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Abstra
tWe present an approximate analyti
al method to 
ompute eÆ
iently the 
all blo
king prob-abilities in wavelength routing networks with both uni
ast and multi
ast 
alls. The model isfairly general and allows ea
h sour
e-destination pair to serve 
alls of di�erent 
lasses, withea
h 
all o

upying one wavelength per link. Our approa
h involves the following steps. We�rst 
onsider a linear, single-
lass uni
ast network where the arrival pro
ess of 
alls on multi-hop routes is modi�ed slightly to obtain an approximate network model with a produ
t-formsolution. This method is used to solve single-
lass uni
ast wavelength routing networks witha small number of hops. Next, all 
lasses of 
alls on a parti
ular route are aggregated to givean equivalent single-
lass model. We then extend the path de
omposition algorithms that wehave developed for single-
lass networks to handle mesh networks with multiple 
lasses of 
alls.We show how to use these path de
omposition algorithms to de
ompose large networks withmulti
ast paths into smaller sub-systems with only linear paths, whi
h, in turn, are solved bythe produ
t-form approximation algorithm. We also 
onsider a state-dependent Poisson arrivalpro
ess for multi
ast 
alls whi
h is more a

urate in 
apturing the behavior of these 
alls. To thebest of our knowledge, this is the �rst model that 
an be used to analyze eÆ
iently wavelengthrouting networks of arbitrary mesh topologies, with multi-
lass servi
e and multi
ast 
alls.Department of Computer S
ien
eNorth Carolina State UniversityRaleigh, NC 27695-7534�This work was supported by the NSF under grant ANI-9805016.



1 Introdu
tionA basi
 property of single mode opti
al �ber is its enormous low-loss bandwidth of several tens ofTerahertz. However, due to dispersive e�e
ts and limitations in opti
al devi
e te
hnology, single
hannel transmission is limited to only a small fra
tion of the �ber 
apa
ity. To take full advantageof the potential of �ber, the use of wavelength division multiplexing (WDM) te
hniques has be
omethe option of 
hoi
e, and WDM networks have been a subje
t of resear
h both theoreti
ally andexperimentally [3℄. Opti
al networks have the potential of delivering an aggregate throughput in theorder of Terabits per se
ond, and they appear as a viable approa
h to satisfying the ever-growingdemand for more bandwidth per user on a sustained, long-term basis.The wavelength routing mesh ar
hite
ture appears promising for Wide Area Networks (WAN).The ar
hite
ture 
onsists of wavelength routers inter
onne
ted by �ber links. A wavelength routeris 
apable of swit
hing a light signal at a given wavelength from any input port to any output port.A router may also be 
apable of enfor
ing a shift in wavelength [10℄, in whi
h 
ase a light signalmay emerge from the swit
h at a di�erent wavelength than the one it arrived. By appropriately
on�guring the routers, all-opti
al paths (lightpaths) may be established in the network. Lightpathsrepresent dire
t opti
al 
onne
tions without any intermediate ele
troni
s. Be
ause of the longpropagation delays, and the time required to 
on�gure the routers, wavelength routing WANs areexpe
ted to operate in 
ir
uit-swit
hed mode. This ar
hite
ture is attra
tive for two reasons: thesame wavelength 
an be used simultaneously at di�erent parts of the network, and the signal poweris 
hanneled to the re
eiver and is not spread to the entire network. Hen
e, wavelength routingWANs 
an be highly s
alable.Given the installed base of �ber and the maturing of opti
al 
omponent te
hnology, it appearsthat wavelength routing te
hnology is poised to make the leap from promise to reality. Thus, itis not surprising that a signi�
ant amount of resear
h e�ort in re
ent years has been devoted tounderstanding and addressing the set of problems and issues that arise in the design of wavelengthrouting networks [3℄. One problem that has attra
ted 
onsiderable attention is that of 
omputing
all blo
king probabilities in su
h networks. Several variations of this problem have been studied,mainly di�ering in the underlying assumptions regarding key elements of the wavelength routingar
hite
ture, in
luding: the availability, type, and lo
ation of 
onverters, the routing algorithm(whi
h �nds a path for an in
oming 
all), the wavelength allo
ation poli
y (whi
h assigns a freewavelength to a new 
all), the traÆ
 type (uni
ast and/or multi
ast), and the arrival pro
ess (mostlyPoisson, with a few ex
eptions). A major diÆ
ulty is analyzing wavelength routing networks isthe tight 
oupling between routing and wavelength allo
ation, whi
h is not present in 
onventional1




