
ABSTRACT

WU, YIFENG. Explorations of High-Entropy Alloys and Perovskite Ceramics from First Principles
Based Multiphysics and Multiscale Simulation. (Under the direction of Douglas L. Irving.)

Density functional theory (DFT) plays a significant role to predict ground-state electronic and

atomic structures and energetics in many materials. However, to solve practical problems in ma-

terials science, complimentary physical and chemical theories are often indispensable due to the

fact that an emergent material behavior is a complex product of underlying processes coupled

at various disciplinary domains, length/time scales, and finite temperatures. This motivates the

present efforts on the development of DFT-based multiphysics and multiscale models for systematic

and transferable explorations of complex material properties. High-entropy alloys (HEAs) and per-

ovskite ceramics were chosen as the representative subjects of metallic and semiconductor systems,

respectively, thanks to their rich structure-property-processing relationships.

HEAs are mixtures of five or more alloying elements in an equimolar or near-equimolar composi-

tion, which breaks the conventional rules of thumb and brings many unprecedented opportunities

in alloy designs. First, the finite-temperature elastic properties of an equiatomic CoCrFeNi medium-

entropy alloy were investigated from first principles. It was found that the spin fluctuations and their

couplings with the lattice vibrations were critical to match the experimental decreasing rates of elas-

tic moduli with temperature, suggesting strong magnetoelastic effects in 3d transition metal-based

HEAs. Second, the short-range ordering and phase partitioning in a AlMo0.5NbTa0.5TiZr refractory

high-entropy superalloy were investigated using a mean-field DFT-based machine learning (ML)

approach. Excellent consistences with the experiments were identified in terms of the chemical

compositions, number densities, and lattice parameters of different phases. Beyond the experi-

ments, the sublattice resolved elemental distributions, and single-crystal/polycrystalline elastic

properties of these phases were analyzed. The ML approach itself provides a promising route to

accelerating and automating the computational compositional engineering in HEAs.

For perovskite ceramics, strontium titanate (STO) serves as a prototype in this class of materials,

which is among the families of semiconductors and high-κ dielectrics for many technologically

important applications. Integrating first principles simulations of point defects, grand canonical

thermodynamics of defect equilibria, Shockley-Read-Hall generation and recombination, and

continuum-level analyses of space charge characteristics, pioneering work has been conducted

on the perturbations of defect chemistries in STO and related materials due to grain boundaries,

high-temperature UV radiation, and applied bias voltage or electric field. It was revealed that the

defect distributions near grain boundaries substantially differed from their bulk references, in turn

altering the local and global electrical conductivity, especially in nanocrystalline STO. Besides, the

UV-induced and d.c. bias-induced brown coloration behaviors of Fe-doped STO were found to be

associated with the dissociation of FeTi-vO complexes followed by the reionization of isolated FeTi.

Without the inclusion of the complexes, the simulated results turned erroneous.
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CHAPTER

1

INTRODUCTION: A GRAND PICTURE

In modern materials science and engineering, the gravity of �rst principles simulation has been

continuously growing due to its unique capability of providing bottom-up insights to a variety

of material properties. It is, as a result, an indispensable complement to available experimental

techniques for not only thorough but also reliable understandings of essential physical mechanisms

behind the given observations and measurements. At the heart of this �eld, density functional theory

(DFT) [Koh65] serves as a solid quantum mechanics-based approach by solving the many-body

Schrödinger's equation via the �ctitious one-electron treatment, namely, the Kohn-Sham equation.

Through DFT calculations, fruitful information and knowledge can be mastered in terms of the

electronic and atomic structures as well as their couplings to many electrical, optical, magnetic,

and mechanical responses.

However, using DFT alone is often insuf�cient to solve practical problems in materials science,

because an emergent material property is usually a complex product of underlying processes cou-

pled at various disciplinary domains, and length / time scales (see examples in the left side of Fig. 1.1).

This requires comprehensions and applications of many upper levels of physical and chemical

theories, in conjunction with the DFT. Besides, due to the inherent Born-Oppenheimer approx-

imation [Bor27], DFT simulation leaves behind challenges in incorporating �nite-temperature

effects when it is signi�cant to align with actual experiments. Relative to other atomistic modeling

approaches, it is also computationally demanding to explicitly simulate polycrystalline structures

in presence of extended defects. Therefore, in order to extend the capability and reliability of DFT, it

is of fundamental interest to develop and exploit robust and transferable DFT-based multiphysics

and multiscale models that are predictive and interpretive of complex material properties.

Without loss of generality, procedures in developing these models for a class of problems can
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Figure 1.1 Left: Exemplary multiphysical and mutiscale processes in materials science. Right: A hierarchi-
cal framework of DFT-based multiphysics and multiscale model development for explorations of complex
material properties.

be described under a hierarchical framework illustrated in the right side of Fig. 1.1. Firstly, the

underlying coupled processes related to the given phenomenon need to be identi�ed, along with

the respective domain knowledge, length scale, and time scale. Next, efforts are taken to formulate

the governing equation of each process, which is then assembled into a self-consistent system of

equations. Software tools and programs are thus developed to automatically solve these equations

with the �exibility of controlling environmental conditions. This step also requires generation and

management of (multiple) DFT databases inspired by the governing equations, where users can be

authorized to extract, transform, and then feed the data into the software. The simulation output is

analyzed and visualized such that useful information and knowledge are readable from it. Finally,

the identi�ed processes, the governing equations, and the DFT databases should be veri�ed and

validated according to the output, which provides critical feedback to further their soundness

and completeness. Throughout this dissertation, two substantially different materials, i.e. high-

entropy alloys (HEAs) and strontium titanate (SrTiO 3 or STO) were adopted as the subjects in the

above framework. They are excellent representatives of metallic and ceramic systems, respectively,

which exhibit rich structure-property-processing relationships in engineering these materials. In

the following paragraphs, a brief introduction of HEA and that of STO are given, while more details

about them are covered in Chap. 2.

