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ABSTRACT

Suppose (Xl’ 1),..., (Xn’Zn) are i.i.d. as (X,Z). Let M be the maximum of all
Zi's for which X, is among the k—nearest neighbors of X=X It is shown that M | has the
same asymptotic distribution as the maximum of k i.i.d. copies of the random variable Z

given X=x0. Hence, the asymptotic results for i.i.d. observations are applicable to this-

situation as well.
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1. INTRODUCTION AND FORMULATION OF THE PROBLEM.:

‘In recent years, the extreme value theory has generated considerable interest. Not
‘only that the classical results for i.i.d; observations are revisited, but also these results are
extended to handle some types of dependent observations as well. A review of the classicial
and current results in this area may be found in Leadbetter, Lindgren and Rootzen (1983).

Our objective, however, is to study the asymptotic behaviour of local extremes of a
conditional distribution. More specifically, suppose (Xl’Zl)"“’ (Xn,Zn) are i.i.d. as
(X,Z). Let f and F be the density and the distribution of the random variable X, and let g
and G be the conditional density and the conditional distribution of Z given X.

Define, at X=x0
(1.1) Ip= Zp(xg) = sup{z|G(z|xg) < 1} €,

ZF is called, the right end point of the conditional distribution of Z given X:xo. Also
denote G(z|xp) simply by G(z).

Now, choose k=k(n)=0(na) where % < a < % . More specifically, let
k=k(n)=[¢(n)b], where ¢(n)=n% for %g a < % and b is a constant, 0 < b <w. For
simplicity of argument, assume that ¢(n)b is a constant. Furthermore, define Y, =
lXi—xol, i=1,2,...,n and Y = |X—x0| . Alsolet 0¢ Yn’1 < Yn,2 <. Y <o denote

b

the order statistics of Yl""’ Yn and let Zn 1,...,Zn 0 be the induced order statistics of

(Y B (Y i€ By =2 i Y 3= Yy isl 2.0,

I

Now, define

Mn,k = max{Zn,l,..., Zn,k} :

Our objective is to study the asymptotic behavior of M ok
Note that if Zp < o, then M_, may be thought of as a k-nearest neighbor
estimate of ZF' However, as far as the theoretical treatment of the problem is concerned,

we don't need to assume that ZF < .



At this point, we make the following assumptions:
1. (a) f(xy) >0 and f"is continuous at X=x,.
(b) f'(x) is bounded at X=x.
2. (a) Gylz]x) and G (z|x) exist and are bounded for (x,z) lying in a
neighborhood of (xO,ZF).
(b) Gxx(z|x) Is equicontinuous in x at X=x, for z lying in a neighborhood of

Zp, ie, )l(_l’r)lcl G, (z]x) = Gxx(z|x0) hold uniformly for z lying in a
0

neighborhood of Z.

2. ASYMPTOTIC DISTRIBUTIONOF M _
Let il’ i2,...,ik be k i.i.d. observations having the distribution G(z!xo); i.e

")

Zl""’Zk arei.i.d. as Z given X=x0. Define

Mn,k = maX(Zl,...,Zk)

The following theorem describes the relationship between the asymptotic

distributions of Mn,k and M nk

Theorem 1

Under the assumptions 1 and 2, we have
P(M <z)=Gk(z|x)+R
nk - 0 n,k’
where the bias term Rn K is such that
Rn,k -0 as n (and, hence, k) - w

A detailed proof of the theorem is given in Section 3. The following corollary is a

simple consequence of Theorem 1.




Corollary 1

Under the assumptions of Theorem 1
P(Mn,k S Z) - P(Mn,k S Z) - 0.

Corollary 2

Under the assumptions of Theorem 1

M, 2847

nk F

Proof

Let ¢ > 0 and consider

k

by theorem 1. So, by (1.1) we have

(2.1) P(Mn,k $Zgp- €)»0 asn(and k) - o.
Similarly;
(2.2) P(Mn,k >Zp+€-0 as n-w.

