
Abstract 

 

Harb, Hussein Said. A Probabilistic Approach to Damage Localization in Structural Health 

Monitoring. (Under the direction of Dr. Fuh-Gwo Yuan.) 

A probabilistic framework for on-line structural health monitoring of plate-like 

structures, which addresses the issue of uncertainties inherent in the problem of damage 

detection, is presented. This work answers the following question in a probabilistic approach: 

Based on the available data, and acknowledging the uncertainty inherent in the 

problem, what is the probability that the damage occurs at a certain location in a 

structure? 

 Gaussian probability density functions (PDF) have been used to model the different 

types of uncertainties. These uncertainties that are presented in this work, include stochastic 

and model uncertainties. Considering these types of uncertainties, the main objective is to 

locate the damage in a plate structure in a probabilistic form. Also, the sensitivity of damage 

localization to the levels of uncertainties is presented in this work. 

 The probabilistic structural health monitoring employed in this study can be presented 

in the following steps:  

 Firstly, an elastic wave energy decay model in relation to the propagation distance for 

the damage localization problem in isotropic plates is chosen. A Gaussian PDF is used to 

represent the uncertainty that is due to the underlying assumptions, which simplify the 

physical model. 



 Secondly, the uncertain measured sensor data (stochastic uncertainty) is modeled as a 

Gaussian PDF. 

 Thirdly, a least-squares damage localization technique is applied to iteratively search 

for the location of the damage based on elastic wave energy measurements.  

To model the PDFs of the stochastic and model uncertainties, and to solve for the 

resultant PDF of the location of the damage (output) using the PDFs of the measured and 

modeled data (input), the Monte Carlo method is used.  

Lastly, probabilistic diagrams for the damage location can be constructed using the 

moments (mean, variance, etc) of the resulting PDF of the damage location parameters. 

Based on the efforts described in this work, a number of conclusions can be drawn: 

First, a SHM method that accounts for uncertainty in the SHM problem in a structured 

fashion has been successfully established. Second, the Monte Carlo simulation is suited to 

model uncertainties when dealing with statistical analysis. Third, the probabilistic approach 

is capable of showing the effect of the level of uncertainties on the damage localization, 

which proves that the damage localization is more sensitive to the stochastic uncertainty than 

the model uncertainty, implying that the elastic wave energy decay model is accurate and 

robust. Also, a conclusion can be drawn that the key aspect of the probabilistic approach is 

the minimization of false-positive and false-negative indicators from the damage localization 

process. False- positive refers to the situation where damage is indicated when in fact none is 

present. False- negative refers to the situation where damage is not indicated, even though it 

is present. Fourth, the method is an active damage detection technique, which is suitable for 

the applications of SHM. Lastly, the method uses the all time series data information 



collected by each sensor, not only the time-of-flight or time of arrival. Experimental and 

simulation results show that the estimated damage location by least-squares method makes 

good agreement with the targeted location. 

 

 



A Probabilistic Approach to Damage Localization in Structural 

Health Monitoring 

 

by 

Hussein Said Harb 

 

A thesis submitted to the Graduate Faculty of 

North Carolina State University 

in partial fulfillment of the 

requirements for the Degree of 

Master of Science 

 

AEROSPACE ENGINEERING 

 

Raleigh, North Carolina 

2005 

Approved by: 



 

ii 

 

 

 

 

 

 

To my parents  

and 

those who inspired me 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

iii 

Biography 

Hussein Said Harb was born on May 6, 1981 in Burj El Brajneh, Lebanon. He is the son of 

Said Harb and Amera Harb and the brother of Nahed Harb, Kasem Harb and Mohammad 

Harb, all of Burj El Brajneh, Lebanon. He finished his high school education from Amlieh 

High school in Beirut, Lebanon. He moved from Lebanon to North Carolina in January 6, 

2000 to begin his college career at North Carolina State University. He completed his 

Bachelor of Science Degree in Aerospace Engineering at North Carolina State University in 

May of 2003. In the fall of 2003, he joined the masters program of Aerospace Engineering at 

North Carolina State University at Raleigh. Upon the completion of his thesis requirements 

in May 2005, Hussein Harb will begin employment at Gulfstream Aerospace Corporation in 

Savannah, Georgia.  

  

 

 

 

 

 

 

 

 

 



 

iv 

Acknowledgments 

I would like to thank Dr. F. G. Yuan for suggesting the following work and serving as my 

graduate advisor over the last two years. I appreciate the support and encouragement that Dr. 

Yuan has given me through out all the years that I have known him. Also, I would like to 

thank my committee members, Dr. Jeffery Eischen and Dr. Kara Peters, for serving on my 

committee and readying this thesis. This research is supported by the National Science 

Foundation. 

 As for my fellow graduate students, thanks go to Mr. Saeed Nojavan (and his wife), 

who I shared almost all my time with him in the office. I would like to give him my sincere 

appreciation for all the time that he spent to answer my questions. Also, I would like to thank 

him for all the advice and the support that he provided me throughout the last three 

semesters. Thanks go to Mr. Lei Wang who was very nice to answer most of my questions 

and to provide me with the experimental and simulation data that I needed for this work. 

Thanks go to Mr. Nate Pringle who gave me the support that I needed to make my life easier 

in Raleigh and at North Carolina State University. Thanks go for the rest of Dr. Yuan’s 

group: Mr. Lei Liu, Mr. Jin Yun, and Mr. Guoliang Jiang. 

 I would like to thank Ms. Christy Layton and her family. Ms. Christy Layton is a very 

special person to me. I owe her my life. She is the reason for my success. Her love, kindness, 

lovely personality, moral and financial support were the reason for my success here in North 

Carolina. To Christy: 

“Khedne Ma’ak Ala Darb Be’ed, Matrah Ma kena Wlad Zghar 

Dafe Rabe’e Bshams Jded, Wnasene elyawm elserna Kbar” 



 

v 

 Thanks go to Mrs. Ana Maria Star and Mr. Jason Star. I am so blessed to have such a 

wonderful friendship with you guys. Thanks go to Mr. Steve Bischoff, Mr. Kayode 

Ariwedolla, Mr. Maher Harb, Mr. Medhat Karout, and Mrs. Ranim Karout for their 

encouragement and support to continue my education and for all the time that we spent 

together during my stay in North Carolina.  

 Finally, words are not enough to thank my father, my mother, my two brothers, and 

my sister Nahed Harb including her husband Ali Safa and her two angels Hassan and Adam. 

My parents: you are the light that brightens my life. If it was not for your love and support, I 

would not be able to achieve my goals. To my family:  

“Sail your smile to the air; it will reach and enliven me! 

Breathe your fragrance into the air; it will sustain me!” 

                                                                                                 Khalil Gibran 

 

 

 

 

 



 

vi 

Table of Contents 

List of Tables................................................................................................ viii 

List of Figures ................................................................................................ ix 

Nomenclature and Abbreviations ................................................................ xii 

1 Introduction ................................................................................................. 1 

1.1 Why Structural Health Monitoring?............................................................................ 1 

1.2 Structural Health Monitoring...................................................................................... 2 

1.3 The Basic Concept of Probability ............................................................................... 6 

1.4 Why Probability in Structural Health Monitoring?...................................................... 7 

1.5 Previous work in SHM considering Uncertainties....................................................... 8 

1.6 What Does This Work Present?................................................................................ 11 

2 Theoretical Background and Mathematical Formulation........................17 

2.1 Probability and Random Variables ........................................................................... 17 

2.2 Histograms, Cumulative Distribution Functions, Probability Density Functions. ...... 17 

2.3 Joint Distribution Function of Two Random Variables ............................................. 20 

2.4 Definitions and Classification of Uncertainty ........................................................... 25 

2.5 Uncertainty Analysis ................................................................................................ 26 

2.5.1 Identification of Uncertainty............................................................................. 27 

2.5.2 Quantification of Uncertainty ........................................................................... 28 

2.5.2-1 Probabilistic Methods................................................................... 28 

2.5.2-2 Non-Probabilistic Methods........................................................... 33 



 

vii 

2.5.2-3 Possibilistic Methods - Fuzzy Logic............................................. 34 

2.6 Conclusions about Quantification of Uncertainty...................................................... 34 

2.7 Probabilistic Structural Health Monitoring using the Monte Carlo Simulation. ......... 35 

2.8 Development of the Elastic Wave Energy Decay Model, Measurements, and the      

Model Parameters. .................................................................................................... 36 

2.9 Development of the Probabilistic SHM using the Monte Carlo Simulation ............... 39 

3 Simulation and Experimental Results........................................................46 

3.1 Simulation Results and Discussion ........................................................................... 46 

3.2 Experimental setup................................................................................................... 64 

3.3 Experimental Results and Discussion ....................................................................... 66 

4 Conclusions..................................................................................................80 

5 References ...................................................................................................83 

 

 



 

viii 

List of Tables 

Table 3.1 Material properties and geometry of Al-6061 plate.………..………………..46 
 
Table 3.2 Influence of the level of uncertainties on Damage Localization 

(Simulation Results)………………………………..………..……………….50 
 

Table 3.3 Influence of the interaction of two different kinds of uncertainty 
(Simulation Results)………………………………..………..……………….57 
 

Table 3.4         Material properties and geometry of Al-6061 plate (Experiment)…………..64 
 
Table 3.5 Influences of the level of stochastic uncertainty on Damage Localization 

(Experimental Results).……………………………………………………....68 
 

Table 3.6 Influence of the interaction of two different kinds of uncertainty 
(Experimental Results)……………………………………………………….72 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

ix 

 

List of Figures 

Figure 1.1 Example of a cantilever beam…..……...………………………..…………...14 
 

Figure 2.1 Gaussian distribution with mean 0=µ  and standard deviation π=σ 2/1 ..19 
 
Figure 2.2  (a) Joint probability distribution function ),( 1yxFXY  is described by the  

probability of the random point falling within the shaded area.  
(b,c) The marginal distribution function )( 1xFX  and )( 1yFY , respectively,  
are described the probability of the random point falling  
within the shaded areas………………………………………………………21 
 

Figure 2.3  Probability of random point falling within the shaded area is described by  
the difference ),(),( 2122 yxFyxF XYXY − …………….………………………..22 
 

Figure 2.4 Probability of random point falling within the shaded area is described by  
the difference ),(),( 1222 yxFyxF XYXY − …………….…………….…...…..23 
 

Figure 2.5  (a) Probability of a point falling within the rectangle is described by the  
difference of those of it falling within half-strip S1 (b) and  
half-strip S2 (c), as per Eq. (2.3.7) …………….…………….………………24 
 