HEAs are a brand new class of materials proposed around two decades ago [Can04; Yeh04].

These materials blend �ve or more than �ve constituent elements in an equi- or near-equiatomic

composition, which do not show an apparent base and minor members as conventional alloys do.

Such an idea in making alloys beyond traditional rules of thumb has drawn much attention and

interest in vast explorations of their atomic structures, microstructural characteristics, and emergent
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properties. Despite their promise for being superior to existent commercial alloys, engineering these

materials is challenging due to the coupled chemical chaos, magnetic transitions, atomic ordering,

phase separation, etc. as well as the accelerated compositional engineering in the broad central

regions of multi-dimensional compositional spaces. Therefore, it is critical to develop ef�cient and

accurate automated computational approaches that are adaptive to addressing the above factors,

so as to accelerate the screening processes and narrow the searching areas inside the compositional

spaces.

STO is a prototypical perovskite that belongs to wide bandgap semiconductors and high- �

dielectrics, which, along with its alloys with BaTiO 3, LaAlO3, and so on, serves as the core materials

in the electronics industry. These materials have shown rich defect chemistries that have close

correlations with their electrical and optical properties [Bak17; Bak18a; Bak18b; Bow18; Bow20a;

Bow20b]. To date, signi�cant research progress is being made to understand the point defects'

behavior in bulk single crystals and their responses to conventional processing parameters including

doping level, temperature, and partial pressures of gas phases. On the contrary, much less has

been done regarding (a) their interactions with extended defects, such as grain boundaries (GBs)

in polycrystals, and (b) non-traditional degrees of freedom that in�uence point defect properties,

e.g. ultraviolet (UV) radiation and electrical degradation. It is natural to expect that these areas would

heavily rely on multiphysics and multiscale modeling, since they demand additional knowledge in

photo- and electro-perturbations of defect chemistries in conjunction with spatial redistribution of

defects.

This dissertation focuses on the following topics: (a) �nite-temperature elastic properties of

3d transition metal-based HEAs; (b) short-range ordering and phase partitioning in refractory

metal-based HEAs; (c) in�uence of space charge (SC) on the conductivity of nanocrystalline SrTiO 3;

(d) defect origin of UV-induced brown coloration of Fe-doped SrTiO 3; and (e) effect of FeTi -vO
1

dissociation on electrocoloration of Fe-doped SrTiO 3. These are articulated in the next chapters,

including reproductions of the author's published work (Chaps. 4 [Wu19] and 6 [Wu20]) and those

in preparation for publication (Chaps. 5, 7 and 8). The remaining content of this dissertation is

organized as follows. Chap. 2 reviews recent literature of HEA and STO, which primarily centers

on summarizing previous theoretical efforts and discussing unresolved problems therein. Chap. 3

gives detailed physical backgrounds of the building blocks of the models developed in this work.

From Chap. 4 to Chap. 8, the simulated results for the topics (a)-(e) are presented and discussed,

respectively, along with their comparisons with the experiments. Chap. 9 sums up major conclusions

and future work.

Chap. 4 (�rst published in Scripta Materialia ) examines the �nite-temperature effects on the

single-crystal and polycrystalline elastic properties of the equiatomic CoCrFeNi medium-entropy al-

loy (MEA). [Wu19] Elastic stiffness constants or simply elastic constants are key parameters for struc-

tural applications of metallic alloys, which are heavily dependent on the temperature-dependent

free energy landscape. Relative to conventional dilute alloys, theoretical descriptions of the total free

1This is the �rst nearest-neighbor complex of Fe Ti and vO denoted in a modi�ed Kröger-Vink notation.
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energy of an HEA system are more challenging, due to the complex chemical chaos that resides in

the crystalline structure and its interplay with lattice vibrations, electronic free energy, and magnetic

or spin �uctuations (SFs). To this end, a sophisticated free energy model is proposed here to predict

the temperature-dependencies of the elastic moduli of HEAs, which uses �rst principles data as an

input to examine the signi�cance of vibrational, electronic, and magnetic contributions. For the SFs,

both transverse SF (TSF) and longitudinal SF (LSF) are considered, corresponding to directional

and magnitudinal degrees of freedom of a given atomic spin, respectively. Applying this model to

the equiatomic CoCrFeNi, it is found that while the electronic free energy is in general insigni�-

cant, combining lattice vibrations and SFs plays a critical role in reproducing the experimental

temperature derivatives of elastic moduli. To demonstrate this, three submodels are generated

through step-by-step additions of vibrational, TSF, and LSF components to the total free energy.

With the inclusion of only vibrational free energy, the simulated elastic moduli decrease apparently

slower with temperature than the measured ones do. Adding TSF to the previous scenario leads to a

closer agreement between the simulation and the experiment, but nontrivial deviations are still

observable, especially at high temperatures. Bringing all these pieces together eventually makes

the simulation in excellent consistence with the experiment. The signi�cance of SFs found in this

study suggests strong magnetoelastic effects inherent in 3d transition metal-based HEAs, similar to

the existent �ndings in stainless steels [Vit06a; Vit06b; Vit08; Vit09 ]. The elemental sources of these

effects are also identi�ed through the present model, which provides an invaluable guideline for

future compositional engineering in these materials.