So, by (2.1) and (2.2), we have

M ,-7

nk “F

in probability. However, Mn k is a monotone increasing function of n and k; hence
b

a.S.
Mn,k _— ZF.
Q.E.D.



Theorem 2

Under the assumptions 1 and 2, if for some constants ay > 0_; bk; we have
P(ak(Mn’k—bk) <7) ¥ H(z|x,)

for some non—degenerate H, then H is one of the following three extreme value type:

Typel
H(z|xp) = exp(-€ %) —w<z<w
Type 11
@l =1 * =
H(z|xn) =
0 exp(—z %) for some a>0, z>0
Type 111
exp(—(—=)%) for some a>0 and z<0
H(z|x0) = )
1 z >0
Proof:
By theorem 1
P(ak(Mn,k_bk) <z) ¥ H(z|x))
if and only if

P(ay (M, 1 —by) $2) ¥ H(zlxp),

hence the result is an easy consequence of theorem 1.4.2 of (4) for i.i.d. sequence.

Q.E.D.



The following theorem gives a necessary and sufficient condition for the asymptotic

distribution to belong to each of the three types.

Theorem 3
Necessary and sufficient conditions for the conditional distribution G of the r.v.'s of
the i.i.d. sequence {Zk} given X=x, to belong to each of the three types are:

Type I

There exists some strictly positive function g(t,xo) such that

1 - G(t+ zg(t,xo))
lim =
t1Zg 1 - G(t)

—7Z
€

for all real z.

Type I
If ZF = o and

lim gl_—__G_(iZ_)_l :Z_a’ a>0 ,
o 1 - G(t)

foreach z> 0.

Type 111

1 - G(Zg—zh)
ZF <o and lim =7z
hj0 1 - G(ZF~h)

(44

a >0, foreach z > 0.

Proof of this theorem is exactly the same as that of theorem 1.6.2 in (4). A simpler
sufficient condition for G to belong to each of the three possible types under additional

conditions is given in theorem 1.6.1 of (4).



Example:

Let (X,Z) have a bivariate normal distribution with =0, =0, o>2(=1, 0%=1
and Corr(X,Z) = p. Then the conditional distribution of Z given X=x, is normal with
mean px, and variance (1-—p2).

So, by Corollary 1 and theorem 1.5.3 of (4), we have

P(a‘k(Mn,k_bk) <z) -+ exp(—e ?)

where
1
J 1-p
and

by, = p xg + [(2 log k)* — (2 log k) (log log k + log 4m)}{ 1o .

3. PROOF OF THEOREM 1

First, we will establish two important results in lemma 1 and lemma 2. Lemma 1
deals with the order statistics of the random variable Y = |X—x0| and lemma 2 gives a
representation of the conditional distribution of Z given Y=Yn,i (for i=1,2,...,k) in

terms of the conditional distribution of Z given X=x0.

Lemma 1

Let ¢(n) » o and n_1<p(n) -0 as n - Also assume f(xy) > 0. Then for

Bzﬂg—oj and C >0, we have

P(Yy o) n! p(n)B + C) <exp[-2 07" ¢*(n) (B f(xy)-b)?

-2 n C2(f(x))? - 4C (0)f(xy)(B f(xy)-b)]



Proof: Bhattacharya and Mack (1987) proved the result for C = 0. Exactly the same line

of argument may be used to obtain the result for any C > 0.

Q.E.D.

Now, let fy, and Fy, denote the pdf and cdf of Y, G*(-|y) is the conditional cdf of Z
given Y=y. Note that G*(-|0) = G(:|xq) = G(:) . Define G*(-|Y_ ;) (ie, the

conditional distribution of Z given Y=Y ;) by G/ ()

Lemma 2

Under the assumptions 1 and 2

Gn,i(z) = G(z) + 6n,i (Q(z) + R(z,én’i)) i=1,2,...,n

where
12
én,i -2 Yn,i
f'(x,) G (z|x,)

Qo) = Cpylalg) + 2+ )
and

lim R(z,6) =0

610

Uniformly in z lying in a neighborhood of Z.

