
ABSTRACT

AVERY, MATTHEW ROGERS. New Techniques for Functional Data Analysis: Model
Selection, Classification, and Nonparametric Regression. (Under the direction of Hao Helen
Zhang and Yichao Wu.)

Functional data, such as curves and images, are increasingly collected in many research dis-

ciplines due to rapid advances in computers and modern scientific technologies. Compared to

traditional scalar- or vector-data, functional data are inherently infinite-dimensional and more

complex, and the observations from random trajectories are often sparse and irregularly sam-

pled. In such cases, traditional statistical methods can not be directly applied, and new methods

must be developed. Here, we study three problems related the functional data.

First, we look at the problem of sparse regression for functional data. In traditional settings,

sparse regression refers to model selection problems where a subset of a p×1 vector of predictor

variables is chosen to model the response. In functional data, we consider a model with a scalar

response, Y and associated functional predictor X(t) observed over some domain T . In this

context, a sparse model is one in which the coefficient function β(t) for X(t) is set identically

to 0 over some subset of T . Rather than choose a subset of predictor variables, we choose a

subset of the domain of a single functional predictor. We propose a method for sparse regression

using the Fused LASSO with a 1st order b-spline basis. This two-stage method is flexible and

can be used in conjunction with all methods for functional regression.

Next, we consider the problem of classification for functional data, which has important and

broad applications in practice. A new discriminant analysis approach is developed and studied.

The central idea is to first reduce data dimension by functional principle component analysis



(FPCA) and then conduct linear discriminant analysis (LDA) based on the FPCA scores. Com-

pared with existing functional data classification methods, the new procedure is conceptually

much simpler, easier and faster to implement, and competitive in performance. The demanded

programming effort is minimal, as the procedure can take advantages of existing software pack-

ages. Theoretical justifications are provided for the procedure in terms of its classification con-

sistency under certain conditions.

Finally, we consider nonlinear functional regression for sparse and irregular data. As in the

traditional setting, most methods for functional regression impose specific model assumptions

on the data. If the true relationship between predictor and response does not conform to these

assumptions, the resulting estimates may be poor. We propose a nonlinear regression method

for functional data. Unlike other nonparametric methods discussed in the literature, ours can be

applied to sparse and irregularly sampled data because it uses PACE to estimate the predictor

trajectories. We compare our method to existing parametric methods on simulated data as well

as blood pressure data from the Baltimore Longitudinal Study of Aging.
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Chapter 1

Introduction

As technology progresses and more and more data becomes available, statistical methods must

keep up. In particular, new data types, such as images and functions, come with new challenges.

Functional MRIs produce images that neuroscientists and psychologists would like to use to

learn about psychological diseases and neural connectivity. Data that might previously have

been treated as longitudinal is now being treated as functional data. In such situations, new

methods must be devised that leverage the unique characteristics of the data.

For standard data, common problems include model selection, classification, and nonparamet-

ric regression. Model selection techniques are employed in a variety of cases, such as when

one is unsure which predictors are (most) important for modeling the response. These methods

choose a subset of predictors, resulting in a sparse model that is generally easier to interpret

than the full model. We frame the model selection problem as choosing a subset of the do-

main of a functional predictor rather than a subset of different predictors. By identifying such

a subset, we can limit the time points at which we must collect data to only the most relevant.
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Also, interpreting the predictor’s relationship with the response may be simpler, since it will

be defined only over a certain range.

For standard data, k-class classification is well-studied, but this problem also arises when the

predictors are curves. Particularly when the observed data are sparsely and irregularly sampled,

simple methods for classification are desirable. Similarly, while linear and quadratic regression

have been proposed for functional data, both methods rely on a specified parametric model.

When the data does not conform to this model (as in the case of a complex nonlinear relation-

ship), the resulting estimators may not be consistent. A more general approach, particularly in

the case of sparse and irregularly sampled data, may be able to model such relationships more

accurately.

1.1 Regression

The standard linear regression model for n observations and p predictors can be written as

y = Xβ + ε, (1.1)

where y is a vector of n response variables, X is an n× p design matrix whose ith row, xTi =

[xi1, xi2], . . . , xip, consists of the values of the p predictor variables for the ith observation,

β is a vector of coefficients for the p predictors, and ε is an n × 1 vector of random errors.

When necessary, we will assume X has been normalized and the responses centered. That is,∑n
i=1 yi = 0,

∑n
i=1 xij = 0, and

∑n
i=1 x

2
ij = 1 for j = 1, . . . , p.

2



From this general framework, many methods have been developed for estimating the coeffi-

cients, β. The simplest method is to choose β to minimize the residual sum of squares. That

is, minimize

||y −
p∑
j=1

xjβj||2. (1.2)

This is commonly known as Ordinary Least Squares (OLS) regression.

1.1.1 Penalization Methods

While OLS works well in simple cases, it may not always be appropriate. For example, when p

is large, the model may be difficult to interpret as well as over-fit. A common approach in such

cases is penalized regression, where rather than minimize 1.2, we minimize

||y −
p∑
j=1

xjβj||2 + Pλ(β), (1.3)

where Pλ(β) is a penalization function with parameter λ whose argument is the coefficient

vector. Common examples of penalty functions include the Ridge Regression penalty (Hoerl

and Kennard, 1970), which is the L2 norm of the coefficient vector, and the LASSO (Least

Absolute Shrinkage and Selection Operator) penalty (Tibshirani, 1994), which is the L1 norm

of the coefficient vector. Thus, to find the LASSO fit, we minimize

3



||y −
p∑
j=1

xjβj||2 + λ||β||. (1.4)

These penalization methods yield coefficient estimates that have simpler interpretations than

the standard OLS fit. For example, when a regression problem has many predictor variables

(that is, p is large), many of the estimated coefficients may be small. Small marginal effects

can be difficult to interpret, since while they may be “statistically significant”, they may not be

significant in a practical sense. The LASSO addresses this issue by setting these small marginal

effects to be exactly zero. The resulting fit is simpler to interpret than the OLS fit. Indeed, the

LASSO is performing variable selection, since relatively few predictors are “selected” to be

in the estimated model. The resulting model is called “sparse”, since many predictor variables

have been weeded out, and we are left with a smaller “sparser” model.

Since the LASSO was first described, numerous methods have been devised using this penal-

ized regression framework. The Adaptive LASSO (Huang et al., 2006) uses weights from, for

example, the standard OLS fit to scale the penalty applied to each predictor coefficient. The

Adaptive LASSO also enjoys the Oracle property, which the standard LASSO does not. The

Elastic Net (Zou and Hastie, 2005) is useful for selecting groups of highly correlated variables.

While the standard LASSO will typically select only one of these predictors and exclude the

rest, the Elastic Net is designed to include the whole group in the estimated model.

Finally, the Fused LASSO (Tibshirani et al., 2005) finds sparse fits for models where con-

secutive predictors may be included in the model. This is done by penalizing the differences

between consecutive coefficients in addition to penalizing the coefficients directly. For this ap-

proach, we must presuppose that the predictor variables conform to an underlying structure

where successive variables are somehow related. That is, if the jth variable is important to

4



predicting the response, y, then we believe the (j − 1)th and (j + 1)th variables may also be

important. This occurs when the predictor variables have some relevant ordering to them, such

as the case when the predictors represent observations at consecutive time points. Alternatively,

the ordering can be constructed by placing correlated predictors near one another. (Tibshirani

et al., 2005) To fit the Fused LASSO, we minimize

||y −
p∑
j=1

xjβj||2 + λ1||β||+ λ2||βdiff ||, (1.5)

where βdiff = (β2 − β1, β3 − β2, . . . , βp − βp−1) and λ1, λ2 are penalization parameters. The

resulting fits are characterized by large ranges of consecutive coefficients set identically to 0.

The Fused LASSO has applications for functional data which will be explored in Chapter 2.

1.1.2 Nonparametric Regression

The previous discussion has focused on the subset of regression models where a particular

relationship between the predictors and the response is assumed prior to model fitting. While

this has the advantage of producing good model estimates when the true relationship is consis-

tent with the model assumptions, when these assumptions are violated, the resulting estimates

may be biased. One solution to this is nonparametric regression. In this approach, the only

assumption is that

yi = µ(xi) + εi. (1.6)
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Once again, xi is a vector of predictor variables for yi, and εi is the random error for the ith

observation. To estimate µ(·), a common approach is kernel regression. Let K(·) be a suitable

(non-negative, symmetric, with
∫
K(t)dt = 1) kernel and hn be an associated bandwidth. Then

a nonparametric estimator for y∗ with associated predictor vector x∗ is

∑n
i=1 YiK(x

∗−xi

hn
)∑n

i=1K(x
∗−xi

hn
)
. (1.7)

This is the multivariate version of the Nadaraja-Watson estimator. See also Fan and Gijbels

(1996). The choice of bandwidth and kernel function are important, and have been discussed

in Rice (1984) and Fan and Gijbels (1992).

1.2 Functional Data

In both genetics and biostatistics, multiple observations on a single subject over time are in-

creasingly being treated as realizations from a single underlying process. This so-called func-

tional data has motivated numerous new techniques that leverage its unique characteristics to

fit more accurate models. A general overview of functional data analysis including some fun-

damental methods was given by Ramsay and Silverman (2005).

Generally, a functional variable can be defined as a smooth process that occurs over some

domain, typically time. When modeling functional data, both response variables as well as

predictors can be functional, though we focus here on the case of a scalar response with an

associated functional predictor.

6



Ideally, we would want to observe the functional variable over its entire domain. This is the

case with Canadian weather data discussed in Ramsay and Silverman (2005). For each of 35

regions, average daily temperatures are recorded, giving us a temperature trajectory over the

course of a full year. In this case, the trajectories are said to be regularly observed on a dense

grid of time points. These curves are given in Figure 1.1a.

The Canadian weather data is an ideal situation where the grid of observed points is sufficiently

dense that the underlying process can easily be interpolated. It is more common to observe

fewer points for each trajectory. For example, Spellman et al. (1998) look at temporal gene

expression data from yeast cells. (See Figure 1.1b.) In this case, for each gene, the expression

level is observed at a total of 18 time points over the course of roughly 2 hours. Once again,

the grid of observed points is fixed, but unlike the Canadian weather data, there are many fewer

observations. In this case, the underlying process must be estimated through some process,

such as smoothing splines.

In the case of longitudinal data, even less information may be available. Particularly when the

subjects involved are people, it may not be possible to observe the subject at regular intervals,

and some times, subjects may only be observed as few as one or two times. Data of this type is

referred to as sparse, irregularly sampled data, since times at which observations are made are

not fixed and the number of observations for some subjects may be very few. This is typical of

longitudinal studies such as the Baltimore Longitudinal Study of Aging, where values such as

blood pressure were measured on subjects when they visited the Gerontology Research Center.

(Shock et al., 1984) Since subjects would drop out of the study or miss appointments, not

all individual trajectories were frequently observed or observed over the full time frame of

the study. Similarly, Bachrach et al. (1999) observed spinal bone mineral densities for males

and females from ages 9 to 25 years old. Samples were taken at irregular intervals and for

7



many of the subjects only a few observations were made. (In some cases, as few as one or two

observations were recorded.) From Figure 1.1c, we can see that these data look quite different

from the previous examples.

1.2.1 Regression for functional data

Consider the functional linear regression model

Yi = β0 +

∫
T
Xi(t)β(t)dt+ εi, i = 1, . . . , n. (1.8)

Here, the scalar response, Yi is modeled using a functional predictor variable, Xi(t), defined

over some domain, T ∈ R. Often times for simplicity, T will be scaled to [0, 1]. The rela-

tionship between yi and Xi(t) is determined by the coefficient function, β(t), and εi is random

error. We assume that the predictor curves, Xi(t) and the coefficient function, β(t) are square-

integrable functions on T .

1.2.2 Notation for functional data

Typically, the full curve, Xi(t) is not observed. Rather, for the ith curve, we observe X(t) at

some numberNi > 0 of discrete time points, Ti1, ..., TiNi
ordered such that Tij < Ti(j+1), where

Tij ∈ T and j = 1, . . . , Ni. The number of observations per curve, Ni may be fixed so Ni = N

for all i or it may be randomly determined. In the case where the number of observations per

curve is fixed, the time points of these observations may also be fixed (as in some genetics

8



(a) Canadian weather data

(b) Gene expression data

(c) BLSA data

Figure 1.1: Three types of functional data
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studies, e.g. Rhein and Strimmer (2006) and Spellman et al. (1998)) or it may be randomly

determined (e.g. James and Hastie (2001), Bachrach et al. (1999), Rice and Wu (2001)).

Additionally, we assume these observations are made with some measurement error, denoted

δij . Let the observed value for the ith curve at time Tij be Uij = Xi(Tij)+δij . The measurement

errors are assumed be independent both between and within curves with mean 0 and var(δij) <

∞. Our regression model requires the full curve, Xi(t) to find Yi. Thus, we must estimate the

full curve using the available data before performing functional regression.

It is useful then to think of functional data as being one of two types. For the case where we have

fixed time points, the straightforward approach of using a local smoother over the observed

time points can be employed provided the grid of observations is sufficiently dense. (Ramsay

and Silverman, 2005) Other approaches are necessary when the data is sparsely sampled at

irregular time points. One such method is Principal component Analysis through Conditional

Expectation or PACE, (Yao et al., 2005b) which can be applied to irregularly sampled data with

very few observations per time point. The resulting estimated principal component functions

and scores can be used to estimate the underlying curves, Xi(t). We will discuss PACE further

in the next section.

Once we have estimated the predictor curves, we perform regression and estimate the coeffi-

cient function. If we restrict β(t) to the space of smooth functions with no further assumptions,

identifiability is an insurmountable problem. One approach to dealing with this is to perform

regression with a smoothness penalty. That is, we choose β̂(t) to minimize

∑(
Yi −

∫
T
Xi(t)β̂(t)dt

)
+ λ

∫
T
β̂(d)(t)dt, (1.9)
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where β(d)(t) is the dth derivative of β(t) and λ is a penalty term. Thus, the estimated func-

tion is chosen to have smooth dth derivative. A more common method is to assume that the

coefficient function can be decomposed using some orthogonal basis such that the first p

basis functions can well-approximate β(t). Then we write β(t) = B(t)Tη, where B(t) =

[b1(t), b2(t), . . . , bp(t)]
T , and η is a vector of coefficients. Thus, the regression problem be-

comes

Yi = β0 + xTi η + εi, (1.10)

where xij =
∫
T Xi(t)bj(t)dt. We can now find estimates for η using any number of traditional

methods, such as OLS described above. When we employ this basis decomposition approach,

the choice of orthogonal basis, B(t) is of paramount importance. If we use PACE to estimate

the curves, the principal component basis makes the most sense. In this case, the FPC scores

become the design matrix, X .

1.2.3 Functional Principal Components

Functional Principal Components (FPC) is a useful method for analyzing functional data.