Chap. 5 (in review, Applied Physics Letters) explores the short-range ordering and phase par-

titioning in a recently reported refractory high-entropy superalloy (RHES), AlMo 0.5NbTa0.5TiZr

[Sen16a; Jen16] from �rst principles. RHESs are essentially refractory HEAs or RHEAs that are made

of refractory elements, but their microstructural features share similarities with those of commercial

Ni-based superalloys. Speci�cally, these materials were found to form cuboidal disordered BCC

nano-precipitates coherently embedded within an ordered B2 matrix. Such a morphology is the

opposite to that found in Ni-based superalloys where ordered L1 2 precipitates are embedded within

a disordered FCC matrix. The above short-range ordering and phase separation strongly enhance the

strength retention, potentially owing to the precipitation hardening mechanism, making the RHESs

promising candidates that are superior to existent Ni-based superalloys for next-generation high-

temperature structural applications. In this study, a general approach that combines mean-�eld

DFT and machine learning tools is developed to predict short-range ordering and phase partitioning

in RHESs. A highlight of this approach lies in its compatibility with arbitrary initial compositions and

phase populations, making it more advanced and appealing than previous modeling approaches.

This model uses the high-throughput binary alloy databases to extrapolate properties of high-order

systems, which typically includes the vibrational free energy from the Debye model. Applying it to

the experimentally reported AlMo 0.5NbTa0.5TiZr system, excellent quantitative consistences with

the measurements are identi�ed in terms of the volumetric fractions, chemical compositions, and

lattice parameters of B2 and BCC phases. Beyond the experiments, elemental distributions in each
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sublattice of each phase are revealed, which con�rms the elemental pairs that are responsible for

short-range ordering and phase partitioning in this RHES. Intriguingly, while the Al-Zr pair is found

to lead to the B2 ordering in the matrix, strong ordering of Mo with Nb and Ta appears in the precip-

itates, indicating that they are energetically more favorable to be ordered rather than disordered

BCC. Such a difference from the experimental argument invokes future investigations with higher

resolutions on the atomic structure of each phase. Additionally, the anisotropic elastic properties

of both precipitate and matrix are analyzed via explicit DFT calculations of the full directional

dependencies of Young's modulus and shear modulus. It turns out that the matrix has small moduli

and large anisotropy, but the precipitates are elastically strong and nearly isotropic.

Chap. 6 (�rst published in Journal of Applied Physics ) investigates the in�uence of SC on the

electrical conductivity of nanocrystalline SrTiO 3. In polycrystalline semiconductors, the presence of

GBs gives rise to nearby SC layers, wherein the nonzero electric �eld induces segregation, depletion,

and eventually inhomogeneous distributions of point defects. Due to such a spatial perturbation,

the defect chemistries underlying GB areas shall deviate signi�cantly from their bulk references, so

as the resultant properties. The above GB-induced SC effect is expected to be crucial in nanocrys-

talline systems because of an excessive volumetric fraction of GBs. Besides, comparing to silicon

and germanium, STO and its alloys have substantially larger dielectric constants and higher im-

purity concentrations, leading to a much wider SC layer with more complex defects behind and

thus more signi�cant GB effects. Therefore, with the aim of understanding the microstructure -

property-proccessing relationships in these materials, a multiphysics and multiscale model is

established through an integration of �rst principles simulation, grand canonical thermodynamics,

and continuum-level analyses. This model is tested against an intriguing experiment from Lupetin

et al. [Lup10] showing that the global electrical conductivity of polycrystalline acceptor-doped STO

is sensitive to grain size variations in-between microscale and nanoscale. There are two speci�c �nd-

ings from this experiment: as grain size decreases from microscale to nanoscale, (a) the np-crossover

oxygen partial pressure ( PO2
) 2 shifts forwardly, and (b) the ionic component of the total conductivity

diminishes and becomes negligible. These are naturally expected to be a result from GBs, since the

volumetric fraction of GBs increases as grain size decreases. Implementing the present model results

in close agreement between the simulated global electrical conductivity and the experimental one at

various values of grain sizes, indicating that most essentials of the background physics are captured

herein. To explore the origins of the above grain size-dependency, the local contributions inside

the SC layers to the global conductivity are investigated, which are further traced back to the local

defect chemistries.

Chap. 7 (in preparation) digs into the defect origin of the UV-induced brown coloration of Fe-

doped SrTiO3 during annealing. A recent experiment [Vie19] demonstrated that the UV radiation

combined with the point defect equilibria at high temperatures induced brown coloration of Fe-

doped STO that progressed with time, which was accompanied by a degradation behavior of the

global electrical resistance. Such a novel degree of freedom in manipulating point defects and

2This is the critical P O2
at which the electronic component of the total conductivity reaches its minimum.
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optoelectronic properties motivates the development of an advanced �rst principles model to

capture the UV effects on defect chemistries, so as to not only provide a potential mechanism

towards the above experiment but also facilitate future studies on UV-aided doping strategies. In

this model, the Shockley-Read-Hall (SRH) generation and recombination model is adopted to derive

the above bandgap photo-perturbation of defect chemistries in the surface region of the material. It

is then coupled with the electrostatic potential, defect reionization, FeTi -vO complex dissociation,

and v2
O migration in the interior region. From the simulation, the defect origin of the UV-induced

brown coloration of Fe-doped STO is revealed as follows. First, the absorption of penetrated UV

photons in the surface region increases the formation energies of both Fe-1
Ti and FeTi -v

