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ON A MANOVA MODEL APPLIED TO PROBLEMS IN GROWTH CURVE 1

vy C .G Khatrl

University of North Caroline and Gujarat University

1. Introduction and summary.

The usual MANOVA model [11, p. 83] was generalised by Potthoff and Roy [8],
keeping in view its importance to growth curve problems end they discuss some appli-
cations of the generalised MANOVA model. In a more special case of one population,
Reo [9] has solved the problem from & different view point and congidered some appli-
cations to growth curve. We give below the generalised MANOVA model and hypothesis
as studied by Potthoff and Roy [8]. °

Let 5: pxn be & random matrix such that

(1) Bx) = B§ A

end the columns of ,}S are independent multivariate normals with unknown covariance
matrix 5 : pxp. The matrices E: pxq and ’5: mxn are assumed to be known and
further, for our purpose and vithout any loss of theoretical generality, they are
assumed to have ranks q &and n respectively. Suppose the ranks of E and ’I}J are
equal to r(< q) and s(< m) respectively. Then we can always find the basis for

'g and for é, and we cen write, without any loss of generelity,

@  oB- @ B e A= @ 8

where B.: px(g-r) =B; L,, renk of By: PXr is r, AL nx(m-s) = Al L, and the

rank of 3:'1 nxs is s. With this, we can write

(3) B& A =B A, &= L)g G L)

From this it is easy to see that the unknown persmeters gqm of € : gxm are
~)

determined in terms of rs parameters of 55: rxs. Hence, if we know the estimate

of 55, the estimate of & satisfies the relation (3). PFrom this consideration,
it is evident that the function g ¢ V will be estimable if and only if
o~ o~

lThis research was supported by the Mathematics Division of the Air Force Office
of Scientific Research,
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= 1= T, ' = ' '
§=0c S) Yo=Y L, e ¥ i ¥

So=51 0
wlere C,: cxr, Cn cx(p-r), Y.: vxs, ’ygzvx(n-s), rank of C is c and the
rank of ¥ is v. (4) dis true even when the ranks of ¢ and V are less then

¢ and v, but, for the analysis, the dependent rows of ,g and the dependent

columns of ‘g are redundant. Thus,, if we assume that the function EIEI'E is
estimable (which we shall always assume), then we can, without any loss of generality,

assume that the ranks of B: pxq and A: mxn  are a(< p) end m(< n) respectively.

With these remarks, under model (1), we are interested in testing Ho given by

(5) H(C & Y=9) seainst H(C & Y £ 9),
where 2‘ cxq and X; mxv are of renks c¢ and v respectively. The hypothesis

Ho was tested by Potthoff and Roy [8] by using the transformation

-1
(6) X o= UBeRTREC X,
where G: pxp is any arbitrery non-singular reel matrix such that (EJQ:Q) is non-
singular. Then the results of Roy [11, p. 83] were used. They give some sugges-
tions as to the choice of the arbitrary matrix A%. When m=v=c=l and ‘gz 1xm
hes sll unit elements, Rao [9] solved the problem by using the least squares esti-
mates obtained by replacing the unknown ‘§ by its estimate based on
S = X[I - A'(AA')'J‘A] X', which is independently distributed of 2 =X A'(AA')‘l.
"o ~ e ~ ~T ~ ~N N
In section (2.1), we use the likelihood retio method for Ho under model (1) and
give two other associated test procedures on trace and maximum roopﬁ.

In section (2.2), it is shown that the test procedures derived, in section
(2.1),are eppliceble to testing H] defined by (8) when the model matrix 3B is
completed as
(7) BE) = BLA ¢ B & A
where B, & A are the seme as defined in (1), fh: (p-q)xp is an unknowm

(2 d ~ ~
matrix and B,: px(p-q) is called a completion matrix such thet (EI «El) is non-

1
singular. The completion can be done in many weys which we shall not discuss here.
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. In ech case of completion, these exists a symmetric re trix ,9’ pxp such thet 3B

B!GB=Q end (,],3, 51)' G (]é, gl) is non-singular. The hypothesis H' 1is given

Loy ~
by
(8) HI(C, n ¥ =0) egainst H(C n YEQ),
-1 -1 -1 :
vhere 1 = E+ (],.3,' Z B) (li' (§ 31)«51 When ,5’_|_=19’ then (8) is

exactly equal to (5). The hypothesis (8) can be looked upon as the general
linear hypothesis due to multicollinearity, The test procedures for H(') are
derived by epplying the union intersection principle, end they turn out to be
exactly the same as those derived for (5) under model (1) by using the likelihood
ratio method.
Tn section (2.3), it is pointed out that H'g = (Ho’ model (1)) is the inter-
section of two hypotheses HC') and Hc(f )( ~gl = 9) under model (7), and the step-down
' procedures for testing Hg are suggested instead of those derived in section (2.1).
The following consideration brings out the deeper physical implications of the step-
down proceduré. Unlike é, we could not be sure, whether 3 and 3 are, in fact,
Vincomplete" as in model (1) rather than "complete" es in model (7). Thus, it would
3)

be reasonable and safe to test first the adequacy of model (1) itself by H( , and

o

then go on to test the hypothesis Ho' Moreover, the main purpose of changing model
(1) to model (7) is that if we are uncertain about the order of ¢ end B (because
the maximum velue of g can be p), then the test procedures carried out in section
(2.1) will still hold for H! and not for H,. If we want to test H_ under model
(7), then the test procedures are identical with those given by Potthoff and Roy [8],
when S is defined as in the model (7). Hence, we have an entirely different
interpretation of an arbitrary matrix G introduced by them, and, if the model (1)
is not true, then the tests with this arbitrary ,.% will not be natural end proper

