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ABSTRACT

A displacement formulation of the finite element method is used to golve the
generalized plane strain problem of the creep of a uniaxial metal matrix composite sub-
jected to axial load and normal lateral loads. Imelastic strains are considered as
initial strains in the finite element analysis. The composite is examined from a
micromechanical point of view. Particular boundary conditions resulting from rectangular
" close-packed filament spacing are included in the analysis.

For the special case of no lateral loads, amnalytical predictions are compared to

experimental results for a posite of copper wires embedded in a lead-tin alloy matrix.
The finite element method provides an efficient solution to this problem. Analytical
results so obtained agree well with experimental results. Furthermore, for sample cases
of zero lateral loads, axial strain of the composite as predicted by the finite element
method agrees well with a composite mixing-law prediction.
Analytical results are also given for a silicon-carbide titanium composite subjected
to axial and lateral load combinations. For this composite system under axial loading
. (zero applied lateral loads), the mixing-law solution is again adequate to predict the
axial strain; however, it is shown that lateral interaction has a significant influence

on the stress state within the matrix of the composite.

INTRODUCTION

With the increasing number of high temperature applications of metal matrix com-
posites, it is of interest to examine the creep of these materials. In particular, this
study presents a micromechanical solution for creep of a uniaxial, continuously rein-
forced, metal matrix composite. The composite is subjected to comstant axial and
normal lateral loads at conatant temperature.

The analysis is greatly simplified if the following assumptions are made. First,
the region of the composite member investigated is sufficiently far from loading regions
so that axial components of shearing stress at the fiber matrix interface are negligible.
Second, in the cross-section the fibers are taken to be positioned in a regular, rectangular
array. Third, the component materials of the composite are taken to be isotropic and
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homogeneous throughout the loading process. »
The first and second assumptions lead to the condition of generalized or modified plane
strain. For this state in uniaxial reinforced composites, the non-zero stresses consist
of normal stress in the fiber direction, normal stresses in the lateral directions, and
shear stress in the lateral plane. The strain in the axial direction is not assumed

but is considered unknown.

One-Dimensional or Mixing-law Analyses. If there are no applied lateral loads, the
important special case of the uniaxial composite under axial loading results. Furthermore,
1f stresses developed by the lateral interaction between the fiber and matrix are consi-
dered small, a ope—dimensional state of stress 1s assumed to exist. Under these conditions
the axial stresses and creep strains may be predicted by an analysis based on a composite
mixing-law. This mixing-law analysis has been used to determine steady-state creep res-
ponse of uniaxial composites [1-4]. Ellison and Larndes [5] have used a mixing-law solution
to determine the primary response of a metal-matrix system. Antans and Skudra [6] have
used a viscoelastic material description, in conjunction with the mixing-law, to obtain a
solution for the axially-loaded reinforced plastic material. Axial creep of a short fiber
composite has been considered by deSilva [7].

Analyses which Consider Lateral Stresses. Because of good agreement with experiments,
the mixing~law analyses serve as indications that the assumption of a one~dimensional
stregs state is probably valid for the axially loaded, uniaxial composite. Nevertheless,
in complicate& load and temperature histories, a truer representation of the state of
stress, which includes the effect of lateral stresses, is required, even for the axial
loading case.

To solve the more gemeral problem where stress due to lateral interaction is mot ig-~
nored, investigators have used finite element methods. Owen, Holbeche, and Zienkiewicz [8]
congsider the plane problem of a short fiber interacting with neighboring fibers through
an inelastic matrix. They also consider the axisymmetric problem of a short fiber embedded
in a cylinder of inelastic material. Adams [9], in a study of inelastic deformation of a
unidirectional composite subjected to normal lateral loads, suggests a modification of his
method to include axial and normal lateral loads. However, to incorporate plastic strains,
Adams employs a technique which requires inversion of the matrix of the finite element
equations for each plastic strain change. For the iteration scheme used in the present
study, Adams' method would be extremely expensive from the view point of computer execu-
tion time. A more efficient analysis is presented by Isakson [10], who considers plastic
strains as initial strains, separate from elastic properties of the system. The virtues
of this approach are di d by Gr b and Rub tein [11]. In the present study, a

method is developed to incorporate boundary conditions resulting from the constraint of
rectangular fiber spacing and from the constraint of the generalized plane strain state.
The same technique is applicable to both types of constraint. This advantage does not
seem possible using Isakson's technique. For the particular problem being comsidered,
the present method appears to be more unified, but not necessarily more efficient, than

Isakson's.
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Even with the available analyses cited, there is a need to imvestigate the particular
inelastic problem of metallic creep. With the present study, it is hoped that the reader
can obtain a better understanding of the relative importance of the fiber-matrix inter-
actions within a creeping uniaxial composite.

