REGRESSION AVALYSIS OF TIME SERIES DATA

by

William S. Cleveland
Department of Statistics
University of North Carolina at Chapel Hill

Institute of Statistics Mimeo Series No. 753
April, 1971



ABSTRACT

In fitting regression-autoregression models to time series data it is, -
very convenient to be able to treat the model like é single large regression.
The asymptotic sampling theory justification for doing this is reviewed. It
is shown that from the likelihood inference and Bayesian inference points of
view using standard regression inferences is justifiable when the amount of
information from the initial assumptions and initial observations is small
compared with the additional information from the rest of the sample.

The use of various regression techniques such as transformations, subset
regression calculations, and nonlinear least squares in fitting regression-

autoregression models is discussed.
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1. INTRODUCTION
Let tyseeesty be a time series; a, b, and dn,k’ for n=atl,...,N
and k=1,...,b, a set of "known" numbers; a=(al,...,aa), B=(81,...,Bb),
and 02, unknown parameters; and z,» for n=atl,...,N, a sequence of
independent normal random variables with mean O and variance 02. Suppose
for n=at+l,...,N, tn satisfies the equation

Y b
*a zj=1 ajtn-j + Zk=1 Bkdn,k tz (1.1

and that the joint distribution of tl,...,ta is normal with mean
= (ul,...,ua) and covariance matrix I. This model will be referred to as

a linear regression-autoregression model and will be abbreviated to linear

a

RAR model. zj=1 ajtn-j is the autoregression part of the model and
b .
zk:l Bkdn,k’ the regression part of the model,

We could allow nonlinearities in o and 8 and will do so in a few
places in the paper. a, b, and dn.k are "known" in the sense that when it
comes time to make inferences about the unknown parameters u, I, o, B, and
02, the former will be assumed fixed and known. But in any
particular application a, b, and dn,k must somehow be chosen and their
adequacy checkgd.

Usually, 1nteres£ centers on making inferences about o, B, and 02

with ¢ and I regarded as nuisance parameters. Often, a priori restrices

tions are made on the values that the vector of parameters (u, I, a, B, 02)
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can take. For example, it is sometimes assumed from the start that tn is
stationary. That is, the joint distribution, for any value of r, of
tl+ﬁ,3:3: t does not depend on n. This implies bel; dn,lal’ for

n=at+l,...,N; the roots of the polynomial in B, l-alB— e —aaBa, lie

1 min(s,t)

is Zi=1

outside the unit circle and the (r,s)th element of £
(0, _4%mq = %gpi-r®api-g)® Vhere ap=l (cf. [15, p.968]).

let Y be the (N-3)xl vector (ta+l,...,tN)'; Z be the (N-a)xl
vector (za+1,...,zN)'; 8 be the (atb)xl vector (al,...,aa, Bl,...,Bb)E
and X be the (N=a) x (atb) matrix whose first a columns are the a
vectors (ta+1—j""’tN—j)" for j=1,...,a, and whose last b columns are

' - rnd

the b vectors (da+l,k”"’dN,k) s for k=l1,...,b. Then the N-a equa

tions in (1.1) may be written in matrix form as

Y = X6+ z. (1.2)

Writing (1.1) in this way makes the model look like a single bilg regression
and tempts us to make inferences about 6 and 02 by using standard
regression inferences. The meaning of this italicized phrase will be taken
to be the following. From the sampling theory point of view it means esti-
mating 6 and cz by least squares and applying the usual analysis of
variance theory. From the likelihood inference (the approach to inference
described in [2] and [12]) or the Bayesian inference point of view it means
taking the likelihood or the posterior of h=o-2 and 6 to be proportional

to
N=a

n-? exp -¥h(¥-X6)'(¥-Xe) (1.3)

where this function of h and 6 i1is considered to be defined for all
h > 0 and all real (atb)~-tuples 6. This normal-gamma density is discussed

in [17, p. 342-5]. The standard regression inferences for each of the three



approaches are in essence the same (except for minor differences in degrees
of freedom). Only the language is different.
The situations where it is justifiable to make standard regression

2 are discussed in Section 2 from the sampling

inferences about 6 and o
theory point of view and in Section 3 from the likelihood and Bayesian points
of view. In Section 4 these different justificatiohs are compared. In
Section 5 the regression with stationary autoregressive errors model is
discussed. Comparisons are made between this model and the linear RAR model.

In Sections 6-10 it is assumed that for the particular set of data
being analyzed it is justifiaeble to use standard regression inferences.
Under this assumption the use of various regression techniques in setting up
and analyzing a RAR model is discussed. The general philosophy of using
regression techniques in fitting a RAR model is discussed in Section 6.
Sections 7 and 8 treat the question of selecting some transformation of the
series t in order to get a better fit. In Section 7 likelihood techniques
are used to estimate the parameter of a power transformation of tn. In
Section 8 a procedure is suggested for selecting a transformation of tn. in
order to remove inhomogeneities in the variation of tn' In Section 9 an
algorithm is given for calculating all subset regressions (really auto-
regressions) in the stationary autoregressive model with mean 0. In Section
10 a method of unconstrained optimization is given for finding the maximum of
the likelihood function for the particularly useful nonlinear seasonal RAR
model discussed in {4, p. 300].

The techniques suggested in this paper are illust:ated by thelr appli-
cation to birth rate, air pollution, airline passenger, telephone installa-

tion, and solar flux data.



2. SAMPLING THEORY STANDARD REGRESSION INFERENCES

Sampling theory justifications for making standard regresszon znfbrences
about the parameters in a RAR model have been given by Mann and Wald [14] and
Durbin [9]. Mann and Wald deal with the stationary RAR model. It is shown
that making standard regression inferences is justifiable if the sample size
is sufficiently large. Durbin gives a similar asymtotic result for the more
general linear RAR model but requires the assumption that (EX' X" X X con~
verges stochastically to the id@ntity matrix. No conditions, other than

stationarity, are given which assure this convergence.

