ABSTRACT

LIU, YE. Computational Methods for Complex Models with Latent Structure. (Under the
direction of Rui Song and Wenbin Lu.)

Latent structure model and its variants have been commonly used to study unmeasur-
able hidden attributes that are probabilistically connected with the quantities of interest.
Latent variables are involved in the model to reflect certain pre-specified assumptions. Due
to the flexibility of the latent structure model, it has been a popular statistical tool in many
application areas. In this thesis, we aim to establish two novel latent structure models to
address new real world challenges.

In Chapter 2, we work with multi-relational data on the link prediction task, which is
challenging and important in the area of statistical relational learning (SRL). The learning
model is expected to propagate information about different kinds of relations between a set
of entities. Without accounting for the rich logical relations between the entities, traditional
machine learning methods are not able to fully detect the complex underlying structures
in relational data. Tensor factorization is an important class of model that showed state-of-
the-art performances. The key intuition is that relational facts can be derived via the latent
features associated with entities and relation types, where we assume that the existence of
a certain relation is conditionally independent given the latent features. In our work, we
propose a binary tensor factorization model with probit link, which not only inherits the
computation efficiency from the classic tensor factorization model but also accounts for
the binary nature of relational data. The advantages of our proposed model is demonstrated
through simulation studies and real data applications.

In Chapter 3, we target on the latent factor model for high-dimensional financial time
series. The class of factor model has long been used to characterize the dynamics of
high-dimensional time series due to its exceptional performance in dimension reduc-
tion. Through factor model, the complex stochastic behavior of high-dimensional time
series can be explained by a small set of factors. The classic latent factor model lacks the
ability to borrow information from observed covariates and fails to capture the changing
dynamics in financial market. To overcome the limitations of the existing latent factor
models, we propose a more flexible and general latent factor model framework, which is
able to leverage information from observed covariates and account for the regime switching
setting. Different temporal clustering methods are considered to estimate the underlying
regime at each time point. Efficient iterative estimation procedures are developed for pa-
rameter estimation. We show the feasibility of the new models with simulation experiments



and a real data application to the S&P500 index.
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CHAPTER

INTRODUCTION

1.1 Introduction

Latent structure model is a popular statistical tool to study unmeasurable hidden attributes
that are probabilistically connected with the quantities of interest. It involves both ob-
servable variables and latent variables which are imposed to reflect certain pre-specified
assumptions. The earliest latent structure model was developed by [Laz50] in the 1950s.
After that, the class of latent structure model and its variants have attracted increasing at-
tention and have been widely used in a variety of applications. Some well-known examples
are latent factor model [Die06; Jen12; Luol5], state-space models [FM78; KN99; Ran18],
finite mixture models [MB88; MP04; McL19] hidden Markov chain models [Rab89; Ler92;
Bea02] and so on. In this thesis, motivated by new real world challenges, we will focus on
two modern applications of latent structure models.

First, with the proliferation of multi-relational data, modeling data with complex multi-
relational structure has gained increasing attention in the area of statistical relational
learning (SRL). We propose a novel variant of the tensor factorization model to tackle the
task of link prediction. The second problem of interest is to uncover the underlying structure
from economic time series by leveraging observed information and making assumptions

on the latent structure. We will introduce the backgrounds and review existing literatures



on the two problems as follows.

1.2 Review of latent structure models in relational learning

With the ever-growing computing technology, a huge volume of large-scale structured rela-
tional database have been created in recent years. An example is the creation of knowledge
graphs, which are graph structured knowledge bases that store relations between entities.
Notable projects are YAGO [Suc07], DBpedia [Aue07], NELL [Car10], the Google Knowledge
Graph [Sin12] and so on. These graphs have become an important asset in many aspects.
For instance, the Google Knowledge Graph [Sin12], which currently contains 70 billion rela-
tional facts between different entities, provides structured information about how topics
are linked to one another. Such information enables the search engine to provide more
relevant results. Knowledge graphs have also been used in several specialized domains.
For example, in the domain of biomedical, Neurocommons [Rut09] is a knowledge graph
used to provide answers to precise questions relevant to the understanding of diseases.
In spite of their huge advantages in representing complex data, these graphs can be very
incomplete, noisy and unbalanced. Consequently, the construction and completion of
knowledge graph is of great interest nowadays, where the latter task can be formalized as
link prediction in relational learning. The proliferation of such useful relational data moti-
vates the emerging research area of statistical relational learning (SRL). The objective of SRL
is to represent, reason, and learn in domains with complex relational and rich probabilistic
structure [GT07].

The majority of research in machine learning assumes that data are independently
distributed. However, this independence assumption does not hold in relational data. In
fact, we rely on the dependent relations between data to provide valuable information. The
learning model is expected to propagate information about different kinds of relations
between a set of entities. Without accounting for the rich logical relations between the
entities, traditional machine learning methods are not able to fully detect the complex
underlying structures in relational data. The earliest SRL relational learning system can be
traced back to [Win70]. Relational learning regained the attention of the machine learning
community with the work of [KP98] and [Fri99]. In recent years, a variety of statistical
relational models have been proposed to tackle the challenging relational learning tasks.

In SRL, a large number of statistical relational learning methods are based on the graph-
ical models, which provide an elegant framework to formalize facts from knowledge bases.
Specifically, the nodes in the graph correspond to entities, whereas the edges encode vari-

ous kinds of relations. Early SRL methods were often defined in terms of directed graphical



models (e.g. Bayesian networks). Recently, Markov Logic Network (MLN) is drawing increas-
ing attention, which is defined over undirected graphs. The framework based on graphical
model is appealing in SRL for several reasons. First, it is flexible to deal with various kinds
of relations in a graph. Second, such representation is compact, i.e. all the information can
be expressed in the graph. In addition, prior knowledge can always be combined into the
model to provide accurate predictions. But one of the important limitations that comes up
in the models on this paradigm is the need for extensive prior knowledge on the learning
task at hand. Without prior knowledge, it will be complex and time-consuming to train
these graphical models. For instance, the dependency structure of the data is required to
construct a Bayesian network. And in MLNS, a set of first-order logic formulas are needed
as the hard constraints. The extensive need for prior information and the complexity to
train a relational graphical model motivate a novel approach to relational learning.

In recent years, the latent structure models become increasingly popular for relational
learning tasks. It takes a fundamentally different approach to represent and model relational
data. The key intuition is that relational facts can be derived via the latent features associated
with entities and relation types, where we assume that the existence of a certain relation is
conditionally independent given the latent features. For instance, the relational fact "J.K.
Rowling received Lifetime Achievement Award from the British Book Awards" could be
explained by the latent fact "J.K. Rowling is a good author". The attractiveness of latent
feature models, as compared with the graphical based models, is that the dependency
structure is defined in the model itself.

In this chapter, we review some latent structure models for relational learning, including
two-way translation-based latent structure models, three-way decomposition-based latent

structure models and multi-order models.

1.2.1 Notations and Representation

In this section, we use lower case letters to denote scalars, such as x; bold lower case letters
to denote column vector (of size N), such as x; upper case letters to denote matrices (of size
N, x N,), such as X. The i-th row vector of a matrix X is denoted by X;. Denote tensors by
calligraphic letters, such as &', which is a three-way array of size N; x N, x N;. And Z} is
used to denote the k-th slice of the tensor ', which is a N; x N, matrix. X; ;; refers to the
(i, j, k)'" element in tensor Z .

Relational facts can be formalized using the form (head, relationship, tail). For instance,
in relational data construction, the information "Harry Potter is a series of fantasy novels
written by British author J. K. Rowling." can be represented via a set of triplets as following



head entity relationship tail entity

HarryPotter Genre FantasyNovels
HarryPotter WrittenBy  J.K.Rowling
J.K.Rolwing Profession  Author

J.K.Rolwing Write HarryPotter

A relational dataset usually contain a collection of triplets. We denote the number of
entities using N, and the number of relations using N,. A triplet (a fact) is denoted by (h, r, 0,
with the he {1,2,..., N, } as the index of the subject, t€ {1, 2, ..., N, } as the index of the object,
and re {l1,2,...,K,} as the index for relation type. N, represents the number of triplets in the
training set. When a triplet is known to be true, we refer it as a valid (or positive or correct)
triplet.

1.2.2 Two-Way translation-based Methods

The embedding method is widely used in Natural Language Processing (NLP). For exam-
ple, the word2vec method [Mik13] that was published in 2013 had a large impact on the
field, whose input is a large corpus of text and output is a vector space. Such represen-
tations of words have shown its ability in capturing meaningful syntactic and semantic
regularities in many applications. The idea of embedding is also well suited for relational
learning task, where the entities can be embedding into a continuous vector space, termed
the "embedding space", while preserving the structure of the original data. And such em-
bedding models regard the relations as the translations between the embeddings of the
entities, hence named "translation-based" models. In this section, we will review several

state-of-the-art relational learning models.

1.2.2.1 TransE

In 2013, Bordes et.al proposed a both simple and effective model for learning low-dimensional
embeddings of entities([Bor13]), which is well-known as TransE. In TransE, entities are
represented as low-dimensional vectors in the embedding space and the relationships
correspond to translations between the embeddings of entities. The basic idea behind the
TransE model is that if a triplet (h, r, ) holds, then the embedding of the head entity h plus
some vector that is depend on the relation rshould be close to the embedding of the tail
entity ¢, i.e. h+r~ tif a triplet (h, r, Hholds, where h, r, t are the embedding vectors for
the head entity, relationship and tail entity. Following an energy-based framework, TransE



define a dissimilarity measure d, which can be either the L, or the L, norm, to quantify the
energy of a triplet as d(h+r, ).

Given a set of triplets in the training set S, in order to learn such a embedding, the loss
function should favor lower values of the energy for valid triplets than for non-valid triplets.
Since most multi-relational dataset (e.g. knowledge graphs) only encode positive training
triplet, a set of assumed-to-be negative triplet needs to be generated during training. TransE

constructs a set of corrupted triplet S” by defining

iy = {(H, 1,011 € EYU{(h, 1,01’ € E},

t)

where E is the set of entities, L is the set of relationships and S is the training set of triplets.
The set S’ is composed of triplets with either the head entity or the tail entity is replaced
by a random entity. The following objective function to minimize over the training set is
defined as:

£=> > lr+dh+ro—dl +r50),
(hrOES(H \t)eS), . »
,where [x], denotes the positive part of x, 1 is a positive margin hyper-parameter.
The objective function can be optimized efficiently using stochastic gradient descent
over the possible set of triplets. An additional constraint is that the L, norm of the the
embedding of the entities is 1. After finding the optimal embedding space through opti-

mization, link prediction can be performed by ranking the energy-function d(h+r, ¢).

1.2.2.2 TransH

While TransEis a simple and effective model, it does not do well in dealing with reflexive/one-
to-many/many-to-one/many-to-many relations. To overcome such flaw, the model TransH
((Wan14)) is proposed in 2014. While in TransE a relation is modeled as a translation vector
re R? in the same space, in TransH, each triplet is characterized by two vectors, the norm
vector (w,) of the hyperplane, and the translation vector (d,) on the hyperplane. Let S
denote a training set consisting observed valid triplets. The basic idea of TransH model is
as the following.

(1) If (h,r,)e S and (t,r,h) €S, i.e., ris a reflexive map, then r=0and h=t.

(2)ItVie{0,...,m},(h;, r,H) €S, i.e, ris amany-to-one map, then h, = ... = h,,. Similarily,
ifVie{0,...,m},(h,r,t;)€S,ie.,ris aone-to-many map, then t,=...= t,,.

To deal with reflexive/one-to-many/many-to-one/many-to-many relations, the entities
in TransH have distributed representations associated with different relations. For a triplet
(h, r, t), the embeddings of the head entity and the tail entity are first projected to the



relation-specific hyperplane w,, with a constraint that ||w,|, = 1. Denote the projected
embeddings h, and t,. Similar to TransE, h, +d, is expected to be close to ¢, for a valid
triplet, where d, is the translation vector on the hyperplane Thus the scoring function for a
triplet (h, r, Ois ||h, +d, —t,,,||?, which measures the plausibility for the tr?iplet is incorrect.
Specifically,

hlzh—erhW, t = t—erhW,.