Figure 2.6 Types of Uncertainty…………...……………………………………….……25 
 
Figure 2.7 Uncertainty Analysis: Identification and Quantification of Uncertainty…….27 
 
Figure 2.8 Scheme of sensor/actuator deployment and unknown damage……………...37 
 
Figure 2.9 Uncertainties included in this work………………………………………….41 
 
Figure 2.10 Graphic representation of the problem of the probabilistic analysis  

presented in this work………………………………………………………..42 
 

Figure 3.1 Simulated reflected wave packs from the damage using finite difference 
method………………………………………………………………………..47 

 
Figure 3.2  Simulation Results of damage localization by least-squares method...……...48 
 
Figure 3.3 Simulation Results: Probability distribution along the plate  

with different levels of model uncertainty…………………………………...51 
 

Figure 3.4 Simulation Results: Histograms and the Gaussian probability  
density functions of xρ  with different levels of model uncertainty……........52 



 

x 

 
 

Figure 3.5 Simulation Results: Histograms and the Gaussian probability 
density functions of yρ  with different levels of model uncertainty………....53 

 
Figure 3.6 Simulation Results: Probability distribution along the plate  

with different levels of stochastic uncertainty……………………………….54 
 

Figure 3.7 Simulation Results: Histograms and the Gaussian probability  
density functions of xρ  with different levels of stochastic uncertainty……..55 

 
Figure 3.8 Simulation Results: Histograms and the Gaussian probability 

density functions of yρ  with different levels of stochastic uncertainty……..56 

 
Figure 3.9  Simulation Results: Probability distribution along the plate  

with different levels of stochastic and model uncertainty…………………...59 
 

Figure 3.10  Simulation Results: Histograms and the Gaussian probability  
       density functions of xρ  with different levels of stochastic 

and model uncertainty………………………………………………………..61 
 

Figure 3.11 Simulation Results: Histograms and the Gaussian probability  
density functions of yρ with different levels of stochastic  

and model uncertainty………….………………………………………….....63 
 

Figure 3.12 Experimental Setup for Damage Localization……………………………….65 
 
Figure 3.13 The reflected wave signal received by each sensor………………………….65 
 
Figure 3.14  Experimental results of damage localization by least-squares method……...66 
 
Figure 3.15  Experimental results of damage localization by least-squares method.……..67 
 
Figure 3.16 Probability distribution along the plate with different levels  

of stochastic uncertainty…………………………………………………......69 
 

Figure 3.17 Histograms and the Gaussian probability density functions  
of xρ  with different levels of stochastic uncertainty...………………….…...70 

 
Figure 3.18 Histograms and the Gaussian probability density functions  

of yρ  with different levels of stochastic uncertainty…………..………..…...71 

 
Figure 3.19 Probability distribution along the plate with different levels  

of stochastic and model uncertainty………………………………………….75 



 

xi 

 
 

Figure 3.20 Histograms and the Gaussian probability density functions 
 of xρ  with different levels of stochastic and model uncertainty…………....77 

 
Figure 3.21 Histograms and the Gaussian probability density functions  

of yρ  with different levels of stochastic and model uncertainty………...…..79 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

xii 

 

Nomenclature and Abbreviations 

Greek Symbols 

α   Reflection factor at the damage 

γ   Sensor gain factor at a sensor 

µ   Mean 

  Damage position vector 

  Probability density function for the damage position vector 

x    Probability density function for the damage position along the x-axis 

x   Probability density function for the damage position along the y-axis 

σ   Standard Deviation 

ς   Updated step size in least-squares algorithm 

τ   Time delay from the actuator to the damage 

ω   Angular frequency 

ψ   Mother wavelet or base wavelet function 

ζ   Outcomes 

Roman Symbols 

0a   Normalized reflected wave form from damage 

0a   Probability density function for the normalized reflected wave 

cg  Group velocity 

cp  Phase velocity 



 

xiii 

E  Young’s modulus 

XF   Cumulative Distribution Function 

f  Frequency 

X   Probability Density Function 

fs  Sampling rate 

g  Square of sensor gain factor at a sensor 

h  Thickness of the plate 

J  Least-squares error function 

J  Probability density function for the least-squares error function 

P   Probability  

q  Five-peak excitation signal 

r  Cartesian coordinates of a sensor 

s  Modeled received signal without additive noise at a sensor 

t  Time variable 

x, y, z  Cartesian coordinates 

x  Modeled received signal with additive noise at a sensor 

x   Real Number 

X   Random Variable 
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1 Introduction 

1.1 Why Structural Health Monitoring? 

On April 28, 1988, an Aloha Airlines Boeing 737 suddenly lost an upper fuselage 

section while at 24,000 feet. Sixty-nine passengers were injured and one flight attendant was 

swept from the plane. Inspections of the aircraft in the aftermath of the accident revealed 

significant multiple site damage in the fuselage fastener hole. The suspected cause of the 

damage was corrosion fatigue. Ironically, within the six month prior to the accident, the 

plane had been inspected and undergone some minor repair work in accordance with the 

FAA and Boeing guidelines (Vanik, 1997). 

On June 17, 2002, the wings came off a Lockheed C-130A firefighting tanker as it 

pulled up from dropping extinguishing agent on a blaze near Walker, California, killing all 

three crews (Aviation Week & Space Technology, 2002). Videotape of the accident showed 

that both left and right wing panels folded up at the wing root and departed the aircraft, with 

the fuselage hitting the ground roughly 5 sec. later. Inspections of the fighter aircraft revealed 

a 10-12 in. fatigue crack in the center wing box of the firefighting Lockheed C-130A along 

the line where the right wing was separated from the body. Other smaller fatigue cracks were 

also found along the parting line on the lower wing skin.  

  These are a few of other available examples wherein structural failure arose due to 

loss of structural integrity. These examples also revealed that existing inspection regulations 

and techniques were insufficient to locate the hidden cracks and to recognize the possible 

danger in a timely and detailed manner.  Therefore, a technique, which is able to monitor the 

state of a structure in a detailed manner, more acceptable time scale, warn of potential 
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problems, and locate the invisible damages, would improve structural safety. This leads to a 

great deal of research in the area of Structural Health Monitoring. 

1.2 Structural Health Monitoring 

Structural Health Monitoring, or SHM for short, is the process of establishing some 

knowledge of the current physical condition of a structure. The essence of SHM technology 

is to develop autonomous built-in systems for the continuous real-time monitoring, 

inspection, and damage detection of structures with minimum labor involvement (Chang, 

1997). A successful technology for SHM has enormous potential for applications in 

monitoring aerospace structures subject to fatigue, corrosion, or impacts, earthquakes, as well 

as building, offshore structures, and bridges subject to severe loads or structural 

deterioration. 

A great deal of research in SHM has begun in the past thirty years, aiming at 

establishing effective methods for health monitoring in civil, mechanical, and aerospace 

structures. In particular, for real applications of SHM in aerospace, Boeing’s new 787 aircraft 

will have a full-time built-in SHM system with sensors embedded in the structure to evaluate 

the state of structural health. According to NASA’s requirements on the new Crew 

Exploration Vehicle (CEV), Lockheed Martin’s Atlas V and Boeing’s Delta IV satellite 

launchers will soon have integrated health-monitoring system to assess the overall health of 

the vehicle continually during the ascent to spot a problem before it becomes catastrophic 

(Lannotta, 2004).  
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The potential benefits from a SHM system are enormous such as real-time monitoring 

and reporting, saving in maintenance cost, reducing labor, downtime and human error, 

improving safety, reliability, and etc.  

In order to convey an appreciation for the nature of the research in SHM, this section 

presents a brief description of a few techniques developed to detect various forms of damages 

in both local and global approaches.  

Local Damage Identification 

Local SHM techniques use direct examination of structural members to determine the 

condition of those members. Many methods fall into this class. Visual inspection is the most 

basic form of local SHM. In certain cases, visual inspections are complemented by non-

destructive testing procedures but these are local in nature and cannot provide information on 

the overall health of the structural system. A good example of the limitations of SHM 

technology based on visual inspection is found in the damage induced by the 1994 

Northridge Earthquake on welded moment-resisting connections of steel buildings (Vanik, 

1997). Needless to say, given the cost and difficulty of inspecting hidden structural elements 

and connections, detailed inspection was not carried out first. Detailed inspection of existing 

structures showed that the type of weld fractures that had been observed was pervasive in the 

existing building stock. The situation, if undetected, would have resulted in a significant 

number of weakened buildings that would pose undue risk to the occupants during future 

earthquakes.  

In order to assist with detecting small-scale faults, non-destructive evaluation (NDE) 

techniques can be employed. Eddy current and magnetic flux approaches look for cracks and 

delaminations (for composite materials) by monitoring impedance changes in a coil placed 



 

4 

near the surface of the structure (Vanik, 1997). Ultrasonic techniques send high frequency 

waves into a member and measure the backscatter signals. The backscatter signals carry 

information about discontinuities such as cracks, delaminations, and other defects. While 

these NDE methods provide a good picture of the member under consideration, there are a 

few limitations. First, the NDE techniques have the same problem as visual inspection as 

regards to inaccessible areas. Also, applying these procedures are quite difficult, expensive 

and time-consuming. Finally, these approaches require an inspector to be present to conduct 

the investigation (Vanik, 1997).  

Another set of local SHM techniques, which do not require user interaction, have also 

been developed. Such methods address the problems of monitoring difficult-to-access 

components of a structure and of increasing the rate of monitoring by placing sensors either 

directly on structural members or embedding them in the structures and monitoring them 

remotely. Besides sensors, actuators exciting diagnostic signals can also be surface-mounted 

on or embedded in the structures to build an active SHM system. A major advantage of the 

active SHM system over a passive one (without built-in actuators) is that the active SHM is 

subjected to a prescribed actuation and thus increases the accuracy and reliability of 

assessing the structural status from the collected sensor data (Wang, 2004).  

Generally, the excitation in an active structural health monitoring system (with both 

sensors and actuators) can be mechanical and non-mechanical. Mechanical signals, such as 

elastic and acoustic waves, are those for which a mechanical medium is needed for 

propagation, i.e. solid, fluid or gas medium. On the other hand, a non-mechanical wave, such 

as electromagnetic wave, can propagate in any medium including vacuum. Wave-based 

damage detection technique excites transient waves propagating into structures by actuators, 
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since the waves will be reactive to damages such as reflection, scattering or dissipation, the 

health status of structures will be estimated by analyzing the response waves received by the 

sensors. Wave-based method can effectively obtain the local information of structures and 

can accommodate variations of boundary conditions and temperatures (Sohn et al., 2004).  