3. BAYESIAN AND LIKELIHOOD STANDARD REGRESSION INFERENCES

The following conventions will be useful in this section. First if T
is a set "I'" will also be used to denote the indicator function of the set
. I'. For example the indicator function [y: |y| < 1] equals ome if |y| <1
and is zero otherwise. As in the previous section we will let h = 0-2. Also
R® will denote the set of k-tuples of real numbers and RY will denote the
positive reals.

The important idea used in this section will be the principle of stable
estimation (10, p. 201]. Suppose F1 and Fz are two functions of a vector
of parameters ¢ such that inferences about ¢ are to be solely based on
F3(¢) = F1(¢)F2(¢). In the likelihood approach F3 would be the likelihood
function and in the Bayesian approach F3 would be the posterior density of
¢ Now 1f Fl is relatively flat in the region where most of the mass of
.Fz
(for the purpose of making inferences about ¢) may be approximated by Fz.

is concentrated and is nowhere too big outside this region, then F3

We shall now see how this notion of stable estimation can be used to decide

. when the RAR model can be treated like a standard regression. It will be



assumed that a, B, and h are the parameters of interest and u and I
are nuisance parameters.
The 1likelihood function L of a sample tyaenasty from the linear RAR

model (1.1) may be factored into two fumctions
L(tl,tuoytN'U,Z’assgh) = Ll(tl"..’ta'u’Z)Lz(tal'l’...’tNltl’...,ta’a’e’h)'(s.l)

As previously stated in Section 1 the vector of parameters (u,I,o,B8,h) may
be a priori restricted to lie in some region rl. The stationary case was
given as a particular example. (It would however be quite rare that one
would restrict the range of B to be less than all of Rb or the range of

h to be less than all of R+.) Let T, be the region in which the vector

2
of parameters (a,B,h) must lie. r2 is then a subset of RaXbeR+. The
likelihood function in (3.1) and the two factors on the right side are, once
the sample 1is taken, regarded as functions of the parameters; we will there-
fore write them as L{(p,IZ,a,8,h), Ll(u,z), and Lz(a,B,h). Now it is easy
to see that Lz(a,ﬁ,h) is identical to the function in (1.3) (recall that

8 = (a,8)"), except that L,(a,8,h) = 0 if (o,B,h) is not in T,. This 1s
a bit inconvenient for what is about to be said so we will change the

will be taken as identical to (1.3) and

definition of L, slightly. L

2 2

(3.1) will then be rewritten as
L(u:zsasssh) = Ll(U,Z)rsz(G,B,h) .

We will now show when it is justifiable from the likelihood and the
Bayesian points of view to make standard regression inferences sbout a,B
and h., The Bayesian case will be given first. Let P(u,IZ,a,8,h) be a
prior distribution on the parameters. The posterior demsity of the parameters
after observing the first a sample values tyseeest, is proportionallto

P(u,Z,a,B,h)Ll(u,Z). Let Fl(a,B,h) be the marginal posterior density of



a,B, and h after observing tl""’ta’ which 1s proportional to the
marginal function in 0,8, and h of the product PLl. Let Fz(u,B,h) =
IpLy(a,B8,h) and let Fy(a,8,h) = F,(a,B,h)F,(a,B,h). Then F, is pro-
portional to the marginal posterior of a,B, and h after observing the
entire sample tl,...,tN. |

Standard regression inferences about o,8, and h may be made if:

(3.2) The principle of stable estimation as described earlier
applies to the F3, FZ’ and F1 just defined.

(3.3) Most of the mass of L, Ilies in T,.

2 2

From (3.2) F3 is well approximated by F, = P2L2 and from (3.3) P2L2 is
well approximated by LZ; thus F3 .1s well approximated by Lz. But as
previously stated L, is just the standard regression inference function
given in (1.3).

Condition (3.2) says that if the amount of information about a,R,
and h after observing tl,...,ta is small compared with the additional
amount of information from ta+l""’tN’ then I'ZL2 = F2 is a good
approximation of F3. Note that if the prior distribution on the parameters
’ is suéh that u,Z 1is independent of a,8,h and the prior demsity of a,8,h
is proportional to Pz, then there is no information about o,8,h from
tiseenst, and F, = F,. In addition if T, = RaxRbXR+ then L2 = Fz and

3 2 2

F, 1s exactly the standard regression inference function in (1.3).

3
The discussion of the likelihood case proceeds exactly as the Bayesian
case with the word "posterior" replaced by "1ike;1hood" and the prior demsity
P replaced by ry.
One expects the approximation typically to be valid when N 1s large.
With a large N we can justifiably expect the additional information about

a,B, and h to be much greater than the information after observing



tl,...,ta which remains fixed as N increases. Of course this does not
happen with probability 1 so0 it is necessary to check the approximation.
" As an example suppose t is a stationary first order autoregression
with mean 0. That is, t = oyt , + 2, for mn=2,...,N; la1§ <1; and
t, 1s normal with mean O and variance h”l(l-ai)-l. Suppose the prior
density on ey -is uniform and the prior on h 1is h-l, independently of

. Then Llcal,h)ah*wai)“‘ exp - Jgh(l-ui)ti and L,(o,,h) =

*
N-1

2 N 2 . -
h exp - %h zn=2(tn.altn-1) and the posterior of ay and h ~will be pro

portional to
N 1 N
e 2 " ¥ oy 2w s (- 2
[al.lall <1l h (1-a1) exp - %h[(1 al) tl + znuz‘(tn.altnel) 1.

If (3.2) and (3.3) hold then Lz(al,h), normalized to integrate to one, 1is
a good approximation of the posterior.

