we let b = Z ﬂjbj, a= Z wjlj'l

be the overall mean service and inter-arrival times.

Progedure 4:
We know that
m(w) = 1im 2o $(,8)
s+0+ S

$0 a possible procedure for computing m(w) is to evaluate

1 - ¢(W,Sn)

S
n
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for a sequence {sn} of positive real numbers such that s, * 0+,
and estimate m(w) as the apparent limit.

Procedure A requires the solution of equations (4.7) and (4.8)
at each point éﬁ,n =1,2,...,N, where N is the number of values
required to approximate mf{w). A less time-consuming and more exact
procedure is available if ,uj(s) and Hj(s) are differentiable to
the right at s = 0 for each j, for then we have

-wu, (0)

K 1 1
{H;(0) - wu, (0)H;(0)} e I, (4.9)

m(w) = - .Z

j=1

For Hl(s),...,HK(s) to be defined at s = 0, we need Y¥(0) to
have «k distinct eigenvalues. We prove this fact in the following

lemma.

LEMMA 4.10: Y¥(0) has «k distinct eigenvalues.

PROOF: The (i,j)} - element of ¥(0) is wij(O) 5 Ai(sij - qij)’
where 9 5 (= wij(O)) is the probability that a type i busy period
ends during arrival.state j (see the proof of Lemma 4.6). Since

Z %5 = 1 for each i, the row sums of VY(0) are

;11 gero. Therefore VY(0) is singular and has 0 as one eigenvalue:

write ul(O) = 0. From Lemma 4.9 we may number the eigenvalues of

¥(s) for s positive so that for i = 2,3,,..,k
s + Ai-l < ui(s) <s + xi .

Therefore each u,(0) = 1lim u,(s) is positive, and
i 550+ i
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Ay S (0) S A, (=2,3,...,6) .

But we know that each uiCO) is a solution of the equation

L
j=1 j

so it is impossible that uiCO) = Aj for any j . Thus

A,

1-1 < ui(o) < Ai (i = 2,3,--0,K)

so that ul(O),...,uK(O) are distinct .
CORQLLARY: Hl(O) = 1, Hj(O) =0 for j=2,3,...,c .

PROOF: This follows from Lemma A4 , Since

K -wu, (0)
Z Hj(O) e = ¢{(w,0) =1 for all w ,
j=1

and‘we can write this as
-wu, (0) K -wu, (0)

Y H,(0) e 7
j=2 )

s
o
3

{HI(O) -1} e

For Hl(s),...,HK(s) to be differentiable to the right at s = 0,
it is sufficient that pl(s),...,uK(s) be differentiable to the right
at s = 0, this being clear from the definition of Hj(s). We
shall prove that each uj(s) is differentiable to the right at

s = 0, but first we need the following result:
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LEMMA 4.11: The mean length of a type j busy period is finite, i.e.

Hﬁ < o for each j.

PROOF: Let Un be the time between the nth and (n+1)th arrivals,

and V_  the service time of the nth

n customer to arrive, assuming

that a type j busy period began at time 0. Then Uo’Ul’Uz""

are iid random variables with E{Uj} = a, and VI’V2’°" are iid
random variables with E{Vj} = b, Let Xn = Vn - Un-l (n=1,2,...).
Then X15>¥y5... are iid random variables with E{Xj} =b-ac<0,

let M be the nuwber of customers served during the busy period.

Let N = inf{k : Vo + Xp +ouus X < 0}. (N is finite a.s. since

»Exj < 0). If the busy period is still in progress when the nth

customer arrives, then his total waiting time is Vo + X1 + ..t Xn

(see the proof of Lemma 3.2). Thus 0 < M s N.
We will show that EN < », so that EM < », Let
Sk = VO + Xl +uon+ Xk (k = 192,:.:). NOW 0 > SN = (SN"I + VN) - UN"].

and S 20, so S + VN 2 0 . We may show that SN is

N-1 N-1
distributed as a mixture of exponential random variables, since it

is the overshoot below zero of a mixture of exponential random

‘variables. Specifically, we recall that qjk is the probability

that a type j busy period end during arrival state k. Suppose
the busy period ends during arrival state k. Then Uy.p has an

exponential distribution with parameter Ay s and
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Pr{Sy <-x|zy = k} = Pr{Uy_; > x + Sy, + V\ Uy, > Sy, + V,Zy = k}

-A X

k
Prily_, > X!ZN = k} = e for x> 0

by the lack of memory of the exponential distribution. Thus

-Akx

K
Pr{SN < - x} = kzl a5 © for any x> 0 .