Recall that for standard data, principal components is a nonparametric method used for ex-

ploratory data analysis and dimension reduction. For the regression model defined in Eq. 1.2,

let X be a normalized design matrix. Then (XTX)−1 is the corresponding scaled covariance

matrix. We can find the principal components by calculating the eigenvectors fromXTX . Note

that these eigenvectors will be mutually orthogonal and form a complete basis for the vector

space defined by XTX . Equivalently, we can define the kth eigenvector to be the vector, gk
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that solves

argmax
x

ggTl (XTX)gl, s.t. g
T
l gl = 1 and gTl gm = 0 ∀m < l. (1.11)

That is, the lth principal component will be the unit vector in the direction of maximal variation

for XTX that is orthogonal to the first l − 1 eigenvectors.

Once we have found the eigenvectors, we can calculate the principal component scores for

each observation by finding linear combination of the eigenvectors that returns its original co-

efficients. For each eigenvector, there is an associated eigenvalue, λl, which corresponds to the

variability ofX explained by the eigenvalue. It is standard to order the eigenvectors/eigenvalues

such that λ1 ≥ λ2 ≥ . . . ≥ λp. The dimension of the problem can be reduced by choosing a

subset of eigenvectors, l = 1, . . . , K such that
∑K

l=1 λl is sufficiently close to
∑p

l=1 λl. The

reduced model is then

y = XDβ∗ + ε, (1.12)

where XD is the matrix of the first K principal component scores for each observation, and β∗

is the coefficient vector for the eigenvectors.

Functional principal components can be defined through analogy to the standard principal com-

ponents method described above. Under the functional regression model given in Eq. 1.8, the

predictor curves, Xi(t) have an associated covariance operator, V (s, t). Then the lth functional

principal component (equivalently, lth eigenfunction) can be defined as
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argmax
φl(t)

∫
T

∫
T
φl(s)V (s, t)φl(t)dsdt s.t.

∫
T
φl(t)φl(t)dt = 1,

∫
T
φl(t)φm(t)dt = 0 ∀m < l.

(1.13)

Then, the lth eigenfunction is the normalized function that captures the most variability from

V (s, t) and is orthogonal to all previous eigenfunctions. Unlike in the traditional principal

components case, this is not a finite basis, and l = 1, 2, . . .. Typically, this expansion is trun-

cated after K eigenfunctions such that
∑K

l=1 λl is sufficiently close to
∑∞

l=1 λl, where the lth

eigenvalue, λl is defined as

λl =

∫
T

∫
T
φl(s)V (s, t)φk(t)dsdt. (1.14)

We can write our data using the Karhunen-Loève representation and the FPC basis as

Xi(t) = µ(t) +
∞∑
l=1

ξilφl(t), (1.15)

where µ(t) is the mean function of {Xi(t)}ni=1, ξil is the lth FPC score for the ith curve, and

V ar(ξl) = λl.

1.2.4 FPC for Sparse and Irregularly Sampled Data

Many examples are given in the literature for finding the eigenfunctions, eigenvalues, and FPC

scores. For example, see Castro et al. (1986) and Ramsay and Silverman (2005). However,
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these methods are focused on the case when the predictor curves are sampled over a dense grid.

When data is sparsely sampled at irregular intervals, finding consistent estimators for the FPC

scores can be challenging. Principal components Analysis through Conditional Expectation

(PACE, Yao et al. (2005b)) offers a way to find these estimates when some curves are observed

as few as one or two times.

Suppose instead of observing the predictor curves on a dense grid they are observed sparsely

and irregularly, as in the case of the BLSA data from Figure 1.1c. In this scenario, curveXi(t) is

observed at time points Ti1, ..., TiNi
with measurement error δij , such that at time Tij we observe

Uij = Xi(Tij) + δij . Let T i and U i denote the vectors of time points and observed values for

the ith curve respectively. Using local polynomial smoothers (see, for example, Fan and Gijbels

(1996)), we can estimate the mean function for the data, µ(t) as well as the covariance surface,

V (s, t). Consistent estimates for the lth FPC score for the ith curve conditional on the time

points observed can be written as

ξ̃il = E(ξil|U i,T i) = λlφ
T
ilΣ
−1
Ui

(U i − µi). (1.16)

In this expression, ΣUi
= V (T i,T i), φil = φl(T i), and µi = µ(T i) respectively. These are

all estimated using the estimated version of these processes found earlier. Along with the lth

estimated eigenvalue, we can plug in these estimates to find our estimator for the (i, l)th FPC

score. The PACE estimate for the ith curve is then

X̂i(t) = µ̂(t) +
K∑
l=1

ξ̂ilφ̂l(t), (1.17)
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where K is chosen via some algorithm. (BIC is suggested by Yao et al. (2005b).) Figure 1.2

shows the gene expression data discussed above as well as the estimated curves using PACE.

1.2.5 Fitting Functional Regression Models

Once the true curves are estimated, the regression model must be fit. The functional linear

regression model (Yao et al. (2005a) and Ramsay and Dalzell (1991), for example) use the

model

E(Y |X) = β0 +

∫
T
β(t)XC(t)dt, (1.18)

where XC(t) = X(t)− µX(t) is the centered predictor function and β(t) is the corresponding

coefficient function. This coefficient function is analogous to the coefficient vector in a multiple

linear regression, where instead of a functional predictor we have a vector of predictor variables

associated with each response.

Much like linear regression in traditional settings, functional linear regression may be too re-

strictive to accurately model the relationship between the predictor and the response. Yao and

Müller (2010) introduced functional quadratic regression and general functional polynomial

regression which allow for more flexible fits. The functional quadratic regression model as-

sumes

E(Y |X) = β0 +

∫
T
β1(t)XC(t)dt+

∫
T

∫
T
XC(s)β2(s, t)XC(t)dsdt, (1.19)
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Figure 1.2: Gene expression data before and after smoothing with PACE
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with similar extensions possible for higher-order terms. By including a quadratic term, this

model is capable of accurately modeling a larger set of relationships between the predictor and

response than linear regression.

The approach to estimation is similar for both of these models. First, an appropriate basis is

chosen. Yao et al. (2005a) and Yao and Müller (2010) use PACE to estimate the functional

principal component basis and corresponding FPC scores, but when full curves are observed,

other bases are viable. For estimablity, we truncate the chosen basis after p basis functions. De-

note this truncated basis as B(t) = [b1(t), b2(t), . . . , bp(t), ...]
T . Then the coefficient function

can be approximated as β(t) = B(t)Tη, where η is a vector of coefficients. Thus, the linear

regression problem becomes

Yi = β0 + xiη + εi, (1.20)

where xij =
∫
T Xi(t)bj(t)dt. We can estimate η using any of the traditional methods described

above, such as OLS.

The process is similar for functional quadratic regression, with

β2(x, t) =

p∑
m=1

m∑
l=1

ηlmφl(s)φm(t)

. Using this, we can find a design matrix and solve using OLS or some other method.
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1.3 Dissertation Outline

The remainder of this dissertation is organized in three main sections. Each section introduces

a new method for analysis of functional data. In Chapter 2, we discuss sparse functional linear

regression. The problem of interest is to identify regions on the domain, T of the functional

predictor, X(t), such that ∀ t ∈ T ′ ⊂ T , β(t) = 0. We propose a two stage method that

uses the Fused LASSO with a 1st order b-spline basis to identify these regions. This method

is flexible in that it can be applied after any method is used to find an initial (not necessarily

sparse) fit.

Chapter 3 addresses the problem of classification for functional data. There are examples in the

literature (including the spinal bone mineral density data discussed above) where curves come

from two or more classes. In such cases, identifying the differences between these classes and

being able to classify new curves is useful. We propose a method motivated by linear discrim-

inant analysis to address these issues. Our method is generally simpler in its application than

other methods, can be generalized to cases with three or more classes, and is computationally

efficient. Additionally, it can be applied to sparse and irregularly sampled data since it is based

on PACE.

Finally, Chapter 4 introduces a method for nonlinear functional regression. Functional linear

regression and functional quadratic regression have both been discussed in the literature, but

both methods rely on parametric models. If the relationship between the predictor and response

do not conform to the assumed model, these methods can produce poor results. Other nonpara-

metric models for functional data exist in the literature, but these assume that the predictor

curve is fully observed. Our method does not rely on parametric model assumptions, so it is

more flexible than even functional polynomial regression, and it can be used with sparse and

18



irregularly sampled data.
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Chapter 2

Model Selection for Functional Data

2.1 Motivation

Model selection is an important area in traditional statistical analysis. Methods such as the

LASSO are used to choose models that simultaneously capture the relationship between the

response and covariates and ensure a sparse fit. These two characteristics are also desirable

when considering functional data, but the notion of “sparsity” may look somewhat different

in this setting. When multiple covariates are considered, analysis similar to the scalar case

may be appropriate, but for a single functional predictor, “sparsity” can viewed relative to the

domain of the covariate. A“sparse” model can be defined as one with a coefficient function,

β(t), that takes the value zero over a subset of the domain, T , of X(t). That is for some

T ′ ⊂ T , β(t) = 0 ∀t ∈ T ′. Typically, we assume T ′ consists of a small number of contiguous

subintervals of T . This makes sense from a theoretical point of view (the alternative would be

a highly erratic coefficient function) and will make the results easier to interpret.
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(a) Average daily temperatures at 35 different
weather stations

(b) Estimated coefficient function for Cana-
dian weather data

Figure 2.1: Canadian Weather Data

For example, consider the Canadian weather data discussed in Ramsay and Silverman (2005).

Average daily temperatures over nearly four decades are treated as predictors for annual rainfall

in 35 distinct regions in Canada. A plot of the predictor curves is given in Figure 2.1a. Using

standard functional regression techniques, we can estimate a coefficient function relating the

daily temperatures to the annual rainfall of a region. Figure 2.1b shows an estimate for β(t)

using functional linear regression with a fourier basis. This fit shows two major peaks (one in

the spring, the other in the fall) but does not identify any regions where there is no relationship

between average daily temperature and rainfall. A sparse fit would ideally retain as non-zero

the regions where the relationship between temperature and annual rainfall was strongest but

also identify other regions where the relationship may not be relevant.

The remainder of this chapter is organized as follows. In Section 2, we discuss methods for
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functional regression and existing methods for sparse functional regression. Section 3 intro-

duces our new method for sparse functional regression, and Section 4 discusses computational

issues. We demonstrate the effectiveness of this method through simulation in Section 5 and

show the performance of our method on the Canadian weather data set. Section 6 concludes

with a brief discussion.

2.2 Functional Regression

2.2.1 General Approach

A standard approach to functional regression is to assume that the coefficient function can

be decomposed using some orthogonal basis such that the first p basis functions can well-

approximate β(t). Then we write β(t) = B(t)Tη, where B(t) = [b1(t), b2(t), . . . , bp(t)]
T and

η is a vector of coefficients. Thus, the regression problem becomes

Yi = β0 + xiη + εi, (2.1)

where xij =
∫
T Xi(t)bj(t)dt. We can now estimate η using any number of traditional methods,

such as OLS described above. When we employ this basis decomposition approach, the choice

of orthogonal basis,B(t) is of paramount importance.

This is especially true for the problem of sparse regression, since our goal is to find a sparse fit.

An intuitive approach is to break β(t) into a collection of basis functions defined on disjoint

subsets of T . We can then use traditional variable selection to choose which of these basis
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functions should be included in the model (or equivalently, which should have their coefficients

set equal to 0). B-splines are well-suited for this, since they are only defined on relatively small

intervals on T . For the simplest case, we can assume that β(t) is a step function and choose a

1st order b-spline basis to model it. Thus, we rewrite the regression function as

Yi =

p∑
j=1

βj

∫
bj(t)X(t)dt, (2.2)

where

bj(t) = I(t ∈ Tj). (2.3)

Each bj(t) takes nonzero values only on the region Tj where Tj = [t∗j−1, t
∗
j) for j = 1, . . . , p−1

and Tp = [t∗p−1, t
∗
p]. While this basis may be used to find a sparse fit, step functions may not be

flexible enough to accurately model the function. To fit more complex models, a linear fit may

be desired. The “ramp” basis may be useful for such cases. We define the “ramp” basis as

bj(t) = I(t ∈ [t∗j−1, 1]) ∗ (t− t∗j−1). (2.4)

Note that for the “ramp” basis, it is necessary to include an additional basis function, b0 whose

coefficient determines the value of β(0). Also, the ramp basis does not have the property that

βj = 0 implies β(t) = 0|t ∈ Tj . This means that sparsity in the βj’s will not necessarily

produce sparsity in β(t). These two sets of basis functions can be seen in Figure 2.2a and

Figure 2.2b.
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(a) 1st order b-spline basis (b) Ramp basis

Figure 2.2: Two sets of basis functions

2.2.2 Existing Methods

Example of sparse functional regression are not prevalent in the literature. Functional Linear

Regression That’s Interpretable (FLiRTI, James et al. (2009)) was designed to find estimates of

coefficient functions that were easy to interpret. The authors proposed to find estimated coeffi-

cient functions that did not make large, rapid shifts. As such, they restrict certain derivatives of

the coefficient function to be sparse and estimate the restricted model using either the LASSO

or Dantzig selector. (Both approaches are endorsed by the authors.) The derivative on which the

restriction is placed can be thought of as a tuning parameter as well as a limit on the complexity

of the estimated functional predictor.
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Lee and Park (2012) focus on limiting the number of basis functions included in the final

model rather than finding large regions on T that are necessarily zero. As such, they arrive at

sparsity indirectly. By choosing a b-spline basis with a high initial number of basis functions

and then using any one of a variety of traditional variable selection techniques, they arrive at

an estimated coefficient function that is zero for a substantial portion of its domain. While this

method is novel in its assumption of a finite but unknown number of basis functions in the true

model, it does not require the included basis functions to adhere to any sort of pattern. This

could lead to fits that while sparse, may be difficult to interpret.

2.3 New Methods

For vector data, one of the most common methods for model selection is the least absolute

shrinkage and selection operator (LASSO, Tibshirani (1994)). The objective function for the

lasso is

Lλ1(y,X,η) = .5(y −Xη)T (y −Xη) + λ1

p∑
j=1

|ηj|. (2.5)

Since for our case, a natural ordering exists for our coefficients (they correspond to basis func-

tions that represent consecutive subintervals on the domain ofX(t)), the fused lasso (Tibshirani

et al., 2005), which penalizes adjacent terms for “jumps”, should also be considered. By “fus-

ing” nearby terms, adjacent regions on the domain of X(t) should be set to 0, making the

results easy to interpret. The objective function for the Fused LASSO is
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(a) 1st order b-spline fits using the Fused
LASSO (b) Ramp basis fits using the Fused LASSO

Lλ1,λ2(y,X,η) = .5(y −Xη)T (y −Xη) + λ1

p∑
j=1

|ηj|+ λ2

p∑
j=2

|ηj − ηj−1|. (2.6)

The Fused LASSO takes advantage of the structure of the basis functions discussed above, all

of which have a natural ordering. For the 1st order b-spline basis, if βi = 0 then β̂(t) = 0 for the

subinterval associated with φi(t). Thus, by fusing together adjacent coefficients, we are forcing

β̂(t) to take constant values across subintervals of its domain. Since the lasso penalty tends to

push individual coefficients towards 0, the result is large subintervals over which β̂(t) = 0,

giving us the sparse result we desire. Estimated coefficient functions fit using the fused LASSO

and 1st order b-spline basis on five simulated data sets are shown in Figure 2.3a.