This last paragraph will now be applied to the 199 daily changes from
July 16, 1968 through January 31, 1969 in the level of the solar power flux
density (defined in [20, Section 16.3]) at 2800 megahertz,which were recorded
at National Research Council, Ottawa, Canada. The observations are given by
the following string of numbers; an italiclzed number has a negative value:
680116765383163107650128250410101316120450
15157664524265814358073365411312207¢611615
221410809123254313955067428226110221281¢
62568124208320361387263221015651201210021¢4
21435673174393201822101381612211814701 15
15640145134429639112130, From the knowledge about the
pliysical mechanism generating the series it seems quite reasonable to assume
the mean of tn is 0. This is substantiated by the sample since thé sample

mean is -.08 and the sample standard deviation is 6.20. From a histogram of



the data it seemed quite reasonable to assume normality, although one might
be a bit hesitant in view of the accuracy of the data. The first 5 sample
autocorrelations are .20, .12, .04, ~.05, and =-.06. The first 5 sample
partial autocorrelations [4, p. 64] are .20, .08, .00, -.07, and -.04.
The first 5 sample inverse autocorrelations [7] are -.15, -.08, -.03, .05,
and .04, From these estimates it seemed quite reasonable to try fitting a
first order statlonary autoregression. g

The amount of information in L2 in this example appears to be large.
The maximum of L2 occurs at a = ,19945 with a standard error of .069.
From this rough sort of analysis it would be quite reascnable to suppose Lz
serves as a good approximation. Let us, however, look closely at the ap-
proximation for making inferences about aqe The actual marginal posterior
of @; 1is

B + 125 ey 7]

my () = .10092(1-a§);5 .
8.9413

This was got by integrating out h in Lz(al,h) and using numerical inte-
gration to find the normalizing constant. Now the posterior approximation

of oy using L2 is

(al-.19945)2 208.266:{- -1—9—3—'!-1-

m,(a,) = .174 |1 +
271 [ 199

which is a t-density and very nearly normal with mean .19945 and variance
.0048. Very nearly all the mass of both o, and m, lies in the interval
0 to .4. The maximum of m, occurs at +19943 and the maximum of m,,
at .19945. Table 1 gives, for 1l equally spaced values of oy from 0 to
+4, the values of my, Wy and their ratio. Clearly the approximation of

m, by m, is quite good.



4. COMPARISON OF SAMPLING THEORY, BAYESIAN, AND LIKELIHOOD APPROACHES

At present the sampling theory justification for making standard re-
gression inferences in a RAR model is unfortunately quite incomplete. The
results in Section 2 are asymptotic and restrict the class of RAR models con~
sidered. The main problem is that it is extremely difficult to dérive
finite sample distributions for the least squares estimates; even if these
were calculated there would remain the problem of deciding when these distri-
butions are well approximated by the standard regreseion inferencee.

The Bayesian and likelihood justifications in Section 3 are (statistically)
complete. That is, a routine has been described for deciding with a particular
sample at hand when standard regression inferences may be made. Carrying out
the routine 1s a numerical analysis problem, albeit in some cases a difficult
one. The reason for attempting to make such an approximation is that if the
approximation is valid, the resulting inferences are more easily understood

and more easily communicated.

5. COMPARISON OF THE LINEAR RAR MODEL AND THE REGRESSION
WITH STATIONARY AUTOREGRESSIVE ERRORS MODEL

A model often used in time series studies is the regression model with
stationary autoregressive errors. That is, tn is assumed to satisfy, for

n=l,...,N, the equation

b
£y = Jem1 Bk ¥

a
where e, is a stationary autoregression e = zjﬂl ajen—j + zZ, - For example,

economists frequently use the model t = Tn + Sn + e, where Tn accounts

for trend-cycle and S,;n accounts for seasopality.
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We could proceed as in Section 3 by writing the likelihood function of a
sample from a regression model with stationary autoregressive errors as the

- product
L(t1| X3 .,tNla’B,h) s Ll(tl, rsae ’tala,s,h)Lz(t&*'l,.. ° ’tNla’B’h,tlga o ’ta)

and see if L2 provides a good approximation of 1 or is nearly proportional
to the posterior demsity of a,8, and h. But the problem is that this L2
for the regression model with stationary autoregressive errors is not in the
form of the standard regression inference function (1.3) and is not an easy
a function to work with because of the nonlinearities in o and 8.

This added complication in the regression with stationary autoregressive
errors model should, I think, encourage us to try and fit a linear RAR
model when it is possible to do so. Of course, a situation might arise where
the knowledge of the mechanism generating the series is such that one can
write down the first model and apriori specify the dn,k' But usually,

choosing the dn involves both prior knowledge and a good hard look at
]

k
the data; there tends to be a lot of guessing, fitting, and checking. In
this sort of a situation the RAR model seems more attractive simply because
it is easier to work with if it is justifiable to make standard regression
inferences, Of course, if this approximation is not valid then each of the

models has its own difficult nonlinearities.

6. THE USE OF REGRESSION TECHWIQUES

From this point on in the paper it will be assumed that a RAR model is
being fit to a particular set of data and that a preliminary analysis from
the likelihood or Bayesian point of view has indicated that making standard

regression inferences is justifiable. The RAR model will be treated as if 1t
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is the single large regression in (1.2) with dependent variable Y and
independent variables Xk, for k=1,...,atb, which are the columns of X.
In fitting the RAR model we would like to make use of what will be
called regression techniques - procedures such as transformations of the data,
variable selection, analysis of residuals, graphical displays, and nonlinear
least squares. We could straightforwardly apply these techniques to the RAR
model as they are applied in the general regression situation. However, while
with the RAR model we are now faced with a regression, it is one that has a
special structure (indeed sometimes, as we shall see later, an extremely
special structure) that is not present in the general regression problem for
which these techniques were devised. There is a special relationship among
the independent variable Y = (ta+l,...,tN)' and dependent variables Xk =
(ta+1—k""’tN-k)" for k=l1l,...,a, which are the first a columns of X.
Thus it is fruitful to rethink the use of regression techniques in the
specially'sttuctured RAR model. Some techniques may possibly be modified
so they work much more effectively; some may not change at all; others may
be totally inappropriate; and completely new techniques may be developed.
The following sections are devoted to discussions of the use of a few

of the many regression techniques in fitting RAR models.