Thus the score function can be expressed as
£, (b, 0=l(h—w! hw,)+d, —(t—w! hw,)|2.
The objective function in TransH to be optimized during training is defined as

Z= > r+hhmo-fH 0,

(b r0eS(H 1, t)eS), ,

,with[x], denoting the positive part ofx, y being the margin separating positive and negative
triplets. Several constraints are considered during the optimization: (1)Ve € E, |e||, < 1;
(2)Vr €R, [Iw'd,|,/lld,|l, < € (3)Vr € R,[|W,||, = 1. The optimization can be carried out
using stochastic gradient descent (SGD). r

For dataset that does not contain invalid facts, the set S’ that are expected to contain
negative triplet should be constructed during training. In TransE, for a valid triplet, negative
triplets are obtained by randomly replacing the head or the tail entity from E. However,
as there may be missing facts in the relational dataset, this way of perturbing negative
triplets may introduce many false negative labels into training. To reduce false negative
triplets, in TransH, a different approach is adopted, where the mapping property of the
relation is utilized to enhance the perturbation performance. If the type of the relation is
many-to-one, then more chances are given to replacing the tail entity, and for one-to-many

relation, more chances are given to replacing the head entity.

1.2.2.3 TransR

TransR[Linl15]is a further extension of TransE and TransH models. Both TransE and TransH
embed the entities and relations into the same space R”. However, [Lin15] pointed out that
an entity may have multiple aspects and various relations may focus on different aspects of
entities, which makes a common space insufficient for modeling. To address the issue, in
TransR, entities and relations are modeled in distinct spaces, i.e., entity space and relation

spaces, and translation is performed in the relation space.



In TransR, for each triplet (h, r, t), the head entity and the tail entity are embedded as
h, te R? and the relation is embedded as re R?. Note that b does not necessarily equal d.
For the relation r, the projection matrix is M, € RY*4 which works to project entities from

entity space to relation space. Specifically,
h.=hM,, t.=tM,.
Similar to previous translation methods, the score function is correspondingly defined as
fi(h O =h, +r—tl]f;,

with the constraint that the L, norms of h, r, t, h, and t, should be less or equal to one. It is
expected to be lower for a valid triplet and higher for an invalid triplet.

Thus, the objective function for training is

2= > [r+fiho-fH, 1),

(Br,0€S(H ,1,t)eS),

which can be optimized using stochastic gradient descent.

1.2.2.4 TransD

TransD [Jil5] constructs a more flexible framework to model multi-relational data. In transD,
each named entity and relations is represented by two vectors, with one to capture the
meaning of entity/relation, the other one to construct projection matrices. Specifically,
given a triplet (h, r, 1), its vectors are h, hy,, r, r,,, t, t,, where the subscript p marks the pro-
jection vectors. h, h,,, t, t, are b dimensional vectors while r, r,, are d dimensional vectors.
For each triplet, two projection matrices M,;, M,, € R"*? are defined as the following:

T bxd
Mrh:rphh+l x ,

bxd
M, =r,t; +1"%,

where 17> denotes the identity matrix of size b x d. Now the projection matrices are
determined by both the entities and the relations. With such projection matrices, the

projected vectors can be obtained by

hJ_:Mrhh, tJ_:Mrtt.



Similar to other translation based methods, the score function s f,(h, t)= || h, + r—t, ||§, and
the training objective function is

L= > r+hhbo-fH 0,

(hLOSS(H 5,0)ES), , o

The difference of TransD compared with previous translation-based models are twofold.
(1) TransD constructs a dynamic projection matrix for each entity-relation pair by taking
the diversity of entities and relation into consideration. (2) Compared to TransR, the pro-
jection in transD does not involve matrix-vector multiplication, which is replaced by vector
operations. If the dimensions of the embedding satisfy b = d and all projection vectors are

set to zero, then TransD is equivalent to TransE.

1.2.2.5 TranSparse

Heterogeneity and imbalance are common to see in large-scale relational datasets. Specifi-
cally, simple relations can link few entity pairs while complex relations may link many pairs.
Some relations link many head/tail entities and fewer tail/head entities. One example is the
relation gender. To take heterogeneity issue into consideration, a model TranSparse(share)
is discussed in [Ji16]. A second model TranSparse(separate) is proposed to further deal with
the imbalance issue. The key idea is that the relations with different complexities will have
different expressive models to learn, and the head, tail entities are modeled separately

In previous work, each relation has a projection matrix. In TranSparse, complex relations
and simple relations are distinguished with the intuition that complex relations need more
parameters to learn fully. The complexity of a relation is proportional to the number of
entities linked by it. The model is called TranSparse since the projection matrices are all
sparse matrices. Define Sparse degree as the fraction of zero elements over the total number
of elements in a matrix. M (0) denotes a matrix M with sparse degree 6.

In TranSparse(share), associated with each relation, a sparse transfer matrix M,(8,)
and a translation vector r are defined. Denote N, by the number of entity pairs linked by
relation r. The relation that links the most entity pairs is marked as r*, i.e. N,. achieves the
maximum. A minimum sparse degree 6 TranSparse,,;,(0 < 0,,;, < 1)} is set for the matrix

M,.. Then the sparse degrees of the translation matrix is defined as

Hr =1 _(1 - gmin)Nr/Nr*-



Then the projected vectors are as the following:
hJ_ = Mr(er)h! t, = Mr(er)t’

where M, (0,) € R4*?, h, tc R?, and h, t, € R4,

In TranSparse(separate), each relation has two separate projection matrices, M"(0")
for the head entity and M/ (ch) for the tail entity. Denote N, f (¢ = h, t) the number of entities
linked by the relation r at location £. N, represents that the maximum number of entities
achieved in relation r* at location ¢*. Correspondingly, the sparse degrees of the translation
matrix are

0'=1—(1—-0,,,)N' /N (t=h,1)

Thus the projected vectors can be obtained by
h =M"6"h, t,=M'(60")

where M"(0"), M'(0!) e R*P.

In both TranSparse models , the score function is defined as
fr(h! t) = ||hJ_ +r— tJ_”Z-]/gZ!

where re R?. Then TranSparse uses the same strategy as TransR to construct the negative
set and then update the parameters using SGD.

1.2.2.6 Summary

All the reviewed translation-based models regard relation as translation, and embed entities
into a continuous vector space. Then a score function is defined to measure the plausibility
for a triplet to be invalid. Different models differ in their construction of the score function,
which is summarized in the following table, along with the number of parameters and the
computation complexity for each model. The main idea for the latter models to proceed is
to providing greater flexibility for the embedding space and projection space.



Table 1.1 Summary of Translation-based Models. N, and N, represents the number of entities
and relations respectively. N; denotes the number of triplet in the training dataset. b is the di-
mension of entity embedding space and d is the dimension of relation embedding space. 0 is the
sparse degree of all projection matrices. ¢; and ¢, denotes L;, L, norms.

Model Score function Parameters Time complexity
TransE (Bordes et al. 2013) lh+r—dl, /., O(N,b+ N,d) O(N,)

TransH (Want et al. 2014) I(h—WThW,)+d, —(t—=WTtW,)ll,, O(N.b+2N,d) O(bN,)

TransR (Lin et al. 2015) ||hM, + r—tM, ||, O(N,b+ N,(b+1)d) O(bdN,)
TransD (Ji et al.2015) (M, ,h+r—M,,t, O(N,b+ N,d) O(dN;,)
TranSparse(share) (Ji et al. 2016) 1M, (6,)h+r—M(6,)tl;, /e, O(N,b+N,(1—0)b+1)d) O(1—0)bdN,)
TranSparse(separate) (Ji et al. 2016) IMrh(Hrh)h+ r—M, (04, 0, O(N, b +2N,(1—9)(b+1)d) O((l—@)bdN,)

1.2.3 Three-Way Decomposition-based Methods

An alternative way of representing relational data is to use a three-way sparse binary tensor
Z of size N, x N, x N, where N, is the number of entities and N, is the number of relations.
The k-th slice of the tensor 2 € {0, 1}*Me contains facts for k-th relationship. Specifically,
X, = land X; j; = 0 denote valid and invalid triplet (i-th entity, k-th relationship, j-th entity)
respectively. The motivations to represent relational data as tensors are manifold. Firstly,
representing data as tensors is a compact and straightforward way to express multiple
relations. Secondly, no prior information are needed for modeling, expect the defined
model structure. In addition, relational data are usually high-dimensional and sparse, a
setting where decomposition methods have shown good performance.

Tensor decomposition has been successfully applied in diverse areas, as was summa-
rized in [KB09], including social network analysis ((Mar11]), recommender systems ((HT12]),
signal procerssing ([LC10]) and so on. CANDECOMP/PARAFAC (CP) decomposition ((HL94))
and Tucker tensor decomposition ([Tuc66]) are two widely used tensor decompositions,
but they are not suitable to deal with relational learning. DEDICOM ([Har78]), which takes
the form 2, ~ AD,W D, A" is capable of doing collective relational learning, however such
structure is only suitable for the situation that there is only one global interaction W. To
deal with statistical learning for multi-relational data, variants of tensor decomposition
models have been considered. In the following, we will survey some of the state-of-the-art

relational learning models that are built on the idea of tensor decomposition.
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1.2.3.1 RESCAL

RESCAL model proposed by [Nicl1] is concerned with relational learning using tensor
decomposition methods, which can be considered as a relaxed version of DEDICOM de-
composition.

RESCAL takes the inherent structure of relational data into account. Specifically, the

rank-r decomposition in RESCAL model is defined as

X~ AWAT, fork=1,..N,,

where % is the binary data for the k-th relation with 1 denoting valid and 0 denoting
invalid or missing; The parameter A is a n x r matrix that contains the latent component
representation of the entities and ' models the interactions of the latent components,
where the k-th slice is a r x r matrix characterizing the k-th relation.

Element-wise, it is equivalent to write
_ AT
Xijk = Ai Vva],

where A; and A; correspond to the i-th and j-th row of A respectively. X; ;; is conditionally
independent from other variables given A;, A; and W, what enables fast link prediction
for triplets of interest.

The parameters A and W, can be computed by solving the optimization problem

g}vlvrklf(A, Wi)+8(A, W),

with
1 1
4, W)= (Ekjn%k—AMATnz), g(AR,)= EA(IIAIIZF + 2 Il )

where the f function measures the quality of the approximation under the least-squares
loss and the g function is a regularization term to prevent overfitting.

To efficiently solve the optimization problem, a modified ASALSAN [Bad07] algorithm
is adopted in RESCAL model training procedure. The parameters are alternated updates
using the following rules.

To update A: It is challenging to update the parameter A, since the objective function is
nonlinear in A. [Bad07] points out that it is viable to stack data side by side and only solve
for the left A while holding the right A constant. In precise, denote the stacked data using

=2 .. %y %N{)
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W =(Wm W ... Wy, W)

Then & = AW (I?N2Ne @ AT), which is linear in the left A if the right A is fixed. The update
of A can be obtained by

-1

N,
> WATAW] + W AT AW, + AL
k=1

N,
A | D> 2 AW + 2 AW
k=1

To update W,: By fixing A, the objective function of W, can be written as
F(We) = [[vec(Xy) — (A ® Ajvec(W )|l + Allvec( Wi ),
which can be solved by
W, —[(A®A)T(A® A)+ AIT ' (A® A) vec(Z})

After the optimal parameters are found, %} = AW, A” can be calculated for each re-
lationship. For a given threshold 0, if X; ;. > 6, the (i,j,k) triplet is predicted to be valid.
Another way to make inference from the model is to rank the entries according to their
likelihood.

A interesting extension of the RESCAL model is RESCAL_Logit model [NT13], where the
binary nature of adjacency tensors are taken into consideration. In RESCAL the underlying
assumption for the binary data is Gaussian distribution, which is less appropriate from
a statistical perspective. So [NT13] proposed the RESCAL_Logit model, where the model

framework is as the following:
Xijx~Bernoulli(o(0;)),
where 0(0; ;) =(1+ exp(—Al.T WkAj))_l. Then the loss function is defined as

loss(Z;A, W)= _ZXijkloga(eijk) +(1—X; i) log(1— 0o (6;1)),
ijk
which can be computed via quasi-Newton algorithm.
While RESCAL_Logit achieves good performance in prediction accuracy, the dense
matrix AW, AT needs to be computed during the optimization, which limits its scalability

to larger datasets.
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1.2.3.2 TRESCAL

In RESCAL model [Nicl11], any relations between any entities are considered in the model.
However some triplets are obviously incompatible if the prior information of entity types is
provided. For instance, suppose the relation of interest is nationality, then the entity pair
J.K.Rolwing and HarryPotter can immediately be considered as an incompatible pair for
such relation. The participation of such incompatible triplets in the loss function would
incur unnecessary computation. To address such issue, a novel method called Typed-
RESCAL (TRESCAL) proposed by [Chal4] is built on top RESCAL

In TRESCAL the entity types are taken into consideration. For each relation, let .Z;
and R, denote the set of entities with a compatible type to the k-th relation, i.e. ((h, r, 1))
is a feasible triplet if and only if h € £, and t € R;. A;, and A;, are used to denote the
sub-matrices of A that consists rows associated with £ and R, respectively. X, denotes
the sub-matrix of X, that consists of the entity pairs compatible to the k-th relation.