ir
uit-swit
hed networks, and whi
h requires the development of new analyti
al te
hniques.The problem of 
omputing 
all blo
king probabilities under stati
 or �xed alternate routingwith random wavelength allo
ation and with or without 
onverters has been 
onsidered in severalstudies, in
luding [1, 8, 2, 5, 12, 14℄. Ea
h work develops approximate te
hniques to analyze theblo
king performan
e of wavelength routing networks. In general, these approximations are basedon various independen
e assumptions (e.g., independen
e of link loads, link blo
king events, orwavelength usage), and also exploit the analyti
al tra
tability of the random allo
ation poli
y.Other wavelength allo
ation s
hemes, as well as dynami
 routing are harder to analyze. First-�twavelength allo
ation was studied using simulation in [8℄, and it was shown to perform better thanrandom allo
ation, while an analyti
al over
ow model for �rst-�t allo
ation was developed in [6℄.A dynami
 routing algorithm that sele
ts the least loaded path-wavelength pair was also studiedin [6℄, and in [9℄ an un
onstrained dynami
 routing s
heme with a number of wavelength allo
ationpoli
ies was evaluated.Ex
ept in [12, 13℄, all of the above studies assume that either all or none of the wavelengthrouters have full wavelength 
onversion 
apabilities. The two studies in [12, 13℄ 
onsider networkswith sparse 
onversion, whereby only a subset of the set of nodes are equipped with 
onverters.Spe
i�
ally, [12℄ takes a probabilisti
 approa
h in modeling wavelength 
onversion by introdu
ingthe 
onverter density, whi
h represents the probability that a node is 
apable of 
onversion indepen-dently of other nodes in the network. The fo
us of [13℄, on the other hand, is on 
apa
ity planning,and a dynami
 programming algorithm to determine the lo
ation of 
onverters on a single paththat minimizes average or maximum blo
king probability is developed under the assumption ofindependent link loads. A di�erent type of wavelength 
onversion is studied in [16, 15℄, where it isassumed that all nodes in the network are equipped with devi
es whi
h 
an 
onvert ea
h wavelengthto only a subset of the supported wavelengths (usually, to ones 
lose to the given wavelength inthe opti
al spe
trum). This type of 
onversion is referred to as limited 
onversion, as opposed tothe full 
onversion (i.e., the 
apability of 
onverting a wavelength to any other supported wave-length) assumed by previously dis
ussed works. Approximate analyti
al te
hniques are developedin [16, 15℄ to 
ompute 
all blo
king probabilities in networks with limited 
onversion.All of the above studies des
ribe te
hniques to analyze networks in whi
h 
alls are point-to-point and arrivals are Poisson. A study of 
all blo
king under non-Poisson input traÆ
 is presentedin [14℄, where the assumption is made that link loads are statisti
ally independent. Finally, theproblem of routing and wavelength assignment when the network 
arries multi
ast 
alls is addressedin [11℄.Most of the approximate analyti
al te
hniques developed for 
omputing blo
king probabilities2



in wavelength routing networks and dis
ussed above, amount to the well-known link de
ompositionapproa
h [4℄. Further, the development of some of the te
hniques is based on additional assump-tions, for instan
e, that statisti
s of link loads are mutually independent, link blo
king events areindependent, or that wavelength use on ea
h link is 
hara
terized by a �xed probability indepen-dent of other wavelengths and links. Link de
omposition has been extensively used in 
onventional
ir
uit-swit
hed networks where there is no requirement for the same wavelength to be used onsu

essive links of the path taken by a 
all. The a

ura
y of these underlying approximationsalso depends on the traÆ
 load, the network topology, and the routing and wavelength allo
ations
hemes employed. While link de
omposition te
hniques make it possible to study the qualitativebehavior of wavelength routing networks, more a

urate analyti
al tools are needed to evaluate theperforman
e of these networks eÆ
iently, as well as to ta
kle 
omplex network design problems,su
h as sele
ting the nodes where to employ 
onverters.The authors have developed an iterative path de
omposition algorithm [21, 19℄ for analyzingarbitrary wavelength routing network topologies with sparse 
onversion. Spe
i�
ally, we analyze agiven network with point-to-point 
alls by de
omposing it into a number of path sub-systems. Thesesub-systems are analyzed in isolation using our approximation algorithm for 
omputing blo
kingprobabilities in a single path of a network [18℄. The individual solutions are appropriately 
ombinedto form a solution for the overall network, and the pro
ess repeats until the blo
king probabilities
onverge. Our approa
h a

ounts for the 
orrelation of both link loads and link blo
king events,giving a

urate results for a wide range of loads and network topologies where only a �xed butarbitrary subset of nodes are 
apable of wavelength 
onversion. Therefore, our algorithm 
an be animportant tool in the development and evaluation of 
onverter pla
ement strategies. Also, in [20℄we studied the �rst-�t and most-used wavelength allo
ation poli
ies, and we showed that they havealmost identi
al performan
e in terms of blo
king probability for all 
alls in the network. We alsodemonstrated that the blo
king probabilities under the random wavelength allo
ation poli
y withno 
onverters and with 
onverters at all nodes provide upper and lower bounds for the values ofthe blo
king probabilities under the �rst-�t and most-used poli
ies.In this paper we demonstrate how powerful the path de
omposition approa
h 
an be by extend-ing the de
omposition algorithm in [21℄ to evaluate the blo
king performan
e of opti
al networkswith multiple 
lasses of 
alls and multi
ast traÆ
. While multi
ast 
alls where 
onsidered in [11℄,all previous studies on 
all blo
king probabilities have mostly fo
used on single-
lass wavelengthrouting networks. However, future networks will be utilized by a wide range of appli
ations withvarying 
hara
teristi
s in terms of their arrival rates and 
all holding times. To the best of ourknowledge, this is the �rst time that multi-
lass wavelength routing networks with multi
ast 
alls3
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1j Figure 1: A k-hop pathhave been analyzed. Further, we analyze a state-dependent Poisson arrival pro
ess for multi
ast
alls whi
h is more a