 All of these local techniques can give indication of the location and possible severity 

of the damage in the area to which they are applied. By application to the high stress areas, 

these local methods could provide a very complete picture of the current damage state of the 

structure. For small regular structures such as pressure vessels and wing boxes, this might be 

a reasonable application of these local approaches. For structures beyond a certain size and 

complexity, examination of every component of the structure is not feasible. These methods 

are therefore best used to monitor specific components of a structure. 

Global Damage Identification 

Numerous investigators have applied vibration-based methods to detect damage 

existence and attempt to localize damages mainly in rotating machinery or civil structures 

such as bridges, highways, and buildings. However, there are several essential disadvantages 

limiting the extensive application of vibration-based damage detection methods:  

First, vibration-based approaches have low sensitivity to damage. The basic premise 

of most vibration-based damage detection methods is that damage will alter the physical 

parameters such as stiffness, flexibility, damping, etc., which in turn alter the measured 

dynamic response of the structure such as resonant frequencies and mode shapes. However, 

the damage is typically a local phenomenon, at least in the beginning stage, and may not 
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significantly influence the global response of a structure that is normally measured from the 

vibration test.  

Second, a limited number of lower modes and truncated mode shapes that can be 

reliably determined can lead to systematic error. In vibration-based methods, the response 

measurement can be expressed in terms of a superposition of all mode shapes, but only a 

limited number of modes may be accessible in practice because of limited number of sensor 

measurements and loss of fidelity in higher modes.   

1.3 The Basic Concept of Probability 

Engineers face uncertainty consciously and/or unconsciously when they perform the 

engineering design. Generally speaking, engineering uncertainties (that will be discussed in 

detail in Section 2.4) may occur in three basic ways. 

Uncertainty occurs when engineers measure parameters or make predictions of 

dependant variables from measured quantities. Engineers are inclined to assume that this 

kind of uncertainty does not exist at all. They tend to treat problems of this type as 

determinate, and over-design to compensate for uncertainty. This must be considered as a 

rather crude treatment of this kind of uncertainty, and we must learn how to bring our 

judgment to bear on the problem in a more rational way, using the concepts of probability 

theory (Siddall, 1983). 

The second basic type of engineering uncertainty occurs when we are concerned with 

an event that may or may not occur, or the time of its occurrence may be uncertain (Siddall, 

1983). 
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Engineers may also be uncertain about the validity of a hypothesis or theory that is to 

be used to predict performance of an engineering design.  

To deal with uncertainty in a rational and ordered manner, we must be able, in a 

sense, to measure it. The term event will be used to designate all the kinds of phenomena that 

are uncertain. The measure of the degree of uncertainty about the likelihood of an event 

occurring is probability. In an attempt to measure probability, we begin by arbitrarily 

defining its range as 0 to 1 (0 to 100%). If we are certain that an event will not occur, we say 

that it has a probability of 0; if we are certain that an event will definitely occur, it has a 

probability of 1. 

1.4 Why Probability in Structural Health Monitoring? 

 In locating the damage, if the data collected by the sensors have very low noise levels 

and the damage localization algorithms are rigorous, no significant uncertainty may be 

present. Ignoring the uncertainty should not lead to any problems. However, in many cases, 

these assumptions do not apply. The algorithms rarely capture the full behavior of the 

structure. Further, the amount of sensor data is limited. In addition, even when the sensor 

data are available, it tends to show significant variation from one measurement to the next 

(Vanik, 1997). In this case, the uncertainty issue cannot be avoided. Uncertainties will lead to 

difficulties in concluding whether changes in the model parameters are due to damage or 

effect of uncertainty. Due to different types of uncertainties that are due to noise in the 

measurements, environmental changes, human error, modeling error, and etc. (more details in 

Section 2.4), a method should be used to quantify and assess the different types of 

uncertainties. Thus a method that is capable of measuring the degree of belief of the damage 

location by taking uncertainties into account should be used to make decisions concerning 
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structural safety and quantifying the sensitivities of various uncertainties. Probability analysis 

is a method that can achieve this objective. 

1.5 Previous work in SHM considering Uncertainties 

 Vanik, Beck, and Au (2000) presented a Bayesian probabilistic methodology for 

global damage detection in bridges. The method used a sequence of identified modal 

parameter data sets to continuously update stiffness parameters. The probability of the 

updated stiffness parameters being less than a specified fraction of the corresponding initial 

model stiffness parameters is calculated. In this approach, a high likelihood of reduction in 

model stiffness at a location is taken as an indicator for damage at the corresponding 

structural location. A damage metric is used as the changes in the stiffness parameters that 

are identified from modal parameter data sets, between an undamaged state and a possibly 

damaged state. This measure is needed because several factors such as variation in the 

identified modal parameters even in the absence of damage as well as unavoidable model 

error can lead to uncertainties in the updated modal parameters. 

 Baruh and Ratan (1993) developed a method for the identification of structural 

damage and detection of the location of damage in a truss structure. The detection was 

carried out in two parts. First, the eigensolution of the system was identified using a modal 

parameter identification technique. Then, the identified eigensolution was used together with 

the properties of the eigenvalue problem to detect the damage components. A sensitivity 

analysis was performed, where the effects of uncertainty in the mathematical model were 

analyzed. For example, they considered an original model, which is incorrect in the mass and 

stiffness properties for all the truss elements: they increased the level of uncertainty and 
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compared the accuracy of the damage localization. The results indicated that if there are 

modeling uncertainty in all the truss elements over 10%, the damage localization results are 

not very accurate. It was observed that such uncertainty, when moderately small, do not 

affect the damage localization results.   

Sohn et al. (2001) presented structural health monitoring in the context of a statistical 

pattern recognition paradigm. Two pattern recognition techniques based on time series 

analysis were applied to fiber optic strain gauge data obtained from two different structural 

conditions of a surface-effect fast patrol boat. The first technique was based on a two-stage 

time series analysis combining Auto-Regressive (AR) and Auto-Regressive with exogenous 

inputs (ARX) prediction models. The second technique employed an outlier analysis with the 

Mahalanobis distance measure. The Mahalanobis squared distance of the outlier was checked 

against a threshold value. A Monte Carlo method was used to define the threshold value. Due 

to the uncertainties, they used data normalization as a procedure to “normalize” data sets 

such that signal changes caused by operational and environmental variations of the system 

can be separated from structural changes. The main objective of the work was to extract 

features and construct a statistical model that distinguishes the signals recorded under the 

different structural conditions of the boat. These two techniques were successfully applied to 

the patrol boat data clearly distinguishing data sets obtained from different structural 

conditions.  

Fugate et al. (2000 and 2001) also presented vibration based-damage detection 

problems in the context of statistical pattern recognition. Statistical process control using 

control charts was applied in an unsupervised learning mode to the vibration test data 

obtained from the bridge column in its undamaged state and after various levels of damage 
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has been introduced. In their work, they focused on applying statistical process control 

methods referred to as “control charts” to vibration-based damage detection. First, an auto 

regressive (AR) model was fit to the measured acceleration-time histories from an 

undamaged structure. Residual errors, which quantify the difference between the prediction 

from the AR model and the actual measured time history at each time interval, were used as 

the damage-sensitive features. Next, the X-bar and S-control charts were employed to 

monitor the mean and variance of the selected features. Control limits for the control charts 

were constructed based on the features obtained from the initial intact structure. The residual 

errors computed from the previous AR model and subsequent new data were then monitored 

relative to the control limits. A statistically significant number of error terms outside the 

control limits indicated a system transit from a healthy state to a damage state. In their work, 

two key issues raised when attempting to apply the statistical procedures to SHM. First, one 

must examine features that quantify environmental and operational variability as well as the 

structural condition. Without this measure, one will have difficulty distinguishing changes in 

vibration response caused by damage from changes caused by other sources of variability. 

Second, the addition of these environmental and operational features must be done with the 

concept of feature vector dimensionality in mind. Therefore, the environmental uncertainties 

were incorporated directly into the AR model by adding a parameter for each factor of 

interest along with observed values of the factor.  

Doebling et al. (1998) studied the issue of the statistical significance of the changes in 

the modal parameters and damage indicators between the various damage cases in the I-40 

bridge experiments. The emphasis was to determine the statistical significance of the changes 

from one case to case. The approach demonstrated in their work uses Monte Carlo analysis to 
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compute statistical confidence intervals on the mode shape components and damage 

indication parameters. Then a statistical difference test was employed to associate a 

confidence level with the statement that the mean values between the two sample sets were 

significantly different. This statistical difference tests was applied to the individual flexibility 

change at that particular degree of freedom should be considered to be statistically significant 

or not. These difference statistics indicated the relative significance of the changes in a 

particular parameter relative to changes in other parameters. The shortcoming of their work is 

that uncertainties were not considered. Therefore, the results of their analysis can only 

discriminate whether the observed changes are statistically significant, not whether the 

source of the observed changes is structural damage. For example, a systematic error in the 

testing procedure or a change in the structural boundary conditions can both lead to a 

statistically significant change in the measured structural flexibility, which the analyst may 

falsely conclude is the result of structural damage. 

1.6 What Does This Work Present? 

This work presents a probabilistic methodology for damage localization in plate-like 

structures. This probabilistic methodology incorporates different types of uncertainty (which 

is discussed in detail in Section 2.4) in the SHM process. The mathematical description and 

quantification of uncertainty is described in Section 2.5. Also, the effect of the level of 

uncertainties on damage localization is analyzed.   

Determining the physical condition of the structure that is based on finite numbers of 

sensor measurements is a nonlinear inverse problem. Solutions to the inverse problems are 

inherently unstable or ill-posed, i.e., the solution is sensitive to noise and measurement error. 
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In addition, inverse problems are non-unique due to the fact that complete data collection is 

not practically feasible. To solve this nonlinear problem, which is sensitive to signal-to-noise 

ratio and measurement error that leads to uncertainties, a damage localization technique 

based on a least-squares method and Monte Carlo simulation considering uncertainties is 

mathematically developed. The estimated damage location may be calculated from collected 

signals such that the error function between the estimated damage location and the real 

location reaches its minimum. The least-squares damage localization technique utilizes the 

signals reflected from a single damage and iteratively searches damage position until the 

error function reaches its minimum value. 

In a previous work done by Mr. Wang at North Carolina State University, an active 

structural health monitoring system (with both sensors and actuators) is used. The actuators 

are used to excite elastic waves. Also, the least-squares method has been mathematically 

deduced and verified via both numerical simulation and experiments. This technique was 

demonstrated through the following steps: 

• An elastic wave energy decay model for wave propagating in plates was 

established. 

• The least-squares method was applied to iteratively search localized damage 

based on minimization of the difference between the measured and the modeled 

elastic wave energies. 

