ABSTRACT

JHUANG, AN-TING. Spatial Signal Detection Using Continuous Shrinkage Priors. (Under
the direction of Montserrat Fuentes and Brian J. Reich.)

The statistical problem of identifying spatial regions affected by an experimental
factor has many applications, including epidemiology, neuroscience and materials science.
Motivated by the problem of detecting changes in two-dimensional X-ray diffraction data,
we propose a Bayesian spatial model for sparse signal detection in Chapter 2. Our model
places considerable mass near zero and has heavy tails to reflect the prior belief that
the image signal is zero for most pixels and large for an important subset. We show
that the spatial prior places mass on nearby locations simultaneously being zero, and
also allows for nearby locations to simultaneously be large signals. The form of the prior
facilitates efficient computing for large images. We conduct a simulation study to evaluate
the properties of the proposed prior and show that it outperforms other spatial models.
We apply our method in the analysis of X-ray diffraction data from a two-dimensional
area detector to detect changes in the pattern when the material is exposed to an electric
field.

In Chapter 3 we extend the spatial horseshoe prior to the spatiotemporal setting.
Periodontitis is a chronic inflammatory disease that affects the gum tissue and bone sup-
porting the teeth. The whole-mouth average pocket depth has been commonly used as
an indicator of periodontal diagnosis, without considering the spatial correlation across
teeth. The objective is to flag local regions of deterioration for individual patients simul-
taneously. We achieve the objective via the spatial horseshoe prior on spatially-varying
linear-trend coefficients. We also consider a low-rank representation to capture the non-
stationary covariance structure of the PD data and reduce the computational burden so
the method can be applied to thousands of subjects. The empirical results exhibit an
improvement in prediction when we use shrinkage priors with nonstationary covariance.

Exposure uncertainty is a common concern in health studies such as the periodontal
example of Chapter 3. As an example, in Chapter 4 we consider maternal exposure to
ambient air pollution during pregnancy has been linked with adverse birth outcomes in
recent studies. However, there are remaining uncertainties and challenges in understand-
ing the effects of particulate matter exposure on neonatal health including uncertainty

of exposure measurement errors using environmental monitoring data, the variation in



sources of particulate matter, the identification of a critical window of exposure, and
the residential mobility. Our access to geocoded addresses for the pregnant women gives
us an opportunity to examine potential effects of air pollution on fetal development. In
Chapter 4, we investigate the misclassification effect of fine particulate matter due to
residential mobility on evaluating the risk of congenital heart defects. Consideration of
maternal residence during pregnancy does not lead to significant difference in the em-
pirical results. However, the simulation study shows that the estimation bias and mean
squared errors increase as the moving proportion is higher and the moving distance is

longer.
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Chapter 1
Introduction

Spatial data is now almost everywhere. There is a wide spectrum of statistical methodol-
ogy established for di erent types of spatial data (e.g. point-referenced, areal and point-
pattern), with a thorough overview in Cressie (2015) and Gelfand et al. (2010). The basic
idea behind spatial statistics is that observations are dependent and decreases with the
distance between points. The relaxation of the independence assumption better quanti-
es uncertainties and leads to more accurate and precise estimation and prediction. The
application areas are broad including public health, meteorology, forensic science and so
on. In this dissertation, we focus on sparse signal detection and misclassi ed exposure
assignment for spatial data.

1.1 Spatial sparse signal detection

The objective of sparse signal detection is to identify a small number of non-zero signals
from noise. It can be viewed as a large-scale multiple testing procedure. Computational
burden and false discovery rate (Benjamini and Hochberg, 1995) are the two crucial
elements of this problem. The corresponding statistical methods have been established
followed by the progress of computational power, in both the frequentist and Bayesian
frameworks (Mallick and Yi, 2013). It is usual to deal with high-dimensional data due to
the advancement in technology. A common application of spatial sparse signal detection
is to nd problematic regions using biomedical images such as magnetic resonance imag-
ing, di usion tensor imaging, electroencephalography data etc (Mori and Zhang, 2006;
Gryparis et al., 2009; Derado et al., 2013; Liu et al., 2016; Kang et al., 2018).