1
O, leading to an

enhanced population of Fe0
Ti due to the constraint of the total concentration of Fe. This is equivalent

to charge state transition of Fe from +3 to +4, which optically causes a browning onset at the material

surface. Next, with the aid of FeTi -vO dissociation, oxygen from the atmosphere is continuously

incorporated into the interior as driven by its concentration gradient across the interface between

the surface region and the interior region. As a result of the elimination of oxygen vacancies from

the previous process, the defect chemistries inside the interior region are spatially varied, where

FeTi is increased at the cost of FeTi -vO. This is followed by electric potential-induced reionization of

FeTi from charge state -1 to charge state 0, indicating that the whole material chunk gradually turns

brown with time. In addition to the above �nding, the experimentally observed electrical resistance

degradation behavior is reproduced, which is found to be related to the temporally increasing free

hole concentration.

Chap. 8 (in preparation) deals with the effect of FeTi -vO dissociation on a similar coloration

behavior of Fe-doped SrTiO 3 due to d.c. degradation, which is a complimentary study to Chap. 7.

The electrical degradation properties of STO and its alloys are critical to their reliability in applica-

tions as electronic components in information technology, e.g. the random-access memory (RAM)

family including dynamic RAM (DRAM), resistive RAM (ReRAM), and so forth, because a long-term

bias voltage needs to be applied for data storage. What's intriguing about Fe-doped STO is that

a d.c. degradation process often results in temporal propagation of a brown color front from the

anode region to the cathode region, whose steady-state thickness varies substantially depending

on experimental conditions. To �nd a route to the defect mechanisms of the above electrocol-

oration behavior, efforts are devoted to building a multiphysics and multiscale model that tracks

oxygen vacancy polarization, electric �eld variation, quasi-Fermi levels (QFLs), and point defect

reionization. Using this model, the development of the brown color front is found to be associated

with the following interconnected procedures. Stimulated by the internal electric �eld, the FeTi -vO

complexes gradually dissociate into FeTi and free oxygen vacancies, i.e. (FeTi -vO)1! Fe-1
Ti+v2

O. The

distribution of oxygen vacancies is then polarized due to its drift and diffusion under the in�uence

of internal electric �eld, making them depleted near the anode while, on the contrary, segregated

to the cathode region. In the anode region, due to a combination of the v2
O polarization and the

electric �eld, the electron QFL is pushed down towards the thermodynamic transition level between

Fe-1
Ti and Fe0

Ti . As a result, the FeTi defect centers tend to capture less electrons through the SRH
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generation and recombination processes. This makes a considerable amount of Fe-1
Ti transition

into Fe0
Ti , or equivalently Fe+3 into Fe+4, whose concentration is increased by approximately two

orders of magnitude at the steady state relative to the initial state. The �nal color front thickness

behaves sensitively to the dissociation rate of FeTi -vO rather than the changing temperature or

oxygen partial pressure, where a lower rate leads to an eventually larger thickness. In addition to all

the above, the experimentally measured increasing trend of leakage current density as a function

of time is also reproduced in the simulation, by including the contributions from free carriers and

oxygen vacancies. Beyond the experiments, the enhancing leakage current with time is found to be

associated with the oxygen vacancies released from the complex dissociation.

Finally, Chap. 9 summarizes the major conclusions to date from the above efforts and gives

an overview of future work. Overall, a series of sophisticated and transferable multiphysics and

multiscale models have been developed to predict and interpret various properties of HEAs and

STO, and excellent consistencies with the experiments have been identi�ed after applying them

to speci�c topics for each of these materials. From the simulation, abundant bottom-up insights

have been successfully provided to potential mechanisms of many experimental observations and

measurements. Chap. 4 sheds light on the key factors to the temperature dependencies of the elastic

properties of 3d transition metal-based HEAs. Chap. 5 enables fast mean-�eld DFT-based ML predic-

tions of B2 ordering and phase partitioning in RHES's, along with resultant mechanical properties.

Chap. 6 spotlights the signi�cance of GB-induced SC effects on the point defect chemistries and

resultant electrical properties of nanocrystalline STO. Chaps. 7 and 8 are complimentary studies

regarding defect origins of photocoloration and electrocoloration of Fe-doped STO, respectively.

While the present models were exploited here in the above topics, they are essentially general and

�exible to be used for many other similar material systems. The author hopes these models would

inspire and bene�t upcoming theoretical and experimental studies in related �elds.
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CHAPTER

2

LITERATURE REVIEW

2.1 High-Entropy Alloys

This section is organized in the following manner. First, an overview of the timelines of the entire

alloy history is given, with the aim to provide context of historical origins and conceptual de�nitions

of high-entropy alloys (HEAs). This starts with the emergence, development, achievements, and

limitations of conventional alloys, followed by how HEAs are distinct from them and give rise to

a brand new idea for material designs. To shed light on the advances and superiority of HEAs

relative to conventional alloys, their appealing mechanical properties are summarized based on the

leading papers from the literature. Next, the major directions of the existent theoretical efforts and

their respective progresses are discussed. Last but not least, the current issues and challenges in

developing and improving predictive models are highlighted.

2.1.1 A Novel Strategy of Alloy Designs

Throughout the entire history of human civilization, the earliest use of the nowadays routinely

adopted approach of making commercial alloys can be traced back to the Bronze age. In this ap-

proach, a compositionally major element is introduced as a base matrix for its desired properties, and

one or several minor elements are alloyed into the base for balances with other properties of interest.