ANALYSIS

Idealization of the Composite., Composite Repeating Unit. Since only regular, rectangu-
lar filament spacing in the composite cross-section is considered, we may divide the

composite cross-section into identical basic cells or repeating units as shown in fig. (1).
Because of the rectangular spacing, the streas states and strain states of every cell are
identical. Accordingly, if the stress and strain states for one unit or by symmetry ome
quarter of a unit are found, the stress and strain states for the entire composite cross~
gection are determined..-

To study the boundary value problem of a basic cell, we must replace the effects of
contiguous cells by appropriate boundary conditions. Piehler [12] gives an extensive dis-
cussion of these boundary conditions. For the rectangular unit considered in this
analysis, appropriate boundary conditions are listed in fig. (2). We note that conditions
which cause particular difficulty in the finite element idealization are those due to the
restriction that the cell surface z = 1 remain plane and normal to the z-axis and the
restrictions that surfaces x=a and y=b remain normal to x and y axes, respectively.
In the present study, the generalized plane strain constraint is satiefied by selecting
an element for the finite element analysis that is consistent with this comstraint.

Element Stiffness. Since it is possible for the composite to deform in the axial

direction, we include in the finite element idealization a degree of freedom in the 2z-
direction. Therefore, in addition to the triangular plane strain element with linear
varying strain (nodes at mid-points of the sides), a nodal displacement is included in the
z-direction, £ig. (3). The displacement functions for the element are

u(x,y) = Ay + Ayx + A3y + Al‘xz + Ay + A6y2
2 2
v(x,y) = Ay + Agx + Agy + Ajxt + Ay xy + A Y 1e))

w(z) = A13z

Since the surface z=1 of the element is restricted to remain normal to the z-axis, only
one nodal z-displacement is required.
Por small strains, the strain-displacement relations are
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Solving eq. (3) for the elastic strains eg = € ~ €,» etc., ve may write Hooke's law
for an isotropic material in the form

1-v v v 0
E v 1-v v 0 c
bl emma™ | v v 1-v o |- 267
1-2v
0 0 0 =
or
{o} = (D]} {e} - 26 £} @

where {0} = [0 , oy. O, T ]T is the stress vector, [D] is the elaaticity matrix,

E) = [ex.ey,ez.yxy] T 13 the strain vector and ()} = [cc,e;.ec Y y 1T 15 the
creep strain vector. In eq. (4), we have employed the condition that e: +€; +e: =0,
i.e., that this inelastic (creep) deformation is incompressible,

To be consistent with the assumed displacement functions eq. 1, the creep strains must

vary in a linear mamner within an element. Thus

€%} = [a] x ()
y
The elements of matrix [a) are defined once a set of creep strains is selected for the
corners of the finite element.
With eqs. (1) and (2), the strains may be related to the nodal displacements for an
element in the form .

€} = (8] ) 6)

vhere (B] 18 a known matrix and {u} 1s the nodal displacement vector. The equilibrium
nodal displacements which result from a given set of initial creep strains and a sat of
known applied forces on the element may be determined by the principle of virtual work.
The result is:

1
€ - (81T ) (B] & &} - 26 fy )T @)x v m
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where {f} is the vector of applied nodal forces.
After integration over the element volume, eq. (7) may be written

(k] )} = {£) + &‘) (8)

where (k] is the element stiffness matrix and the vector (fc] represents psuedo forces
which,when applied to the element,yield the creep strains selected for eq. (5); .
{£°) 1s thus called the "creep force" vector.