Fits generated using the 1st order b-spline basis are not ideal. By construction, the fitted func-

tion must be a step function and will not be continuous. Moreover, if the true coefficient func-

tion is linear or quadratic, the 1st order b-spline basis may struggle to find an accurate estimate.
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A more flexible basis may be able to do a better job. In the case of the “ramp” basis, fusing

the coefficients results in a fit whose first derivative is constant over a subinterval. Estimated

fits from five simulated data sets are shown in Figure 2.3b. While this can make for an easy-to-

interpret function, it does not necessarily result in sparsity.

Full details for these fitting of these models is given in the Appendix.

2.3.1 Two-stage fitting

To find a model that will simultaneously be sparse while retaining the flexibility to estimate

complex functions, we take a two-stage approach. The first stage will give us an initial fit that

does a good job of modeling the function irrespective of sparsity. The second stage will alter

this initial fit to add sparsity.

The first stage is to estimate a coefficient function as accurately as possible using any method.

For example, first stage fit could be estimated using functional linear regression with the “ramp”

basis or a fourier basis. Define this estimate as β̃(t). For this first step, we do not consider the

sparsity of the fit, instead aiming to capture the shape of the true coefficient function. Using

β̃(t), we generate a new design matrix,X∗:

X∗i,j =

∫
T
Xi(t)β̃(t)bj(t)dt, (2.7)

where bj(t) is the j basis function from the 1st order b-spline basis.

We then minimize

27



Lλ1,λ2(y,X
∗, θ) = .5(y −X∗θ)T (y −X∗θ) + λ1

p∑
j=1

|θj|+ λ2

p∑
j=2

|θj − θ(j−1)|. (2.8)

This is the fused lasso model from Eq. 2.6. We choose the penalty terms, λ1 and λ2 via cross-

validation.

The second stage design matrix,X∗, incorporates the information from the first stage fit. If the

coefficient function was estimated accurately, then θ = 1T should do a good job of minimizing

Eq. 2.8. If there are regions on β(t) that can be set to 0 without hurting prediction, the second

stage should identify them, giving us a sparse fit. And if the first stage fit is not scaled correctly,

the second stage will modify it to give us a more accurate final result. The final 2-stage estimate

is computed by taking the point-wise product of the two estimated coefficient functions

β̂(t) = β̃(t) ∗ θ̃(t), (2.9)

where θ̃(t) =
∑p

j=1 θ̃jφj(t), and the {φj(t)} is the 1st order b-spline basis. β̂(t) will be set to

exactly 0 over intervals where the second-stage selector has specified a region to be 0. By using

this two stage approach, we utilize the sparsity from the Fused LASSO and 1st order b-spline

basis while retaining the good fit from generated in the first stage. The result is that we have

the flexibility to model the coefficient function accurately while still ending up with a sparse

fit.

Also, note that this two stage technique can be applied to any first-stage fit estimate in order to

find a sparse fit. This means that we can use standard functional regression methods to estimate
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β̃(t) and then estimate θ̃(t). Examples of this method using the “ramp” basis to estimate β̃(t)

are given in Figure 2.3.

2.3.2 Sparsely Observed Trajectories and Measurement error

To this point, we haven’t addressed how to estimate the predictor trajectories, Xi(t). If the

curves are fully observed, this is unnecessary. Consider the Canadian weather data. We observe

each trajectory 365 times, making this a close approximation of the ideal situation when the

full curve is observed. In many other applications, substantially less data may be available and

some consideration must be given for finding estimates, X̂(t) of the full curves.

When data is regularly observed on a relatively dense grid, it is possible to smooth each curve

individually. In this case, many options are available. Various scatter plot smoothing methods

(see Cleveland (1979) and Fan and Gijbels (1996) among others) as well as smoothing splines

(Green and Silverman, 1994) are available for this type of analysis. When the data is sparse

and irregularly sampled, estimating the individual curves can be more difficult. In such cases,

it may be better to estimate all of the curves simultaneously. Principal components Analysis

through Conditional Expectation (PACE, Yao et al. (2005b)) is one method for doing this. Once

the principal component functions and scores have been estimated, estimates for the individual

curves can be recovered.

Measurement error adds another level of complexity to the issue. Many of the issues associated

with measurement error for vector data are also relevant to functional data. Particularly, while

it may be possible to find unbiased estimates for each trajectory using smoothing splines as

described above, when observations are made with measurement error, the coefficient function
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(c) Ramp basis (d) Fourier basis

Figure 2.3: Initial and second stage stage fits
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estimated with these curves, β̂(t), will be biased. When the level of measurement error is very

small, effect on the estimator may not be great, but with even modest levels of measurement

error, the estimated coefficient function will be poor. In these cases, a calibration step should

be used when estimating the predictor curves. Zhang et al. (2007) describe a nonparametric

calibration approach which could be used to estimate the predictor trajectories. PACE (Yao

et al., 2005b) is another possibility.

2.3.3 Summary of Algorithm

We summarize our method in three steps:

• Step 0: If necessary, find good estimates for the predictor curves, X̂i(t).

• Step 1: Obtain a good estimate for β(t). (This can be done using any method; sparsity it

not a concern.) Denote this as β̃(t)

• Step 2: CreateX∗ and estimate sparsity function, θ̃(t).

• Step 3: Combine θ̃(t) and β̃(t) to obtain final, sparse estimate, β̂(t).
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2.4 Computational issues

2.4.1 Tuning for λ1 and λ2

The lasso and fused lasso penalties, λ1 and λ2 respectively, (denoted together as λ) must be

tuned appropriately to get a good fit. For standard penalized regression methods, many cri-

terion for tuning penalty terms exist. In early work, we considered four methods including

Akaike Information Criterion (AIC, Akaike (1974)), Bayesian Information Criterion (BIC,

Schwarz (1978)), Extended Bayesian Information Criterion (EBIC, Chen and Chen (2008)),

and cross-validation (CV). Each has its own unique objective function which we minimize to

find “optimal” values for λ. For cross-validation, we choose λ to minimize the cross-validation

squared prediction error. The squared prediction error for the ith observation is

(Yi − Ŷ λi )2, (2.10)

where Ŷ λi is the predicted response for the ith curve for a given value of λ. Let F1, F2, . . . , FK

be randomly selected sets such that F1 ∪ F2 ∪ . . . ∪ FK = {1, 2, . . . , n} and Fk ∩ Fm = ∅,

where 1 ≤ m 6= k ≤ n. Let FC
k = {1, 2, . . . , n}/Fk be the compliment of Fk. Then for a given

λ, the K-fold cross-validation squared prediction error is

Errorλ =
K∑
k=1

∑
i∈Fk

(Yi − Ŷ λFC
k ,i

)2, (2.11)

where Ŷ λ
FC
k ,i

denotes the predicted response for the ith curve based on the training data set, FC
k ,
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and the smoothing parameter, λ.

Alternatively, we can choose λ based on any of a few popular tuning criteria. For example, for

AIC, we choose λ to maximize

AIC = nlog(σ̂2) + 2df, (2.12)

where σ̂2 =
∑

(Yi − Ŷi)2 and df is the model degrees of freedom, defined as the number of

unique values taken by the β̂ in the fused LASSO regression. Similarly, for BIC and EBIC, we

have

BIC = nlog(σ̂2) + log(n)df, (2.13)

and

EBIC = nlog(σ̂2) + (log(n) + log(p))df. (2.14)

These two methods increase the penalty on using more degrees of freedom when the sample

size becomes large with the objective of preventing over-fitting. In the case of EBIC, models

that include larger numbers of basis functions are also penalized for overfitting. This criterion

was originally devised with genome-wide association studies in mind. In that situation, overfit-

ting can lead to high false discovery rates. This can be thought of as analogous to our situation,

where we are hoping to limit the number of basis functions (each representing a region on T )

identified as non-zero so that our fit is sparse.
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To choose λ, the relevant objective function is optimized using a Newton-related method in the

function optim with R (R Development Core Team, 2011). Based on early simulation results

not reported here, cross-validation, BIC, and EBIC are roughly equivalent, with each showing

marginally better performance in some situations. Optimization through cross-validation takes

substantially longer than the alternatives. For the results reported below, EBIC was used to tune

λ.

2.4.2 Numerical integration and other issues

Regardless of whether the curves are fully observed or estimated by smoothing or another

method, it is necessary to integrate the basis functions so that the design matrices can be pop-

ulated. For numerical integration, we use Gaussian quadrature through the gauss.quad.prob

function in the statmod package (with contributions from Yifang Hu et al., 2011). For each

integration, 200 evaluation points are used. The primary reason for using quadrature over the

integrate function is computation speed. When we treat the full curves as observed (in other

words, we assume no measurement error and perform no smoothing), populating the design

matrix is straightforward for simulated data. If we generate curves, Xi(t) =
∑K

k=1 ξikφk(t), for

the basis {bj(t)}pj=1, the ijth element of the design matrix is

X ij =

∫
T
Xi(t)bj(t)dt =

∫
T

K∑
k=1

ξikφk(t)bj(t)dt =
K∑
k=1

ξik

∫
T
φk(t)bj(t)dt. (2.15)

Since both bj(t) and φk(t) are known, only K × p integrations are necessary. For the second

stage, Eq. 2.7 can be rewritten as
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X∗i,j =

∫
T
Xi(t)β̃(t)bj(t)dt, =

K∑
k=1

ξik

∫
T
φk(t)β̃(t)bj(t)dt, (2.16)

which once again only requires solving K × p integration problems.

When the predictor curves are estimated, each one must be treated individually and, we must

solve

X ij =

∫
T
X̂i(t)bj(t)dt (2.17)

for each observation. This requires i×K × p steps, requiring substantially more computation

time. The same issue occurs when finding the matrix for the second stage estimate. (Note that

this is less of a problem when the predictor curves are estimated using PACE, since each curve

is written using an estimated principal component basis of finite dimension. Quadrature speeds

up this process substantially, and the high number of evaluations ensures that the integral is

accurate.

Finally, the Fused LASSO is fit using quadratic programming. The specifics of how the the

Fused LASSO can be written as a quadratic programming problem are given in the Appendix.

In R, solutions to quadratic programming problems can be found using the solve.QP function

in the quadprog package (original by Berwin A. Turlach R port by Andreas Weingessel, 2011).

For the simulations with measurement error, the curves are estimated using smooth.spline in R.

(R Development Core Team, 2011)
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2.5 Simulations

We discuss two cases here. In the first case, the data was treated as if the full curve was observed

and there was no measurement error. This is analogous to the Canadian weather data example

discussed earlier. Since the entire curve was observed, the data was not smoothed. To generate

the data, we used five basis functions:

φ0(t) =1 (2.18)

φ1(t) = sin(πt) (2.19)

φ2(t) = cos(πt) (2.20)

φ3(t) = sin(2πt) (2.21)

φ4(t) = cos(2πt), (2.22)

where Xi(t) =
∑4

k=0 ξikfk(t). The ξik are independent and normally distributed with µ =

[0, 0, 0, 0, 0]T and variance 42 for each coefficient. The recorded response variables are

Yi =
4∑

k=0

ξik

∫
T
φk(t)β(t)dt+ εi, (2.23)

where T = [0, 1] and εi ≈ N(0, σ2 = 12). The coefficient function, β(t) is one of the six

coefficient functions shown in Figure 2.4.

For the second case, we looked at data where the full curve was not completely observed and
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Figure 2.4: Unimodal, Triangle, Valley, Z, Step, and Bimodal coefficient functions (from left
to right starting with the top row)

measurement error was present. For this case, we observed 36 time points on a fixed grid such

that Tj = j−1
35
, j = 1, . . . , 36. At each point, we observe Uij = Xi(Tj) + δij , where δij is

measurement error with mean 0 and variance var(δij) = γ2. We then smooth each curve using

the function smooth.spline in R. (R Development Core Team, 2011) As in the case where the

full curve is observed, the response is calculated using the true curve.

2.5.1 Assessing the quality of a fit

In motivating this work, we described two goals. The first was to find a good estimate for the

coefficient function. The most straightforward way to assess this is to measure how far from
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(a) Without measurement error (b) With measurement error (var(δ) = 0.012)

Figure 2.5: Example curves

the true coefficient function our estimate is. That is, measure the squared difference between

β(t) and β̂(t). We denote this MISE1 and define it as

MISE1 =

∫
T

(
β(t)− β̂(t)

)2

dt. (2.24)

While this tells us how close our estimate was to the true coefficient function, the utility of

regression also lies in how accurate predictions from the fitted model are. Thus, we also require

a good fit to produce accurate estimates of the response variable. Therefore, we define MISE2

to be

MISE2 = n−1

n∑
i=1

(∫
T
β(t)Xi(t)dt−

∫
T
β̂(t)Xi(t)dt

)2

. (2.25)
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This is similar to the mean squared prediction error except instead of Yi we use
∫
T β(t)Xi(t)dt =

Yi − εi. So MISE2 is equivalent to the squared prediction error after removing random error.

The second motivating criterion was to find a fit that was sparse and accurately identified

regions T ′ on T where β(t) = 0∀t ∈ T ′. Ideally, ∀t ∈ T s.t.β(t) = 0, we would want

β̂(t) = 0 as well, and similarly, ∀t ∈ T s.t.β(t) 6= 0, we would want β̂(t) 6= 0. We define Type

I error rate to be the proportion of points on a fine grid where β(t) = 0 but β̂(t) 6= 0, and Type

II error rate to be the proportion of points on a fine grid where β(t) 6= 0 but β̂(t) = 0. In other

words,

TypeIError = p−1
1

∑
i∈Ω1

(1− 1β̂(ti)=0) (2.26)

TypeIIError = p−1
2

∑
i∈Ω2

(1− 1β̂(ti)6=0), (2.27)

where Ω1 and Ω2 are the set of indices where β(ti) = 0 and β(ti) 6= 0 respectively, and n1 and

n2 are the total time points observed in each of these groups. Note that the Fused LASSO does

not set points to exactly zero but rather to be numerically 0. Thus, we treat any point where

|β̂(t)| < 10−10 as a “zero”. A total of 1000 grid points were used to calculate these error rates.