‘ unless g = ('.E or 9"1 is the covariance matrix based on the similar previous data.

This is because H0 has different implications in two different models.
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In section 3, the distribution and the property of monotonicity of the test
procedures derived in section 2 are established under model (7) (and so they are
also true under model (1)). The simultaneous confidence bounds on the parametric
function of C 7V, under model (7) or C § ¥, under model (1) ere given in
section 4, and in section 5 a numerical exemple illustrates the types of computations
involved in the test procedures.

o Derivation of the test procedures:

(2.1) Likelihood ratio method.

For this purpose, we shall consider model (1) end the hypothesis H given by
(5). We give below two lemmas which are used in the derivation of the test statistic.

Lemme 1: Let B: pxq and B px(p-q) be of ranks q and (p-q) such that

B*! B =0. Then if S: pxp is & symmetric positive definite (p.d.) matrix, then

~ l ~/
-1 -1 -1 -1 -1 -1
- = B*(B*! * *
g gt ey g BT R
1
Proof: If & matrix T is symmetric and p.d., we shall write it as T = ('-}:,2 )2

1
where 22 is a symmetric matrix, With this notation it is easy to verify that if

1 1 1
- 3 I T -
= 2 2 2 3¢ -)(-v %)~ 2
A= [8°3B(EB 5 5 52 BH(BX SBX)CT
1 1

- _ _ -2 1 oyl oy o2 %**f *'*c'k
men 48 - L wae I- 48 -5 n@ gt mTy g S mem NS
From this, the lemma 2 is obvious.
Lemms 2: Denoting © (Y) e matrix whose elements are the differentials of the

corresponding elements of Y metrix, we have

(1) 8(y, ¥,) =0 (5)L,+ ¥ 5 (%) end (11)8 (Log) 351 ) = tr;ggla (X5)

if l;gal > 0.
Lemme 2 can be verified directly from the definition.

Tor the likelihood ratio statistic, we are required to obtain mgx L (i.e.

meximm value of L under H) and m;x 1. where

o



' . %Pn - %n -1 ( '
(9) L = N(X; 355,37 = (2x) l§| exp[- 4r £ (X-B £A)(X-B eA)'] .
First, we shall derive (m?ix L). Let us maximize L with respect to z_‘; (assuming

§ to be known). We find that

(10) ("% 1) = (aem) 2 | g |TET g |77 eml- 3 om)