Finite Element Idealization of the Repeating Cell. The composite is idealized by an
assemblage of finite elements. A grid system that is used to model one of the units
(cells) is shown in fig. (4). By superimposing the element stiffnesses, we obtain the
total stiffness matrix of the system. The equations among all nodal displacements of the
grid are expressed by the usual relation

K] (U} = @)+ %) 9

Each element has one nodal displacement in the z-direction. However, because of the
generalized plane strain constraint there is only one z-displacement for the entire com-
posite unit. Iherefore; ounly one z-displacement unknown, w, is included in the vector
of unknowns, {U}. Letting the last entry in {U} be w, we obtain an unusual form for
the total stiffness matrix. Since every nodal displacement is directly influenced by w,
each equation among the displacements varies from its usual banded character to include
a term involving w. The matrix [K] however, is symmetric. A schematic representation
of the system of equations is given in fig. (5). By superposition to obtain (K], the
components of {F} and =), corresponding to w, are the total applied force in the
z-direction and the total "creep force" in the z-direction.

Essentially the same technique is used to include the displacement constraints on
the composite cell faces x=a and y=b. The face x=a is constrained to remain perpen-
dicular to the x-axis. Therefore, all x-displacements of that face must be equal. Simi-
lar considerations hold for the y-displacements on the face y=b. Thus, the vector {v}
has redundant displacement entries. It is desirable to eliminate redundant nodal dis-
placement unknowns from the assembled equations without disrupting more than necessary
the symmetry or banded qualities of the equatioms.

For convenience, the upper-right-corner node of the composite unit grid is given the
largest node number. The x and y-displacement components (u,v) of that node therefore
appear just above the z-displacement in (U} . They are unknowns N-2 for u and N-1
for v where the total number of equations is N. Consider the x-direction. The pro-
cedure to eliminate redundant unknowns consists in collecting all stiffnesses and forces
corresponding to the u unknowns into one equation as was done for w. To accomplish
this, each equation with a redundant u component on the main diagonal is added to the
equation N-2. To preserve the symmetry, the columns of [K] corresponding to the u
components of the face x=a are each added to column N-2. Now, except for the (N-2)nd

row and column, the rows and columns of the unknowns involved have been eliminated from
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the matrix {K)}. The size of the stiffness matrix is thus reduced by the number of nodes
on the face x=a less one. A similar procedure is used to incorporate the constraint of
the face y=b. The two remaining unknowns involved in these displacement constraints,
designated as u, and vy,» nOW appear in the system of equatioms as shown in fig. (5).
These two equations violate the band width of the other equations. As with the z-dis-
placement unknown, the forces associated with u, and v, are simply the total externally
applied forces and the total 'creep forces" on the corresponding faces. The remaining
displacement boundary conditions on the composite unit are incorporated as in the usual
finite element method.

Unfortunately, due to limitations of computer storage and execution time, the numerical
solution is a more difficult problem than the preceding analysis would indicate. These
difficulties are related to the manner in which the total stiffness matrix must be stored
for efficient calculations. If the total stiffness matrix is stored as a full matrix,
as shown in fig. (5), an intolerable number of zeros must be stored. Furthermore, even
if the zeros are stored successfully, machine operation on zeros in the computer solution
results in prohibitive machine time. The usual remedy for these difficulties is to take
into a t the gy ric banded properties of the matrix and store only terms onm or

above the main diagonal that fall within the band limit. However, in the present problem,
the three troublesome equations corresponding to U vy and w violate the band width
and must be considered as full equations. It is therefore necessary to store these three
equations as full and the remaining equations as banded. This remedy requires a special
equation solver and a great deal of "bookkeeping” to obtain a solutionm.

Description of Material Properties. The creep properties of the component materials

of the composite are introduced into the finite element solution through the "creep force"
vector of eq. (9). For this purpose, we assume that the Prandtl-Reuss equations of
plasticity theory predict the increments of creep strain necessary to calculate [Fc}.
Thus, for the increments of creep strains we write

A, =2 - g (10)

where AEZ is the equivalent creep strain increment given by

c V2 c c\2 c c,2
e 3 [(Aex - Aey) + (Aey - Acz)
1/2
c c.2 c 2
+ (Aez -Aax) + 6(Asxy) ] (11)
ae is the equivalent stress given by
1/2

2

xyl 12)