• Simulation examples for single damage detection were demonstrated using 

Matlab. 
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• A simple experimental system was set up to validate the feasibility of the least-

squares method for damage localization in an aluminum plate. 

 From the simulated results and experimental data, it was shown that the estimated 

damage position by the least-squares method gave good agreement with the targeted damage 

location.  

In this work, the least-squares method for damage localization is used in a 

probabilistic framework. Uncertainties using Monte Carlo simulation will be incorporated in 

the analysis and in all the steps mentioned above. This method is verified via numerical 

simulation and experimental data. The goals of this method are accomplished by formulating 

the solution in a probabilistic framework, which takes two types of uncertainties into 

account. Also, in the following, uncertainty of a quantity is described in terms of a 

Probability Density Function (PDF) that specifies the probability of all possible values of that 

quantity. In this context, probability is used as the quantitative measure of the degree of 

confidence of the damage location by taking uncertainties into account. For engineering 

applications, representing the uncertainty as probability information is reasonable because 

large amounts of test data and well-established formal theories are available. 

The basic procedure of the probabilistic approach and the Monte Carlo method used 

in this work can be summarized as the following: “The objective of the problem is to deduce 

the probabilistic means of the damage location from the probability density functions of the 

measurements and the model”. Due to the complexity of the mathematical relation in the 

equations between the inputs and the output, the Monte Carlo method is used. 
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Some simple problems have been examined to solve for the resultant PDF of a certain 

outcome using the PDF of certain inputs. One example is illustrated in detail as follows.  

 Nowak et al. (2000) presented a cantilever beam such shown in the following figure. 

 

Figure 1.1 Example of a cantilever beam  

 

Using the Monte Carlo technique, the mean and the standard deviation of the moment of 6 ft 

from the free end is to be calculated. The loads P and W are independent normal random 

variables with the following parameters: 

lb4000P =  , lb/ft05W =  

lb400P =σ , ft/lb5W =σ  

The bending moment M at the location of interest is W18P6M −= . Since P and W are both 

independent normal random variables and M is a linear function of P and W, thus M is also a 

random variable. The mean and the standard deviation of M can be calculated exactly by 

using the following formulas: 
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Therefore: 

ftlb23100W18P6M ⋅=−=  

ftlb2400)18()6( 2
W

2
PM ⋅=σ+σ=σ  

The exact solution was compared with the Monte Carlo solution. For this example, five 

values of the bending moment M will be calculated using the Monte Carlo simulation. 

Therefore, five values of the load P and five values of the load W will be simulated. This will 

require determining 10 values (two simulated variables times five values of each variable) of 

a uniformly distributed random variable iu  between 0 and 1. The uniform random numbers 

are generated and then the simulated values of P and W are calculated using the equation 

Xii zXx σ+= . Therefore, for a given sample value iz , the corresponding ix  value can be 

calculated. The following table corresponds to the values of P and W that have been 

calculated. 
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Next, five data sets }W,P{ ii  are formed and used to generate five values for the moment M 

using iii W18P6M −= . The following results are generated for iM (lb.ft), (19200, 23620, 

25990, 22410, 20480). Then the mean and the standard deviation can be calculated using the 

following equations:  

ftlb340,22M
5

1
M

5

1i
i ⋅=∑=

=
 

ftlb2659
15

)M(5)M(
5

1i

22
i

M ⋅=
−

∑ −
=σ =  

Comparing these values with the theoretical exact values obtained earlier, it can be noticed 

that the values are comparable but not as accurate as they should be. The accuracy of the 

Monte Carlo simulation approach increases as the number of sample values increase. If more 

simulated values of M are generated, the estimate of the mean and the standard deviation 

would improve. For example, when the number of samples is 50, the sample mean and 

standard deviation are found to be 22990 lb.ft and 2332 lb.ft respectively. These values are 

much closer to the theoretically correct values of 23100 lb.ft and 2400 lb.ft. 
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2 Theoretical Background and Mathematical Formulation 

2.1 Probability and Random Variables 

Probability is a scale of measurement used to describe the likelihood of an event, 

where an event is defined as the occurrence of a specified value of a random variable, e.g., 

the location of damage.  

N

n
xXP == )( 0  

where n is the number of observations on the random variable X  that results in an outcome 

of interest 0x , and N is the total number of observations of X . 

In any experiment there are numerous phenomena that can be observed or measured. 

In general, each outcome of an experiment can be associated with a number by specifying a 

rule of association. Such a rule of association is called a random variable. Therefore, a 

random variable assigns numerical values to the outcomes of an experiment.  

2.2 Histogram, Cumulative Distribution Function, Probability Density Function.  

Histogram is a special type of charts that are commonly used to display and describe 

data. They are developed from that data for some variables of interest. A histogram is a plot 

of the number of data points of occurrence versus selected intervals or values for a parameter.  

Given a real number x , the set { }xX ≤ , consisting of all outcomes ζ such that 

xX ≤)(ζ , is an event. Its probability { }xXP ≤  is a number depending on x ; that is, a 

function of x . This function is denoted by )(xFX  and is called the cumulative distribution 

function (CDF) of the random variable X . Therefore, the CDF of a random variable X is the 
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function { }xXPxFX ≤=)(  defined for any number x from ∞− to ∞+ . Thus, for a given 

x , )(xFX  represents the probability of the event { }xX ≤ consisting of all outcomes ζ such 

that xX ≤)(ζ . The CDF )(xFX has the following properties: 

• 1)(,0)( =+∞=−∞ XX FF  

• It is a non-decreasing function of x : )()( 21 xFxF XX ≤  for 21 xx <  

• It is continuous from the right: )(( xFxF XX =+ )  

 The derivative 
dx

xdFX )(=X  of the CDF )(xFX  is called the probability density 

function (PDF) of the random variable X . X  is a non negative function and  .1=∫
+∞

∞−
dxX   

A typical example of the PDF is the Gaussian distribution. Experimental 

measurements always contain some variability, thus no conclusion can be drawn with 

certainty. Statistics gives us tools to accept conclusions that have a high probability of being 

correct and to reject conclusions that do not. If an experiment is repeated many times, and if 

the errors are purely random, then the results tend to cluster symmetrically about the average 

value. The more times the experiment is repeated, the more closely the results approach an 

ideal smooth curve called the Gaussian distribution. The Gaussian distribution function is 

given by the simple formula:  

( )











σ
µ−−

πσ
=

2

2

2

x
exp

2

1
X                     (2.2.1) 
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where x  represents the possible outcome of the measurement. The quantity µ  is the mean 

value of the measurements and σ is the standard deviation (variance) of the measurement set. 

The function X determines the probability of the occurrence of the outcome x of the 

measurement. The mean and standard deviation characterize the Gaussian distribution. The 

mean is the center point of the curve and the standard deviation measures how closely values 

are clustered about the mean. Figure 2.1 shows the Gaussian distribution with a mean µ  and 

a standard deviation σ .  

 

Figure 2.1 Gaussian distribution with mean 0=µ  and standard deviation π=σ 2/1  
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2.3 Joint Distribution Function of Two Random Variables 

If X and Y are two random variables, the joint distribution function of X and Y, 

denoted by ),( yxFXY , is defined as the probability of the intersection of two random events 

{ }xX ≤  and { }yY ≤ : 

),()}(){(),( yYxXPyYxXPyxFXY ≤≤=≤∩≤=                           (2.3.1)                              

treated as a function of two random variables x and y. ),( yxFXY  is sometimes called the joint 

cumulative distribution function of X and Y. If ),( yxFXY  is the joint (cumulative) 

distribution function of X and Y, then the distribution functions )(xFX  and )( yFY are called 

marginal distribution functions. 

 Consider )()(),(),( xFxXPYxXPxF XXY =≤=∞≤≤=∞                              (2.3.2) 

Since ∞≤Y  is a certain event and )(),( xXYxX ≤=∞≤≤ . Similarly,  

)()(),(),( yFyYPyYXPyF YXY =≤=≤∞≤=∞                (2.3.3) 

Geometrically, the joint probability distribution function ),( 11 yxFXY  represents the 

probability of a random point (a point with random coordinates X and Y) falling within the 

quadrant bounded by lines 11 and yyxx == intersecting at ),( 11 yx as shown in Figure 2.2a. 

The marginal probability density )( 1xFX  is the probability of the abscissa of the random 

point falling to the left of 1xx = (Figure 2.2b), and )( 1yFY  that of it falling below 1yy =  

(Figure 2.2c). Falling anywhere in the xy plane is a certain event; hence,  

1),( =∞∞XYF                                                        (2.3.4) 
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Figure 2.2 (a) Joint probability distribution function ),( 1yxFXY  is described by the probability of the 

random point falling within the shaded area. (b,c) The marginal distribution function )( 1xFX  and 

)( 1yFY , respectively, are described by the probability of the random point falling within the shaded 
areas 
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The joint probability distribution function approaches zero as either or both of its 

arguments, x, y approaches ∞− : 

0),(),(),( =−∞−∞=−∞=−∞ XYXYXY FxFyF                            (2.3.5) 

Indeed, since }{},{ −∞≤⊂≤−∞≤ XyYX  we have 0}{P}{P =−∞≤≤≤−∞≤ XyY,X  

which leads to the first of the equalities in equalities 2.3.5, other equalities are derived in an 

analogous manner. Geometrically, Eq. 2.3.5 is quite clear: As one of the arguments x or y, 

approaches ∞− , the probability of the random point falling within the shaded quadrant 

approaches zero. 

 Now suppose 21 xx < . We have, then, for a fixed 2yy = ,  

),(),(),( 2122221 yYxXPyYxXPyYxXxP ≤≤−≤≤=≤≤<   

which is illustrated in Figure 2.3.  

 
Figure 2.3 Probability of random point falling within the shaded area is described by the difference 

),(),( 2122 yxFyxF XYXY −  

 

We have  

),(),(),( 2122221 yxFyxFyYxXxP XYXY −=≤≤<                        (2.3.6) 



 

23 

 
Since the left-hand term of Eq. 2.3.6 is a probability, it is a nonnegative, implying that the 

joint probability distribution function is a non-decreasing function of x. Similarly, it is a non-

decreasing function of y; indeed, if 21 yy < we have, for fixed 2xx = (see Figure 2.4) 

),(),(),( 1222212 yYxXPyYxXPyYyxXP ≤≤−≤≤=<<≤  

 
Figure 2.4 Probability of random point falling within the shaded area is described by the difference 

),(),( 1222 yxFyxF XYXY −  

 

The rectangle in Figure 2.5 may be considered as the difference of two half-strips, so that  

),(),(),(),(

)],(),([)],(),([),(

11122122

112112222121

yxFyxFyxFyxF

yxFyxFyxFyxFyYyxXxP

XYXYXYXY

XYXYXYXY

+−−=
−−−=≤<≤<

 (2.3.7) 
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Figure 2.5 (a) Probability of a point falling within the rectangle is described by the difference of those 

of it falling within half-strip S1 (b) and half-strip S2 (c), as per Eq. (2.3.7) 
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2.4 Definitions and Classification of Uncertainty 

Uncertainty can be defined as the potential deficiency that is due to the lack of 

knowledge. In general, the uncertainty can be categorized into four different types as shown 

in Figure 2.6: 

 
Figure 2.6 Types of Uncertainty 

 

Stochastic uncertainty (Moller, 2004) exists due to presence and change of 

environments, operating interference, and acoustic/electrical noise. In experiment, this 

uncertainty can be described as a future data that cannot be predicted within reasonable 

experimental error. An engineer or an analyst working with experimental data needs to run 

an experiment several times to validate the experimental output. In most cases, an engineer 

would notice a variation in the output at every experiment. This is due to the stochastic 

uncertainty, considering that all the setup of the experiment is held the same.  

