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1. Introduction

The F-distribution may be characterized as the distribution of the ratio
of two X2 variates divided by their degrees of freedom. A XZ variate may be

written as

where y is the degrees of freedom and the Xi are normally distributed with means

pi and variance ¢Z. Assume Eui = 0, If w, = 0 for all i, the distribution is the

central X2 distribution. If some of the p. # 0, then the distrib: tion is called

a non-central X2 distribution. The quantity zlﬁi/cz = % is called the non-centrality
i=

parameter of the distribution. Thus, in considering the F-distribution there are

actually four separate cases Lo congider:

numerator denominator
(1) Central X2 central X2
(2) Non-central X2 central X2
(3) Central X= non-central XZ
(4) Non-central X% non-central XZ

The phrase 'non-central F" will refer in this paper to case (2) in which the

aumerator is a non-central F and the denominator is a central F. This distribution



arises frequently in the analysis of variance discussion of power of the tests .

arising from the central F distribution (case (1)), and in discriminant analysis,

an = =

A brief review of previous work in this area will be given here. The

paper of Tang (7) in 1938 gave takes of the probability of type II error for

type I error = .01, .05 for various values of V]s V5, and ¢ = JZA/(V1+1). He

gave an exact expression for this'probability in a finite series. A number of

-

examples were given. Further detail are discussed later in this paper.

In 1949, Patnaik (4) discussed approximations to the non-central X2 and X(i)

l

non-central F distributions. He gave the moments of the non-central F variate and

suggested approc¢imating it by a central F variate which had the same first two

mements, The first two moments of non-central F are

vz(v1+%)

y =
P (v2 -25v1

2
t = V2 2
By = ("2"2)("2'4)\’? [(v1+7\) + 2(v1+27\)]

Denote the non-central F variate as Ft with v and vy degrees of freedom
and non-centrality parameter A. Then Patnaik suggests using F* = F'/p as a
central F variate with v and v, degrees of freedom where k = (p1+k)/v1 and

Y = (vl+x)2/(vl+2}). Thus the probability of type II error can be approximately

given by

Fc Fc/k
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and gave some examples.
Scheffé (6) discussed various criteria for testing hypotheses about two
variances determining, confidence intervals, and considerations of power in terms

of the central F distribution.

Lehmer (4) gave tables of values of ¢ = JEK7?;I:13 for values of vy Yy
type I error = .01, .05 type II error = .2, .3. Thus, where Tang obtained values
of PII for fixed ¢, Lehmer obtained values of ¢ for Fixed PII'

Pearson and Hartley (5) and Fox (1) gave charts of the power of the F test.
These showed power plotted against non-neutrality for various values of Vi Vo and
a = .01, .05 (Pearson and Hartley) and v and 2 required to obtain given power
for given a and ¢ for a = .01, .05 and power = .5, .7, .8, .9.

More recently Tiku (8) gave a Laguerre polynomial approximation to this
distribution. It is a rather messy expression and will not be given here.

This paper will consider two extensions of Tané's work. First, the original
paper computed values of the probability of a type II error for numerator degrees
of freedom v = 1(1)8. These results are extended here for values of vy greater

than 8. The original tables were also computed and are added for completeness.

The second tables present percentiles of the non-central F distribution

for various values of Vi Vo and A. The following percentiles are given: .01,

.025, .05, .10, .50, .90, .975, and .99.

2. Tang's Results

The results given by Tang are reproduced here. For their derivations, the

reader is referred to the original paper by Tang. These formulas were directly

used to compute the values of the type II error. They were alsc used indirectly

to determine the percentiles of non-central F,
Tang considered the distribution of x = vlF/(v2+v1F) where F is the non-

central F of case (2) above. This is a beta variable. To find PII it is necessary
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to evaluate

.
Al

!.Iib ‘.i.i

X
o

[ E(x]n)dx
0

where f(x,h) is the density function of X with non-centrality parameter ) and

Xo = ch/(v1+v2Fc)
Let |I
37 Vi b= varn i
T, = 1 '
T, = (a+b-1+tix) (1-x)/x
and

1-x , : : .
Ti = Tx {(a+b-1+}x)Ti_1+k(l-x)Ti_z.}, i>2.
Then, Tang showed that i
b-1 -
. ~A(1-x) _at+b-1 Z l
PII = e X Ti
=0

Note that this implies that vy be even. Tang indicated that interpolation

would provide satisfactory entries for odd values of Vo This has not been done

- U

in these tables. The values of the central F values appear rather than the values

of X0 as in Tang's tables. The use of the quantity ¢ = 'J2K/(v1+1) has been

retained in these tables.