7. TRANSFORMATIONS: ESTIMATING THE BEST POWER TRANSFORMATION

In the standard regression theory with independent observations there
have been many discussions about transforming the dependent variable or
transforming the independent variables in order to éetter satisfy the as-
sumptions of the model. For example, Anscombe and Tukey [1] have discussed
0)

the use of power transformations, t(T) = (tT-l)/T for 720 and t(
log t, for reducing inhomogen:ities in varlance and nonadditivity for

positive data. If the data is not positive (or even if it is) then the two-
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T

parameter family of power transformations [(t+12) 1. l]/'r1 may be used. In
this paper only the one-parameter family will be discussed. A discussion of
the two-parameter family would involve the same general principles; the
details would change in an obvious way.

Suppose the independent variable in (1.2) is transformed by the power

transformation t(T). This is equivalent to rewriting the equations (1.1) as

(1) a b
th = Ljer %tpeg * ey Bl * %o

Such a model, however, involves the original series in both a transformed and
untransformed way, which is not particularly congenial since it makes under-
‘standing the results of the analysis more difficult. Of course, if such a
model is a very good approximation of the truth then one must be prepared to
face up to it. But what one would like to get away with is to fit a RAR model

to :(;), that is, to fit the model

(1) a (1) b
tn = Lym1 %ty * lien Bidnk * %0 (7.1)

In the language of regression the independent variable and the first a
dependent variables are being transformed by the same power transformation.

In some instances one might also want to transform some of the other independ~-
ent variables, that is, to replace dn,k in the above equation by déj;
for certain values of k. The choice of T will be discussed in this and
the next sections.

There are a number of ways of choosing the value of 1. If the trans-
formation has been introduced to remedy a particular ill, then Tt will be
chosen to minimize some measure of that ill. A particular case of this will
be discussed in the next section. If the power transformation is being

incorporated into the model to improve its overall health then it would seem

most reasonable to treat T as a parameter in the model and utilize whatever
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one believes to be a sound approach to estimation, to estimate <. This
approach has been used for transforming the independent variable in the
general regression situation by Box and Cox [3]. The mechanics of esti~
mating T in the RAR model (7.1) will now be discussed from the likelihood
and Bayesian points of view.

It was stated in Section 6 that we would assume the situation is such
that the standard regression inference approximation is valid. But for the
model in (7.1), since we have the added parameter <, this statement must
be amended to say that the likelihood or the posterior is nearly proportional
to L,(a,B,h,1) = Lz(ta+l,...,tNIa,B,h,T,tl,...,ta). That 1s, for each fixed
Ts standard regression inferences may be made about o,8, and h. Define
the (N-a)xa matrix T(1) = [téI;],‘ neatl,...,N, j=l,...5,a and the
(N-a)xb matrix D = {dn,k]’ n=atl,...,N, k=l,...,b. As previously stated
one might want to transform, in addition to tn-j’ for j=1,...,a, some of
the other independent variables dn,k for certain values of k. To allow
for this possibility define D(t) to be the (N-a)xb matrix obtained by
transforming a subset of the columns of D. Define the (N-a)x(atb) matrix
X(1) = [T(1); D(t)]. We will assume that the columns of X(t1) are linearly
independent. (The discussion would be similar if this restriction were removed.)
Let 6= (2,8)'; 0(r) = (X'(MX(N L X'(1Y; and (1) = (¥-X(1)3(1))"

(Y-X(1)8(1)). Then

N-a
Ly(e,h,0) =(TTY . e b % exp-3h(¥-X(x)0) ' (¥-X(1)0)
N-a

=(Taeat1tdb © . exR ~FhI8(0)H+(6-8¢0)) "KL IR(D) (-6

§(T) 1s the maximum likelihood estimate of 6 for a fixed T and in the

Bayesian approach is the condition mean of 6 given 1.
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For fixed t and h, L2 as a function of 6 1s proportional to a
multivariate normal density., Thus the marginal likelihood or the marginal

7 posterior of h and 1 is proportional to
N-2a=-b
2 -
AT D X (0)X(1) | exp-dh 8(¢) .

If h is integrated out and we let v = N-2a-b+2, the marginal of t dis

proportional to

v

(T2 e 1% Ox@ [ FG)™ 2 (7.2)

n=
To help keep the calculations within reasonable bounds it is better to com-
pute the function

v
n(r) = qT yT-l w 8(1) | 2
=3'|“1 n ’xl (T)X(T) l Q(T)

which, as a function of +t is proportional to (7.2). m(1) can be computed
by first computing log m(tr) and then exponentiating.

The estimation of 1 will be governed by m(t1) and the physical
mechanism generating the series. Two possible estimates of T are T, the
value of 1t which maximizes m(1), and 7T = (f 7 m(1) dv)/f m(r) dr, the
mean likelihood estimate or the posterior mean of 1. Often a value To
will be chosen which is close to an estimate that is believed reliable and
which is such that t(To) has an easy to understand interpretation.