 Informal uncertainty (Moller, 2004) results from an information deficit. In other 

words, informal uncertainty or subjective uncertainty (Ayyub, 1994) is based on the limited 

insufficient information about the system and expert-based assessment of engineering 

structures.  
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Model uncertainty is an uncertainty in the physical model. This kind of uncertainty 

usually occurs when the physical model is used to predict the actual behavior of the real 

structure. For example, simulating a plate girder (Kim and Stubbs, 1995), using finite 

element methods, would produce model uncertainty due to the fact that choosing a specific 

type of element in finite elements may not truly represent the real behavior of the structure. 

Assuming an isotropic and perfectly clamped model to represent an isotropic clamped 

cantilever beam can also generate model uncertainty because in the real case, the beam 

would not be perfectly clamped or isotropic. Simplifying assumptions about geometry of the 

structure and physical behavior, in the process of developing the physical model are another 

examples of model uncertainty.  

Parameter uncertainty is uncertainty about the actual value of a parameter in the 

mathematical model of the real system. Parameter uncertainty has no influence on the 

physical model. After selecting the physical model, the parameters included in the 

mathematical model, should be analyzed to detect the uncertainties in these parameters. For 

example, stiffness parameters of a real structure can be unknown (Kim and Stubbs, 1995), so 

when considering the stiffness parameters in the mathematical model, these parameters can 

fall under the parameter uncertainty category.  

2.5 Uncertainty Analysis 

Methods including probabilistic methods, non-probabilistic methods, moment 

methods, stochastic differential equation methods, etc., are available for the mathematical 

description and quantification of uncertainty 
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 Uncertainty models are gaining increasing importance in engineering sciences, and 

the intensive research in this field worldwide is a sure sign of wider application in the future 

(Moller, 2004). Developments so far are outlined in Figure 2.7: 

 
Figure 2.7 Uncertainty Analysis: Identification and Quantification of Uncertainty 

 

2.5.1 Identification of Uncertainty 

The first step in uncertainty analysis is to identify all the uncertainties from the 

analyzed structure and to associate these uncertainties with the different uncertainty types 

mentioned in the previous section. 
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2.5.2 Quantification of Uncertainty 

The goal of uncertainty quantification is to characterize the effect that different types 

of uncertainty have on physical experiment or numerical simulation output. Traditionally, 

there are different classes of uncertainty analysis methods corresponding to different ways of 

characterizing the uncertainty in the input variables. These methods will be discussed in the 

following sections. 

2.5.2-1 Probabilistic Methods  

Probabilistic methods can be divided into "statistical" and "non-statistical" methods. 

Statistical methods use a large number of values of the input variables to calculate values 

repeatedly for the output variables. A sampling method is used to generate the input values 

from a distribution. Statistics, such as the mean and variance, of the output values can then be 

calculated.  

Non-statistical methods use an analytical treatment of the uncertainty. Two examples 

of these methods are the "moment" methods and "stochastic differential equation" (SDE) 

methods, which will be discussed later.  

A) Statistical methods 

Basic Monte Carlo Method:  

Monte Carlo methods, which are also called "statistical simulation methods", can be 

loosely defined to include any method that utilizes sequences of random numbers to perform 

the simulation. Although they have been used for hundreds of years, the name "Monte Carlo" 

was given to these methods in 1944 by the group of elite mathematicians and physicists who 
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were responsible for developing both the first atomic bomb and the first electronic digital 

computers (Faragher, 2004).  

The procedure for the basic Monte Carlo method involves three steps:  

1.  For each input variable, a set of values is generated by randomly sampling the known or 

assumed probability density function. 

2.  For each set of random input data a deterministic mathematical model is executed and the 

output data are aggregated. 

3.  The statistics of the output data set (mean, variance, skewness, kurtosis, etc.) are used to 

define its probability density function  

It is important to note that while the Monte Carlo method converges to the exact 

stochastic solution as the number of samples approaches infinity, the convergence of the 

mean value estimate is slow because the standard deviation of the mean scales inversely with 

the square root of the number of samples (Faragher, 2004).  Hence thousands or millions of 

data samples may be required to get the required accuracy, and for each sample the 

deterministic mathematical model used in step 2 will need to be executed.  

The basic Monte Carlo method is very computationally expensive. To reduce the 

computational expense, modifications of the basic Monte Carlo method have been 

developed. Two of the modified Monte Carlo methods are called  "Importance sampling" and 

"Latin Hypercube Sampling". They are popular because they are easy to implement and 

reduce the computation time while still providing the required accuracy in the particular 

situations described below.  
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Importance Sampling Monte Carlo Method: 

Importance Sampling is one of the variance-reducing modifications to the Monte 

Carlo method. The fundamental idea is that the sampling process is deliberately distorted or 

biased (Faragher, 2004). Instead of taking samples at random from a PDF, a "sampling PDF" 

is designed to take more samples from a region of importance. Importance sampling is 

particularly valuable because the largest gains are possible in some of the most difficult 

simulation applications, those involving the simulation of rare events. A sampling 

distribution designed to take more samples in the region where events are rare reduces the 

number of simulations required to observe an adequate number of such events. 

Reduction in computation time of many orders of magnitude is possible by using 

Importance Sampling instead of the basic Monte Carlo method with the same accuracy when 

rare events are involved (Faragher, 2004). Unfortunately, in applications that do not involve 

rare events the design of the sampling distribution can be very difficult with the result that 

the Importance Sampling method may increase the simulation time or fail. 

Latin Hypercube Monte Carlo Method:  

In the Latin Hypercube sampling method the selection of sample points is highly 

constrained (Faragher, 2004). This enables the statistics of the sample (mean, variance, etc.) 

to resemble the statistics of the probability density function (PDF) being sampled with the 

same accuracy for a smaller sample size than is required for the basic Monte Carlo sampling 

method. For a single uncertain input parameter, instead of taking N samples at random from 

the complete PDF, the range of probable values is partitioned into N segments of equal 

probability. That is, each segment corresponds to an equal area under the PDF curve.  
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The advantage of the Latin Hypercube sampling method is that the random samples 

are generated from all the ranges of possible values. While this method ensures complete 

coverage of the full range of the input parameters it does not give accurate information about 

the tails of the output probability density functions.  

Response Surface Monte Carlo Method:   

Pratt & Whitney Inc. developed a probabilistic design system incorporating two 

different methods depending on whether or not the computer codes being used were 

computationally expensive to run (Faragher, 2004). For the codes that could be run quickly 

they used the Monte Carlo method of randomly varying the inputs and calculating the mean 

and variance of the calculated outputs. For codes that run slower, they used a second order 

response surface model with Box-Behnken design experiments, followed by a Monte Carlo 

simulation. The Box-Behnken design experiments use just three values of each uncertain 

input variable: low, nominal and high. With six variables the Box-Behnken design means the 

computer code has to be run only 49 times. A second order response surface regression 

equation is then fitted to the output variables from the 49 runs. A Monte Carlo simulation is 

simply performed by selecting a random sample value of each input variable according to its 

PDF, and then calculating the corresponding output values from the response surface 

equation. Several thousand Monte Carlo samples can be evaluated in a very short time.  

Random Number Generators for Monte Carlo Simulations:  

Generating "good'' random numbers can be a major problem in Monte Carlo 

Simulations. Many basic random number generators (RNGs) supplied with computers are not 

sufficiently random. Even some RNGs with adequate randomness properties are not good 

enough for Monte Carlo simulation because their period of repetition is too small. The period 
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must be much greater than the number of random numbers used in the simulation, or else the 

results can be incorrect.  

Multiplicative linear congruential generators (MLCG) using 32-bit integers have a 

period of at most 1031 102 ≅ (Faragher, 2004). This many random numbers can be generated 

in a matter of seconds on a modern workstation.  

B) Non-Statistical methods 

Moment Methods:  

The moments of a probability distribution are its defining features.  

• The first moment is the mean  

• The second moment is the variance 

• The third moment is the skewness 

• The fourth moment is the kurtosis (peakiness)  

A normal or Gaussian probability distribution is completely defined by its first two 

moments, its mean and variance.  Other types of probability distribution are not so simple. 

Moment methods ignore the higher order moments and approximate the probability density 

functions, which characterize the uncertainty in the input parameters by their first two 

moments (Faragher, 2004).  

Moment methods are very simple, convenient and widely used approximate methods 

for estimating the moments of the output from the moments of the uncertain input parameters 

(Faragher, 2004). These methods are also called perturbation methods. These methods 

involve some form of perturbation expansion in terms of random variables present in the 
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problem, taken about a deterministic state (often the one corresponding to the mean value of 

these random variables). Among these, the first-order second moment method is based on the 

truncation of the Taylor-series expansion of the random quantities after the terms involving 

first-order partial derivatives with respect to the random variables in the problem.  

Stochastic Differential Equation Methods:  

Stochastic Differential Equation  (SDE) methods have been used for structural 

mechanics problems (Faragher, 2004). They provide the information about the higher 

moments of the results at less computational expense than Monte Carlo methods. 

2.5.2-2 Non-Probabilistic Methods  

 A) Interval Analysis:   

In interval analysis, a pair of numbers representing the maximum and minimum 

values that the variable is expected to take replaces the value of a variable. Interval arithmetic 

rules are then used to perform mathematical operations with the interval numbers (Faragher, 

2004). While interval analysis has been applied successfully to small problems, it has not 

found practical application to large simulations because the results it produces are too 

conservative, i.e. it predicts the greatest possible uncertainty in the output. Also, its ease of 

implementation is out-weighed by the lack of information it provides compared with other 

methods.  