ﬁ f- ﬁ
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3. Percentiles of the non-central F distribution.

In this section we shall discuss the computational techniques employed in
compiling these tables. The Newton-Raphson method (see e.g. ref. 3) was used to
find the value of F which gave a value a* sufficiently close to the desired per-
centage point a. Let H(F/x) be the cumulative density of F, We wish to find the
value of F such that H(F/A) - a = ¢(F) = 0. The Newton- Raphson method indicates

that by choosing a sequence of values

o(F, )
F. .= F, o ———r
i+1 i ¢'(Fi)

As the derivative of ¢(F) is difficult to evaluate, an approximation was

used. Since the derivative may be expressed as

lim  O(FHAF,) - 0(F-AF,)

AF1€> 0

AF, = 0 (F+AF1) - (F-AF,)

if certain continuity conditions are imposed. A ratio of differences was substituted

for the derivative. Since all computations were done using Tang'!s equatiomns, the

derivatives were computed as

¢(.99X + .01) - ¢(.99X)

Or(X) R =T 0L~ 99K

This was found to be a convenient interval from the point of view of accuracy

and speed of computation.
All entries in the table were computed until ]q# - a] < .0001 was satisfied.
Thus the convergence criterion was applied to the integral rather than the value of

the percentile.



Generally, convergence was obtained rapidly and with no difficulty. 1In
a number of cases, however, the program was not able to obtain a value of the
percentile which satisfied [a* - al < .0001. In these cases, a separate computer
run was made using a starting value obtained by linear interpolation or extrapolation
(on A). This was sufficient for almost all cases. The few remaining entries
all occur for small values of a (.01, .025 or f05) and small values of \ (1 or 2).
These valuesrhave been left blank in the tables. All computations were done in
double precision arithmetic.

The following is a Fortran Program that may be used to compute percentage
points of non-central F. It was adapted from the program used to compute the
tables. The only differences are in the input and output of the program. The actual

computation part is identical to that used for the tables.

®
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FORTRAN PROGRAM TO COMPUTE PERCENTAGE POINTS OF
NON CENTRAL F DISTRIBUTION

(DENOMINATOR DEGREES OF FREEDOM < 100)

DIMENSION T(50)
DOUBLE PRECISION X, YP, YM, Y, XP, XM, X0, ZZ
TOL = .0001

1 READ (1,900) XN1, XN2, XLAM, ALPHA, DEV
THIS READS DEGREES OF FREEDOM, LAMBDA, THE
PERCENTAGE POINT, AND THE
INITIAL GUESS

900 FORMAT (3F¥3.0, F3.3, F8.0)

N1 = XN1
N2 = XN2
A = XN1/2
B = XN2/2
IB = B

B = IB

RAT = XN2/XN1

PROD = XN1 * DEV

X = PROD/(XN2 + PROD)

X0 = X

THIS CONVERTS FROM F

TO INCOMPLETE BETA VARIABLE
DO7 I=1, 15

THIS PERMITS 15 ITERATIONS

CALL FNCIN (X, A, B, ALPHA, XLAM, Y)
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IF (DABS(Y) - TOL) 5, 5, 6

TEST IF CONVERGENCE HAS OCCURRED

FC = RAT * X/(1.0-X)

WRITE (3,902) N1, N2, ALPHA, FC, XLAM

FORMAT ('ODF1 = ', I3, 2X, 'DF2 = ', I3, 2X, 'ALPHA = ', F5.4,

2X, 'F ="', F9.4, 2X, 'LAMBDA = ', F4.0)

GO TO 1 4
™M= .99 * X
XP = XM + .01

CALL FNCTIN (XP, A, B, ALPHA, XLAM, YP)