where

(aar)t,

o~ v

() ¢ - Rt EEDS

~~~
N
1]
w
uTe
s
-
20
]
]

-1, R max .
end § =X {’;n - é'(w) A ng(f Now it is apparent that ( I L) will be obtained

~

if we minimize Igl with respect to £ . Teking differential of (Log | fg,l) , we

get after some adjustments as

s(tog 181y = -2r [ £XAn(z-BE) 8B (L),

FOY_ NV g

il

and so O |g|/ 3&;: 0(i=1,2..,q80d 3 =1,2,...,m) give us the maximum
1ikelihood estimate € of § es

Ay o=l A -1 y-1
1)  (z-pdgReg o E-@ gD

B
Putting (12) in (11) and using the lemma 1, we get the minimum velue of | 2 | over £
as
1) Pl - e BEH SRR
where B*:'L B=0 and Bk px(p-q) is of rank (p-q). Hence, we get
@y (1) < xmEP g E P le) ) el 3o
Now, to obtain ( H L), we have to minimize |¢| subject to C §V = 0 For

this purpose, let G, (q-c)xq end V,:m X (m-v) be of renks (g-c) and (n-v)

* [ — ' -
respectively such that S 31 = ((3 and Vl V= 2 Then, if (Qﬂ_ 5 ~l : (g-c)xm
end C £V, = T cx(m-v), we get from C £V =0,

1 -1 ' ' l v -1
(15) ¢ = (Slcl) ~"1+9~;(g,9,) N“E,\,l vyt -

o



Putting this value of ¢ in (10), we find that we have to minimize |3| with
~

respect to n, and e First, we shall minimize |¢| with respect to 3
lvl ~ ~ oF

and similer to (12), the equa.tion for nl for given r?? is

(16) 1o Si)-l m = (CyBr 871Ec)” Lo B ogl[z-B C'(,.?f)-l,’}e(ﬂi gl)'l Vi1

Nn)t\ll 1 ~ a7

Now letting El:px(p-q+c) , & matrix of rank (p-q+c) such that T; B Sl =29

we get similar to (13)

uﬂ@ﬁ&bﬂwwmﬁmw*kmwﬁm%%%ﬁgj

[2-3/(06) ™ n, (Y7 )

By lemma 1, T (T’ l) -1 i remains the same for any gl:px(p-q+c) of
rank (p-g+c) sa.tisfying ]’_?, = 0. Hence, let us take
[3* S lB(B' lg'] Then, we find that
[z.Bct(cc')“l (V2v )'lV‘]' ro= [z B B eV (W) v.)t 911, end
2-BONCE ) Wik 1 s T Il )%
-1
*
( )-l (:u ] rg N.)l(-) ’9
T ST =
1 vl I | ’
" 9 (e(2s B e
where T 1is def:med by (12). Tet R = (A1) + ziB#(B%r g B)BH'Z ,
) ~ pe ~ AL~ l ~l e~ ?
’\ - -1
Z, = §R , Q= C(l}l' s 13) C' and A; = B )" lV then (17) can be

written as

(18) &?an=|%n BRI Iz, + €, - nA)(2y - Ay

Now the minimum velue of (18) over T will be obtained by using
(29) - (A, 820"
no= B NE
With the help of (15), (16), (19) and the lemma 1, the value of ¢ which minimizes
a4

. lo| under C EV, =0 is

o/ onJ



) t=%-@siHtogltcivvrnTVE,
a0 fad ~ o v ~ ~N oA N ~ o
and
min -1
(21) (57 ) = Al Bl E. 8T H

WIENE
o i "1 A . .
where P = (SE)X)(V' R n (9«&\' y)'. Hence the maximum value of L wunder H_  is

max -3 -% n,mi 4n
(22) (%% 1) = (2xn) 27 |g] "ER(CT 18072 ex(- Zpn) .
Ho o ﬂ’&"

Using (1) and (22), we get the likelihood retio statistic

T

(23) A o= 1T+ &3
where Q= (@' st B)t o P—-(CQY)(V'RV)'l (ctV)', 2 = X Ar(aa)t

Ng ~ v N ~ ~ 4 N—-NN A v~ R N—NN N b4
A 21 ooyl oy el -1 1
£ =(8g PR E B=MA) + 2 BHBY S B BY 2, end

1 A - ROV U |

B(ey S BT BY - §T - STBR AT R ST

Now with the help of (23), we suggest the following three criteria for testing

H against H under model (1):

(24) Reject H_ it AL N or
(25) reject H if tr P Q"l > N, or
(26) reject H_ if oy P %'1 > N

where chj(-) - j-th maximm characteristic root of (- }, and
-1 . -1
pr(A < NIH) =Pr(tr2Q7 2N fE) = Pr(ch, Q7 2 73'Ho) =a
Now, when m = Vv =c =1, it is easy to verify that A= tr P %'l = chy P 9),'1
~
reduces to the test procedure given by Rao [9] and so it is & likelihood ratio
test procedure. In the next section, we shall derive the test procedures for Hé

under model (7) and they are shown to be (24) or (25) or (26) by union-intersection

principle.



(2.2) Union-intersection principle for testing HJ under model (7):

Let M:(r+s)x(r+s) be a symmetric positive definite matrix and

Lemma 5:
N =M+ YY', vhere Y: (r+s)xv. Let them be partitioned as
M, Mo\ T Ny Na\ 7 L\ T
M = , N end Y
A o~
1 1
My M) 8 ,3'12 Jop /8 X |8
Then . 2 4 A
(Moo - N, X we ) - (a. - M, Mo M)
N1 - Fyo Noo Mo - Wy - Mo Rae Jho

' -1 -1 .
- (g - MR (I ¢ IRGE TN - MM, To) ((see (311

Proof: We note that

1 wly )l 1
~22 = (M, + YT =105 - Mo ‘«2(1 * X5 Moo ~2) RERZTIE
+ (Y, - WL Y )T+ Ts 1) -1 1 ML | and so
