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SUMMARY

The classical thin shell theory relies on Kirchhoff's hypotheses which notably
lead one to meglect normal stresses in the "thickness direction", shearing stresses on
surfaces parallel to the mean surface, warping and extension of fibers normal to the same
surface.

As is well known, the thermoelastic constitutive equations contradict these as—
sumptions, which are no longer acceptable when the shell is not "very thin" and when the
thermal gradient through the thickness becomes noticeable.

The thick shell theory proposed here was initially meant to describe the hehavior
of sclar boiler tubes, but it is also applicable to piping elements encountered in most ener-
gy conversion systems, such as fossil-fired power plants, nuclear reactors, etc.

For the sake of simplicity, the presentation is restricted to the study of a long
tube subjected to an intense heat flux on one side; this tube carries a working fluid and
the temperature distribution in the metal is not axisymmetric,

By generalizing the asymptotic expansion theory of Reiss to the thermoelastic case,
it is shown that the higher order theory immediately following the classical thin shell ap—
proach should be based upon a displacement field whose radial component is a second order
polynomial in the thickness coordinate z, whereas the tangential component is a third order
polynomial in the same coordinate; the coefficients of these two polynomials are the genera-
lized displacements of the theory.

Then a "generalized" Kirchhoff hypothesis is used, which consists in requiring the
shearing stresses or deformations to vanish on the inner and outer tube surfaces only. This
allows one to express two of the generalized displacements in terms of the others,

The so-constructed displacement distribution is sufficiently general to account
for warping and extension of fibers normal to the mean surface as well as shearing on sur-

faces z = constant; these effects are usually neglected.
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1, Introduction

Stress analysis of moderately thick piping structures subjected to noticeable tempe-
rature changes reveals the inadequacy of thin shell theory, notably due to the fact that
expansion of fibers normal to the mean surface is not allowed.

For isothermal problems, several theories have been proposed. Let us mention, for
instance, theories in which the displacement is assumed to be a gquadratic function of the
"thickness variable" Y [I,ZJ, or theories in which the "tangential® displacement is cubic
in Y whereas the "normal" displacement is independent of'y,lﬁ] for shells, [4] for plates.

None of these assumptions can lead to a consistent theory when thermoelastic behavior
is accounted for.

The thick thell theory proposed here was initially intended to describe the behavior
of solar boiler tubes, but it is alsoc applicable to piping elements encountered in most
energy conversion systems, such as fossil-fired power plants, nuclear reactors, etc.

For the sake of simplicity cur investigatiom is restricted to a long cylindrical tube
with annular cross section, prevented from expanding axially and bending. The tube state
will be assumed to be a plane strain one, in which stresses and deformations do not vary
along the axis. In this special case, comparison with results deduced from the three-dimen-
sicnal thermoelastic theory will be easier, but transposition of the proposed theory to more
general situations entails no difficulty.

In the tube with mean radius R and thickness , @ temperature distribution symmetri-
cal about the f-p {77} line is assumed to exist, where 6 denotes the circumferential an-
gular coordinate., In order to fix ideas, this distribution 7F(a’%{)is suppased ta be linear
with respect to the radial or "thickness" coordinate P such that %= 0 on the tube mean

surface

Ty )=T,(8)+ T, (8) - b sy +h/L
where Ti and Ti are the mean temperature and through-the-wall gradient respectively. Al-
though this assumption is not essential, its wvalidity for a thick tube (%4?250_40 } subjec-
ted to a stationary temperature distribution has been assessed in [5].

Before giving the kinematical assumptions underlying our theory, we will briefly pre-
sent some useful results obtained through an asymptotic expansion procedure, The role of
asymptotic expansions in shell theories has long been recognized, but few practical comse-

quences have resulted, as far as thick thermoelastic shells are concerned.

2, Asymptotic expansion

As is dome by Reiss [6], let us introduce the small parameter

/2 , . .
( %/éf? ) and the dimensionless variables

g = i ; W= 8/ pertaining to the cylindrical coordinate system 0N,BJ1:)

with = F24_3i ;3 X would be the variable in .the axial direction.
The inner and outer tube surfaces are then described by ?;-: + 4
Let:u%r ’Jl denote the physical displacements in radial and circumferential directions

resyectlvelyJ 1.13——-,{,[.} /R and = AL /R are the corresponding dimensionless dlsplacements.
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If o;,a;) a‘(‘za are the physical stress components related to the cylindrical coor-
dinate system, then &= % (with = 9)% %8 ) will denote their dimensionless counter-
“ B }
parts.

The dimensionless temperature distribution is in the form
T5,9) = «T(p) ¢ 5T ()

where ©f is the thermal expansion coefficient,

In the case at hand, equilibrium equations can be written as

%% +&"G;'G“P+ EL&, -5, +58,:1=0 &)
6;39’5"'&5;)“(’ +g2cz€;f’e+§6§;9,5]:o (2)

When inmmer fluid pressure is negligible, boundary conditions on inner and outer surfaces

read as
%{(P)ti):o T (Pyt4)=0 (3,4)

Plane strain ( E_x: O ) thermoelastic conmstitutive equations are :

AT — 2, ~ e — 4 e
Vs r EWet E{T Y -V -2 (15T e J20 )

3 _.. —
-2 @+\?)§{°(T+ (*‘1—‘-))03/.- VC’E} =0 (6)
— 2 —_— — -
.'LUEQ_"%(’1'1--9){581‘*'@—\3)%,—\’)%}:0 )

As is usual in the bending theory of shells, we look for asymptotic expansions of the
form :

o) m oo
> & w” Tze 2 g (8)

n=g n=0

e m=a

. oo i pa
T2, & ez, 5=t 2 70" @
g o ) ¥ ¥ /Ty Yy

The above expressions are substituted into the equilibrium equations eq. (l,2), cons-
titutive equations eq. (5,6,7), and houndary conditions eq. (3,4). Coefficients of the same
power of & are equated, ylelding systems of equatioms satisfied by the stress and displa-~
cement coefficients 'D”; 10“1 G‘I‘ of all orders m , Thanks to the boundary conditions, these
systems can be solved "with respect tog ", i,e., their solutions are obtained in terms of
; and unknown functions of SD » by using a method whose principle is outlined in [6] .