Distinct from the usual applications in biomedical imaging data, our approach in
Chapter 2 was motivated by a material science analysis of two-dimensional X-ray di rac-
tion (2-D XRD) data. The research goal is to examine if the material has structural
changes if an electric eld is applied. The statistical objective is to develop a powerful
technique to identify the locations of signals in two-dimensional images. In Chapter 2, we
propose the spatial horseshoe (SHS) prior, the rst continuous shrinkage prior for spatial
data so far to solve the scienti ¢ problem. The SHS prior achieves sparsity and avoids the
problems of poor mixing and slow convergence in classical two-component mixture pri-
ors (Carvalho et al., 2010; Johnson and Rossell, 2012). A simulation study demonstrates
that the proposed method is e ective at identifying spatial signals. In the application
of the 2-D XRD data, we nd improved cross-validation performance compared to other
methods.

Next, we extend the SHS prior in spatiotemporal settings for oral health surveillance.
The whole-mouth average pocket depth (PD) has been frequently used as an indicator of
periodontal diagnosis. However, we can facilitate the intervention if we can speci cally
identify places in the mouth where periodontal disease is progressing. In Chapter 3, we
introduce a Bayesian spatiotemporal model to detect local regions of deterioration for
individual patients via the SHS prior on the site-speci c linear-trend coe cients. We
consider a spatial shrinkage prior to re ect the prior belief that there are usually only
a few unhealthy sites in one's mouth during a short period of time. In addition, the
consideration of a low-rank representation captures the nonstationary spatial covariance
structure of the PD data and to relieve the computational burden of analyzing the data
of thousands of subjects.

1.2 Spatial exposure assignment

Aside from disease surveillance, environmental health is another important issue in public
health. Environmental exposures indicate that being in the presence of some substance
in an environment such as air pollutants and hazardous waste, which can lead to health
problems (Elliott et al., 2001). Namely, we obtain the value of an exposure based on a
speci ¢ time and space. The associations between exposures and health outcomes are
commonly the main focus in studies of environmental epidemiology. The ndings can
expand scienti ¢ discovery and guide the public health policy. However, the empirical



results may not be valid due to confounding, spatial misalignment error and other factors
(Sheppard et al., 2012; Sarnat et al., 2013; Avanasi et al., 2016). Various methods have
already been introduced to calibrate the measurement error (Molitor et al., 2007; Gryparis
et al., 2009; Berrocal et al., 2012; Alexee et al., 2016).

On the other hand, it is challenging to incorporate residential mobility and evaluate
its e ect on the relationship between exposures and health outcomes because lack of resi-
dential information or poor data quality. In exposure assignment, it can be problematic to
assume that people have not moved during a period, especially for a long time (Can eld
et al., 2006; Chen et al., 2010). In Chapter 4, we investigate the e ect of misclassi cation
of ne particulate matter exposure due to ignoring residential mobility during pregnancy
on the modeled risk for congenital heart defects (CHDs). The availability of geocoded
latitude and longitude for the infants in the National Birth Defects Prevention Study
(NBDPS) enables us to examine potential e ects of air pollution on CHDs. We nd that
the strong correlation of exposures at mobile and stationary addresses leads to negligible
di erence in empirical results. In the simulation study, we obtain that the misclassi-
cation e ect of exposures grows when the moving proportion and distance increase,
presented in larger bias and mean squared errors.



Chapter 2

Spatial Signal Detection Using
Continuous Shrinkage Priors

2.1 Introduction

X-ray diraction (XRD) is a powerful technique to characterize the atomic structure of

a material. There are nearly 300,000 structures cataloged in the International Center
for Di raction Data (Thomas, 2012; Editorial, 2014). For example, we analyze the XRD
pattern of lead zirconate titanate (PZT). PZT is a useful functional material known as

a piezoelectric. As a piezoelectric, PZT changes shape when an electric eld is applied,
making it useful for actuation, positional control and energy conversion. The material we
investigate in the present study is a commercially available PZT polycrystalline ceramic
material known by the tradename K350 (Piezo Technologies). This material has been
studied previously under varying temperature, electric eld, pressure and deformation,
making it an established material (e.g., Katrusiak, 2008; Dutta and Singh, 2011; Gorfman
et al., 2011; Esteves et al., 2015) that is suitable for the present investigation. The data in
the present experiment are acquired using a two-dimensional area detector that measures
di racted intensity; this method can be referred to as 2-D XRD. The data are shown

