
ABSTRACT

LI, XIAOFU. Dynamics of Adaptive Oscillators. (Under the direction of Dr. Edmon Perkins).

Whereas linear oscillators have static natural frequencies, adaptive oscillators are a type

of nonlinear oscillator that can both learn and store information in its plastic states. For

instance, adaptive frequency oscillators are a subset of adaptive oscillators, which contain

a single plastic state that enables it to learn and store a frequency component from an

external force.

This dissertation explores several adaptive oscillators from their dynamical perspective,

including numerical simulations of their response, analysis of their dynamics with and

without noise, and physical experiments. The contributions covered in this dissertation

include: 1) Numerical simulations, a Floquet analysis, and an analog circuit experiment

studying a four-state adaptive oscillator, 2) The stochastic dynamical response of a three-

state adaptive frequency Hopf oscillator, 3) A physical realization of pendulum adaptive

frequency oscillator, 4) A demonstration of chaotic behavior in the adaptive frequency pen-

dulum oscillator proposed in (3), via numerical simulations and experimental approaches,

and 5) An analog realization of an adaptive oscillator as a musical instrument.

Adaptive oscillators have been relatively under-explored in the literature. In this disser-

tation, new physical architectures of adaptive oscillators are discussed, such as a four-state

adaptive oscillator and a pendulum adaptive frequency oscillator. A comprehensive study

of the effects of noise on the Hopf adaptive frequency oscillator, showing that the adapta-

tion works correctly for small amplitudes of noise but does not work for large amplitudes

of noise. Preliminary results for new applications of adaptive oscillators, such as energy

harvesting and musical applications, are also shown. Adaptive oscillators have very com-

plex, nonlinear behavior, which can be used advantageously to adapt to external stimuli,



but they can also have chaotic responses. By gaining a better understanding of adaptive

oscillators, they could be used for many real-world, smart structures.
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CHAPTER

1

INTRODUCTION

1.1 Problem of Interest & Objectives

Whereas linear oscillators have static natural frequencies, adaptive oscillators (AOs) are a

type of nonlinear oscillator that can both learn and store information in its plastic states.

For instance, adaptive frequency oscillators (AFOs) are a subset of adaptive oscillators,

which contain a single plastic state that enables it to learn and store a frequency component

from an external force. Early studies of adaptive phase oscillators were used as neural

models to reproduce sinusoidal inputs [3]. More generally, adaptive oscillators (AOs) can

be created by adding additional, plastic states to a nonlinear oscillator [4]. The derivation of
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adaptive frequency oscillators (AFOs) was originally based on a dynamic Hebbian learning

rule by modifying the Hopf system [1]. The correlation-based Hebbian rule was inspired

from the firing rate of neurons, such that the information transmission between different

neurons will be increased due to electrical activity, which can synchronize neural networks

[5]. Generally, learning characteristics of AOs can be preferable when compared with their

counterparts, such as the relaxation oscillator and the phase oscillator [6, 7], which are

limited to simple inputs and have smaller basins of attraction. It should be noted that AOs

are similar to phase-locked loops, except AOs have an additional, direct injection of the

external forcing on the oscillator itself. The most important difference is that AOs explicitly

encode information in plastic states. It should be noted that adaptive oscillators are similar

to reservoir computers, in that their computational ability and memory storage are not

independent [8, 9, 10]

Adaptive oscillators are similar to phase-locked loops, except that they explicitly store

information content in plastic states. Compared to non-adaptive oscillators, adaptive oscil-

lators have received relatively little attention. Previously, only two circuit implementations

of adaptive oscillators have been reported, both of which were Hopf AFOs: a VLSI imple-

mentation, which did not report any experimental results [11], and a field-programmable

gate array (FPGA) implementation [12].

The research objectives of this dissertation are 1) to understand the role of adaptation

in nonlinear systems, 2) to study the effects of noise on adaptive states, and 3) to explore

the uses of adaptive oscillators in real-world applications. This work is expected to bolster

research and technology in the areas of hardware signal processing, information processing,

medical implants, and energy harvesting. In addition, adaptive oscillators will be explored

in the context of music.
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1.2 Literature Review

Early studies of adaptive phase oscillators were used as neural models to reproduce si-

nusoidal inputs [3]. More generally, adaptive oscillators (AOs) can be created by adding

additional, plastic states to a nonlinear oscillator [4]. The derivation of adaptive frequency

oscillators (AFOs) was originally based on a dynamic Hebbian learning rule implemented

in hardware by modifying the Hopf system [1]. The correlation-based Hebbian rule was

inspired from the firing rate of neurons, such that the information transmission between

different neurons will be increased due to electrical activity, which can synchronize neural

networks [5]. Generally, learning characteristics of AOs can be preferable when compared

with their counterparts, such as the relaxation oscillator and the phase oscillator [6, 7],

which are limited to simple inputs and have smaller basins of attraction.

Several practical applications of AOs have been explored. Central pattern generators

(CPGs) have been used to control the motion of individual joints of walking robots [13],

and adaptive frequency oscillators can work together to create an arbitrary CPG [14, 15, 16].

Various gait patterns for locomotion can be achieved through assigning specific frequency

and phase angles to individual oscillators in an array. Applications for locomotion control

using Field Programmable Gate Arrays (FPGAs) with the aid of CPGs and coupled nonlinear

oscillators have also been proposed [17, 18, 19]. Specifically, the HAFO has been used

for robotic locomotion control by employing HAFOs as CPGs to tune walking patterns in

a cooperative way [20, 21, 22]. Body dynamics of these robots often vary over time due

to obstacles and environmental fluctuations. These oscillators can be used as adaptive

controllers that find and match intrinsic frequencies leading to enhanced energy efficiency

of the resulting gait [23, 24]. Additionally, AFOs have been proposed to detect gait phase and

frequency in robots for assisting people with walking difficulties due to muscle weakness [25]

or reducing the metabolic cost of walking [26]. State observer AFOs have been used to create
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cross adaptation between users and assistance robots resulting in reduced effort supporting

arm muscles’ activities [27]. An array of AOs has also been proposed as a biologically-

inspired analog signal analyzer [28]. This form of analog signal analyzer subtracts the

dynamic response of AOs from an input signal, which causes the array’s frequency states to

converge to the frequencies present in the input signal [29].

Considering these mentioned uses, an AO that is capable of learning additional states

could be useful to many applications. Building on the work of chaotic oscillator circuits

[30, 31], a four-state adaptive oscillator analog circuit that links theory discussed by [1]

is presented. The resulting system provides the dynamics of 1) A two-state regular Hopf

oscillator, 2) A three-state AO that can learn the frequency of an input sinusoid, and 3) A

four-state AO that can learn the frequency and amplitude of an input sinusoid and extends

the work of [11, 12]. These schemes are similar to AOs that have previously improved

phase-locked loop designs through Lyapunov treatments [32]. In this letter, we show a

topology that extends the number of adaptive states previously implemented and show

direct injection of a forcing signal. This AO is similar to the phase-locked loop Lyapunov

design [32]; in the Lyapunov design, the forcing frequency needed to be directly inputted

into the system. In the current AO, the forcing signal is injected directly into the x , ω,

and α states without knowledge of the frequency. This is an important distinction, since

the forcing signal, a sin(Ωt +φ0), is available, while the forcing frequency, Ω, might not be

precisely known at a specific time.

An adaptive oscillator can “learn” information of an external force through its dynamic

response, and this information is stored in plastic states. These plastic states can maintain

an offset bias, whose value encodes the learned information. Adaptive frequency oscillators

(AFOs) are a subset of adaptive oscillators, which contain a single plastic state that enables

it to learn an external forcing frequency [1]. An array of coupled AFOs is similar to a system

of coupled Kuramoto oscillators [33, 34], or an array of coupled phase-locked loops [35, 36].
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Previously, dual populations of stochastic oscillators were studied, where each population

was driven by a Kuramoto-type competition; this competition can produce phase locking

[37]. Additionally, since the learning process for adaptive oscillators is embedded into the

dynamical system, no pre- or post-processing is required for the oscillator to synchronize

with the external force. Additional plastic states could be added onto the original system,

so that more information concerning the forcing signal could be extracted and stored into

states [14]. An array of AFOs can even be used to create complex waveforms, which has

been used as a central pattern generator [20, 21]. As nonlinear oscillators occur in quantum

systems [38, 39], these quantum limit cycles could be used to enhance quantum computa-

tion and communication efficiency [40] or to construct quantum adaptive oscillators for

signal processing, phase-locking applications [41], and dynamic information storage.

However, noise is ubiquitous in physical systems. To the author’s knowledge, only one

study was completed that considered noise in an adaptive oscillator [29]. Stochastic effects

are important in many systems, including electrical circuits [42], biological systems [43, 44],

chemical reactions [45], magnetic systems [46], quantum systems [38], and mechanical

systems [47, 48, 49]. Importantly, noise can introduce new dynamical effects to a nonlinear

system, such as the well-known phenomenon of stochastic resonance [50, 51, 52, 53, 54].

Noise can desynchronize intrinsic localized modes [47], but noise can also induce synchro-

nization of spin torque nano-oscillators [55]. Stochastic bifurcations have been studied

for many nonlinear oscillators, such as the Duffing-van der Pol oscillator [56], a synthetic

genetic oscillator [57], and an array of nonlinear oscillators [58].

The Hopf adaptive frequency oscillator is an adaptive oscillator, which is based on

a Hopf oscillator that has been augmented to include an additional plastic state. This

additional plastic state can extract and store the forcing frequency. Closely related to the

current work, some stochastic dynamics of the Hopf oscillator in its normal form has also

been studied. In the vicinity of a Hopf bifurcation, noise can trigger stochastic resonance of
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the oscillator in four qualitatively different mechanisms [59] or coherence resonance [60],

with some experimental results presented in [61]. For an ensemble of limit cycle oscillators,

small amounts of noise cause the oscillators to synchronize, and large amounts of noise

cause the oscillators to desynchronize into chaos [62]. In [29], a simplified Fokker-Planck

equation of the Hopf AFO was derived, in which only theω state was considered (i.e., the x

and y states were disregarded).

Pendulums have been studied for millennia, and they appear in many different physical

contexts. A simple mechanical pendulum can be created from a single mass that is con-

strained to rotate about a pivot point. More complex pendulums can be created, such as

the 3D pendulum [63, 64], n-link pendulums [65], the Kapitza pendulum [66], or the Wilber-

force pendulum [67]. Pendulums are crucial in modeling gait in both robotics [68, 69, 70]

and biomechanics [71, 72, 73], and dynamical stability has been used to assess injury in

athletes [74]. The simple pendulum is easy to fabricate, but it exhibits complex dynamics

because of its nonlinear equations of motion. For this reason, the mechanical pendulum

is a popular system to benchmark nonlinear controls [75, 76]. Chaos in pendular systems

(especially the double pendulum) has been studied extensively [77, 78, 79, 80]. Related

to their energy harvesting ability, pendulums have been studied extensively as vibration

absorbers [81, 82, 83, 84, 85, 86].

Pendulums can also be used as energy harvesters, and several methods have been

proposed. A ratcheting flywheel mechanism [87] and mechanical motion rectifier [88] have

been used to harvest rotational oscillations, as well as rotational modes without a gearbox

[89]. By incorporating elasticity into the pendulum’s rod, a piezoelectric spring pendulum

has been studied for both single pendulums [90] and double pendulums [91]. In these

implementations, the piezoelectric elements harvest vibrations from the rod. In another

configuration, the rotation point of a 3D pendulum was fixed to the end of a cantilever

beam, which contains a piezoelectric patch [92]. Resonances between the pendulum and
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cantilever are exploited to harvest more vibratory energy.

Unlike other types of vibratory control (e.g., [93, 94, 95]) and phase locked loops [96,

97, 98], adaptive oscillators use plastic dynamic states to both learn and store information

from an external stimuli. For instance, adaptive frequency oscillators can synchronize

their own frequency to that of an external stimuli without the aid of any pre- and post-

processing of system response, and the frequency adaptation is embedded directly into

the system’s dynamics [1]. Adaptive oscillators can use a Hebbian learning rule, which was

inspired by neuronal systems’ ability to synchronize [5]. There are many viable applications

of adaptive frequency oscillators. They have been used as central pattern generators for

robotics locomotion control [20, 21]. These oscillators, because of the nature of their

frequency adaptation, can also be used as adaptive controllers to find and match the

natural frequency for the purpose of increasing energy-efficiency of a resultant gait [23, 24].

Adaptive oscillators have also be proposed as analog frequency analyzers [29]. Related to

adaptive oscillators, a frequency self-tracking cantilever beam was studied and achieved by

sliding an attached mass without any active control involvement [99]; however, this type of

architecture relies on higher order modes. Their capability has been tested experimentally

with a Hopf adaptive oscillator circuit [100], and the effects of noise on a Hopf adaptive

oscillator was studied experimentally, numerically, and analytically using the full Fokker-

Planck equation [101].

Adaptive oscillators were inspired by the synchronization of networks of neurons [5].

Dynamic Hebbian learning has been employed to encode the frequency in a plastic state

of adaptive oscillators [1]. Adaptive oscillators have been proposed as analog frequency

analyzers [29, 102] and controllers for robotic gait [103]. There are relatively few experimen-

tal results for adaptive oscillators, but a 4-state adaptive Hopf oscillator was implemented

as an analog circuit [100] and a 3-state adaptive oscillator was implemented as a digital

circuit [12]. The effects of noise on adaptive oscillators was studied with the full Fokker-
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Planck equation with comparisons to a physical experiment [101] and with a simplified

Fokker-Planck equation [29].

Adaptive frequency oscillators are similar to Kuramoto phase oscillators [33, 34, 104] and

phase-locked loops (PLLs) [35, 36], since they are capable of learning an external forcing

frequency. However, in the literature, adaptive oscillators are usually constructed from a

nonlinear oscillator by including the addition of dynamic, plastic states. Although chaos

has been exhibited by Kuramoto arrays [105] and PLLs [106, 107, 108, 109, 110, 111] chaos

has not been explored in adaptive oscillators to the authors’ knowledge.

The forced single pendulum [112, 113, 114] and the unforced double pendulum were two

of the prototypical systems that can exhibit chaos [78, 79, 80]. A numerical investigation of

an inverted pendulum on varying the base forcing amplitude displays the transition to chaos

via an infinite sequence of period-doubling bifurcations [115]. The extensible pendulum,

where the pendulum’s rod is modeled as an extensible spring, can also exhibit chaos [116].