TRESCAL solves the following optimization problem:

r}1vlvrklf (A, W)+ Ag(A, W),

where f/(A, W)= 5 X, |1 X, — A, WeAT |12 and g(A, W) = 5(IAIE + X, IWEI).

Similar to the optimization procedure in RESCAL model, the update rules in TRESCAL
for A and W, are as the following.

To update A:

-1
A | (X, Ar, W+ X AL W
k

x [Z WAL Ay, W+ WAL Ay W+ AT
k

To update W,:
—1
vec(Wy) —[(Ar, ® Ap ) (A, ® A )+ AI| (Ar ® Ar,) ved(2))

TRESCAL reduces the training time and improves the prediction performance by exclud-
ing the incompatible triplets before performing tensor decomposition, which is a successful
extension to the original RESCAL model.

1.2.3.3 Summary

We reviewed several relational learning models based on tensor decomposition. The model

frameworks and corresponding complexities are summarized in the following table.
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Table 1.2 Summary of Models based on tensor decomposition. Here r is the rank of the decom-
position. N, and N, represents the number of entities and relations respectively. IV; denotes the
number of triplet in the training dataset. N, om is the average number of entities with a compati-
ble type to a relation. Usually, N, > N,, N ez > N;, N, > N.om.

Model Model framework Time complexity
RESCAL (Nickel et al. 2013) Xijr=AT WA, O(N,N?+N,N,)
RESCAL_Logit (Nickel et al. 2013) X jx ~ Bern(o’(@ijk)),a(eijk)z(l+exp(—Al.T WkAj))fl. O(Neer)

TRESCAL (Chant et al. 2014) Xy, ~ A, W A, for compatible triplets O(N.omN?+N,N,)

1.2.4 Combining Two and Three-way Methods

1.2.4.1 Latent Factor Model

A latent factor model (LFM) considering various orders of interaction of the data for multi-
relational data is proposed by [Jen12]. In this model, the relational learning task is for-
mulated as a matrix factorization problem. In LFM, the number of head entities and tail
entities can be different. Let n; be the number of head entities and n; be the number of
tail entities. These entities are embedded in R? and the relations are encoded as bilinear
operators on the entities. The matrices for relations are stacked as a tensor R which is of size
b x b x ng That s, R(h;; t)i) =1 if the triplet (h;, ry, t;) is valid, and Ry(h;, ;) = 0 otherwise.
LetH :=[hy,..., h, JeRP*™ and T :=[f,..., t,,] € RP*" The matrices H and T will have to
be learned. Define Pr[Ry(h;, t;) = 1]=0(n; i), with nt =(1+ e~ "), In order to account for
the interactions of various orders, the model includes four new parameters y, y?, z, z2 € R?
such thatn;; := E(h;, Ri; 1)) =< y,Riy’ >+ < h;, Ryz >+ < z’, R¢ t; > + < h;, Ri.t; >, where
<>denotes the canonical dot product and < y,R;y’ >+ < h;, R,z >+ <z, R} t; > corre-
spond to the uni-, bi-, and trigram terms.

To decrease the overall number of parameters, the matrices for relations are required to
decompose over acommon set of d rank one matrices {6, }, ;- representing some canonical

relations:

where a’s are some d dimension sparse vectors. Such decomposition leads to a significant
reduction of the number of parameters by allowing sharing parameters across relations.
Further, the authors propose that decomposing by 8’s by 6, = u, v/ for u;, v, € R” can

further improve the computation efficiency.
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Denote S as the set of indices of valid triplets and S’ as the set of indices of negative or

missing triplets, the objective function to be maximized during training is’

2= ] PlRh,t)=11x [ ] PIRc(h;,1;)=0],

(i,j,k)eS (i,],k)eS

which can be equivalently formulated as

MINg 1,(qi —log¥

Wocbyy 2z
S.t.||a1||1 <A, Hk = U 'V;C
z=2z H=T,

h;,t;,y,y,2,2’,u,andv; in the ball {w;||lw|| <1}

where A is the regularization parameter controlling the sparsity of the relation repre-

sentations. The optimization can be carried out using stochastic gradient descent.

1.2.4.2 TATEC

TATEC [GD16] combines two and three-way embeddings models for link prediction. In
TATEC, the goal is to obtain a discriminant scoring function on the set of all possible triplets
np X np x ng so that the valid triplets will score higher than invalid ones. The entities are
embedded in a vector space Rb. Specifically, TATEC defines two different scores for a triplet
as the following:

S,: Bigram or the two-way interaction term:
Sl(hi! It t]) =< T hi >+ < rkz,tjz >+ < hl,D[] >,

where h;, t; are d, dimensional vectors. Two different relation embedding vectors,ri; 11, €
R% are used for the head entity and tail entity in order to deal with asymmetric relations.
D is a diagonal matrix that does not depend on the triplet. S,: Trigram or the three-way
interaction term:

S(hi, 1, 1)) =<h;p, Dt >,

where R is a d, x d, matrix and h;,;t;, are embedding in R% , which are not the same as
the embeddings for the two-way term. d; do not necessarily equal to d,. Except that d,
and d, are hyper-parameters, all other vectors and matrices will be learned during training.
Such a three-way term is equivalent to the collective factorization in [Nic11]. Two different
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strategies are considered to combine s1 and s2 as the following.
1. Fine Tuning strategy simply sums both scores, denoted by TATEC-FT.

SFT(hi! I t]):< rkl’hi >+<rk2’tj >+<hi,Dtj >+<hi2,Rtj2 >,

For such a strategy, all parameters will be directly tuned to accommodate for their combi-
nations.

2. Linear Combination is another strategy that combine the two scores using a linear
combination with pre-tuned parameters, i.e. s1 and s2 are separately pre-trained. The score
is defined as

Sgr(h;, 1, tj):5k1 <ri,h;>+0, <l'k2,tj >+0;3 <hl~,Dtj >+014 <hi2,Rtj2 >,

For such a strategy, all parameters will be directly tuned to accommodate for their combi-
nations. where 0’s depend on the type of relation and can be learned by minimizing the
ranking loss using L-BFGS, which is similar to the training process as we introduced in the

Translation-based methods section.

1.2.4.3 Summary

Although both LFM [Jen12] and TATEC [GD16] combines two-way and three-way interaction
effects, they are different in many ways. In LFM, entity embeddings are the same as in the
two-way and three-way models, while TATEC uses different embeddings. The two-way and
the three-way interaction terms share some parameters in LFM, while TATEC does not

adopt such joint parameterization.

1.2.5 Discussion

We have summarized a variety of latent feature models for SRL in this section. The goal in
common is to perform link prediction in complex multi-relational dataset by assuming
some latent structures. Several translation-based models are summarized, where the enti-
ties are modeled as vectors and the relations are treated as translation operators. The main
difference between all translation-based models is how they define the embedding space
and the translation. We also reviewed three-way tensor decomposition methods, where
data are represented as tensors, and all of these models are closely related to the RESCAL
[Nic11] model. There are also models that combines both two-way and three-way interac-
tion terms, which is more complex but more expressive. In Chapter 2, we will propose our
own model for link prediction, which falls into the category of three-way tensor model and
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outperforms the existing three-way models.

1.3 Review of factor models for financial data analysis

Uncovering the underlying structure from economic time series is an important research
area. Among different statistical time series models, the class of factor model has long
been used to characterize the dynamics of high-dimensional time series due to its excep-
tional performance in dimension reduction. Through factor model, the complex stochastic

behavior of high-dimensional time series can be explained by a small set of factors.

1.3.1 Existing Literature

There is a rich collection of early literature on factor model in the area of asset pricing that
focuses on observed factors, which includes the single-factor capital asset pricing model
([Sha64; Lin75]), the Fama-French factor model ([FF93; FF96]), and Carhart’s extension
of the Fama-French three factor model ([Car97]). While these models help describe the
underlying structures in time series, their common limitation lies in the fact that they
assume all factors are observable, which is usually not the case in reality. To address this
issue, there has been an increasing number of research on latent factor models. Latent
factors can be interpreted as the common unobservable factors that drive the dynamics
of economic time series. The earliest prototype can be traced back to [LM71], which has
been followed by recent works including [BNO02], [LNO07], [BT11], [LY12], [AH13], [Jurl5],
[MS18]. While overcoming the limitation of factor models with observed factors, the latent
factor model has its drawback that it lacks the ability to borrow information from observed
covariates.

In one of the most recent works, [Fan18] proposed an augmented factor model, where
they consider the case that factors are neither fully latent nor fully observed. In other words,
the factors can be partially explained by observed covariates. Through simulations and real
data applications, they demonstrated that the augmented factor model enjoys the benefit
of improved rates of convergence and better forecasting performance.

Although there have been successful applications of latent factor models, a commonly
adopted assumption is that there is only one data-generating mechanism underlying
the observed time series data. This strong assumption is often violated in financial time
series, where the behavior of stock returns can be distinct between bull market and bear
market. Thus, a resulting class of regime-switching models has been proposed to capture
the changing dynamics in time series, which was first introduced in the seminal paper
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of [Ham89]. Regime-Switching models have been proven to be useful in a large number
of application contexts, such as interest rates (e.g., [Gra96; AB02; KS04]), exchange rates
(e.g., [FO91; Bol00; Bas16))), stock returns (e.g., [MMO00; Har01; HL18]). Recently, [LC16]
studied a regime-switching latent factor model, which is an extension of the factor model
developed by [LY12] that is capable of capturing the regime switching dynamics with Viterbi
algorithm. However, while these aforementioned regime-switching factor models showed
better performances compared to the original factor models, the factors in the models are
either fully observed or fully latent.

The regime-switching setting has also been considered in the research of observed
factor models. For example, in the two-state regime-switching CAPM model [AM11], em-
pirical evidence suggests that by accounting for the regime switching setting, qualitative
predictions about the relationship between risk and return are improved, especially when
market status is volatile. Similarly, the regime-switching Fama-French three-factor model
[CMO04] outperforms the classical fama-french three-factor model. The factor loadings on
the HML (High Minus Low) factor and SMB (Small Minus Big) factor may differ dramatically

across regimes.

1.3.2 Discussion

Inspired by the recent success of the augmented latent factor model [Fan18] and the regime-
switching model, it is natural and necessary to develop a more general factor model frame-
work that combines the advantages from both methods. In Chapter 3, we will propose a
novel model that not only augments the observed covariates but also accommodates the

flexibility of regime switching model.

1.4 Outline

The rest of the thesis is organized as follows. Chapter 2 describes a new latent structure
model for statistical relational learning. We propose a binary tensor factorization model
with probit link, which not only inherits the computation efficiency from the classic tensor
factorization model but also accounts for the binary nature of relational data. Our proposed
probit tensor factorization (PTF) model shows advantages in both the prediction accuracy
and interpretability. Experiments on several common benchmark datasets are carried out
to evaluate the performance of our approach.

In Chapter 3, we develop a flexible and general latent factor model framework that is able

to leverage information from observed covariates and capture changing dynamics. Different
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temporal clustering methods are considered to estimate the underlying regime at each time
point. Efficient iterative estimation procedures are developed for parameter estimation.
We demonstrate the feasibility of the new models through simulation experiments and a

real data application to the S&P500 index.
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CHAPTER

2

A PROBIT TENSOR FACTORIZATION
MODEL FOR RELATIONAL LEARNING

2.1 Introduction

With the ever-growing computing technology, a huge volume of structured relational data
have been generated in recent years. An example is the creation of knowledge graphs, which
are graph-structured knowledge bases that store relations between entities. Notable projects
are YAGO [Suc07], DBpedia [Aue07], NELL [Car10], the Google Knowledge Graph [Sin12]
and so on. These graphs have become an important asset in many aspects. For instance,
the Google Knowledge Graph [Sin12], which currently contains 70 billion relational facts
between different entities, provides structured information about how topics are linked to
one another. Such information enables the search engine to provide more relevant results.
Knowledge graphs have also been used in several specialized domains. In spite of their
huge advantages in representing complex data, these graphs more often than not are very
incomplete, noisy and sparse. Consequently, the construction and completion of multi-
relational data is of great interest nowadays, where the latter task can be formalized as link
prediction in relational learning.

