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1. INTRODUCTION

In a parametric model, assuming that the underlying distributions are
of specified forms and the parameter (vector) 6 belongs to a suitable

parameter space , the (unrestricted) maximum likelihood estimator (MLE)

[£e2t}

of © is obtained by maximizing (over 6 eQ) the likelihood function
of the sample observations, Under appropriate regularity conditions, E
is an (asymptotically) optimal estimator of 0. In certain problems, w,
a proper sulspace of §, can be identified from extraneous considerations
and a restricted MLE § of 6 can be derived by maximizing the likelihood
function subject to the restrain that Ocw. When Bew, § is (asymptoti-
cally) a better estimator then E. But, if contrary to this assumed restrain,
actually 04w, then § may not only loose its optimality but also may be
a biased (or even an inconsistent) estimator. This lack of validity-robust-
ness of § may be of some concern in a class of problems arising in applied
statistics, where w(c {}) can be suggested from certain practical considera-
tions, but, there may not be sufficient apriori evidence of few soas to
warrant the use of § without any reservation. In such a case, a compromise
between § and § based on a conditional specification appears to be appeal-
ing: A preliminary (likelihood-ratio) test for HO: Bew is made, the pre-
liminary test (PT) estimator Q* is then taken to be § or E according
as HO: O ew 1is tenable or not,

For a variety of specific problems, mostly, relating to univariate and
multivariate normal distributions, various workers have considered various

Pr estimators; we may refer to Kitagawa (1963) and a recent bibliography

by Bancroft and Han (1977). The object of the present investigation is to
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study the asymptotic properties of the PTMLE g* under the classical regu-
larity conditions pertaining to the asymptotic theory of § or E [viz.,
Aitchison and Silvey (1958)]. As is usually the case with Pr estimators,
g* is not generally (asymptotically) optimal or unbiased when 6 ew; mnever-
theless, it has good asymptotic properties when few. For Qiéw, g* may
perform better than either of § and E. Indeed, for § close to the
boundary of w, expressions for the asymptotic bias and dispersion matrix
have been derived for each of §, § and g* and incorporated in the study
of the comparative performanceg of these estimators.

Along with the preliminary notions, these estimators are introduced in
Section 2. Section 3 deals with their asymptotic distributions when few.
Parallel results for the non-null case are presented in Section 4. The last

section is devoted to the asymptotic comparisons of these estimators.

2. PRELIMINARY NOTIONS

Since in a PTE problem, typically, a multi-sample situation may be

invovled, we conceive of k(2 1) independent samples and let xil""’xin
i

by n, independent and identically distributed random vectors (i.i.d.r.v.)
with a distribution function (df) Fi(x,g), for i=1,...,k, where x eEp,
the p(z 1)-dimensional Euclidean space and 0 = (61,...,6t)' € ¢ Et.
Actually, Fi may not depend on all the parameters 81,...,9t for every
i(= 1,...,k), rather, each element of 0 is associated with at least one
df. Further, we assume that for each 0eQ and i(=1,...,k), Fi(x,g)

admits a density function fi(x,g) (with respect to some sigma-finite mea-

sure u). Then, the (log-) likelihood function is defined by



n
_vk v
(2.1) log L (X ,0) = Zi=1{j=1 log £;(X;5,8) , 8ef,

_ vk _ . . pn
where n = zn-l r1i and En = (Xll""’xknk) is the sample-point (¢ E" ),

The true parameter go(e ) is not known. A unrestricted MLE En is an

element of § such that

x _ Sup
(2.2) log L (X ,8) = 6 e log L (X ,9)

Suppose now that 8 though unknown, belongs to a subset w, where

0,
(2.3) w={8: h(®) = (hl(g),...,hr(g)) = 0} for some r <t

A

Then, a restricted MLE Qn is an element of w such that

sup

(2.4) tog L (4,,8) = ", log L (X,0)

For testing H. : 0 ew, the classical likelihood ratio statistic is

0:
(2.5) L = -2 log {[ngpw ann,g)] E;‘E‘PQ Ln(zn,g)]}
= -2 log(L (X ;8 )/L (X ;8))

Let Kn o be a real number such that

(2.6) P{L_ =2 ﬂn,alﬂo} >a>P{L 28 |},

n,a' 0

where a(0<a<1) 1is the desired level of significance of the test. Then,
the likelihood ratio test consists in rejecting HO: 8 ¢ w when Ln > Zn o

and accepting “0’ otherwise. The pTMLE g; is defined by



(2.7)

Our primary concern is to study the asymptotic properties of {Q;} and com-

pare them with those of {§n} and {En}, when H_ : §ew may or may not

0
hold.