The bifurcation diagram was found for a mechanical, forced pendulum experiment [117]

and a forced torsional pendulum [118]. An array of coupled nonlinear pendulum oscillators

was studied to determine the effect of damping, the size of the ensemble, and the local

coupling strength on its chaotic response [119]. Since the pendulum is a relatively simple

system that exhibits chaos, it has been used to test chaotic controllers [120, 121].

Analog circuits have a history of being used as musical instruments. Electronic os-

cillators have been used as the building block for musical synthesizers [122]. As another

example, the theremin’s pitch is modulated by the performer through proximity to a cath-

ode relay [123]. The chaotic Chua’s circuit has even been demonstrated as an electronic

musical instrument [124]. Virtual analog oscillators have also been used as a means of

distortion synthesis [125], and the models for different physical instruments have been

used to for music synthesis [126]. As the inverse of this sound synthesis procedure, the

current paper explores the physical realization of a nonlinear oscillator as an analog circuit,
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which can function as an instrument (similar to those discussed in [127, 128]) or a source

of nonlinear distortion pedal for guitars (similar to those discussed in [129, 130]).

Adaptive oscillators are a type of nonlinear oscillator that can store information about

an external input in its states [1]. By adding more states that correspond with vibratory

features, more complex signals can be reconstructed [20, 21]. As an example, an oscillator

with a static natural frequency can be modified to have a frequency state; this effectively

changes the natural frequency of the oscillator from a static constant to a dynamic state that

is time-dependent. For this reason, adaptive oscillators have been proposed as an analog

signal analyzer [28, 29]. Adaptive oscillators could also be used as central pattern generators

[22], energy harvesting [99], and robotic gait controllers [131]. Notably, adaptive oscillator

networks have also been proposed for automatic music transcription [132, 133, 134] and

beat detectors [135].

1.3 Outline

This dissertation is organized as follows:

• In Chapter 2, an analog implementation of a four-state adaptive oscillator, including

design, fabrication, and verification through hardware measurement, is presented.

The result is an oscillator that can learn the frequency and amplitude of an external

stimulus over a large range. Notably, the adaptive oscillator learns parameters of

external stimuli through its ability to completely synchronize without using any pre-

or post-processing methods. Previously, Hopf oscillators have been built as two-state

(a regular Hopf oscillator) and three-state (a Hopf oscillator with adaptive frequency)

systems via VLSI and FPGA designs. Building on these important implementations, a

continuous-time, analog circuit implementation of a Hopf oscillator with adaptive
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frequency and amplitude is achieved. The hardware measurements and SPICE simu-

lation show good agreement. To demonstrate some of its functionality, the circuit’s

response to several complex waveforms, including the response of a square wave, a

sawtooth wave, strain gauge data of an impact of a nonlinear beam, and audio data

of a noisy microphone recording, are reported. By learning both the frequency and

amplitude, this circuit could be used to enhance applications of AOs for robotic gait,

clock oscillators, analog frequency analyzers, and energy harvesting. This work is

adapted from [100].

• In Chapter 3, the stochastic dynamics of adaptive frequency Hopf oscillators when

driven by noise are considered. Previously, it has been shown that simplified analysis

of the Fokker-Planck equation results in affecting the plastic frequency state of these

oscillators. However, when full Fokker-Planck analysis is considered, we demonstrate

new behaviors due to changes in oscillation amplitude in addition to frequency. Here,

we show that the plastic frequency state of these oscillators may benefit from en-

hanced learning due to small amplitudes of noise, converge to incorrect values for

medium amplitudes of noise and collapse to zero in the limit for large amplitudes of

noise. Interestingly, not all state-variables collapse equally which leads to a limit cycle

collapsing into single dimensional oscillations. These behaviors are compared ana-

lytically through the Fokker-Planck equation, numerically using the Euler-Maruyama

and cumulant neglect methods and finally validated experimentally using an analog,

electronic circuit. These results show that noise can enhance, mislead or even reduce

the dimensionality of plastic states in adaptive Hopf oscillators. This work is adapted

from [101].

• In Chapter 4, a typical mechanical pendulum is modified to have an adjustable rod

length to create a pendulum adaptive frequency oscillator. Since the resonance fre-
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quency of the pendulum is a function of the rod length, this allows the pendulum to

learn and encode frequency information from an external source. An experimental

pendulum adaptive frequency oscillator is designed and constructed, and its per-

formance is compared to numerical simulations. This nonlinear pendulum was

approximated as a Duffing oscillator through the method of multiple scales to de-

termine the physical constants of the experiment by using a curve fit. Utilizing the

pendulum adaptive frequency oscillator’s dynamics, this system is able to learn a

resonance condition and store this information in the rod length. This causes the

system to seek resonance, even with considerable nonlinearity. As pendulums can

be used to harvest energy, this type of adaptation could be used to further exploit

vibratory energy sources. This work is adapted from [136].

• In Chapter 5, the horizontally forced pendulum adaptive frequency oscillator is con-

structed as a physical experiment, which seeks a resonance condition by modifying

the length of the pendulum’s rod. This system stores the external forcing frequency

when the external amplitude is small, while it can store the resonance frequency,

which is affected by the nonlinearity of the pendulum, when the external amplitude

is large. Furthermore, for some frequency ranges, the pendulum adaptive frequency

oscillator can exhibit chaotic motion when the amplitudes are large. This adaptive

oscillator could be used as a smart vibratory energy harvester device, but this chaotic

region could degrade its performance by using supplementary energy to modify

the rod length. The pendulum adaptive frequency oscillator’s equations of motions

are discussed, and a field-programmable analog array is used as an experimental

realization of this system. Bifurcation diagrams are shown for both the numerical

simulations and experiments, while period-3 motion is shown for the numerical

simulations. As little work has been done on the stability of adaptive oscillators,
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the authors believe that this work is the first demonstration of chaos in an adaptive

oscillator. This work is adapted from [137].

• In Chapter 6, the utilization of a Hopf adaptive frequency oscillator as a musical instru-

ment is explored. Building on previous work in the lab that studied asphaltophones

[138], adaptive oscillators are nonlinear oscillators that are capable of learning and

storing information in plastic states. The Hopf adaptive frequency oscillator can be

constructed by including an additional plastic state, while using the classical Hopf

oscillator as a base. An analog circuit is designed and fabricated, whose dynamics

closely match the Hopf adaptive frequency oscillator equations. A procedure to use

this analog circuit as a musical instrument is described, which includes the addition

of pedal points. Although similar to other analog electronics instruments such as

the theremin, the authors believe this is the first time that an adaptive oscillator has

been implemented as a musical instrument or analog nonlinear distortion technique.

Since the adaptive oscillator locks to a particular frequency component of an external

signal, the adaptive oscillator produces a unique audio effect. This Hopf adaptive

frequency oscillator could be modified to be a free-standing instrument to be played

with the human voice or used as a guitar distortion effect pedal. In this paper, the

process of using the circuit is detailed, and an example of this technique is shown,

using a vocal and piano recording of Ave Maria. This work is adapted from [139].

• In Chapter 7, concluding remarks and future directions are discussed. This disserta-

tion provides answers to some fundamental questions about adaptive oscillators, but

it also points to the fact that adaptation is a process that adds significant complexity.

This adaptation, however, allows systems to learn information, without the need of

separate signal processing and data storage capabilities.
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CHAPTER

2

A FOUR STATE ADAPTIVE HOPF

OSCILLATOR

In the following sections, a standard Hopf oscillator is described. Then, plastic states are

progressively added to the Hopf equations by modifying the system dynamics as reported

in [1, 14]. This treatment results in 1) the addition of a fourth, plastic state and 2) three

systems that inform circuit designs based on state variable networks.
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2.1 Two-state System

The Hopf oscillator is a nonlinear oscillator described by the following ordinary differential

equations (ODEs) [140]:

ẋ = (µ− (x 2+ y 2))x −ω0 y +k (a sin(Ωt +φ0))

ẏ = (µ− (x 2+ y 2))y +ω0 x
(2.1)

Here,ω0 is a resonance constant, µ is a constant that controls the limit cycle radius, and k

is a coupling constant. The input signal is a sin(Ωt +φ0), where a is the amplitude of the

sinusoid, Ω is the external forcing frequency, andφ0 is the phase of the input sinusoid. This

nonlinear oscillator is used as the building block for the subsequent adaptive oscillator

systems. Since this system is not adaptive, the frequency-amplitude relationship has a

single peak, as presented in Fig 2.5.

2.2 Three-state System

The Hopf Adaptive Frequency Oscillator (HAFO) may learn the frequency of an external

stimuli; this implies that the HAFO is a three-state nonlinear oscillator with dynamical

plasticity. This synchronization process is appealing, as it does not need any pre- or post-

processing. Here, y is used to replace the term yp
x 2+y 2

that was proposed in [1]. If the

constants in Eq. 2.1 are chosen to create a stable limit cycle, this limit cycle will have a

constant radius after the transient response decays. This modification simplifies the circuit

implementation in a similar manner shown in [11]. Fig 2.1 compares the originally derived

AFO in [1] with the simplifications imposed on Eq. 2.2. After their transient response

decays, the outputs of the two systems are qualitatively similar. With this modification, the

complexity of the circuit implementation is highly reduced and the learning time of the
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ω state is decreased. The frequency information stored in the third state,ω, is achieved

by the system’s intrinsic dynamics. The first two ODEs are the classical form of the Hopf

oscillator, and the third ODE allows for frequency adaptation. Input forcing causes the

resulting HAFO output to increase or decrease in frequency based on a frequency difference

referenced to the input signal. The three-state system’s ODEs are given as follows:

ẋ = (µ− (x 2+ y 2))x −ωy +k (a sin(Ωt +φ0))

ẏ = (µ− (x 2+ y 2))y +ωx

ω̇=−k (a sin(Ωt +φ0))y

(2.2)

It should be noted that the resonance constant, ω0, in eq. 2.1 has been replaced by the

state,ω. By allowing the resonance frequency to be a state variable instead of a constant,

the Hopf oscillator may now learn the external forcing frequency. It should also be noted

that the external input signal is injected into both the x and theω states.
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Figure 2.1: Comparison of original and modified AFOs. For two forcing frequencies, a
comparison of the original AFO as proposed by [1] and the simplified system, as given in
Eq. 2.2, is shown.
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2.3 Four-state System

By adding another state and modifying the equation for ẋ to include xα in Eq. 2.2, a

four-state oscillator [14] can be created that learns the amplitude of the external signal in

addition to frequency. It should be noted that the magnitude ofα at steady state will deviate

from the input amplitude when µ ̸= 1. Detailed information concerning the derivation of

these equations was reported in [1, 103]; however, few circuit designs have been reported

and little hardware verification exists in the literature. The four-state system’s ODEs are

given as follows:

ẋ = (µ− (x 2+ y 2))x −ωy +k (a sin(Ωt +φ0)− xα)

ẏ = (µ− (x 2+ y 2))y +ωx

ω̇=−k (a sin(Ωt +φ0)− xα)y

α̇=η(a sin(Ωt +φ0)− xα)x

(2.3)

Here, η is a coupling constant. It should also be noted that the external input signal

is injected into the x , ω, and α states. In the four-state system, Hebbian learning (i.e.,

subtracting xα from the external input signal) is used to enforce thatω and α converge to

the external input signal.

2.4 Local Analysis

To gain a better understanding of adaptive oscillators, a local analysis is performed on

the Hopf adaptive frequency oscillator (eq. 2.2). For comparison, this local analysis will

first be used on the classical Hopf oscillator (the two-state system represented by eq. 2.1).

Removing the forcing term from this equation, the Jacobian may be written as:
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J1 =





−3x 2− y 2+µ −2x y −ω0

−2x y +ω0 −x 2−3y 2+µ



 (2.4)

For the fixed point (x , y ) = 0⃗, Mathematica was used to find the eigenvalues of this

system. The eigenvalues of J1 are the conjugate pair, µ±ω0i . This is because the unforced

Hopf oscillator given by eq. 2.1 with µ> 0 possesses a limit cycle with frequencyω0 [140].

To perform this analysis for the three-state system, the forcing term, sin(Ωt +φ0), is

replaced by an additional oscillator in order for the system of equations to be autonomous,

as in [49]:

u̇ = u +Ωv −u (u 2+ v 2)

v̇ = v −Ωu − v (u 2+ v 2)
(2.5)

The system represented by eq. 2.5 has a supercritical Andronov-Hopf bifurcation [141].

Replacing the forcing term in eq. 2.2, the following system of equations obtained:

ẋ = (µ− (x 2+ y 2))x −ωy +k (a u )

ẏ = (µ− (x 2+ y 2))y +ωx

ω̇=−k (a u )y

u̇ = u +Ωv −u (u 2+ v 2)

v̇ = v −Ωu − v (u 2+ v 2)

(2.6)

These equations are autonomous, and their Jacobian may be written as:
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J2 =

























j1 j2 j3 j4 0

j5 j6 j7 0 0

0 j8 0 j9 0

0 0 0 j10 j11

0 0 0 j12 j13

























where j1 =−3x 2− y 2+µ, j2 =−2x y −ω, j3 =−y , j4 = a k , j5 =−2x y +ω, j6 =−x 2−3y 2+µ,

j7 = x , j8 = −a k u , j9 = −a k y , j10 = 1− 3u 2 − v 2, j11 = −2u v +Ω, j12 = −2u v −Ω, j13 =

1−u 2−3v 2. For the fixed point (x , y , u , v ) = 0⃗, the eigenvalues for the J2 are 1±Ωi , µ±ωi ,

and 0. The conjugate pair 1±Ωi corresponds to the forcing oscillator, with forcing frequency

Ω. The conjugate pair µ±ωi corresponds to the Hopf adaptive frequency oscillator; thus,

the Hopf adaptive frequency oscillator oscillates with frequency equal to the third state,ω.

The eigenvalue of 0 corresponds to theω state. It is not stable or unstable, which allows

this state to plastically deform to the forcing frequency.