urate than a Poisson model in 
apturing the behavior of these 
alls.The development of our approximate iterative de
omposition te
hniques involves the followingsteps. The wavelength routing network is �rst de
omposed into several smaller sub-systems. Thearrival rates of 
alls on ea
h route in the smaller sub-systems is adjusted to re
e
t the arrival of
alls on longer routes in the original network, as well as the arrival of multi
ast 
alls using theroute. Ea
h sub-system is then solved as follows. The arrival pro
ess of 
alls on multi-hop routesis modi�ed slightly to obtain a modi�ed multi-
lass network model. Next, all 
lasses of 
alls on aparti
ular route are aggregated to give an equivalent single-
lass model. This equivalent model hasthe same 
all blo
king probability on any given route as the modi�ed multi-
lass network, and 
anbe solved using our previous algorithms.In Se
tion 2, we des
ribe the network under study. In Se
tion 3, we explain how the modi�edmulti-
lass model and the equivalent single-
lass model are obtained for a single path of a network.In Se
tion 4, we des
ribe a de
omposition algorithm for mesh networks. In Se
tion 5, we extend thisde
omposition algorithm for networks with multi
ast traÆ
. Se
tion 6 presents numeri
al results,and we 
on
lude the paper in Se
tion 7.2 The Multi-Class Wavelength Routing NetworkWe 
onsider a wavelength routing network with an arbitrary topology. Ea
h link in the networksupports exa
tly W wavelengths, and ea
h node is 
apable of transmitting and re
eiving on any ofthese W wavelengths. Call requests between a sour
e and a destination node arrive at the sour
ea

ording to a Poisson pro
ess with a rate that depends on the sour
e-destination pair. If therequest 
an be satis�ed, an opti
al 
ir
uit is established between the sour
e and destination for theduration of the 
all. In addition, there are multi
ast 
alls between a sour
e and a set of destinationnodes. The arrival of multi
ast 
alls is modeled by a state dependent Poisson pro
ess. Further,
alls (multi
ast 
alls or uni
ast 
alls between any sour
e-destination pair) may be of several 
lasses.Without any loss of generality, we may assume that an arriving 
all 
an belong to one of R. Call4



holding times are assumed to be exponentially distributed, with a mean that depends on the 
lassof the 
all.In our model, we allow some of the nodes in the network to employ wavelength 
onverters.These nodes 
an swit
h an in
oming wavelength to an arbitrary outgoing wavelength. (When thereare 
onverters at all nodes, the situation is identi
al to that in 
lassi
al 
ir
uit-swit
hing networks, aspe
ial 
ase of the more general s
enario dis
ussed here.) If no wavelength 
onverters are employedin the path between the sour
e and the destination, a uni
ast 
all 
an only be established if thesame wavelength is free on all the links used by the 
all. If there exists no su
h wavelength, the 
allis blo
ked. Similarly, a multi
ast 
all 
an only be established in a network without 
onverters if thesame wavelength is free on all links of the multi
ast tree 
onne
ting the sour
e to the destinations.This is known as the wavelength 
ontinuity requirement (see [21℄), and it in
reases the probabilityof 
all blo
king. On the other hand, if a 
all 
an be a

ommodated, it is randomly assigned oneof the wavelengths that are available on the links used by the 
all 1. Thus, we only 
onsider therandom wavelength assignment poli
y in this paper.Sin
e our model is an extension of a model developed for a single path, we introdu
e somerelevant notation for a linear, uni
ast wavelength routing network. A k-hop path (see Figure 1)
onsists of k + 1 nodes. Nodes (i � 1) and i, 1 � i � k, are said to be 
onne
ted by link (hop) i.Calls originating at node i� 1 and terminating at node j use hops i through j; j � i � 1, whi
h weshall denote by the pair (i; j). Calls between these two nodes may belong to one of R 
lasses, andthese 
alls are said to use route (i; j). We also de�ne the following parameters.� �(r)ij ; j � i; 1 � r � R, is the Poisson arrival rate of 
alls of 
lass r that originate at node (i�1)and terminate at node j.� 1=�(r)ij is the mean of the exponentially distributed servi
e time of 
alls of 
lass r that originateat node (i� 1) and terminate at node j. We also let �(r)ij = �(r)ij =�(r)ij .� N (r)ij (t) is the number of a
tive 
alls at time t on segment (i; j) belonging to 
lass r.� Fij(t) is the number of wavelengths that are free on all hops of segment (i; j) at time t. A
all that arrives at time t and uses route (i; j) is blo
ked if Fij(t) = 0.1In a network with wavelength 
onverters, a wavelength is randomly assigned within ea
h segment of a path whosestarting and ending nodes are equipped with 
onverters.
5