in Figure 2.1 and described in detail in Section 2.2. In a 2-D XRD image, each pixel
represents the z-score under an electric eld relative to several baseline images. There
are few z-scores absolutely greater than two, and these pixels tend to cluster in rings
indicative of atomic structure. Therefore, we analyze these data using sparse spatial
signal detection methods. Our objective is to develop a more powerful statistical method



for detecting and quantifying structural changes in 2-D XRD patterns under di erent
experimental conditions.

The statistical problem of identifying spatial regions a ected by an experimental
factor has many applications, including epidemiology, neuroscience and materials science.
As a result, there is a rich literature on the topic. The spatial scan statistic (Naus, 1965;
Kulldor, 1997; Costa and Kulldor, 2009; Liao et al., 2017) searches for regions with
di erent means than the background, but does not estimate the signal and is not well
suited for large images with many signi cant subregions. The two-dimensional fused lasso
(Friedman et al., 2007) and the graphical lasso (Friedman et al., 2008) are penalized
regression methods that account for spatial structure in the signal using penalties to
encourage spatial smoothness. Spatial wavelet shrinkage methods impose a threshold on
coe cients in the wavelet domain to recover a sparse signal (Donoho and Johnstone, 1994;
Taswell, 2000; Jansen, 2001; Yadav et al., 2014; He and Xiang, 2017). These regularization
methods can be applied to high-dimensional data, but require presetting the tuning
parameters via cross validation (Mallick and Yi, 2013) and fail to account for all sources
of uncertainty.

Our approach builds on Bayesian variable selection methods. This allows us to fully
account for uncertainty in the posterior distribution and incorporate known atomic struc-
ture in the prior. An intuitive sparse prior is a two-component mixture (spike and slab)
with one component concentrated near zero for the unimportant features and the other
di use for the signals (Mitchell and Beauchamp, 1988; George and McCulloch, 1993;
Yuan and Lin, 2005; Geweke, 1996; George, 1997; O'hara and Sillapaa, 2009; Rokov and
George, 2016). Two-component mixture priors can be extended to the spatial setting to
identify subregions of interest (Goldsmith et al., 2014; Boehm Vock et al., 2015; Li et al.,
2015; Kang et al., 2018). However, the two-component construction is computationally
challenging because posterior sampling requires a search over a considerable space of
complex models and is plagued by slow convergence and poor mixing (Carvalho et al.,
2010; Johnson and Rossell, 2012; Mallick and Yi, 2013).

The computational di culties of spike-and-slab priors are abated by continuous shrink-
age priors (Carvalho et al., 2010; Gri n and Brown, 2010; Armagan et al., 2013; Bhat-
tacharya et al., 2014; Bhadra et al., 2016b; Piironen and Vehtari, 2016). Rather than a
discrete mixture over two components, these priors continuously mix over shrinkage pa-
rameters. For example, Carvalho et al. (2010) proposed the horseshoe prior that assumes



a normal prior with mean zero and standard deviation that follows a half-Cauchy prior.
The horseshoe prior has high concentration around zero for sparsity, heavy tails to avoid
excessive shrinkage of signals and attractive theoretical properties (Datta and Ghosh,
2013; van der Pas et al., 2014; Bhadra et al., 2016a; van der Pas et al., 2017).

To our knowledge, we propose the rst continuous shrinkage prior for spatial data.
We extend the horseshoe prior to account for spatial dependence in the signal at nearby
observations. We prove that the proposed spatial horseshoe prior has the univariate
horseshoe prior marginally at each location, and that the induced joint distribution for
pairs of nearby sites has higher concentration around zero and heavier tails compared
to independent horseshoe priors. The form of the continuous shrinkage prior permits
simple expressions for the gradients of the posterior, and thus we use the Hamiltonian
Monte Carlo (HMC) algorithm (Neal, 1994) for e cient sampling in high-dimensions.