But this implies that

(02) E{sy} = - 2 qu k > - @,

Next we use a variant of Wald's equation to show that E{N} < =,
We apply Lemma A5 with Zo = Vo’ Zk = Xk for k=1,2,..., and

stopping time K. We have

E{SN}

E{V } + E{X;} E{N}

b, + (b-a) - E{N} .

J

It follows that E{N} < », and consequently E{M} < =,
Again we apply Lemma A5 , with Xj = Uj-l and Fk being
the o-field generated by V_,U ,V;,U;,...0U (.Vedie. for k2 1.

zZ, = U,sUpsU are iid and U -is dependent

k-1> Vi) 1°Ups0 e k-1
on Zk. Since we could define M as
inf{k : (VO-UO) + (V1~U1) ot (vk-l'uk-l) < 0}, it follows that

M<sk] e Fk' Therefore

Ex } Uit = e E{M} < = .
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~

But 0 < Yj < U0 + U1 ...+ UM-l’ so that mj = EYj < w ,

COROLLARY: For all j, k wjk(s) is differentiable to the right at

s = 0.

PROOF: Since wjk(s) is a multiple of a Laplace transform of a

non-negative random variable,

1 (8) = 0, (0)

13
wy (0) =  lim %
J def s>0+

is well-defined, either finite or +w. Now

K
k§1 “jk ()

is the Laplace transform of the length of a type j busy period, so

Z Wiy '(0) = BY; = my .

) f
It follows from the Lemma that wjk (0) is finite for all j,k. g

We can now prove

LEMMA 4.12: Each uj(s) is differentiable to the right at s = 0.

PROOF: Suppose first that u(s) is an eigenvalue of Y¥(s) such that

u(0) = 0. Then u(s) is defined implicitly by the equation

K .
J c.)us)¥ =0  (rRe(s) 2 0) ,
j=0 1

where Cj(s) is a polynomial in the elements of ¥(s). Now CO(O) =0

and Cl(O) # 0, since 0 is a non-repeated eigenvalue of Y¥(0).
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Recalling that wij(s) = (Ai + 5)6ij - Aiwij(s) s we see by the above
corollary that each Cj(s) is differentiable to the right at s = 0.

Now

K .
I 1(c;(s) - 500D (us))? + ¢5(0) (us)?} = 0
j=0

for all s jin {Re(s) 2 0}, so that for all s > 0

C.(s) - C:(0) . j
! I— )y’ + codtelh - o

S

i t~15

j=0

Since Cj(s) is differentiable to the right at s = 0 and wu(s) is

continuous to the right at s = 0, it follows that

K j .
lin § ¢;(0) L) o gy (uis) cj(O)(u(s))J’l

s>0+ j=0 s+0+| 3 5

LI s B

1

exists. But

K .
lin J c (@ = #0, so 1in EEL
s*+0+ j=1 s+0+

exists, i.e. u(s) is differentiable to the right at s = 0,
Suppose now that u(0) = ¢ # 0. Let Wc(s) = ¥(s) - cIK .
Then Wc(s) has an eigenvalue n(s) such that n(s) = u(s) - c.
Singce n(0) = 0 and WC(O) has « distinet eigenvalues, we may
proceed as above to show that n(s) (and consequently wu(s)) is

differentiable to the right at s = 0. O

Thus, we have shown by Lemmas 4.10 and 4.12 that (4.9) holds, and.

by the Corollary to lLemma 4.10, we have
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. K . -wu, (0)
m(w) = wu, (0) - jzl Hy (0) e I, (4.10)
We need to consider how to compute the quantities uj(O),ul'(O),Hj’(O).
We know already that ul(O) = 0; the non-zero eigenvalues of ¥(0)

are positive roots of the equation Q(z,0) = 1. Write Q(z) for
Q(z,0). If this equation had more than k-1 positive roots, then

we would need to consider the limiting behaviour of the roots of the
equation Q(z,s) = 1 as s»0+ in order to decide which positive

roots of Q(z) = 1 were the eigenvalues of ¥(0). Our next result

shows that this contingency does not arise.