Such a conventional way has garnered enormous popularity and brought fruitful achievements

in areas of infrastructure and automobile (e.g. iron and copper alloys), biomedical engineering

(e.g. cobalt and titanium alloys), aerospace engineering (e.g. aluminum and magnesium alloys),

etc. However, contemporary requirements of alloy properties have been growing rapidly in the
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context of surviving more and more harsh environments due to exposures to increasing levels of

temperature, pressure, radiation, and corrosion. The fact that the alloy properties are limited by the

base elements in the conventional approach tends to become a bottleneck for breakthroughs in the

alloy industry.

To overcome the above limitation issue, one needs to either �nd a new competitive base metal

that possesses superior properties or a new design paradigm that leads to such. Fortunately, Yeh

et al. [Yeh04] and Cantor et al. [Can04] independently discovered a new form of materials called

HEAs in 2004. Unlike the conventional alloys, HEAs are made of �ve or more constituent elements

at an equiatomic or near-equiatomic composition, which does not show an apparent base and a

series of minors. This design route was once believed to be unrealistic and impractical because it

would lead to a microstructure dominated by intermetallics, inducing extreme brittleness and little

ductility. However, as manifested by their names, such an idea underestimates the effect of high

con�gurational entropy in HEAs due to their multi-component equiatomic or near-equiatomic

nature, which tend to stabilize the formation of random or partially random solid solution phases and

suppress that of intermetallics. This trend becomes more signi�cant when the enthalpic interactions

between the constituent elements are small or close to zero. Such an exception that deviates from

the traditional rules of thumb in alloy design strategies makes it feasible and tractable to engineer

HEAs.

Nowadays, HEAs are not only referred to as a new class of alloy materials, but also a novel

alloy design approach. This approach has brought unprecedented driving forces to expanding the

alloy searching areas in multi-dimensional chemical compositional spaces from corners (these are

where conventional alloys are) to centers and near-centers (these are where HEAs are), bringing

numerous exciting design opportunities through compositional engineering. The emergence of

HEAs has also triggered extensive research interest in lower-order systems including low-entropy

alloys (LEAs) and medium-entropy alloys (MEAs) as categorized by their respective magnitudes

of con�gurational entropies. These materials altogether are now broadly classi�ed as complex

concentrated alloys (CCAs) or multi-principal element alloys (MPEAs), preferred by metallurgists

and physicists, respectively. [Mir17; Geo19] The concept of HEAs has inspired pertinent efforts in

other disciplines as well, e.g. high-entropy metallic glasses, and high-entropy ceramics including

high-entropy oxides and high-entropy carbides.

2.1.2 Appealing Mechanical Properties

The whole HEA family is majorly composed of two groups: one is 3d HEAs, i.e. HEAs made of 3d

transition metals or 3d transition metal-based HEAs, and the other is refractory HEAs or RHEAs,

i.e. HEAs made of refractory metals or refractory metal-based HEAs. The current stage of the research

progress on RHEAs is much less mature than that on 3d HEAs, partially due to the fact that RHEAs

were proposed 6 years later after 3d HEAs, causing a signi�cant delay in accumulating published

work on them. Hence, in the following introduction of mechanical and physical properties of HEAs,

3d HEAs are treated as the default subject without being announced, while RHEAs will be explicitly
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mentioned if necessary.

The most frequently and systematically studied HEA systems are senary Al-Co-Cr-Cu-Fe-Ni

and quinary Al-Co-Cr-Fe-Ni. In general, excellent hardness was identi�ed in these systems, which

was sensitive to the content of Al. For example, increasing Al in Al x CoCrCuFeNi transforms the

soft BCC phase to the hard B2 phase, leading to a �ne and coherent BCC / B2 microstructure that

impedes dislocations and thus improves hardness [Ivc14; Wel13]; doing the same procedure in

Alx CoCrFeNi converts the low-hardness FCC phase into the high-hardness BCC phase, enhancing

the overall hardness [Kao09]. RHEAs were also reported to possess fascinating hardness [Sen11a;

Sen11b; Yan12b; Sen13]. In comparison with 3d HEAs, a profound cocktail effect was found in

RHEAs where the overall hardness could be many folds higher than the rule-of-mixture sum of the

constituent elements'. A widely accepted explanation of this is that RHEAs possess stronger solid

solution strengthening arising from the larger atomic size mismatches.

The compression and tensile properties of HEAs have been reviewed by Miracle & Senkov

[Mir17 ] and Ye et al. [Ye16], with a number of cases superior to conventional alloys. Mechanistic

understandings of such superiority demand future investigations on the relationships between

chemical compositions, microstructures, processing conditions, and mechanical responses. RHEAs

usually lack tensile ductility based on the literature, partially due to the formation of BCC structures

and natures of refractory elements. However, there are two exceptional cases, i.e. HfNbTiZr [Wu14]

and HfNbTaTiZr [Jua16; Sen18c; Wan20] that do show considerable tensile strength and ductility. Its

origins at and above the room temperature are still under debate, but at cryogenic temperatures it

was claimed to be related to deformation-induced nano-twinning and a BCC to ! phase transition

that accommodated the elastic strain [Wan20].

Research progress on the physical and functional properties of HEAs are in a very premature

stage and are thus out of the scope of this section. However, useful information regarding these are

accessible in a recent review by Miracle & Senkov [Mir17 ], including thermal properties, electrical

properties, magnetic properties, etc.