A simulation study demonstrates that the proposed method is e ective at identifying
spatial signals. When applied to the 2-D XRD data, we nd improved cross-validation
performance compared to other methods.

Chapter 2 is organized as follows. We describe the data in Section 2.2. In Sections 2.3
and 2.4, we introduce the proposed shrinkage prior and show its theoretical properties.
In Section 2.5, we evaluate the proposed prior through the simulation study. In Section
2.6, we apply our method to the 2-D XRD data and compare with other methods. We
conclude with remarks and comments in Section 2.7.

2.2 Description of the 2-D XRD data

The 2-D XRD data were acquired using high-energy X-rays generated at a synchrotron
source (Advanced Photon Source, Argonne National Laboratory). The beamline 11-ID-
C was used with an energy of 105 keV. The sample was located in the X-ray beam
and a silicon-based detector was placed in the transmitted direction, approximately 2
meters from the sample position. Electrical connections were made from a high voltage
power supply to the top conductive electrode of the PZT sample. The bottom electrode
was grounded. 2-D XRD patterns were measured at sequentially increasing and then
decreasing electric eld amplitudes from 2 kV/mm to 2 kV/mm. The objective is to
examine if introducing electric eld changes the structure of the PZT sample and to
capture the diraction pattern. The detector records data over time which yields images



that are 2048 2048 pixel matrices. The intensity of the XRD measured in counts per
second (cps) indicates the relative abundance at each pixel. In addition, we transform
the image of size 2048 2048 into size 1023 1023 by removing the rst and last rows
consisting of all zeros due to experimental setup and extracting all odd rows and columns.
We surmise that this step is reasonable in that the intensity is close to the values nearby,
and the di raction pattern is still apparent.

We compare the di raction pattern of PZT with electric eld to that without electric
eld and investigate the locations where changes occur. There are 100 baseline images
recorded without electric eld. We de ne the responsé€ (s) as the standardized intensity,
Y(s) = X(SA)(S)A(S), where X (s) is the intensity at pixel s, ~(s) is sample mean of the 100
baseline images at pixek, and 7(s) is sample standard deviation of the 100 baseline
images at pixels. The yellow rings in Figure 2.1 indicate the larger change of di raction
pattern at t = 20 seconds. We choose the image at timie= 20 seconds since this is when
the maximum electric eld is applied.

Figure 2.1: The map of the standardized intensity (s) (left) with the maximum electric
eld 2 kv/imm at time t = 20 seconds using the sample mean(g) and the sample
standard deviation /\s) of the 100 baseline images without electric eld and the smoothed
Y (s) (right) using a Gaussian kernel with the bandwidth 0.75 pixels.



2.3 Model description

2.3.1 The univariate horseshoe prior

De ne Y as the response variable and as the signal variable. The likelihood foly with
horseshoe prior for is

Y| N(; ?; §  N@© ?3?; C'(01) (2.1)

where 2 and ? are the error variances, and follows the standard half-Cauchy distri-
bution on the positive reals. If 2 =1, the posterior mean is
Z,
ECjY)= (@ )YPCjY)d =1 ECjY)Y, (2.2)
0
where = ﬁ is the shrinkage coe cient. E( j Y) determines the amount of shrinkage
towards zero. The name of the prior comes from the horseshoe-shaped B?tél dis-
tribution on the shrinkage coe cient that is induced by the half-Cauchy distribution
on . The shape of the shrinkage density implies that the shrinkage coe cient is close
to either zero or one with high probability which shrinks null signals towards zero and
avoids shrinking the true signals. This property facilitates separating signals from the
noise. Although marginally over this prior for  does not have a closed form of the
probability density function, it enjoys nice theoretical properties including tight bounds,
high concentration near zero and heavy tails (Carvalho et al., 2010).

2.3.2 The spatial horseshoe prior (SHP)

To extend the horseshoe prior to the spatial setting, de né&/' (s) as the real-valued re-
sponse at a spatial locatiors = (s1;s,) 2 R? and (s) as the true signal ats. For data
observed at locationss;; :::;s,, de ne Y =[Y(s1); 5 Y(sh)]" asthen 1 response vector
and =[ (s1);: (sn)]" as the signal vector. Extending (2.1), let

Y ] N(; 2ln); N (0; ); (2.3)

where 2 is the error variance,l, is the identity matrix of size n, is diagonal with
the diagonal elements = [ (s1);:5 (sa)]', and is a spatial covariance matrix.