Nl2r\22 ﬂaa o Mop 2o\ 1ot Loton S Moo s p
wly )1
- ! ]
o B Mo = Mo Mo Mo+ YY) - (Y- Mla,vzé’ﬁzmv*gz W) - M L)

From this the lerma 3 is obvious.
With the help of model (7), it is easy to verify that the joint distribution

-1 -
- t _ . .
of D, = ¢(B'G B) B'G X eand D, = (31 9»51) ]'Bi G X is normal with respective
means C € A and Ngl 'ﬁ., and covarience matrix

c(B'GB) 'B'G

~ny el -l
3, - N sfemmen e oy (eien)” |
[} 1
(319,%1) rvqu
Iy B\
_ ) (34(7).
® Zo  Iyp )P4
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. l - .’-l l l
Then noting (§i2 352 = - (E: %i %9) QE' ffnﬁl) and ,Eil - ,5&2 5%2 o =

c(B! 2‘15)’1 ¢!, it is easy to verify that the conditional distribution of D. ,
P A A N ~ ~1

when ‘92 is fixed, is multivariate normal with mean

CNA- (B2 '1B)'l(B' Z‘. 1 )D and covariance matrix C(B! E'lB)'lC'. Now let
o~ ) ~ N~ o e A Al ~ ol

g: cxl be any non-null vector, Then the conditional distribution of 3'Dl s
vhen D2 jg fixed, is normal with mean Ol'A + P'D A and variance
o2 = 'C(B'Z ]'B) C' & where at =a' CT and 5'—-a(B'Z‘. B) ‘)

G(E'/' " ]‘B ) Now, the problem of testing H'(C v = 0) given by (8) is equiva-
lent to testing n 44 (a’ cny = %t V= =0) .
For this purpose, it is easy to verify that the estimate of o¢2 under

Hé( a'y £0) and H _(Q' V =,9) are respectively given by

o8
72 - t - =1 .0y Q2 - t
(1) O = at(Myy - M, M Mipla end O " st (N, - ,«12,«232'N 2) &
~ ~
where ( 7
c B'ggg'e ¢
(28) M= 113 s(Ga(s'er) " C Yo aB, (B1eB, )" ) Yo Mo
o~ 1 ' N v rdaes M, -
(B10B)) " 318 v M12 Mo/ P
p-q
and

(29) N -M=YY' = v ZV[V'(A.A') lV] V'Z'E}B(B'GB) e GB, (B 15,1) ]
(B19By) " B1G,

Tt is easy to verify that &2 l o and (0' - 22,)| 0@ under Héﬁ(o(g\l’:ﬂg)

are independently distributed as ¥ with n-m-p+q and v degrees of freedom,

Hence, the test procedure for testing Ho s is

(30) to reject H_, 1if f= (0}2%%’ - 8%)/6’2*;, > :a

vhere Pr {f > falH(')%) = &, With the help of (28) and (29), it is easy to

verify that

-1 g1 .
(31) Mo - MM, = ST S 33) g =29
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' (32) D, - ,\”912’04/::']2122 = C(B'GB) lE'G[I ~ SGB (B *GSGB ) ]'B'G]X

rJl ~ oV
- o(m's B e ,
G 1, - e - o e e s YY) -3

Gy X% W2 Y, = [V(AAT) 1% yizeaB (BIGSGE, )" Lprazy vean

and. on account of lemma. 1, GBy (B GSB ) ]'B’G B*(B*' 8 B':‘f) Béi' where B is the

same as defined in (23). Hence using (31) , (32), (33) and (34) in (35), we have
(35) £=(a'Pa)/(a §3)
where P and Q are the same as defined in (23). The matrices P and Q can be

. ~Jt
interpreted as s.p. (sum of squares and product) matrices due to H’ and H' wunder
model (7). Now for testing H! = ﬂ H x we get the test procedure by using

. union-intersection procedureg to (50) w:.’ch the help of (35) as follows:
. -1
(36) Reject H if chy PO > Mg

vhere Prlch, P g‘l > A |Hl= a. Note that (36) is the same as (26)
suggested in (2.1) and we shall see in section 3, that their distributions under
the null hypotheses are identical and 8o the same constant is used. It may now be
noted that (26) or (36) implies (24) and (25), end hence we have the same three test
procedures for testing H(’) under model (7).

(2.3) Connection between H_ and H(’)

It is easy to see that ,

i}

~n

(37) Ht = [H(CEtV

¥ s 9), model (1)] = Hg( 51 =0, C gM =,9) under model (7)

~~

H(()3) (& =9 () BCnL=0) under model (7)

. Thus, the hypothesis Ho under model (1) is in fact the intersection of two hypo-

theses H{? ) and H! under wider model (7). We have seen in section (2.2) the
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test procedures for Hé. Now, the test procedures for testing H? ) under model (7)

can be obtained as particular cases of (24), (25) or (26) replacing B by

(3 .131), vV =1 oend ¢ = (9 j:p_q), we get ,

~1
-1
(38) Reject HS) if A= l.-\],:p-q"" ,9‘;.15! < N , or
(39) reject H((f) if tr (~'131) >N or
. (3) | -1
(ko) reject Hj if °h1(§1 .\;Pl) > 7\5

-1
- ' ' -
Pl) = Nnonzero c:hj [par 2 B"](_'(B* S B¥) ,\B')]‘: Z]}(j_.l,2,...) ,

. -1