2.1.3 On the Previous Theoretical Efforts

According to a Google Scholar survey, the number of published papers in the area of HEAs increases

exponentially with year, but merely 15% of which are from the theory side. Such an unbalanced

situation stems from the challenges and dif�culties in simulating and modeling chemical, atomic

structural, and microstructural complexities in HEAs. While this is true, a series of pioneering

theoretical efforts have been made in terms of phase formation, lattice distortion, chemical ordering,

and mechanical properties of HEAs, which are discussed in the following paragraphs.

HEAs usually exhibit a multi-phase nature, with rare cases of being a single-phase solid solu-

tion. This naturally triggered attentions to �guring out the criteria for phase formation in HEAs,

i.e. whether they are multi-phase or single-phase. The earliest attempts appeared to be those empir-

ical models, where the pair mixing enthalpies 1 and the atomic size mismatches were considered

1These are collected from the experimental database of binary liquid alloys.
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[Zha08; Yan12a], since a more negative mixing enthalpy and a larger size mismatch would tend

to favor the formation of intermetallic phases. A phenomenological model was also proposed to

predict the stability of fcc or bcc phase in given HEA systems by calculating the so called valence

electron concentration (VEC) [Guo11]. More recently, high-throughput density functional theory

(DFT) computations of the formation enthalpies of binary compounds were performed to capture

the competitions between solid solutions and intermetallics [Tro15], which were then used as an

input to modify and improve the above empirical model to a semi-empirical level [Sen16b].

Throughout the literature of HEAs, the phrase `lattice distortion' has been mistakenly used to

describe the chaos of atomic displacements. From a crystallographic perspective, it is the motifs

that deviate from their standard positions, while the lattice is never changed. Therefore, in the

rest of this dissertation, another phrase `crystal basis distortion' (CBD) is used instead for this

regard. CBDs in HEAs is a separate topic of great interest due to their impacts on not only the

phase formation as mentioned previously but also the solid solution strengthening through their

interactions with dislocations. This is an area where DFT simulation thrives because it captures

electronic contributions to chemical bonding and yields rich information on the element-resolved

CBDs as well as their relations with local chemical environments. According to the available literature,

CBDs in 3d HEAs, e.g. CoCrFeNi [Son17; Niu16] and CoCrFeMnNi [Oh16; Son17] are relatively small,

while some RHEAs, e.g. NbTiVZr, MoNbTiZr and MoNbTiVZr [Tia17], AlNbTiV [Son17], NbTiVZr

[Fen18], HfNbTaZr [Fen18], and NbTaTiV [Lee18] show dramatic CBDs. In addition to these �ndings,

the extent of CBDs tends to be not sensitive to the number of components but the types of elements

[Son17].

Chemical ordering describes how atoms interact and distribute in speci�c manners on lattice

sites, which is undoubtedly in�uential to phase stability and resultant properties of a given alloy

system. Due to the chemical complexity-induced sluggish diffusion kinetics in HEAs [Tsa13], the

equilibrium state of chemical ordering may be hardly achievable at low and intermediate tem-

peratures in the timelines of regular experiments, which is especially true for RHEAs due to high

melting points of refractory elements. This brings uncertainties in evaluating wear, creep, and

fatigue properties of HEAs for long-term applications, since chemical ordering may occur during

service and degrade the materials with time. To this end, a series of DFT work has been dedicated to

exploring the equilibrium ordering as a function of temperature in primarily RHEAs, for instance,

the equiatomic MoNbTaW [Huh13; Wid14; Kör17 ] and MoNbTaVW [FC17]. In general, these efforts

used the cluster expansion method combined with the Monte Carlo simulation or a hybrid scheme

of Monte Carlo and molecular dynamics, although the effective pair interactions were calculated in

different ways.

The main body of the theoretical work on mechanical properties of HEAs is dominated by the

alloying effects on the ground-state elastic properties. The pioneering efforts for this focused on

the elastic responses by varying the content of an additional alloying element to the equiatomic

base, e.g. the CuNiCoFeCrTix 3d HEA [Tia13], and the TiZrNbMoV x RHEA[Tia14]. More recently,

there is emerging interest in the data-driven compositional screening through high-throughput
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�rst principles computations, for example, the exploration of near-equiatomic CoCrFeNi MEAs

[Niu16 ]. While the above aimed at the elastic regime of the overall mechanical properties, there

are also decent contributions to the plastic regime for both 3d HEAs [Li18] and RHEAs [Li15] by

calculating their ideal shear strengths. A series of studies were also performed on stacking-fault

energies [Zad13; Zha17a; Zha17b] and generalized stacking-fault energies [Niu18; Wei19] since they

are key intrinsic parameters that are interconnected with dislocation structures and migrations for

plastic deformations of these materials.

2.1.4 Challenges in Model Development

Although the previous DFT calculations have made many successes at the ground-state electronic

and atomic structures as well as their correlations with the emergent properties of HEAs, the �nite-

temperature contributions to these were, unfortunately, barely included and studied. This becomes

especially problematic when (a) comparing with the experiments performed at elevated tempera-

tures, and (b) predicting critical attributes for high-temperature applications. While it is already

challenging to add temperature dependencies to the simulated properties, another degree of chal-

lenge lies in making the predictive models suitable for computer-aided compositional engineering

in HEAs. This is of great signi�cance since it would narrow down the practical searching areas in the

multi-dimensional chemical compositional spaces for desired properties.

2.2 Strontium Titanate

The outline of this section is presented as follows. First, a resumé of strontium titanate (SrTiO 3

or STO) in terms of its bulk atomic, electronic, and physical properties is given, followed by its

technological importance in current commercial uses and appealing promises in next-generation

applications. Second, the existent point defect chemistry models for these materials are reviewed,

including the traditional defect reaction scheme and the emerging grand canonical treatment.