LEMMA 4.13: The equation Q(z) = 1 has exactly «-1 positive roots.

PROOF: From»the proof of Lemma 4.10 we know that the equation
Q(z) = 1 has at least one root in each of the intervals (Ai,xi+1),
i=1,2,...,k-1. We may show that once Q(z) 1reaches 1 in any of
these intervals it is strictly increasing throughout the remainder of
the interval, |
Let
A,

*
g;(z) = T By (2), § = 1,2,...,¢ .
j

Then gj(z) is the (bilateral) Laplace transform of a probability
distribution, with region of convergence {z : 0 < Re(z) < Aj},
although gj(z) is actually defined for all z in {Re(z) > 0}
such that z # A; « In particular, g;(z) = Ee V"D, yhere v
and U are independent random variables such that V has d.f.

B, and U is exponentially distributed with parameter Aj. On the

J
non-negative real axis gj(x) has the following properties:
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(P1) gj(O) = 1, gj(x) >0 for all x ¢ (O,Aj), gj(Aj-O) z + o ;
1]

P . = A. - b,

(P2) gj"(O) 1/7‘J j

(P3) g (x) >0 for all x ¢ (O,Aj) ;

(P4) g(x) <0 and gj'(x) >0 forall x> 1, .

(P1),(P2) and (P4) are clear since

A, *
. A, * j B. (x) .
&5 (x) = Aj - X Bj G > (Aj - x)2 ’

(P3) follows from the equation

®
1 -
gj (x) = [ u2 e WX Gj(du)
- 0D

where Gj is the d.f. of V - U [23; p. 240],-since this integral
is finite and positive for all x ¢ (O,Aj) (gj(z) is analytic for
0 < Re(z) < Aj) . i

We now consider the behaviour of
mn=§%%u)

for x = 0.

Q0) = 1,0'(0) = § m.(I/A, -b:) =a-b>0,
j J ] J

and Q(x) is convex for all x ¢ (O,Al) by (P3) (Recall that
Al < Az < ... < AK) . Therefore Q(x) > 1 for all x ¢ (O,XI).
From (P4) it is clear that Q(x) < 0 for all x > AK, sb that the

equation Q(z) = 1 has no roots in the intervals (O,Al) or

(A

«*®). For the interval (As25,0) 1 e {1,2,...,6-1}, we define
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flcx) nlgl(x) S nigi(x) X # Al,...,ki,x 20,

fz(x) = “i+1gi+l(x) L anK(x) x # Ai+1,...,AK,x z 0.

By (P4) fl(x) is negative and strictly increasing for x > Ai. Now
0 < fz(x) <o for 0 < x < Ai+1’ and f2(A1+1 - 0) = + o, Therefore
we can define X, = inf {x : x 2 A; and fz(x) 2 1}. The equation

Q(z) = 1 can have no vroots in (Ai,xi) since Q(x) = fl(x) + fz(x)<1
for all x (if any) in this interval. By (P3), f2(x) is convex in

(0,A. . ,). Therefore, since f2(0) = 1 and f2(xi) 21, fz(x) is

i+l
strictly increasing in the interval (xi,ki+1). It follows that Q(x)
is strictly increasing for x ¢ (xi,Ai+1). Since Q(Ai+1 - 0) = + o,
Q(Ai + 0) = - » it follows that Q(z) = 1 has exactly one root in

(Ai’Ai+1) for each i e {1,2,...,k~-1}. Thus there are exactly k-1

peositive roots. 0O

Thus “2(0)""’“K(0) are unambiguously determined if k-1
positive roots are found for the equation Q(z) = 1. A simple
iterative technique, such as Newton's method, is appropriate here.