Unlike the majority of research in machine learning that assumes data are independently
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distributed, this independence assumption does not hold in relational data. In fact, we rely
on the dependent relations between data to provide valuable information. The learning
model is expected to propagate information about different kinds of relations between a set
of entities. Multi-relational data typically describes different types of relations between a
set of entities. The entities can be words in natural language processing (NLP) applications,
users in social networks, or disease in health record data. One common way to represent
the relations between entities is to use triplets of the form (subject, predicate, object). The
predicates of interest usually represent the semantic relationship between entities. A formal
way to represent the data is to use a three-way binary tensor X of size N x N x K with N
as the number of entities and K as the number of relationship types. The k-th slice of the
tensor X, which is X;. € {—1,1}*VN contains information about the k-th relationship, with
X;jr = 1,—1 denoting a valid/invalid relationship k from entity i to entity j. The tensor is
usually sparse since most of the triplets are unobserved.

Two different assumptions are widely used to interpret the unobserved triplets, includ-
ing the closed world assumption (CWA) and the open world assumption (OWA). Under the
CWA, unobserved triplets are assumed to be invalid, while under the OWA, unobserved
triplets can be either valid or invalid. Majority of previous works used the CWA. They did
not distinguish between invalid facts and missing facts, which are both encoded as 0. Such
arepresentation will certainly reduce the prediction accuracy because the unobserved facts
and invalid facts carry different information. Although most of the large-scale knowledge
graphs only contain information for valid triplets, it is not hard to generate invalid samples
by using side information. [Chal4] pointed out that entity type can be used to dictate
whether some entities can be legitimate arguments of a given predicate.

Furthermore, most of the previous works on statistical relational learning assumes
a Gaussian distribution for the relational data, which gives rise to many variants of the
Gaussian tensor factorization models [Nicl1; Chal4; Drul6]. One of the most popular
Gaussian tensor factorization models for multi-relational data is the RESCAL model [Nic11],
which is computationally efficient in terms of parameter estimation. However, since the
relational data X ;;’s are binary, the underlying Gaussian assumption is neither intuitive
nor appropriate from a statistical perspective. Another limitation of those models is that
the predictions are continuous scores, which do not have a probabilistic interpretation. A
reasonable threshold needs to be manually chosen in order to achieve an accurate predic-
tion.

To modify the Gaussian assumption on the relational data, Nickel & Tresp (2013) pro-
posed a logistic tensor factorization model, RESCAL_Logit, where each X; j © S is assumed to

follow a Bernoulli distribution. This model makes the prediction procedure totally data-
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driven and improves the prediction accuracy. However, there is no closed form solution
in RESCAL_Logit. The authors used a quasi-Newton optimization, where some dense ma-
trices need to be calculated in each iteration to get the gradients. This significantly slows
down the model fitting and makes it less efficient compared to other tensor factorization
models. Besides, KrompaR et al. (2013) extended the RESCAL model with an non-negative
constraint on the parameters.

In this paper, we propose the Probit Tensor Factorization (PTF) Model to address these
problems. By imposing a probit link on the binary random variables X; ;.'s, we essentially
assume that the binary value of each X; ;. depends on the sign of a corresponding latent
normally distributed random variable Z; ;. The latent Z; ;; follows different conditional
distributions given X; ; is valid, invalid or missing. The main contribution of this paper are
summarized as follows:

First, a PTF Model is proposed to perform link prediction, which not only takes advan-
tage of the computational efficiency from the Gaussian tensor factorization model but
also enjoys the prediction accuracy and interpretability of the logistic tensor factorization
model. Second, under the open world assumption (OWA), the unknown triplets are treated
differently with known-to-be-invalid triplets, which is a more efficient and proper way
of handling missing data. Third, experiments on the moderate-sized real-world datasets
demonstrate that our model outperforms the state-of-the-art approaches.

The rest of the section is organized as follows. First, we summarize several state-of-the-
art relational learning models. Then we illustrate the framework of our model, with an
analysis of computation complexity. After that, we compare prediction performance of our
model with the current state-of-art models in real data applications. Finally, we provide a

brief conclusion and discussion.

2.2 Related Work

In this section, we will first review the related models in relational learning area, including
the embedding-based methods and tensor-based methods. The second part is a review of

related works in tensor factorization.

2.2.1 Related work in relational learning

Extensive methods have been explored to do link prediction with applications in all areas
including knowledge base completion, Natural Language Prosessing (NLP), and social

network analysis. One line of the research is the translation-based models. Among them,
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TransE [Bor13] is a very simple and effective one, where a relational fact is represented by
a vector (h,r,t), which represents head, relationship, tail respectively. TransE assumes the
score function f,(h, t)=||h+r —t|[5, whose value is low if (h,1,t) holds and high otherwise.
Later on, TransH [Wan14] is proposed to overcome the flaws of TransE in dealing with
1-to-N, N-to-1 and N-to-N relation, where relations are modeled as a vector r on a hyper-
plane with a normal vector w,. The score function is modified as f,(h, t)=|\h, +r—t,]|3,
with hy =h—w'hw,, t; =t —w!tw, and ||w,||, = 1. Another algorithm TransR [Lin15]
follows the same idea except that they embed entities and relations in distinct entity space
and relation space. A more complicated model TATEC [GD16] encompasses previous em-
bedding works by combining two-way interactions with high-capacity three-way ones,
which achieves even higher accuracy. Other variants of the translation-based embedding
models including TransM [Fan14], TransA [Xial5], STransE [Ngul6], and TransF [Fen16].
While these translation-based models are effective and showed good performance, only the
observed triplets with a set of sampled unobserved triplets are taken into account during
optimization.

Another important class of models represent relational facts as tensors, which draws a
growing interest due to their natural representation of multi-relational data and its ability
to utilize all the triplets’ information in the data. [Fra09] proposed the TripleRank method,
where they used PARAFAC tensor factorization to perform link prediction. The data is rep-
resented by a tensor X, which is decomposed usingX=>""_ A, - UF o U} o U, where “o”
denotes outer product. [Bad07] used a family of models called DEDICOM from the psycho-
metrics literature to do tensor factorization in social networks, which shows the advantages
of tensor factorization in dealing with such relational datasets. [Nic11] proposed the RESCAL
model that modified the DEDICOM by imposing a different constraint, which is more ap-
propriate to use for multi-relational data. Specifically the model is X; ~ AW, AT where A
contains the latent-component representation of the entities and W, models the interaction
of the latent component in the k-th relationship. RESCAL in [Nic11] uses the ASALSAN
algorithm to find optimal parameters, where matrix A and matrices W,k =1,2,...,, K are
updated using efficient alternating least squares (ALS). The RESCAL model demonstrated
its scalability by conducting experiments on YAGO 2 ontology data, which consists of 2.6
million entities, 33 million facts and 87 predicates. While the RESCAL achieves good per-
formance in efficiency, scalability and accuracy, binary relational data are considered to
be continuous in the model. As a result, an appropriate threshold is needed to be given
before link prediction. To address this issue, Nickel et al. (2013) proposed a logistic tensor
factorization methods. In this model, they assume each element in X; follows a Bernoulli

distribution, which outperforms the original RESCAL model in terms of prediction accuracy
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measured by AUC. But a serious drawback of the logistic tensor factorization methods is
its poor scalability where dense matrices AW, AT needs to be computed in each iteration,
whose complexity is quadratic in the number of entities. So it would be infeasible to use
logistic tensor factorization in knowledge base like YAGO2. Two other similar logistic, pois-
son extensions of RESCAL model were proposed by [Lon13] and [Hul6]. The first paper
discussed different loss functions and used L-BFGS to estimate the optimal parameters.
The second work describes a fully Bayesian factor model, where they proposed online Gibbs
sampling algorithms for link prediction.

Our proposed PTF model is an improvement on both the RESCAL model and logistic
tensor factorization models in that it inherits the computation efficiency from the former

and enjoys the prediction accuracy from the latter.

2.2.2 Related work in tensor factorization

Tensors are generalizations of matrices to higher dimension and have long been studied. It
is common to observe missing elements in a multi-dimensional tensor, which motivates
the low-rank assumption. The earliest tensors and their decompositions can be traced back
to [Hit27]. During the last decades, there has been a large number of researches on tensor
factorization related topics.

One of the most widely used tensor factorization is the CANDECOMP/PARAFAC (CP)
proposed by [HL94], which can be written as X, = AD, BT + E,, where X is the k-th slice
in the tensor whose dimension is I by J; A is an I by R factor loading matrix for Mode A
and B is a J by R loading matrix for Mode B; Dy, is an R by R diagonal matrix; E; is the k-th
slice of the residual tensor. Another well-known tensor factorization model is the Tucker
decomposition [Tuc66]. The main idea is to decompose a three-way tensor X € 2*/*K
as x;j = Z;zl 22:1 Zle 8pqripbigce, fori=1,..,1,j=1,..,J,k =1,..K. While these
decomposition models have been applied to a great variety of areas [Kar12; RST10; Con15],
the RESCAL model is a more suitable choice of tensor factorization for relational learning,

because a more reasonable low-rank structure is used.

2.3 Model Description

Tensors are denoted by bold upper case letters, such as X, Z and W. Denote the k-th slice of
atensor Z by Z;, the element in the i-th row, j-th column of Z; by z; ;.. Matrices are denoted
by capital letters such as A, whereas a; denotes i-th row of matrix A.
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2.3.1 Model framework

Assume that there are K types of relationships between N entities. The relational facts can

NxNxK with some missing values. X, is an

be represented as a three-way tensor X € {—1, 1}
asymmetric N x N matrix representing the facts in the k-th type of relation. Specifically,
X;jr =1 and x; j, =—1 stand for existing (valid) and non-existing (invalid) triplet (i-th entity,
k-th relationship, j-th entity) respectively. The goal of the proposed model is to estimate
Pr(x;j =1) for all missing triplets given the observed relations.

A latent three-way tensor variable Z is introduced with the same dimension as X, where
each element z; ;. follows a Gaussian distribution. More specifically, for the k-th relation
slice,

Z =AW, A" + €,

where vec(e,) ~ N(0, I). Here vec stands for the vectorization operator and ! is the identity
matrix. The i-th row of matrix A can be interpreted as the latent component representation
for the i-th entity, and W, can be viewed as the interaction effects of latent components for
the k-th relation. Here the rank r of W, is pre-determined. A constraint that x; . = sign(z; ;)
forall i, j, k is imposed, which implies the probit link so that Pr(x;;, =1)= Pr(z;, > 0).
There are two reasons for using the probit link based on the latent tensor variable Z. First,
the model outputs probabilities for each of the unknown triplets to be valid, which allows
interpretable, probabilistic inference. Second, the use of the probit link enables an efficient

iterative estimation method, where a closed-form solution can be obtained in each iteration.

2.3.2 EM algorithm

The basic idea of our model fitting is to maximize the log-likelihood, which is equivalent to
minimizing cross-entropy loss. Since a latent variable is included in our model, directly
estimating of model parameter would be numerically intensive. We use the classic EM
algorithm to handle the latent variable.

EM algorithm is an iterative method to perform parameter estimation involving la-
tent variables. It was first formally presented by [Dem77] and has been a popular tool in
numerical optimization. It consists of a E-step and a M-step.

E-step: The complete data log-likelihood, where we assume the latent variable Z is

observed, can be written as

logL(AWX,Z)=C —o.SZ(z,-jk —al Wea,Y,
ijk

25



where C is a constant. In addition, we impose the constraint such that sign(z; ) =2x; . —1
for those observed x; j, i.e. z; ;. should be positive if x; ;; =1 and negative if x; ;;, =—1.
Then, the Q function can be written as

Q :EA(t]w(z){logL(A,W|X, Z)lX}
=Eyowo{C—0.5 (20 —a] Wea,}'IX)

ijk

=— O.SZ {[EAU),\N(U(Zijk|xijk)— aiT I/Vkaj]2 + EA(f),W(‘](Z,'ij|xijk)_ Ej{t)’w(t)(zijklxijk)} +C
ijk

:_O-SZ[EA“),W(”(ZUIC|xijlc)_ dl.TI/dej]z +G+C,
ijk

where C, is another constant such that

2 2
C, =—0.5[Eg0, w0 (2; 111 %: 1) = E ) o (Zi el X3 )],

and E . wo denotes the expectation at the parameter values from last iteration t.
So in the M step, it is equivalent to minimize ), _, l|Eyo w0 (Zi|Xi) — AWLAT|[3.. Since

the latent variable is assumed to follow a Gaussian distribution with constraint x;;; =
sign(z; i), we have at iteration t such that

~TN(Uijr 1521 €(0,00)), i f X =1,
ZijrlXijie \ ~ TN(Uijr, 152 €(—00,0)), i f x; 0 =—1,

~N(Uijr, 1), 0 f X is missing,

where y; ;. =a Z.T Wiaj, and a;, a; are i-th and j-th row from matrix A from last iteration. TN
denotes truncated Gaussian distribution, with parameter space truncated to the domain

defined after semicolon. Then, the expectation of the truncated Gaussian distribution can
be computed as

O(—uijk) .
.uijlc+ 1_q>(_ujijk)’lf Xijk= 1,
_ (—MijK) .
EA(tJ,w(l)(zijklxijk)— ,u,-jk—g(T%,lf Xijr=-—1L

Wijir Lf Xijx missing,

For simplicity of the notations, we denote the expectation matrix E,.) wo(Z;|X) by Eg.
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For k=1,...K, we define M, as sparse matrices such that
O(—phije) . _
o, L Xije =1

_ O(—pijk)
M; = _q,(_ui]].k)»lfxijk:_l’

0,if Xjjrismissing,

where ¢(.) and ®(.) are the probability density function and cumulative distribution function
for the standard Gaussian distribution.