CALL FNCTN (XM, A, B, ALPHA, XLAM, YM)

ZZ = (YP-YM)/(XP-XM)

THIS COMPUTES THE DERIVATIVE FOR
THE NEWTON-RAPHSON ITERATION

X = X-Y/22

IF(X) 61, 61, 62

IF(X-1.) 7, 61, 61

X = X0

X0 = X0 *# .99 + .01

IF THE NEXT ITERATION CAUSES X TO

BE LESS THAN ZERO OR GREATER THAN ONE,

TRY A NEW STARTING VALUE

CONTINUE

GO TO 1

END

i s i A s o b s bty L.
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SUBROUTINE FNCTN (X, A, B, ALPHA, XLAM, Y)
DIMENSION T(50)

DOUBLE PRECISION X, Y, T

THIS SUBROUTINE COMPUTES THE

PROBABILITY THAT AN OBSERVED VALUE

OF THE VARTIABLE X IS LESS THAN X. UP TO
100 DEGREES OF FREEDOM IN THE
DENOMINATOR. DENOMINATOR DEGREES OF
FREEDOM MUST BE EVEN.

Y = 0.0

T(1) = 1.0

SAM = A + B + XIAM * X

JOHN = (1.-X)/X
T(2) = (SAM-1.0) * JOHN
NB = B

IF (NB-2) 15, 15, 5

DO 10 I = 3, NB

Ml = I-1
m2 = I-2
XTI = I-1

T(I) = JOHN * ((SAM-XI) * T(IML) + XLAM * (1.0-X) * T(IM2))/XI
DO 20 I=1, NB

Y

Y + T(I)

Y

Y * (X % (A + B-1.)) * DEXP( -XILAM * (1.0-X))

Y = Y-ALPHA
RETURN

END
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o= ,01

TANG TABLES OF PII'
FOR o = .05



i 12

1 14

1 16

i 18

1 20

1 24

1 28

1 32

1 50

Mn

18.50999

7.71000
5.99000
5.32000
4.96000
4.75000
4.60000
4.49000
4.41000
4.35000
4.26000
4.20000
4.15000
4,11000
4.08000
4.03000
4.00000
3.98000

3.96000

PHI
1.00

<8617
. 8048
. 7769
7611
. 7507
o T442
« 1390
7349
wwwpm
. 7296
- 7260
7236
.7214
7195
.7181
<7159
7146
.7138

- 7128

1.5¢

. 7628
«6309
«5702
5374
5168
.5039
4939
<4863
4806
<4763
<4697
« 4652
$ 4612
- 4580

«4556

+4516

- 4492
<4476

<4459

Z2.00
« 6432
<4285
«3433
«3017

« 2772

« 2431
<2370
«2324
« 2255
2208
«2170
+2139
«2115
« 2076
«2052
.Now¢ 

»2020

<2472
<1642
<1294
.1109
.1001
. 0927
. 0873
.0834
. 0805

« 0762

-0658
« 0644
« 0635

« 0626

«0611
- 0414

.0322

» 0175
»0165
.0157
.0151
. 0146
»0139
.0134
~0131

.0128

.0017
.0010
.0007
. 0005
.ooor
.0004
. 0003
.0003
.0002
.0002
.0002
. 0002
.0002
.0002
. 0001

- 0001

5.00
.0830
«0011
- 0001

«0000

- 0000

.0000
.0000
.0000
.0000
.0000
. 0000
.0000
.0000
.0000
.0000
.0000
.0000
. 0000

-0000

6.00
.0284
.0000
+ 0000
. 0000
.0000
.0000
.0000
. 0000
. 0000
.0000
.0000
.0000
.0000
.0000
.0000
.0000
. 0000
.0000

.0000

7.00
.0080
<0000
0000
.0000
0000
.0000
0000
0000
-0000
.0000
0000
0000
0000
0000

« 0000

0000

-0000
-0000

«0000

8,00
<0019
<0000
. 0000
. 0000
<0000
. 0000
.0000
.0000
.0000
. 0000
0000
« 0000
<0000
.0000
.0000
« 0000
.0000
<0000