3 Blo
king Probabilities in A Single Path of a Network3.1 The Single-Class CaseIn this se
tion we brie
y review some of our previous results for a path of a single-
lass wavelengthrouting network. These results were published earlier in [18, 21℄, and are in
luded here for 
om-pleteness. Consider the k-hop path shown in Figure 1. Let the state of this system at time t bedes
ribed by the k2-dimensional pro
ess:Xk(t) = �N11(t); N12(t); � � � ; Nkk(t); F12(t); � � � ; F1k(t); F23(t); � � � ; F(k�1)k(t)� (1)A 
loser examination of the pro
ess Xk(t) reveals that it is not time-reversible (see [18℄). Thisresult is true in general, when k � 2 and W � 2.Sin
e the number of states of pro
ess Xk(t) grows very fast with the number k of hops in thepath and the number W of wavelengths, it is not possible to obtain the 
all blo
king probabilitiesdire
tly from the above pro
ess. Consequently, an approximate model was 
onstru
ted in [18℄ toanalyze a single-
lass, k-hop path of a wavelength routing network. The approximation 
onsists ofmodifying the 
all arrival pro
ess to obtain a time-reversible Markov pro
ess that has a 
losed-formsolution. To illustrate our approa
h, let us 
onsider the Markov pro
ess 
orresponding to a 2-hoppath: X2(t) = (N11(t); N12(t); N22(t); F12(t)) (2)We now modify the arrival pro
ess of 
alls that use both hops (a Poisson pro
ess with rate �12 inthe exa
t model) to a state-dependent Poisson pro
ess with rate �12 given by:�12 (n11; n12; n22; f12) = �12 f12(W � n12)f11f12 (3)The arrival pro
ess of other 
alls remain as in the original model. As a result, we obtain a newMarkov pro
ess X 02(t) with the same state spa
e and the same state transitions as pro
ess X2(t),but whi
h di�ers from the latter in some of the state transition rates.We made the observation in [18℄ that under the new arrival pro
ess (3) for 
alls using bothhops, the Markov pro
ess X 02(t) is time-reversible and the stationary ve
tor � is given by:� (n11; n12; n22; f12) = 1G2(W ) �n1111n11! �n1212n12! �n2222n22! �  f11f12 ! n11W � n12 � n22 � f12 ! W � n12W � n12 � n22 ! (4)where Gk(W ) is the normalizing 
onstant for a k-hop path with W wavelengths.6



Let P (n11; n12; n22) be the marginal distribution over the states for whi
h Nij(t) = nij, 1 � i �j � 2. It 
an be veri�ed [18℄ thatP (n11; n12; n22) = 1G2(W ) �n1111n11! �n1212n12! �n2222n22! (5)Likewise, for a k-hop path, k � 2, with the modi�ed state-dependent Poisson arrival pro
ess, themarginal distribution over the states for whi
h Nij(t) = nij, 1 � i � j � k, is given by:P (n11; n12; � � � ; nkk) = 1Gk(W ) Yf(i;j)j1�i�j�kg �nijijnij ! (6)It is easily seen that this distribution is the same as in the 
ase of a network with wavelength
onverters at ea
h node. An interesting feature of having wavelength 
onverters at every nodeis that the network has a produ
t-form solution even when there are multiple 
lasses of 
alls onea
h route, as long as 
all arrivals are Poisson, and holding times are exponential [7, 4℄. Further,when 
alls of all 
lasses are assigned wavelengths from the same set, we 
an aggregate 
lasses toget an equivalent single-
lass model with the same steady-state probability distribution over theaggregated states, as we show next.3.2 The Multi-Class CaseLet us now 
onsider a k-hop path with wavelength 
onverters at all nodes, and with R 
lasses of
alls. If �(r)ij , 1 � i � j � k, 1 � r � R, is the arrival rate of 
alls of 
lass r on route (i; j), and1=�(r)ij , 1 � i � j � k, 1 � r � R, is the mean of the exponential holding time of 
alls of 
lass r,the probability of being in state n = �n(1)11 ; n(2)11 ; � � � ; n(R)11 ; n(1)12 ; � � � ; � � � ; n(R)kk � is given by:P (n) = 1Gk(W ) 0B� Yf(i;j)j1�i�j�kg RYr=1 (�(r)ij )n(r)ijn(r)ij ! 1CA (7)Let �ij =Pr �(r)ij and sij =Pr n(r)ij . As de�ned, sij is the total number of 
alls of all 
lasses thatuse segment (i; j) of the path, and �ij is the total o�ered load of these 
alls. Taking the summationof (7) over all states su
h that Pr n(r)ij = sij, 1 � i � j � r, we obtain:P 0(s11; s12; � � � ; skk) = XfnjPr n(r)ij =sijgP (n) = 1Gk(W ) Yf(i;j)j1�i�j�kg �sijijsij ! (8)Observe that this is identi
al to the solution (6) for the single-
lass 
ase obtained by substituting�ij by �ij and sij by nij in (8). 7



Based on the above results, we 
on
lude that by employing 
lass aggregation on a multi-
lasspath with 
onverters at all nodes, we obtain a system equivalent to a single-
lass path with 
onvert-ers. In Se
tion 3.1, we showed that the modi�ed single-
lass wavelength routing network without
onverters has a steady-state marginal distribution similar to the exa
t single-
lass network with
onverters. We now show that a modi�ed multi-
lass network without wavelength 
onverters 
analso be subje
ted to 
lass aggregation that results in an equivalent single-
lass model. The mod-i�
ation applied to the arrival pro
ess of 
alls is similar to the single-
lass 
ase, and it is givenby:�(r)ij (x) = �(r)ij fij �Pil=1 sli + fii��Pi+1l=1 sl(i+1) + f(i+1)(i+1)� � � �Pj�1l=1 sl(j�1) + f(m�1)(m�1))fiif(i+1)(i+1) � � � fjj (9)Then, the probability that the equivalent single-
lass network without 
onverters is in stateSx = �s11; s12; � � � ; s1k; s22; � � � ; skk; f12; f13; � � � ; f(k�1)k� is given by:�(Sx) = 0�Yi;j sij!�sijij 1A� 0BBBBBB� kYl=2 0� f1(l�1)f1l 1A8<:Ql�1m=20� fm(l�1) � f(m�1)(l�1)fml � f(m�1)l 1A9=;0� fll + nll � f(l�1)(l�1)fll � f(l�1)l 1A0� fll + nllfll 1A 1CCCCCCA (10)On
e again, the parameters of the single-
lass model are given by:sij = RXr=1n(r)ij 1 � i < j � k; �ij = RXr=1 �(r)ij 1 � i < j � k (11)3.3 Blo
king Probabilities in the Multi-Class CaseSin
e the arrival rate of 
alls of ea
h 
lass on ea
h route is Poisson, the blo
king probability, Q(r)ij ,of a 
all of 
lass r using route (i; j) is just the fra
tion of time that there are no wavelengths thatare free on all hops along route (i; j) (see the PASTA theorem in [17℄). Thus, we have:Q(r)ij = lim�!1 R �t=0 IfFij(t)=0gdt� ; where IfFij(�)=0g = 8<: 1; if Fij(�) = 00; otherwise (12)As 
an be seen, the blo
king probability is 
lass-independent.Next, we fo
us on the 
all blo
king probabilities in the modi�ed model. The arrival pro
ess of
alls of 
lass r on route (i; j) is a state-dependent Poisson pro
ess whose rate at time � , A(r)ij (�) is8