For our study, we make the following assumptions:
[Al]}: @ 1is a convex, compact subspace of Et, and for every Ql z Qz,
(both ¢ ), for at least one i(=1,...,k),

(2.8) fi(x,gl) ¢fi(x,g2) , at least on a set of measure non-zero .

[A2]: For every 0eQ and every i(=1,...,k), Z.{g) = f log f. (x,8)dF, (x,8.)
~ 17 P v 7~ 10

exists. In fact, for the ith density, the Kullback-Leibler information is

(2.9 1,(8,8)) = f 1og{fi(x,go)/fi(x,g)}dFi(x,go) = 2,(8,) -2, (®
gP

where for every 0 e, Ii(g,go) 2 0 with the strict equality only when

fi(x,g) = fi(x,go) almost everywhere (a.e.)

[A3]: For every Qe¢Q and i(=1,...,k), log fi(x,g) is (a.e.) thrice

differentiable with respect to © and

S S S
2.10) | (25736 196,236 *)1og £.(x,8)] < G (x) , VxeEP , 8 e
a b c i ~ S ~

where Sj >0, j=1,2,3, Sl +32 +53==s =1,2,3 and 1<a, b, c<t, and where

(2.11) I Gs(x)dFi(x,go) <ew for i=1,...,k and s =1,2,3 ,
EP



[It is possible to eliminate the third order derivatives conditions in

(2.10)-(2.11) by imposing the following:

32
5. 862 log f (x, Gi]

a2
© 38,08, 1°8 fi(x’g{] {]} =0.
o

J

lim max

(2-12) 540 1,5, ﬂ{ 9: lle e ol1<8

It is also possible to avoid both the second and third order derivatives
conditions in (2.10)-(2.11) by those in Huber (1967) and Inagaki (1973).
But, these alternative conditions, in turn, require extra conditions on

the first and second order moments of

sup
(2.13) gl <s

(3/98) log f (x, 6%] - (9/38) 1log f (x, 6{] 'l

0:|8-

~

for small &(> 0). In the sequel, we shall deal with (2.10)-(2.11) only —

though towards the end of Section 3, we shall make certain comments on

these alternative conditions.]

[A4]: For every i(=1,...,k) and 0¢Q,

(2.14) J (az/aejaeﬂ)fi(x,g)dp(z) 0, ViL=1,....t.
P

Let us define for each i(‘= 1,...,k)

géi) =[[J (8/86j) log fi(x,g)(a/aez) log fi(x,g)dFi(x,Q)]]j P . .

p
2.15) E
[A5]: gél),...,gék) are all continuous in § in some neighbourhood of
90 and
(2.16) g; = X , (o, /n)B( s positive definite .
~0 0



[A6]: h(B) posssesses continuous first and second order derivatives with

respect to 9, V 0eQ. Let then

(2.17) ﬂe = (((9/99)h(8))) (of order t xr)

~

[A7]: ge is of rank 1r(< t).
~0

[A8]: The following matrix (of order (r+t) X (r+t))

B> -H

o
(2.18) ' is of full-rank
"ﬂe g
~0
and we denote by
* - 1 * *
B e [Fe %
(2.19) ' = %1 *
Hy 0 Q' R
gO 90 90

Note that B (and hence, Rg s Q; and Bg ) may depend on n
~0 ~0

~0

We make the final assumption:

through n.,,...,n

1 k'

. lim 1 _ . . k _
[A9]: oo 1 ni = pi and (0 <pi <1) exists, V 1<ic<k and Zi=1pi = 1.