<0000
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Vi v - "1loo L.50 2.00  2.50  3.00 .».ooA 5.00  6.00  7.00  8.00 qﬂg
2 2 19.00000 .8814  .8025  .7038  .5945 L4837  .2861  .1457  .0638  .0241  .0078
2 4 6.94000 .8237  .6603  .4595  .2718  .1352  .0195  .0014  .0000  .0000  .0000
2 6 5.14000 .7889  .5783  .3393  .1530  .0519  .0024  .0000  .0000  .0000 0000
2 8 4.46000 .7673  .5300  .2774  .1043  .0273  .0006  .0000 .0000  .0000  .0000
2 10 4.10000 .7521  .4980  .2405  .0796  .0l174 ° .0002  .0000  .0000  .0000  .0000
2 12 3.88000 .7412  .4758  .2165  .0654  .0126  .0001  .0000  .0000 ~ .0000  .0000
2 14 3.74000 .7338  .4607  .2011 .0566  .0099  .0001  .0000  .0000  .0000  .0000
2 16 3.63000 .7270  .4480  .1888 .omom .0082  .0000  .0000  .0000 .0000  .0000
2 18 3.55000 .7219  .4383  .1798  .0461  .0070  .0000  .0000  .0000  .0000  .0000
2 20 3.49000 .7181  .4309  .1729  .0428  .0062  .0000  .0000  .0000  .0000  .0000
2 24 3.40000 .7118  .4194  .1626  .0382 .0052 .0000  .0000 .0000 - .0000 0000
2 28 3.34000 .7076  .4ll4 L1557  .0352  .0045  .0000  .0000 .0000  .0000  .0000
¢ 32 3.30000 .7049  .4061 .1510 .0333  .0041  .0000 .0000 <0000  .0000  .0000

2 36 3.26000 .7015 « 4005 « 1466 .0315 .0038 « 0000 «»0000 » 0000 - 0000 .0000

2. 40 3.23000 .6990 3963 «1432 « 0302 «0035 » 0000 «0000 « 0000 .0000  .0000
2 50 3.18000 .6948 «3891 21375 .0281 «0031 <0000 «0000 .0000 = 0000 <0009
2 60, 3.15000 .6924 «3848 <1341 =« 0268 « 0029 - 0000 .00090 «0000 « 0000 . 0000

N

70 313000 .6908  ,3819 «1318 .0259 .0028 .0000 .0000 »0000 -0300 . 0000

2 80 3.11000 .Omaw «3789 «1296 20252 . 0026 .0000 -0000 .0000 ' .0000 - 0000



1.00 1.50 2.00 2450 3.00 . 4.00 5.00 6.00 7.00 800

3 2 19.15999 .8882 - 8166 « 7259 <6240  .5186 «3239 <1768 <0844 «0352 «.0128
3 4 6.59000 .8301 «+ 0695 « 4682 « 2779 «1384 «0199 .0014 « 0000 « 0000 «OCO0
3 o 4.76000 7911 «5740 «3267 « 1394 . 0436 . 0016 -0000 . 0000 -0000 « 0009
3 8 4. 07000 .70646 «5134 « 2508 . 0838 .0185 . 0002 <0000 -« 0000 .0000 <0000
3 10 3.71000 .7456 <4725 « 2061 « 0574 -u098 .0001 -0000 - 0000 -oooc - 0000
3 14 3.34000 .7202 «4218 +1578 L0344 « 0042 | - 0000 «0000 .0000 - 0000 .0000
3 12 3.49000 .7314 « 4435 <1775 «0431 ©  .0061 «0000 .0000 -0000 «0000 « 0000
3 16 3.24000 7124 » 4064 - 1445 <0291 .0031 _ <0000 »0000 -0000  .0000 . 0000
3 18 = 3.16000 .70%4 «3935 «1340 « 0252 - 0025 - 0000 «0000 =« 0000 _.occo woooo
3 20 3.10000 7000 «3834 «1261 . 0224 .0020 . 0000 .0000 - 0600 »0000 -0009