We may obtain “1.(03 by differentiating equation (4.8) at

s =0, settingi =1, We obtain

]
a
o (0) = == 5

1 1]
We may obtain H1 (0),...,HK (0) as follows. If we differentiate
equation (4.7) with respect to s and set s = 0, then we obtain

these « linear equations:
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t
€ AHC0) Bty () 1t (0 -1
: . = J(o) = =Y s 1= 1,000,k . (4.11)
k=1 I ¢ j

To summarize, we have the following procedure for computing m(w):
Procedure B:
1) Solve the equation Q(z) = 1 for uz(O),...,uK(O).

1
2) Compute Uy (0) = 5 f 5

3) Solve Equation (4.11) for Hy (0),...,H  (0).

Then
) K v - WUj (0)
m(w) = wuy (0) - I H, (0) e .
je1

Hence we can calculate for each i

m, = j m{w) Bi(dw)

Q
' K f % .
=4y (0) by - jgl H (0) B; {u;(0)} . (4.12)

If we know the stationary probabilities Ylf""yk’ where Yj is

the probability that a busy period be of type j, then we can

calculate the overall mean length of a busy period m = Z ijj .
Between busy periods are time intervals during whici the server

is free (or the queue empty) - we call these idle periods. The length

of an idle period is the time to the next arrival after the end of a

busy period. If the busy periad ended during arrival state j, then

the length of the idle period has an exponential distribution with
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parameter Aj. The stationary probability that a busy period end
during arrival state j is Yj » Since the next busy period must
necessarily be of type j. Therefore the mean length of an idle

period is

K -1 .
) Yy e A, " =a , say.
j=1 )
By an axgument similar to that in [g5 ; p. 37], we could derive the

intuitively obvious result, that the stationary probability that the

¥

server be free is iTéFEPF .

REMARK: When « = 1, the present model reduces to the case of
random arrivals (or the M/G/1 queue). A well-known result for the
case of random arrivals is that the stationary probability of the
server being free is 1 - p, where p= b/a [5; §2.7]. This
result is not true for the present model when « > 1: by (3.11)

we have

K

Pr{server is free} = J 1, = 22 b
j=1 J a

*
Thus Pr{server is free} = 1 - b/a iff a = a , and by Lemma 3.5
this is not true in general. -
EXAMPLE: We solve for m(w), ysees s in the case « = 3, with

-0.X
service time d.f.s Bj(x) =1-¢ J . We take

T, = }- My = }- T, = l

1 4 72 2 '3 4
Al =1, 12 = 2, AS =3
01 = 2, oz 69 03 - 1.
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Carrying out Procedure B, we find that
uz(O) = 1.34(3), us(O) = 2.89(4).

The mean overall service and inter-arrival times are

b= 11/24, a = 7/12
t
s0 1y (0) = 14/3. Solving (4.11) we find that

Hl'(O) = - 0.73, H, (0) = 0.22, Hg (0) = 0.51.

-1, 34w 1 e-2.89w

Thus m(w) = 14w/3 + 0.73 - 0.22 ¢ - 0.5 and
m1 = 2,73, m, = 0,98, my = 5.17.

- §0lving Equations (3.9), (3.10) we obtain

T = 0.068, Ty = 0.090, Ty = 0.034.

The stationary probability that the server be free is

Yty = 0.19.
j

Therefore the stationary probabilities Yj are
Yy ® 0.36, YZ = (.47, Yy = 0.18

(c.f. LT 0.25, Ty = 0.5 m; = 0.2%), and the mean length of a

general busy period is

m = (0.36)(2.73) + (0.47)(0.98) + (0.18)(5.17)
= 2.37.
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4.4 The backward transition model with Ay =

The method of Section 4.2 may be applied to the (more general)
backward transition model with Ao= ® , We obtain analogues of
Theorems 4.1 and 4.2. However the integral equation corresponding to
(4.5) involves components of the busy period transform ¢(w,s) rather
than ¢(w,s) directly. As a result we are led to much more compli-
cated equations.

We recall that arrivals for this model correspond to transitions
into state 0 of an homogeneous Markov chain (Zt) with state space
{0,1,...,¢}. The time spent in state i between transitions has an
exponential distribution with parameter Ai; at a transition the
next state is chosen from {0,1,...,k} according to the probabhilities
{Pij}‘ We suppose Poo = 0 (0 is an instantaneous state since
Ag = ® ).