where nonzero ch‘_j (Q(,v | I 5T 5B 7

(41) P =B!GXA'(AA') T AX GB and Q, =Bj G56B), end

Nl ~ VA

[
g
H
~
c+
H
—~
&£

Pr(Al < 7\3_ | H?))

-1
eeny (i ) 2 % 187 -
Hence the step down procedures according to Roy and Bargman [12] or J. Roy [10]

for testing H¥ in the sense of (37) are suggested as

(42) Accept H_ under model (1) if (A £ ) e A< )74)’ or

(43) accept H_~ under model (1) if (%r PQ"lZ )\5(\ tr(PlQil) > 7\5) or

(W)  accept H under model (1) if (on) B 2 % () ohy(Py SERY)
where ?\u, 7\5, 7‘6 satisfy
1

(15) Pr( A > A, |H(')) Pr( A > N | HS)) = Pr(tr P %’1 < 7\5|H5)Pr(tr£1%
G e A 18®) = 2o(en,za” ; _’/l_ﬁ
< N = Pr(ch)PQ " < 7}311{0)191«(%

v
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for the statistics are independent under Ho with model (1). The test procedures
suggested in (42), (43) and (44) in place of (24), (25) and (26) reweal one fact
that if HC(?) is rejected, then (24), (25) and (26) ere no longer valid for H_
under model (1), but they are only valid for H] under model (7), Hence, to carry
out the test procedure for H_ = under model (7), we cbtain, with necessary changes
in (24), (25), (26), the same test procedures as considered by Potthoff end Roy [8]
when g ivs any non-singular symmetric matrix as defined in the model (7). Hence
we have a different interpretation of an arbitrary S metrix introduced by them,
and if model (1) is true, then test mrocedures with this arbitrary G will not be

natural and proper unless (i = E} ot (,}:l

is the covariance matrix based on the
similar previous data., This is because Ho has different implication%ﬁx two dif-
ferent models.

It is of particular interest to note that the procedure in sections 2.1, 2.2
and é.3 turn out eventually to be invariant under the choice of 31 for completion
of ’1\3, into a non-singular matrix, or, in other words, independent of ,9.. in the
sense in which G occurs up to equation (41)., However, as has been remarked in the
previous paragraph in a slightly different language, the choice of Eﬂ. affects
the test procedures of Potthoff and Roy [8], if a test in that set up were sought

to be obtained from the complete model,

%, Distribution and monotonicity of the test procedures under model (7):-

-1 - e
et [, =A'(aAr) V[V'(AA')]X] 2, nxv and

1
-2
F, = AWIVAA V1% imx(n-v), Then I, - ([ 0+, 55) = TA'(A AN
— rm Ts. - s t
= %5430 where ~3: (n-m)xn is an orthonormal matrix, i.e. 55 ~5 n-m .
Hence E = ( ,5'1 32 3) nxn is an orthogonal matrix. Moreover, let
1
= 2 -1 p)-3 +2 H 1: .
5 = L Z B(E' z 3) ~ B*(B*' Z B ) : pxp be an orthogonal matrix
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Now, we use the transformation

1 fgl 32 ~¥3 q
(46) a' 2x r = Y:ipm =
~ ~
RN -X?, s p-d
M- n=-m

L
The jacobian of the transformation is |§ | 2" | and with the help of (46),

i - -1
an @ stete @ Iie T Y- G G I I £p)E,
A I T Y -
(48) svtv'(AA yhrE - (8 2 18)72 [y, - ¥ Ya(Y, V) Yyl

=

)-l

ao) tran™ oz s a2 v X T

Y] s AL i
and

(50) the nonzero ch. roots of 319'5_1 are the nonzero ch. roots of
-1 1 [
(Yo ¥§) [¥, X + Y5 351 -
Moreover, since the ch, roots of P Q'l and the matrices
® = 00 L) I, ¢ 3 XN LR TR g

arl

1 ) 1y '
8=C0 X - L0 X0 " ¥ B0,
-1 =% . .
where 93 = S(E‘ § E) 2 , do not contain }2 , we may integrate out 32. Then,
the joint density function of ,.¥l’ 35, gh’ }5 and }6 is given by

(51)  D[¥; &y I TN (¥, ¥5) &, I, o1 Ml¥s5 O IV B 0 Iy ]

P-4
where
6, = (B! G L GB ) 2B!GB & {V[v'(AA')'l\r]'é AAYV. (V! AA'V )é} and
o4 vt B bR s K Avs MDY~ N4 HERPVADVIRVE IR SR oAl el M ML
-1 o % “lyq-% -1 -1
=@ E v e rE, g - @ TRTE ETR)
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Let us consider the orthogonal matrices

(52) & o= L Fleyd oorom et o TEoal e
and
(53) by = [Y (Yg 1) : 8,1: (n-m) x (n-m)

Now we use the orthogonel transformations

N ¢© 3 M\ ¢
- ] —
(54) ALY o= W, | e snd & Y5 b = W W | ac
v p-q  D-m-Dp+q

Then, it is easy to verify that the nonzero ch, roots of PQ,"l are the nonzero
~ ~

ch, roots of