Proof:
This result is very similar to lemma 2.3 in Gangopadhyay (1987). Here we will
sketch the line of argument.

Since Y = |X—x0|

P(Y <y) = F(xy+y) - F(xg-y) = Fy(y)

and

£ (y) = f(xy+y) + f(xgy)-



Also;

f(X0+Y) G(Z|XO+Y) + f(xo_Y) G(Z|XO_Y)
Gz ylzly) =P(Z<2]Y =y) = Xy ty) + f%gy)

Expand f(xg+y), f(xg=y), G(z|xyt+y) and G(z|xg~y) around x, to obtain

f(xg+y) + fxg=y) = 2 £(xg) + 5 y2{E (xg+0,y) + £ (xg+0y )}

and

f(xg+y) Glzlxg+y) + f(xgy) Clzlxgy)
= 2 f(xp) Glz]xy) + 5 y2U{G, (z|xq+byy) + G (2] xg+8,y)}(xp)
+ G(z|xg) {f"(xy+0;y) + f"(xg+05y)} + 4 £'(x() G (z]x()]

where |0i | €1, i=1,2,3,4.

Since by virtue of our regularity conditions

lim [f"(xq+6.y) —1'(x)] =0
y+0

and
lim [G_ (z]xy+6y) - G (z]xp)] =0
y+0

uniformly in z lying in a neighborhood of Zp, we can write

[{xg+y) + Hxgy)I™ = {286} [+ 3¥2 {0 (x)/xg)} +° €

= {2 f(xo)}"1 [1 —%yz [2(()%] +y2 fz(y)]
where | .

2
€(y) =ﬂ%@ iﬁl {f"(xg+8y) —f'(x)} = o(1)

as y-0,sothat €)(y) isalsoo(l) as y-0,and .



f(xq+y) G(z|xg+y) + f(xgy) Glz|xgy)
= 2£(x)[G(zlxp) + Ly {i(xg)G (2] %) + GlzlxQ)"(x()

+ 2 f'(XO) Gx(ZIXO)} /f(xo) + }’2 63(Z7Y)] ’
where

g(zlxy) 2
o) = B g 5 {Ply+hy) -~ ()

4
+@ 3 {Glalg + 09) - Clelr)

is o(1) as y - 0, uniformly in z lying in a neighborhood of Zg.

Multiplying the last two expressions, we now have

Gy y(ely) = L= Gy {F(xg)/ixg)} +57ey(¥)
+ [Glzlxg) + 5 y*{i(xg) Gy 2]xg) + Glzlx)f"(xp)
+201(xg) G (zlxg)}i(xg) + ¥ e3(2.y)]
= Glzlxp) + 52Q() + R(z 53}

= G(z]xp) + 6{Q(z) + R(z,6)}

where
6= —%— y2
f'(xg) Gy(z]xp)
Q(z) = Gxx(z|x0) + 2 (f)(XO))( 0 ,
and
6R(2,6) = 5 ¥ R(z5 ¥°)

stands for the remainder term; i.e., R(z,% y2) is of the form



-10 -

2

%) = A@) &(y) + B ¢5(zy) + 25 ey) 5zy)

1
R(Z7§ y

where A(z) is a linear combination of G(z|x), G (z|xg) and G, (z]|x,) which are
bounded in a neighborhood of Zg. Together with the convergence properties of €,(y) and

€3(2,y), as observed earlier, this implies that

lim R(z,6) = lim R(z,gy°) = 0
&0 y-0

uniformly in z lying a neighborhood of Zp.

Hence,

Gpi(e) = G*zlYy ;) = Gy y(e]Yy;)

= G(zlxo) + 6n,i(Q(z) + R(Z’%,i))

where

This completes the proof of the lemma 2.