 B) Sensitivity Derivatives:   

This deterministic technique has been in use for many years. Its aim is to quantify the 

sensitivity of the output to a variation in one of the inputs. In this way the total uncertainty in 

the output is divided between the various sources of uncertainty. It identifies which sources 
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of uncertainty have a significant effect on the output and which sources can be ignored 

(Faragher, 2004). As such, it is often a useful preliminary step performed before a 

computationally expensive probabilistic uncertainty analysis. 

2.5.2-3 Possibilistic Methods - Fuzzy Logic  

Fuzzy logic can be used to estimate the uncertainty in the output when the 

uncertainties of the input parameters are characterized by membership functions. Fuzzy logic 

calculates approximate behavior of the system using models based on inexact, incomplete, or 

unreliable data. The membership function represents the degree of membership of the fuzzy 

variable within a fuzzy set. Uncertainty analysis using membership functions is sometimes 

referred to as "possibilistic", to contrast this approach with the probabilistic approach using 

probability density functions to characterize the uncertainty in the input parameters.  More 

information about this technique can be found in (Faragher, 2004). Although fuzzy logic is 

appealing because of its simplicity, many aerospace applications require a high level of 

accuracy that makes it necessary to employ probabilistic methods wherever it is possible to 

do so.  

2.6 Conclusions about Quantification of Uncertainty 

The basic Monte Carlo method provides the complete information about the higher 

statistical moments of the results but it is very computationally expensive.  In order to reduce 

this expense modified Monte Carlo methods such as Latin Hypercube Sampling or 

Importance Sampling have been developed. 
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Moment methods are popular because of their low computational expense. They will 

not give good results unless the probability distribution of the uncertainty in the input 

parameters is close to Gaussian because they ignore the higher order moments. 

Stochastic Differential Equation methods provide the complete information about the 

higher statistical moments at less computational expense than Monte Carlo methods. 

Therefore, if this information is needed, and if the approximation involved in the response 

surface Monte Carlo method is not acceptable, the SDE methods are the best alternative 

(Faragher, 2004).    

Non-probabilistic methods are often a useful preliminary step performed before a 

computationally expensive probabilistic uncertainty analysis. Also, its ease of 

implementation is out-weighed by the lack of information it provides compared with other 

methods. 

Although possibilistic methods are appealing because of its simplicity, many 

aerospace applications require a high level of accuracy that makes it necessary to employ 

probabilistic methods wherever it is possible to do so. 

2.7 Probabilistic Structural Health Monitoring using the Monte Carlo Simulation. 

Due to the unavoidable uncertainties that are presented in the physical models and the 

parameters, and etc, the probabilistic framework is a tool very well suited to handle the SHM 

problem. Probabilistic method considering the uncertainty issue is presented in this work. A 

measure of the confidence level of the damage location is examined by taking uncertainties 

into account. 
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 The probabilistic structural health monitoring procedure is explained in the following 

steps:  

 Firstly, an elastic wave energy decay model for wave propagating in plates is 

established. The physical model imposes assumptions and simplifications. This model 

uncertainty is modeled as a PDF.  

 Secondly, the stochastic uncertainty due to the presence and change of environments is 

modeled as a PDF. 

 Thirdly, the least-squares method in conjunction with the Monte Carlo simulation for 

each uncertainty and its interaction is applied to iteratively search localized damage based on 

elastic wave energy measurements.  

Lastly, a probabilistic diagram for the location of the damage can be constructed using 

the moments (mean, variance, etc) of the resulting PDF of the damage location.  

In the mathematical equations, the location of the damage is a nonlinear function of the 

measured sensor data and the physical model. Since, the measured sensor data and the 

physical model are represented as a PDF, the location of the damage is a PDF as well. In 

order to generate the random numbers from a Gaussian PDF and to solve for the resultant 

PDF of the damage location, the Monte Carlo simulation is used.  

2.8 Development of the Elastic Wave Energy Decay Model, Measurements, and the      

Model Parameters. 

In order to obtain the reflected waves solely from damages, the response wave signal 

at each sensor is measured before and after damage occurred. The pre-damage wave signals 
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are subtracted from the post-damage wave signals. Let M  be the number of sensors, N  be 

the data length collected by each sensor and only one damage exits in the plate. Figure 2.8 

shows the scheme of sensor and actuator deployment with the damage location.  

Sensor 1
Sensor 2

Sensor m

Sensor M
Actuator

Damage

mr

0r

mg tc

τgc

o

y

x
 

Figure 2.8 Scheme of sensor/actuator deployment and unknown damage 
 
 

The signal received by each sensor can be modeled as (Yang and Yuan, 2005): 

m

0 )(
)(

r−
−−= ρ τtnaα

nx m
m m

γ ,   Mm ,,2,1 L= , Nn ,,2,1 L=                     (2.8-1) 

where )(nxm : the nth value sampled at the mth sensor over time interval sf/1 ; 

sf is the sampling rate; 

mγ : Sensor gain factor of the mth sensor; ρ : The position vector of the damage; 

mr : Cartesian coordinates of the sensor m; 

α : Reflection factor or the initial amplitude at the damage; 

)(0 τ−− mtna : Normalized reflected waveform from damage with unit peak-to-peak 

value; 
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mt : Time delay from the damage to sensor m; 

τ : Time delay from the actuator to the damage. 

g

ms
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rρ −
=  and 
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s

c

fτ 0r
ρ −

=                 (2.8-2) 

where 0r is a given vector denoting Cartesian coordinates of the actuator, gc  indicates the 

group velocity and the operator  indicates Euclidean distance. It is worth of noting that 

multiplying sf  in Eq. (2.8-2) is because of the discrete time consideration. 

The excitation is a Hanning windowed sinusoid burst signal governed by the 

following function: 

  )2sin()]2cos(1[)]()([)( tfNtffNtHtHPtq cpccp ππ−×−−=         (2.8-3) 

where )(tH is the Heaviside step function, pN is the number of peaks of the loading and cf  

is the central frequency. In this study, 5=pN , and kHz50=cf  are used. 

 The reflected waveform also has the same shape as Eq (2.8-1), thus we have 

)2sin()]2cos(1[)]()([)( 000 tfNtffNtHtHta pcp ππ−×−−=  and the expectation of 

)(0 na , or even its delay, equals to zeros if N is large enough. 

   0)](E[,0)](E[ 00 =−−= kkmtnana τ          (2.8-4) 

The expectation of energy is calculated by averaging over a time window sfNT /= . 

Denoting the scalar )](E[ 2
m nx  as my , the energy decay model can be expressed as: 
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where 2
mmg γ= and note that )(0 τ−− mtna is a N×1 vector. 
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In practice, mŷ is the modeled energy which estimates the reflected wave signals, 

furthermore, the corresponding measurement is mŷ may be viewed as the extracted 

characteristic from the collected data at the mth sensor.  

In Eq. (2.8-5), we have two unknown variables of the damage location coordinates 

and one unknown damage reflection factorα , that is, the three unknown parameters are 

defined as 

}{ αρρ
yx=            (2.8-6) 

Since there are totally three unknown variables, there must be at least three or more 

sensors reporting wave energy measurements to yield a solution.  

2.9 Development of the Probabilistic SHM using the Monte Carlo Simulation 

To obtain the physical model that reflects the true behavior of the real model, several 

assumptions were made. These assumptions are shown below: 

1) Since the isotropic aluminum plate is tested, group velocity is independent of wave 

propagation direction because the isotropic aluminum plate is tested. 

2) The size of incipient damage is relatively small so that reflected waves from the damage 

can be treated as a secondary wave point source. 

3) Excitation wave signals are narrow banded and their central frequencies are lower than the 

cut-off frequency. Thus the dispersion effect is largely neglected. All the excitation wave 

signals are dominated by the0A  mode. 
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 Due to the last assumption and the strength of the signal being inversely proportional 

to the distance between damage and the sensor, an uncertainty in the physical model arises. A 

Gaussian distribution function is used to model the uncertainties in modeled reflected signal:  

2
0a

2
0a0

2σ )�(aπσ −
−

= e
2

1

0a
0a                 (2.9-1) 

where 
0a is the mean and 

0a is the standard deviation. 

The measured data my  will be also modeled as a Gaussian distribution with a mean 

and a variance. This data will be treated as uncertain data and this is due to the fact that 

during the experiment, changes in the environmental conditions such as temperature and 

humidity as well as the inaccuracy of the equipments used will result in such an uncertainty. 

Therefore, the PDF of my  is: 

  
2

m

2

m

y

ym

2

y

m

)(

e
σ

−
−

=

�
y 2

1

m

Y              (2.9-2) 

In the mathematical model given in Eq. (2.8-5), the distribution of the parameters, 

}{ αρρ
yx= , will be modeled as Gaussian PDFs.   

These parameters are modeled as a Gaussian distribution function with an initial 

mean and variance:  
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In order to conclude the different types of uncertainties included in this work, Figure 

2.9 is developed: 

 

Figure 2.9 Uncertainties included in this work 

 

Due to the different uncertain variables mentioned before, Monte Carlo simulation is 

used. The Monte Carlo simulation is an engineering tool that enables us to perform 

probabilistic analysis when many uncertain variables are related through non-linear 

equations. The Monte Carlo method is used to determine the resultant PDF of the damage 

location, which is dependant on the PDFs of the model uncertainty and the measurement 

uncertainty. This procedure is represented in Figure 2.10. 
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Figure 2.10 Graphic representation of the problem of the probabilistic analysis presented in 

this work 

 
 For each random variable (uncertainty), 5000 samples are generated to model the 

Gaussian PDF. For each set of random variables, a deterministic mathematical model is 

executed and the output data are aggregated.   

 The mathematical model of the wave energy is: 
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The distribution function )(ˆ
m θY is obtained using the Monte Carlo method as well. 

In this thesis, a least-squares method uses the energy measurement of the collected 

elastic wave signals such that it uses all the data information including the time-of-flight. 

Furthermore, since the least-squares method is based on active diagnostic technique to obtain 

the reflection waves, it is a promising method for the application of SHM. 

In the least-squares method, the PDF of the parameters }{ αρρ
yx=  are 

iteratively updated to make the following error function between the mean of the PDF of the 

modeled record and the mean of the PDF of the measured data reach its minimum: 
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where )(ˆ
m θY  is the PDF for the modeled wave energy and mY  is the PDF for the measured 

wave energy at sensor m, respectively. 

 )(J is then represented as a PDF as well using the Monte Carlo method: 
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The gradient of )(J with respect to is 
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The gradient of )(J with respect to the pth component of the PDF of the damage 

coordinates  can be expressed as 
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where the subscript .p denotes the pth component of coordinates and sub-prime is the 

derivative with respect to its argument. 