2.5 Experimental Results

2.5.1 Circuit Design

A circuit implementation of the system described by Eq. 2.3 was designed, fabricated, and

tested. For clarification, a simplified schematic is shown in Fig 2.3. Three potentiometers,

annotated as RV1, RV2 and RV3, are set to 10kΩ, 12.5kΩ, 200kΩ, respectively. Additionally,

the tunable resistance ranges of RV1, RV2 and RV3 are from 0Ω to 500kΩ. All unlabeled

resistors are 1kΩ. The capacitors, labeled C1, C2, C3, and C4, have a capacitance of 0.1 µF.

The experimental PCB is shown in Fig 2.2.

This implementation was realized using TL082 opamps and AD633 multipliers in stan-
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Figure 2.2: Printed circuit board. PBC used in experiments. Here, “Ext. Sig.” is given by
VP (t ).

Parameter(s)

Figure 2.3: Simplified circuit schematic. A simplified schematic for the four-state adaptive
system, with states Vx , Vy , Vω, and Vα.

dard configurations with 0805 SMD passive components with 1% error tolerance for resis-

tors and 2% error tolerance for capacitors. Three potentiometers were included to tune the

coupling strengths associated with the first, third, and fourth states.

The dynamical system in Eq. 2.3 was then mapped to Eq. 2.7. This was done in a
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manner similar to that discussed in [142], where Kirchhoff’s laws may be used to create a

standard, voltage-mode opamp integrator configuration paired with voltage multipliers.

This also resembles the analog circuit implementations shown in [143]. where VP (t ) =

[a sin(Ωt +φ0))− xα] is an external stimulus.

V̇x = − 1
R 1C 1 (Vµ− (V 2

x +V 2
y ))Vx +

1
R 2C 1 VωVy − 1

RV 2C 1 VP (t )

V̇y = − 1
R 3C 2 (Vµ− (V 2

x +V 2
y ))Vy − 1

R 4C 2 VωVx

V̇ω =
1

RV 3C 3 VP (t )Vy

V̇α = − 1
RV 1C 4 VηVP (t )Vx

(2.7)

Here, the states Vx , Vy , Vω, and Vα correspond to the voltage outputs of opamp integrators.

This methodology is similar to the realization of integrator-based state variable networks.

By connecting the output pin headers of the α state to the ground, the four-state system

can be transformed into the three-state system. This effectively sets the αx term in the ẋ ,

ω̇, and α̇ equations to zero. By connecting the output pin headers of both the α state to

the ground and theω state to a constant, the four-state system can be transformed into a

regular two-state Hopf oscillator. Therefore, the PCB can switch its functionality between a

two-state, three-state, and four-state system. The PCB, whose dynamics is represented by

Eq. 2.7 was fabricated, and the experimental results from this PCB are depicted in Figs 2.4

and 2.5.

2.5.2 Range of Operation

The results shown in Fig 2.4 are the time response of the x , ω, and α states. The results

display qualitatively similar characteristics.

The simulation results shown in Fig 2.5 are a comparison of SPICE simulations and

the experimental results of the PCB. It should be noted that no filters were used on any
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Figure 2.4: Time history of the four-state oscillator. Experimental data is plotted as a
black solid line, SPICE simulation data is plotted as a blue dashed line, and the sinusoid’s Ω
and a are plotted as dotted lines.

of the results collected from the experiments. In Fig 2.5, the black solid lines represent

experimental data, while the blue dashed lines represent simulation results. The black dash-

dotted and blue dotted lines show the percent error of the learned input of the experiment

and simulation, respectively.

All the external stimuli for the experimental results were generated with MATLAB and

input to the PCB with a National Instruments (NI) cDAQ-9174. In Fig 2.5(a), the frequency-

amplitude response of the two-state Hopf oscillator is shown. A frequency sweep was

performed from 5 Hz to 210 Hz. The frequency-amplitude response from the SPICE simu-

lations show qualitatively similar results with slightly different resonance frequency and

corresponding magnitude. There is only one resonance peak nearω0 (which is marked

as a vertical dashed line) in the tested frequency range, since it is not an AO. In Fig 2.5(b),
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Figure 2.5: Range of Operation. Comparison of results of PCB experiment and SPICE
simulations, with k = 0.5, a = 1.5 (except (d)),ω0 ≈ 15.9 Hz, and µ= 1 for both the simula-
tions and the experiments. It should be noted that the frequency-amplitude relationship
is reported for the x -state, while the percent error is reported for theω-state. Noting that
for the four-state system (bottom-right), the oscillator learns the correct amplitude from
approximately 0 to 3; after 3, nonlinear effects in the PCB cause the simulation and experi-
mental results to diverge.

the frequency-amplitude response of the three-state system is shown. Instead of a single

resonance, the three-state system maintains a large value over a wide range of frequencies.

The percent error is calculated as Ω−<ω>Ω ×100, where <ω> is the mean of theω state at

steady state. For the experiment, the error is less than 2% when the forcing frequency is

between 19 Hz and 173 Hz. For the simulations, the percent error is less than 3% when the

forcing frequency is between 20 Hz and 198 Hz. The frequency-amplitude relationship of

the three-state oscillator matches closely with the percent error relationship (i.e., when the

amplitude is high, the percent error is small).

In Fig 2.5(c), the frequency-amplitude response of the four-state system is shown. For

the experiment, the percent error is less than 2.5% if the forcing frequency is between 25 Hz
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and 174 Hz. For the simulations, the percent error displays qualitatively similar behavior.

In Fig 2.5(d), the resulting αwhen sweeping the input amplitude from 0 to 7 for both the

simulations and the experiment are shown. The experimental results show that the linear

relationships between a and α is maintained until a > 3. A linear curve-fit was performed

in MATLAB (for a < 3), and the slope of the line was 0.986 for the experiment. For the

simulation, the linear relationship was maintained even outside this region, and the slope

of the curve-fit was 1.018. Both the experiments and simulations have less than 2% error. It

should be noted that the scalar parameter, µ, controls the amplitude of x at steady state,

and a slight deviation of µ generated by the power supply from its expected value will cause

an error between the experiment and the desired result. Additionally, the nonlinearity

of the electrical components used in the simulations are not perfectly modeled, so the

resulting differences inevitably occur in Fig 2.5.

2.5.3 Verification of Other Waveforms

After the initial testing to determine the range of operation of the experimental four-state

adaptive oscillator system, the circuit was then tested using several complex waveforms. A

signal generator was used to create a square wave and a sawtooth wave; the square wave

was constructed so that the fundamental frequency changes over time. These signals are

more complex than a simple sinusoidal wave, as they are composed of an infinite series of

sinusoids. The results are shown in Figs 2.6 and 2.7.

Further, the voltage data from a strain gauge that was mounted to a nonlinear beam was

used as an input to the adaptive oscillator circuit. By impacting the beam with a hammer,

a vibratory system identification was performed to find the first natural frequency of the

beam [2]. The results are shown in Fig 2.8.

A vehicle’s response to an asphaltophone was recorded with a microphone [138]. This
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Figure 2.6: Square wave results. A generated square wave with a varying fundamental
frequency was used as the input to the adaptive oscillator circuit. The circuit was able to
learn the fundamental frequency of the square wave. Top: The time history of the x state
and the generated square wave are shown. Bottom: The circuit learns the fundamental
frequency of the square wave, even though the frequency was varying over time.

recording had high amplitude low-frequency noise; the amplitudes of this noise were larger

than the signal. In this recording, the asphaltophone was designed to reproduce a note of

F3 (174.6141 Hz) when the vehicle is traveling 35 miles per hour. As the note is rather short,

it was concatenated to create a longer signal. The low-frequency noise was filtered from

the recording, and the filtered recording was input to the circuit. It should be noted that

this example is the only time that filtering was used in this paper. The results are shown in

Fig 2.9.

Last, a robotic player trumpet playing an A−440 note (440 Hz) was recorded. This note

was then rescaled in time to produce a 110 Hz note. Even though the trumpet’s timbre has
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Figure 2.7: Sawtooth wave results. A generated sawtooth wave was used as the input to
the adaptive oscillator circuit. The circuit was able to learn the fundamental frequency of
the sawtooth wave. Top: The time history of the x state and the generated sawtooth wave
are shown. Bottom: The circuit learns the fundamental frequency of the sawtooth wave.

higher harmonics, the adaptive oscillator is still able to learn the fundamental frequency.

The results are shown in Fig 2.10.

2.6 Conclusion

In this chapter, an adaptive oscillator was designed, fabricated, and tested. SPICE simula-

tions were compared to the experimental results. The results collected from the PCB show

qualitatively similar behavior to the adaptive oscillator’s simulated equations. The four-

state oscillator was shown to learn the forcing frequency successfully from approximately

25 Hz to 175 Hz within 3% error and input amplitudes from approximately 0 to 3 within
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Figure 2.8: Impact test results. Strain gauge data [2] was directly input to the adaptive
oscillator circuit. The circuit learned the natural frequency of the nonlinear beam. Top-left:
The time history of the strain gauge’s voltage is shown. The impact of the beam happens at
approximately 3 seconds. Bottom-left: The circuit learns the first natural frequency of the
beam. Right: An FFT of the beam is shown, with the first natural frequency marked by a
dashed, vertical line.

2% error. These experimental results were in close agreement with the SPICE simulation

results. There are two types of nonlinearity in this paper. The nonlinearities of the ODEs are

desired, and they cause the learning to happen. The circuit nonlinearities (e.g., parasitic

elements, etc.) are not modeled, and these nonlinearities cause errors in the experimental

results.

As demonstrated in Figs 2.6, 2.7, 2.8, 2.9, and 2.10, this adaptive frequency oscillator is

capable of learning more complex waveforms, in addition to simple sinusoids. As demon-

strated in Fig 2.8, this oscillator is capable of reporting the first natural frequency of a
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Figure 2.9: Asphaltophone results. A filtered audio recording of an asphaltophone was
input to the adaptive oscillator circuit. Top: The original signal and the filtered signal are
plotted. Bottom: The circuit learns the F3 note from the asphaltophone. The data is still
quite noisy, so theω state has fluctuations about the F3 frequency.

mechanical system, without the need of a fast Fourier transform or other post-processing

techniques. The implementation presented here could be used as an analog controller

for walking robots, a circuit component of clock oscillators, an analog signal analyzer, or a

component of a electromechanical energy harvester (such as that presented in [144]).

It should also be mentioned that other types of implementations of adaptive oscillators

could be achieved. For example, adaptive oscillators could likely be implemented in a field

programmable analog array, such as the implementation of a chaotic oscillator in [145].

The circuit presented in this paper is a prototype system that is a physical embodiment of

eq. 2.3, which could be further refined for specific, practical applications.
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Figure 2.10: Robotic player trumpet results. A scaled recording of a robotic player trumpet
was input to the adaptive oscillator circuit. The circuit learned the natural frequency of the
trumpet’s note. Top-left: The time history of the trumpet recording is shown. The time was
rescaled by a factor of four. Bottom-left: The circuit learns the first natural frequency of
the note. Right: An FFT of the note is shown, with the first natural frequency marked by a
dashed, vertical line.
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CHAPTER

3

STOCHASTIC EFFECTS ON A HOPF

ADAPTIVE FREQUENCY OSCILLATOR

In this study, numerical, analytical, and experimental results are presented for the Hopf

AFO in the presence of stochastic forcing. In Section 3.1, the ordinary differential equations

for the adaptive oscillator are presented. In Section 3.2, the stochastic differential equations

for the adaptive oscillator are presented, and direct numerical simulations using the Euler-

Maruyama method [146] are implemented to compare with the semi-analytical formulation

and experimental results. In Section 3.3, the full Fokker-Planck equation is derived, and

the results are found to be significantly different than the approximation found in [29]. The
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cumulant neglect method [147] is utilized to solve the Fokker-Planck equation to obtain a

semi-analytical solution to the adaptive oscillator. In Section 3.4, a Hopf AFO was fabricated

as an electronic circuit to serve as a physical embodiment of an adaptive oscillator. Each of

these methods showed qualitatively similar behavior. Namely, for small amounts of noise,

the mean of the frequency state quickly converges to the correct frequency. For medium

amounts of noise, the mean of the frequency state converges to an incorrect frequency. In

the limit of large noise, the mean of the frequency state and the mean amplitude of the

limit cycle both converge to zero.

3.1 Equations for a Hopf Adaptive Frequency Oscillator

The equation of motion of the three state Hopf AFO is written below:

ẋ = (µ− (x 2+ y 2))x −ωy +kx (a sin(Ωt ))

ẏ = (µ− (x 2+ y 2))y +ωx

ω̇=−kω(a sin(Ωt ))y

(3.1)

The first and second states correspond to a forced Hopf oscillator [140], except that the

ω term is not a constant. The third state is a plastic state, which may learn the forcing

frequency without any pre- and post-processing procedures. Eq. 3.1 is a modified version

of the equations proposed in [1], except that y is used to replace the term yp
x 2+y 2

to simplify

the equations. The constants in Eq. 3.1 are selected to create a stable limit cycle, which will

generate a constant radius after the transient response decays.
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3.2 Euler-Maruyama Simulations

To consider the stochastic effects on this system, noise is injected into Eq. 3.1 by replacing

a sin(Ωt ) with a sin(Ωt ) + Ẇ (t ). The term, Ẇ (t ), denotes white Gaussian noise. It is the

derivative of Brownian motion. Eq. 3.1 can thus be re-written as:

ẋ = (µ− (x 2+ y 2))x −ωy +kx (a sin(Ωt ) +σẆ (t ))

ẏ = (µ− (x 2+ y 2))y +ωx

ω̇=−kω(a sin(Ωt ) +σẆ (t ))y

(3.2)

Figure 3.1: Euler-Maruyama simulations: x state. Mean and variance of x obtained
from 500 ensemble averages of Euler-Maruyama simulations. As the noise amplitude is
increased, 〈x 〉 decreases.

Since the increments of Brownian motion are independent, its derivative does not exist

with probability one [148]. For this reason, Ẇ (t ) is a “mnemonic” derivative. While the

derivative of Brownian motion does not exist, its differential form d W does exist. Thus, Eq.
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Figure 3.2: Euler-Maruyama simulations: y state. Mean and variance of y obtained
from 500 ensemble averages of Euler-Maruyama simulations. As the noise amplitude is
increased, 〈y 〉 decreases.

Figure 3.3: Euler-Maruyama simulations: ω state. Mean and variance of ω obtained
from 500 ensemble averages of Euler-Maruyama simulations. For small amount of noise,
〈ω〉 quickly approaches Ωwithout overshoot error. As the noise amplitude is increased, the
〈ω〉 value converges to the incorrect value.