Independence of the responsé given the signals is a strong assumption, but justi ed
for the 2-D XRD data where the distribution of photons should theoretically follow a
Poisson process with independent counts across pixels.

Spatial shrinkage is induced by the spatial process model fofs). We propose a Gaus-
sian copula model (Nelsen, 2006) that preserves the marginal half-Cauchy distribution
and captures spatial dependence,

(s)= oll (3); (2.4)

where g is a global scale parameter,(s) is a latent spatial Gaussian process with mean
zero and variance one for al, 1() = F.'[( )] is the half-Cauchy link function, F..()
is the inverse cumulative density function of the half-Cauchy distribution, and () is
the standard normal cumulative distribution function. The half-Cauchy link function
provides a marginal half-Cauchy distribution forl[ (s)] if E[ (s)] =0 and Var[ (s)] = 1.
We interpret I[ (s)] as a local shrinkage parameter and, as a global shrinkage parameter,
respectively.

The latent shrinkage process (s) could follow another Gaussian process prior with
mean zero, variance one and spatial correlation. We also consider a low-rank representa-
tion of the latent shrinkage process

_ X X; () .
(8=  gp=——N; (2.5)

J

wherex; (s) is the j™ basis function for locations and h N (0; 1): The spatial model
gives the same marginal distribution as (2.1), but with spatial dependence both in the
distribution for j and the distribution for . We will elaborate on the properties of

this model in Section 2.4.

2.4 Theoretical properties

2.4.1 Properties of the spatial horseshoe prior

In this section we study the properties of the SHP for a pair of spatial locations as a
function of the distance between the locations. We compare the SHP with the simple



model with the independent and , namely, =1l,and 1; > et (0; 1). The joint
density of in this special case is (Carvalho et al., 2010)

1

Po( 15 2) = 53

2 2
ezl I g)El 71 E1 72 : (2.6)

where E;( ) is the exponential integral function. Next, we consider the joint shrinkage
parameter = (s1) = (Sp) C"(0;1) and the covariance with the diagonal
elements 1 and the spatial correlation which stands in for the distance between the
two locations. Then we obtain (Supplementary Materials A.1) the joint density

N[

1
Pi( 1, 2)=2 2 (1  32(2 2 4 ,+

r

2.7

1 27 ak(2 2 4ot 2) % % &0
) (1 )2 ezl 1 2) erfc

where erfc() is the complementary error function.
Figure 2.2 plots logPo( 1; 2)] and log[P:( 1; »)] for =0;0:5;0.9. When =0,
the log density with a common shrinkage parameter has higher spike around zero and
heavier tail than the log density with independent shrinkage parameters. Increasing the
gives the higher concentration on the 45-degree line of the log density.

Concentration around zero

The densitiesPo( 1; 2) and Py( 1; ) both have high concentration towards zero. It
can be shown that lim. ,; oPo( 1; 2) = 1 and lim .., oPi( 1; 2) = 1 . Moreover,
we show that the density with joint shrinkage concentrates towards zero more than the
density with independent shrinkage by proving that the ratio ofPi( 1; 2) to Po( 1; 2)
diverges as ; and , approach zero. LetR be the ratio,

R = Pi( 1; 2)
Po( 1; 2) q
3 1, 2. 2 2+ 2 %h 2 2 | 1 erfc %; % (28)
= 2e 2(1* 2 12 2 E171 E172 2

We show that lim .. ,, oR = 1 with the divergence rate P 2+ 21og 1log »
(Supplementary Materials A.2). This indicates that joint sparsity is achieved more rapidly
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(a) Independence (b) SHP with =0

(c) SHP with =05 (d) SHP with  =0:9

Figure 2.2: Log prior density of ; and , in the rst quadrant for (a) independent horse-
shoe priors (logP,) and (b)-(d) the spatial horseshoe prior (lod?,) with 2 f 0; 0:5; 0:9g.
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in P1( 1; 2) thanin Po( 1; »).