a fun
tion of the state X(�) of the pro
ess, and is given by:A(r)ij (�)�(r)ij (X(�)) = �ijFij(�)Qj�1k=i �Pkl=1Nlk(�) + Fkk(�)�FiiFi+1;i+1 � � �Fjj (13)Note that the modi�ed arrival pro
ess satis�es the 
riterion:�(r1)ij (x)�(r2)ij (x) = �(r1)ij�(r2)ij 1 � r1; r2 � r (14)By applying the PASTA theorem 
onditioned on being in state x, the 
onditional 
all blo
kingprobability, P(r)ij (x), of 
alls of 
lass r on route (i; j) is given by the fra
tion of time spent in state xin whi
h there are no wavelengths that are free on all hops of route (i; j). Therefore:P(r)ij (x) = lim�!1 R �t=0 IfFij(t)=0;X(t)=xgdtR �t=0 IfX(t)=xgdt = 8<: 1; if fij = 00; otherwise (15)Let P (r)ij be the un
onditional probability that a 
all of 
lass r, on route (i; j) gets blo
ked inthe modi�ed multi-
lass model. This is given by:P (r)ij = Px �(r)ij (x)�(x)P(r)ij (x)Px �(r)ij (x)�(x) = Pfxjfij=0g �(r)ij (x)�(x)Px �(r)ij (x)�(x) (16)and 
an also be seen to be independent of the 
lass r. Thus, by 
omputing the blo
king probabilityon the equivalent single-
lass path, we 
an obtain the solution to the multi-
lass path.4 Blo
king Probabilities in Mesh TopologiesThe solution to single-
lass networks with a mesh topology, wavelength 
onverters at an arbitrarysubset of nodes, and stati
 or �xed alternate routing, has been presented in [21, 19℄. This solutioninvolves de
omposition of the network into short path segments with two or three hops, and ana-lyzing these approximately using expression (4), or the 
orresponding expression for a 3-hop pathwhi
h 
an be found in [21℄. The solutions to individual segments are appropriately 
ombined toobtain a value for the blo
king probability of 
alls that traverse more than one segment. The e�e
tof the wavelength 
ontinuity requirement is 
aptured by an approximate 
ontinuity fa
tor that isused to in
rease the blo
king probability of 
alls 
ontinuing to the next segment to a

ount forthe possible la
k of 
ommon free wavelengths in the two segments. The pro
ess repeats until theblo
king probabilities 
onverge. By applying the transformations in (11), the same algorithms maybe used to 
al
ulate blo
king probabilities for multi-
lass networks. Spe
i�
ally, we use these stepsfor a network with R 
lasses of 
alls: 9



1. Path de
omposition: De
ompose the multi-
lass mesh network topology into L single-pathsub-systems using the algorithm in [19℄.2. Time-reversible pro
ess approximation: For ea
h single-path sub-system, modify thearrival pro
ess as given by expression (9) to obtain an approximate time-reversible Markovpro
ess for the path.3. Class aggregation: For ea
h sub-system, apply the transformations in (11) to obtain anequivalent single-
lass path sub-system.4. Cal
ulation of blo
king probabilities: For ea
h path sub-system, obtain the blo
kingprobabilities as follows. If the path is at most three hops long, use expressions (16) and (10)dire
tly. If the path sub-system is longer than three hops, analyze it by de
omposing it into2- or 3-hop paths whi
h are solved in isolation, and 
ombine the individual solutions to obtainthe blo
king probabilities along the original longer path (see [18℄).5. Convergen
e: Repeat Steps 2 to 4, after appropriately modifying the original arrival ratesto ea
h single-path sub-system to a

ount for the new values of the blo
king probabilities ob-tained in Step 4 (see [19℄), until the blo
king probabilities 
onverge within a 
ertain toleran
e.5 Evaluating Call Blo
king Probabilities with Multi
ast CallsIn this se
tion, we examine how the path de
omposition te
hnique 
an be used to solve for 
allblo
king probabilities in multi-
lass wavelength routing networks with multi
ast 
alls. We �rstassume that multi
ast 
all arrivals are also Poisson. Then, we solve for state-dependent Poissonarrivals using an approximation algorithm.5.1 Multi
ast 
alls with Poisson arrivalsConsider a single-
lass wavelength routing network with only uni
ast 
alls. To this network, let usadd a single-
lass of multi
ast 
alls whi
h are routed using stati
 or �xed alternate routing. Understati
 routing, a single multi
ast tree is available for a 
all between a given sour
e and destinationset. If the 
all 
annot be established over the tree due to la
k of free wavelengths, then the 
all isblo
ked. With �xed alternate routing, a (typi
ally small) number of multi
ast trees are availablefor ea
h multi
ast 
all. Upon a 
all arrival, the 
orresponding trees are 
onsidered in a �xed orderfor 
arrying the 
all. In this 
ase, the 
all is blo
ked if no free wavelength is found in any of thetrees. 10