32



Figure 3.4: Euler-Maruyama simulations: limit cycles. For the Euler-Maruyama simula-
tions, the limit cycle of 〈x 〉 vs. 〈y 〉 is shown. As the noise level increases, the two dimensional
limit cycle begins to collapse into one dimensional oscillations when considering the aver-
aged dynamics.

3.2 can be written in a differential form as following:

d x =
�

(µ− (x 2+ y 2))x −ωy +kx a sin(Ωt )
�

d t +kxσd W

d y =
�

(µ− (x 2+ y 2))y +ωx
�

d t

dω=
�

−kωa sin(Ωt )y
�

d t −kωσy d W

(3.3)

This system of Langevin equations[149, 150] is then integrated as an Itô integral. The

Euler-Maruyama (EM) method is an extension of Euler’s method to stochastic differential

equations [146]; here, the EM method is implemented to obtain the numerical solutions for

Eq. 3.3. This routine was written in MATLAB, and 500 simulations for each noise amplitudes

were performed. For each batch of simulations, the ensemble average for each of the three

variables was calculated for each time step. For the numerical simulations, the constants

are set such that kx = 1, kω = 1, a = 1, µ = 1, and Ω = 4π. The incremental noise, d W , is
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random with a mean equal to zero and a standard deviation equal to
p

d t , where d t is the

incremental time step. For these simulations, the d t was 0.001 s . The initial conditions for

the simulations were x = 1.00, y =−1.00, andω=π.

The results of these 500 Euler-Maruyama simulations are shown in Figs. 3.1, 3.2, and 3.3.

In the top portion of Figs. 3.1 and 3.2, it may be seen that the average amplitude of the limit

cycle is decreasing as the noise amplitude is increasing. The average amplitude of x, 〈x 〉,

decreases less quickly than the average amplitude of 〈y 〉. This behavior may be seen in the

limit cycle, which is presented in Fig. 3.4. In the top portion of Fig. 3.3, it may be seen that

the average frequency, 〈ω〉, is enhanced by a small amount of noise: the average frequency

quickly learns the forcing frequency without overshoot. However, as the amplitude of the

noise increases, 〈ω〉 starts to converge to a value that is not equal to the forcing frequency.

For large amplitudes of noise, 〈ω〉 tends to zero. Additionally, the variance forω starts to

increase as the noise amplitude is increased.

3.3 Fokker-Planck Equation and Moment Equations

In this section, the full Fokker-Planck equation for the Hopf AFO is derived. The Fokker-

Planck equation is a partial differential equation (PDE), which is a function of the states and

of time. The solution of the Fokker-Planck equation is a probability density distribution.

The Fokker-Planck equation can be written as [151, 152]:

∂t P =−∂ j [A j (v⃗ , t )P ] +
1

2

∑

j ,k

∂ j∂k [B (v⃗ , t )B T (v⃗ , t )] j ,k P (3.4)

Here, v⃗ is a vector containing all state variables, x , y , andω. P = P (v⃗ , t ) is the time evolution

of the probability density, A j (v⃗ , t ) is a vector that includes the deterministic parts of Eq.

3.4, and B j (v⃗ , t ) is a vector that contains the stochastic parts of Eq. 3.4. The Fokker-Planck
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equation of the Hopf AFO can be written as:

∂t P = −∂x

�

(µx − x 3− x y 2−ωy +kx f (t ))P
�

−∂y

�

(µy − x 2 y − y 3+ωx )P
�

+∂ω
�

(kω f (t ))P
�

+σ
2

2

�

∂ 2
x (P kx

2)−2∂x∂ω(y P kx kω)

+∂ 2
ω(y

2P kω
2)
�

(3.5)

Here, f (t ) = a s i n (Ωt ). The Fokker-Planck equation may be solved with several different

methods, such as the stochastic averaging method [153, 154], the finite element method

[155, 156], and Gaussian closure methods [157, 158, 159]. It should also be noted that the

Fokker-Planck equation, in general, does not have an analytical solution.

Figure 3.5: Fokker-Planck results: x state. Mean and variance of x obtained from moment
equations. As the noise amplitude is increased, 〈x 〉 decreases.

To find a semi-analytical solution of the Fokker-Planck equation, the cumulant neglect
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Figure 3.6: Fokker-Planck results: y state. Mean and variance of y obtained from moment
equations. As the noise amplitude is increased, 〈y 〉 decreases, eventually collapsing the
limit cycle into one dimensional oscillations.

Figure 3.7: Fokker-Planck results: ω state. Mean and variance ofω obtained from mo-
ment equations. As the noise amplitude is increased, the 〈ω〉 value converges to the incor-
rect value.
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Figure 3.8: Fokker-Planck results: limit cycles. For the moment equations, the limit cycle
of 〈x 〉 vs. 〈y 〉 is shown. As the noise level increases, the two dimensional limit cycle begins
to collapse into one dimensional oscillations.

method [147]will be used to approximate the probability density function that is the time-

varying solution of Eq. 3.5. This truncation method works well in practice [160]. To find

the moment equations, the moment evolution equation is first constructed. To this end,

the moment is defined as: 〈g 〉=
∫∫∫

g P d x d y dω. Next, the time derivative of each side

of the equation may be written as: d 〈g 〉
d t =
∫∫∫

g d P
d t d x d y dω. Now, g may be replaced

with the i t h moment of x , the j t h moment of y , and the k t h moment ofω. This produces:

d 〈x i y jωk 〉
d t =
∫∫∫

x i y jωk d P
d t d x d y dω. After substitution and rearrangements, the moment

evolution equation for the Hopf AFO can now be written as:
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d 〈x i y jωk 〉
d t = µi 〈x i y jωk 〉− i 〈x i+2 y jωk 〉− i 〈x i y j+2ωk 〉

−i 〈x i−1 y j+1ωk+1〉+ i f (t )kx 〈x i−1 y jωk 〉

+µ j 〈x i y jωk 〉− j 〈x i+2 y jωk 〉− j 〈x i y j+2ωk 〉

+ j 〈x i+1 y j−1ωk+1〉−kω f (t )k 〈x i y j+1ωk−1〉

+kx
2σ2

2 i (i −1)〈x i−2 y jωk 〉+
σ2

2 kω
2k (k −1)〈x i y j+2ωk−2〉

−σ2kωkx k i 〈x i−1 y j+1ωk−1〉

(3.6)

By substituting different values of i , j , and k , this moment evolution equation will lead

to an infinite set of ordinary differential equations (ODEs). In order to truncate this infinite

set of ODEs, the cumulants of order 3 and higher are set equal to zero [147].

Noting that states are not considered to be independent (i.e., 〈x r y sωk 〉 ≠ 〈x r 〉〈y s 〉〈ωk 〉),

the cumulant neglect method yields the following set of 9 ODEs:
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ż1 = kx f (t ) +2z1
3−2z2z5+ z1(µ+2z2

2)

+z1(−3z4− z7)− z8

ż2 = 2z2
3−2z1z5+ z6+ z2(µ+2z1

2− z4−3z7)

ż3 = −kω f (t )z2

ż4 = kx
2σ2+4z1

4+4z1
2z2

2−2z5(z3+2z5)

−2z2z6−2z4(−µ+3z4+ z7)

+2z1(kx f (t ) +2z2z3− z8)

ż5 = 4z1z2
3+2z2

2z3+2z1z6+ z3(−2z1
2+ z4− z7)

+2z5(µ−3(z4+ z7))+ z2(kx f (t ) +4z1
3−2z8)

ż6 = 2z2z3
2+ z6(µ−3z4− z7)

+z3(kx f (t ) +2z1(z1
2+ z2

2)−2z8)

−z5(kω f (t ) +2z8)− z2(kωkxσ
2+ z9)

ż7 = 2(2z1
2z2

2+2z2
4+ (z3−2z5)z5+ z2z6

+(µ− z4−3z7)z7+ z1(−2z2z3+ z8))

ż8 = −2z1z3
2−2z5z6+2z3(z1

2z2+ z2
3+ z6)

−kω f (t )z7+ (µ− z4−3z7)z8+ z1z9

ż9 = kω
2σ2z7−2kω f (t )z8

(3.7)

These nine ordinary differential equations are used to approximate the solution of

the Fokker-Planck equation. Each of these equations corresponds to a particular time-

dependent moment, where zn = zn (t ). Table 3.1 lists the moments and their corresponding

equation of motion.

In [147], it was noted that the cumulant neglect method typically outperforms the

moment neglect method. This is likely because the cumulant neglect method preserves

relationships between the moments. However, unlike other expansions (e.g., Taylor expan-

sion, etc.), there is no guarantee that including additional higher order terms will decrease
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Table 3.1: List of moments and their respective moment equation.

Description Moment State

Mean of x 〈x 〉 z1

Mean of y 〈y 〉 z2

Mean ofω 〈ω〉 z3

Variance of x 〈x 2〉 z4

Covariance of x & y 〈x y 〉 z5

Covariance of x &ω 〈xω〉 z6

Variance of y 〈y 2〉 z7

Covariance of y &ω 〈yω〉 z8

Variance ofω 〈ω2〉 z9

the error of the solution [160]. This is an intrinsic difficulty with the Fokker-Planck equa-

tion, which, to the authors’ knowledge, has not been solved. Instead, the qualitatively

similar results of the cumulant neglect equations, the Euler-Maruyama simulations, and

the experimental results suggest that the cumulant neglect method as applied here is valid.

Numerically solving Eq. 3.7 generates the results shown in Figs. 3.5, 3.6, and 3.7. Here, kx ,

kω, µ, and Ω are set to the same values that were used in Section 3.2. The initial conditions

are set as: z1(0) = 1, z2(0) =−1, z3(0) =π, z4(0) = 15, z5(0) = 0, z6(0) = 0, z7(0) = 15, z8(0) = 0,

z9(0) = 15.

The mean of x shown in Fig. 3.5 and the mean of y shown in Fig. 3.6 both show similar

behavior as found in the simulations and experiments. As the amplitude of the noise

increases, the limit cycle amplitude decreases. As in the simulations and experiments,

the decrease in the amplitude of 〈y 〉 is much faster than the decrease of 〈x 〉. For large

amounts of noise, the two dimensional limit cycle of the averaged dynamics collapses into

one dimensional oscillations, which may be seen in Fig. 3.8. The variances of x and y
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behave somewhat differently for large amplitudes of noises, as compared to the simulations

and experiments. In general, the variances found from the moment equations have more

oscillatory motion than the variances found from the simulations and experiments. In Fig.

3.7, 〈ω〉 shows qualitatively similar behavior as found in the Euler-Maruyama simulations

and the experiments. For small amplitudes of noise, 〈ω〉 converges to the correct frequency

value; for medium and large noise levels, 〈ω〉 converges to the incorrect forcing frequency.

These results, however, do not show the behavior of 〈ω〉 converging to an incorrect, non-

zero quantity at medium noise amplitudes that is seen in the simulations and experiments.

The variance ofω shares the some tendency as that of other two methods: as the noise

amplitudes increase, the variance is also increased.

3.4 Analog Circuit Experiment

Figure 3.9: Circuit experiment. The printed circuit board that was used for the experi-
ments. Here, f (t ) = a sin(Ωt ) +σẆ (t ).
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Parameter(s)

Figure 3.10: Circuit schematic. A simplified schematic for the Hopf AFO circuit, with
states Vx , Vy , and Vω.

A physical analog circuit implementation of Eq. 3.2 was designed, fabricated, and tested.

The experimental printed circuit board (PCB) is shown in Fig. 3.9. Here, two potentiometers

are used to vary the coupling strength of the external stimuli in both x andω. This circuit

implementation is accomplished by using AD633 multipliers, TL082 operational amplifiers,

and 0805 SMD resistors; resistors have an error tolerance of 1%, and capacitors have an

error tolerance of 2%. For the experiments reported here, Vµ = 10 volts, and the external

excitation (e.g., a sin(Ωt ) +σẆ (t )) was created in MATLAB and sent to the circuit using a

National Instrument (NI) cDAQ-9174, which also collected the x , y , andω states’ data. A

sampling rate of 20000 samples/sec was used for all experiments.

A simplified schematic for the circuit depicted in Fig. 3.9 is shown in Fig. 3.10.

By applying Kirchhoff’s laws to the voltage-mode operational amplifier integrator config-
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Figure 3.11: Experimental results: x state. Mean and variance of x obtained from the
experiments. As the noise amplitude is increased, 〈x 〉 decreases.

Figure 3.12: Experimental results: y state. Mean and variance of y obtained from the
experiments. As the noise amplitude is increased, 〈y 〉 decreases.
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Figure 3.13: Experimental results: ω state. Mean and variance ofω obtained from the
experiments. It should be noted that Vω was converted toω to compare the results to the
forcing frequency, Ω. As the noise amplitude is increased, 〈ω〉 converges to the incorrect
value.

Figure 3.14: Experimental results: limit cycles. For the experiment, the limit cycle of 〈x 〉
vs. 〈y 〉 is shown. As the noise level increases, the two dimensional limit cycle begins to
collapse into one dimensional oscillations.
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urations equipped with voltage multipliers, this circuit is able to reconstruct the dynamical

system represented by Eq. 3.2. Here, Vf (t ) = a sin(Ωt )) +σẆ (t ). It should be noted that

this circuit has a modular design, which enables it to be used as a two-state Hopf oscillator,

a three-state Hopf AFO, and a four-state adaptive Hopf oscillator. The extra states shown

on Fig. 3.9 refer to this additional functionality. By connecting Vα to ground, the four-state

adaptive Hopf oscillator becomes a three-sate Hopf AFO as described by Eq. 3.1. This

equations that describe this circuit are written as follows:

V̇x = − 1
R1C1
(Vµ− (V 2

x +V 2
y ))Vx +

1
R2C1

VωVy

− 1
P1C1

Vf (t )

V̇y = − 1
R3C2
(Vµ− (V 2

x +V 2
y ))Vy − 1

R4C2
VωVx

V̇ω =
1

P2C3
Vf (t )Vy

(3.8)

Here, the three states, Vx , Vy , Vω, correspond to the voltage outputs of the operational

amplifier integrators. R1 through R4 are resistors (each with a value of 10kΩ), C1 through

C3 are capacitors (each with a value of 0.1µF), and P1 and P2 are potentiometers (with

P1 = 1.78kΩ and P2 = 0.88kΩ).