Tail behavior

We also investigate the capability to retain signals of large values through examining the
tail densities with joint and independent shrinkage. In Figure 2.2, we observe that the
tail density is lower in Po( 1; 2) than Pi( 1; 2) and becomes larger when the spatial
dependence is stronger. The higher tail density implies a better capability to avoid ex-
cessive shrinkage Theoretically, it is shown that lim. ,;, R = 1 with the divergence

rate PL (Supplementary Materials A.3). This result suggests the higher tail density

with jomt shrlnkage and its stronger power to incorporate large signals.

2.4.2 Properties of the spatial horseshoe posterior

Let the error variance 2 be 1, then the posterior mean can be expressed®6 jY; )=

(I, K)Y, where the shrinkage matrixk = 1, (I,+ 1) ' and = . To
examine the joint shrinkage induced by the SHP, we consider the one-number complexity
summary (Efron, 2004)

_ _ 21 2) 12 5+ P+ P )
di=tr(I K)= a D) 7 74 2+ 241 (2.9)
If 1= 2=, then
2y 4 2
df = 2(1 ) "2 (2.10)

1 2) 4+2 2+ 1

In this special case with =0, df = 2+1 , and thus its prior distribution is under the
SHP resembles the horseshoe Bega%) density scaled by 2. Figure 2.3 plots the density
of df. The SHP with common shrinkage has spikes at zero and two corresponding to joint
shrinkage. This property encourages noises to be shrunk to zero and signals to be retained
at the original values. The density of df with independent has a spike around one which
corresponds to shrinking only one of; and », instead of shrinkage or non-shrinkage for
both variables. This characteristic even holds when = 0:9 which is contradictory to
the expectation that a high correlation between two variables leads to similar shrinkage
behaviors.

12



Figure 2.3: Induced prior density plot of the complexity measure df = tf{ K) with
independent and common shrinkage with 2 f 0; 0:5; 0:9g.

2.5 Simulation Study

We investigate how the SHP performs in detecting sparse signals compared with other
methods using a simulation study.

2.5.1 Data generation

We consider the two true surfaces:
1. o(s)=61[(sy 10Y+(s, 12F 1]
+51[(s1 10F+(s, 12F>1and(s; 10F+(s, 12F 4]
+41[(s1 10F+(s, 12F>4and(s; 10F+(s, 12F 16]
+31[(s; 10 +(s, 12F>16and 6, 10Y+(s, 12F 36]
and
2. o(s)=61[(s; 107 +(s, 12¢° 1]
+51[(s; 10 +(s, 12F>1and(s; 100 +(s, 12F 4]
+41[(sy 10F+(s, 12F>4and(s; 10F+(s, 12F 16]
+31[(s1 10F+(s, 12F>16and; 107 +(s, 127 36]
+41[(s1 28F +(s, 307 4]

13



+31[(s1 28F+(s, 30F>4and(s; 28°+(s, 307 16].

The observations are generated with (s) j o(s) ™" N o(s); 2 ona 40 40 grid of
n = 1;600 locations. The proportion of signals with nonzerog(s) is 7:06% and 1013%
in the two surfaces. In addition, we vary the error variance > = 0:5%; 1%; 22, For each
combination of true surface and 2, we generateN = 100 data sets. Figure 2.4 shows the
two surfaces and a representative simulated data set for each surface.

Figure 2.4: True surface ¢(s) (left) and a simulated data setY (s) with error standard
deviation =0:5 (middle) and =2 (right).

2.5.2 Models

Although the SHP can accommodate other covariance structures, we use the conditionally
autoregressive prior (CAR, Carlin and Banerjee, 2003) for . The CAR covariance