This method of choosing the transformation will be applied to 234
measurements of the level of air pollution in nonurban areas in the United
States from 1958 through 1966. These measurements are reported in [18] and
resulted from averaging daily observations in two-week intervals. The
observations are 24 15 15 19 16 15 17 20 23 18 48 30 33 31 27 39 30 21 28 26
30 22 22 10 25 20 20 17 20 21 17 21 21 28 39 37 31 31 41 27 34 34 37 37 24 20

20 15 20 19 20 13 13 15 19 18 15 21 22 33 31 26 29 33 38 29 42 32 40 35 28 34
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29 23 20 24 22 20 16 17 22 19 25 24 18 22 26 27 35 33 39 32 28 32 33 34 23 28
30 30 21 16 21 17 14 21 19 22 20 17 18 18 33 29 30 31 32 34 35 32 36 32 28 26
26 28 25 18 19 20 21 29 17 19 17 29 44 36 23 35 35 39 39 35 34 29 28 26 33 30
37 31 20 17 18 18 18 25 21 15 29 27 19 34 29 42 50 41 39 44 39 30 28 33 28 23
29 36 30 18 19 26 17 18 20 16 29 31 26 22 23 37 28 37 48 39 24 37 45 34 25 29
23 34 38 16 23 24 20 17 18 20 21 28 23 33 28 34 42 31 57 44 42 33 38 39 30 29
32 39 27 22 23 20. There is a strong, yearly seasonal effect (of crder 26)

and an increasing linear trend. The model fit to the data was

(1) (1) (V) xn In
t, =t 3t B HBm T+ By cos g3t B, sin T3

The results of the fit are summarized in Table 2. Column 1 gives the values

of 1 at which m(r) was calculated. Column 2 gives m(t) % 105.

The
maximum of m(t) occurs at T = .16 . m is very nearly symmettic about %

go that T % .16. Column 3 gives the values m(tr)/m(.16), that is, the
relative 1ikelihood function. Since m(0)/m(7) = .50 it is very tempting to
use the logarithms of the observations since it makes seﬁse to think in terms
of percentage fluctuation. Columns 4-8 give the values of (&1(1),...,54(1)) =
(8¢1))'. The dependence of &1(1) is slight in the interval {-.3, .6]

where most of the mass of m(t) 1is contained. Column 9 gives the values of

gl(t), the coefficient of skewness of the fitted residuals

%n(r) = téT) - al(r)t(T)-Bl(T) BZ(T)n( ™3 Bs(r)cos 13 64( 7)sin 22 13
for n= 2,...,234. Thus gl(r) = 234 3( )/(Zizg ﬁ(r)) . The untrans-

-~

formed dat; (corresponding to 1=1) yields residuals zn(l) that are skewed
to the right. The indication from m(r) that some transformation is needed
seems in large part due to the deviation of these residuals from normality.
Indeed it can be seen that in the region of high likelihood the coefficient

of skewness has been greatly reduced. At T =7 = .16 some skewness is still
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present but is only roughly a third of the value at 1 = 1. A value of
gl(T) = 0 occurs between -.2 and =-.1. At T =0 the coefficient of
skewness 1s positive bﬁt siight. This perhaps makes taking the logarithms

even somewhat more attractive.

8. VARIAICE HOMOGENIZING TRANSFORMATIONS

Suppose that an initial inspection of a particular time series reveals
that the variation of the series is changing more or less continuously through
time. By variation is meant the magnitude of the up and down oscillations
that have a frequency greater that the frequency of what would be called
trend. Variation is used rather than variance since we want to avoid any
probabilistic notions; the following analysis will be purely structural,

The above initial inspection might involve plotting the series and making
a visual inspection. It also might involve, particularly if the series is a
long one,'breaking the series into blocks, calculating a measure of the
variation in each block (perhaps by a sample variance), and inspecting these
méasures. Or it might involve calculating a measure of the change in
variation of the series.

It is, of course, highly desirable to have a series whose variation does
not exhibit any patterned change; that is, to have a series with homogeneous
variation, If tn is a series with inhomogeneous variation then we can try

)

transforming tn by a power transformation tét in order to homogenize the
variation. Choosing a value of 1T to do this will now be discussed.

One possibility would be to make plots of tir) for several values of
T and select a value of T by visual inspection which appears to homogenize
the variation. An alternative to this graphical method is to develop some
measure of the change in variation and select the +t which minimizes this

measure. One way of doing this will now be described.
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(1)

First a value of 7t 18 selected, then tn is transformed to tn R

and then the trend in tét) is removed. This removal procedure will be

(1)
n

discussed in more detail a bit later. Let s be the square of the de-

(r) = N-l EN s(T) . One would like the variation

trended series and let s
n=ln

of the detrended series to be as uniform as possible. Another way of saying

this is that one would like sét) to be as near to constant as possible.

(1)

a is o-a constant is the percentage reduction in

sum of squares of the regression of séT)

A measure of how close s

on a constant. Percentage rather
than absolute reduction is used since the latter is not scale invariant and
would therefore not allow meaningful comparisons for different values of .

Thus the measure of the change in variation is

] N (D) ()2

v(1) = n=1l""n .
N (1).2
Zn=l (sn )

The value of 1t which minimizes wv(r) will be used in the transformation.

The trend in the series can be removed by calculating either a moving
()

average of tnT and subtracting from t(T) or by fitting some function to

n
the tét) using least squares and subtracting the fitted function from tit).
In choosing the coefficients in the moving average or the particular function
to be fit, sufficient latitude must be given to be able to account for the
trend of tér) 'for all 1t 4in the range of interest. Sometimes there is
slow variation in the series which has a higher frequency than the variation
that would be called trend but which is homogeneous and has a lower frequency
than of the variation which shows a patte;n. In this case it will sometimes
be useful to remove this slow variation by a moving average before calcu-
lating v(T1).

Another possibility for removing inhomogeneities in the variation of

tn’ which won't be described in detail here, would be to transform tn to
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cntn where c, is some positive,:smooth function of n. The above
measure Vv can be used to assess the relative success of various c, se-
quences in removing inhomogeneities.