Experiments were performed with the same method as followed for the numerical

simulations: 500 experiments were performed for each different noise amplitude. For

each of these batches of experiments, the time-varying mean and variance were calculated.

The results of these experiments are shown in Figs. 3.11, 3.12, and 3.13. Each of these

shows good qualitative agreement with the numerical and analytical results. Similar to the

numerical and analytical results, the amplitude of the oscillations of the mean of x and

y both decrease, as the noise amplitude is increased. For large amplitudes of noise, the

amplitude of 〈y 〉 becomes smaller than 〈x 〉, and the two dimensional limit cycle collapses

to one dimensional oscillations, which may be seen in the limit cycles that are plotted in

Fig. 3.14. In Fig. 3.13, the mean of ω converges to the correct value more quickly with
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small amounts of noise. For medium amplitudes of noise, the mean ofω converges to an

incorrect, non-zero value. As the amplitude of the noise increases further, the mean ofω

begins to converge to zero.

Figure 3.15: Unaveraged results. For several noise amplitudes, the single-sided amplitude
spectrum of the unaveraged x state is shown. Without averaging, it can be seen that the
signal content is attenuated, which is a nonlinear effect. The signal-to-noise ratio decreases
for larger amplitudes of noise because of both the addition of noise and the attenuation of
signal present in the x state.

A comment should also be made concerning the unaveraged system. For the unaveraged

x state, noise has the effect of attenuating the oscillator’s signal content, which may be

seen in Fig. 3.15. Even though the same amplitude of the deterministic component was

used, the x state does not properly lock onto the sinusoidal signal in the presence of noise.

This causes the signal-to-noise ratio to decrease, while the addition of noise causes the

signal-to-noise ratio to decrease even further.
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3.5 Concluding remarks

Adaptive oscillators may be used for many physical applications, including phase-locked

loops in electronic systems, synchronous lasers, information storage and signal processing

in quantum systems, and energy harvesting in mechanical systems. Since all real-world

systems have sources of noise, it is important to quantify the stochastic effects of adaptive

oscillators. In this chapter, the stochastic dynamics of a Hopf AFO are studied through

numerical, analytical, and experimental methods, in order to gain a better understanding of

how noise affects adaptive oscillators. Batches of Euler-Maruyama simulations were used

to find ensemble averages that capture the dynamics of the stochastic Hopf AFO. Next, the

full Fokker-Planck equation was derived for this system, and the cumulant neglect method

was used to find a truncated set of ordinary differential equations that approximate the

solution for the full Fokker-Planck equation. An analog circuit was designed that behaves

as a Hopf AFO, and this circuit was fabricated as a PCB. Experiments using this PCB showed

qualitatively similar results to both the numerical and analytical approaches.

Several general observations may be made from these studies. 1) Small amplitudes

of noise enhance the learning of the Hopf AFO; the 〈ω〉 state converges to the forcing

frequency with less overshoot. 2) For medium amplitudes of noise, the 〈ω〉 state converges

to an incorrect, non-zero value. (It should be noted that this behavior was seen for the

numerical and experimental results, but it was not observed in the analytical results.) 3)

For large amplitudes of noise, the 〈ω〉 state tends to zero. 4) The limit cycle’s amplitude (i.e.,
p

〈x 〉2+ 〈y 〉2) decreases as the noise amplitude increases. 5) Moreover, 〈y 〉 decreases at a

faster rate than 〈x 〉, as the noise amplitude increases. Considering the averaged dynamics,

this causes the two dimensional limit cycle to collapse into one dimensional oscillations

for large amplitudes of noise.

It should also be noted that the results found in this chapter differ from the results
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reported in [29]. In [29], an assumption was made to simplify the Fokker-Planck equation to

be a function of onlyω. However, the x and y states affect the dynamics of the full Fokker-

Planck equation. Namely, the limit cycle’s shape changes, which also affects the learned

frequency. Since the equation for ω̇ is a frequency mixer using state y , 〈y 〉 converging to

zero prevents the Hopf AFO from adapting to the correct frequency. The methods used in

this chapter could be used to construct adaptive oscillators that have enhanced dynamics

in the presence of noise.
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CHAPTER

4

THE PENDULUM ADAPTIVE FREQUENCY

OSCILLATOR

Limit cycle oscillators, such as the Hopf oscillator or the van der Pol oscillator, have been

often used as the base for adaptive oscillators. To the author’s knowledge, a pendulum

has not been previously used as the base of an adaptive oscillator. Here, a mechanical

pendulum adaptive oscillator is described and experimentally tested. The length of the

pendulum’s rod is used to store the frequency of the external force. This system could be

used as a smart energy harvesting system. In Section 4.1, the equations of motion of the

pendulum adaptive frequency oscillator are described. Numerical results are presented
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Figure 4.1: Pendulum with horizontal forcing. It should be noted that the cart is kine-
matically constrained to the forcing function, f (t ).

in Section 4.2. Next, the experimental pendulum adaptive frequency oscillator setup is

discussed in Section 4.3. The experimental results are shown in Section 4.4.

4.1 Equations of Motion

The horizontally forced pendulum is depicted in Fig. 4.1. The kinetic energy (eq. 4.1) and

potential energy (eq. 4.2) for this system may be written as:

T =
1

2
m (l θ̇ )2 =

1

2
ml 2θ̇ 2 (4.1)

V =mg h =mg
�

l − l cos(θ )
�

(4.2)

The massless cart is kinematically constrained to move with a particular forcing function,

f (t ). This force and its location may be written as:
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*

f (t ) = f (t )
*

i (4.3)

*
r = l sin(θ )

*

i + l cos(θ )
*

j (4.4)

The generalized force may thus be written as:

Qθ (t ) =
*

f (t ) ·
∂
*
r

∂ θ
= l cos(θ ) f (t ) (4.5)

Assuming a Rayleigh dissipation function, D = 1
2 c ml 2θ̇ 2, Lagrange’s equation can be

used to find the equation of motion for the system as:

ml 2θ̈ + c ml 2θ̇ +mg l sin(θ ) = l cos(θ ) f (t ) (4.6)

By dividing by ml 2, the equation of motion can be written as:

θ̈ + c θ̇ +ω2
n sin(θ ) =

1

ml
cos(θ )
�

â cos(Ωt )
�

(4.7)

Here, â is the forcing amplitude. Using x = θ and y = θ̇ , eq. 4.7 may be written in state

space as follows:

ẋ (t ) = y (t )

ẏ (t ) =−c y (t )−ω2
n sin
�

x (t )
�

+A cos
�

x (t )
�

cos(Ωt )
(4.8)

In eq. 4.8, A = â
ml . Now, an additional dynamic state, which adapts the natural frequency

of the system to the forcing frequency, may be added:
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ẋ (t ) = y (t )

ẏ (t ) =−c y (t )−ω2(t )sin
�

x (t )
�

+A cos(x (t ))cos(Ωt )

ω̇(t ) = −A cos(Ωt )x (t )p
x 2(t )+y 2(t )

(4.9)

As the linear natural frequency of the pendulum in Fig. 4.1 is given byωn =
Æ

g
l , the

ω(t ) state may be realized in an experiment by controlling the length of the pendulum,

l . The ω̇ equation is similar to the frequency adaption state used for the Hopf adaptive

frequency oscillator used in [1, 100, 101], although the y state in the numerator must be

substituted for the x state.

4.2 Numerical Results

The set of eqs. 4.8 and the set of eqs. 4.9 were both simulated in MATLAB using ode45. The

frequency response of several non-adaptive pendulums (eq. 4.8) with various static natural

frequencies are shown in Figs. 4.2 and 4.3, along with the frequency learned and stored by

theω state.

In Fig. 4.2, the forcing amplitude was a small value (A = 0.552). In this case, the pendu-

lum responds as a linear oscillator. For this reason, theω state learns the forcing frequency,

Ω, with high accuracy, as can be seen in the right portion of Fig. 4.2. The dashed line is the

“perfect” case, in whichω=Ω.

In Fig. 4.3, the forcing amplitude was a larger value (A = 5.52). In this case, the pen-

dulum responds as a softening Duffing oscillator. The pendulum’s frequency response

has a discontinuity, which is caused by multiple solutions of the analytical frequency re-

sponse function given by eq. 4.29. Even though the pendulum’s oscillations are nonlinear,

the pendulum adaptive frequency oscillator still finds the maximal value of each of the

non-adaptive pendulum’s frequency amplitude response. However, for the non-adaptive
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Figure 4.2: Numerical results of pendulum adaptive frequency oscillator for small oscil-
lations. For small oscillations, the pendulum acts as a linear oscillator. Left: The frequency
response of the pendulum adaptive frequency oscillator is compared with the frequency
response of the non-adaptive pendulum, for several values of ωn . For this simulation,
c = 0.45 and A = 0.552. Notice that the pendulum adaptive oscillator has the same ampli-
tude as the non-adaptive pendulum only when the non-adaptive pendulum’s amplitude is
at a maximum. Right: Theω state learns the external forcing with high accuracy.
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Figure 4.3: Numerical results of pendulum adaptive frequency oscillator for large os-
cillations. For large oscillations, the pendulum acts as a softening Duffing oscillator. Left:
The frequency response of the pendulum adaptive frequency oscillator is compared with
the frequency response of the non-adaptive pendulum, for several values ofωn . For this
simulation, c = 0.45 and A = 5.52, which can be compared with Fig. 4.9. Notice that the
pendulum adaptive oscillator has the same amplitude as the non-adaptive pendulum only
when the non-adaptive pendulum’s amplitude is at a maximum. Right: Theω state has an
offset above the external forcing frequency. This is caused by the hysteresis in the frequency
amplitude response, as will be discussed in Subsection 4.3.2.
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pendulum, the peak no longer occurs at the natural frequency, but it instead occurs at a

value below the natural frequency, which is discussed in Subsection 4.3.2. This causes the

ω state to learn a value that is higher than the forcing frequency; this offset causes the

pendulum adaptive frequency oscillator to respond with an amplitude that is the maximum

of the non-adaptive pendulum’s frequency amplitude response.

4.3 Experimental Setup

In this section, the experimental prototype of the pendulum adaptive frequency oscillator

is described. This mechanical prototype is described by the set of eqs. (4.9), with the third

equation describing the dynamics of the frequency adaptation. This third equation is

realized in the mechanical prototype by first approximating the linear natural frequency

of the pendulum, which is discussed in Subsection 4.3.1; the pendulum’s rod length dy-

namically responds to learn the linear natural frequency. However, the pendulum has a

nonlinear response at large forcing amplitudes. To account for this, the method of multiple

scales is used to find the analytical solution of the pendulum in Subsection 4.3.2, and it

is shown that the pendulum responds as a Duffing oscillator. The hysteresis associated

with the Duffing oscillator explains the offset present in the learning process when the

forcing amplitude is large. This analytical response is also used to find the experimental

parameters in Subsection 4.3.3. Next, the experimental results of the mechanical pendulum

adaptive frequency oscillator are shown in Subsection 4.3.4.

The experimental setup is shown in Fig. 4.4. For this prototype, a stepper motor is used

to modify the length of the pendulum. To reduce the weight actuated by the stepper motor

and to increase the range of frequencies that can be learned for the experimental pendu-

lum, a metronome-inspired pendulum setup was designed. The angular displacement is

measured by an encoder. The stepper motor rotates a pinion, which linearly moves the
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rack; the rack’s weight changes the effective rod length of the pendulum. The pendulum’s

cart is attached to a linear bearing, and this cart is kinematically oscillated with a linkage

that is driven by a motor (unpictured). The forcing signal from this linkage is collected via

a laser displacement sensor.

Figure 4.4: Experimental pendulum adaptive frequency oscillator. The experimental
pendulum adaptive frequency oscillator prototype. a) Side view: The balanced mass offsets
the mass of the stepper motor. The masses and lengths can be compared to those labeled
in the drawing, which is depicted in Fig. 4.5. b) Top view: The white motor housing is
made 3D printed using Formlabs’ Rigid resin. The rotary encoder measures the angular
displacement of the pendulum. The stepper motor rotates a pinion, which moves the rack,
modifies the pendulum’s rod length. The rigid rod is connected to the cart.
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Figure 4.5: Schematic for the experimental pendulum adaptive frequency oscillator
prototype. This pendulum setup, similar to a metronome, allows a smaller amount of mass,
mr a c k +m4, to be actuated with the stepper motor. The system rotates about the black dot.
m1 is the mass of an unmovable weight, which is offset by an amount lm1 from the rotation
point. m2 is the mass of the lower portion of the rack, which has a length of l1. m3 is the
mass of the upper portion of the rack, which has a length of l2. m4 is the mass at the top of
the rack. This pendulum setup, similar to a metronome, allows a smaller mass, m4 to be
actuated with the stepper motor.

4.3.1 Linear Natural Frequency Approximation

In this subsection, the linear natural frequency is derived for the experimental setup, when

it is undergoing small oscillations. Some of the parameters for the experiment are mea-

sured directly, while some are calculated with a curve fit in the next subsection. Using the

schematic shown in Fig. 4.5, the kinetic and potential energy of the experimental system

can be found. All of these quantities are measured and provided in Table 4.1, except for the

quantity J0.

The kinetic energy for the pendulum adaptive frequency oscillator is:

T =
1

2

�

m1l 2
m1+m2

l 2
1

4
+m3

l 2
2

4
+m4l 2

2 + JO

�

θ̇ 2 (4.10)

The potential energy for the pendulum adaptive frequency oscillator is:
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Table 4.1: Parameters for the experiment, which are directly measured.