The above procedure leads to a so-called Gradient optimization algorithm:  

Gradient optimization algorithm 

Initialization:  

Initial mean and variance values for damage positions }{  and  

    damage reflection factors α  
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Initialize mean and variance values for mY  

Initialize mean and variance values for the model uncertainty 

After initialization, 
∂

∂ )(J
 and 

p.

)(J
∂
∂

 will be calculated. 

Then for the next iteration the PDFs will be updated as 

∂
∂ς−=+ )(
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                               (2.9-11) 
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where 1ς and 2ς are positive scalars called step size. 

 Repeat until convergence 

  Calculate Eq. (2.9-9) and Eq. (2.9-10) 

  Update Eq. (2.9-11) and Eq. (2.9-11) 

 

The convergence criterion is given by  

   0001.0)(mean)(mean )i(
.

)1i(
. ≤−+

pp                                     (2.9-13) 

In order to find the probability of the damage location in a certain area, the joint distribution 

function of x and y is calculated. The theoretical development in Section 2.3 has been 

used to calculate the probability of the damage within a certain area. The plate is divided into 

grids of size 0.5 cm along the x-axis and 0.5 cm along the y-axis. This results in 14400 

rectangular areas (See the Figure below).  
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Using Eq. (2.3.7), the probability of the damage being within every single area )25.0( 2cm  is 

found. The analysis is performed by taking the 5000 coordinates from the resultant PDF of  

and calculating the probability of every single point to fall within every area.  

As a conclusion, the idea of the Monte Carlo technique is to randomly pick values 

from the uncertain parameters and the uncertain measured and modeled data such that the 

histogram of the chosen values approximates a PDF. The Monte Carlo process consists of 

sampling the uncertain parameter and the uncertain data values from the assumed uncertainty 

distributions and running the simulation code for each set of values. This procedure of the 

identification of uncertainty can therefore be viewed as nothing more than a multiple runs of 

a deterministic computer program. 
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3 Simulation and Experimental Results  

3.1 Simulation Results and Discussion 

The simulation results of a single damage localization based on the probabilistic least-

squares method are illustrated as follows. The aluminum plate (A1-6061) used in this study 

and its material properties are listed in Table 3.1. The central frequency of the excitation 

signal is set at 50 kHz, which is less than the first cut-off frequency such that only the lowest 

flexural wave exists. The group velocity gc corresponding to 50 kHz is 2107 m/s. 

E 
(GPa) 

      ν  ρ 
(kg/m3) 

h 
(cm) 

Dimension 
(cm×cm) 

72.0 0.3 2730 0.32 152.4×152.4 

Table 3.1 Material properties and geometry of Al-6061 plate 

 

In order to generate the simulated wave signal received by each sensor, a finite 

difference algorithm based on Mindlin Plate theory is used to synthesize the waves in the 

aluminum plate (Lin and Yuan, 2001). A 600600×  finite difference mesh is with uniform 

square grid space mmyx 54.2=∆=∆ superimposed on the plate region. The thickness of the 

plate is 0.32 cm. The origin of the coordinate system is set at the center of the plate. A 

damage is modeled located at (20,10) cm. The point damage is modeled as a material with 

16
1  the value of the bending stiffness for the undamaged plate. In addition, four sensors are 

located at (-30, 30) cm, (30, -30) cm, (30, 30) cm and (-30, -30) cm. The parameters of the 

excitation signal are set as 5=pN , and kHzfc 50= . Note that the origin of the coordinate 

system is at (0,0). Figure 3.1 displays the simulated damage reflected wave signals received 

at four sensors by using the finite difference algorithm. 
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Figure 3.1 Simulated reflected wave packs from the damage using finite difference method 

 

The influence of the level of uncertainty on the resulting PDF of the damage location 

is studied. Changing the standard deviation of the PDF changes the level of uncertainty. A 

standard deviation that is equal to 0.1 (or 10% of uncertainty) demonstrates a low level of 

uncertainty, whereas a standard deviation that is equal to 1 demonstrates a high level of 

uncertainty (Vanik, 1997). Several simulations are developed to study the effect of changing 

the level of uncertainty on detecting the damage location.  

 In order to detect a single damage locating at (20, 10) cm, the minimum number of 

sensors that should be used is three (Wang, 2004). Figure 3.2 shows the final localization 

results and the performance of searching for the four-sensor setup. Compared with three 

sensors case, the searching procedure will speed up remarkably when four sensors are used. 

However, more sensors may also add up the computational cost of the optimization 

algorithm. There is a trade-off between the numbers of sensors and computational cost. 
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Generally the former effect is dominant, thus the number of sensors should be somewhat 

larger than the necessary number of sensor in the application of real -time damage detection.  

Figure 3.2 shows a plot of the different searching traces with different initial guess 

positions. This figure shows the result of zero level of uncertainty. Zero level of uncertainty 

corresponds to a deterministic method that is used as a base for estimating the damage 

location with different degrees of uncertainties. The targeted damage location is at (20, 10) 

cm. The method converges to a damage position (18.4, 10.2) cm, which makes the difference 

between the actual damage location and the estimated damage location to be 1.6 cm. From 

this result, it can be seen that this method has a robust performance and good convergence. 

 
Figure 3.2 Simulation results of damage localization by least-squares method 

  

 In order to study the sensitivity of the damage localization to the stochastic and model 

uncertainty, different levels of model and stochastic uncertainties are analyzed. Figures 3.3, 

3.4 and 3.5 show the probability distribution, the histograms and the PDFs for different levels 

of model uncertainty and zero stochastic uncertainty. From the mean of the PDFs, it can be 
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noticed that the estimated damage location with 5%, 10% and 20% model uncertainty is 

respectively at (18.4, 10.3) cm, (18.3, 10.3) cm and (18.3, 10.6) cm., which is very close to 

the damage location obtained from the deterministic analysis.  Thus, the mean of the PDFs, 

which corresponds to the damage location with the highest probability, is not very sensitive 

to the model uncertainty. In contrast, as the level of the model uncertainty increases, the 

standard deviation of the PDFs widens. Therefore, increasing the level of the model 

uncertainty, the damage can be estimated in a wider region (Less confidence level). 

Consequently, we can conclude in this problem that the model uncertainty affects the 

standard deviation of the PDF. Therefore, upon increasing the level of the model uncertainty, 

the standard deviation increases and thus the damage can be estimated with a lower 

probability (less confidence level).  

Figures 3.6, 3.7 and 3.8 show the probability distribution, the histograms and the PDFs 

for different levels of stochastic uncertainty and zero model uncertainty. From these figures, 

it can be noticed that the estimated damage with 5% stochastic uncertainty is at (17.5, 9.6) 

cm. The estimated damage location with 10% and 20% stochastic uncertainty is at (17.1, 9.0) 

cm and (15.8, 8.1) cm, respectively. From the mean of the PDFs, it can be noticed that as the 

level of the stochastic uncertainty changes, the mean and the standard deviation of the PDFs 

change. This shows that the stochastic uncertainty alters the mean and the standard deviation 

of the resultant PDF. By increasing the level of the stochastic uncertainty, the mean of the 

PDF is shifting away from the actual value of the location of the damage. In addition, the 

standard deviation increases as the level of the stochastic uncertainty increases, resulting in a 

less confidence level about the location of the damage. Consequently, we can conclude that 
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the damage localization is more sensitive to the stochastic uncertainty than the model 

uncertainty. 

Table 3.2 summarizes the different level of stochastic and model uncertainties that has 

been used in this analysis as well as the results which show that the damage localization is 

more sensitive to the stochastic uncertainty than the model uncertainty. In addition, Table 3.2 

shows the difference between the estimated damage location with different levels of 

uncertainty and the actual damage location. From these results, it can be noticed that the as 

the level of uncertainty increases, this difference increases. Comparing the differences that 

are caused by the stochastic uncertainty and the model uncertainty, it can be noticed that the 

difference is much larger for the stochastic uncertainty.  This proves that the damage 

localization is more sensitive to the stochastic uncertainty than the model uncertainty.  

 

Table 3.2 Influence of the level of uncertainties on Damage Localization (Simulation 
Results) 

 

For all different levels of model uncertainty (5%, 10%, 20%), the deviation (of the 

estimated damage location) from the actual damage location remains small. Therefore, the 

results are acceptable compared to the dimensions of the plate 152.4×152.4×0.32cm3. The 

same conclusion holds true for 5% and 10% stochastic uncertainty. For 20% stochastic 

uncertainty, engineering judgment is needed to draw conclusions about the results. 
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Figure 3.3 Simulation Results: Probability distribution of the damage location with different levels of 

model uncertainty 
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Figure 3.4 Simulation Results: Histograms and the Gaussian probability density functions of xρ  with 

different levels of model uncertainty 
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Figure 3.5 Simulation Results: Histograms and the Gaussian probability density functions of yρ  with 

different levels of model uncertainty 
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Figure 3.6 Simulation Results: Probability distribution of the damage location with different levels of 

stochastic uncertainty 
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Figure 3.7 Simulation Results: Histograms and the Gaussian probability density functions of xρ  with 

different levels of stochastic uncertainty 
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Figure 3.8 Simulation Results: Histograms and the Gaussian probability density functions of yρ  with 

different levels of stochastic uncertainty 
 

 

In the next set of figures, the interaction of model and stochastic uncertainty is 

studied. Table 3.3 presents different levels of the stochastic and model uncertainty and 

corresponding results.  
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Table 3.3 Influence of interaction of two different kinds of uncertainty  (Simulation Results) 

 

 Figure 3.9 through Figure 3.11 show the probability distribution, the histograms and 

the PDFs for different levels of stochastic and model uncertainty. When the level of 

stochastic uncertainty is 10% and the model uncertainty is 5%, the estimated damage is at 

(16.9, 9.1) cm. The deviation of this estimated damage from the actual damage is 3.3 cm. 

When the level of the stochastic uncertainty is 5% and the model uncertainty is 10%, the 

estimated damage is at (17.5, 9.7) cm. The deviation of this estimated damage and the actual 

damage is 2.5 cm. By comparing the above results we can notice that the stochastic 

uncertainty has a higher influence on the damage localization than the model uncertainty. 

This is due to the fact that when the level of the stochastic uncertainty is higher than the 

model uncertainty, the difference between the estimated damage location and the actual 

damage location is higher as well as the standard deviation. As mentioned in the previous 

analysis, when the standard deviation increases, the confidence level decreases. The same 

conclusion can be drawn from the (20% stochastic uncertainty, 10% model uncertainty) and 

the (10% stochastic uncertainty, 20% model uncertainty).   