1
2

(55) (WH W)_,L) -1 - W (Y6Y )2 YLL] [I + Y)_,_(V6Y6) ]Yh] [W_‘_ ~3(Y6Y6) ~Y

Since (55) does not contain ﬂg’ L\I,). and “W6’ we can integrate out yz, 2’15 and ,316,

and obtain the joint density function of }h’ 35 B 36’ »Wl’ 1;15 and qu as

(56) N[ﬂl; (\%.5} 30] N [ OJ 3: ] N [Wl'_, 0, I ] N [(Yll-’ Y )) gh_’ ]N[Y6JO) ]?

-q

where

= [o(B' 5" B) c'] 3 (cq v)[v'(AA')'l v1 % o

(57) Nowg kuug;t (;J:H;gmeobum& Q 1 CXC MQGWXVM that
57 b =
N5 ~ ~

where 6 = ( 6,.): cxv
~ 1J

l>

=0 for 143 and (1-12 oo )

.-13

are the possibly ch. roots of §5 gé or [gv(g' E'l B) C'] (CnV)[V'(AAqlV]:&)qy)'.

Let us use the orthogonal transformation

Then the nonzero ch, roots of P Q,'l are the nonzero ch. roots of

(59) (U Uz ) [W 'W8(Y6,J6) Yh 6][1 + A6Y1&(Y6}:6) 1Yu A6] [W _~8(Y6Y6) ZY)_I_ 6 ' P
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and the joint density function of AV’J,?, AW8’ ,3] ’,:Ih’ }5 and 36 are given by

(60) N['XJ,?; 9, }c]N[jﬂgs 9, }c]N[HBS 9, ,}c]N[(fu’Esh }h; Ep-q]NEP%S 2, .}p- 1.
Now, since ,EJ,? and ’};IS are independent normal variates, then the distribution of
1
- - 1\~ 2 s .
H= U, ﬂ8(3,6_ 36) , & is normal when Y, end ¥, are fixed, Note that if
by (1 =1,2...,c) is the i-th row of M, the covariance matrix of hy
3 — 3 ’ ' - ' — s »
(i =1,2,0s.,c) 1is E,[v + D ) (,3(636) iYh’%] and cov (}}i’ E}j) =0 for i £,
Moreover E(,I;I) = 8 . DNow finc11 ‘\L}.{:cxc and Fésgzvxv such that
-1 -
t t 11" 2 - -
oI, + LMW Y TN 277 = &y voy vhere v=(ryy) =0 for
ifs and rii (1 = 1,2,...) are possibly the ch. roots of

0'9 [I. + ,9631'&(,3[6 ,.Y/é)_l}é 5%]-1. Making use of the transformation

~ o~ vV
-1 -%
- ¥ 3 1 - P
(61) = BIL + A T Y L 807° = &Y Dy 5= Sy
we get the joint density function of Yh:(p-q) XV, Ysz(p-q) x (m-v),
o~ ~

73 (p-q) x (n-m), NUl: ¢ x(n-m-p+q) and Uyr cxv as

(62) nyai ME JC]N[H 3 0, ruIc]N[(.\YJ-LSS)s ~§)+: }p-q] N [365 9: ~Ip-q] ;
the nonzero ch, roots of PQ_l are the nonzero ch. roots of (U U')'l(U Ul), and
-1 1 -1 U 3

the nonzero ch, roots of ~PL91 are the nonzero ch. roots of (}6 36) (ghzuﬂfsgs).
We may note that when SEX =Q ie. V=0, the ch. roots of NPg;l and ‘the

ch, roots of Plg,il are independently distributed whatever gl may be. Hence the

s avi

distributions of A, tr 3%-1 and chl((gQA,:l) can be obtained respectively by

using the methods given in Anderson (1], Pillai [7] or Minoro Siotani [14] or

Koichi Ito [5, 6], and Roy [11, Ch. 8] or Heck [2]. In Heck's notation (taking s¥%,

m¥ and n¥ instead of s, m, and n). The parameters for the distribution of

(chy ,?Q‘,:l/ (1+ch fﬁ‘:l} ] = w under Hl [or under H_ under model (1)] will
be
(63) s* = min(e, v), m*¥ = % (Je-v | - 1) end

n¥ = -]-=(n-m-p+q-c-l) R

2
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‘ while for the distribution of w; = ch (PlQ'l )] under H(5)( £q 3) , the parameters
are
(64) s* = min {p-q, m), w* = % ( |p-q-m | -1) and n¥* = -]é (n-m-p+q-1).
Now with the help of (62), the results on the monotonicity or restricted mono-
tonicity are the same as given by Kheiri (4] and hence they are not repeated here,
Moreover, instead of model (7) and the hypothesis Hc'>, if we consider model (1) and

the hypothesis Ho’ we get the same results as mentioned above, by taking 51 =0.

4., Simultaneous confidence bounds on C nV [or C £ v]:

o~ e

For this purpose, we may note that if we consider (13* and Q% given by

A
CEV-CnV), ad Q% =0Q where ,
~ ~ o~ ~/

s

(66) Pr=(cEY-CANW RY

9& and }3 are the same as defined in (23). Then using the same method employed
. in section (3), it is easy to show that the distribution of the nonzero ch, roots

of S*gv*'l under model (7) is the same as that of the nonzero ch. roots of Alf@.:l

under H('). Hence, we can find A such that
(66) Pr[ch, (P* %*'1) <N =1-0a,

where A will depend on ¢, v, and n-m-p+q. Hence (66) implies with probability

equal to (1 -)

A i
(67) a'(gg V)b - { A (alQ a)(b' V' RV b)} 2 < a'(CnVb
~ N ~ ~ N N o~ —-— a ~ A _L
cwivps (\@eaE vEyy 1t