Consider a multi
ast 
all from sour
e node i to a set of destination nodes V = fj1; j2; � � � ; jvg.There are two possibilities. First, the sour
e node i, and all the destination nodes may lie on asingle linear path. Let jm and jn be the nodes at the extremities of this path (jm and jn 
an beany of the nodes in fig [ V ). For purposes of evaluating 
all blo
king probabilities, this multi
astsession is equivalent to a uni
ast 
all between node jm and jn. Let �jm;jn be the Poisson arrivalrate of uni
ast 
alls between nodes jm and jn, 1�jm;jn be the mean of their exponential holding time,and �jm;jn = �jm;jn�jm;jn . Let �i;V be the Poisson arrival rate of multi
ast 
alls from sour
e node i toa set of destination nodes V , 1�i;V be the mean of their exponential holding time, and �i;V = �i;V�i;V .Then, the given multi
ast network 
an be analyzed as a uni
ast network with the following simplemodi�
ation: �(new)jm;jn = �jm;jn + �i;V (17)The resulting network may be analyzed using the path de
omposition algorithm in [21℄.In general, however, the sour
e and destination nodes of a multi
ast 
all need not lie on a singlelinear path. But even in this 
ase, the multi
ast tree may be broken up into several linear segments,where ea
h segment starts at the sour
e (or a bran
h point in the tree) and terminates at a bran
hpoint (or a destination node). This network 
an be also analyzed using the path de
ompositionalgorithm in [21℄ by 
onsidering ea
h segment of the multi
ast tree as a sub-system. In turn, ea
hresulting sub-system may be analyzed as a uni
ast network after applying the modi�
ation shownin (17) for ea
h multi
ast group using the sub-system. The blo
king probability of a multi
ast
all 
an then be expressed in terms of the blo
king probability on the various segments to whi
hits multi
ast tree has been de
omposed. Note that, sin
e the de
omposition algorithm in [21℄ 
anhandle �xed alternate routing for uni
ast 
alls, it 
an be extended in a straightforward manner tohandle �xed alternate routing for multi
ast 
alls.To analyze a multi-
lass network, we �rst 
onstru
t an equivalent single-
lass network (in
ludingboth uni
ast and multi
ast 
alls) in the manner des
ribed in Se
tion 3.2. Then, the modi�
ationin (17) is applied to this equivalent single-
lass network to obtain a single-
lass network with onlyuni
ast 
alls. Finally, the de
omposition algorithm in [21℄ is applied to the resulting network.5.2 Multi
ast Calls with State-Dependent Poisson ArrivalsOur dis
ussion in the previous se
tion assumed that multi
ast 
alls arrive a

ording to a Poissonpro
ess. In pra
ti
e, however, it is unlikely that there will be several 
on
urrently a
tive multi
astsessions among the same set of sour
e and destination nodes. To a

ount for this fa
t, we now
onsider and analyze approximately a state-dependent Poisson arrival model for multi
ast 
alls.11



Let us assume that there may be at most one a
tive multi
ast session for ea
h multi
ast group,de�ned by the ordered pair Gi = (i; V ), where i is the sour
e node and V is the set of destinationnodes. The ordered pair Gi may also be used to represent the route of the multi
ast group.Likewise, the route of a uni
ast 
all from node i to node j is denoted by the ordered pair (i; j).Let R represent the total number of routes in the network representing both uni
ast and multi
ast
alls.We �rst 
onsider the single-
lass 
ase. Let �(i;j) be the Poisson arrival rate of 
alls on auni
ast route. Let 1�(i;j) be the mean of the exponential holding time. Let 1�Gi be the mean ofthe exponentially distributed time until the arrival of a multi
ast 
all to group Gi, 
onditioned onthere being no a
tive sessions. The arrival pro
ess of multi
ast 
alls is, therefore, state-dependentPoisson. Let 1�Gi be the mean of the exponential holding time. We use a Poisson approximation toobtain the blo
king probabilities of this type of network, whi
h we now pro
eed to des
ribe.Suppose the wavelength routing network has an unlimited number of wavelengths. Then, thestate of the network may just be de�ned by the number of a
tive 
alls on ea
h route, in
ludingmulti
ast routes. Let Nr(t) be the number of a
tive 
alls on route r at time t. The state ofthe system at time t may, therefore, be represented by S(t) = (N1(t); N2(t); � � � ; NR(t). Let �(n)represent the probability P (S(t) = n) in steady state. When there are an unlimited number ofwavelengths, the Markov 
hain S(t) has a produ
t-form solution, and �(n) may be written as:�(n1; n2; ::::; nR) = RYr=1Pr(nr)where Pr(nr) is the marginal probability that the number of a
tive 
alls on route r is nr in steadystate. If r is a uni
ast route, Pr(nr) is given by:Pr(nr) = 1nr! �  �r�r!nr � exp ��r�r!For multi
ast routes, we have: Pr(0) = �r�r + �rPr(1) = �r�r + �rPr(nr) = 0 if nr > 1Thus, the mean arrival rate of 
alls on multi
ast route r is given by �r�r�r+�r . We substitute thisto obtain an approximate state-independent Poisson arrival model for multi
ast 
alls. Thus, thearrival rate of 
alls to multi
ast route r is assumed Poisson with mean �r = �r�r�r+�r . Given Poisson12