The technique of using a power transformatién to homogenize the variation
was applied to two series. The first is the well-known monthly international
airline passenger series ([4, p.531] or [5,.p. 429]). The second is the
monthly inward station movement series reported in [19] which consists of the
number of telephones installed each month in Wisconsin from January 1951
through October 1966. Both series have an increasing trend and seasonal
oscillations (of order 12) whose magnitudes are increasing with time. For
both analyses a quadratic polynomial was used to eliminate trend.

For the airline series, v(t) was calculated at the 11 equally spaced
points =-.5, -.4, ..., 5. The values of v(t) corresponding to these
points were .618, .596, .580, .572, .572, .568, .593, .611, .630, .651, and
.672. The minimum of v(t) occurs at 1 = 0. From a visual inspection of a
graph of the logarithms of the series (cf. [4, p. 308]) it is seen that the
increasing trend in the magnitudes of the seasonal oscillations of the series
has been removed. Indeed, it makes sense to take iogarithms since, as Box
and Jenkins have written, it is percentage fluctuation which might be expected
to be comparable at different sales volumes.

For the telephone data v(t) was calculated at the points -1.2, -1.1, -1,0,
-.9, =.8, 0, .5 and 1. The values of v(1) corresponding to these values of 7
were .568, .564, .562, .562, .565, .€64, .747 and .815. The minimum of v(1)
occurs near -1.0. Again from a visual inspection of a graph of the inverses

_of the telephone data it is seen that the increase in the magnitudes of the
seasonal oscillations has been removed. The i{mverses - have the interpretation

of being the average time between installations during each month.
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9. CALCULATION OF ALL SUBSET REGRESSIONS UP TO A PARTICULAR
SIZE FOR A STATIONARY AUTOREGRESSION WITH MEAN 0.
~ Suppose tn 1s a stationary autoregression with mean 0 and the
standard regression inference approximation of Section 3 is justified. That
is, the likelihood function or the posterior demsity is approximately pro-
portional to

N-a

e ——

2 N ra 2
b exp-dh J _ ..(t - ngl oty ) 9.1

If the model is written in the form (1.2) then X = [tn-j]-’ n=atl,...,N,
j=1’;o.’a aﬂd Y = (ta*'].’...’tu),. Let a = (X'X)—1X'Y then (901) 18

N~a

h % exp-%h[(Y-X2)' (¥=Xa) + (a=a)'X'X(a~a)]. 9.2)

The (1,j)th element of X'X is

N

Z‘n='ari-l L. 9.3)
and the j~th element of X'Y is

N

z11==a-l-]. tn-j 1:1:1 * (9.4)

Let ¢ = ):g‘ atl tnt otk If N is sufficiently large (9.3) may be approx-

imated by c“i"jl and (9-4) by cjo Let r = [C'i_j I ] Py 181’0- 238, j‘l,o.-'a;
= s &= (& &) = -1 ° = -78

Y (cl,...,ca) s & (al,...,aa) ' “y3 and h (I\I—a)/(o:‘.0 Zj=1 &jcj).

Then (9.2) is approximately

N-a
h % exp-#h[(N-2) f L+ (a-8)'T(a~8)1.

& and ﬁ, the values of oo and h which maximize this function, are the

well~known Yule-Walker estimates (cf. [13, p. 476]) of a and h.
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It is desirable, just as in the standard regression model, to investi-
gate which of the columns of X could be deleted and still maintain a good
fit.i Thét is, which of the «,, for j=l,...,a, can be assumed to be zero.
One way to carry out this investigation is to calculate all subset regressions
up to a particular size. In the particular regression problem of this
section X'X~ T and X'Y &y have a very special structure. I 1s a
Toeplitz matrix and its elements determine in a very special way those of .
One would expect therefore to be able to devise an algorithm for calculating
all subset regressions up to a particular size which makes efficient use of

this special structure. One such algorithm will now be described.

Let X, denote the independent variable Y. Let X(iolil,...,ir)
denote the regression of X on X, se.esX,. . Then X(0]|3) = (c,/c )X,,
io il ir 3770774

for j=1,...,3, which gives all subset regressions of size 1. Now suppose
all subset regressions of size r have been computed = From these calcu~
lations the regressions of size 1+l can be computed in the following
manner. Let 11"“’ir+1 be a subset of l1,...,a with 11<12<...<ir+1.
Then X(Olii,...,1r+l) is equal to X(Olil,...,ir) plus the regression of

r+l
regressidns of size r have been computed. The saving in the algorithm

comes from noting that X(ir+1iil,...,ir) essentially has already been
calculated. Let j =4, -1 for kel,...,r. Now X(Oljl.,...,jr) =

slxj +..¢+grxj has already been calculated. Then it is easy to see, in
1 T

view of the special structure of I' and vy that X(ir+l|11,...,ir) =
-X(ir’*‘l I 11’ see ,ir) equals

E X, +ew #£,X and the sum of squares of X
TS 141
the sum of squares of X, - X(OIjl,...,jr) which 1s ¢, - glcjl-...-grcjr.

Thus
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c "E [ o4 “ee ."g c
i ri 171
ﬂ'l 1 T (x -X(iﬁltil’..‘,ir))
r+l

‘ X(O'il’...’iﬁl)BX(o‘il’...’ir)+ 1

co"alcjl-n . ."Ercjr

= rlxi + see + Tr+1 Xi ’

and the residual sum of squares of this regression of Xo on Xi ,...,Xi

1 r+l

iS C, = 1,C “ees™T c -
1 11 r+1 ir+1

" The assumptions being made in this section are that tn has mean 0 and

0

is stationary. Such assumptions will generally arise when the t, are the

residuals after subtracting off an estimate of trend or the tn are the

result of differencing an original time series. (cf. [4, p. 85]). Such a

stagewise procedure is not the most efficient with regard to estimation but
. does tend to make working with the series less complicated.