for all non-null vectors a: exl and “3: vxl., We may note that (67) will be the
same for the simultaneous confidence bounds on C €V if the model (1) is correct
(i.e. & = 9). Hence, we shall not treat the case of ( £V separately.

If we put some elements of or b as zero, we get the simultaneous confi-

a
~
. dence bounds on the partials of 9, 3 Y, with probability greater than or equal to

(1-a).
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Now, let us consider the left hand side of (67). We rewrite it for the

maximization over }3 as

=

2 Py -
(68)( [a'(CEV)DI'V'R V172 - [A(a'Q8)]7® < (2 CAVER)RY' RYB) "
~ oMYy A Y ~ S Y VRV ORI ~
and, it is easy to see that maximizing left of (68) with respect to 3 implies for

all non-null vector a: cxl,

1 1 L
(69) (a' B @)? - (ha'ge)® < ['(CnV 'R Y)H(CY) 2]?
3 3 -1
< [(cav)(cny) 8 1% onfy'RV)T .

o~ A

[Note that if we want to have confidence bounds on 8! (¢ V) [y'(%')’i\r]‘l(cnv) ‘a ,
- -1 -
' TAA? 1p*( B*'SB¥) " B¥!
we have to replace °h;;(‘~’ R X) by 1+ chj[{y‘ (é{: ) l(y } (% gl(o]?l §I§l) ];Bl z)1.
Hence, we shall not give here the explicit expressions for the confidence bounds on

the parsmetric functions of (CnV) [g'(%')‘];y]'l(cny)'. 1.
Similarly, if we meximize (69) with respect to &, we shall get
1, 1 1 1
(70)  [erERQ " - ¥ J(enZ Q)[enZ(V'EN] < obf [(SnY(CA D).
Now, for the right hand side of (67), we may keep the same arguments as

applied by Roy [11, ch. 14] and finally get the confidence bounds on

chl[(CnV) (CnV)'] with geester confidence greater than or equal to (1-0) as
o & oy

1 1 1
(1) (o BQT o/n) [ehZ QIen? (' R V)] < en (CAD(ERT)”

[V

< ad (EADEED T+ (7 (ony Dlem 1 3NT
[Note that right hand side of (71) can be improved, but it is not given here. Also,
note that when H is rejected (71) is always positive.].
Now instead of maximizing (69) with respect to &, we minimize the right of

(69) with respect to a, and then (69) will imply
~

1 1 1 1
% pp-i F 2 H
. (72) [chc EQN - \r?\][chc 3][chv v 53] < chg (ETLL’)(S ) .
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We may note that if ch PQ'l > 3, then ch (CnV)(CnV)' dis positive and so
Cwvw Clov o’ P
(c nV)(Sn'V)' is p.d. We shall get ch, P%:l >0 if (v> ¢). For v<c, we
~N N [ ~ —
first meximize the left of (67) with respect to &, and then minimize with respect
to ’B. By this way, we shall get instead of (72) the following expression when

v<ece:

(13) fen (37) - A (ch QeI TR Y) < n2_ (¢ )Cny)" .
We give here lower bounds explicitly, for we think that they are important when Hé
is rejected,

It may also be noted that if we maximize (69) [or minimize (69)] with respect

to g subject to some linear constraints, and then minimize [or maximize] with
respect to these constraints, we shall get
i 1 1 1
o [chZ (PQ™Y) - /Nl (chZ Q)(chZ V'RV) < chf (CaV)(CaV)’ .
J ~ C V v’ = J A A ™ e
The similar results for the independence can be given. The result (74) can be
utilized for framing the indecision procedures for MANOVA (and independence) on the
lines of Roy and Gnanadesikan [13]. This will not be considered here, Including
the upper bound for ch? (cqv)(CnV)', we get with confidence greater than or equal
N.v—v NM’V
to (1-a),
% -1 .,f %‘T % ' % '
(75) [en (pg) N1 (enf Q)(eny YR < by (cav)(cny)
% * A ' (Vt %
< en? [(CED(CEN)'] + [Alen ) en (TR -
The similar bounds on the partials can be written down easily.

5. Numerical example:

From the data [8b] of measurements on 11 girls and 16 boys at b different
ages (8, 10, 12, 14), we get A: 2 x 27 to be a metrix composed of 11 (1, 0)
~

‘ columns followed by 16 (0, 1) columns, and other statistics are given in table 1.
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(i) Examine the question that the growth curves due to girls and boys are linear.
S T S S 1 1 1 1>
*1 = - .
In this case, 'Bl (-l 1 1 -l) and B (_3 _ 1 43
For this case, we use the test procedures given by (40). Using the values given

in table 1, we find

.33 .05 1263.40 13.52