We may describe this model in terms of infinitesimal probabili-

ties as follows. Given Zt =1i#0, 1>0:
Pr{type 1 arrival in (t,t+1)} = APi T * o(t) ,

Pr{transition to state j # 0 in (t,t+1)} = Aq (pij + piopoj)t

+ o{t)

Prino transition in (t,t+1)} =1 - AT+ oo(T) .

At each arrival epoch the next state of’ (Zt) is selected from
{1,2,...,x} according to the probabilities {Poj :j =1,2,...,c}.

Thus we see that this model reduces to the backward model with «
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customer types and exponential arrivals if Pio = 1 for each i,
As in Section 4.2 we suppose that a customer with service time
w has arrived at time 0 to find the server free. Let (Wt),Y(w)
and ¢(w,s) be defined as before. (Zt) is now the guiding chain
described above; we take Zt to be right-continuous, and define
¢ij(w,s) as before. Once again ((Wt,zt),tEO) is an homogeneous
Markov process, so we may prove analogues of (4.1) and (4.2), with

“j replaced by poj .

Let wij(s) be as before, and Y¥(s) the «k x k matrix with

(i,j)-element

wij(s) = (Ai+s)6ij - Aipio wij(s) - Aipij .

We may show as in the proof of Theorem 4.1 that

-¢ij(h,s) = poi{(l - (Ai+s)h)éij + Aipijh * AP, ij(s)h} + o(h)

as h > 0+. Therefore we have the following analogue of Theorem 4.1:

PROPOSITION: ¢(w,s) satisfies the matrix differential equation

3%,— 0w,s) = - 2(w,s) ¥(s)

for all w> 0, s in {Re(s) 2 0} . 0O

Since ¢(w,s) = ¢ij(w,s), we have the following analogue of
i3]
Theorem 4,2:

PROPOSITION: PFor all w 20 and all s in <{Re(s) 2 0} such that

¥(s) has « distinct eigenvalues, ¢(w,s) is of the form
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K Wi, (s)
$p(w,s8) = Z Hj(S) e J
j=1
Beyond this point the analogies with Section 4.2 begin to break

down. Por example, the proof of Lemma 4.5 dpes not work for the
present model. More importantly, when we attempt to solve for
Hj(s),uj(s) we find that the integral equation corresponding to
(4.5) is

K -(s+Ak)w Y —(Ak+s)z
¢(w,s) = kzlpok{e * MPro je j¢(w-z+v,s)Bk(dv)dz

o 0

-(Ak+s)z
¢j.(w-z,s)dz} .

K
' j§1 P l °
Since this involves the components ¢j;(w,s) we cannot obtain
equations for Hj(s),uj(s) as before. Now ¢j.(w,s) is the jth
row-sum of the matrix ¢(w,s). Therefore, as in the derivation of
Theorem 4.2, we see that, if Y¥(s) has «k distinct eigenvalues
Hy(8)5eeeum (5],

W llk(s)

K
b5, (w,8) = [ Hy(s) e ,

k=1 1
where ij(s) is the jth row~-sum of the matrix 2k(W(s),s)ﬂ We may
obtain equations for uj(s),ﬂjk(s) by substituting this expression

for ¢j-(w,s) into the integral equation
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-(s+Aj)w v —(Aj+s)z
q’j. (w,s) = Poj{e + )‘jpjo Je J ;Zl:d)i' (W'Z"'V:S)Bj (dv)dz
) 0

K -(Aj+s)z
+ kzl Ajpjk J e ¢k.(w-z,s)dz} .
0

However, the equations obtained are much more complicated than

(4.7),(4.8), and do not seem amenable to further treatment.
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If f(x) is a real or complex function of a real variable,

then we define the Laplace transform of f to be

<«

£9(s) = ] e 5% £(x) dx

-c
wherever this integral cdnverges for s complex. If F is a non-
decreasing function of bounded variation on R, then we define the
Laplace-Stieltjes transform of F to be

F(s) = J e” 3% Fedx) .