2.5.2 Simulation Results

For the case where each curve is fully observed, we consider estimates from a variety of meth-

ods. First, we look at the Fused LASSO fit using the 1st order b-spline basis. This can be

viewed as a “baseline” sparse fit using the Fused LASSO. Next, we considered two two-stage

estimators. Initial fits using the “ramp” basis with Fused LASSO penalty and a simple linear
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regression with a Fourier basis were considered. For both of these, a second stage estimate was

computed which added sparsity. Finally, we look at the FLiRTI fits with d = 1, 2 for compar-

ison. The result is a total of seven models for each data set, five of which are sparse fits. (The

first stage “ramp” and Fourier fits are non-zero everywhere except where they cross the y-axis.)

Six coefficient functions defined on T = [0, 1] are considered. These can be seen in Figure 2.4.

For each coefficient function, we consider sample sizes of n = 50, 100, 200, 500. Example fits

using n = 50 from the 1st order b-spline basis, second stage “ramp”, second stage Fourier,

and FLiRTI (d = 2) are given in Figure 2.6 and Figure 2.7. Table 2.1 shows results for all

seven fits (including first stage fits that are not sparse) for the unimodal coefficient function

with n = 50. As we can see from this table, the second stage improves over the first stage

for MISE1 and MISE2 for both cases. The Type I error rate also improves, while the Type

II error rate gets worse. This same trend was observed across all coefficient functions and all

levels of n. As such, we do not give results for these first stage estimates in the summaries of

results that follow. Additionally, the FLiRTI results with d = 2 were generally a bit better than

for d = 1, so once again in the interest of space, we only report the FLiRTI results for d = 1.

Table 2.1: Simulation results for all methods with β(t) Unimodal, n = 50, p = 35

Coefficient Function MISE 1 MISE 2 Type I error Type II error
Constant 0.51 0.09 0.12 0.12
Ramp 1 0.99 2.03 0.63 0.00
Ramp 2 0.33 0.08 0.16 0.18

Fourier 1 0.80 0.11 0.43 0.02
Fourier 2 0.61 0.09 0.21 0.19

Flrt 1 0.85 0.11 0.08 0.35
Flrt 2 0.59 0.11 0.18 0.26

Median SE 0.048 0.008 0.019 0.016
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Figure 2.6: Sparse fits for different coefficient functions
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Figure 2.7: Sparse fits for different coefficient functions

From Table 2.2, we can see that the second stage ramp fit appears to be best overall when the

sample size is smallest. As n increases from 50, however, the FLiRTI method improves quickly

at identifying the zero-regions, while the two second stage fits from both the ramp and Fourier

basis struggle. Indeed, we see the Type II error rates for both increase while the Type I error

rates stay largely the same. The best overall method may be the single stage fit using the 1st

order b-spline basis with the Fused LASSO. This method consistently has the lowest Type I

error rate, and its Type II error rate is always first or second best. This comes at a price in terms

of MISE 1, but MISE 2 for this method is competitive with the alternatives.

When we look at the fit for the Z coefficient function, (see Table 2.3) we again see the Fused

LASSO methods generally outperforming FLiRTI in terms of MISE 1. This means that these

methods are doing a better job of finding the shape of the Z coefficient function than FLiRTI.

All methods are close in MISE 2, and no method stands out for selection error. The single stage

42



Table 2.2: Simulation results unimodal coefficient function for different values of n with
EBIC tuning. (p = 35)

Error Type Fit n=50 100 200 500
Piecewise Constant 0.51 0.43 0.41 0.32

Ramp 0.33 0.31 0.24 0.22
MISE 1 Fourier 0.61 0.38 0.31 0.17

FLiRTI (d = 2) 0.59 0.41 0.27 0.20
Median SE 0.044 0.037 0.035 0.023

Piecewise Constant 0.09 0.05 0.02 0.01
Ramp 0.08 0.04 0.02 0.009

MISE 2 Fourier 0.09 0.05 0.02 0.01
FLiRTI (d = 2) 0.11 0.05 0.03 0.01

Median SE 0.007 0.004 0.002 0.001
Piecewise Constant 0.12 0.07 0.07 0.06

Type I Ramp 0.16 0.19 0.18 0.20
error Fourier 0.21 0.21 0.16 0.14

FLiRTI (d = 2) 0.18 0.11 0.11 0.13
Median SE 0.020 0.017 0.018 0.016

Piecewise Constant 0.12 0.16 0.15 0.16
Type II Ramp 0.18 0.20 0.23 0.21
error Fourier 0.19 0.17 0.22 0.20

FLiRTI (d = 2) 0.26 0.22 0.18 0.18
Median SE 0.018 0.017 0.015 0.015

fit with the 1st order b-splines has substantially lower Type II error rates than the others, but it

also has the worst Type I error rates. FLiRTI and the second stage ramp fit appear to find the

best balance of the two types of error for the Z coefficient function.

Also, note that for this table, the results reported are the trimmed means for 3% trim on either

side. This is due to the fact that the “ramp” basis produced some large outliers with MISE2

error rates roughly 4 orders of magnitude larger than the other observations. Due to this excep-

tionally poor first order fit, the second order fit was similarly poor. This is indicative of a larger

problem with the Fused LASSO combined with the “ramp” basis. Fits for this model appear
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to be somewhat unstable and will occasionally produce large outliers such as those observed

here. While we didn’t find outliers like this with other coefficient functions, the standard errors

for the ramp basis fits tended to be higher than other methods. The take away is that while the

two stage fitting process can improve poor first order fits, if the initial fit is bad enough, the

second stage fit will also be poor. More succinctly, “garbage in, garbage out.”

Table 2.3: Simulation results for Z coefficient function for different values of n with EBIC
tuning. (p = 35) Note: Trimmed means reported.

Error Type Fit n=50 100 200 500
Piecewise Constant 0.11 0.10 0.09 0.10

Ramp 0.39 0.11 0.25 0.20
MISE 1 Fourier 1.09 0.66 0.57 0.57

FLiRTI (d = 2) 0.69 0.69 0.88 1.13
Median SE 0.112 0.074 0.069 0.078

Piecewise Constant 0.11 0.05 0.02 0.01
Ramp 1.48 0.05 0.02 0.01

MISE 2 Fourier 0.12 0.05 0.02 0.01
FLiRTI (d = 2) 0.11 0.06 0.03 0.01

Median SE 0.012 0.005 0.002 0.001
Piecewise Constant 0.31 0.34 0.48 0.55

Type I Ramp 0.24 0.15 0.24 0.19
error Fourier 0.12 0.06 0.06 0.07

FLiRTI (d = 2) 0.19 0.15 0.13 0.13
Median SE 0.033 0.033 0.033 0.033

Piecewise Constant 0.06 0.05 0.03 0.03
Type II Ramp 0.10 0.08 0.06 0.07
error Fourier 0.19 0.10 0.22 0.21

FLiRTI (d = 2) 0.08 0.07 0.10 0.12
Median SE 0.06 0.08 0.06 0.08

The Bimodal coefficient function proves difficult for the Fused LASSO-based methods to

model. This is to be expected, since these methods penalize large jumps in coefficient value,

making bimodal functions problematic to estimate. From MISE 1, FLiRTI is clearly the best
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method. However, MISE 2 is nearly equal across the board, and Type I and Type II error rates

show divergent results, with FLiRTI having very low Type I error but correspondingly high

Type II error, and the Fused LASSO based methods showing the opposite.

Results for the Step, Triangle, and Valley coefficient functions are given in the Appendix.

Table 2.4: Simulation results for bimodal coefficient function for different values of n with
EBIC tuning. (p = 35)

Error Type Fit n=50 100 200 1000
Piecewise Constant 0.88 0.85 0.81 0.84

MISE 1 Ramp 0.94 0.86 0.84 0.78
Fourier 1.42 1.04 0.92 0.89

FLiRTI (d = 2) 0.86 0.75 0.63 0.61
Median SE 0.038 0.033 0.023 0.021

Piecewise Constant 0.11 0.05 0.02 0.01
Ramp 0.14 0.08 0.03 0.01

MISE 2 Fourier 0.12 0.06 0.02 0.01
FLiRTI (d = 2) 0.12 0.06 0.03 0.01

Median SE 0.009 0.005 0.002 0.001
Piecewise Constant 0.14 0.16 0.13 0.18

Type I Ramp 0.18 0.21 0.16 0.15
error Fourier 0.28 0.23 0.27 0.23

FLiRTI (d = 2) 0.22 0.19 0.13 0.09
Median SE 0.018 0.024 0.022 0.021

Piecewise Constant 0.01 0.01 0.00 0.00
Type II Ramp 0.01 0.01 0.01 0.02
error Fourier 0.06 0.03 0.01 0.00

FLiRTI (d = 2) 0.06 0.09 0.14 0.21
Median SE 0.007 0.005 0.004 0.005
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2.5.3 Sparely Observed Curves with Measurement Error

The previous results assumed the curves were fully observed, which is often unrealistic in

functional data analysis. Here, we perform simulations where each curve is observed sparsely

with small measurement error. On a grid of 36 fixed time points, we observeUij = Xi(Tij)+δij ,

where δij ≈ N(0, γ2). Below, we report results from simulations using the Unimodal and Z

coefficient function with γ = 0.01, 0.025. We estimate each curve using a smoothing spline

over the observed time points.

Simulations using the Unimodal coefficient function show that the FLiRTI (d = 2) method is

probably the best of the four estimates looked at. (See Table 2.5.) For this coefficient function,

only the single stage Fused LASSO fit with the 1st order b-spline basis was competitive. How-

ever, note that as the measurement error was increased from γ = 0.01 to 0.025, the difference

between these two became closer, with the Fused LASSO performing better in MISE2 and

Type II error and FLiRTI performing better in the other categories.

Table 2.5: Error rates for Unimodal coefficient with measurement error

γ Fit MISE1 MISE2 Type I errror Type II error
Fused Lasso 0.272 0.028 0.291 0.128

0.01 2nd Stage Ramp 0.353 0.035 0.149 0.258
FLiRTI 1 0.458 0.037 0.085 0.331
FLiRTI2 0.268 0.041 0.166 0.158

Fused Lasso 0.361 0.037 0.362 0.123
0.025 2nd Stage Ramp 0.540 0.059 0.207 0.273

FLiRTI 1 0.622 0.065 0.161 0.303
FLiRTI2 0.357 0.068 0.198 0.204

The story is different for the Z coefficient function. The results are displayed in Table 2.6. Here,
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the Fused LASSO-based methods perform much better than both FLiRTI methods across the

board. Between the two-stage “ramp” basis fit and the single stage 1st order b-spline fit, it is

unclear which is the best. Both have similar MISE2s, and while the single stage method is

substantially better for MISE1, its Type I error rate is much worse than the two stage alter-

native. Together with the results from the Unimodal coefficient function simulation, we can

say that the two-stage Fused LASSO method works with some degree of success for data with

measurement error. While its performance relative to FLiRTI clearly depends on the coefficient

function, a single stage fit using 1st order b-splines and the Fused LASSO appears to always

perform pretty well.

Table 2.6: Error rates for Z coefficient function with measurement error

γ Fit MISE1 MISE2 Type I errror Type II error
Fused Lasso 0.182 0.074 0.477 0.011

0.01 2nd Stage Ramp 0.492 0.079 0.099 0.032
FLiRTI 1 1.363 0.106 0.854 0.074
FLiRTI2 0.909 0.108 0.559 0.045

Fused Lasso 0.209 0.090 0.422 0.014
0.025 2nd Stage Ramp 0.518 0.096 0.145 0.035

FLiRTI 1 1.419 0.130 0.791 0.072
FLiRTI2 0.929 0.126 0.555 0.045

For this simulation, the measurement error included was very small. (The standard deviation

of γ was 0.01, 0.025 compared to a standard deviation of 4 for the basis function coefficients

used to generate the curves.) Since the error was small, the results were still reasonable, but we

can see from even the small difference in these two levels of γ that increases in measurement

error lead to poorer estimates of β(t). For any level of γ much higher than what was described

here, the curves would need to be calibrated to give unbiased estimates for β(t).
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2.6 Discussion

Sparse regression for functional data is a developing topic in the literature. As the volume of

data available continues to grow, it becomes critical to be able to sort through it effectively and

identify the most important information. The method we propose above is unique in that it can

be based off any initial fit. The better the initial fit is, the better the final fit will be. Additionally,

the second stage fit can improve the first stage fit in terms of MISE1 and MISE2 in addition

to producing sparse fits. In this way, our method acts not only to identify sparse regions on the

domain of the predictor but also to give a “second chance” at finding a good fit.

As useful as that is, one thing we saw in the simulations was that often times the single stage

Fused LASSO with 1st order b-spline basis did as good of a job or even better than the com-

petitors, including FLiRTI and the two-stage estimates. The next logical step then might be

to use higher-order b-splines with the Fused LASSO. While higher-order splines overlap, if a

sufficiently large basis is used, large regions of sparsity should still result.

We briefly discussed data where each curve is not fully observed and gave a few simulation

results that indicate that our method works in such cases. However, even for those cases we

assumed a relatively dense grid for sampling and very small measurement error. It is often

the case in functional data analysis that data is observed very sparsely with error and sam-

pled irregularly. Many methods in the literature address functional regression for this type of

data, including a nonlinear approach discussed in this dissertation. A logical extension of this

sparse fitting method would be to apply it in concert with these methods from the literature.

To our knowledge, this would be the first attempt at sparse functional regression for sparse and

irregularly sampled data.
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Chapter 3

Classification for Functional Data

3.1 Introduction

It is becoming increasingly common to treat longitudinal data as sparse and irregularly sampled

observations from an underlying function or curve. This so-called functional data has motivated

numerous new techniques that leverage its unique characteristics to fit more accurate models.

Functional Data Analysis (FDA) refers to techniques specially designed for the analysis of

random trajectories. A general overview of FDA was given by Ramsay and Silverman (2005).

One important problem in the functional data literature is classification, which arises when

we observe a categorical response along with one or more functional predictor variables. Let

Xi(t) be the observed curve of the ith experimental unit, where t ∈ T and T ⊂ R is a time

interval. Let Yi denote the class label, taking one value from {1, . . . , K}, K ≥ 2. The main

task is to define a mapping f : X(t) → Y , which can be used to make a future prediction.
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Figure 3.1: Example curves from gene expression and spinal bone mineral density data sets

Functional data classification has many real applications. Spellman et al. (1998) study temporal

gene expression data from yeast cells in order to identify which genes produce varying levels of

RNA over the course of the cell cycle. The authors are particularly interested in genes involved

in the G1 phase of the cell cycle. Genes expression levels are observed on a fixed grid of 18

time points, and a traditional approach is used to identify which of these genes are cell cycle

regulated (that is, their expression varies greatly depending on the phase of the cell cycle).