Then, previous experimental and theoretical efforts on the interactions between point defects and

grain boundaries (GBs) are summarized. Finally, the effects of electrical resistance degradation and

high-temperature UV radiation on point defects and optoelectronic properties are discussed.

2.2.1 Bulk Properties and Applications

The atomic structure of bulk crystalline SrTiO 3 shows a typical perovskite pattern, which is cubic

with a lattice constant of 3.905 Å at 20 � C [Oka73] but reduces its order of symmetry at cryogenic

temperatures [Lyt64; Oka73]. In the primitive cell of the cubic phase, the Sr atom sits at the corner site,

and the three O atoms occupy the face-centered sites, forming an octahedral cage with the Ti atom

present at the center. STO is a wide-bandgap semiconductor material which has a direct bandgap

of 3.75 eV and an indirect bandgap of 3.25 eV in the cubic structure. [VB01] At room temperature,

it has a static dielectric constant or relative permittivity of 300 for the cubic structure [Sam66],

which is a large value with respect to conventional semiconductors. STO and its alloys are pivotal
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components in a rich number of existent commercial products, such as capacitors [Bur72; Was89;

Kis03], varistors [Uen03; Wan08; Kub15], and substrates [Low96; Izy07; Hui09 ] in thin-�lm growth

technologies. These materials are also potential candidates for a few next-generation applications,

such as sensors[Ger91; Men99; Hu04; Fer07], memristors [Szo06; Fle16], and fuel cells [Mar02; Tao03;

RM06]. There is also emerging interest in using them as building blocks of heterostructures that

create two dimensional electron gas (2DEG) as superconductors. [Eer13; Liu14; Zha18]

2.2.2 Point Defect Chemistry Models

In semiconductors, understanding and manipulating point defect behaviors are of fundamental

importance due to their deep relationships with electrical and optical properties. For STO, there

have been many efforts in building and modifying the defect chemistry models that are predictive

of defect types, charge states, and populations at a given set of processing conditions, including the

doping levels, environmental temperature, and partial pressures of gas phases. There are generally

two kinds of schemes that these models correspond to, i.e. the defect reaction scheme and the

grand canonical scheme, which are more experiment-driven (top-down) and more theory-driven

(bottom-up), respectively.

Since a detailed summary of the defect reaction scheme is accessible in a recent review [Shi16],

only a brief version is given as follows. In this scheme, a series of governing reaction equations

are proposed a priori based on implications from a combination of conventional understandings

and experimental measurements. Their mass action parameters along with the free carrier and

oxygen vacancy mobilities are evaluated as a function of temperature by �tting procedures over

electrical conductivity. While this scheme has provided well a simpli�ed and tractable route to

interpreting many experiments [Cha81; Was91; Den95; Moo97; Mer03], it has a few coexistent

issues that may cause incorrect and misleading impressions with the actual defect chemistries. The

primary issue lies in the unwieldiness of tracking a number of defect species, especially those with

multiple charge states, making such a scheme problematic if (a) higher-order doping strategies,

e.g. co-doping are adopted, and (b) the ensemble of unintentionally included background impurities

are non-negligible, as is often inevitable in practice during syntheses [Cha81]. Minor issues include

problems with extrapolating the high-temperature reaction constants to as-quenched states [Was91],

dif�culties with investigating the point defect associates or complexes [Mer03], and so on. All of

these would overall degrade reliability and transferability of the defect reaction scheme.

As an alternative option, there has been increasing efforts in developing and exploiting the grand

canonical approach. In this approach, DFT simulations of point defects are performed for their

structural, electronic, and energetic information, which is then combined with grand canonical

thermodynamics to work out their equilibrium formation energies and concentrations as a function

of processing conditions. Relative to the previous approach, it has many fewer assumptions and

constraints on the types, con�gurations, charge states, and association behaviors of point defects,

and are compatible with an arbitrary number of dopants and background impurities. Although

more computationally expensive, these invaluable advantages actually make the grand canonical
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approach general and transferable to not only different samples but also different materials, e.g. bar-

ium titanate (BTO), aluminum nitride (AlN), etc. Using this approach, a series of achievements have

been reached by the research group that the author works for. For instance, the defect mechanism

of brown coloration of Fe-doped STO [Bak17]; the hydrogen solubility in donor-doped STO [Bak18a];

the vacancy formation mechanisms in BTO and STO [Bak18b]; the in�uence of background impuri-

ties on the high-temperature conductivity of STO [Bow18]; the factors limiting room-temperature

hole concentration in STO through a survey of acceptor dopants [Bow20b]; the site preference of

Y and Mn in nonstoichiometric BTO [Bow20a]; the effect of complexes on compensation knee in

Si-doped AlN [Har18]; the space charge control of point defect spin states in AlN [Bow19]; and the

point defect simulations for semiconductor solid solution alloys [Mir21 ].

2.2.3 Grain Boundaries Make A Difference

In practice, STO polycrystals are often more preferably used comparing to STO single crystals due

to their appealing economical advantages and useful GB effects. Throughout the literature, there

has been a considerable amount of investigations, both experimentally and theoretically, on atomic

structures, defect chemistries, and electrical properties of GBs in polycrystalline STO.