3 24 3.01000 .6911 + 3078 »1144 .0187 -0015 « 0000 «0000 .0000 - 0000 « 0000

3 28 295000 .6850 «3570 <1067 - 0164 -0012 -00600 «0000 -0000 .0000 -« 0000
3 32 2.90000 .6793 «3477 «1006 <0147 .0010 -« 0000 - 0000 -« 0000 »0000- .00600
3 36 2.80000 <6744 «3401 « 0958 «0134 . 0009 .0000 .0000 - 0000 .0000 = .0000
3 40 284000 .6725 ruuou «0931 <0127  .0008 «0000 .0000 «0000 »0000 ..oooo.
3 50 2.73000 .60664%4 «3266 . 0871 <0112 0007 - 0000 .0000 «0000. 0000 .0000
3 60 2.76000 .0628 3206 «0834 .0103 ,“oooo - 0000 .0000 - 0000 «0000 « 0000
3 70 2.74000 6604 «3166 -0810 1occm »0005 .0000 .0000 .0000 .nooo D00V

3 80 2.72000 .6576 «3126 .0788  .0093 -0005 .0000 <0000 0000 .0000 <0000
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@ ! “\N ) vwmoo 1.50 2.00 250 3.00 ¢.oo 5.00 6.00 7.00 m.cv
4 2 19.25000 .8917 «8239 « 1375 <6396  .5375 «3451 .womm « 0973 - 0427 « 0165
4 4 6.39000 .8333 <6736 <4716 « 2797 «1390 .0168 «0014 « 0000 « 0000 <0000
4 6 4.53000 .7903 «5670 «3139 «1279 « 0374 +0011 .0000 » 0000 «0000 «0000
4 8 4. 07000 .7827 « 5297 .Nmoe .0333 .0174 « 0002 »0000 «0000 +0000 «0000
4 8 3.84000 .7604 « 4974 2289 <0692 .0133 . 0001 « 0000 « 0000 .0000 <0000
4 10 3.48000 .7381 « 4492 «1790 «0429 = .0059 «0000 -0000 -00G0 «2000 - 0000
.b 12 3.26000 .7210 <4146 1476 « 0295 « 0032 « 0000 -0000 -0000 « 0000 « 0000
4 14 3.11000 7072 «3884 « 1263 -omwo_ -0019 » 0000 - 0000 - 0000 «0000 «0000 '
4 16 3.01000 .6975 «3698 .1121 w0174 -0013 . 0000 .0000 -0000  .0000 A.oooc
4 18 293000 .6887 «3541 1011 <0142 « 0009 »0000 .0000 » 0000 «0000 «-0000
4 20 2.87000 .6819  .3419 <0930 .0121 0007 - 0000 - 0000 .0000 .0000 « 0000
b. 24 2.78000 .67006 «3229 .0812 «0093 .0005 . 0000 . 0000 « 0000 « 3000 « 0000
4 28 2.71000 .6605 3076 .dumo - « 0076 .0003 -0000 «0000 . .0000 . 0000 « 0000
4 32 2.67000 .6552 « 2986 « 0676 -0066 20003 <0000 -« 0000 - 0000 <0000 0000
4 36 2.63000 .6488 2865 «0630 -« 0058 | <0002 ~0000 <0000 .oooo <0600 .0009
4 40 2.61000 <6463 «2848 « 0604 .0053 .0002 «0000- ..000D - 0000 + 0000 « 0000
4 50 2.56000 .6382 « 2730 » 0548 0045 .0001 «0000 .0000 <0000 « 0000 « 0000
4 60  2.52000 .6309  .2637 - 0507 rocwo -0001 <0000 = .0000 .0000 <0000 ,woooo
4 70 2.50000 .6277 «2588 -0485  .0036 -0001 «0000 -0000 «0000 40000 « 0000