A second application comes from Bachrach et al. (1999), who observe spinal bone mineral

densities for males and females from ages 9 to 25 years old. Samples were taken at irregular

intervals and for many of the subjects only a few observations were made. (In some cases, as

few as only one or two observations were recorded.) From Figure 3.1, it is obvious that males

and females have very different growth patterns. Also, the spinal bone mineral density data is

quite different from the gene expression data, as the latter has been regularly sampled while the

former is irregularly sampled, and some curves are observed at very few time points. The goal

of this research is to develop a unified classification approach that can be used for both types

of data, remains simple in its application, and produces results as good or better than existing

methodology.
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Classification for functional data is different in many ways from classification for multivariate

data (that is, observations that are not longitudinal vectors). In particular, the functional charac-

teristics present unique problems since functional data is often inherently infinity dimensional,

and observations at near-by time points will tend to be highly correlated. Simply discretizing

the curves on a grid can be suboptimal since inherent structure is not fully explored, and this

approach may also lead to the curse of dimensionality if too fine a grid is used. Additionally, the

observed curves may not be densely sampled or recorded at regular intervals. These features

make the classification of longitudinal data more difficult.

In traditional multivariate data settings, many classification techniques have been developed

and successfully applied to real problems, including linear discriminant analysis (LDA), quadratic

discriminant analysis (QDA), logistic regression, random forests, support vector machines

(SVMs), and boosting. See Hastie et al. (2009) for an overview. For functional data classi-

fication, the available tools are more limited. One of the earliest works is the functional linear

discriminant analysis (FLDA) proposed by James and Hastie (2001). They first decompose the

curves using a p-dimensional cubic b-spline basis and then transform the coefficient vectors

into a q < p dimensional space. LDA is applied to these reduced rank coefficient vectors to

find the classification rule. Similarly to reduced-rank LDA for scalar data, they assume the

reduced rank coefficient vectors are normally distributed and that the covariance matrices for

these vectors are the same across different groups. Leng and Müller (2006) propose a method

using logistic regression. First they apply functional principal components (FPC) analysis to

each curve using PACE (Yao et al., 2005b). Logistic regression is used on the FPC scores to

model the response. Since PACE is used to find the FPC scores, this method can be used for

data that are sparsely observed and sampled at irregular intervals. Recently Li and Yu (2008)

combine the LDA with support vector machines and develop a new method called functional
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segment discriminant analysis. Muñoz and González (2010) use a reproducing kernel Hilbert

space to find a finite-dimensional representation of each curve and classify using a support

vector machine.

In this article, we propose a new simple alternative for classification of functional data. In the

traditional setting, the classical method of LDA has proven to be one of the most successful

methods for classification. James and Hastie (2001) extended the LDA to functional data using

a basis decomposition approach. We propose an alternative framework to implement LDA for

curved data through the following steps. First, we estimate the mean function for each group

and subtract the mean from each observation. We refer to this as the “centering” process, since

the process is analogous to subtracting the mean from scalar data to center the data’s distribu-

tion at 0. This approach is different from James and Hastie (2001), which does not center the

curves before performing their basis decomposition. Second, we pool the “centered” data from

all of the groups and estimate a common covariance structure using FPC analysis. This step

can be theoretically justified under the LDA assumption of equal variances across groups. We

obtain estimates for the eigenfunctions (a smooth orthogonal basis expansion) and correspond-

ing eigenvalues of the underlying covariance structure. This allows us to represent each curve

as a mean function plus a sum of these eigenfunctions multiplied by their corresponding FPC

scores, a form known as the Karhunen-Loève representation. We truncate the expansion and

use the basis function coefficients to create a classification rule.

The remainder of the chapter is organized as follows. Section 2 discusses our method in detail

as well as an alternative approach for a special case. Section 3 provides theoretical results for

the new approach. Section 4 compares our methods with existing methods using simulated data

as well as three data sets from the literature. Section 5 concludes with a discussion.
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3.2 New Methodology

3.2.1 General Setup and Notations

For subject i, we observe the curve Xi(t) at Ni random time points, denoted as Ti1, ..., TiNi
, on

some domain, T , where Ni is a random variable independent of the other random variables.

To be consistent with real applications, we allow observations to be made with measurement

errors, denoted as δij . Therefore, the observed values for the ith curve at time Tij are

Uij = Xi(Tij) + δij, j = 1, 2, . . . , Ni.

The measurement errors are assumed be independent both between and within curves with

mean 0 and var(δij) < ∞. This setup has been considered by Yao et al. (2005b) and many

others. For the binary response case, the class label Yi = 1 if curve Xi(t) belongs to Class

1 and Yi = 2 if Xi(t) belongs to Class 2. For the multiclass case, the class label is from

{1, . . . , K}.

For each class k, we denote the class-mean function by µk(t) = E(Xi(t)|Yi = k) for t ∈ T .

For each curve, we denote the covariance function V (s, t) = cov(Xi(s), Xi(t)) for s, t ∈ T . In

our procedure, we assume a common V (s, t) across different classes, which corresponds to the

key equal-covariance assumption employed in the classical LDA. In practice, if the assumption

fails, one can extend the procedure to quadratic discriminant analysis.

Let λj, φj(·), j = 1, 2, . . . be the eigenvalues and eigenfunctions of the autocovariance operator

of X(t) where λ1 ≥ λ2 ≥ . . .. Then the covariance function V (s, t) can be represented using
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an orthogonal basis expansion, {φj(t)}∞j=1, i.e.,

V (s, t) =
∞∑
j=1

λjφj(s)φj(t). (3.1)

Correspondingly we can write each curve as

Xi(t) = µk(t) +
∞∑
l=1

ξijφj(s), if Yi = k, (3.2)

where ξij are the FPC scores computed as ξij =
∫
T [Xi(t) − µk(t)]φj(t)dt, j = 1, 2, . . .. The

FPC scores ξij are uncorrelated with mean 0 and variance var(ξil) = λj for j = 1, 2, . . .. This

representation is known as the Karhunen-Loève expansion.

3.2.2 New Functional Discriminant Analysis

We first illustrate the approach for the binary problem. Define the observed data as D =

{Di}ni=1, where Di = {Ni, (Ti1, Uij), . . . , (TiNi
, UiNi

)} are the observed values for the ith

curve. The first step is to center the data. Following Yao et al. (2005b), we apply a local poly-

nomial smoother to {(Tij, Uij), j = 1, 2, . . . , Ni : Yi = k} in order to obtain an estimate µ̂k(t)

of class mean function µk(t) for each group k. A complete introduction of local polynomial

modeling is given in Fan and Gijbels (1996). We take these mean functions and subtract them

from the data to get de-meaned or “centered” data. Let

Cij = Uij − µ̂0(Tij)1[i ∈ I0]− µ̂1(Tij)1[i ∈ I1], (3.3)
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where Ik = {i : Yi = k} and 1 is an indicator function.

With the “centered” data, we estimate the eigenfunctions φl(t) and eigenvalues λj using func-

tional principal components analysis through conditional expectation (PACE) (Yao et al., 2005b).

PACE is an ideal method for this problem, since it provides estimates for full curves even when

the curve is observed at only a few time points, and software is readily available for its imple-

mentation in Matlab. As we have already de-meaned the data in the previous centering step,

we skip the step of estimating mean function while applying PACE. Since the groups are as-

sumed to share a covariance structure, we pool the centered data together before using PACE

to estimate the eigenfunctions, eigvenvalues, and FPC scores. We denote our estimate of the

covariance function as

V̂ (s, t) =
J∑
l=1

λ̂lφ̂l(s)φ̂l(t) (3.4)

for some J > 0, where λ̂l is the estimate of the lth eigenvalue, and φ̂l(t) the estimate of the

corresponding eigenfunction.

When the data being smoothed over has a common mean function as described in Yao et al.

(2005b), estimates of the mean function, eigenfunction, and eigenvalues have been shown to

be consistent (Yao et al., 2005b). Although our application involves data from multiple groups,

each with its own mean function, showing the consistency of these estimates is only slightly

different.

Once we have estimated eigenvalues and eigenfunctions, we can obtain estimates ξ̂il of the FPC

scores ξil for each curve by applying conditional expectation as done in PACE. Correspond-

ingly, an estimate of the full curve for each subject is given by
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X̂i(t) = µ̂k(t) +
J∑
l=1

ξ̂ilφ̂l(t), (3.5)

where Yi = k.

We can now define a classification rule based on the estimates presented above. Suppose we

have a random number (N∗) of sparse and irregular observations, denoted by (T ∗j , U
∗
j ), j =

1, 2, . . . , N∗, from a new curve, X∗(t), whose class label is unknown. We classify based on

our estimates of the mean functions from the different classes and the estimated eigenvalues

and eigenfunctions. The first step is to estimate FPC scores using conditional expectation for

each possible group by pretending that X∗(t) is from this group. That is, we find FPC score

estimates ξ̂∗1k, ξ̂
∗
2k, . . . , ξ̂

∗
Jk for each group k by first “centering” (T ∗j , U

∗
j ), j = 1, 2, . . . , N∗, us-

ing the estimated mean function for group k and estimating the expectation of the FPC scores

conditional on observing T ∗1 , . . . , T
∗
N∗ . This is the PACE estimate of the FPC scores. These

estimated FPC scores can be thought of as estimates of the true FPC scores for this new ob-

servation, conditional on the observation belonging to Class k. Since FPC scores are assumed

to be normally distributed with mean zero and variance equal to the corresponding eigenvalue,

we can write the likelihood that our new curve, X∗(t) belongs to Class k as

Lk = ΠJ
l=1fλ̂l(ξ̂

∗
kl), (3.6)

fλ̂l is the pdf for a Normal(0, λ̂l). When k takes only two values, 1, 2, can make class member-

ship predictions for X∗(t) based on the ratio of the two likelihoods
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L1

L2

=
Exp

{
−.5

∑J
l=1

ξ̂∗21l
λ̂l

}
{
Exp− .5

∑J
l=1

ξ̂∗22l
λ̂l

} . (3.7)

Then if L1

L2
> 1, our class membership prediction is Class 1. Otherwise, we predict it as a

member of Class 2. This rule easily generalizes to the mutliclass case using the argmax rule

arg maxk ηk(X(t)), (3.8)

where ηk(X(t)) = Exp{−.5
∑J

j=1

ξ̂∗2kj

λ̂j
}. When K > 2, we can find the value for each Lk and

choose the class with the highest associated likelihood.

3.2.3 Uncentered Approach

In the method proposed above, we implicity assume that the difference of the mean functions,

µk(t), is in the space spanned by eigenfunctions, {φl(t)}Jl=1, as otherwise the mean function

difference orthogonal to these eigenfunctions is filtered by the truncated covariance operator∑J
l=1 λlφl(s)φl(t). However functional data is inherently infinitely dimensional, and conse-

quently it is possible that the mean function difference is not in the space spanned by the first

J eigenfunctions. This motivates us to propose the following uncentered approach.

As mentioned earlier, the success of the discriminant analysis method proposed in the previous

section requires that µ1(t) − µ2(t) =
∑J

l=1 µlφl(t) for some coefficients, µl. As J → ∞, this

issue will not arise theoretically. But in practice since the choice of J is based only on data

and estimated covariance structure, it is possible that we may choose J too small to capture
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the difference between mean functions. Suppose µ1 is orthogonal to φl(t) for all l = 1, . . . , J .

Using the method described above to classify a new curve, we estimate FPC scores after using

each mean function to center the data. Therefore, when calculating ξ∗1l, we would need to

project X∗(t) − µ1(t) onto {φl(t)}Jl=1. Since µ1(t) is orthogonal to {φl(t)}Jl=1, the resulting

estimates will be unstable.

To illustrate this in details, we consider the two-class case again and use the following nota-

tions. Let X1(t) denote a curve from Class 1 with mean function, µ1(t), X2(t) denote a curve

from Class 2 with µ2(t). The overall mean function of the two groups is a weighted average of

these mean functions weighted by group proportions. Thus we write µ̄(t) = τ1µ1(t) + τ2µ2(t)

with τ1 + τ2 = 1.

For curves from Classes 1 and 2, we can then write

X1
i (t)− µ̄(t) = τ1(µ1(t)− µ2(t)) +

J∑
l=1

ξilφl(t) (3.9)

X2
i (t)− µ̄(t) = τ2(µ2(t)− µ1(t)) +

J∑
l=1

ξilφl(t). (3.10)

Consequently a general curve X(t) can be represented as

X(t) = µ̄(t) +
J∑
l=1

ξlφl(t) + ξ(µ1(t)− µ2(t)), (3.11)

where ξ = τ1 if X(t) belongs to group 1 and τ2 otherwise. Denote φ(t) = µ1(t) − µ2(t) −∑J
l=1 φl(t)ξ

d
l , with ξdl =

∫
T (µ1(s) − µ2(s))φl(s)ds to be the part of µ1(t) − µ2(t) that is
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orthogonal to φ1(t), φ2(t), . . . , φJ(t). Then we have

X(t) = µ̄(t) +
J∑
l=1

(ξξdl + ξl)φl(t) + ξφ(t), (3.12)

which leads to the Karhunen-Loève expansion of the combined data. Here the last term may

disappear if the mean function difference is in the space spanned by the eigenfunctions. Note

that the classification power is complemently determined by ξ as it takes different values for dif-

ferent groups. Now it becomes clear why the success of the new discriminant analysis method

proposed in the previous section depends heavily on whether the mean function differences

fall in the space spanned by the eigenfunctions. Note that ξdl = 0 for l = 1, 2, . . . , J if

the mean function difference is orthogonal to these eigenfunctions. Correspondingly the FPC

scores ξξdl + ξl do not differ between these two groups and we need to recruit “additional”

eigenfunction “φJ+1(t) = φ(t)” to discriminant these two classes. To perform classification

for this type of data, it is sufficient to perform LDA on the FPC scores estimated by applying

the PACE to the overall data, which should include the estimated FPC score corresponding to

the “additional” eigenfunction “φJ+1(t)”.

To address aforementioned difficulty in situations with mean function difference not in the

space spanned by the eigenfunctions, we propose an alternative method where the “centering”

step is skipped. An overall mean function µ̄(t) is used instead and we apply PACE to the data

D = {Di}ni=1 from all groups to estimate FPC scores. We then apply traditional LDA to the

FPC score estimates, giving us a classification rule.

Finally, note that while the “centered” method, introduced first, may have trouble with the type

of data described here, the “uncentered” approach described here may be used even when the
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mean function difference is in the space spanned by the eigenfunctions as shown in (Eq. 3.12).

In this sense, the “uncentered” approach is more robust.

3.2.4 Summary of Algorithms

We summarize the two methods described above as follows.

Centered method:

1. Estimate the mean function for each group using local polynomial smoothing.

2. De-mean observations from each curve by subtracting the corresponding estimated group

mean function.

3. Apply PACE to the centered data to estimate the eigenvalues and eigenfunctions of the

common covariance operation.

4. For observations on a new curve, estimate the corresponding FPC scores for each class,

k = 1, . . . , K by pretending it comes from this group and subtracting off the correspond-

ing estimated group mean function.

5. Choose k such that the estimated FPC scores maximize the likelihood.

Uncentered method:

1. Without centering the data, combine the data from all different groups and apply PACE

to estimate the FPC scores.