-l 2 2 2
%, = [(ox-cy) + (oy-oz) + (0,-0)) ,+ 60
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Aeij and si 3 are the tensor of creep strain increments and the stress deviator tensor,
respectively. ez the equivalent creep strain is given by
1/2

c_V2 c c,2 c_c.2 c c,2 c 2

€ = 3 [(Ex ey) + (ey cz) + (Ez cx) + 61-:xy ] (13)

With this formulation, all creep properties that are needed are obtained from uni-
axial creep curves. By eq. (12) and (13) the equivalent stress and strain properties
may be computed directly. The component material creep curves are approximated by an

appropriate empirical expression. For example Garofalo [13], suggests the relation

€® = A(sinh bo)" " (14)

where A, b, m and n are empirically determined parameters. According to Garofalo,
the hyperbolic sine function of stress gives an accurate fit to the creep curves over
a large range of stress. The parameters A, b, m and n may be determined by a least
squares curve-fitting technique described by Conway [14].

Creep Iteration Scheme. To develop the time dependent solution for creep, the
method of successive elastic solutions as described by Mendelsom, et al. [15,16], is
used. A brief description of the method as applied in the present study follows.

(1) An estimate is made of the creep strain increments that take place over a
time increment At. The creep strains and stresses are calculated for
corners of the elements. Therefore, it is necessary to estimate the creep
increments at each element corner.

(2) with this set of creep strains, the “creep force" vector, as described in eqs.
(7), (8), and (9) is calculated.

(3) After upper-triamgularizing the total stiffness matrix of eq. (9), the
first set of nodal displacements and subsequent sets, are obtained by back-
gubgtitution. The stresses at the element corners are next calculated and
used as input to eq. (10).

(4) The equivalent creep strain increment Ae: (eq. 10) is calculated by sub-
stituting the estimates of the creep strain increments in eq. (11).

(5) To determine the equivalent stress Og» the empirical relation, eq. (14),
is converted to an incremental strain hardening relationship between the
equivalent stress and strain in the form

Ae€ = f(o ,ec)At 15)
e e’ e

With the estimated creep strain increments, eq. (15) is used to determine
LA

(6) With the right hand side of eq. (10) known, new estimates of the creep
strain increments may be determined for the time interval At.
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(7) The improved creep strain estimates are then compared to the estimates assumed
at the start of the cycle. If they do not agree to within some pre-set
tolerance, the cycle is repeated using the improved estimates of the creep
strain increments as new initial guesses.

(8) When convergence is obtained to within acceptable tolerance, the accumulated
creep strain and total time are established. The increments of creep strain

at convergence are then used as the initial estimates for the next time step.

To accelerate the canvergence, every fourth estimate of the creep strain increments
is determined by a process called "extrapolation to zero difference" [16] (or Atkin's
62 process). The process determines the fourth estimate for Ae:j by using the preceding
three estimates to extrapolate to a point indicating zero difference between successive
estimates.

To accelerate the iteration, the length of the time step was varied in the calcula-
tions. A very small step is required for early times during which the creep is changing
rapidly. Initially, a relatively large number of iterations is needed to obtaim con-
vergence. However, as time proceeds, the slopes of -the creep strain vs time curves
decrease. This effect is coupled with improvement in initial guesses for creep incre-
ments. The net result is that the number of iterations necessary for convergence de-
creases as the solution advances in time. To improve the efficiency of the successive
elastic solution iteration, when the number of iterations required for convergence de-
creases below a specified level, the length of the next time increment may be increased
over the last step. In this study a ten percent increase was very satisfactory.

EXPERIMENTAL PROCEDURE

To check the solutionm, the special case of axial load with zero applied lateral
loads was investigated experimentally. Difficulties reported in the literature related
to the composite creep test such as the control of the component materials in composite
form and individually, the gripping of the composite, the fiber alignment and cross-
sectional spacing, and obtaining measurable axial creep were to a large part eliminated
by experimenting at room temperature with a model system consisting of 0.010 in. dia.
copper wires embedded in a lead-tin (Pb-Sn) alloy matrix. The wires were commercial
tough-pitch copper, and the matrix material was commercial solder, 40% by weight lead.