A note of skepticism will now be entered about calculating subset auto=
regressions. We have been able to exploit the special structure of T and
Y in order to reduce the computations in calculating subset autoregressions.
The question, however, is whether there is generally much marginal benefit
from calculating subset autoregressions after the estimates of the auto-
correlations and inverse autocorrelations [7] have been studied. In the
general regression situation X'X and X'Y are usually too complicated to
simply look at and decide which independent variables should be in the
regression model. Consequently a crutch such as calculating subset re-
gressions is needed. But for the stationéry RAR model of this section we
can do a fairly good job of looking at the values of T and y (i.e.

looking at the autocorrelation function) and making some statement about
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that is, the least squares estimates,and h= (N-a—p)/SS(&,ﬁ,é).

One possibility for iteratively finding the least squares solution of
this nonlinear least squares problem 1s to use an algorithm such as the
Gauss method (cf. [16, p. 148] or [8, p. 267]) which is capable of handling
the general nonlinear least squares problem. But the special structure of
SS suggests an alternative algorithm. If o 1s fixed to be up then the
minimum over 7 and B of Ss(up,u@e) can be found by the usual linear
squares formula since ag(B)n(B)tn + zzgl Bkdn,k is linear in 1w  and B.

A similar statement holds with 7 fixed. A quick description of the
algorithm is: minimize 8S(a,7,8) over T and § for fixed o; then minimize
over o and B for fixed 7; and repeat this process until the points
converge. A more detailed description will now be given. In reading it,

it should be kept in mind that since o(B) and w(B) commute, a(B)'ir(B)tﬁ =
ﬂ(B)a(B)tn. Also 0j will be used to denote a vector of j zeros.

1. The starting values aQ = ea, ﬂp = Op, and 80 = 0b are generally
quite satisfactory.

2. Suppose at the completion of the r-th iteration the values of the
parameters are ar, ﬂr, and Br- The (r+l)-st diteration is given by steps
3 and 4.

r+l

3. Minimize SS(d‘,m,B) over 7 and B, yielding ¥ as the value

of 7. This is done by calculating ;n = ar(B)tn for n=a+l,...,N and
N ~ b 2
n=a+p+l(“(B)tn = Il Bkdn,k) over 7 and B using the

linear least squares formula.

minimizing ¥

r+l

4, Minimize SS(a,mr+1,B) over o and B, ylelding «o and Br+1.

This is done by calculating ?n = fﬁrﬂ(B)tn for n=sp+l,...,N and minimizing

N 2
n=a+p+l

squares formula. This completes the (r+l)-~st’ iteration and the algorithm

is at the point ar+l, ﬂr+1, 6r+1.

~ b
z (a(B)tn - Ekal Bkdn,k) over o and B using the linear least
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5. A reasonable stopping point can be given in terms of the likelihood

function approximation F. Define h' to be the value of h ‘which minimizes

F(h,a",7%,8%). Then h' = (N=a~p) /$S(a*,7%,8%). The algorithm can be stopped

after the r~th iteration if the likelihood ratio L(b%,a,T ,Br)/L(hr-l,ar'l,
. -1 r l) = (h /hr-l) 2

’

is nearly one, or equivalently, if ﬂ:%:ﬂ log

;;;1 is nearly O.
" In the remainder of the paper this algorithm will be referred to as the
relaxation algorithm. (Actually it is only one particular relaxation
algofithm.) It will now be shown that the relaxation algorithm converges
(mathematically, that is, ignoring round-off error) to a local minimum of SS.
The method of proof easily extends to the case where there is more than two
polynomials of B in (10.1).

Let ak, for k=1,2,..., be a sequence of o points converging to a
point ao(using the usual Euclidean distance). Let nk and Bk, for
k=0,1,..., denote the unique values of # and B which minimize SS(a¥,

T,8) over T and B for fixed of. Let ¢F = (oX,7%,85), for k=0,1,2,... .
We will show that ¢r converges to ¢ . First note that S 1s a non-
negative polynomial in o, 7, and B. Since SS(¢k) < SS(ak,Op,Ob) and

these latter numbers are uniformly bounded in k, the ¢k lie in a closed
bounded region R. 8S 1s.uniform1y continuous on R; therefore, for

€ > 0 we can construct a family of spheres 53$¢k) of radius G_about the’goints ¢k
such that ISS(¢) - SS(¢k)I <eg for all ¢ in 56(¢k). If the Euclidean

. distance of (ak, 0 , Ob) from (ao, Op, Ob) is less than 6 , then

(ak,uo,Bo) lies in S (¢ ) Thus SS(¢R) < SS(¢0) + €. By a similar

argument SS(¢ ) < SS(¢ ) + €. Thus SS(¢k) converges to SS(¢05. The ¢k

lie in a bounded region and therefore have a point of accumulation,

(ao,v*,sﬁ). Now SS(ao.ﬂ*,B*) = SS(¢O). But since ﬂo and Bo are unique

values at which the minimum of SS(ao,m,B) over © and B occurs, n* = ﬂo
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and B* = Bo. Thus ¢k converges to ¢0. By a completely - alalggous proof
this same convergence occurs if the roles of a and 7 are interchanged.