Then we have E;, = AW, AT + M,.. At each iteration, we only need to compute the sparse
matrices M, s rather than the dense matrices E;’s. This technique will be illustrated in the
M-step, which significantly saves the computation cost of the algorithm.

M-step: In the M-step, our goal is to maximize Q function, which is equivalent to solve

the following optimization problem
K
: T2
rgw;uEk—Avva [

If E;’s were calculated in the E-step, then the update for A and W would be the same as
RESCAL model. However, we only need the matrices M, s to carry out the M-step. Most
of the elements in M,’s are usually zero, since most relational datasets are sparse, i.e.
only a small fraction of relational facts are known. Not having to evaluate E,’s saves us
O(N?r) computation cost in each iteration. The parameter updating rules are based on the
alternating least-squares (ALS) algorithm as follows.

Update W in M Step:

When A is fixed, our objective function about W, is

fW) = 1B — AW AT 1%
= [[vec(E;) —(A® A)vec(W;)II%,

which becomes a least square problem.
Let f = A® A, where ® is the Kronecker product.
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Then the update rule is

vec(W;) — (B ) B " vec(Ey)
=(B"B)' " vec(AW A" + M)
=(B"B) BT (A® Avec(W)+(B" ) B vec(M,)
=(B"B)'B" Pvec(W)+(B" B
=vec(W,)+(B"B)" B vec(My).

Bl vec(M,)

\_,\_/

In the update for W, the most expensive computation lies in computing (87 8)!87T.
To reduce the complexity, we adopt the singular value decomposition(SVD) as suggested
by Chang et.al (2014), i.e. A=UXV T with U and V being orthogonal matrices and ¥. being
a diagonal matrix. Then,

BB =(VeV)(Z*eX) (Ve V).

It is trivial to calculate the inverse of X2 ® Y2, since it is a diagonal matrix.

Update A in M Step:

In order to simultaneously solve for the left matrix and right matrix A, we stack the
data side by side as suggested by ASALSAN in [Bad07]. Let E = (E,,E, .. ,Ex,E[),
W =W, W', .. Wy, WJ), then it is equivalent to write E = AW (I, ® AT). By setting its
gradient to 0, we can get the update rule of A as

K K -1
A {Z(EkAWkT + EkTAWk)} {Z(Bk + Ck)} ,
k=1 k=1

where
B. =W, A"AW/,

Cr =W, AT AW,.

We can compute Ex AW and E AW, in the following way to aviod the expensive calcu-
lation of the N x N dense matrix AW, AT.

E AW, = (AW AT + M) AW,
=AW AT AW + M AW,
_ T\T T T
=AAW) AW + M AW,
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Similarly,
El AW, = A(AW,)"T AW, + M [ AW,

Stopping criterion:

In the M step, the update stops if A% — A°!4||2 + 3", [[W/ " — W°!4||2 converges to
some small threshold €,, or the maximum number of iterations has been reached. Our
experiments suggest that only a few iterations would be enough in M-step to achieve
good results. For the whole EM algorithm, our stopping rule is that the relative change
in log-likelihood is smaller than some tolerance ¢, or the iteration number exceeds the

pre-determined maximum iteration number. The log-likelihood in each iteration is

log L(A, W[X) = Z log ®(—u; ) + Z log(1 —®(—u; 1))
e e
One benefit of using log-likelihood is that ®(—u; ;) has already been derived from E

step so that we don’t need extra calculations.

2.3.3 Complexity analysis

To ensure the algorithm is tractable, it is important to study the computation complexity
for the learning algorithm. Recall that N denotes the number of entities, K denotes the
number of relationship types, r denotes the rank for the factorization. Let T denote the
number of known triplets. The total number of triplets is N K. When only a small fraction
of the triplets are known to be valid / invalid, T is much smaller than N?K and the matrices
M’s in our algorithm are sparse matrices with only T non-zero elements.

The computation complexity is O(Tr?) for each E-step and O(N K r? + Tr?) for each
M-step. In total, for each EM iteration, we need O(N K r?+ T N r + K r3) computation, which
islinearin N and K, T and cubicin r.

In terms of memory complexity, the tensors and matrices we need to keep in memory
include a sparse three-way data X of size N x N x K with T non-zero elements, whose
memory complexity is O(T), an N x r dense matrix A, and a r x r x K dense tensor. Besides,

we also need to store a sparse tensor M that has the same dimension and sparsity as X.

2.3.4 Link prediction

After the convergence criterion is achieved, we obtain an estimated matrix A and an esti-

mated tensor W. Then the link prediction can be done in the following way.
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For any triplet (i,j,k) that is unobserved in the data X, we have z;;, = a/ W;a; + € by the
definition of latent variable Z with € ~ N (0, 1), which implies

Zijk NN(CZITVV}CCZJ,I)

Thus,
p=Pr(x;j= 1):Pr(zijk>0):q)(aiTVVkaj),

i.e. the probability of the triplet (i,j,k) being valid is ®(a W.a i)

2.4 Simulation Study

2.4.1 Simulation setup

In this section, we demonstrate the performance of the proposed estimators using the
simulated data. We compared the three factorization-based models, including the RESCAL
model, the RESCAL_Logit model and our PTF model. Simulation studies with different
settings and two generating models are considered. Both the in-sample performance and
the out-of-sample performance are evaluated. For the in-sample estimation, we use the
canonical correlations between A and A to evaluate the parameter estimation. The reason
to use the canonical correlations is that the bilinear product AW, AT can be written as
(AH)H'W,.H T(AH)?, which implies the underlying score for a triplet is unchanged when
(A, W,) is replaced by (AH, H'W,.H~T) for any invertible r x r matrix H. For the out-of-
sample estimation, the prediction accuracy on the unknown relations is measured using
AUC.

The two probabilistic model, the RESCAL_Logit model and our proposed PTF are used

to generate the data.
* Model 1: The proposed Probit Tensor Factorization model, where
Zijk=a] Wea;, X;je=1(Z;;;>0),

fori=1,2,.,N,j=12,..,N,k=1,.. K, where A is a N x r matrix whose entries are
independently drawn from a standard Gaussian distribution. W, is a r x r matrix
whose entries are independently drawn from a Gaussian distribution with variance 1

and mean u;, which independently follows a Uni f orm(—0.3,—0.01) distribution.

e Model 2: The RESCAL_Logit model [NT13] with
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Table 2.1 Simulation settings. N is the number of entities; K is the number of relationship types; r
is the rank for the factorization.

Simulation Setting | N K r

1 200 10 3
2 500 20 10
o(Zij)= m, Xijx~Bernoulli(o(Z; ),

fori=1,2,...,N,j=12,..,N, k=1,...,K. The A and W, are simulated in the same way as
in the Model 1.

Tablel summarizes our two simulation settings. For each simulated data, we randomly

set 50%, 70% or 90% X; ;. as missing, which are the triplets to perform link prediction.

We compare our proposed model with two other tensor factorization models, which are
the RESCAL model [Nic11] and RESCAL_Logit model [NT13]. While our PTF model and the
RESCAL_Logit model can directly be used to make binary predictions, the RESCAL only gives
a non-probabilistic score for each triplet. We set the threshold using the 10%, 20%, 30%, 40%
quantiles. A triplet has a higher score than the quantile is predicted to be valid. We evaluate
the performance of the RESCAL model for each of these four thresholds and the best one
out of four is reported. The results are averaged over 500 simulations. We set the maximum
number of iterations at 500 and the maximum iteration in the M step for the PTF model at
2.

2.4.2 Simulation results

In Table 2.2, we summarized the performances of the three tensor factorization models
when the data is generated from the PTF model. For both in-sample estimation of the latent
component matrix A and the out-of-sample link prediction, the PTF model is the best
among the three. While all of these models have good performance in in-sample estimation,
the PTF model shows its advantage in out-of-sample link prediction. The results are similar
in Table 2.3, where the RESCAL_Logit is used as the generating model.

Correct in-sample estimation on the latent component matrices provides opportunities
for future quantitative analysis with the entities. For example, it can be used to cluster
the entities. The out-of-sample AUC measures how well the models performed in link

prediction, which is one of the most common tasks in relational learning. From the above
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Table 2.2 In-sample and out-sample performances of the PTE RESCAL and RESCAL_Logit model
when data is generated from the PTF model. The missing proportion denotes the proportion

of unknown triplets in X. The in-sample performance is measured by the median canonical
correlation of the predicted A and true A, while the out-of-sample performance is measured
using AUC. The means averaged over 500 repetitions are reported.

Simulation Setting Missing Proportion PIF RESCAL RESCAL_Logit
In-Sample Out-Sample In-Sample Out-Sample In-Sample Out-Sample
0.5 0.9550 0.9953 0.9304 0.8022 0.8781 0.9813
1 0.7 0.9546 0.9934 0.9277 0.8157 0.8718 0.9803
0.9 0.9511 0.9876 0.9013 0.8028 0.2730 0.5786
0.5 0.9843 0.9924 0.9581 0.7410 0.9578 0.9814
2 0.7 0.9837 0.9893 0.9492 0.7426 0.3637 0.5331
0.9 0.9792 0.9783 0.9093 0.7402 0.1435 0.5102

Table 2.3 In-sample and out-of-sample performances of the PTE RESCAL and RESCAL_Logit
model when data is generated from the RESCAL_Logit model. The in-sample performance is
measured by the median canonical correlation of the predicted A and true A, while the out-
of-sample performance is measured using AUC. The means averaged over 500 repetitions are
reported.

Simulation Setting Missing Proportion PTF RESCAL RESCAL_Logit
In-Sample Out-Sample In-Sample Out-Sample In-Sample Out-Sample
0.5 0.9951 0.8296 0.9655 0.7691 0.9592 0.9051
1 0.7 0.9922 0.8279 0.9584 0.7695 0.7991 0.8273
0.9 0.9759 0.8243 0.9023 0.7714 0.1012 0.5058
0.5 0.9964 0.9494 0.7986 0.5611 0.9780 0.9801
2 0.7 0.9944 0.9495 0.7435 0.5568 0.9638 0.9798
0.9 0.9851 0.9039 0.3925 0.5369 0.1223 0.5102
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Table 2.4 Comparison of running time for the PTF model and the RESCAL_Logit model under
different setting. The numbers are the seconds that an iteration takes on average over 200 repeti-
tions.

Simulation Setting 1 2
Missing Proportion | 0.5 0.7 0.9 0.5 0.7 0.9
PTF 0.073 0.043 0.013 | 1.415 0.786 0.269
RESCAL_Logit 0.099 0.094 0.092 | 1.230 1.206 1.131

two tables, we find that our PTF model achieve good results even when the data is generated
from RESCAL_Logit model. The RESCAL model is not as competitive as the other two models.
While the RESCAL_Logit model achieved satisfactory prediction performances when the
missing proportions are low, it loses its power as the missing proportions increase. During
the simulation, we noticed that there are two other limitations of the RESCAL_Logit model.
The first one is that the quasi-newton’s optimization procedure failed to converge 46% of
the times during the estimation. The other one is that the RESCAL_Logit model has much
higher computation cost since it needs to compute the dense matrices AW; AT in each
iteration. The following table displays the average running time per iteration for the PTF
model and the RESCAL_Logit model, where the PTF model shows its advantage, especially

when the missing proportion is high.

2.5 Experimental Results

This section presents the results from experiments on three common small- and moderate-
sized benchmark datasets: UMLS, Kinships, Nations to evaluate the predictive performance

of our model.

2.5.1 Datasets

In order to compare our model with current state-of-art relational learning models, the
evaluation was carried out on the following three benchmark datasets:

UMLS The data is gathered by [McCO01] from the Unified Medical Language System
semantic work. It consists 135 entities, which are high-level concepts such as ‘Disease or
Syndrome’, ‘Diagnostic Procedure’, or ‘Mammal’, and 49 relation types, like ‘affect’or ‘cause’.

Kinships This dataset gathered by Denham includes 26 types of relations between 104

tribe members in Alyawarra, a tribe from Central Australia. Each relation depicts a different
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kinship term. See [Den79] for details.