Parameter Value Units

l 0.3175 m

l1 l − l2 m

l2 l − l1 m

lm1 0.075 m

mr a c k 0.036 kg

m1 0.8 kg

m2
l1
l mr a c k kg

m3
l2
l mr a c k kg

m4 0.11 kg

V = m1g
�

lm1− lm1 cos (θ )
�

+m2g
�

l1
2 −

l1
2 cos (θ )
�

+m3g
�

l2
2 −

l2
2 cos (θ +π)
�

+m4g
�

l2− l2 cos (θ +π)
�

(4.11)

Using a Taylor expansion, eq. 4.11 simplifies to:

V ≈ 1
2

�

m1g lm1+m2g l1
2 −m3g l2

2 −m4g l2

�

θ 2

+m3g l2+2m4g l2

(4.12)

Using the Lagrange’s equation, the experimental setup’s equivalent mass, equivalent

stiffness, and linear natural frequency are:

me q = m1l 2
m1+m2

l 2
1
4 +m3

l 2
2
4 +m4l 2

2 + JO

ke q = m1g lm1+m2g l1
2 −m3g l2

2 −m4g l2

ωn =
√

√m1g lm1+m2g
l1
2 −m3g

l2
2 −m4g l2

m1l 2
m1+m2

l 2
1
4 +m3

l 2
2
4 +m4l 2

2+JO

(4.13)

This last equation provides the relationship between the rod length and the natural
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frequency, which will be utilized in Subsection 4.3.4. All of these quantities in eq. 4.13 are

known, except for the J0. This term is affected by the rotational inertia of the bearing, motor

housing, and encoder. It will be approximated in Subsection 4.3.3.

4.3.2 Method of Multiple Scales

In this subsection, the method of multiple scales is used to find the nonlinear frequency

response of the pendulum undergoing large oscillations, such as that used in [140]. Us-

ing this nonlinear frequency response to curve fit the experimental data, the remaining

experimental parameters will be found in Subsection 4.3.3.

Expanding sin(θ ) and cos(θ ) in a Taylor series and discarding the higher-order (≥ 2)

terms while defining â
ml = A, then eq. 4.7 now becomes:

θ̈ + c θ̇ +ω2
nθ −

ω2
nθ

3

6
= A
�

1−
θ 2

2

�

cos(Ωt ) (4.14)

It should be noted that, when written in the form shown in eq. 4.14, the nonlinear

pendulum is a Duffing equation, with a softening nonlinear stiffness term. Introducing

a book keeping term, ε, into eq. 4.14, similar to the one used in [161], such that θ =
p
εθ̂ ,

A = ε
p
εÂ and c = εĉ . Making these substitutions into eq. (4.14):

p
ε ¨̂θ +εĉ

p
ε ˙̂θ +ω2

n

p
εθ̂ −

ω2
nε
p
εθ̂ 3

6
= ε
p
εÂ
�

1−
εθ̂ 2

2

�

cos(Ωt ) (4.15)

Dividing this equation by
p
ε, the following expression is obtained:

¨̂θ +εĉ ˙̂θ +ω2
n θ̂ −

εω2
n θ̂

3

6
= Â cos(Ωt )
�

ε−
ε2θ̂ 2

2

�

(4.16)

The general solution is assumed to be of the following form:
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θ̂ = θ0+εθ1 (4.17)

Several time scales, T0, T1, T2,... are introduced, where T0 = t , T1 = εt , T2 = ε2t ,.... Thus, θ̂

is a function of the slow and fast time scales, and θ̂ (t ,ε) = θ0(T0, T1, T2, ...)+εθ1(T0, T1, T2, ...)+

ε2θ2(T0, T1, T2, ...)+.... Using the chain rule, the time derivatives become d
d t =D0+εD1+ε2D2,

d 2

d t 2 =D 2
0 +2εD0D1+ε2(D 2

1 +2D0D2) + .... The general solution and the time derivatives are

substituted back into eq. 4.16, and, by gathering together the terms with the same powers

of ε and equating to zero, the following set of differential equations is obtained:

ε0 : D 2
0 θ0+ω

2
nθ0 = 0 (4.18)

ε1 : D 2
0 θ1+ω

2
nθ1 =−ĉ D0θ0−2D0D1θ0+ Â cos(Ωt ) +

ω2
nθ

3
0

6
(4.19)

The solution of eq. 4.18 can be written as:

θ0 =αcos(β +T0) (4.20)

or in complex form as:

θ0 = B e i T0 + B̄ e −i T0 (4.21)

where α = α(T1), β = β (T1), B = B (T1), B̄ = B̄ (T1), and B̄ is the complex conjugate of B . B

and B̄ can be expressed in their polar forms, shown as following:

B = 1
2αe iβ

B̄ = 1
2αe −iβ

(4.22)
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Substitute eq. 4.22 into eq. 4.19 results in the following expressions:

D 2
0 θ1+ω2

nθ1 = 2iωn

�

− 1
2 ĉ B e i T0ωn + 1

2 ĉ B̄ e −i T0ωn − e i T0ωn D1B + e −i T0ωn D1B̄
�

+ 1
2

�

B 2ω2
n B̄ e i T0ωn + B̄ 2ω2

n B e −i T0ωn + Âe −i T0Ω+ Âe i T0Ω
�

+ω
2
n

6

�

B 3e 3i T0ωn + B̄ 3e −3i T0ωn

�

(4.23)

where 1
2 (Âe −i T0Ω+ Âe i T0Ω) in the above equation is the complex form of the external forcing.

Assuming that Ω=ωn +εσ and T1 = T0ε, the resulting equation is given by:

D 2
0 θ1+ω2

nθ1 = 2iωn

�

− 1
2 ĉ B e i T0ωn + 1

2 ĉ B̄ e −i T0ωn − e i T0ωn D1B + e −i T0ωn D1B̄
�

+ 1
2

�

B 2ω2
n B̄ e i T0ωn + B̄ 2ω2

n B e −i T0ωn

�

+ 1
2

�

Âe −i T0ωn+i T1σ+ Âe i T0ωn+i T1σ
�

+ 1
6

�

ω2
n B 3e i 3T0ωn −ω2

n B̄ 3e −i 3T0ωn

�

(4.24)

Equating the secular terms to zero, the following equation is obtained:

− i ĉωn B −2iωn D1B +
1

2

�

B 2B̄ω2
n + Âe i T1σ
�

= 0 (4.25)

Substituting the polar form of B and e iβ = cos(β ) + i sin(β ) into eq. 4.25, the solvability

condition can be expressed as:

0= i
2 ĉωnα− iωn D1α+ωnαD1β +

α3ω2
n

16

+ 1
2

�

Â cos(T1σ−β ) + i Â sin(T1σ−β )
�

(4.26)

Eq. 4.26 can be separated into two different equations, which represent the real and

imaginary parts, respectively. This can then be rearranged to obtain the following expres-

sions for D1α and D1β :
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D1α = 1
2 cα+ Â sin(T1σ−β )

2ωn

D1β =−α
2ωn
16 −

Â cos(T1σ−β )
2ωnα

(4.27)

For γ= T1σ−β , D1γ=σ−D1β . Thus, eq. 4.27 becomes:

D1α = 1
2 cα+ Â sin(γ)

2ωn

D1γ = α
2ωn
16 +

Â cos(γ)
2ωnα

+σ

(4.28)

The system represented by eq. 4.28 is a planar autonomous dynamical system. Setting

ε = 1, solving the fixed point (α0, γ0) solution, and rearranging the equation by using

sin2γ+ cos2γ= 1 provides the frequency response function:

(cωn )
2+ (
α3

0ω
2
n

8
+2σα0ωn )

2 = A2 (4.29)

The frequency response function in eq. 4.29 is plotted in Fig. 4.6. In the next subsection,

this frequency response function will be used to approximate several of the remaining

experimental parameters. Eq. 4.29 has multiple roots; in Fig. 4.6, the stable roots are

plotted for different values of Ω. A hysteresis region may be seen, in which there are two

stable roots for a single value ofΩ. There is an unstable root between these two stable roots,

which is not shown.

4.3.3 Experimental Parameters

Since this system is nonlinear, a curve fitting procedure was necessary to calculate the

values of c and J0, as these values cannot be directly measured in the experiment. By

using the analytical frequency response curve found in eq. (4.29), the rotational inertia, J0,
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Figure 4.6: Duffing-like response of pendulum. For a non-adaptive pendulum with rod
length set to l1 = 16.5 cm, a frequency upsweep and downsweep was performed with the
experiment; the green markers are the prototype’s amplitude response. This data was then
used in a curve fit of eq. 4.29. The resulting frequency response function is plotted as a
black curve. It should be noted that eq. 4.29 has multiple roots, and some frequencies have
two stable amplitude responses.
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Table 4.2: Curve fit results when l1 = 16.5 cm.

Parameter Value Units

c 0.45 s−1

A 5.52 cm

ωn 7.67 rad/s

J0 1.47×10−4 kg m2

damping parameter, c , horizontal forcing amplitude, A, and a static linear natural frequency,

ωn , are calculated from a curve fit. It should be noted that the forcing amplitude is also

included in this curve fit because the laser displacement data is noisy. For comparison, the

amplitude from the laser sensor of the forcing amplitude is approximately 5.69 cm, which

is 3% different than the curve fitted result. A forcing frequency upsweep and downsweep,

ranging from 5.5 (rad/s) to 9 (rad/s), was performed on the non-adaptive pendulum with a

fixed rod length, such that l1 = 16.5 cm. This data is plotted as green asterisks in Fig. 4.6.

This data was then used to curve fit the frequency response function given by the roots of

eq. 4.29 using MATLAB’s l s q c u r v e f i t . The resulting analytical frequency response curve

is shown in Fig. 4.6. The parameters obtained from the curve fit are listed in Table 4.2. The

natural frequency of this non-adaptive pendulum is calculated asωn = 7.67 (rad/s) from

the curve fit. This value can then be substituted into eq. 4.13 to find the J0 value, which is

calculated as J0 = 1.47×10−4 (kg m2).

Using the value of J0 that is found from the curve fit, the relationship between the

system’s natural frequency and the hanging length, l1, can be derived using eq. 4.13. This

relationship between is depicted in Fig. 4.7. A portion of this curve has a linear relationship,

for lengths ranging from approximately 6< l1 < 24. This linear relationship (as found from

a curve fit),ωn (l1) = 0.28l1+3.003, is used to control the stepper motor. This line is plotted
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as a green curve in Fig. 4.7.

Figure 4.7: Relationship between rack length and linear natural frequency. The rela-
tionship between the lower rack length, l1, and the pendulum’s linear natural frequency is
depicted as a dashed, black curve. A portion of this range is quite linear, which is depicted
as a green, solid curve.

4.3.4 Experimental Implementation of Frequency Adaptation

The ω state given by eq. 4.9 is implemented as follows. The laser displacement sensor

measures the position of the periodic forcing of the experiment, while the encoder measures

the angular position of the pendulum. The angular velocity is calculated by taking the

numerical derivative (e.g., y (i ) = x (i )−x (i−1)
∆t , for a sampling rate of 1

∆t ). By using Euler’s

method, theω state described in eq. 4.9 can be re-written as:

ω(i +1) =ω(i )−
k f (i )x (i )
p

x 2(i ) + y 2(i )
∆t (4.30)

In eq. 4.30, i is an integer that corresponds to the i t h sample in time. It should be

noted that the time series does not need to be recorded, except for the previous angular

displacement that is needed to calculate y (i ). k is an arbitrary coupling constant that is
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set to 0.6 in the experimental results of the next section, f (i ) is the sensor measurement at

time step i , x (i ) is the angular displacement at time step i , and y (i ) is the angular velocity

at time step i . Thisω state is used to calculate an incremental change in the rod length,

∆l1, by using the linear relationship shown in Fig. 4.7 (l1 = 3.57ωn −10.71):

∆l1 =
�

3.57ω(i +1)−10.71
�

−
�

3.57ω(i )−10.71
�

(4.31)

The stepper motor controls the length of the rod. The experimental sensor data collec-

tion, the calculation of eqs. 4.30 and 4.31, and the control signal sent to the stepper motor

are performed with an Arduino. It is worth noting that no filtering was used for any of the

experimentally collected data.

4.4 Experimental Results

The pendulum adaptive frequency oscillator prototype was fabricated and tested. For

a particular forcing frequency (Ω = 7.1 rad/s), an example of a particular time history is

shown in Fig. 4.8. In this time history, theω state starts far away from the forcing frequency,

so the amplitudes of the x and y states are small. As theω nears the forcing frequency, the

amplitudes of the x and y states becomes large.

A forcing frequency sweep ranging from 5.5 rad/s to 8.6 rad/s was used to measure the

performance of the pendulum adaptive frequency oscillator prototype. The results are

depicted in Fig. 4.9. In this range, theω state learns the forcing frequency with a percent

error that is less than 5%, where the percent error is calculated as 〈ω〉−ΩΩ × 100% after the

experiment has settled to a steady state response. Since the pendulum’s oscillations were

fairly large, the prototype has a Duffing-like response. This causes theω state to have a

positive offset as compared to the Ω value, which is similar to that seen in Fig. 4.3.
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Figure 4.8: The time history of the pendulum adaptive frequency oscillator. The external
forcing frequency was Ω= 7.1 rad/s. The amplitude of the x and y states increase when
theω state has learned the resonance frequency.

Figure 4.9: Experimental results of pendulum adaptive frequency oscillator for large
oscillations. A forcing frequency sweep ranging from 5.5 rad/s to 8.6 rad/s was performed
on the pendulum adaptive frequency oscillator prototype. The average of the ω state’s
steady state value is plotted for each forcing frequency, Ω. The line ω = Ω is plotted for
reference. The pendulum adaptive frequency oscillator learns the input frequency with
high accuracy. Since the amplitude of the pendulum adaptive frequency oscillator is large,
there is a positive offset of theω state, as was seen in Fig. 4.3.
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Comparing the frequency response obtained from the simulation (Figs. 4.2 and 4.3) and

the experiment (Fig. 4.9), it can be seen that theω state responds in a qualitatively similar

way in both the simulations and the experiments. However, the experiment of the pendulum

adaptive frequency oscillator’s amplitude falls considerably at approximately 6 rad/s, which

is robust in the frequency sweep in the up and down directions. The authors believe that

this effect is caused by a combination of the Duffing oscillator’s hysteresis phenomenon

and nonlinear damping in the experiment (e.g., wire effects, damping associated with the

encoder, etc.).