Now let of = (ar,#r,sr) be a sequence of points of the relaxation
algorithm, Since SS(er) < ss(er'l) and SS. 1s a polynomial, the o 1fe
in a bounded region and have a point of accumulation 6% = (a*,m%,8%)., Let
yrk be a subsequence of 6F which converges to 6%, At the point yr the
relaxation algorithm minimizes SS with respect to o and B or with
respect to T and B. Let ¢r be the subsequence of yr which corresponds
to minimization with respect to o and 8. (If there are only a finite
number of terms in this subsequence then consider the other minimization.)
Let $r bbe the point to which the algorithm moves as a result of this
ninimization. Let $ be the minimum of S8(a,m*,8) over o and B with
v* fixed. From the convergence fact proved in the previous paragraph, @r
converges Qo 3. Now suppose $~¢ %, . Then since @ is a unique point of
minimization S8($) < SS(6%). But since SS(3%) converges to SS(¢) we
would have that SS(&r) < 85(8*) for some r, which contradicts the assump-
tion that 6% 4is a point of accumulation. Thus a = 6% and $r converges
to 6%, Therefore mnminimization with respect t¢c a and B cannot take the
algorithm infinitely often out of a small neighborhood of 6%, A similar
statement holds with o replaced by 7 . Furthermore, from the fact that
¢ = 0%, we see that 6% 4s a local minimum of SS. Thus the algorithm
converges to a local minimum of S§S.

The relaxation algorithm has the property that it tends very quickly to
get in the general area of a3 minimum but has difficulty descending a long
narrow valley to a minimum, This difficulty can often be easily overcome by
using the elegant pattern move part of the Hook and Jeeves [11] algorithm,

This would be used after the r~th iteration in the following manpner. Let

¢r = (of ﬁr,Br) be the point to which the algorithm moves at the r~th
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iteration. The result of the r~th iteration is a move from the point ¢r—1

to the point ¢r. The direction of the move is ¢r - ¢r—1. The pattern move
“exploits the common sense notion that a 1little more of a good thing might

even be better. The pattern move goes in the direction ¢r - ¢r-1 but goes
twice as far. That is, the move is to 6F = ¢* 1 + 2¢6%-6""1). Now the relaxa-
tion digarithm is used to improve 6°. That is, steps 3 and 4 are carried out

at the point 6%, If the resulting point is an improvement over ¢r then

call it ¢r+1 and now repeat the pattern move by going to oF + 2(¢r+1-¢r).
I1f the point is not an improvement over ¢r then return to ¢r and carry
out the relaxation algorithm as usual.

Just what strategy one uses in inserting pattern moves will depend on
the type of computing system used. If batch processing is used then one
strategy would be to allow the relaxation algorithm to run for a number of
iterations without any pattern moves and then use pattern moves at every
iteration. If an interactive system is used the strategy can be defined as
the algorithm proceeds. The programmer can insert the pattern move when it
seems advisable.

Another procedure would be to combine the relaxation algorithm with the
Gauss method. The relaxation algorithm tends to get in the neighborhood of
a minimum more quickly than the Gauss method and a single iteration of the
former requires less computation than a single iteration of the latter. But
the Gauss method seems to be a better valley descender. Thus the two might
be combined by alternating them or perhaps by.letting the relaxation method
run for the first few iterations and the Gauss algorithm thereafter.

If time permits it is advantageous to use more than one algorithm, This

tends to guard against the possibility of thinking a minimum has been found

when, in fact, the algorithm has merely slowed down.
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As an example the model (1~alB)(l-mlBlz)tn =z,  was fit to the monthly
birth rate data reported im [6, p. 240]. The results of using the relaxation
- algorithm are shown in Table 3. Convergence was quite rapid and it was
unnecessary to use a pattern move. The results of the Gauss method are
shown in Table 4. The convergence was also rapid, but not quite as fast as

the relaxation algorithm. It is reassuring to see convergence to the same

values,



Table 1. POSTERIOR AND APPROXIMATION

oy Ml(al) Mz(ul) Ml(al)/Mz(al)
.00 .101 .097 ©1.036
.04 .425 416 1.021
.08 1.320 1.308 1.010
.12 2.984 2.980 1.001
.16 4,874 4.893 .996
.20 5,724 5,757 .994
.24 4.825 4,848 .995
.28 2.923 2.926 .999
.32 1.279 1.273 1.005
.36 407 .402 1.014

.40 .095 .093 1.024




Table 2. TRANSFORMATION OF AIR POLLUTION DATA

t NS w1 & @ Bm bm Bm Bm g @

-1.0 .60 .00 .17 .78 .02 - .01 -,00 -.98
- .3 .13 .00 .12 1.65 .07 - .11 =-.01 -.l4
- .2 1.27 .03 .12 1.90 .07 - .15 ~-.,01 -.,03
- .1 6.98 .16 .11 2.21 .07 -.21 -,01 .05
0 21.69 .50 A1 2.59 .07 - .29 -,01 .12
.1 38.94 .90 .11 3.07 .07 - .41 -.02 .19
.16  43.03 1 .10 3.41 .06 - .50 -.02 .23
.2 41.60 .97 .10 3.66 .06 - .57 =.03 .25
.3 27.27 .63 .10 4.41 .06 - .75 =-.,04 .31
11.26 .26 .10 5.35 .05 =-1.10 ~-.05 .36

.5 3.00 .07 .10  6.56 .04 =-1.52 =-.07 41
.53 .01 .10 8.10 .04 =2,11 -.09 .46

1.0 107° .00 .11 20.26 .03 =-7.85 -.25 .68




Table 3,

RELAXATION ALGORITHM

r

r o, F " @H™h 615 Log 2
h

0 0 601.91

1 .55993  .99990 .35104  443.09

2 56168  .99844 .35079 .042801

3 56171 .99842 .35079 4.4239x1078

4

56171 .99842 .35079 1.2463x107°




Table 4. GAUSS METHOD

r

alr ﬂlr (hr)-1 61.5 Log 2_1
h
0 0 0 601.91
1 .32183 .67829 28.963 180.53
2 .64387 . 84687 2.0996 156.14
3 . 70624 .97076 .39487 99.423
4 .59214 1.0077 .36050 5.4183
5 ,55488 .99751 .35093 1.6007
6 .56235 .99842 .35079 .02296
7 .56171 .99842 .35079 3.5179X10_5
8 .56171 .99842 .35079 7.9949x1078
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