Nations Fifty-six binary relation types between 14 countries are included in this dataset,
which results in a 14x14x56 tensor. See [Rum?76] for more details.

All facts are observed in these three datasets, i.e. each triplet is known to be valid /
invalid.

Table 2.5 Summary statistics of the three benchmark datasets.

UMLS Kinships Nations
Number of entities (N) 135 104 14
Number of relationship types (K) 49 26 56

2.5.2 Prediction results
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Figure 2.1 Evaluation results for AUC in Kinships, UMLS, Nations data sets. Ten-fold cross valida-
tions were carried out. Our PTF models achieved the highest accuracy in all these three datasets.
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We followed the experimental settings used by [KemO06]. For each of the three datasets,
a ten-fold cross-validation was performed with each triplet as one statistical unit. The only
parameter we need to tune is r, which is the rank of the W,. The optimal choice of r is
obtained by searching the parameter space from 3 to 10. Area under the precision-recall
curve (AUCQ) is reported to evaluate the prediction accuracy. During the experiment, the
maximum number of iterations in the M step is 2 and the maximum iteration number is
1000.

The Figure 1 summarizes the results of the three experiments. We can see that our
proposed PTF model outperforms the competing algorithms on all of these three datasets.
In UMLS, AUC from most of competing methods are above 0.98, and our method achieves
the highest AUC of 0.998. Regarding the Kinships dataset, the performance of the three-way
models and various order models perform much better than the 2-way models. AUC from
PTE RESCAL_Logit, RESCAL are all above 0.95 and the PTF performs the best. In Nations
dataset, only LFM and PTF achieve AUC higher than 0.9 and the PTF model still performs
the best. In summary, in terms of prediction accuracy in these three datasets, the proposed

PTF performs uniformly better than the competing methods.

2.5.3 Tuning with ranks

In order to see how the choice of rank would influence the result, we use the following
figure to display the prediction accuracy in terms of AUC in the three dataset with different
values of rank r. The AUC is rounded to three decimal places. The range of the vertical axis
is different among these three plots, which depends on their respective AUC values.

From figure 2, we see that the influence of rank on predictive performances on the three
datasets shows different patterns. For the UMLS data, all different choices of rank lead to a
high AUC, which are all above 0.994. The AUC increases with the rank. In the Kinships data,
AUC monotonically increases as rank increases from 3 to 10. For ranks taking values from
4 to 10, the AUCs are above 0.95, which can beat most of the other competing methods.
Different from what we observed in the other two datasets, the result from Nations data
shows that a smaller rank is a better choice. And it is more sensitive to the choice of rank
as compared to the other two datasets, where the AUC drops from 0.92 to 0.82 when rank
increases from 2 to 10. One possible reason is that the Nationsis a smaller dataset (N =14, K
= 56) with much fewer entities as compared to the other two, whose facts can be explained
by fewer latent features. Another finding is that our PTF model can achieve high accuracy

even with a small rank.
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Figure 2.2 Prediction performance of PTF Model with different rank (r). The accuracy in terms of
AUC increases with the rank in UMLS and Kinships, while surprisingly we observe the opposite
pattern in Nations dataset. The PTF model showed good predictive performance even with small
ranks

2.6 Discussion

In this section, we proposed a probit tensor factorization model, which is an extension
of tensor factorization model for binary data. We illustrate our model fitting procedure
under the framework of EM algorithm. Scalability issue is addressed by showing that the
complexity of our algorithm is linear in the number of entities, the number of known
facts and the number of relationship types. We conducted experiments on three common
medium sized datasets, where our method obtains uniformly better results than the other
state-of-art models. One major advantage of our model is that it adopts the open world
assumption (OWA) and allows a natural use of negative facts in model. And it outputs an
interpretable probabilistic result that can be further used in quantitative analysis.

There are several topics worth exploring for future research. One is to derive a good
stopping criterion, which should be computationally efficient and has low memory cost.
RESCAL and TRESCAL both used 2:1%-AWATle
good choice since the computation cost would be high. In Nickel et al. (2013) two options

as the stopping criterion, which is not a
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were discussed. One is to compute the quality of the fit on a smaller sample of 2 using
the corresponding rows of A. However such a criterion cannot ensure that the fitted value
measured on a sample of the data will decrease monotonically. Another option is to use
|Anew — Aotd|2 4% [Wew — Wl |2, which is the same as our stopping criterion for
M-step. With this criterion, we need to store the dense matrices A and W, in each iteration,
which is less memory efficient than the previous one. From our empirical result, we find
that only a few iterations in M-step can lead to good results. For the whole EM algorithm, we
used the relative change in log-likelihood as the stopping criterion, which is a reasonable
choice and enjoys the benefit of low computation cost.

Another interesting topic is how to choose the rank for W,’s, where both computation
cost and predictive performance should be taken into consideration. Previous works suggest
a higher rank will typically lead to a better performance, which is not always the case in our
real data applications. How to analytically balance the trade-off between computation cost
and prediction accuracy motivates us to do more theoretical exploration for the proposed
model.

The PTF model can be extended in several directions. One way is to incorporate prior
information. For example, by utilizing prior domain knowledge of type constraints that is
suggested by [Chal4], we can further improve the efficiency. And more prior information,
e.g. logical structure of the relations, attributes of the entities and so on are expected to be

included in tensor factorization model to further enhance the model performance.
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CHAPTER

3

REGIME-SWITCHING FACTOR MODELS
WITH AUGMENTATION

3.1 Introduction

An important goal of statistical models in the literature of economic time series is to uncover
and describe the underlying structure. Among different statistical time series models, the
class of factor model has long been used to characterize the dynamics of high-dimensional
time series due to its exceptional performance in dimension reduction. Through factor
model, the complex stochastic behavior of high-dimensional time series can be explained by
a small set of factors. There is a rich collection of early literature on factor model in the area
of asset pricing that focuses on observed factors, which includes the single-factor capital
asset pricing model ([Sha64; Lin75]), the Fama-French factor model ([FF93; FF96]), and
Carhart’s extension of the Fama-French three factor model ([Car97]). It is still an important
research area these years. For example, [li2018factor] improves the Fama-French three
factor models by finding appropriate nonlinear transformations. While these models help
describe the underlying structures in time series, their common limitation lies in the fact
that they assume all factors are observable, which is usually not the case in reality.

To address this issue, there has been an increasing number of research on latent factor
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models. Latent factors can be interpreted as the common unobservable factors that drive
the dynamics of economic time series. The earliest prototype can be traced back to [LM71],
which has been followed by recent works including [BN02], [LNO7], [BT11], [LY12], [AH13],
[Jur15], [MS18]. While overcoming the limitation of factor models with observed factors,
the latent factor model has its drawback that it lacks the ability to borrow information from
observed covariates. In one of the most recent works, [Fan18] proposed an augmented
factor model, where they consider the case that factors are neither fully latent nor fully
observed. In other words, the factors can be partially explained by observed covariates.
Through simulations and real data applications, they demonstrated that the augmented
factor model enjoys the benefit of improved rates of convergence and better forecasting
performance.

Although there have been successful applications of latent factor models, a commonly
adopted assumption is that there is only one data-generating mechanism underlying
the observed time series data. This strong assumption is often violated in financial time
series, where the behavior of stock returns can be distinct between bull market and bear
market. Thus, a resulting class of regime-switching models has been proposed to capture
the changing dynamics in time series, which was first introduced in the seminal paper
of [Ham89]. Regime-Switching models have been proven to be useful in a large number
of application contexts, such as interest rates (e.g., [Gra96; AB02; KS04]), exchange rates
(e.g., [FO91; Bol00; Bas16)), stock returns (e.g., [MMO00; Har01; HL18]). Recently, [LC16]
studied a regime-switching latent factor model, which is an extension of the factor model
developed by [LY12] that is capable of capturing the regime switching dynamics with Viterbi
algorithm. However, while these aforementioned regime-switching factor models showed
better performances compared to the original factor models, the factors in the models are
either fully observed or fully latent.

The regime-switching setting has also been considered in the research of observed
factor models. For example, in the two-state regime-switching CAPM model [AM11], em-
pirical evidence suggests that by accounting for the regime switching setting, qualitative
predictions about the relationship between risk and return are improved, especially when
market status is volatile. Similarly, the regime-switching Fama-French three-factor model
[CMO04] outperforms the classical fama-french three-factor model. The factor loadings on
the HML (High Minus Low) factor and SMB (Small Minus Big) factor may differ dramatically
across regimes.

Inspired by the recent success of the augmented latent factor model [Fan18] and the
regime-switching model, it is natural and necessary to develop a more general factor model

framework that combines the advantages from both methods. This novel new model not

39



only augments the observed covariates but also accommodates the flexibility of regime
switching model. Our work is unique compared to all previous factor models in the following
two aspects. First, we consider the scenario where the factors can be partially explained
by observed covariates, which is essentially an augmented factor model. The information
from observed covariates are leveraged in estimating the latent factors. Second, in the
previous work, while decoding the latent states during the iterative training process, [LC16]
incorprated the hard clustering method. Specifically, each time point is assigned exclusively
to a single regime. In our paper, both hard clustering and soft clustering of time points are
considered. The soft clustering allows for the time periods to partially fall into one regime
with different probabilities. We empirically assess and compare the two different clustering
methods through simulation studies and a real data application.

The remainder of this paper is organized as follows. In section 2, we present our model
framework. Iterative parameter estimation procedures with soft-clustering and hard-clustering
are developed in section 3. Section 4 conducts comprehensive simulation. In section 5, we
apply our methods to a real economic time series data and demonstrate the advantages of

our methods. Section 6 conclude with a discussion.

3.2 Model Framework

Assume the observed data consist of {x;, y,..., X7, yr}, where y, € RY is the N -dimensional
multivariate time series data at time ¢; x, € R” is the observed D-dimensional covariates
at time ¢ that is common to all individuals in y,. In our real data applications, y,’s are
multivariate stock returns and x,’s are observed macroeconomic factors.

Assuming x, drives the dynamics of y;, the classic factor model would decompose the
observed response y, as

Yi=Ax,+¢€,,

where €, is the error term that cannot be explained by x,. On the other hand, a latent factor
model would assume the factors are not observed and consider the decomposition such
that

yl‘ = A,ft + €
with f; being latent factors.
Incorporating powers from both aforementioned models, the augmented factor model

proposed by [Fan18] assumes that while the factors are latent, they can be partially explained

by observed covariates. Specifically, the model is given by
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Vi=Afit+e, fi=8x)+7..

Here g(x,) is the part of latent factors that can be explained by x, and y, denotes the
remaining unexplainable component in latent factors.

Our method is a generalization of the augmented factor model [Fan18] with more
flexibilities by allowing multiple regimes. Denote z, € {1,..., M } the latent states (regimes),
with M as the fixed finite number of states. Assume the latent state follows a first-order
Markov process, which consists of an initial state distribution P(z, =i)fori=1,..., M, and
transition probabilities Q = {g"/},q"/ = P(z,,, = jlz, =i)fori,j=1,...,M.

Conditioning on the latent regime z, = m, we assume

Yo = ) AU £ lom) (3.1)

where ™ is the state-specific mean, " € RX denotes the latent factors; A’ € RN*K
is a matrix of factor loadings; e(tm) ~ N(0,2")) is the idiosyncratic error, where (™ is the
conditional error covariance, which is assumed to be a diagonal matrix. For identification

purpose, a normalization assumption is made that
1 ( /
— AN =1,
N

In this augmented model, we further assume that the latent factor consist of a explain-
able part and an unexplainable part, which are specified as follows.

S =g"(x,)+ 7\, 3.2)

where observed information are leveraged in g™ (x,) = E(f"™|x,, z, = m). The remaining
unexplainable part is denoted as 7([").

Note that the specification in (3.1) and (3.2) assumes that all the parameters are state-
specific. Conditioning on the latent state, the time-varying factors f,(m) are partially ex-
plained by covariates x, and drive the dynamics of the response y;.

3.3 Estimation Procedure

When M =1, i.e. there is only one regime, our model is reduced to non-switching augmented
factor model [Fan18] . However, with the regime-switching dynamics, more parameters

needs to be estimated and switching regimes need to be taken into account.
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Decoding the latent states is essentially a clustering process. Clustering methods can
be classified into two categories, hard-clustering and soft-clustering. In hard-clustering,
each time point will be assigned to one and only one latent state; while for soft-clustering,
time point can belong to different latent states but with probabilities. We can consider an
example in the financial application with two latent states interpreted as bear market and
bull market. With hard-clustering, each time point is identified either in bull market or bear
market, while with soft-clustering, the market in one time point can be described as, for
example, 70% possibility of bear market and 30% of bull market.