4.5 Conclusions

To the author’s knowledge, this is the first time that a pendulum adaptive frequency oscil-

lator has been proposed, fabricated, and tested. This system not only works in the linear

regime, but it also has increased amplitudes for the nonlinear regime. At large amplitudes,

the plastic frequency state converges to a value above the forcing frequency; this causes

the pendulum to respond with the maximal amplitude of the non-adaptive pendulum. In

this setup, no filtering was used for any of the experimental data collection. Other than

the controller for the stepper motor, no control algorithms or signal processing techniques

(such as fast Fourier transforms) are involved; the learning process is accomplished solely

with the dynamical system itself. This pendulum adaptive frequency oscillator prototype

can respond over a relatively large range of frequencies. Since vibratory energy harvesters

are most efficient when the external vibrations aligns with a resonance, this pendulum

adaptive frequency oscillator could be a viable architecture for a smart energy harvester.
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CHAPTER

5

CHAOS IN A PENDULUM ADAPTIVE

FREQUENCY OSCILLATOR

Building on presented in the previous chapter in which a mechanical pendulum adaptive

frequency oscillator was studied, the current paper studies a pendulum adaptive frequency

oscillator circuit experiment that can exhibit chaotic motion. Both the bifurcation dia-

grams from numerical simulations and from the experiments are compared. Although

most papers report either simulated or experimental bifurcation diagrams, some work has

compared simulated bifurcation diagrams with experimental bifurcation diagrams directly,

such as a circuit implementation of the Rössler system [162], an analog system realization of
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Table 5.1: List of parameters and states.

Symbol Description
a Forcing amplitude

kω Coupling inω state
c Damping
l Pendulum length

m Mass
g Acceleration due to gravity
Ω External sinusoidal forcing frequency
θ Angular position of pendulum
θ̇ Angular velocity of pendulum

x (t ) Angular position in state space
y (t ) Angular velocity in state space
ω(t ) Adaptive frequency

a time-delay chaotic oscillator [163], a Chua’s circuit [164], and a physical circuit realization

of a four-dimensional chaotic system [165]. This paper is organized as follows. In Section

5.1, the derivation of the equation of motion of the 2-state pendulum and 3-state pendulum

adaptive frequency oscillator is discussed. In Section 5.2, results from numerical simula-

tions are shown, including the behavior of the system for low amplitude forcing and the

numerical bifurcation diagram. In Section 5.3, the pendulum adaptive frequency oscillator

circuit implementation for a field-programmable analog array is described. In Section

5.4, results from the experiment are shown. In Section 5.5, some concluding remarks are

summarized.

5.1 Equation of Motion of Horizontally Forced Pendulum

AFO

In Fig. 5.1, the horizontally forced pendulum is depicted. In this pendulum, it is assumed

that the rod is inelastic, and the horizontal forcing kinematically moves the pivot point. For
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Figure 5.1: Pendulum with horizontal forcing. It should be noted that f (t ) kinematically
moves the pivot point.

reference, the constants and states are listed in Table 5.1. By using Lagrange’s equations

and assuming a Rayleigh dissipation of the form 1
2 c ml 2θ̇ 2, the governing equation can be

written as follows:

ml 2θ̈ + c ml 2θ̇ +mg l sin (θ ) = l cos (θ ) f (t ) (5.1)

After dividing both sides of the equation by ml 2, eq. 5.1 becomes:

θ̈ + c θ̇ +ω2
n sin (θ ) =

1

ml
cos (θ ) f (t ) (5.2)

Converting eq. 5.2 into state space with x = θ and y = θ̇ , the following set of ordinary

differential equations may be written:

ẋ (t ) = y (t )

ẏ (t ) =−c y (t )−ω2
n sin
�

x (t )
�

+ 1
ml cos
�

x (t )
�

f (t )
(5.3)

Setting f (t ) = â sin
�

Ωt
�

with â = a ml , eq. 5.3 can be written as:

ẋ (t ) = y (t )

ẏ (t ) =−c y (t )−ω2
n sin
�

x (t )
�

+a cos
�

x (t )
�

sin
�

Ωt
�

(5.4)
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Here, a is the amplitude of the sinusoidal forcing. Using these pendulum equations as a

base oscillator, a pendulum adaptive frequency oscillator can be constructed by adding a

plastic, dynamic state that can learn the external forcing frequency:

ẋ (t ) = y (t )

ẏ (t ) =−c y (t )−ω2(t )sin
�

x (t )
�

+a cos
�

x (t )
�

sin
�

Ωt
�

ω̇(t ) =
−kωx (t )a sin
�

Ωt
�

p
x 2(t )+y 2(t )

(5.5)

Here, kω is the coupling strength in the third state.

5.2 Simulation Results

For most values of the forcing frequency, Ω, the pendulum adaptive frequency oscillator

behaves as expected: the frequency state converges to the forcing frequency. This behavior

is depicted in Fig. 5.2. For this figure and for the subsequent bifurcation diagrams, a

quasi-static frequency sweep was performed, for both the numerical simulations and the

experiments. In Figs. 5.2 and 5.3, ode45 in MATLAB was used to simulate eq. 5.5 for

400 periods of the forcing function, sin
�

Ωt
�

. Only the last 100 cycles were used to create

Figs. 5.2 and 5.3, to avoid any transient behavior. Stroboscopic sections were taken of the

pendulum’s dynamics, using the external sinusoid as the clock with frequency Ω.

In Fig. 5.2, the pendulum adaptive frequency oscillator’s stroboscopic sections show

that theω state has properly learned the external forcing frequency, Ω. Since the x and y

states are periodic with the same frequency as the external sinusoid, their stroboscopic

sections appear stationary with respect to this clock.

Repeating this same procedure that was used for Fig. 5.2, the bifurcation diagram is

constructed, which is depicted in Fig. 5.3. For this set of parameters, the pendulum adaptive

frequency oscillator does not properly learn the external forcing frequency. Instead, the
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Figure 5.2: Periodic stroboscopic sections from numerical simulations. Stroboscopic
sections of the states of the horizontally forced pendulum adaptive frequency oscillator
for Ω ranging from 1.6 rad/s to 2.2 rad/s. Here, a = 0.1, c = 0.35, and kω = 0.707. The green
dashed line represents the lineω=Ω. For this combination of parameters, the pendulum
adaptive frequency oscillator correctly learns the external forcing frequency.
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system has a chaotic response.

Figure 5.3: Chaotic stroboscopic sections from numerical simulations. Bifurcation di-
agram using the stroboscopic sections of the states of the horizontally forced pendulum
adaptive frequency oscillator for Ω ranging from 1.6 rad/s to 2.2 rad/s. Here, a = 1.8,
c = 0.35, and kω = 0.707. The green dashed line represents the line ω = Ω. Instead of
learning the external forcing frequency, the bifurcation diagram exhibits chaotic behavior.

For some parameter combinations, period-3 motion may be observed, which shows

that this system is indeed chaotic [166]. In Fig. 5.4, period-3 motion may be seen in the

time history. The three dimensional trajectory of the system is shown for comparison.

For other parameters, strange attractors may be observed. One of these strange attrac-

tors is depicted in Fig. 5.5.
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Figure 5.4: Period-3 implies chaos. For Ω = 2.12 rad/s, the response of theω state has
period-3 motion. Here, a = 1.8, c = 0.35, and kω = 0.707. On the left, the stroboscopic
sections are shown for a portion of the time history. The vertical green dashed lines depict
the clock’s sampling rate for the stroboscope, and the * is the value of theω state at these
times. On the right, the three dimensional trajectory of the system is shown.

Figure 5.5: Strange attractor from simulations. For Ω= 1.67, a strange attractor is shown.
For this simulation, a = 1.8, c = 0.35, and kω = 0.707.
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5.3 Field-Programmable Analog Array Circuit

Circuit implementations of chaotic systems are widely used, such as realizations of a

three-state chaotic flow [167], a jerk oscillator [31], a novel autonomous four-dimensional

hyperjerk system with hyperbolic sine nonlinearity [168], a fractional-order-based chaos

system [169], a three-state chaotic system with applications to robotic navigation [170], and

a snap system with adjustable symmetry and nonlinearity [171]. Field-programmable ana-

log arrays (FPAAs) are dynamically programmable analog signal processing devices that use

switched-capacitor technology [172]. FPAAs contains configurable analog blocks (CABs),

which create analog operations. Each math operation is further achieved by configurable

analog modules (CAMs). By using FPAAs, the design of nonlinear systems are significantly

reduced, as the technology is highly reconfigurable [173]. Several FPAA implementations of

nonlinear dynamical system have been widely studied, which include the implementation

of the Lorenz system [174], a cellular network-based Lorenz-like system [175], the Sprott

N chaotic oscillator [176, 177], the Nahrain chaotic map [178], a fractional-order chaotic

system [145], a chaotic oscillator [179], and the Hindmarsh–Rose Neuron model [180]. As

compared with printed circuit boards, FPAAs can accomplish faster prototyping, without

using large amounts of operational amplifiers and analog multipliers. The nonlinear func-

tions, such as the sinusoids and square root operation in eq. 5.5, can be approximated as a

user-defined voltage transfer function with CAMs. Utilizing the modular design of FPAAs,

this pendulum frequency adaptive oscillator is implemented as a physical experiment.

However, the FPAA’s input and output must be in a range between±3 volts. This necessi-

tates that the response amplitude must be rescaled. Based on the numerical time response

results shown in Fig. 5.3, only the y state significantly exceeds the maximum voltage range

of the FPAA. It should also be noted that the FPAA experiment runs at 1000 times faster

than the numerical simulations, due to the R C time constant of the FPAA. Thus, new states
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Figure 5.6: FPAA circuit schematic of pendulum adaptive frequency oscillator. An exter-
nal forcing signal was sent to the FPAA via differential input IO3 of FPAA3.

are introduced such that x = X , y = 2Y , andω= 1000W . Using these relationships, eq. 5.5

is modified for use on the FPAA as follows:

Ẋ (t ) = 2Y (t )

Ẏ (t ) =−c Y (t )− 1
2

�

W 2(t )sin X (t )−a cos
�

X (t )
�

sin (Ωt )
�

Ẇ (t ) = −kωX (t )a sin (Ωt )

1000
p

X 2(t )+4Y 2(t )

(5.6)

An Anadigm Quad Apex v2.0 FPAA development board with 4 AN231E04 chips was used.

The AnadigmDesigner2 simulator developed by Anadigm was used for FPAA hardware

routing and design. All the external stimuli for the experimental results were generated

in MATLAB, and they were then input to the FPAA through the differential IO cell using a

National Instruments (NI) cDAQ-9174. Similarly, all the outputs of the FPAA are collected

by the NI unit.
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5.4 Experimental Results

In this section, results from the FPAA pendulum adaptive frequency oscillator prototype

are shown. For Figs. 5.7 and 5.8, the same procedure was used that was described for Figs.

5.2 and 5.3. A frequency sweep was performed on the FPAA analog circuit, and only the

last 100 cycles were used for the stroboscopic section plots in Figs. 5.7 and 5.8 to avoid any

transient behavior.

Figure 5.7: Non-chaotic stroboscopic sections from experiments. Stroboscopic sections
of the states of the FPAA circuit for Ω ranging from 1600 rad/s to 2200 rad/s. Note that the
FPAA runs at 1000 times faster than the simulations due to the R C time constant, so the W
state should be multiplied by 1000 to calculate the learned frequency. Here, a = 0.1, c = 0.35,
and kω = 0.707. The green dashed line represents the line ω

1000 =Ω. For this combination of
parameters, the FPAA correctly learns the external forcing frequency.
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In Fig. 5.7, the FPAA’s stroboscopic sections show that theω state (where 1000 ∗W =ω)

closely learned the external forcing frequency, Ω. However, nonlinear features of the FPAA

cause some errors that were not seen in the numerical simulations. Since the x and y states

are periodic with the same frequency as the external sinusoid, their stroboscopic sections

appear stationary with respect to this clock.

Repeating this same procedure that was used for Fig. 5.7, the bifurcation diagram is

also constructed for the FPAA, which is depicted in Fig. 5.8. For this set of parameters, the

FPAA has a chaotic response.

In the experimental FPAA prototype, strange attractors are also present. One of these

strange attractors is depicted in Fig. 5.9.

Since the FPAA’s frequency is scaled by 1000 from the simulations, the frequency for

the strange attractor in Fig. 5.9 is comparable to the attractor shown in Fig. 5.5. Period-5

motion is depicted in Fig. 5.10 for the FPAA’s response.

5.5 Conclusions

Adaptive oscillators are a potentially useful subset of nonlinear oscillators. However, they

have not been thoroughly explored. In this paper, the pendulum adaptive frequency oscilla-

tor was studied. To the authors’ knowledge, this is the first circuit prototype of a pendulum

adaptive frequency oscillator, and this is the first time that chaos has been observed for

an adaptive oscillator. This pendulum adaptive frequency oscillator was studied through

numerical simulations and a field-programmable analog array prototype. As there is inter-

est in using a mechanical pendulum as the base oscillator, this FPAA prototype provides

a method of experimentally interrogating the dynamics of this system without building

multiple costly mechanical prototypes.

It was found that for some parameter combinations, the pendulum adaptive frequency
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Figure 5.8: Chaotic stroboscopic sections from experiments. Bifurcation diagram using
the stroboscopic sections of the states of the FPAA for Ω ranging from 1600 rad/s to 2200
rad/s. Note that the FPAA runs at 1000 times faster than the simulations due to the R C time
constant, so the W state should be multiplied by 1000 to calculate the learned frequency.
Here, a = 1.8, c = 0.35, and kω = 0.707. The green dashed line represents the line ω

1000 =Ω.
Instead of learning the external forcing frequency, the bifurcation diagram exhibits chaotic
behavior.
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Figure 5.9: Strange attractor from experiments. ForΩ= 1640, a strange attractor is shown.
For this experiment, a = 1.8, c = 0.35, and kω = 0.707.

Figure 5.10: Period-5 motion from experiment. For Ω= 1880 rad/s, the response of the
W state has period-5 motion. Here, a = 1.8, c = 0.35, and kω = 0.707. On the left, the
stroboscopic sections are shown for a portion of the time history. The vertical green dashed
lines depict the clock’s sampling rate for the stroboscope, and the * is the value of the W
state at these times. On the right, the three dimensional trajectory of the system is shown.
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oscillator performed as expected in learning the external forcing frequency. At other pa-

rameter combinations, the pendulum adaptive frequency oscillator behaved chaotically.

As the pendulum adaptive frequency oscillator has been proposed as a vibratory energy

harvester, it is important to avoid this chaotic behavior, since the system would use energy

to adapt the rod length of the pendulum.

Bifurcation diagrams were constructed for both the numerical simulations and the

experiment. It should be noted that the bifurcation diagrams for the simulations and

experiments were very similar, although they are not identical. Since this is a chaotic

system, it is difficult to match the bifurcation diagrams of a model with an experiment,

as chaotic systems have sensitive dependence on system parameters. In other words, it

would be very difficult to tune the experiment’s parameters to exactly match those used in

the model. Strange attractors for both the simulations and experiment were also reported.