Z' B¥ = , BY' S Bf = and
~ -1.13 -.81 ~ v 13,52 105,12
. 00010677 -. 00064836

-1
2'B¥{B¥' S B¥) ~ B¥' Z =

Hence chl(I:l g:'Ll) = chy [%'%'?{(Ef' 8 g*ﬁé”ézo. 113865 and w) = 0.10223
with s¥ =2, m¥= - % and n¥ = 11, which is insignificant even at more than

20% lével. Hence, in the latter part, we shall assume that the growth curves due
to boys and girls are linea,x“.

(1i) Now, we examine the question whether the linear growth rate due to girls and
boys are equal or not?

Here C = (0 1) and V' = (-1 1), and we shall use test procedure (24)

or (25) or (26). For this purpose, we get from table 1,

) . 01130476 -. 006614795 1 . 2530441 2765562
(B'g ) = B!SZ = ,
~o -, 00664795 . 36588157 ~ . 0229005 .1%78823
/5\ 22,6628 ok, 9340 .09101586 -. 00064836

= R =
A 74366 809833 ] 7~ | -.00064836 . 06957555

Then chPQ " - 0.26262 and Fy g5 = 3% 0.28262 = 6.5 vhich is significent

at 2% 1level, Hence, we conclude that the growth rates for girls and boys are
different and the 95% confidence interval on §22 - §2l = difference between
two growth rates is

0.067 < Epp - 8y S 0.64k



20

This shows that the girls' and boys' growth curves are different, but they are

linear on account of (i).
(iii) Obtain simultaneous confidence bounds on the girls' and boys' growth cruves.

For this purpose, we take A= (2/22)F (2,22) = 0,401, Then using

0.025

t = (1 t) where t = age minus eleven, and b' = (1 0) for girls' curve while

i

o e
i

(0 1) for boys' curve in (67), we get the simultaneous confidence bounds
with probability greater than or equal to 95% (refer Potthoff and Roy [8b] as

follows:

i
2

(22,663 + 0.47437L) + 0,19010 (89,414 + 3.2492t + 2,7T731t%)

3 b
for girls?! growth curve gll + gzlt , while

(2#.93# + 0.82983t) + 6.16705 (89.41k + 3,2k92t + 2.773lt25%

for boys'! growth curve 512 + §22'b. o
(iv) The results given in (ii) and (1ii) are different th/gn those given by
Potthoff and Roy [8b] by taking & special type of matrix g using previous data.
Here, we give below for comparison the results based on the te st procedures given
by Potthoff and Roy [8] when E, = 5.

(a) The 95% conﬁdeqce intervel on &, - &y 1S

0,024 < & - &y < 0.588

while by using the calculations [8b] with their special ’g, §22- §21 is insignificant.

(b) The 95% simlteneous interval on the girls' and boys' growth curves
respectively are

(22.648 + .4795t) + 0.1809 (94.415 + 3.1h5% + 3. 04k5t2)

and

(24.968 + 0.7855t) + 0.1500 (94.415 + 3,145t + 3.0M45t%) .
These results are practically similar to ones we have given in (i1) and (iii).

6. Acknowledgement: The author wishes to thank Professor S. N. Roy for his valua-

ble suggestions and help in preparation of this paper.
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TABLE 1

Matrix 8 Matrix 2 Matrix B Matrix B¥
(s. P. matrix) (means) (model matrix) i A@m B) = 1o v L
137. 6k 68.20 97.51 67.01 21.18 22,87 1 -3 -1
68.20 104,91 72.93 82.68 22,23 23,81 1 -1 3 H
97.51 72.93 161.11 102.99 23,09 25.72 1 1 -3 1
67.01 02,68 102.99 124,34 2,09 27,47 1 3 1 -1
Doo-Little method

137.64 68.20 97.51 67.01 21.18 22.87 1 -3

1 0.4954955 7084423 . LB6B4IB .1538797 . 1661581 .00726533  ~.02179599

. 71. Hpqmomm al. 6142338 49, 4768465} 11. 7354053 12. 4780179 . 5045045 . L864865

. 3432386  .6957685] 1650150 .1754571 ,007093986 . 00684063

. . 83. mmpmumm 38.5340180| 4.0571480  5.2349872 .118%3923  2.9583460

. . Ju6iok7s! L ok85h1L . 0626335 ,001k16h9k  ,03539486

. . . 39,5283046] 3.7435621 5,2411042 1075777 2,7581586

. . . 1 . 0945050 .1325912 .002721536 06977680
From the above, we get , .
pis~ - [ 1 . 5045045 .1183923 .1075777) [ .00726533  -.007093986  .00Lk16LIL foomqmwmumw .
oS T3 . 1864865 2.9583460 2.7581586( {-.02179599  .00684063 .03539486  .06977680
and ) .
asly - |1 . 5045045 .1183923 o7s7r7) (1538797 1650050 LouBShlL  Loghs050 ]
VPV P . 4864865 2,9583460 2.7581586 | | ,1661581 1754571 L0626335  ,1325912 |,
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