These two clustering methods have been widely used and empirically compared in
various applications (e.g., [Pan12; CY15; Shel7]). Based on the idea of hard-clustering
and soft-clustering, we propose two similar but different estimation procedures. We first
present the the estimation procedure with soft-clustering in Section 3.3.1, then illustrate

the estimation procedure with hard clustering in Section 3.3.2.

3.3.1 Estimation with soft clustering

We estimate parameters in a two-step fashion. Denote the probabilities of latent state m at
time tas w,, , = P(z, = m|xy.7, y1.7). Define the entire state-dependent vector of parameters

in factor models to be
0 .= {‘u(m),A(m),f(m),g(m),Z(em), me{1,2,... M}}.

In the first part of estimation procedure, we estimate 6 assuming that W = {w,, ,} is already
known. The second part is about estimating the conditional state probabilities given the

other parameters. By combining both, we develop an iterative estimation procedure.

3.3.1.1 Estimating 6 given state probabilities

In the first step, given w,, , = P(z, = m|x,.r, y1.7), we estimate the state-specific means u™

as follows.

T
‘a(m) _ Zl’zl Ve wt,m

X wen

Denote the state-dependent demeaned response as 7" = y, — 4. Then,

E(7!"™|z, =m)=0.
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From our model setup, we have
E(7™|x,, 2, = m)=A"E(f™|x,, 2z, = m), (3.3)

which implies

Z)_’|x:m :A(m)zflx,mA(m) ’ (3.4)

where

Zflx,m = E{E(f[(m)lxt’ 2= m)E(ft(m)lxn <= m)'},

Zj/lx,m =E{E( _[(m)lxt) z, =m)E( _t(rmlxt’ 2y = m)'}.

We assume that for all m € {1,2,..., M}, = Flx,m 18 @ diagonal matrix with non-zero diag-
onal entries and that the factor loading matrix A" satisfies the following normalization
condition,

1
NA(’”)A(’”) = Ix.

Right multiplying (3.4) by A”/N leads to

%Zylx,mA(m) — A(M)Zflx,m’
implying that the columns of A”/+/N are the eigenvectors of X, ,,, corresponding to the
Knonzero eigenvalues. Further, assume that €, are uncorrelated across stocks conditioning
on latent states so that the covariance matrices Z(e'”) are diagonal for all m € {1,2,..., M }.
Based on the foregoing discussion, the other parameters in factor model can be estimated
as follows.

For each latent state, E( j/t(m)lxt, z, = m) can be approximated by minimizing a weighted
sum of squared residuals.

T
b™ = argmin > w,, [70 —®;(x,) b], (3.5)
beRJ po)
where ®(x,) = {®(x,),...,®,(x,)} is a finite sequence of pre-determined orthogonal basis
functions; B = (b{™,...b{Y is the coefficient matrix of size N x J at latent state m. Use
B to denote the weighted least squares estimator for B,

Next step is to estimate the conditional covariance X" := ¥ by

j/[(m)lx,z:m

T A — N
ST w EGNx,, 2, = m)E(3|x,, 2, = m)T

$(m =1
Z( ) — - ,
Zt:1 W, ¢
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where E(§,|x,,z, = m)= B"®(x,) form=1,..M.
Define A" to be the estimator for A", whose columns are the first K eigenvectors of

™) for m =1,...M. Then, the latent factors f,(m) can be estimated using least squares by
ft(m) — [(A(m))/]\(m)]—1)(A(M))/J-,(Wl), Vme {1, 2, ,M}

The conditional error covariance matrices Z(Em) are estimated as follows.

> W€
. m
=dlag{ =l

y
- }, where ¢ = y(m _ A(m)

Zt=l W, t t

Finally, we estimate g"(x,) by

g"(x,)==A"E(3"|x,, 2, = m).

1
N
3.3.1.2 Estimating state probabilities and transition matrix given 6.

In this part, we are interested in updating w,, ; and g/ assuming 6 is given. To efficiently
estimate the conditional state probabilities, a forward-backward algorithm [Rab89] is used.

The conditional probability P(y,|8, z;) can be derived based on the model specification
such that

¥:l(0, 2, =m) =y |(f", A", 2, 2, = m) ~ N(A" £, £0m),

There are three steps in the forward-backward algorithm.
Forward step: Define the forward variables

(m)
=Py, 2, = m|f7, A", =),
For each state m €{1, ..., M}, the initialization and recursion formulas are defined as

P(Y1|f1(m),/\(m),22m) 21 = M)Wy, 1,

(m)

{0,
a1 = J/t+1|ft+1 LA »Zt+1 = m)za ",

Backward step: Backward variables are defined as

ﬂ P[yt+1 T|f[+1 T’A(m Z ’Zt m]

To compute the conditional state probabilities, a set of auxiliary backward variables
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analogous to the forward variable needs to be generated. The backward variables are defined

as the follows.

M
14 N4
ﬁgm) = P(yt+1|ft(ﬁ)>A(M)» Z(Em)’ Zr41 = m)Zﬁt+1qm ’
=1
i =1.

Smoothing step: Our target w,, , and g/ are functions of the forward and backward

variables, which can be computed as follows.

o) a(’")/j(m)

A~ m t t

Wpnt = P(Zt = mlyl:T’fI:T ’A(m)’z(em}) - EM a(f)ﬂ(f)’
(=17t Mt

sii . . (m)
glt] - P(Zt =L 22 = ]|y1:T:f1;’;l ,A(m),z(gn))
@) . i,j (m) _ pl)
_ a; ql’]P(J/t+1|ftﬂ rA(m)’Z(em)’ Zi1=J)Bra
o M (j) p(Jf) ’
2= @i B
T-1 2i,j

NYED YEL

T T-1~M gif°

Zt:l 25:1 4

Based on both parts, we summarize our estimation procedure as the following.

Step 1: Randomly initialize the conditional state probabilities w,,, ; s.t. Zi\il w; , =1. Set
the initial probability transition matrix Q to a M x M matrix with each element equal to ;.
r, estimate all state-dependent parame-

..........

ters O in the factor model such that

0 = {‘u(m)’A(m),f(m),g(m),Z(em)’ me {1,2’ ,M}}

Step 3: Use 0 from step 2 to estimate the state probabilities W, , and update estimates
for the transition probabilities Q.

Step 4: Repeat step 2 and step 3 until maximum number of iteration is reached or when
the difference in W = {w,, ,} between two iterations is smaller than a pre-determined
threshold.

3.3.2 Estimation with hard clustering

In hard-clustering, each time point is assigned to exactly one latent states. The estima-

tion procedure with hard clustering is similar to the soft-clustering estimation but uses
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the Viterbi algorithm [Vit67] instead of the forward-backward algorithm. We redefine the
weights in the soft-clustering as w,, , = 1(z, = m).

The estimation procedure still consists of two parts. To estimate the state-dependent
parameters 6, including latent factors and factor loadings, we only need to replace w0, ,,
in the soft-clustering estimation procedure with 1(Z, = m). The main difference lies in
the decoding of the states. The Viterbi algorithm is applied to find the most likely latent
states z,,..., zp. Define 1), 1) with the following recurrence relations. For m € {1,..., M}, t €
{1,..,T—1},

€

Tl(l = Wy PNz, =m, (m)»A(m),Z(m))»

77(; ln}afé[m 1(O)g “mP( (vilz, = mf (em)),
Yy =0,

w(tm =arg 122\(4[7%—1(6)‘7&”1]'

The most likely path (z,,..., z;) can be found by backtracking such that

Zp =arg max [nr({)],

1<<M
w(zt+l)
+1

[

t

The transition matrix is updated such that

ZIStST—l 1(2t+1 = ]|2t =1)
ZISZSM ZISIST—I I(ZH-I :£|2t =)

The following summarizes the estimation procedure with hard-clustering.

AlJ —
q’ =

Step 1: Randomly initialize latent states z,,..., zr, and let w,, , = 1(z, = m). The transi-
tion matrix is initialized as a M x M matrix with each element equal to ;.

Step 2: Given the latent states, estimate 6 := {u™, Al"), fim), g(m), 5:m) m e {1,2,.., M}}.

Step 3: Use 6 from step 2 to update the estimates of latent states Z, . and estimates of

the transition matrix Q.
Step 4: Repeat step 2 and step 3 until maximum number of iteration is reached or

zy,..., 27 does not change any more.

3.4 Simulation studies

In this section, we present our simulation study to investigate the performance of the

proposed methodology in terms of (1) estimation of the factors and factor loadings, (2)
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the decoding of latent states and estimation of transition matrix and (3) out-of-sample
forecasting performance with estimated factors.

We consider the case of two latent regimes (M = 2), which evolves according to a Markov
06 04
]. n

04 0.6
dimension of the covariates X is set to be 5 and the length of the time series, denoted by T,

process indexed by initial probability 7t =[0.5,0.5] and transition matrix Q = [

is 300. We consider two settings for the number of stocks, N =40 and N = 60.

The simulation procedure is described as follows. We first generate a series of latent
states z;, t =1,..., T, with the specified initial state probability and transition matrix. The
observed covariates x, are sampled from i.i.d. standard Normal distribution. The latent

factors are simulated with state-specific parameters as follows,

2
w 1
_ O ,m e _
= X))+ ——7,, ifz, =1,
fi 1+wzg (x;) 1+ o2 Tt t
(1) (1)
2
w 1
— @ L@ e
=——o¥x)+ ——17,, ifz, =2,
fi 1+w(22)g (x;) 1+w(22)7/t ¢

where a)(zl) and a)(zz) represent the signal-noise ratio at state 1 and 2, i.e. the part explained

by x; divided the remaining unexplained component. We include three combinations of
the signal-noise ratios, [1,1], [1,10], and [10, 10] in our simulations. The unexplained part
denoted by 7, is generated from i.i.d standard Normal distribution. For the explainable
part, we set g)(x,) = BWx,, with entries in B"Y are sampled from Uniform(1,2) and set
g¥(x,)= BPx, with entries in B® from Uniform (2, 3).

Given the simulated latent states z, and latent factors f;, then we are able to generate
¥, with

¥, =A®f +e,.

Here the error term €, are sampled from i.i.d. standard Normal distribution. Entries in the
loading matrices A and A® are generated from standard Normal distribution indepen-
dently.

In the parameter estimation, we consider ®(x) = x. The dimensions of latent factors K
are estimated using the eigen-ratio method [LY12]. It can correctly estimate the dimension
of the latent factor K =5 most of time and the in-sample results are only evaluated when

K is correctly estimated. The following three models are included in our comparisons:
Model 1: augmented factor model [Fan18];

Model 2: our proposed model with soft clustering;
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Model 3: our proposed model with hard clustering.

3.4.1 The performance in estimating factors and factor loadings

First, we evaluate the performance of the proposed model in estimating the factors. The
metric we use is the median of canonical correlations between the estimated factors and
the true ones. The reason for using canonical correlation is that A%/ f, will remain the same
if we replace A®"), f, with A®)H and H~! f, with any orthogonal matrix H. This implies that
the factor loadings and factors are identifiable only up to an orthogonal matrix.

Table 3.1 shows the estimation results. For Model 1, we evaluate canonical correlations
between f, and f,. Since Model 2 and 3 are regime-switching models, canonical correlations
under different state are reported. Let t; = {t : 2, = 1}, 1, = {t : 2, = 2}. Two canonical
correlations refer to the correlations between ( ﬁ(l), Jt)eer, and ( ﬁ(z), ft)ter,- From Table 3.1,
while Model 2 and 3 with regime-switching dynamics show comparable performances,
they both outperform the model 1. This indicates that when there are more than one
underlying data generating mechanisms, ignoring the switching dynamics will lead to
imprecise estimates of the loadings and factors.

Table 3.1 Sample means of median canonical correlations between estimated latent factors and
true ones from 200 replications.The sample standard deviations are between 0.038 and 0.060.

Factors

w Model1l Model 2 Model 3

[1, 1] 0.68 (0.94,0.95) (0.95,0.95)
N=40 [1,10] 0.69 (0.95,0.96) (0.96, 0.96)

[10,10] 0.71 (0.95,0.96) (0.96, 0.96)

[1, 1] 0.68 (0.95,0.95) (0.95,0.96)
N=60 [1,10] 0.68 (0.95,0.96) (0.96, 0.96)

[10,10] 0.69 (0.96, 0.96) (0.96, 0.97)

In Table 3.2, we compare the estimated factor loading A with A and A® for Model 1,
while for the other two regime-switching models we compare A" with A and A® with
AP,

We also considered the scenario where the covariates are serially dependent, under
which x, is simulated from an autoregressive process of order 1 such that

xt :Axt—l + et» et NN(O!I)r
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Table 3.2 Averages of median canonical correlations between estimated loadings and true ones
from 200 replications. The sample standard deviations are between 0.043 and 0.099.