is = (M A) * whereM is the diagonal matrix with the elementsmy;:::;; m,
indicating the number of neighbors for locations,; :::; sy, is the spatial dependence
parameter, andA is the adjacency matrix withA ; = 1 if locations s; and s; are neighbors
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and A = 0 otherwise. Note that while 2 (0;1) determines the strength of spatial
dependence, it is not a correlation parameter as in Section 2.4. Computational details
are given in Supplementary Materials B.
We t ve models for (s) to each simulated dataset. The rst four are versions of
the spatial horseshoe di erentiated by their exibility in modeling the shrinkage process
(s). The fth method is soft-thresholded Gaussian process (STGP) model of Kang et al.
(2018) that places prior mass exactly at zero.
Gaussian: (s) as a constant across space,(s) = o which leads to | o
N 0; 3(M A) ' . The error variance 2 and the scale parameter 2 follow unin-
formative inverse gamma prior IG(0L; 0:1), and the spatial dependence parameter
follows a beta prior Beta(1Q1). This is the usual Gaussian CAR model.
SHS _quad: Low-rank representation using the half-Cauchy link function with quadratic
basis expansions, (si) = ol[ (si)], wherel[] is the half-Cauchy link function, (s) =
le Q—p)?#q, priors id N (0; 1), x1(si) = 1;X2(S) = Si1;X3(S)) = Si2; X4(S) =

P21 X(9)
s2:Xs(si) = s5 and Xe(si) = Si1Si2 fori =1;::5n:

SHS B-spline 1 : Low-rank representation using the half-Cauchy link function with

the B-spline basis expansions with ve degrees of freedom for each coordinatés;) =
ol (s))], wherel[ ] is the half-Cauchy link function, (s)= " '% x;(s)h, priors b "
N (0; 1), and x; (s;) is the j " product of B-spline bases at locatiors;.

SHS B-spline 2 : Same structure as the model SHB-spline 1, but with ten degrees
of freedom for each coordinate.

STGP : Soft-thresholded Gaussian process prior for(s). Let ~(s) follow a multivari-
ate normal distribution with zero mean and CAR covariance with rst-order neighbor-
hood. Then (s)= g 7(s) , whereg is the soft-thresholding function to map~(s) near
zero to exact zero and thus gives a sparse prior,

8
<
g(x)=. - L
- sign(x) jxj if jxj >

if jXj

The thresholding parameter follows a uniform prior U(0; 10) and controls the degree
of sparsity.
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2.5.3 Evaluation metrics

We compare methods in terms of mean squared error (MSE), coverage probability,
Type | error and power. For simulated data sek, let “\(s) be the posterior mean and
[k(S); uk(s) be the 95% credible interval of (s). We list the formulae of the measures
as follows:

1 XX n )
MSE = Nn k(s))  ofsi)
k=1 i=1
1 X n 0
Coverage “Nn I o(si) 2 Ik(si); uk(si)
k=1 i=1
Tvoe | error = EX\I P "1 P[fs) > 0]> 0:95 [ o(s)=0]
P N T ofs) = 0]
g0 P P["(s) > 0]> 0:95 I[ osi) 6 0]
Power = — =1 P : : :
N _, i1 I ofsi) 60]
2.5.4 Results

The results are given in Tables 2.1 and 2.2. MSE decreases as exibility of spatial shrink-
age process (s) increases. SHB-spline models have the smallest MSE in the low-noise
and mid-noise cases while STGP outerperforms other models in MSE under the other
scenario. Coverage and type | error are at or near the nominal level for all methods except
for the Gaussian model in the low-noise cases. All models have strong power when the
error variance is small. However, large error variance distinguishes the models. STGP
model has about 66% the power of SHS models. The loss of power in STGP model re-
sults from excessive shrinkage from the soft-thresholding formulation, especially in the
large-noise scenario.

Figures 2.5 and 2.6 illustrate the simulation results under Signal 2 with = 0:5
and 2, respectively. Increasing the exibility of the shrinkage process improves signal
identi cation and leads to a smoother signal surface. The Gaussian model tends to have
more false positives, especially when the error variance is small. This explains why it
has strong power but poor MSE. The simulation plots under other scenarios are shown
in Supplementary Materials C. For the computing time, analyzing a simulated data set
takes 0.33, 0.87, 1.23, 3.40 and 10.29 minutes for Gaussian, }d&d, SHSB-spline 1,
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SHSB-spline 2 and STGP models, respectively.

Table 2.1: Summary of the simulation study under Signal 1 by error variance? for the
Gaussian, spatial horseshoe with quadratic (SH&uad), spline 1 (SHSB-spline 1) and
spline 2 (SHSB-spline 2) shrinkage models and the soft-thresholded Gaussian process

(STGP) model.