arrivals, we 
an apply (17) dis
ussed in Se
tion 5.1 to obtain an equivalent single-
lass network.With a multi-
lass network, we �rst apply the Poisson approximation to ea
h 
lass of multi
ast
alls with state-dependent Poisson arrivals. From this, an equivalent single-
lass network may be
onstru
ted in the same way as shown in Se
tion 3.2. Then, the modi�
ation in (17) is applied tothis single-
lass network.6 Numeri
al ResultsIn this se
tion, we validate the approximate method des
ribed in Se
tion 4 by 
omparing theblo
king probabilities for ea
h route as obtained from the approximate method with those obtainedthrough simulation of the exa
t model.6.1 Multi-Class Networks with Uni
ast TraÆ
We �rst provide results for 3-hop paths whi
h are the basi
 blo
ks of our de
omposition algorithm.In Table 1 we show the arrival and servi
e rates for 
alls on ea
h route (i; j); 1 � j � 3, of a3-hop path. There are R = 3 
lasses of 
alls for ea
h route. In Figure 2, we plot the blo
kingprobability against the number W of wavelengths for three (out of the six) types of 
alls in thispath: 
alls using Route (1; 1), i.e., the �rst hop of the path, 
alls on Route (2; 3), that is, thoseusing the last two hops, and 
alls on Route (1; 3) using all three hops of the path. As we 
ansee, the blo
king probability de
reases as W in
reases, as expe
ted. We also observe that 
alls onRoute (1; 3) (i.e., 
alls using all three hops of the path) experien
e the highest blo
king probability,again as expe
ted. Most importantly, however, we 
an see that there is good agreement between thevalues of the blo
king probabilities obtained through our analyti
al te
hnique and those obtainedthrough simulation. Similar results have been obtained for di�erent values for the arrival andservi
e parameters and for di�erent number of 
lasses, indi
ating that our approximate method isa

urate over a wide range of network 
hara
teristi
s.Next, we 
onsider a network with a topology similar to that of the NSF network, shown inFigure 3. There are 16 nodes, and 240 uni-dire
tional routes. There are three 
lasses of 
alls onea
h route. The arrival and servi
e rates of 
alls of a parti
ular 
lass are the same on ea
h route,and are shown in Table 2. The blo
king probabilities are plotted in Figure 4 for four routes, as afun
tion of the number of wavelengths on ea
h link. Route A is a single-hop route from nodes 1to 5. Route B has two hops, 
onne
ting node 1 to node 3 via node 2. Route C has three hops,
onne
ting node 1 to node 4 via nodes 2 and 3. Route D has four hops, 
onne
ting node 4 to node 513



Table 1: Arrival and servi
e parameters for a 3-hop pathRoute Class 1 Class 2 Class 3(i; j) � � � � � �(1,1) 3.0 3.0 1.0 3.0 1.0 3.0(1,2) 1.0 6.0 2.0 6.0 1.0 6.0(1,3) 1.0 2.0 1.0 2.0 2.0 2.0(2,2) 1.0 3.0 1.0 3.0 2.0 3.0(2,3) 1.0 2.0 1.0 2.0 3.0 2.0(3,3) 3.0 6.0 1.0 6.0 1.0 6.0
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Figure 2: Blo
king probabilities for a 3-hop path and the parameters shown in Table 1
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via nodes 3, 2 and 1.From Figure 4 we 
an see that the length of the path used by a 
all 
onsiderably a�e
ts theblo
king probability experien
ed by the 
all, an observation that is 
onsistent with all our previousresults in this se
tion. Spe
i�
ally, for a given number W of wavelengths, the blo
king probabilityin
reases with the number of hops in a route, su
h that 
alls on Route A (a single-hop path) havethe lowest blo
king probability while 
alls on Route D (a four-hop path) the highest. Further, theresults indi
ate that our approximation method 
an be used to estimate a