Under [A9], gs converges to
~()
7 . vk (1)
(2.20) EQO - Zi=1pi§go

and in (2.19), on replacing g* by E; the corresponding matrices on the
right hand side (rhs) are denoted by Eé , gé and Eé respectively;
~0 ~0

~0
these do not depend on n. Note that, by definition,

B -H I 0
o) % Ro| _
2.21 =
( 4 9| lo:




Note that Eé , Eé and R are all symmetric matrices. For later use,
~0 =0 ~0
we also define the vectors,

- o3 0 _
(2.22) A9 = n77(R/38) Tog LX) , A=A (B,

and for vectors or matrices use the notations gp and gp (or o and Q)

the sense that these orders apply to the individual elements of them.

2. ASYMPTOTIC DISTRIBUTION THEORY UNDER HO: gotfw

First, consider the case of the unrestricted MLE Qn. Under the assump-
tions made in Section 2, gn exists (a.e.), it almost surely (a.s.) converges

to QO and further [viz., Silvey (1959)], as n »> o,

(3.1) n-(

Also, by a direct application of the multivariate central limit theorem,

(3.2) N 3 N (0,B, ), as n > o .
~n t~ ~%o

Consequently, from (3.1) and (3.2), we have

N (0 §‘1) as n > o ,

(3.3) n=(8 -85) = N (Q,Bg
~0

For the restricted MLE 8 , consider the equations

S B
n An(g) + Egz‘, - .Q,

(3.4)
h(9) =0



where A(e Er) is a Lagrangian multiplier vector; the solutions for §

~N la)
and A are gn and An’ respectively. From the results in Section 7

of Silvey (1959), we conclude that under HO: 90 ew and the regularity
conditions of Section 2, as n - <,
L 5 -0 - 0
(3.5) n*G ) = By by * 4@
(3.6) 2B = A% 0 ()
) ~n ~go~n ~p

and further for the likelihood ratio statistic Lh in (2.5)

_ A B y'" (B _B
(3.7) L,=n(8 -8By -8 + o,
Note that by (2.21), B, P. =1+ H, Q. , B g’ =H, R, , -H. P. =0 and
278 20780 "8  “%8" 858,
[ B~ . —1 —
-Hy ge = I. Thus, noting that Be = ge , we have
~0 ~0 =0 =0
(5:8) By By By Bo Bo By By *Bo Ho By = By +By By T =F,
90~8 gO QO 90 90 QO 90 QONQO 90 90 QONQO 90

6. ew

Hence, from (3.2), (3.5) and (3.8), we have under HO: %

LY

5 ~ )
(3'9) n (gn_go) t('g,g,\,o) > a8 n >

Also, from (3.1), (3.5), (3.6) and (3.7), we have (on using the identities

presented before (3.8)) under HO: 90 €W,
_ L0 = —1.= = =-1.,0
(3.10) Ly = 8y (Rg -Bg JBg (Bg -Bg )4 + 0 (1)

~Q ~0 ~0 ~0 ~0
0'_ 1] —hl =t 0
= A g H, B,"H g A+ o (1)
~n QO QO QO QO QONn P

_ -I\'___l/\

- 0'~ =11 0
= -A ggoRe Q An

+ 0 (1)
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where it is easy to show (by using (2.21)) that

5 oelstels & o 5 w-lat
(3.11) Q9 Rg Q Ba'Qa Ry Qg = Q4 Ry Qy >
g0 g0 QO gO g0 g0 QC g() g0 gO
(.12) Rank of {_gé Eélgg } = r(< t)
~0 ~0 ~0

Hence, by (3.2), (3.10), (3.11), (3.12) and the Cochran theorem on quadratic
forms in (asymptotically) normally distributed random vectors, we obtain

that under HO: 90 €w,

D
H N

(3.13) L

and let xi o be the upper 100a% point of the chi-square d.f. with r

3

degrees of freedom (DF). Then, from (2.6) and (3.13), we have
(? 14) L > 2 as n - «©
v n,o Xr,a '