The fabrication of the composites was accomplished by first straightening the wire
and then winding it around a metal frame, the spacing between the wires being controlled
by a lathe feed. Small tabs were next cemented to the ends of the wires, fig. (6). The
tabs held the wire in place when it was removed from the frame. The wire mats which
resulted were next stacked and positioned within an aluminum mold. After cleaning the
wires and pre-heating the mold, the molten matrix material was cast around the wires.
The resulting composite cross-section for 14.2% fiber is shown in fig. (7). The reduced
section of the composite test specimens had cross-sectional dimensions of 0.625 in. by
0.375 in. and was 3.5 in. in length.

The wire properties were determined by testing individual wires which had been
straightened and he:t treated in a manner duplicating as closely as possible the heat
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cycle of the fabrication process. The elongation in a 10 in. gage length was measured by
a linear variable differential transformer. The creep curves for the copper wires along
with the empirical fit of eq. (14) are given in fig. (8). The blanks of the matrix mater-
ial were cast in the same mold as the composite specimens. Deformation of the matrix and
composite specimens was monitored by a wire resistance, clip extensometer. Experimental
creep and empirical curves for the matrix material are given in fig. (9).

The creep data for the titanium matrix material of the silicon-carbon titanium
(S1C-Ti) composite system studied, is that of Sidebottom [17]. The data is reproduced in
fig. (10). The SiC reinforcing is assumed to remain elastic. The elastic and creep
properties of the materials used are given in table (1).

RESULTS AND DISCUSSION

For the 335 unknowns (with band width 90) of the element grid shown in fig. (4), the
technique described to incorporate the constraints of the generalized plane strain and
the constraints of the lateral boundary conditions make am in-core, double precision
solution possible on the IBM 360/75. For this system of equations, approximately 20 sec.
was required to execute the first cycle of the creep iteration and less than 3 sec. for
each cycle thereafter.

The rate of convergence is dependent on the definition of convergence. The results
* presented here were calculated subject to the convergence requirement that the improved
estimates for the creep strain increments for each corner of each element were to differ
from the last estimates by less than the relative amount of 0.5% for the axial creep
strain increments and 1.0% for the other increments. During the early stages of the
creep solution, ten to twenty cycles were required to cbtain convergence. The later
stages of the solution required only two or three cycles for convergence. In general,
for cases with applied lateral loads, the number of cycles for convergence is slightly
greater than for the zero lateral load cases.

The "extrapolation to zero difference" reduced the number of iterations necessary
for convergence by at least a factor of two. Ten percent increase in time step size also
helped convergence. This improvement was probably due to the improvement in the initial
estimates for Ae:j at a given time step. The improvement is due to the favorable
interaction between the decreasing slope of the component creep curves and the increased
step size. Time increments at the start of the solution were taken as 0.001 hr. At the
end of the solution, five hours of creep data, the time increments had increased to
approximately 0.5 hr.

The experimental and analytical results for axial loading of the Cu-(Pb-Sn) composite
are given in fig. (11). In contrast to the good agreement between theory and experiment
for the 4 ksi load, the 3 ksi and the 5 ksi experiments deviate from the theory. In the
3 ksl case, the deviation is believed due to the failure to consider creep recovery
in the hardening scheme. The deviation in the S ksl case is due mainly to the fact that
the load on the wvire reinforcement exceeds the range in which the properties for the
copper were defined. The analytically predicted axlial stress Iin the copper after 0.5 hr.
1s 29.2 ksi. This is well above the stress levels considered for copper in fig. (8).
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In fig. (11), the analytical predictions from the analysis based on the composite
nixing-law are in close agreement with the finite element solution. This result indicates
that either the effect of the lateral interaction averages out or that the lateral
interaction quickly diminishes to zero. The latter is seen to be the case by fig. 12.

In fig. (12) it may also be noted that the stress boundary condition on the face x=a
given in £1ig. 2 1s satisfied.

The conditions which lead to the lack of importance of the lateral stresses are
first, the low density of the filaments for the composite considered, and second, the
inability of the matrix material to support large stresses. The varying Poisson's
ratios of the component materials also contribute to the smallness and rapid decay of
the lateral stresses. With plastic strain, the Poisson ratios of both component materials
tend towards 0.5. Since the ratios are converging toward each other, the tendency
for lateral interaction decreases with creep. The rapid decay of the lateral stresses
was also found in a composite of 62.1% copper.