urately the blo
kingprobabilities for all 
alls in the network.6.2 Multi-
lass Networks with Multi
ast TraÆ
In this se
tion, we 
ompare the results of the approximate algorithm for networks with multi
ast
alls to simulation results. First, we 
onsider a network with the simple \T" topology shown inFigure 5. The network is 
omposed of �ve nodes and two linear paths. In addition to ea
h of thetwenty possible uni
ast routes, we assume the following sets of links to 
arry multi
ast 
alls: (i)Multi
ast tree f1; 2; 3g and (ii) Multi
ast tree f1; 2; 3; 4g.For the results presented here, we assumed that ea
h of the above multi
ast trees 
an 
arry atmost two 
on
urrently a
tive multi
ast sessions. For instan
e, ea
h multi
ast tree is used by twomulti
ast groups, ea
h of whi
h allows at most one a
tive multi
ast session at any given time. Wealso assumed three 
lasses of 
alls on ea
h (uni
ast or multi
ast) route. Table 3 shows the valuesof the arrival and servi
e rate parameters assumed. As we 
an see, this multi-
lass network is verygeneral sin
e the arrival and servi
e parameters depend not only on the 
lass of a 
all, but alsoon the route taken (i.e., the sour
e and destination(s) of the 
all). This example illustrates thepotential of our path de
omposition te
hnique whi
h 
an be used to analyze wavelength routingnetworks with multiple 
lasses of traÆ
, and ea
h 
lass 
onsisting of 
alls with a wide range ofbehavior.In Figure 6, we plot the blo
king probability values against the number of wavelength perlink for a few of the routes. Two sets of results are shown, one set obtained by simulation andone obtained by approximate analysis. We again observe the familiar pattern of higher blo
kingprobability for routes 
onsisting of larger number of links. In parti
ular, multi
ast 
alls experien
ehigher probability than uni
ast 
alls, as expe
ted. (Note: Figure 6 plots the probability of fullblo
king [11℄, whereby a multi
ast 
all is blo
ked when it is impossible to establish the 
all betweenthe sour
e and all the destination nodes. It is, however, straightforward to 
ompute the probabilityof partial blo
king, whereby a multi
ast 
all pro
eeds with a subset of the destinations whenever15
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free wavelengths are not available in some links of the multi
ast tree.) As in previous �gures, weagain observe the good agreement between analysis and simulation over a range of 
all blo
kingprobability values whi
h spans four orders of magnitude.Next, we 
onsider a 3�3 torus network with multi
ast 
alls. The network topology is shown inFigure 7. There are 18 one-hop uni
ast routes and 18 two-hop as shown in the �gure. There are sixmulti
ast trees, ea
h of whi
h may be listed by the set of links they 
onsist of: f1; 5; 6g, f2; 4; 7g,f3; 1; 10g, f3; 10; 12g, f6; 10; 13; 14g, and f8; 13; 15g. We assume these 
onstitute routes 37 to 42.Ea
h multi
ast route is assumed to 
arry at most two 
on
urrent multi
ast 
alls.There are three 
lasses of 
alls (uni
ast or multi
ast) on ea
h route. The arrival rate of 
alls ofClass 1 on ea
h uni
ast route was assumed the same and set to 0.4 (
alls per time unit). The arrivalrate of Class 1 
alls on ea
h multi
ast route, 
onditioned on there being no existing multi
ast 
allswas assumed equal to 0.4. The mean holding time was assumed the same on all routes and equal to1/3 time units. The arrival rate of 
alls of Class 2 on ea
h uni
ast route was assumed the same andset to 0.6 (
alls per time unit). The arrival rate of Class 2 
alls on ea
h multi
ast route, 
onditionedon there being no existing multi
ast 
alls was assumed equal to 0.6. The mean holding time wasassumed the same on all routes and equal to 1/5 time units. The arrival rate of 
alls of Class 3on ea
h uni
ast route was assumed the same and set to 0.5 (
alls per time unit). The arrival rateof Class 3 
alls on ea
h multi
ast route, 
onditioned on there being no existing multi
ast 
alls wasassumed equal to 0.5. The holding time was assumed the same on all routes and equal to 1/6 timeunits.In Figure 8, we plot the 
all blo
king probabilities obtained through the approximation methodand through simulation, assuming random wavelength allo
ation. We also plot two additional setsof simulation results: one set assuming �rst-�t allo
ation and no wavelength 
onversion, and one setfor a network with 
onverters at every node (in whi
h 
ase wavelength allo
ation is not an issue).It may be observed that the results obtained by approximate analysis are 
loser to the results forthe �rst �t simulation for the uni
ast route 3 whi
h has a single hop. However, for multiple hopsand for multi
ast routes, the simulation and analyti
al results with random wavelength allo
ationare in 
loser agreement.6.3 Dis
ussionResults similar to the ones presented in Figures 2,4,6, and 8 have been obtained for a wide rangeof traÆ
 loads and di�erent 
lasses of 
alls, and for other network topologies. Our main 
on
lusionis that our approximate analyti
al te
hnique 
an be applied to 
ompute the 
all blo
king probabil-17
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ities in wavelength routing networks of realisti
 size and topology. Furthermore, the approximatete
hnique a�ords a signi�
ant redu
tion in the time for 
omputation of blo
king probabilities. Forinstan
e, the simulation program takes approximately 100 minutes while running on a Sun Ultra10 workstation, to 
ompute 
all blo
king probabilities for the network with a topology similar tothe NSF network. The approximation method, on the other hand, takes less than a minute for thesame network. In addition, to obtain statisti
ally signi�
ant results, the simulation program runsuntil there are at least 105 
all arrivals of every 
lass. For 
all blo
king probabilities less than 10�4,the simulation program must 
onsider more than 106 
all arrivals of ea
h 
lass, resulting in an evenlonger 
omputation time.7 Con
luding RemarksWe have 
onsidered the problem of 
omputing 
all blo
king probabilities in multi-
lass multi
astwavelength routing networks whi
h employ the random wavelength allo
ation poli
y. Our approa
h
onsists of modifying the 
all arrival pro
ess to obtain an approximate multi-
lass network model,using 
lass aggregation to map this to an equivalent single-
lass network, and employing pathde
omposition algorithms on the latter to determine the 
all blo
king probabilities.
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