2. Apply LDA to the estimated FPC scores to find the classification rule.
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3. For new observations from a new curve, estimate the corresponding FPC scores and

perform classification according to the rule above.

3.3 Consistency and Computation Issues

3.3.1 Consistency of estimated FPC scores

In this section, we discuss the consistency of the proposed new discriminant analysis.

For the classification of functional data, there are two layers of Bayes error. The first level is

that we assume the functional curve to be fully observable and the covariance function V (s, t)

and its eigen decomposition V (s, t) =
∑∞

=1 λlφl(s)φl(t) to be known. For a new curve X∗(t),

its loglikelihoods to belong to Classes 1 and 2 are given by

−
∫
s

∫
t

(X∗(t)− µ1(t))(
∞∑
l=1

1

λl
φl(t)φl(s))(X

∗(s)− µ1(s))dsdt

and

−
∫
s

∫
t

(X∗(t)− µ2(t))(
∞∑
l=1

1

λl
φl(t)φl(s))(X

∗(s)− µ2(s))dsdt,

respectively, up to a same constant. Denote ξ∗1l =
∫
t
(X∗(t)−µ1(t))φl(t)dt and ξ∗2l =

∫
t
(X∗(t)−

µ2(t))φl(t)dt. The corresponding Bayes rule is to choose Ŷ ∗ = 1 if

−
∞∑
l=1

(ξ∗1l)
2/λj > −

∞∑
l=1

(ξ∗2l)
2/λl
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and choose Ŷ ∗ = 2 otherwise. The corresponding Bayes error is given by

E(Y 6= I(−
∞∑
l=1

(ξ∗1l)
2/λl > −

∞∑
l=1

(ξ∗2l)
2/λl)).

Sparse and irregularly observed data introduce another level of error. For the new curve,X∗(t),

we observe only (T ∗j , U
∗
j ), j = 1, 2, . . . , N∗. Consequently we do not have the complete infor-

mation about the FPC scores ξ∗1l and ξ∗2l, l = 1, 2, . . .. The best estimate of these FPC scores

are their conditional expectations E(ξ∗1l|{(T ∗j , U∗j )}N∗
j=1) and E(ξ∗2j|{(T ∗j , U∗j )}N∗

j=1)), where j =

1, 2, . . .. In this case, the corresponding Bayes rule is to choose Ŷ ∗ = 1 if

−
∞∑
j=1

(E(ξ∗1l|{(T ∗j , U∗j )}N∗

j=1))2/λj ≥ −
∞∑
j=1

(E(ξ∗2l|{(T ∗j , U∗j )}N∗

j=1)))2/λj (3.13)

and 2 otherwise.

According to Yao et al. (2005b), the estimates of mean functions µ1(t) and µ2(t), covariance

function V (s, t), eigenvalue λj , eigenfunction φj(t), and conditional expectation of FPC scores

E(ξ∗1j|(T ∗1 , U∗1 ), . . . , (T ∗N∗ , U∗N∗)) and E(ξ∗2j|(T ∗1 , U∗1 ), . . . , (T ∗N∗ , U∗N∗)) are consistent. Conse-

quently our new discriminant analysis is consistent as long as we allow the number (J) of

included FPC scores to diverge to infinity as n approaches infinity.

3.3.2 Consistency of classification rule

One of the most compelling properties of LDA is that the classification rule it defines is equiv-

alent to the Bayes rule. Our method has this property, as well. If we assume that the vector of
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functional principal component scores, ξi, has some underlying distribution fk when Yi = k,

then from Bayes’ formula, we have

P (Yi = K|ξi) =
fk(ξi)πi∑K

m=1 fm(ξi)πm
, (3.14)

where πm is P (Yi = m). The classifier that sets Ŷi = k where k maximizes Eq. 3.14 is known

as the Bayes rule. If the ξij are Gaussian with mean 0 and variance λJ , then

L0

L1

=
Exp− .5

∑J
l=1

ξ∗20l
λl

Exp− .5
∑J

l=1

ξ∗21l
λl

(3.15)

is the Bayes rule for the two-class case, provided that E(ξ∗kl) = ξkl. However, PACE estimates

the conditional expectation of the FPC scores, so in fact we have ξ̂∗ = Ê[ξ∗kl|T i]. Thus, as long

as we use PACE to estimate the FPC scores, we cannot claim that our classifier converges to

the Bayes rule. However, for data sampled over a fine grid, it is possible to estimate the uncon-

ditional scores for the FPC functions. In such a case, the “centered” method would converge to

the Bayes rule.

3.3.3 Computation

One advantage our method has over others is the relative ease of computation. Once the FPC

scores have been estimated for each group, the computation time is trivial. This means the bulk

of the cost is paid due to PACE, which is relatively efficient. Computation time comparisons

are included in the simulations reported in the following section.
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3.4 Simulation

We generate data using three eigenfunctions,

φ1(t) = −
√

1

5
cos

(
πt

5

)
, (3.16)

φ2(t) =

√
1

5
sin

(
πt

5

)
, (3.17)

φ3(t) = −
√

1

5

(
π2t

5

)
, (3.18)

defined over the domain T = (0, 10). Each curve, Xi(t) = µk(t) +
∑3

l=1 ξilφl(t), where

ξil ∼ N(0, λl). For i = 1, . . . , n, we observe Ui(Tij) = Xi(Tij) + εij , where j = 1, . . . , Ni,

the Tij are idd uniformly on T , ε ∼ N(0, σ2), and Ni ∼ UD(5, N), where UD is the discrete

uniform distribution, σ = 0.5, and n and N are simulation parameter. An additional simulation

parameter, c, determines the separation between the two mean functions.

The number of eigenfunctions used for classification, J , is a tuning parameter, and we choose

it using five-fold cross-validation, where J is chosen to minimize the classification error.

For comparison with the methods described above, we consider two alternative methods from

the literature, Functional Linear Discriminant Analysis (FLDA) (James et al., 2000) and logis-

tic regression (Leng and Müller, 2006).

3.4.1 Case 1

First, we examine the case where µ0(t) and µ1(t) are in the space spanned by {φl(t)}3
l=1. Let
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Figure 3.2: Case 1 mean functions and simulated data points

µ0(t) = 0, (3.19)

µ1(t) =
1

c

3∑
i=1

φ1(t). (3.20)

The simulation parameter, c, determines how far apart the two groups are, with larger values

of c corresponding to closer groups and hence a more difficult problem. We let n = 50, 100,

(with an equal number of observations in the two groups) N = 10, 20 and c = 1, 2. The results

are summarized in Table 3.1. The median of the standard deviations in each column are given

across the bottom row of the table. A plot of the two mean functions along with observed curves

is given in Figure 3.2.

Both of our methods perform well for this data relative to the alternatives. In particular, when

n = 50, our method shows substantial gains relative to FLDA. Performance is also superior

when compared with logistic regression, although the differences are not as large. Additionally,

we can see that FLDA takes much longer than the other methods, and the “centered” method
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Table 3.1: Classification errors for Case 1 (computation time in minutes)

Error Rates Computation Time
N nk c Cen Uncen Log FLDA Bayes Cen Uncen Log FLDA
10 50 1 0.170 0.171 0.172 0.180 0.123 0.892 1.498 0.967 3.684
10 50 1.5 0.249 0.249 0.248 0 .250 0.193 0.888 1.540 0.998 3.765
10 50 2 0.334 0.331 0.331 0.323 0.286 0.898 1.519 1.049 3.741
10 50 2.5 0.362 0.365 0.369 0.377 0.327 0.897 1.535 1.048 3.672
10 100 1 0.179 0.176 0.174 0.177 0.131 1.713 3.536 1.952 4.012
10 100 1.5 0.265 0.264 0.264 0.278 0.233 1.710 3.614 2.034 4.159
10 100 2 0.324 0.326 0.326 0.327 0.305 1.753 3.609 2.055 4.195
10 100 2.5 0.350 0.347 0.350 0.357 0.320 1.751 3.560 2.095 4.256
20 50 1 0.170 0.170 0.172 0.185 0.142 2.269 3.041 2.385 12.778
20 50 1.5 0.261 0.257 0.260 0.268 0.232 2.304 3.137 2.512 13.135
20 50 2 0.339 0.342 0.343 0.353 0.312 2.350 3.232 2.544 13.011
20 50 2.5 0.369 0.371 0.370 0.373 0.339 2.330 3.159 2.530 13.395
20 100 1 0.152 0.148 0.149 0.163 0.119 5.045 7.671 5.421 16.880
20 100 1.5 0.246 0.245 0.243 0.256 0.212 5.199 7.847 5.586 16.960
20 100 2 0.316 0.317 0.318 0.335 0.304 4.752 7.760 5.256 15.029
20 100 2.5 0.347 0.347 0.348 0.365 0.332 4.684 7.170 5.188 15.252

SD 0.016 0.014 0.014 0.016

is the most computationally efficient of the group.

3.4.2 Case 2

Next, we look at a situation where the mean functions are not in the space spanned by the

eigenfunctions. Now, let

µ0(t) = 0, (3.21)

µ1(t) = 2. (3.22)
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Figure 3.3: Case 2 mean functions and simulated data points

In this situation, we would expect to see the “uncentered” method perform substantially better

than the “centered” method. We can see the true mean functions along with observed curves

for Case 2 in Figure 3.3.

The results from Case 2 are interesting, and we see a few clear trends as well as some am-

biguous ones. First, the “centered” method performs poorly in this case relative to all other

methods. This was expected, as the example was constructed to be a special case where the

basis functions used to generate the data were orthogonal to the mean functions from the two

classes. However, the “uncentered” method is competitive with the alternatives. When rela-

tively little information is available (nk = 50 and N = 10 small), FLDA is slightly better

than the competition, but when more information is available (nk = 100 and N = 20), both the

“uncentered” method and logistic regression surpass FLDA. This is most pronounced when the

classification problem is more difficult (c = 2, 2.5). Additionally, we see that when c is large,

logistic regression and FLDA have very similar classification error rates, but when c is small,

our method is superior to logistic regression. Overall, this indicates that for the sparsest cases

where the mean function is orthogonal to the basis selected to model the data, FLDA may be a
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Table 3.2: Classification errors for Case 2 (computation time in minutes)

Error Rates Computation Time
N nk c Cen Uncen Log FLDA Bayes Cen Uncen Log FLDA
10 50 1 0.117 0.048 0.057 0.049 0.234 1.503 1.364 0.949 5.424
10 50 1.5 0.210 0.113 0.121 0.108 0.296 1.495 1.405 0.985 5.5
10 50 2 0.316 0.206 0.209 0.199 0.353 1.517 1.472 1.027 4.716
10 50 2.5 0.355 0.260 0.258 0.238 0.393 1.514 1.496 1.054 4.591
10 100 1 0.106 0.036 0.041 0.035 0.219 2.999 3.323 1.929 11.376
10 100 1.5 0.217 0.094 0.096 0.101 0.304 2.864 3.213 1.928 10.090
10 100 2 0.273 0.173 0.173 0.177 0.343 2.812 3.165 1.907 10.244
10 100 2.5 0.340 0.236 0.237 0.229 0.376 2. 3.276 2.004 9.797
20 50 1 0.090 0.013 0.023 0.012 0.287 3.865 2.920 2.480 35.560
20 50 1.5 0.190 0.055 0.066 0.067 0.341 4.101 3.300 2.785 36.270
20 50 2 0.274 0.106 0.112 0.117 0.375 4.356 3.610 2.830 30.008
20 50 2.5 0.350 0.165 0.167 0.173 0.409 4.443 3.696 2.929 27.243
20 100 1 0.079 0.015 0.019 0.016 0.257 7.802 6.557 4.853 32.237
20 100 1.5 0.169 0.050 0.055 0.058 0.317 7.716 6.659 4.860 31.798
20 100 2 0.260 0.102 0.105 0.122 0.380 7.495 6.431 4.674 30.563
20 100 2.5 0.320 0.146 0.146 0.168 0.445 7.879 7.040 5.058 29.482

SD 0.064 0.015 0.017 0.007

slightly better choice than the “centered” method. However, when there is more data available,

the “uncentered” method is clearly as good as or better than the alternatives.

3.4.3 Multiclass simulations: K > 2

We also present results from two multiclass simulations. We use data from three classes for the

first simulation and four classes for the second. In both cases, the the mean functions are in the

span of {φl(t)}3
l=1. For the K = 3 case, let
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µ1(t) =
1

c
φ1(t), (3.23)

µ2(t) =
1

c
φ2(t), (3.24)

µ3(t) =
1

c
φ3(t), (3.25)

where {φl(t)}3
l=1 is the same as from the two-class simulations. The mean functions for this

simulation as well as the other mutliclass simulations below can be seen in Figure 3.4. We once

again vary the sparsity of the data, N , the number of observations in each group, nk, and the

separation of the groups, c. The classification error rates based on a test data set of ntest = 1000

are summarized below for the centered and uncentered methods as well as FLDA. Logistic

regression was not included in these simulations.

While the “centered” method lags behind, FLDA and the “uncentered” method both show good

performance for this three-class simulation, with the “uncentered” method showing superior

results at every stage. One thing to note is that the difference between the error rates for the

“uncentered” method and FLDA increase with c, so the advantage for using this method over

FLDA increases as the problem becomes more difficult.

Next, we look at the case where K = 4. Once again the mean functions are equally spaced

using the points of a regular tetrahedron. The mean functions are given as
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Table 3.3: Classification errors 3-class simulation (computation times in minutes)

Error Rates Computation Time
N nk c Cen Uncen FLDA Bayes Cen Uncen FLDA
10 40 1 0.082 0.039 0.054 0.013 1.904 1.734 6.287
10 40 1.5 0.207 0.141 0.159 0.082 1.940 1.749 6.609
10 40 2 0.320 0.233 0.247 0.166 1.958 1.798 6.736
10 40 2.5 0.408 0.326 0.337 0.257 1.999 1.768 6.757
10 80 1 0.055 0.042 0.049 0.018 3.311 3.821 9.076
10 80 1.5 0.163 0.125 0.138 0.076 3.353 3.751 7.531
10 80 2 0.273 0.228 0.246 0.174 3.346 3.765 8.799
10 80 2.5 0.354 0.312 0.332 0.240 3.319 3.748 9.129
20 40 1 0.067 0.022 0.032 0.007 4.544 3.432 35.943
20 40 1.5 0.192 0.121 0.142 0.084 4.658 3.593 36.403
20 40 2 0.311 0.192 0.223 0.159 4.705 3.677 36.575
20 40 2.5 0.395 0.279 0.308 0.238 4.792 3.761 37.605
20 80 1 0.044 0.027 0.039 0.017 8.465 7.358 31.335
20 80 1.5 0.138 0.098 0.114 0.071 8.550 7.343 33.297
20 80 2 0.252 0.198 0.230 0.162 9.063 7.959 28.028
20 80 2.5 0.318 0.258 0.296 0.234 8.959 8.021 27.348

SD 0.041 0.009 0.011

µ1(t) =
1

c
[3 3 3]φ(t), (3.26)

µ2(t) =
1

c
[3 − 3 − 3]φ(t), (3.27)

µ3(t) =
1

c
[−3 3 − 3]φ(t), (3.28)

µ4(t) =
1

c
[−3 − 3 3]φ(t). (3.29)

Classification error rates are summarized below.