In a creeping composite material where the fiber remains elastic this convergence
of the Poisson's ratios does not occur. The axial loading of a SiC-Ti composite was
investigated analytically to study this effect. The contours for stress ox, fig. (13),
show that the lateral stress is intensified by the creep. It dags not, however, become
very large in relation to the 160 ksi axial stress on the composite. The axial strain
ez as predicted from the mixing-law analysis and as predicted from the finite element
analysis are in close agreement.

A study of the axial stress o, in the cross-section, fig. (13), reveals that axial
compression is developed in the matrix of the composite lcaded axially in tension. For
the case of cyclic creep loading on such a composite there would be a stress amplifica-
tion effect within parts of the matrix. This amplification could strongly influence the
fetigue and fracture properties of the composite.

Analytical results for a non-zero lateral load case, Ex = =15 ksi, on the silicon-
carbide titanium composite are given in fig. (14). We see that the stress concentrations
are intensified with creep.

A more detailed discussion of the topics of this paper appear in ref. (18).

Conculsions

1. The method described to incorporate the axial and lateral comstraints into
the finite element method provides a direct and efficient means to solve for
the complete set of stresses and strains in a creeping uniaxial metal matrix
composite subjected to axial and normal lateral loads. More complete material
descriptions are needed to improve the solution and to make possible the in-
clusion of epoxy matrix materials.

2. The Cu-(Pb-Sn) composite was found relatively easy to fabricate and test and
thus provides a suitable system for creep studies.
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3. For the composites studied, consideration of the lateral interaction
in the axial loading case (no laterally applied forces) did not significantly
change the prediction for axial strain from that of a one-dimensional creep
analysis.

4. For the elastic fiber plastic matrix case studied, the lateral stresses
intensified with creep. The lateral stresses did not become large relative
to the applied axial load, but their influence on the state of stress within
the composite i8 significant.
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TABLE 1. CREEP AND ELASTIC MATERIAL PROPERTIES

Coefficlents of eq. 14

Material T(°F) E(ksi) v A b m n
Cu 74 16,000 0.33 0.001598 0.03 2.60 0.102
Pb-Sn 74 4,855 0.43 0.03391 0.246 1.90 0.585
SiC 1000 70,000 0.24 — — -— —-—

Ti 6Al-4V 1000 11,500 0.34 0.000582 0.16 0.92 0.591
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DISCUSSION

A. PHILLIPS, U.S.A.

Q

since we do not know much about the material behaviour. I suggest that additional experimen-

It is not surprising that there is a discrepancy between theory and experiment,
tal work should be directed towards learning more about the material behaviour.

A.P. BORESI, U.S. A,

A

fiber and matrix with presently known material properties. However, at Illinois we have a

I agree. The simple objective we had here, was to compute the interaction of

program in which more complete studies of composite materials are being conducted.

R.W. WEEKS, U.S. A.

Q

histories or only for constant loading ?

Did you attempt to analyze the behaviour of the composite under variable loading

A.P. BORESI, U.S. A,

A

loading will be considered.

Not in this particlar paper. However, we have started a program in which stepped

R. K. PENNY, U. K.

Q Could you say more about the one-dimensional mixing law ?

A.P. BORESI, U.S. A,

A

matrix by volume content, much as is done in ultimate strength calculations in reinforced

Yes. The mixing law is a proportional of load carrying capabilities of fiber and

concrete.

E. Y. W, TSUI, U.S. A.

Q

banded diagonal matrix, as illustrated by the vertical and horizontal branches of the Kij's.

In the resulting matrix formulation, there are coupling terms in addition of the
Would you comment on the causes which produce these coupling terms ?

A.P. BORESI, U.S. A,

A

forces of the element and the axial displacement constraint. The axial displacements enter

Yes. These terms come from the displacement boundary conditions on the lateral

into all elements of the finite element model. The lateral displacements enter into finite
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elements on the lateral surface. The result is a set of three equations which result in the

horizontal and vertical branches of the stiffness matrix.

Q D.G. HAVARD, Canada

Would the authors please clarify their assumptions regarding the variation of

Poisson's ratios of their materials with stress level.

A A.P. BORESI, U.S. A,
material. For the inelastic part of the strain, Poisson's ratio was effectively taken to be
0.50.

The elastic value of Poisson's ratio was maintained constant for each component