2:0:52 2:12 2:22

Statistics Model Estimate SE Estimate SE Estimate SE
Gaussian 10.95 0.07 17.95 0.14 27.33 0.27
SHSquad 4.99 0.03 10.21 0.09 19.30 0.24
100 MSE SHSB-spline 1 3.88 0.06 8.44 0.14 18.06 0.40
SHSB-spline 2 4.55 0.06 9.75 0.09 19.74 0.30
STGP 5.83 0.10 9.66 0.29 15.92 0.27
Gaussian 91.67 0.17 97.46 0.05 98.66 0.05
SHS quad 98.09 0.04 98.68 0.03 99.28 0.03

Coverage (%) SHSB-splinel 9791 051 9778 0.68 98.61 0.60
SHSB-spline2 9761 036 9731 0.08 9822 0.13

STGP 98.15 0.07 99.48 0.03 99.62 0.02
Gaussian 7.25 0.14 2.60 0.06 1.18 0.05
SHSquad 1.79 0.05 1.27 0.04 0.79 0.04

Type | error (%) SHSB-spline 1 1.73 0.40 1.91 0.55 1.06 0.19
SHSB-spline 2 1.96 0.23 2.27 0.09 1.44 0.15

STGP 0.56 0.03 0.15 0.02 0.01 0.00
Gaussian 100.00 0.00 99.97 0.02 98.00 0.14
SHSquad 100.00 0.00 99.86 0.03 9536 0.25
Power (%) SHSB-spline1l 100.00 0.00 99.86 0.03 9565 0.25
SHSB-spline2 100.00 0.00 99.94 0.02 96.60 0.27
STGP 100.00 0.00 98.48 0.15 ©67.85 0.62
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Table 2.2: Summary of the simulation study under Signal 2 by error variance? for the
Gaussian, spatial horseshoe with quadratic (SH&uad), spline 1 (SHSB-spline 1) and
spline 2 (SHSB-spline 2) shrinkage models and the soft-thresholded Gaussian process
(STGP) model.

220:52 2:12 2:22

Statistics Model Estimate SE Estimate SE Estimate SE
Gaussian 13.73 0.09 24.25 0.17 37.25 0.33
SHS quad 7.56 0.05 15.75 0.12 28.30 0.29
100 MSE SHSB-spline 1 6.19 0.04 13.57 0.18 27.90 0.50
SHSB-spline 2 5.97 0.05 13.45 0.10 27.72 0.38
STGP 5.83 0.10 18.76 0.39 24.69 0.38
Gaussian 88.09 0.24 96.47 0.07 98.59 0.05
SHSquad 96.74 0.08 97.74 0.06 98.76 0.05

Coverage (%) SHSB-splinel 9733 011 97.75 022 9829 040
SHSB-spline2 9740 0.12 96.87 0.07 98.13 0.08

STGP 98.15 0.07 98.42 0.07 99.31 0.03
Gaussian 9.79 0.17 3.67 0.08 1.39 0.05
SHSquad 2.87 0.08 2.07 0.07 1.08 0.05

Type | error (%) SHSB-spline 1 2.40 0.09 1.85 0.14 1.45 0.35
SHSB-spline 2 2.19 0.09 2.53 0.09 1.36 0.08

STGP 0.56 0.03 0.65 0.05 0.03 0.01
Gaussian 100.00 0.00 99.90 0.02 9493 0.21
SHSquad 100.00 0.00 99.79 0.04 9269 0.27
Power (%) SHSB-splinel 100.00 0.00 99.66 0.05 9243 0.32
SHSB-spline2 100.00 0.00 99.79 0.03 92.65 0.33
STGP 100.00 0.00 9891 0.09 ©64.36 0.56
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Figure 2.5: Simulation results for Signal 2 with = 0:5 for the four models (rows):
the rst row shows the true signal o(s) and results for the soft-thresholded Gaussian
process (STGP) model, the second row shows the simulated datgs) and results for
the Gaussian model, the third and fourth rows show results for spatial horseshoe with
quadratic (SHSquad) and spline (SHSB-spline 2) shrinkage models.
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