The NP order theory is defined as the approximate solution obtained by retaining only
the iy 4 first terms in each of the above asymptotic expansions. Such a''solution" is a set
of functions whose dependence with respect l:o; has a known form.

The zeroth and first order solutions are both characterized by ® independent ofg

and V" a linear function of ; ; this displacement field thus has the same form as that of
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the classical thin shell theory.

The second order solutionm leads to a second order polynomial in & for 4Ur , and a
third order polynomial for o moreover, if thermal effects are disregarded, the coeffi-
cient of gz in 7 is zero.

These preliminary results will now serve as a guide to construct a consistent thick

shell theory.

3. Kinematical assumptions

As the first order solution corresponds to the thin shell theory, it is matural to
try a displacement field similar to that of che second order solution, i.e, to use as a

starting point a circumferential displacement 4L, cubic in y and a radial displacement

é

quadratic in éf

Ay (%50) = w(B) + % W(B) + ¥ X/(e) (10)
Mg (%,0)= V (0) + % (&) + ‘HOterge(e) (11)

The seven functions W. \,U 3’) )LPG J and f.'; are the generalized displacements of the
theory, @ and W~ being the c1rcumferentlal and radial displacements of a point on the mean
surface respectively, Let us point out that in an isothermal theory the %2’ term in .u,e
would be absent, a result consistent with the assumptions of Levinson [4], which are in
other respects different from ours.

It is also interesting to note that our assumptions are different from those of R.
Kienzler, who uses a quadratic approximation ini’or , for elastic behavier[ 2].

It is also lopical to replace the classical Kirchhoff hypothesis with a "general
Kirchhoff hypothesis", amounting to impose the distorsion E(‘} to be zero at '19/: * F,/_Z , as
is done by Levinson[ 4]; this allows to satisfy part of the stress boundary conditions an
the inner and outer surfaces. The remaining boundary conditions bearing upon normal stress
in the radial direction,a' -0 at ‘3i %/3 , are not used, as they would involve the
temperature field and material properties; moreover they would not be appropriate for tubes
subjected to noticeable intermal or external pressure.

Then xe and LPB can be expressed in terms of the five other generalized displacements

-1 4 R*
6) = ~
X)B( )= ch\e% 4RF(6) (12)
(g) = UI® 4 d s qe)
B R SRZ\GLP O -Zuv!
> d £
jﬁ’ 0% )+(16R&_3 AR a
4. Equilibrium and constitutive equations

The density of virtual power of intermal forces reduces to :
= ¥ = _F = -

v= g &7 + g +2 T
lj 60 E I ¢ ¥0 %6
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where the virtual deformation rates g;‘, E:'#; E*e are related.to the five independent
generalized virtual velocities through the usual strain-displacement relationships,

The principle of virtual power yields the macroscopic equilibrium equations ]_7] :
integration through the tube thickness leads ome to introduce generalized stresses, which

are moments of order zero, one, two or three of stresses defined by :

+H/9 ;
{Ng) Mg 3 \/67 Re} :j {4'"11'/) %2) 35}65 J}(
+ Bz —b/2
{ Ny;\é}ﬂ{i;y}@(fwr%/fa)dy
-kf Ny
nge’ R},e?Kga)v’?e}:j{i’% yijﬁﬁ}@e‘iy
)

The expressions of generalized stresses in terms of generalized displacements are obtained
by integrating the plane strain thermoelastic comstitutive equations over the tube thick-

ness, using the strain-displacement relations and the kinematical assumptions eq. (10,11,12,

13) (see [8]).

5, Numerical results To assess the acurracy and the usefulness of the theory, two

sorts of verifications were carried out :

The first test pertains to the THEM French solar boiler, whose working fluid is a
mixture of molten Salts. Its tubes are moderately thick(%/R :0.1’1?) ; they are subjec-
ted to an asymmetrical solar flux around their circumference this flux varies according
to a cosine law along the sunside of the tube and the rear side is assumed fo be insulated.
The results provided by our theory were compared with these of the "exact" thermoelastic
solution, as given in [9]; it is worthwile to note that our theory gives a sufficiently
precise value of the normal stress resultant N'b’ in the radial direction, a guantity which
is neglected in thin shell theories, together with an accurate value of the shearing stress
resultant N 8 tube

Moreover, in order to show that, even for this moderately thick,/the classical thin
shell theory already leads to a significant error, we calculated the values of the normal
stress _U—'x in the longitudinal direction as given by our theory and that of Chern and Pai
[10]; they already differ by 12,5%.

The second test involves a steam solar boiler developed by the "Laboratoire d'Energé-
tique Solaire" in Poitiers {France). This boiler uses a very thick tube (QI/R:O.Z,.’I) . The
value of the axial stress at the most heated point is obtained by the present theory within
Z percent of that given by the exact theory : even in this borderline case, the theory we
propose is still applicable and renders it un-necessary te resort to the more complicated

thermoelastic solution.
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