Loadings

w Model 1 Model 2 Model 3
[1, 1] (0.66, 0.66) (0.90, 0.90) (0.88,0.87)
N =40 [1,10] (0.70,0.63) (0.91,0.89) (0.90,0.87)
[10,10] (0.68,0.67) (0.91,0.91) (0.90,0.90)
[1, 1] (0.64, 0.65) (0.90,0.90) (0.87,0.88)
N=60 [1,10] (0.69,0.63) (0.92,0.90) (0.90,0.88)
[10,10] (0.67,0.65) (0.91,0.91) (0.90,0.90)

with elements in A as
04,if i=],
Aij= .
0.2 i f i#j.

Results are presented in Table 3.3 and Table 3.4, from where we can find that model 2 and

model 3 still achieve satisfactory performances and outperform the model 1.

Table 3.3 Sample means of median canonical correlations between estimated latent factors and
true ones from 200 replications when x; is serially dependent.The sample standard deviations
are between 0.056 and 0.071.

Factors

W Model 1 Model 2 Model 3

[1, 1] 0.68 (0.93,0.92) (0.94, 0.95)
N =40 [1,10] 0.69 (0.94,0.93) (0.94, 0.95)

[10,10] 0.69 (0.93,0.93) (0.94, 0.96)

[1, 1] 0.68 (0.94,0.94) (0.94,0.94)
N=60 [1,10] 0.68 (0.94,0.94) (0.96, 0.96)

[10,10] 0.69 (0.94,0.94) (0.96, 0.96)

3.4.2 The performancein estimatinglatent states and transition matrix

Next, we evaluate the performance in terms of latent states decoding and transition matrix
estimation using both soft clustering (Model 2) and hard clustering method (Model 3). The
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Table 3.4 Averages of median canonical correlations between estimated loadings and true ones
from 200 replications when x; is serially dependent. The sample standard deviations are be-

tween 0.042 and 0.109.

Loadings
w Model 1 Model 2 Model 3
(1, 1] (0.66, 0.66) (0.86,0.87) (0.87,0.88)
N =40 [1,10] (0.70,0.64) (0.88,0.87) (0.91,0.90)
[10,10] (0.66,0.66) (0.87,0.87) (0.90,0.89)
(1, 1] (0.64,0.65) (0.880.89) (0.87,0.88)
N=60 [1,10] (0.69,0.63) (0.92,0.90) (0.90,0.88)
[10,10] (0.67,0.65) (0.91,0.91) (0.90, 0.90)
transition matrix used to generate data is still [g ' ] The simulation procedure was

conducted for 200 times and we calculate the sample averages of misclassification rates for
latent states and averages of estimated transition matrix. Results under different settings
are presented in Table 3.5. We find the misclassification rates from both methods are low

and the estimated transition probabilities are close to the true one.

50



Table 3.5 Sample means of error rate in identifying latent states and transition matrices through
200 replications. The true transition matrixis [J-$ J-4]. The sample standard deviations of mis-

classification rate are between 3.80% and 5.80% with soft clustering (Model 2) and between 8.52%
and 8.12% with hard clustering (Model 3). The sample standard deviations for the estimated tran-
sition probabilities with soft clustering are between 0.035 and 0.044, while for hard clustering are

between 0.041 and 0.052.

Model 2 Model 3
w error rate transition matrix error rate transition matrix
0.596 0.404 0.593 0.407
[1, 1] 2.05% 4.79%
0.412 0.588 0.414 0.586
0.597 0.403 0.590 0.410
N=40 [1,10] 1.90% 4.98%
0.593 0.407 0.402 0.598
0.595 0.405 0.593 0.407
[10, 10] 1.63% 4.16%
0.405 0.595 0.402 0.598
0.597 0.403 0.584 0.416
[1, 1] 1.12% 3.77%
0.403 0.597 0.412 0.588
0.598 0.401 0.596 0.414
N=60 [1,10] 1.23% 5.09%
0.403 0.597 0.412 0.588
0.597 0.403 0.585 0.415
[10, 10] 0.90% 2.93%
0.403 0.597 0.412 0.588

We repeat the simulation procedure with N =40,60, w =[10, 10] but vary the length of
time T from 50 to 400 incremented by 50. Figure 3.1 displays how the misclassification rate
changes with T. The misclassification rate drops as the time horizon increases and when
T > 200, the misclassification rate stabilizes at values lower than 3%. The misclassification
rate is generally lower when N = 40 as compared to N = 60. Overall, the soft clustering
method (Model 2) shows slightly better performance compared to the hard clustering

method (Model 3) as it almost always has a lower misclassification rate.

3.4.3 The out-of-sample forecasting performances based on estimated
factors

It is also of interest to see how the estimated latent factors can be used in forecasting. We

now further consider r,,, as a linear function of latent factors dependent on the latent state

Zyl
e = ﬂ’(zz)ft(zz) + e,
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Figure 3.1 Misclassification rate versus length of time. The red line stands for the results for soft-
clustering and the blue line represents results from hard-clustering.
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with the error term e, and entries in ") generated from standard normal distribution, and
entries in ? from uniform[0, 1] distribution. The goal is to predict r, with the estimated
factors.

The one-step ahead rolling window is applied with a window size of 300. The testing
period is between ¢ =301 and ¢ =400. For example, to predict r3y;, we perform the following
three steps. First, by fitting the observations between ¢t =1 to ¢t =300 with a latent factor
model, we get estimates for latent states z, for t =1,...,300 and estimates for the latent
factors ft(z‘). Second, when there is no latent states included in the model, we regress
Tyrevr T300 ON fr,..., froq tO get estimates for f. If the regime-switching is considered, we
regress r’s on f’s separately under different estimated latent states and get M number
of B’s. Last, the prediction is obtained by s, = B’ f300 under no regime-switch setting or
Faor = /) fi%0) ynder regime-switch setting.

We assess the out-of-sample performance based on relative mean squared error (RMSE).
The results from Model 1 are used as the benchmark.

400 ;A
Zz:sm(rt_rt)z
400 [ A
t=301(rtMadell_rt)2

RMSE =

The results are summarized in the Table 3.6. The results are based on 200 replications.
We notice that values are all below 1, suggesting that our proposed models outperform the
Model 1 by considering the regime-switching dynamic and the pattern is consistent under
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Table 3.6 Averages of RMSE in terms of out-of-sample forecasting based on 200 replications.
Values below 1 indicate better performances compared to Model 1. The standard errors for RMSE
from Model 2 are between 0.130 to 0.156 and for RMSE from Model 3 are between 0.112 and
0.228.

Relative MSE (Benchmark: Model 1)

w Model 2 Model 3
[1,1] 0.252 0.286
N=40 [1,10] 0.243 0.220
[10,10]  0.233 0.215
[1,1] 0.198 0.230
N=60 [1,10]  0.230 0.247
[10,10]  0.230 0.237

all settings.

To sum up, we have the following observations from the simulation experiments. First,
our method shows good performance in terms of estimation for factor and factor loadings,
decoding latent states and estimating transition matrix. Second, the estimation of the
factors and factor loadings would have bad performance if the regime-switching dynamic
is ignored. Third, while both soft-clustering and hard-clustering work well in the temporal
clustering of two latent states, the soft-clustering method achieves slightly more satisfactory
results than the hard-clustering method. Lastly, in terms the out-of-sample performance,

our proposed models achieve better performances.

3.5 Real Data Application

To further illustrate our models, we present an application to the weekly return data S&P500
index through the period January 2007 to October 2018 (560 weeks in total). Correspond to
our out-of-sample simulation setting, the response r is the weekly percentage returns from
S&P500 index and y is the weekly percentage returns of 100 selected stocks from S&P500.
According to the Bayesian information criterion (BIC), the number of latent states is selected
as 2. We used 14 observed covariates considered in [Fan18], including the Fama/French 5
factors and returns from 9 sector SPDR ETF’s. The details of the time-varying covariates are

listed as follows.
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Table 3.7 Description of the 14 covariates.

Covariate | Description
SMB Average return on the small stock portfolios minus big stock
portfolios
Fama/French ) )
HML Average return on value portfolios minus the growth portfo-
5 factors .
lios
RMW Average return on robust operating profitability portfolios
minus weak operating profitability portfolios
CMA Average return on conservative investment portfolios minus
aggressive investment portfolios
Rm-Rf excess return on the market
XLE ETF from Energy Sector
XLY ETF from Consumer discretionary Sector
XLF ETF from Financial Sector
XLB ETF from Materials Sector
Returns for
XLP ETF from Consumer Staples Sector
SPDR ETF .
XLK ETF from Information Technology Sector
XLI ETF from Industrial Sector
XLV ETF from Health Care Sector
XLU ETF from Utilities Sector

Figure 3.3 shows the time series of returns for the 100 stocks. A sequence of latent states
is overlaid on the top of the plot. We can see that state 2 generally corresponds to the
period with a higher volatility. In particular, there is a prolonged period of state 2 that lasts

from late 2008 to mid 2009, which coincides with a volatile economy resulting from the
0.861 0.139

0.394 0.606
more probable of switching from state 2 to state 1 compared to state 1 to state 2.

financial crisis. The estimated transition matrix is l ] This implies that it is

Figure 3.2 displays the scatter plot and empirical distributions for the fitted means and
variances in the two latent states (stable versus volatile). In the left plot, we can see that the
means in both states are centered around 0, but the spread in the means of state 1 is much
larger than that in state 2, which indicates there is large between-stock variability in state 1.
From the scatter plot in right panel, it seems that all of the stocks have a larger variance for

return in state 2 than in state 1 because the majority of the points lie above the 45 degree
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line. This result implies that state 2 stands for a more volatile financial market than state 1.

Figure 3.2 Each dot represents one stock. The left plot is the scatter plot and empirical distribu-
tions of the return means in state 1 and 2. The right panel shows the scatter plot and empirical
distributions of the fitted variances in state 1 and 2.

Figure 3.3 The plot depicts the returns of the 1000 stocks. A sequence of latent states is overlaid
on the top of the plot.
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Table 3.8 Averages and medians of the RMSE in S&P500 index forecasting. Values smaller than 1
suggest better performances compared to PCA. The smaller the better.

Relative MSE (benchmark: PCA)
Sample Average Sample Median

Augmented latent factor model

[Fan18] o-70 o
Our proposed model 0.68 0.43
(soft clustering)

Our proposed model 0.71 0.48

(hard clustering)

Further, we are also interested in forecasts of the weekly returns for the S&P500 index
with the estimated latent states and factors. The one-step ahead rolling window is adopted
with the window size of 300. To tune the hyper-parameter K, the dimension of the latent
factors, we set a validation time period of length 100. The performances of the models are
evaluated on S&P 500 index during the remaining testing period, which is of length 260.
In addition to the three competing models, we consider the PCA as the benchmark. The
forecasting performance are evaluated with RMSE defined by

Z[(f[ - rt)z
S (A=)

Table 3.8 summarizes the average RMSE and median RMSE with the three competing

RMSE =

models. The augmented latent factor model [Fan18] outperformed the benchmark PCA,
which indicates by incorporating the observed covariates, we can achieve better forecasting
performance. Our proposed methods outperformed the augmented latent factor model,
and the MSE is reduced for around 30% compared to the benchmark PCA. In addition, the
model with the soft-clustering showed more satisfactory results compared to that with the
hard-clustering.

3.6 Conclusion and discussion

In this paper, we present a new regime-switching latent factor model, which shows promise
for time series forecasting and regime identification. A key strength of the new model
is its flexibility in incorporating observed information and modeling the regime change
over time. In our real application to S&P 500 index, our proposed model outperforms the

other competing models considered and provides a good interpretation of the financial
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market dynamics. Specifically, we find the two decoded latent states corresponding well
to the stable and volatile economy respectively. While the mean returns in both states are
centered around zero, the stocks under the two regimes show very different patterns in
terms of the between-stock variations and the within-stock variations. Though the regime
switching model with the first order Markov assumption is proven to be useful in a wide
range of contexts, it assumes that the transition matrix is constant over time, which may be
unrealistic in many practical applications. The transition matrix could be driven by some
observed/unobserved factors, for instances, market policy, investor expectations. We will
leave the further incorporation of factors in the transition matrix as a future direction.
While both soft-clustering and hard-clustering show satisfactory results, model with
soft-clustering is slightly better than that with hard-clustering in terms of regime estimation.
However, hard-clustering might be more conceptually straightforward and easy to interpret,

as we can completely separate data into different regimes.
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