Let us now consider the case of {6;}. By (2.7), we have for every

y ek,
(n*(g" }
(3.15) P{n*(Q -8,) < ZIHO
1
- piniB _
= Pn (Qn QO) =Y Ln : zn,alHO}
1/2 ~
+ Pln B8 =y, Ly> Kn,alHO}

By (3.2), (3.5), (3.6), (3.10) and (3.14), the first term on the rhs of

(3.15) converges to

= 4,0 ay—o1s 2
. ) < _
(3.16) P{EQOAn <y, n&nggoﬁn Xr’a]HO}
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Note that by (2.21), Qs B, P, =0Q) +Q,H, Q =Qq -Q, = 0,
2% % % "% & &
5

so that E> Ag and n’A_are asymptotically independent, and hence, (3.16)

90 ~n
reduces (asymptotically) to
2

=~ 0
(3.17) P{ggogn SZ|HO}P{LH sxr’alHO}

> (I—G)Gt(z; ,Q,s Ee ) 3
~0

where Gt(y; M, ) stands for a t-variate multinormal df with mean vector

U and dispersion matrix Z. Let us also denote by

- T, gl o2
(3.18) E, = {xeE: 5E&f Xna}

Then, by (3.1), (3.10) and (3.14), the second term on the rhs of (3.15) is

asymptotically equivalent to

(3.19) P{B

LA
°A ) has asymptotically

where by (3.2) and (3.6}, under H A,

=-1,0
0’ (E’QOAH) n

a(t+r)-variate normal df with 0 mean and dispersion matrix

—1 =
B, e,

(3.20) >
—t
Qy -R
%o "R

- -—1,0 . L . .

so that the conditional df of B An given n gn = z 1s asymptotically
~0

multi-normal with mean vector gé Eé Z and dispersion matrix Egl +
~0 ~0 ~0

5w oEt
ge 56 ge 28 . Hence, (3.19) converges to
~0 ~0 ~0 ~0
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(3.21) G (y Q Z ;0,P )dG (z;0, —R )
~0 ~6 6
E ~0 O
1
From (3.15), (317), and (3.21), we obtain that under H_ : 0_cw,

0" ~0

lim

(3.22) P{n (e -84) < y}

= (l’a)Gt(Z;Q’Rgo)

+ | 6, (r+Qy R5'2;0,8 )d6_(2;0,-Ry RE VyeE" .
6 6 L ~>~8 L
E ~0
1
1
Thus, the asymptotic distribution of nz(Q;-eo) is, in general, non-normal.
In particular, if Qg 351 = 0 (which also implies that P, = Egl), (3.22)
~20° R0 ~0 ~0
reduces to
= —1
(3.23) G, (y;0,P. )} (or G_(y;0,B "))
t A7~ ~99 t A~ NQO

so that all the three stimators have the same limiting normal distribution.

Remark. Our (3.1), (3.5) and (3.6), as adapted from Silvey (1959), rest on
the assumptions made in Section 2. As mentioned in Section 2, (2.12) may
replace (2.10)-(2.11) for s=3. In such a case, our (3.1), (3.5) and
(3.6), would follow from the results of Feder (1968). Also, we may pro-
ceed as in Inagaki (1973) and show that (3.1), (3.5) and (3.6) follow,
provided (2.13) satisfies appropriate growth conditions. Rest of the for-
mulae in this section remains the same irrespective to the particular

approach we choose.
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4. ASYMPTOTIC NON-NULL DISTRIBUTION THEORY

Note that if HO: QO ew does not hold (i.e., h(go) #0), then there

exists a g*(e w} such that

(4.1) (/99)2(9) +HeA"lg_g» = 0 and h(8") = 0

where A*(e Er) is a Lagrangian multiplier and Q* %go (by assumptions
[Al] and [A2]). In this case, §n in (2.2), stochastically converges to
90 while §n in (2.4) converges stochastically to Q*, and hence, Ln
in (2.5) tends (in probability) to « as n > ®. Consequently, by (2.7)

and (3.14),

limg g+ lim B
(4.2) nmp{gnrgnmoéw} < an{Lnsﬂn’algoéw} =0,

and hence, noting that (3.3) does not depend on H 90 ew being true or

o
not, we have from (3.3) and (4.2), for every y’eEt,

(4.3) li"‘P{nl/z(e*-e ) <yl8, ¢w}
n->e ~n ~0 ~'=0
lim [ %

3 3 . } . 7-1
= PN (8 -8,) <y|8, ¢uw} = Gt(z’9’~go)

x*

*

L~
gn -QO) and n (gn -8.) are asymp-

0

totically equivalent in probability and have the same (asymptotic) multi-

Thus, for any (fixed) alternative, n (

normal distribution. The situation becomes different when 90 lies near
the boundary of w. For this study, we conceive of the following sequence