Similar to the three-class case, the uncentered method clearly outperforms FLDA. However,

70



Table 3.4: Classification errors for 4-class simulation (computation times in minutes)

Error Rates Computation Time
N nk c Cen Uncen FLDA Bayes Cen Uncen FLDA
10 30 1 0.071 0.027 0.141 0.004 1.932 1.606 6.684
10 30 1.5 0.202 0.112 0.249 0.060 1.937 1.639 6.772
10 30 2 0.339 0.226 0.342 0.153 1.930 1.633 6.935
10 30 2.5 0.437 0.313 0.422 0.240 1.936 1.624 6.852
10 60 1 0.049 0.035 0.145 0.008 3.778 3.896 11.912
10 60 1.5 0.151 0.108 0.226 0.064 3.674 3.789 11.100
10 60 2 0.263 0.201 0.332 0.126 3.846 3.989 12.310
10 60 2.5 0.371 0.302 0.410 0.220 3.740 3.852 11.628
20 30 1 0.070 0.015 0.136 0.004 4.799 3.422 38.615
20 30 1.5 0.218 0.101 0.252 0.055 4.886 3.581 37.273
20 30 2 0.334 0.207 0.338 0.169 5.025 3.778 38.273
20 30 2.5 0.440 0.298 0.411 0.218 5.005 3.795 37.403
20 60 1 0.040 0.014 0.131 0.005 8.790 7.646 43.328
20 60 1.5 0.146 0.082 0.239 0.058 8.898 7.851 45.493
20 60 2 0.252 0.176 0.312 0.145 9.033 7.986 45.832
20 60 2.5 0.364 0.277 0.401 0.226 9.077 7.906 47.128

SD 0.046 0.008 0.037

unlike the three-class case, the “centered” method also outperforms FLDA for the cases where

c is small. When the mean functions for the three classes are closer together (that is, c is larger),

FLDA overtakes the uncentered method when the sample size is small. It is interesting to note

that we don’t see this trend when c = 60. In fact, the centered method is much closer to the

uncentered method for this case and has a statistically significant difference from FLDA in this

case as well.

Finally, we look at the a five-class case. The mean functions are the same as the four-class case

with the addition of a class centered at

µ5(t) =
1

c
[−3 − 3 − 3]φ(t). (3.30)
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Results are given in Table 3.5.

Table 3.5: Classification errors for 5-class simulation (computation time in minutes)

Error Rates Computation Time
N nk c Cen Uncen FLDA Bayes Cen Uncen FLDA
10 25 1 0.164 0.074 0.228 0.038 2.248 1.936 8.964
10 25 1.5 0.369 0.237 0.360 0.184 2.283 1.953 9.256
10 25 2 0.476 0.330 0.444 0.269 2.296 1.995 9.167
10 25 2.5 0.558 0.419 0.518 0.376 2.325 1.993 9.265
10 50 1 0.102 0.073 0.222 0.038 3.960 4.044 7.626
10 50 1.5 0.267 0.195 0.341 0.153 3.965 4.010 7.755
10 50 2 0.381 0.293 0.424 0.273 3.974 4.003 7.578
10 50 2.5 0.493 0.412 0.502 0.353 3.964 4.042 7.501
20 25 1 0.155 0.059 0.202 0.041 5.073 3.648 34.623
20 25 1.5 0.330 0.169 0.321 0.136 5.305 3.898 36.262
20 25 2 0.473 0.298 0.424 0.278 5.120 3.664 35.823
20 25 2.5 0.563 0.386 0.506 0.399 5.123 3.662 36.520
20 50 1 0.106 0.056 0.210 0.045 9.652 8.389 50.325
20 50 1.5 0.253 0.168 0.333 0.139 9.384 7.973 49.562
20 50 2 0.395 0.287 0.426 0.269 9.393 7.998 51.645
20 50 2.5 0.490 0.393 0.507 0.374 9.315 7.803 46.763

SD 0.054 0.010 0.025

These results mirror those of the 4-class simulation in that the “uncentered” method clearly

outperforms the competitors. We also see the trend of the “centered” method beating FLDA

for small sample sizes while FLDA proves superior for low sample sizes with c large.

3.5 Real data

Recall the data sets from the literature discussed in the introduction. Spinal bone mineral den-

sity for males and females was observed at irregular time intervals with as few as Ni = 2
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Figure 3.4: Multiclass mean functions and simulated data points
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observations for some individuals. Gene expression data from yeast cells was observed at reg-

ular time intervals. Additionally, we look at the Berkeley Growth Data, where 39 male and 54

female subects were observed at 31 fixed time points from ages 1 to 18. (Ramsay and Silver-

man, 2005) For each data set, we applied our two methods plus FLDA and logistic regression.

For the growth curves and spinal bone mineral density data sets, we classified based on gender.

For the gene expression data, we classified genes based on their role in the cell cycle (G1 or

non-G1). Table 3.6 below summarizes the results.

Table 3.6: Classification errors for “real world” data sets

Data Set Centered Uncentered Logistic FLDA
Growth Curves 0.1166 0.0938 0.1361 0.1695

Genes 0.1748 0.1858 0.1538 0.1978
Bone Density 0.4049 0.3269 0.3500 0.3923

The growth curves had the lowest average error rate, with the two methods proposed above

showing the best performance. The “uncentered” method also performed the best for the bone

density data. Logistic regression had the lowest error rate for the genetics data, which was the

article where the logistic regression method was proposed. FLDA shows the worst performance

for every method but the bone density data, where it beat only our“centered” method. Figure 3.5

shows the estimated curves for the gene expression data along with the original observed curves

and estimated FPC functions.
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Figure 3.5: Gene expression data: Raw data, estimated FPC curves, and smoothed estimates
of data
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3.6 Discussion

In this section, we propose two methods analogous to linear discriminant analysis for clas-

sifying curves. These methods can be applied in the two-class case as well as cases where

K > 2. They are flexible and can be applied to sparse and irregularly sampled curves to good

effect. Through simulation, we have shown that these methods are effective and compare fa-

vorably to existing methods in the literature, showing modest gains in classification error rate.

These results are consistent with our motivating examples from the literature, where we find

our methods competitive with or superior than the alternatives in all three cases.

Determining which of the two methods we propose is preferable for a given problem is not ob-

vious. From the simulation results, the “centered” method is clearly susceptible to the special

case where the difference in the mean functions is not in the space of the estimated eigenfunc-

tions. For data of this type, the results are substantially worse for the the “centered” method

than all of the alternatives, including the “uncentered” method. When analyzing data, it may

therefore be preferable to err on the side of caution and use the “uncentered” method. How-

ever, when we look at examples from the literature, none of our three cases show the “centered”

method performing dramatically worse than the alternatives. Even for the spinal bone mineral

density example where the “uncentered” method is clearly the better of the two, the “centered”

method is about on par with FLDA. It could be that for real data, the special situation described

in Case 2 simulation may not be realistic.

For both of the methods, we assume that the covariance operator is identical across all groups.

This allows us to pool our data when estimating it. We also assume that the PC scores are

normally distributed. While both of these assumptions are popular for scalar data (they are

analogs of assumptions made for LDA), it is unclear how robust our method is to their violation.
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When normality is violated, it has been shown that LDA performs poorly relative to logistic

regression for scalar data, and this may also be the case for functional data.
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Chapter 4

Functional Nonlinear Regression

4.1 Introduction

In clinical trials, data is often characterized by a single response variable along with one or

more predictor variables observed repeatedly at different time points. This is typically referred

to as longitudinal data, and there is a substantial literature discussing longitudinal data analysis.

See Rigby (2003) for an introduction to the subject. Often times, these repeated longitudinal

measurements are made at irregular time intervals, and for some patients, the total number of

observations made can be relatively small. Data fitting this description is referred to as sparse

and irregularly sampled longitudinal data.

A more modern approach is to treat these repeated observations as specific realizations of some

underlying process and then try to model the process. This is the approach used in functional

data analysis. Examples of functional data are prevalent in the literature. For example, the Bal-
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timore Longitudinal Study of Aging measured systolic blood pressure of patients at each visit

to the Gerontology Research center. (Shock et al., 1984) If we think of a patient’s blood pres-

sure as a continuous function over the patient’s age, we can treat the blood pressure observed

at each patient visit as realizations of this smooth underlying process. Since patients entered

and left the study at different times and many patients missed appointments, the observations

are often sparsely sampled and sampled at irregular time points.

Analyzing functional data requires different techniques than are traditionally used to analyze

longitudinal data. A general overview of functional data analysis including some fundamental

methods was given by Ramsay and Silverman (2005). While most models are parametric, some

nonparametric methods for functional regression have also been discussed in the literature.

Kadri et al. (2009) use functional reproducing kernel Hilbert spaces (RKHSs) to solve the

nonparametric regression problem

y(t) = f(x(t)) + ε(t), (4.1)

where both the predictor and response are functions. Ferraty et al. (2007) adapt the Nadaraja-

Watson estimator to the functional data setting to produce a nonparametric functional regres-

sion estimator. Lian (2007) discuss nonlinear regression in the RKHS setting. However, these

methods generally assume that the predictor curves are fully observed. Often times, data is

sparse and irregularly sampled as in the BLSA.

Parametric models capable of handling such data are well known. Yao et al. (2005a) introduces

a technique for functional linear regression that can be used with sparse and irregular data. They

have extended this model to address functional quadratic regression as well as higher-order
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polynomials in Yao and Müller (2010). In both cases, their analysis uses PACE (Yao et al.,

2005b) to estimate the full curves. While the general order polynomial model is much more

flexible than the simple linear model, it still relies on a parametric structure to approximate the

relationship between the predictor and response.

We propose a nonlinear method that removes these model assumptions but can still be applied

to sparse and irregularly sampled data. Lian (2007) and Kadri et al. (2009) motivate our work,

as they discuss similar methods but rely on fully observing the predictor curve. The remainder

of this chapter is organized as follows. In Section 2, we discuss existing parametric methods for

sparse and irregularly sampled data in more detail. Section 3 introduces our nonlinear method,

and Section 4 discusses tuning. Sections 5 and 6 compare our method to parametric models

in simulated examples as well as the BLSA data, and we conclude with a brief discussion in

Section 7.

4.2 Parametric Methods

Two prominent methods for modeling functional data with a scalar response are Functional

Linear Regression (Yao et al., 2005a) and Functional Quadratic Regression (Yao and Müller,

2010).

The functional linear regression model is

Yi = β0 +

∫
T
β1(t)XC

i (t)dt+ εi, (4.2)
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where XC
i (t) = Xi(t)− µ(t) is the ith curve after centering, and εi is random error with mean

0 and finite variance. Note that β0 = µy +
∫
T β(t)µ(t)dt.

The more flexible functional quadratic model is given by

Yi = β0 +

∫
T
β1(t)XC

i (t)dt+

∫
T

∫
T
XC(s)β2(s, t)XC

i (t)dsdt+ εi. (4.3)

The additional functional quadratic term allows us to model more complex relationships be-

tween the predictor function and the response. Details are given in Yao and Müller (2010) for

extending this model for higher-order terms, which allows for further flexibility. This general-

ization can be called functional polynomial regression.

Regardless of how many polynomial terms are used, prediction of the coefficient functions

relies on an eigenfunction expansion. Using the eigenfunction basis, each predictor curve can

be written using the Karhunen-Loève representation as

Xi(t) = µ(t) +
∞∑
l=1

ξilφl(t). (4.4)

The FPC scores can be written as

ξil =

∫
T
XC
i (t)φl(t)dt (4.5)

for each l = 1, 2, . . .. Then E(ξl) = 0 and var(ξl) = λl for each l, and the scores are uncorre-

lated with one another. This basis expansion must be truncated after K terms so that estimation
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can take place. Yao et al. (2005a) use AIC to choose K, while Yao and Müller (2010) use BIC.

4.3 Functional Nonlinear Regression

The functional nonlinear regression model is

Yi = F (Xi(t)) + εi. (4.6)

The only assumptions we make are that the errors, εi are uncorrelated with mean 0 and finite

variance, and that F : L2(T )→ R. Here, L2(T ) denotes the set of square integrable functions

on T .

Our method is designed to address sparse and irregularly sample data that is typical of longitu-

dinal studies such as the BLSA. Therefore, we assume that for each response, Yi, we observe a

curve Xi(t) at Ni random time points, denoted Ti1, ..., TiNi
, on some domain, T , where Ni is a

random variable independent of the other random variables defining the number of observations

for curve i. We assume Xi(t) is square integrable on T , and we allow for observations to be

made with measurement error, denoted δij . Let the observed value for the ith curve at time Tij

be Uij = Xi(Tij)+ δij . The measurement errors are assumed be independent both between and

within curves with mean 0 and var(δij) < ∞. We define a mean function, µ(t) = E(Xi(t)),

and a covariance operator, V (s, t) = cov(Xi(s), Xi(t)). Define the eigenfunctions and eigen-

values of V (s, t) as φ1(t), φ2(t), . . . and λ1, λ2, . . . respectively, with λ1 ≥ λ2 ≥ . . .. Then we

can write
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V (s, t) =
∞∑
j=1

λlφl(s)φl(t). (4.7)

We observe

Uij = µ(Tij) +
∞∑
l=1

ξilφl(Tij) + δij, j = 1, . . . , Ni. (4.8)

Therefore, the ith observation is {Yi, (Tij, Uij), j = 1, . . . , Ni; i = 1, . . . , n}.

We use PACE (Yao et al., 2005b) to estimate the true underlying curves, Xi(t). PACE first esti-

mates µ(t) and V (s, t) using a nonparametric technique known as local linear smoothing. See

Fan and Gijbels (1996) for a discussion of these methods. Then, Functional Principal Compo-

nents is applied to V̂ (s, t) to obtain φ̂l(t) and λ̂l, l = 1, . . . , K, where K has been chosen via

BIC. An estimate for the expectation of the FPC scores conditional on the observed time points

is found by plugging these estimates into

ξ̃il = E(ξil|U i,T i) = λlφ
T
ilΣ
−1
Ui

(U i − µi). (4.9)

With the trajectories estimated, we can fit the functional nonlinear regression model. To esti-

mate F (t), we solve

min
F∈F

N∑
i=1

(Yi − F (X̂i(T )))2 + γ||F ||, (4.10)

where γ ≥ 0 penalizes the roughness of the function, F , and F is some function space. We
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define F to be a reproducing kernel Hilbert space (RKHS).