Proof of theorem 1

Let £ = a(Yl,...,Y o)- We use the fact that the induced order statistics

ZIl 1,...,Zn q are conditionally independent given Yl""’Y with the conditional cdf

n
G, -Gy Tespectively (Bhattacharya, 1974) to obtain
P(Mn,k < z)
= P(Z,) < Zolyy € 2)



by lemma 2, where

Vn,k,i

and

11 -

-k
= ELE1 {G(2) + 6, ;(Q(z) + R(z,én,i))}]

_ E[él (G(z) + vn,k,i)]

= ¢*@) + R, ,

= 4,,(Q(2) + R4, )

(G(z) + vn,k,i)] - ).

Objective is to show that R, -0 as n (and hence k) - .

First, note

k

(3.2) Bl I

. 1=
and

k

(3.3) E[.H

1=

k k
I (GG) + [V ;)] - 6@

i=1

k
B[ (G~ IV )] - 6°@)-

@@+ |vn,k,i|)] _ K@) - 0

(G(2) ~ [V 5D - G¥@) = 0

as n (and hence k) - .
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We will prove (3.1). Proof of (3.2) is similar. We start by defining

k

W = 13[ m (G

i=1

Furthermore, define

@) + VD] - 6@

. ~1
W;k Wn,k if Yn,<p(n)b <n  ¢n)B
. -1
=0 if Yn,<p(n)b > n ¢(n)B
So,
_ -1
However, on the set S = {Yn,cp(n)b < n ¢(n)B}
k
0< W
i=
k
< 'H1 {G (Z)+ 1 2p%(n)B%(|Q(z)| +
1=
- G@)

But Q(z) is a function of f'(x;), G, (z]xp),

neighborhood of 7Z

F.

L o(n)B)]

nk ¢ ML {GG@ 2) + 3 Y2,(1Q@)| + [R(8, )} - GX(2)

sup |R(z,6)])}
0355n_2<p2(n)B2

G_(z|xq) which are bounded in the

Now, using the fact that lim R(z,0) = 0 for z lying in a

610

neighborhood of ZF; we have for n > N,

sup

|R(z,6)| < |Q(z)] -

056$n_2<p2(n)B2

So, on the set SIl and for n > N1
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0<W,, < {6@) + 1P WB’ [Q@) ) - 6¢¥@)
| k
33 =3 () WP’ @)’ ¢

which is O(n" -2 3( )). Thus for any arbitrary constant M > 0, there exists N, such that

for n > N2

0 < Wn,k <M,

since (n) is chosen to be n% where %5 a< %

This implies that for n > max(N;,Ny) =N
Wn K M

Now, substituting (3.5) in (3.4), we have

k
0<BWa) € B () eimB’ | Q@ |} ") .

= 0(n2 ¢*(n))

So; n-w

(3.6) E(W,) ~ 0.

Finally we will show that (3.6) implies
E(Wn,k) -+ 0.

Choose € = n—lgo(n)B, then

BIWp  ~Whil € e POSIW -WhLl € ¢

00
+ eil(en—i-[) P(e +6-1 < |W) —W*k| < e+l
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<6 P(0 < |Wn,k.w;‘1,k| < fn)

4 El (e +Olexp{-2 0" @2()(B f(xy)-b)°

=2 n(-1)? (£(xg))? - 4p(0)(E-1)f(xg) (B f(xp)-b})

e}
1
<e POS|W_,-W* | <e)+ Y f () —
n nk ""nk n ., n 2
(=1 (€, 19

Using lemma 1 (with c=¢-1) and where
£() = (e, +0° exp[-2 ¢ p(n)B™ (B f(xy) ~b)°
-2 n(e-1)” (H(xp))? - 4(n) (¢-1) f(xp)(B £{xg)-b)]

So, except possibly for finitely many n, f n(t’) is uniformly bounded for each £.
Now, taking limit on both sides and noting that €, 0 as n - w, we have
; _W* | =
lrllm Elwn,k Wn,kl =0,
showing

E(W, 1)~ 0

So, by (3.1), (3.2) and (3.3), we have

Rn,k - 0.

This completes the proof of Theorem 1.
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