{Kn} of local alternatives:
. r
4.4 Kn: 2(90) =n %I » Y real-vector (e E7) ,

and consider the asympttoic distributions of the estimators under {Kn}.
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First, (3.3) holds irrespective of H_. or {Kn}, and hence

0

t

~

lim % ~ N .n a1
(4.5) n_mP{n (8,-8,) SZ|Kn} = Gt(z,g,ggo) , YV yeE

Also, under Kn’ the solutions g*, A* in (4.1) depends on n and are
* * . '*
denoted by g(n), A(n), respectively. Note that h(g(n)) = 0. Hence,

under (4.4) and the assumptions of Section 2, we have

(4'6) ﬂgo{nz(g(n)"go)} = I+2(1) ’
(4.7) ggo{n zg(n)} = ggo{n 2(g(n)_go)} +0(1)

From (4.6) and (4.7), we conclude that

lim 1/2 %* Lk lim 1/2 * 2 *
(4.8) n—>°°n (Q(n) ’90) =Y and n—>oon ,Z\,(n) —2‘,
both exist, and
(4.9) xzﬂ' ,Y,*: ﬂe 2‘,*=E I* (= Z\,*=“:é Eé v, Z,*:Nélﬂe ?\\,*)
~0 ~0 ~0 ~0 ~0 ~0 ~0

From (3.4), (4.4), (4.6) through (4.9) and under the assumptions of Section

2, we obtain that under {Kn},

L A _
(4.10) n2@ -0) =y + 7. A0 + 0 (1),
(4.11) nB =2+ QA%+ o (1)
) ~n @~ <~0,~n  ~p ’

where §n is the restricted MLE and En is the lagrangian multiplier
in (3.4). Comparing (3.5) and (4.10) and using the same arugments as in
(3.8) and (3.9), we obtain that for every y’eEt,

lim_, % ~ _ I
(@12 P (8,000 51K} = 600y )
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It follows similarly that (3.7) continues to hold under {Kn}, where by

{(3.1) and (4.10), we have

b = =10
4.13 %0 - = y* -
( ) n"(9 ) =x + (EQO EQO)A + gp(l)
-1 * = v 51,0
- Bl A" ¢ Qo 1 EUC o ()
808" R85
—_ P2
= Qy By 0} + o (1)
TR0 =0
Thus, under {Kn}, as n > ©
& =12
(4.14) Ln= —nAnBQOAn + op(l)
On noting that, by (2.21), Eé Qé = Hy Eé and H, Qé = -1, we conclude
~0"~0 ~0 ~0 ~0"~0

from (4.11) and (4.14) that under {Kn}, Ln has asymptotically a non-central

chi-square df with r DF and non-centrality parameter

(4.15) & = Ay BolHg AT = MRS
Ro™20"Ro 20

we denote this df by Hr(x;A*). Then, from (2.7) and (3.14),
1
Bea*_

(4.16) P{n2(0 8,) SZIKH}

L A
= 2 -
= p{n (gn QO) <y, Ln sﬂn,alKn}
t

A~

1
3 o~
+ PIn*(Q -8,) =¥, L, >£n’a|Kn} , VycE

2078 088

%8 5
(4.11) that under Kn’ nz(gn—go) and n An (and hence, by (4.14), Ln)

Since by (2.21), Eé Eé aé =P. H, R, =0, we conclude from (4.10) and

are asymptotically independent, so that by (3.2), (4.10), (4.11), (4.14)

and (4.15), the first term on the rhs of (4.16) converges to
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(4.17) 6, (Y30, Py MO 387
N~ TN ~0
Also, let
(4.18) E*(g) = {ZezEr: ~(y+c) R (y+c)2>x } , Vg cE"