[+

If F(x) = 0 for all x < 0, then

F*(s) = J e 5% p(dx)
o

= sFo(s) (from integration by parts).

%
If F is the d.f. of a non-negative random varigble, then F (s)
*
converges for all s with Re(s) 20 . Alsp F (s) 1is analytic in
{Re(s) > 0} and continuqus to the right at the imaginary axis. We

have

LEMMA Al: If F is the d.f. of a non-negative random variable, then

*
F (s) cannot vanish on the positive real axis.
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*
PROOF: Suppose F (c,) = 0 for some ¢, > 0. This implies

*
F (s) =0 for all s with Re(s) = o > O, s since

IF (s)] = {le"%%] F(ax)

-0 X

<le ° F(dx)

Ot § O~ 8

< F*(co) .

*
But this is impossible since F (s) has isolated zeros throughout

* *
its region of analyticity (F (0) = 1 implies F (s) 2 0) . 0

LEMMA A2: If H(x) = K(x) = 0 for all x < 0, where H is a non-

decreasing function of bounded variation, and

(x
j K(x-u)H(du) (x20)
)

G(x) = 1 ,
0 (x<0)

then

6¢s) = K°(s) H (s) .

If K 1is also a non-decreasing function of bounded variation, then

* * *
G (s) = K (s) H(s).

PROOF: If we put X - u=v, u =z then we have
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6°(s) =

[
O .3

X
e 5% j K(x-u)H(du) dx
0

e”S(V*2) ¥y dv H(dw)

H
O Y 8
O Sy 8

Ko(s)H*(s) .

The second part follows since G is of bounded variation if H and

K are [23; § 11], and G*(s) = sGo(s) . a

LEMMA A3: Suppose f is a continuous complex-valued function

on a compact set E of complex numbers such that |f(z)| < ¢ for

all z ¢ F, a closed subset of E. For 2 e E, let

p(z,F) = inf{|z-y| : y ¢ F} . Then there exists & > 0 such that

p(z,F) <8 = |f(2)]| <c .

PROOF: [£| is continuous on F and therefore attains its supremum
in F. Thus there exists ¢ > 0 such that lf(x)l £c¢c-¢ for all
zeF . By Theorem F in [19], £ is uniformly continuous on E,

so there exists & > 0 such that for any X,y € E
lx-y| <8 = [£x) - £0)] <€ .

Suppose p(z,F) < § . Then Iz-yl <6 for some y ¢ F. Hence

l£(2)| < |£(z) - £0)] + e |
g+ ¢ -¢

=c. i}
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LEMMA Ad4: If Y1s¥ps++esY, are distinct complex numbers with

n tyi
c; e =0 for t=1,2,...,n,
i=1

then ci = 0 for all i .

PROOF: If cj # 0 for some j, then

Y y b4
e l e 2 L] . e n
2y1 2y2 - eZyn
e e = 0
ny ny ny
e 1 e 2 LI e n

Therefore some non-zero linear combination of the rows of this

determinant is zexo, i.e. there exist dl,...,d such that

n
n t)’i N Y
Z dt e = 0 for each i =1,2,..., n. Hence e is a solu~
t=1
tion of the equation
n
I d xF=o0
t=1
for each i = 1,2,...,n . But this equation has at most n

distinct solutions, one of them being x = 0, so YpseeesYy cannot

be distinct. 0

LEMMA A5: Suppose Zo’zl’ZZ”" are independent randem vectors

with Zl’ZZ"" identically distributed. Let Fk be the o-field

generated by Zo’zl""’zk (k 2 1), and suppose that N is a

stopping time with respect to {Fn} » i.e. N is a random variable

taking positive integral values such that [N < k] ¢ Fk for each
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k 21, Suppose {Xn} is a sequence of random variables such that

Xk = f(Zk) for some function £. Let Sn = X1 e * Xn (n21) .

Then

E{SN} = E{xl} ° E{N}
whenever the right-hand side is well-defined (possibly infinite) .

PROOF: This result may be proved using the method of [18], since
2y5+++,2, of remark (¢) in [18] may be random vectors and the

presence of Z = does not affect the argument. a
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