4 80 2.48000 .6239  .Z541 « 0466 .0033 -0001 . 0000 <0000 « 0000 .0000 « 00060
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5 4 6.26000 .8351 <6758 «4730 «2801 1388 . 0196 .0013 « 0000 -« 0000 <0000
5 6 4.39000 7899 <5619 « 3047 »1198 .0333 -~ 0009 -0000 - 0000 - 0000 « 0000
5 8 3.69000 .7564 «4838 «2118 « 0590 -0101 .0001 -0000 .0000 -0000 « 0000
5 10 3.33000 .7313 « 4297 «1585 «0334 .0039 - 0000 - 0000 <0000 .0000 «0000
5 12 3.11000 .7118 « 3905 «1254 «0212 .Gcwm »Q0C0 . 0000 - 0000 - 0000 « 0000
5 14 2.96000 .6959 « 3607 »1035 .0146 «0010 0000 «0000 » 0000 « 0000 -« 0000
5 lo 2.85000° .6825 «3372 » 0880 .0107 .oooo_ . 0000 - 0000 .0000  .0000 - 0000
5 18 2.77000 .oqwo «3193 L0771 «0083 -0004 «0000 «0000 -0000  .0000 ..cocc
5 20 2.71000 .0636 «3053 = 0692 .ooow, «0003 «0000 .0000 .0000 « 0000 « 0000
5 24 2.62000 .6499 « 28306 « 0580 .0048 .0001 «0000 .0000 - «0000 - .0000 .oooo
5 28 2.56000 .6402 « 2686 « 0508 « 0037 - 0001 - 0000 «0000 - 0000 <0600 <0000
5 32 2451000 .6310 <2560 « 0454 - 0030 -0001 - 0000 .0000 . 40000 «0000 - 0000
5 36 2448000 .6259 « 2481 <0421 - 00206 «0001 - 0000 <3000 - 0000 « Q000 <0000
5 40 2.45000 .6200 « 2404 -« 0391 »0023 .0000 - 0000 .0000 - .0000 .0000 - 0000
5 50 2.40000 .6099 « 2272 « 0342 .0018 »0000 .0000 «0000 «0000 - L0000 » 000
5 60 2.37000 .6U38 <2191 . 0314 - 0015 «0000 -0000 «0000 -0000 « 0000 « 0000
5 70 235000 <5997 <2136 « 0296 ..con .0000 -.0000 -Uooo .0000 .qooo <0000
5 80 2.33000 .5950 « 2084 .0280  .0012 A .0000 -0000 «0000 .0000  .0000 « 0000
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1.00 1.50 2.00 2.50 3.00 4400 5.00 6.00 7.00 - 8.00
6 2 1932999 .8953 = 8313 « 71493 « 6557 «5569 <3677 .Mwmm «1122 .0519 .0213
6 4 6.16000 8359 « 6766 <4730 <2194 <1379 .0193 .0013 - 0000 <0000 <0000
6 6 4.28000 <7884 +5561 © 2957 <1127 | «0300 - 0007 «0000 . 0000 - 0000 « 0000
w 8 3.58000 .7524 «4718 1978 «0513 . 0080 «3000 . 0600 « 0000 « 00000 .0000
6 10 3.22G00 .7249 4127 «1421 0268 <0027 - 0000 «0000 « 0000 «0000 « 0000
6 12 3.00000 .7031 «3695 «1082 «0157 «0011 <0000 .0000 | - 0000 « 0000 .0000
6 14 2.85000 .6852 «3367 ..om®~ " «0101 - 0005 . 0000 -0000 - Q000 <0000 «0000
6 16 2.74000 .6699 «3109 - 0709 -ocoo, - «0003 «0000 -0000 -0000  .0000 .0000
5 13 2.66000 6579 «2911 « 0604 - .0051 0002 -0000 .0C00 -0000  .0000 . 0000
6 20 2.60000 .6483 « 2758 rcwwo «0039 - 0001 .0000 .0000 . 0000 0000 « 0000
6 24 251000 .6323 « 2520 « 0425 -0026 .0001 -0000 -0G00 « 0000 = 0000 . 0000
6 28 N.*&OCC «6181 «2332 «0354 .0018 .0000  .0000 <0000 -0000 «000G0 -0000
) 32 2.40000 46103 . 2219 «0313 »0014 .0000 «0000 .0000 . .0000 - 0000 « 0000
6 36 2.36000 .6012 «2110 .0278 - »0011 - 0000 - 0000 .0000 - 0000 «0000 .0000
6 40 2.34000 .5972 « 2050 «0258 .0010 .0000 . 0000 - 0000 .oooo <0000 - 0000 i
6 50 2.29000 .5853 «1909 <0218 .OOOQ, .0000 .0000 - 0000 -0000 . .0000 «0000
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