Then, by (3.1), (3.2), (4.11), (4.14) [and the fact that by (2,21),

Q. R 'lg' P —E‘l], we obtain that the second term on the rhs of (4.16)
~20~20~% ”90 ~%o

is

1() LA
(4.19) P{B, OA $Y, 25«16}31(9)!‘(11}

= JEl(O) t(X+Qe e (z }\*).N ~e )dG (Z }\* —R )"'O(l)

— ___1 —
Gt(x«*g'(2 gg x;0,P, )d6_(x;0, R ) +o(1)

N

El(y) ~0

From (4.16), (4.17) and (4.19), we arrive at the following.

Theorem 4.1. Under {Kn} in (4.4) and the assumptions of Section 2,

(4.20) li"‘P{nl/z(e*-e ) <y} = G, (y-y";0, p )n (x ;A%
) n>o ~n ~0’ ~ L
y [ 6, (1+Q, R3'x30.F, 1d6_(x:0,-F, )
E,QN " 2072 o T Lo

t
= G (y;y) » say, (ye<E)

Here also, if ﬁé 61 = 0, (4.20) reduces to

(4.21) 6, (y-x":0.F, )”r(Xﬁ,a;A*)'*[1‘“r(X§,a5A*)1Gt(X;9’E;O)

(that is a mixture of two multinormal df's). But, in general, it is non-
normal. For later use, we denote the probability density functions (pdf)

corresponding to Gt and G; by g and gz, respectively. Then,

t
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(4.21) g (y,y) = g, (y-x";0 Pe L (x 3A%)

+J g, (1*Qq Bl;gjé)g(xo Ry )dx, VyeE
E (A ) 20™%0 =0 ~8 ~

t

5. ASYMPTOTIC COMPARISON OF THE ESTIMATORS

L
Let {Tn} be a sequence of estimators of 6  such that nz(In—go)

0
has a limiting distribution with finite second moments, Then the mean
vector and dispersion matrix of this limiting df are taken as the asymp-
totic bias and asymptotic dispersion matrixz (a.d.m.) of n%(In~g0).

Here, we study the asymptotic bias and a.d.m. of each of the three esti-
mators considered in earlier sections and compare them. We confine our-
selves to the sequence {Kn} of alternative hypotheses in (4.4), so that

the null hypothesis case follows by letting y=0.

It follows from (3.1), (3.2) and (3.3) that

1
2

(5.1) B,(Y) = Asymptotic bias of n*(8 -6.) when {Kn} holds

£ 2

L

A.d.m. of n2® -0.) when {K } holds
~n ~0 n

~

(@]

N

p—
i<

P

~
2

R
il

1

Yy 'dG (z 0, B ) = B,
JEt g0

Similary, from (3.2) and (4.10), we have

]

. . L oA
(5.3) B,(y) = Asymptotic bias of n (Qn—go) when {Kn} holds

_ - -1 *
= Qe Re

~



-18-

1
2

(5.4) 22(1) = A.d.m. of n (gn—go) when {Kn} holds
% % * " —_
=YY By B By =y v D
0 NQO 60 -~ NQO

At this stage, we note that for a multinormal df Gp(z;g,g),

(5.5) f 5de(2g;g,Q) = g[Hp(c,G) -1, (c,8)]

p+2

(x+2)'D7 (x+a)>c
Y ge:Ep , ¢20 ;

t . - .
I XX de(§,g,Q)-{1-Hp+2(c,6)}2 -
(s+a) "D (xea)>c
' . ~ -S§)}
(5.6) aa {Hp(c,G) 2Hp+2(cv5)+np+4(c,6)J
-1

where § = a'D "a. Thus, from (4.20), (4.21) and (5.5), we have

1
(5.7) B*(Y) = Asymptotic bias of nZ(Q;-go) when {Kn} holds

ok 2 ok = ==l.x 2 x 2 .«
S X0, 0307 - Gy BI04t T, 00 500
= —hl * 2 * ~ 1
= Q RVAT (X, 347) , (as = Q A"
NQO QO r+2 r,o N -0 0