Let K(·, ·) be a bivariate kernel function from L2(T ) × L2(T ) to R. One such kernel is the

Gaussian kernel, defined as

K(X̂i(·), X̂j(·)) = exp
{
−||X̂i(·)− X̂j(·)||22/ρ2

}
(4.11)

where

||X̂i(·)− X̂j(·)||2 =

√∫
T

(X̂i(t)− X̂j(t))2dt. (4.12)

Then we define FK as the RKHS defined by K(·, ·). Then with F = FK , the solution to

Eq. 4.10 is of the form F (X(t)) = c0 +
∑n

j=1 cjK(X(·), X̂jcdot)). This is a result of the

representer theorem. (See Wahba (1990) and Theorem 1 from Lian (2007) for a generalization.)

Our problem has been reduced to finding ĉ0, ĉ1, . . . , ĉn by solving

min
c0,c1,...,cn

n∑
i=1

[
Yi − c0 −

n∑
j=1

cjK(X̂i(·), X̂j(·))

]2

+ γ
n∑
i=1

n∑
j=1

ciK(X̂i(·), X̂j(·))cj. (4.13)

Thus, our estimate for F (X(t)) is

F̂ (X(t)) = ĉ0 +
n∑
i=1

ĉiK(X̂i(·), X(·)). (4.14)

.
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This RKHS-based solution is very general, and both functional linear regression and functional

quadratic regression are special cases. For example, by taking the linear kernel,K(X̂i(·), X̂j(·)) =∫
t∈T X̂i(t)X̂(t))dt, Eq. 4.14 reduces to functional linear regression when the regularization pa-

rameter γ is set to 0.

Prediction for new curves is straightforward. Since we assume sparse and irregular observa-

tions, for the new curve, X∗(t) we observe values U∗j = X∗(Tj) + ε∗j , j = 1, . . . , N∗. We use

PACE to estimate ξ∗l for l = 1, . . . , K for the estimated eigenfunctions, φ̂l(t) using λ̂l and µ̂(t).

Denote this estimate of X∗(t) as X̂∗(t). Then our predicted response is

Ŷ ∗i = F̂ (
{

(U∗j , T
∗
j ), j = 1, . . . , N∗

}
) = ĉ0 +

n∑
i=1

ciK(X̂i(·), X̂∗(·)). (4.15)

4.4 Tuning

Two tuning steps are necessary for this RKHS-based functional nonlinear regression procedure.

First, we must choose the number of basis functions to use when estimating the predictor

trajectories using functional principal components. Yao et al. (2005b) recommend using BIC

for choosing the optimal number of functional principal components, so this is what we use in

the examples below. Alternatives like thresholding and AIC are also possible, but we do not

explore them here.

Secondly, we need to tune the regularization parameter, γ, used to smooth the final function. We

tune this using K-fold cross-validation over squared prediction error. The squared prediction

error for the ith observation is
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(Yi − F̂ ({(Uij), Tij, j = 1, . . . , N∗})2. (4.16)

Let S1, S2, . . . , SK be randomly selected sets such that S1 ∪S2 ∪ . . .∪SK = {1, 2, . . . , n} and

Sk ∩ Sm = ∅, where 1 ≤ m 6= k ≤ n. Let SCk = {1, 2, . . . , n}/Sk be the compliment of Sk.

Then for a given γ, the K-fold cross-validation squared prediction error is

Errorγ =
K∑
k=1

∑
i∈Sk

(Yi − F̂ γ

SC
k

({(Uij, Tij), j = 1, . . . , N∗})2, (4.17)

where F̂ γ

SC
k

denotes the estimated functional nonlinear regression function for the training data

set, SCk , and the smoothing parameter, γ. We choose a grid of candidate values for γ and choose

the candidate that minimizes Eq. 4.17.

4.5 Simulation

We generate data using three eigenfunction,

φ1(t) = −
√

1

5
cos

(
πt

5

)
(4.18)

φ2(t) =

√
1

5
sin

(
πt

5

)
(4.19)

φ3(t) = −
√

1

5

(
π2t

5

)
, (4.20)

defined over the domain T = [0, 10]. Each curve, Xi(t) = µx(t) +
∑3

l=1 ξilφl(t), where ξil ∼
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N(0, λl) and µx(t) = t + sin(t). We choose λ = [4 2 1]. For i = 1, . . . , n, we observe

Ui(Tij) = Xi(Tij) + εij , where j = 1, . . . , Ni and ε ∼ N(0, .52).

Two models are considered:

F1(X(t)) =1 + .5

∣∣∣∣∣∣∣∣∫
T

(X(t)− µ(t))φ1(t)dt

∣∣∣∣− 2

∣∣∣∣+ .5

∣∣∣∣∫
T

(X(t)− µ(t))φ2(t)dt

∣∣∣∣+
.5sin

(
2π

∫
T

(X(t)− µ(t))φ3(t)dt

) (4.21)

and

F2(X(t)) =
1

3

3∑
m=1

∫
T

(X(t)− µ(t))φm(t)dt+
1

3

3∑
m=1

(∫
T

(X(t)− µ(t))φm(t)dt

)2

+

1

3

∫
T

(X(t)− µ(t))φ1(t)dt

∫
T

(X(t)− µ(t))φ2(t)dt.

(4.22)

Case 1 is a nonlinear model while Case 2 fits the quadratic regression model proposed in Yao

and Müller (2010). In terms of the FPC scores, F1(X(t)) = 1+.5||ξ1|−2|+.5|ξ2|+.5 sin(2πξ3)

and F2(X(t)) = 1
3
(ξ1 + ξ2 + ξ3 + ξ2

1 + ξ2
2 + ξ2

3 + ξ1ξ2).

For each of these models, a sparse case and a regularly sampled case are considered. For the

latter, Ni = N = 31 for all i, and Tj = j−1
3

for j = 1, . . . , 31. For the sparse case, Ni has the

discrete uniform distribution on the integer values 4, 5, . . . , 10. Given Ni, the Tij are uniformly

distributed on T = [0, 10].

We compare our method to Functional Linear Regression (Yao et al., 2005a) and Functional
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Quadratic Regression (Yao and Müller, 2010). Additionally, we compare our method with a

simple nonlinear regression method when the data is regularly sampled. For this model, we fit

min
c0,c1,...,cn

n∑
i=1

(
Yi − b0 −

n∑
j=1

bjk(U i,U j)

)2

+ γ

n∑
i=1

n∑
j=1

bik(U i,U j)bj, (4.23)

where γ is a regularization parameter andU i is the vector of realized values from the ith curve.

The kernel, k(·, ·), is a bivariate kernel function from R31 ×R31 to R. The estimated nonlinear

regression function is then

Ŷ ∗ = b̂0 +
n∑
j=1

b̂jk(U ∗,U j) (4.24)

For both nonlinear regression (NR) and our proposed functional nonlinear regression (FNR)

method, we use the Gaussian kernel. In both cases, the tuning parameter, γ is chosen using

5-fold cross-validation over the grid of points, {.25, .5, .75, 1, 1.25, 1.5}τ , where τ regularizes

over the median 2-norm distance between the observed curves. For FNR, τ is the median of

{||X̂i(·)− X̂j(·)||2, 1 ≤ i, j ≤ n}, and for NR, τ is the median of {||U i,U j||2 1 ≤ i, j ≤ n}.

For each simulation, n = 200 training data points are generated. An independent data set of

ntest = 1000 is used as test data. Average squared prediction error over nsim = 400 is reported

in Figure 4.1 for both regular and sparse data sets and for both models, F1(X(t)) and F2(X(t)).

Note that the NR method is only used for the regular data case. For both cases, when the true

relationship is nonlinear (Model 1), FNR shows best performance, and in the “regular data”

case the simple nonlinear method actually outperforms the parametric functional models. For

the two cases where F2(·) is used, the FQR shows the best performance, although FNR is still
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competitive. This is reasonable to expect, since for this case, the quadratic model is the oracle.

4.6 Real Data

We also apply our method to real data from the Baltimore Longitudinal Study of Aging (BLSA).

Our data set consists of 1590 male individuals of ages ranging from the 20s to the 90s. Visits

were scheduled biannually, but individuals frequently missed visits. This means that some in-

dividuals are not sampled frequently (sparse sampling) and that all individuals are not sampled

at the same time points (irregular sampling). This type of data is typical for longitudinal studies

over long time frames that rely on individuals making attending their appointments.

While many variables were sampled in this study, we focus on systolic blood pressure. We use

information on blood pressure from ages 40 through 45 to predict blood pressure from ages

46 through 50. Data is available for 250 of these individuals over this age range, and their

trajectories are plotted in Figure 4.2a. We split the data randomly into a training set of 200

subjects and a test set of 50 subjects whose data is not used to fit the model. Estimates for the

first two principal components from PACE are plotted in Figure 4.2b.

Since the data are sparse and irregular, we cannot apply the nonlinear regression method dis-

cussed above. Therefore, we apply functional linear regression (FLR), functional quadratic re-

gression (FQR), and our functional nonlinear regression method (FNR). Applying the fit mod-

els to the test data set, we get average squared prediction errors of 138.6713 (FLR), 138.1681

(FQR), and 131.1970 (FNR). We see that the more flexible FQR outperformed FLR by 0.5032

and that the even-more-flexible nonparametric FNR method outperformed FQR by 7.4743.
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Figure 4.1: Boxplots of average squared prediction errors. The top row is the regular case,
and the bottom row is the sparse case. The first column uses model F1 and the second column
uses model F2.
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(a) Observed BP for subjects ages 40 to 45
from BLSA (b) First two eigen functions

Figure 4.2: BLSA Data

4.7 Discussion

The RKHS-based nonlinear regression method proposed above is a flexible method for model-

ing complex relationships between functional predictor variables and scalar responses. Unlike

other parametric methods such as functional linear regression and functional quadratic regres-

sion, no parametric model is specified. Unlike previous nonparametric methods, functional

nonlinear regression does not rely on fully observed predictor curves. By using PACE to esti-

mate the full curve, this method can be applied to sparse and irregular data like the Baltimore

Longitudinal Study of Aging. In simulation and on real data, functional nonlinear regression

outperformed parametric methods in terms of average squared prediction error.
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Appendix A

Fused LASSO Model

The fused LASSO model is

Lλ1,λ2(y,X, β) = .5(y −Xβ)T (y −Xβ) + λ1

p∑
k=1

|βk|+ λ2

p∑
k=2

|βk − βk−1|, (A.1)

where β is a p×1 vector of predictors,X is a n×p standardized design matrix, and y is a n×1

response vector. This model can be fit using Quadratic Programming, which solves problems

of the form

arg min(.5dTDb− dT b) s.t. AT b ≥ b0. (A.2)

We can re-write the Fused LASSO model
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D =


XTX 0 0

0 0 0

0 0 0

 ; d =
(
Y TX,−λ11,−λ21

)
; AT =



−I I 0

I I 0

Q 0 I

−Q 0 I


; b = (0),

(A.3)

where

Q =



1 −1 0 . . . 0

0 1 −1 . . . 0

...
...

0 0 . . . 1 −1


. (A.4)

D is 3p× 3p, d is 3p× 1, AT is (4p− 2)× (3p− 1), b is (4p− 2)× 1, and Q is p× (p− 1).

For our purposes here, p is the number of basis functions used and may not necessarily be

the number of intervals into which the domain of X(t), T , is broken into. For example, the

fit using the basis functions described in Equation 2.4 requires an “intercept” basis function,

φ0(t) =
∫ 1

0
X(t)dt, so when calculating the dimensions of the matrices for the Fused LASSO

fit of data constructed using this data, we should substitute (p+ 1) for p. This above quadratic

programming solution can be calculated for any given non-negative values of λ1 and λ2.
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Appendix B

Additional Simulation Results

Error Type Fit n=50 100 200 1000
Piecewise Constant 0.21 0.18 0.17 0.16

MISE 1 Ramp 0.15 0.10 0.09 0.07
Fourier 0.59 0.32 0.18 0.16

FLiRTI (d = 2) 0.13 0.10 0.08 0.05
Piecewise Constant 0.09 0.05 0.02 0.01

MISE 2 Ramp 0.41 0.04 0.02 0.01
Fourier 0.11 0.06 0.03 0.01

FLiRTI (d = 2) 0.12 0.06 0.03 0.01
Piecewise Constant 0.31 0.35 0.43 0.48

Type I Ramp 0.19 0.12 0.16 0.13
error Fourier 0.28 0.28 0.31 0.29

FLiRTI (d = 2) 0.25 0.21 0.17 0.14
Piecewise Constant 0.17 0.16 0.14 0.11

Type II Ramp 0.17 0.16 0.15 0.15
error Fourier 0.23 0.24 0.19 0.18

FLiRTI (d = 2) 0.11 0.07 0.05 0.03

Table B.1: Simulation results for triangle coefficient function for different values of n with
EBIC tuning. (p = 35)
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Error Type Fit n=50 100 200 1000
Piecewise Constant 0.19 0.18 0.17 0.17

MISE 1 Ramp 0.17 0.15 0.12 0.11
Fourier 0.50 0.25 0.15 0.08

FLiRTI (d = 2) 0.34 0.26 0.32 0.22
Piecewise Constant 0.11 0.05 0.02 0.01

MISE 2 Ramp 0.42 0.07 0.03 0.01
Fourier 0.11 0.06 0.03 0.01

FLiRTI (d = 2) 0.12 0.06 0.03 0.01
Piecewise Constant 0.15 0.27 0.42 0.70

Type I Ramp 0.09 0.23 0.27 0.44
error Fourier 0.29 0.31 0.28 0.30

FLiRTI (d = 2) 0.07 0.05 0.03 0.03
Piecewise Constant 0.19 0.17 0.12 0.06

Type II Ramp 0.20 0.15 0.13 0.08
error Fourier 0.22 0.22 0.20 0.16

FLiRTI (d = 2) 0.15 0.12 0.12 0.10

Table B.2: Simulation results for Valley coefficient function for different values of n with
EBIC tuning. (p = 35)

Error Type Fit n=50 100 200 1000
Piecewise Constant 1.01 0.94 0.81 0.30

MISE 1 Ramp 0.64 0.64 0.47 0.21
Fourier 1.08 0.72 0.57 0.16

FLiRTI (d = 2) 1.12 1.01 0.88 0.21
Piecewise Constant 0.10 0.05 0.02 0.01

MISE 2 Ramp 0.08 0.05 0.02 0.28
Fourier 0.09 0.05 0.02 0.01

FLiRTI (d = 2) 0.10 0.05 0.03 0.01
Piecewise Constant 0.26 0.19 0.19 0.07

Type I Ramp 0.27 0.30 0.21 0.19
error Fourier 0.35 0.29 0.30 0.14

FLiRTI (d = 2) 0.22 0.18 0.19 0.12
Piecewise Constant 0.00 0.00 0.00 0.19

Type II Ramp 0.00 0.01 0.01 0.24
error Fourier 0.04 0.02 0.01 0.21

FLiRTI (d = 2) 0.07 0.06 0.04 0.17

Table B.3: Simulation results for Step coefficient function for different values of n with EBIC
tuning. (p = 35)
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