For all the cases that the level of uncertainty is less than 20%, the difference between 

the estimated damage location with different levels of uncertainty and the actual damage 
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location is still acceptable compared to the dimensions of the plate. Engineering judgments is 

needed to draw conclusions if the difference is acceptable or not for the 20% case. 
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Figure 3.9 Simulation Results: Probability distribution of the damage location with different levels of 

stochastic and model uncertainty 
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Figure 3.10 Simulation Results: Histograms and the Gaussian probability density functions of xρ  

with different levels of stochastic and model uncertainty 
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Figure 3.11 Simulation Results: Histograms and the Gaussian probability density functions of yρ  

with different levels of stochastic and model uncertainty 
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3.2 Experimental setup  

In this section, the probabilistic approach and the least-squares method is performed 

on measured voltage signals to validate its capability of damage localization and studying the 

sensitivity of damage localization on the model and stochastic uncertainty. An aluminum 

plate Al-6061 with dimension 91×91×0.32cm3 is prepared and two circular rare-earth magnet 

stones with diameter 1.2cm are put on both sides of the plate at (-10, -10) cm to simulate a 

damaged area. The material properties and the geometry of the plate are listed in Table 3.4. 

E 
(GPa) 

      ν  ρ 
(kg/m3) 

h 
(cm) 

Dimension 
(cm×cm) 

72.0 0.3 2730 0.32 91×91 

Table 3.4 Material properties and geometry of Al-6061 plate (Experiment) 

 

A pair of PZT disks (Navy Type II PKI502) are mounted on upper and lower sides at 

the central point of the plate to act as an actuator and the other four pieces of PZT disks are 

bonded near the four corners of the plate. Note that the diameter of PZT sensor is 6.4mm and 

the thickness is 1.57mm. The experimental setup as shown in Figure 3.12 consists of a HP 

33120A function generator, a Tektronix TDS 420A digital oscilloscope, and a computer 

connected through a GPIB interface. The HP 3220A function generator is used to generate a 

50 KHz five-peaked signal. The signal is sent to TDS420A oscilloscope and K-H7602 

amplifier. The sampling rate of TDS420A is set as 500kHz. The peak voltage of the 

excitation signal from the amplifier is kept at ±50V, which translates into an electric field 

intensity of about 31.25V/mm, below the maximum operating field of 300V/mm. Then the 

response signals measured by sensors are displayed and stored in the digital oscilloscope. 

Finally, the computer obtains the collected date via GPIB interface and runs the probabilistic 
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approach and the least-squares algorithm to estimate the damage location. Figure 3.13 shows 

the reflected wave signals from damage received by the four sensors. 

GPIB
bus

PC

K-H 7602
Power

Amplifier

TDS 420A
Digital

Oscilloscope

HP 33120A
Function
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Switch
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 c
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         Figure 3.12 Experimental Setup for Damage Localization 
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        Figure 3.13 The reflected wave signal received by each sensor 
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3.3 Experimental Results and Discussion 

 To validate the simulation results, the same analysis is preformed on experimental 

data (Wang, 2004). Figures 3.14 and 3.15 show the plots of the different searching traces 

(three traces in each figure) with different initial guesses with zero level of uncertainty. The 

targeted damage location is (-10, -10) cm. The method converges to a damage position (-10, -

8.8) cm, which makes the error between the actual damage location and the estimated 

damage location to be 1.2 cm. From this result, it can be seen that this method has a robust 

performance and is validated through experimental results. 

 
Figure 3.14 Experimental results of damage localization by least-squares method  
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Figure 3.15 Experimental results of damage localization by least-squares method  

 
 

The test was performed in the controlled laboratory environment, to accommodate the 

field environment. Figures 3.16, 3.17 and 3.18 show the probability distribution, the 

histograms and the PDFs for different levels of stochastic uncertainty. The estimated damage 

with 5% stochastic is at (-8.8, -8.4) cm. The estimated damage location with 10% stochastic 

uncertainty and 20% stochastic uncertainty is at (-8.3, -7.9) cm and (-7.6, -7.1) cm, 

respectively. From the PDFs, one can conclude that when the level of the stochastic 

uncertainty changes, the mean and the standard deviation of the PDFs change. Similar to the 

simulation results, the stochastic uncertainty has an influence both on the mean and the 

standard deviation. Also, from the results, one can deduce that as the level of stochastic 

uncertainty increases, the estimated damage location deviates from the actual damage 

location.  

Table 3.4 summarizes the different level of stochastic uncertainties that has been used in 

the experimental analysis as well as the results that make good agreement with the simulation 



 

68 

results. Table 3.5 shows the difference between the estimated damage location with different 

levels of uncertainty and the actual damage location.  

 
Table 3.5 Influences of the level of stochastic uncertainty on Damage Localization 

(Experimental Results) 
 

For all the different levels of the stochastic uncertainty (5%, 10%), the difference 

between the estimated damage with 5%, 10% uncertainty and the actual damage location is 

low. Therefore, the results are very acceptable compared to the dimensions of the plate 

91×91×0.32cm3. For 20% stochastic uncertainty, engineering judgment is needed to draw 

conclusions about the results. 
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Figure 3.16 Probability distribution of the damage location with different levels of stochastic 
uncertainty 
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Figure 3.17 Histograms and the Gaussian probability density functions of xρ  with different levels of 

stochastic uncertainty 
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Figure 3.18 Histograms and the Gaussian probability density functions of yρ  with the different 

levels of stochastic uncertainty 
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To validate the simulation results, the analysis of having 5%, 10% and 20% stochastic 

and model uncertainties at the same time has been studied again using the experimental data. 

Also, this analysis has been done to prove the conclusion that has been drawn previously, 

which states that the damage localization is more sensitive to the stochastic uncertainty rather 

than the model uncertainty. Table 3.6 presents the different levels of stochastic and model 

uncertainty and the corresponding results.  

Table 3.6 Influence of the interaction of two different kinds of uncertainty (Experimental Results) 

 

 Figure 3.19 through Figure 3.21 show the probability distribution, the histograms and 

the PDFs for different levels of stochastic and model uncertainty. When the level of 

stochastic uncertainty is 10% and the model uncertainty is 5%, the estimated damage is at (-

8.8, -7.9) cm. The deviation of this estimated damage from the actual damage is 2.4 cm. 

When the level of the stochastic uncertainty is 5% and the model uncertainty is 10%, the 

estimated damage is at (-9.0, -8.6) cm. The difference between this estimated damage and the 

actual damage is 1.8 cm. By comparing the above results we can notice that the stochastic 

uncertainty has a higher influence on the damage localization than the model uncertainty. 

This is due to the fact that when the level of the stochastic uncertainty is higher than the 

model uncertainty, the difference between the estimated damage location and the actual 

damage location is higher as well as the standard deviation. As mentioned in the previous 
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analysis, when the standard deviation increases, the confidence level decreases. The same 

conclusion can be drawn from the (20% stochastic uncertainty, 10% model uncertainty) and 

the (10% stochastic uncertainty, 20% model uncertainty).   

For all the cases that the level of uncertainty is less than 20%, the difference between 

the estimated damage location with uncertainty and the actual damage is less than 3 cm. 

Compared to the dimensions of the plate, the results are acceptable. Engineering judgments is 

needed to draw conclusions if the difference is acceptable or not for the 20% case. Therefore, 

the simulation results are valid because the experimental results matched the simulation 

results very well. Note that the damage shape was circular with a diameter equal to 1.2 cm. 

So, the estimated damage in here does not correspond to the center of the actual circular 

damage. It corresponds to the edges of the circle because the measured signals are reflected 

from the edges of the damage.   
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Figure 3.19 Probability distribution of the damage location with different levels of stochastic and 

model uncertainty 
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Figure 3.20 Histograms and the Gaussian probability density functions of xρ  with different levels of 

stochastic and model uncertainty 
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Figure 3.21 Histograms and the Gaussian probability density functions of yρ  with different levels of 

stochastic and model uncertainty 
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4 Conclusions 

 The ultimate objective of establishing Structural Health Monitoring (SHM) system is 

to continuously monitor and assess the status of the integrity of a structure or its components 

with a high level of confidence and reliability. In general, the common techniques employed 

in SHM for monitoring structures and detecting damages can be divided into two categories: 

(1) vibration-based approach and (2) wave-based approach. Since wave-based approach can 

provide better local health status information and has higher sensitivity to damages than 

vibration-based approach, this thesis focuses on damage localization of plate structure using 

wave-based approach.   

The need for structural health monitoring that takes into account the stochastic and 

model uncertainty in the problem and lends itself well to in-situation application motivates 

this work. The method presented in this work originates from the wave-based approach and 

considers the uncertainty effects aiming at answering the following question in a probabilistic 

method: 

Based on the sensor data, and acknowledging the uncertainty in the problem, what is 

the probability that the damage occurs at a certain location in a structure? 

In order to answer the above question, probabilistic descriptions for different types of 

uncertainties are needed. The Monte Carlo simulation is capable of generating random 

numbers from a Gaussian distribution. The Monte Carlo method is used to model the 

probability density function for each uncertainty or interaction of uncertainties. Finally the 

resulting PDF of the damage location is obtained. For each sample generated from the Monte 
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Carlo simulation, a least-squares method is applied to iteratively search for the damage 

location based on elastic wave energy measurements.  

Based on the efforts described in this work, a number of conclusions can be drawn: 

• A framework that accounts for uncertainty for the damage localization in a 

structured fashion is successfully developed.  

• The Monte Carlo simulation is very suitable for modeling uncertainties when 

dealing with statistical analysis. The Monte Carlo simulation appears to be 

the only universal method that can provide accurate solutions for many 

problems. The major advantage of the Monte Carlo simulation is that 

accurate solutions can be obtained for any problem whose deterministic 

solution is known. The only disadvantage of the Monte Carlo simulation is 

that it is generally time consuming. Other methods such as the Latin 

Hypercube, which are more computationally efficient, may be used. 

• The probabilistic approach is capable of showing the effect of the level of 

uncertainties on the damage localization. The results show that the damage 

localization is more sensitive to the stochastic uncertainty than the model 

uncertainty.  This implies that the elastic wave energy decay model is 

accurate and robust. 

• The key aspect of the probabilistic approach is the minimization of false-

positive and false-negative indicators from the damage localization process. 

False- positive refers to the situation where damage is indicated when in fact 
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none is present. False- negative refers to the situation where damage is not 

indicated, even though it is present. The false alarm can be minimized by 

analyzing the probability distributions of the damage location.  

• The method is an active damage detection technique, which is suitable for the 

applications of SHM.  

• The method uses the all time series data information collected by each sensor 

not only the time-of-flight or time of arrival. From the experimental and 

simulation results, it was shown that the estimated damage location by least-

squares method makes good agreement with the targeted location. 
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