from (4.20), (4.21) and (5.6), we have

* _ li *
(5.8) ¥ (y) = A.d.m. of n (gn—go) when {Kn} holds

- 2 - 2
(I*I**'Re )Hr(xr a;A*)4-£60{1"Hr(Xr a;A )
'\,0 b ~ b

1 2R g% A*

+ ng NO{ [1 r+2(Xr’a»A ]590 A A [Hr(Xr’ )
2.* 2 —-lv

2Hr+2(Xr a’A )'+Hr+4( A )]} e

~0
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)}

We now proceed to compare the asymptotic bias and a.d.m. of the three
estimators. First, concsider the null hypothesis case where goe(», SO
that Y* =0, vy=0,)*=0. From (5.1), (5.3) and (5.7), we have

(5.9) YO =0=8,00) = 8,0 =8 =0,

so that all these estimators are asymptotically unbiased. Also, from (5.2),

(5.4) and (5.8), we have for vy = 9,

~

_=-1 .5 * o0y w1 w13 2

(5-10) ) (0 =By » v, () =By and v" (@) =Fy - (B;'-By M, 06 ,50)

~Q ~0 ~0 ~0 ~0
where
(5.11) 0<T_ (x> ;0) <T (x> 30) =1-0a<1

’ r+2 " 'r,o’ rr,o’ :
Also, by the identities in (3.8) and prior to it, we note that both Eé Eé
~0 ~0
—1 —
and —Ee ge are idempotent matrices and EG is non-singuler. Hence, it
~0 ~0 ~0

follows that

(5.12) Egl - Eé is positive semi-definite (p.s.d.)
~0

~0

From (5.10), (5.11) and (5.12), we conclude that

(5.13) ¥, (0) - v,(0), ¥, (@) -¥'(Q) and ¥*(Q) -v,(0) are all p.s.d.
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In the multiparameter case, the relative efficiency may be judged by
the generalized variance (D-optimaltiy) or the trace of the covariance
matrix (A-optimality) criterion. In view of the fact that by (2.18)-(2.20),

both B and P are of full-rank, we have Vv_(0), v.(0) and v*(0)
"8 M M, N 22 v

also of full rank, Hence, we have to difficulty in applying the first

criterion. Similar results hold for the second criterion too, We define
the "asymptotic generalized variance'" as the t-th root of the determinant
of the a.d.m. In this light, the asymptotic relative efficiency (A.R.E.)

of {g;} with respect to {En} when H : 6 ew holds is

0" ~0
(5.14) ep@*.8) = (v, @1/Iv @ '/
>1, by (5.13) ,

where the equality sign holds when E;1==Eé i.e., 6 66 =0 or equiva-

0
lently, QQ ~60 =Q. Similarly, the Afg.E.~gf {Q;} w:th respect to {En}
(5.15) eo(g*,ﬁ) = {[v2(0)|/|v (0)]}1/t
<1, by (5.13) ,
where the equality sign holds when ggogéé =Q. Thus, under Hg {8 }  may

not perform as well as {Qn}; nevertheless, it is asymptotically, at least

as good as {En}. In this sense, we have the ordered relation

~ . N
(5.16) {gn} < {gn} < {gn} when H0 holds .

Let us now consider the general case when {Kn} holds. It follows

from (5.1), (5.3) and (5.7) that

is
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(517 BN =0, B =y and BY0p -T,0¢ 898,00

T+2

2 * 2 2
where O <Hr+2(xr,a’A ) < Hr+2(xr’a,0)<<ﬂr(xr’a,0) = 1-0<1. Thus, on

noting that

lim . i
(5.18) s400 SMpp O 38) = 0,
we conclude that whereas 0  is asymptotically unbiased, 6 and 0% are
~n ~n ~n
not so, and, moreover, Q; has smaller asymptotic bias than §n' Also, the
asymptotic bias of §n goes to o if ||x|| + © _ where as Ilyll »> ®