Period-3 motion was found, which implies that the system is indeed chaotic.
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CHAPTER

6

A HOPF ADAPTIVE OSCILLATOR ANALOG

CIRCUIT AS A MUSICAL INSTRUMENT

Although they have not previously been used as musical instruments, analog adaptive

oscillator circuits could be used as the building block of musical instruments. Previously,

many different circuit designs were employed for guitar effect pedals and vocal modulation

devices. In this chapter, an adaptive oscillator is implemented as an analog circuit, and it

is then employed as a musical instrument to demonstrate its ability as a musical instru-

ment. This circuit could easily be implemented into a guitar effect pedal or other similar

instrument.
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6.1 Circuit Implementation

Figure 6.1: Frequency response. Aspects of the frequency learning capability of the bread-
board circuit are shown here, where kx , kω, andµ are equal to 1.2 V, 0.8 V, and 1 V, respectively.
Left: The grey dashed lines denote the external forcing frequency,Ω. Three cases are shown,
which are driving frequencies of 19 Hz, 450 Hz, and 600 Hz. The black solid lines depict the
time evolution of theω state. Right/Top: The frequency-amplitude relationship for the x
state of the circuit is plotted with a black solid line. The vertical dashed lines correspond
to the frequencies that fall within ±1% error. Right/Bottom: The percent error for theω
state is plotted with a black solid line. The horizontal dashed lines correspond to±1% error,
while the vertical dashed lines correspond to the frequencies that fall within ±1% error.

The equations for a Hopf adaptive frequency oscillator are as follows [1]:

ẋ = (µ− (x 2+ y 2))x −ωy +kx f (t )

ẏ = (µ− (x 2+ y 2))y +ωx

ω̇=−kω f (t )y

(6.1)

In this set of ordinary differential equations, x and y represent a regular Hopf oscillator

[140] that is driven by an external force, f (t ). However, ω in the first two equations is

typically a constant. Here, ω is a time-dependent state that evolves based on the third
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equation. µ is a constant that controls the radius of the limit cycle, which is the oscillation

amplitude of the x and y states. kx and kω are coupling constants.

The system in eq. 6.1 was then mapped to eq. 6.2, by using Kirchhoff’s laws to cre-

ate a standard, voltage-mode operational amplifier integrator configuration with voltage

multipliers:

V̇x = − 1
R2C1
(Vµ− (V 2

x +V 2
y ))Vx +

1
R3C1

VωVy − 1
R1C1

f (t )

V̇y = − 1
R4C2
(Vµ− (V 2

x +V 2
y ))Vy − 1

R5C2
VωVx

V̇ω =
1

R6C3
f (t )Vy

(6.2)

The states Vx , Vy , and Vω correspond to the voltage outputs of the operational amplifier

integrators. An analog circuit equivalent to the dynamical system of the Hopf adaptive

frequency oscillator described in eq. 6.1 was designed and implemented on a breadboard.

Several tests were performed to verify the frequency learning capability of this circuit.

The dynamic response of the ω state to several forcing frequencies is shown in the left

portion of Fig. 6.1, for Ω values of 19 Hz, 450 Hz, and 600 Hz. A forcing frequency sweep

was performed from 3 Hz to 700 Hz (i.e., Ω was quasi-statically varied from 3 Hz to 700

Hz). It should be noted that the frequency-amplitude response of an underdamped, linear

oscillator has a definitive peak. Since the adaptive oscillator can adapt to the external

frequency, the frequency-amplitude response of this nonlinear system, unlike its linear

counterpart, has a broadband frequency range with a relatively flat response with a large

amplitude. The percent error is calculated as Ω−〈ω〉Ω ×100, where 〈ω〉 is the mean of theω

state at steady state. The error is less than 1% when the forcing frequency is between 112

Hz and 576 Hz.

A circuit schematic is shown in Fig. 6.2. Here, two resistors, annotated as R1 and R6, are

set as 27 kΩ and 12.5 kΩ, respectively. These two resistors are used to control the coupling

constants, kx and kω. In addition, four other resistors, annotated as R2, R3, R4, and R5, are
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Figure 6.2: Circuit schematic for the Hopf adaptive frequency oscillator. This circuit has
states Vx , Vy , Vω, where TL082 operational amplifiers and AD633 multipliers are powered
by a 15 V DC component.
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set as 1 kΩ, 10 kΩ, 1 kΩ, 10 kΩ, respectively. All unlabeled resistors are 1 kΩ. The capacitors,

annotated as C1, C2, and C3, have a capacitance of 33 nF, and µ is powered with a 1 V DC

component. The circuit implementation was realized using TL082 operational amplifiers

and AD633 multipliers in standard configurations. All passive components have a 1% error

tolerance for resistors and a 2% error tolerance for capacitors.

6.2 Musical Process

To use this Hopf adaptive frequency oscillator as an instrument, the circuit is “played” by

sending a desired time series as an input voltage, f (t ). The dynamics of the Hopf adaptive

frequency oscillator are then recorded. The time series, f (t ), was sent to the circuit using a

National Instrument (NI) cDAQ-9174 controlled by MATLAB, which was also used to record

the x , y , andω states of the circuit. It should be noted that no filters were used for this

work, and the sampling frequency used for data acquisition was 44100 samples/second,

which is the most common sampling rate for audio recordings.

In the next section, an AI-based vocal track remover [181]was used to isolate the vocal

track, which will be denoted as fv o c a l s , from a sound file containing vocals and instrument

accompaniment. If the external force is near zero, the circuit acts as a voltage controlled

oscillator. When this happens, the circuit’sω state will converge to an arbitrary pitch, which

depends on the circuit components and the DC power voltage. In general, this arbitrary

pitch is not in the same key as the song. To rectify this mistuning, an additional signal is

added to the vocals, which is expressed as:

Fp e d a l = a (s i n (ω1t ) + s i n (ω2t ) + s i n (ω3t )) (6.3)

where a is a small, positive number, andω1,ω2, andω3 are three frequencies corresponding

87



Figure 6.3: Comparison of original vocals to response of circuit. A comparison of the
original vocals, fv o c a l s , (denoted as grey dash-dotted line) and the vocals with the pedal
points, fv o c a l s + fp e d a l (denoted as black solid line). The inset windows show zoomed
portions for visualization purposes. The left inset shows an example when the vocals are
not present; in this inset, the vocals are approximately equal to zero, while the pedal points
cause small sinusoidal fluctuations. The right inset shows an example when the vocals
are present. It should be noted that fv o c a l s and fv o c a l s + fp e d a l are very similar in the right
inset.
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to the tonic of the musical piece. Thus, the input of the circuit is expressed as f (t ) =

Fp e d a l + fv o c a l s . This additional signal, fp e d a l , acts as a set of pedal points. Pedal points

are notes that are sustained for long amounts of time, while other musical progression is

occurring. The amplitude of fp e d a l is chosen to be small enough that it does not interfere

with the circuit learning fv o c a l , but it influences theω state to converge to the tonic when

no vocals are present. As an example, the time series comparison of the original vocals,

fv o c a l s , and vocals added with pedal point signal, fp e d a l , is shown in Fig. 6.3.

6.3 Example: Ave Maria

In this section, Ave Maria [182] will be used as a benchmark task. A sound file for this

example may be found on Dryad (link removed to preserve anonymity, but example is

included as supplementary material) For the example in this section, a vocal and piano

version was used [183]. Since this version of the song is in the key of D , fp e d a l was chosen

such that a = 0.165 V,ω1 = 922.58 rad/s (D3), ω2 = 1845.15 rad/s (D4), andω3 = 3690.30

rad/s (D5). The external force, f (t ), used for this example is depicted in black in Fig. 6.3.

Fast Fourier Transform (FFT) results are shown in Fig. 6.4. In the top of Fig. 6.4, the FFT

of fv o c a l s + fp e d a l is shown; in the bottom of Fig. 6.4, the FFT of the experimental y state is

shown. Both of these FFTs were normalized to aid in comparison. The pedal points have

a large amplitude in the frequency domain, since they are always present. It can be seen

from the FFTs that the y state has a narrower range of frequencies present in the response.

This is expected, since the operating range of the circuit is between approximately 112 Hz

and 576 Hz.

This Hopf adaptive frequency oscillator has three states. A portion of the response of

the x and y states is shown in Fig. 6.5. Since the x state appears to have additional higher

frequency components, the y state was be used as the “voice” of the instrument. These
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Figure 6.4: A comparison of the single-sided amplitude spectrum between fv o c a l s+ fp e d a l

(top) and the experimental results of the y state (bottom). The pedal points have a large
amplitude in the FFT because they are always present in the external forcing, f (t ). Both
FFTs were normalized for comparison purposes.

Figure 6.5: A portion of the response of the x (solid) and y (dashed) states from the
circuit. Since the x state has higher frequency components, the y state was chosen for the
“voice” of the instrument.
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higher frequency components may be seen from the superimposed fluctuations on the

sinusoidal oscillations in the x state. In addition, time series data of the experimentalω

state is shown in Fig. 6.6. This third state converges to the pedal point components when

the amplitude of the vocals is too small. Whenever the vocals are present, theω state tends

to converge to one of the main frequency components of the vocal input. The probability

that theω state converges to the fundamental of the vocals or an overtone is affected by

the amplitudes of the fundamental and overtones, as well as the previous value of theω

state. This complex behavior provides a rendition of the vocals that are dissimilar to the

original melody, without being unduly dissonant.

Figure 6.6: Time response of the experimentally collected ω state. The pedal points,
annotated as D3, D4 and D5, are plotted as dashed black lines for comparison. One of these
pedal point frequencies is learned by the circuit when the amplitude of the vocals is too
small.
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6.4 Conclusion

There has been a long history of creating musical instruments and musical instrument

components from analog circuits. In this paper, a Hopf adaptive frequency oscillator circuit

was described, constructed, and tested, which could learn frequencies of an external signal.

Based on a quasi-static frequency sweep, this circuit operated from approximately 112 Hz

to 576 Hz with less than 1% error. By changing the capacitance used in the operational

amplifier-based integrator networks, this operating range could be shifted to create different

musical effects.

Using Ave Maria as a test case, the vocals were isolated from the piano accompaniment

using an AI. Since the circuit acts as a voltage-controlled oscillator when there is no external

input, a method of creating pedal points was used to avoid long periods of dissonance.

These pedal point frequencies can be modified based on the key of the music. The y state

was chosen as the instrument’s “voice”, since it often has less higher frequency components

than the x state. This is likely because the external force, f (t ), is injected directly into the x

state. The y state from the circuit was then added back to the piano accompaniment.

Although adaptive oscillators were previously suggested to be used for automatic music

transcription, these nonlinear oscillators can themselves be employed as musical instru-

ments or analog nonlinear distortion source. The circuit described in this paper is analog,

which provides rich and complex dynamics. By mitigating undue dissonance caused by

voltage-controlled oscillations through the addition of pedal points, this circuit adapts to

different overtones of the original vocals. In this way, the Hopf adaptive frequency oscillator

produces a time series that is aesthetically pleasing and musically compelling.
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CHAPTER

7

CONCLUSIONS & FUTURE WORK

7.1 Summary of Results

In Chapter 2, a 4-state Hopf adaptive oscillator was presented, which was capable of learn-

ing both frequency and amplitude of an external signal. This was demonstrated in both

numerical simulations and a novel prototype analog circuit. In addition, the local stability

of the system was studied using Floquet analysis. This circuit’s operating range could be

easily scaled up or down by varying the electrical components. This adaptive oscillator was

verified as an analog frequency analyzer by sending various signals to the circuit.

In Chapter 3, the stochastic dynamics of a 3-state Hopf adaptive frequency oscillator
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were studied. Euler-Maruyama numerical simulations, the cumulant neglect equations

from the Fokker-Planck equation, and experimental results were all compared. It was found

that noise causes the limit cycle motion to collapse in one dimension, which subsequently

degrades the learning process.

In Chapter 4, the pendulum adaptive frequency oscillator was proposed. Numerical

simulations of this system were shown, and a physical implementation was designed,

fabricated, and constructed. The method of multiple scales was used to approximate the

dynamics of this system, which was then used to statistically calculate parameters of the

experiment. This pendulum adaptive frequency oscillator could be used as a smart energy

harvester, which tracks non-stationary vibrations in the environment.

In Chapter 5, the pendulum adaptive frequency oscillator was further studied. In

this chapter, a field-programmable analog array was used as an experiment, since the

mechanical experiment could not be actuated at a high enough speed. To the author’s

knowledge, this was the first time that chaos was demonstrated in an adaptive oscillator.

In Chapter 6, a Hopf adaptive frequency oscillator was proposed as a musical instrument

component. The adaptive oscillator has previously been used as an automatic music

transcription device. To the author’s knowledge, it has not previously been used to make

music. By sending the vocal signal of a song to this circuit, the adaptive oscillator provided

a novel musical effect. This could be implemented as a guitar effect pedal.

7.2 Future Work

In this dissertation, the local stability of the Hopf adaptive oscillator was considered. How-

ever, it is likely that nonlinear effects play a significant role in the global stability of this

system. Numerically finding the basins of attraction of adaptive oscillators could provide a

better understanding of the global stability of these systems. In addition, other types of
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analysis, such as the method of multiple scales or center manifold reduction techniques,

could be used to gain additional insights into robust regions.

Adaptive oscillators could be used as smart energy harvesters, which track and exploit

moving periodic sources of energy. However, the cost of adaptation in terms of energy

has not been completed. To use these adaptive oscillators as energy harvesters, efficient

adaptation procedures would need to be explored. Further, the energy expended through

adaptation should be compared with the additional energy gained from adaptation.

In previous work, simplifying the Fokker-Planck equation resulted in significantly dif-

ferent dynamics from the results presented in this dissertation. The role of noise on other

types of adaptive oscillators is, however, rather unclear and unexplored.

In closing, adaptive oscillators could be used in many applications, including analog

signal processing, robotic gait control, smart energy harvesting, musical instruments,

and advanced phase-lock loop applications. It is likely that adaptive oscillators can be

constructed from most nonlinear oscillators, so there are many adaptive oscillators that

have not been studied in detail. This dissertation provides a basis for some of these key

technologies and provides some insights into their dynamics.
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