= A* > «), the asymptotic bias of ¥ > 0. Thus, 8* has an edge over
~n ~ ~n

§n with respect to the asymptotic bias. From (5.2) and (5.4), the A.R.E.
of {6 } with respect to {§ } is given by
~n ~n
wNOA * *, F 1 =1 1/t
(5.19) e(8,81y") = Up, +y*™y""1/1B;"1}
el ~0 ~0
~0 ~0
- (1B B I1T+Eg'y S A
=0 ~0
A -1 x1 |11/t
= (QQI,Q){II+P9 VA
= e(8,8l10(1+y" iyt
~0
~0~
as Y*I*' is of rank 1, so that |I +Pély*y*'| = product of the charac-
teristic roots of l-+gély*y*' = 1 + largest root of Pely* ol
~0~ "~ <0~ "~
'531Y*. Thus, if we let
~8
~0
1 -1
(5.20) s; = Iy 1+ "B Y >1/e" (8, 8]0) = |B |3,
1 ~ ~8y~ ~85 6

then, from (5.19) and (5.20), we conclude that

[{a>>3

(5.21) e(8, YY) 21, vy'es,
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Similarly, it follows from (5.4) and (5.8) that

IEG +I*I*‘I 1/t
(5.22)  e(8*,8]v") = e :
" [Py +a(8") (B, By ) +b(A™)Y*y"']
) o, ~0 ~ o~
R ~0 T~0
where
* *
(5.23) a(A™) =1 -Hr+2(xr,a’A } and
* 2 * *
D) = 2O (307 T (O (387)
Now a(A*)>a, V A" >0 and it converges to 1 as A* + o . Also,
* 2 . * * ©
0 <b(A) SHr+2(Xr,a’A ) >0 as A - o , Thus, by (5.12), (5.22) and

(5.23), we conclude that for Y* close to 0, (5.22) is less than 1,

?

while it exceeds 1 for all x* for which A* is =A* where

0
*, -1 = _ ~ * *_ k1 * 1 * ok

(5.24) a(AO)[Ee -ge 1 =11 b(AO)]IOIO and Yo §e Yo AO ,

~0 ~0 ~0
Thus, if we let

* * 1 * *

(5.25) S, = {1y :y 5901 z Ak,
then from (5.22)-(5.25), we conclude that
(5.26) e(g*,ﬁly*) > 1 for every ¥y~ €S, .

Finally, we have from (5.2), (5.8) and (5.23),

N ~ o S V2
e(0*,81v") = (B -11-a(a*) 3B NP, b))y y* '] 1B, |}
£ R0 g Y A/ 9
~0 ~0 ~0 ~0
(5.27) = B e

{IT+b(8")By YY" - (1-a(8")) (1-By By )|
=0~ =0 ~0

Thus, for Y* close to 0, (5.27) cxceeds one, while, it is < 1 when
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Z* is away from Q (in the sense that NS ©), Note that both (5.19)

and (5.20) go to = as AF > . But, (5.27) converges to 1 as A* » o
Thus, for large A, {g;} and {En} have similar performaces (better
{én}) while for smaller values of A*, (5.16) holds. Combining these with
(5.9), (5.16) and (5.17), we conclude that the restricted MLE §n’ though
0 90 ew, 1is (asymptotically) biased and

its a.d.m. becomes larger (in the sense of trace or generalized variance)

is asymptotically optimal when H

when y* moves away from (Q and this makes it less efficient too. On the

~

other hand, the unrestricted MLE §n remains asymptotically unbiased for

QO irrespective of HO: 90 €w, but is usually not optimal when HO

holds. As a compromise, the PTMLE g; performs better than En when vy

~

*

is small and has uniformly a lower order of bias than §n' For large Y”,

~

A
it performs better than Qn and very similarly to Qn. Hence, it can be

recommended on the grounds of rebustness against any deviation from HO:

8. ecw, Non-optimality of the preliminary test estimator (under HO: 0 ew)

~0

has been studied by Huntsberger (1955). His conclusions do not remain valid

0

when HO does not hold. Indeed, in our setup, we have observed that the

PTMLE 6" may perform better than either 6§ or 8 , near the boundary
<n ~n <n

of w, when n 1is large.
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