Experimental determinations of GB structures usually involve a variety of transmission elec-

tron microscopy (TEM), electron energy loss spectroscopy (EELS), and energy-dispersive X-ray

spectroscopy (EDXS) techniques. Nevertheless, one should keep in mind that these may still leave

quantitative uncertainties in the occupation densities and point defects along given atomic columns.

Nearly all of the reported GBs in STO are crystalline and tilted (not twisted) [Rav93; McG94; Bro99;

Kli00; Kim01; Mao98; Tak14; Du15; Gao18], although in rare cases they can be amorphous [Den97].

Among the above work, there are large evidences that the GBs in STO exhibit a Ti-rich or metal-

rich nonstoichiometic nature [Kli00; Kim01; Tak14; Du15; Gao18], potentially insensitive to their

structural con�gurations and processing conditions. The Ti-rich characteristic can even lead to

a rocksalt-like TiO 2 phase reconstruction [Du15; Gao18]. Explicit DFT simulations of the GBs are

overall extremely dif�cult and challenging due to lacks of knowledge and tractability in their con-

�gurations and nonstoichiometry. However, even based on the little available work, there exists

an intriguing �nding that stoichiometric GBs never induce in-gap states relative to the bulk elec-

tronic band structure [Hut01 ], while nonstoichiometric GBs do, assuming to be oxygen de�cient, or

equivalently, metal enriched [Ast02]. Energetics of neutral native point defects in the GBs were also

explored through DFT calculations, and signi�cant site-dependencies of their formation energies

were found with an overall trend of decreasing from the bulk references. [Ima08; Lee11]

GBs in STO are well-known sources of forming space charge (SC) layers that induce elemental

redistribution, such that the point defect chemistries in these areas are spatially perturbed with

respect to the interior. Chiang & Takagi [Chi90] probed the GB segregation behaviors of various

dopants, including Al, Ga, Fe, Ni, Nb, Ta, Cr, and Y, among which, the nominal acceptors, i.e. Al, Ga,

Fe, Ni, Cr, and Y 2 exhibited obvious preferences of segregation while the others did not. Wilcox et al.

2This is an amphoteric dopant in STO. It behaves as a donor if substituting for Sr ( YSr), while an acceptor if substituting

14



[Wil95] investigated the Fe-, Mn-, and Nb-doped STO, showing strong segregation of Fe and Mn but

almost no segregation of Nb in the GBs, which is similar to the previous study. For native elements,

Mizoguchi et al. [Miz05] observed that Sr vacancies tended to segregate in the GBs, meaning that

there was a depletion behavior of Sr. A series of work has been conducted to build a representative

continuum-level model with the aim of quantitative predictions and analyses of SC characteristics

and defect equilibria in GBs. [Vol94; Hag96; McI00; Vol97; DS08; DS09] Speci�cally speaking, these

models approximate the real GB potential as a reasonable back-to-back Schottky barrier, while

using the classic defect reaction scheme as its basis of defect chemistries. Unfortunately, due to

the intrinsic assumptions and simpli�cations taken in these models, they are restricted to only

microcrystals such that there is a suf�ciently large volumetric fraction of unperturbed bulk area,

and adjacent SC layers do not interact.

The electrical properties of STO can be altered by GBs. For instance, the electrical conductivity

and its activation energy in the GBs are very different from those in the bulk [Guo01a; Rod01].

Besides, the d.c. �eld-induced resistance degradation rate is lowered, improving the degradation

lifetime [Was89; Was90a]. This is potentially due to the blocking effect of GBs on the oxygen vacancy

migration, as revealed by the experiment [Leo99] and the simulation [Höl02; Cao19].

2.2.4 Beyond Conventional Processing

In manipulating point defects in STO, the conventional degrees of freedom including doping levels,

temperature, and partial pressures of gas phases have been relatively well documented. However,

beyond these, few efforts have been paid to the unconventional degrees of freedom such as electrical

degradation and UV radiation, which open up two additional routes via applied bias and UV photons,

respectively. A brief review on each of these is given below.

Electrical degradation is usually studied by measuring the temporal evolution of electrical

conductivity under the in�uence of a long-term d.c. bias across the sample. Such a process triggers

drift of oxygen vacancies along the electric �eld, inducing spatial variations of the defect chemistries

and related properties. [Was90b; Rod00; Woj13; Wan16; Bay17; Lon19] While in most cases electrical

degradation is undesirable due to decreased reliability of materials, it can be a useful trait for

applications of resistively switching memory cells [Szo06; Fun18].

Fe-doped STO is the most frequently studied case among the above work, which often displays

a coloration behavior during the electrical degradation process [Was90b; Rod00; Woj13; Wan16].

Speci�cally, a dark brown color front develops at the anode and propagates to the cathode, optically

due to a growing population of Fe +4 transitioned from Fe +3. [Bak17] The steady-state thickness of

this color front varies substantially depending on the experimental conditions [Was90b; Rod00;

Wan16], the mechanism of which, however, has not been understood yet. While there have been

several theoretical models to study the in�uences of electrical degradation on defect chemistries

in STO [Bai90; Wan16], the potentially simpli�ed assumptions therein, e.g. local thermodynamic

equilibrium and neglect of defect complexes may impede a comprehensive understanding of the

for Ti (YTi ). Here, it refers to the latter.
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core defect behaviors during degradation.

Besides the above d.c. electrodegradation, there is very recent interest in combining the high-

temperature defect equilibria with the UV radiation technique to control point defects in STO

and relevant materials [Vie19]. Through the interactions between point defects and photoexcited

carriers, the defect chemistries in the surface (photon penetrated) area are perturbed from the

equilibrium state to a steady state, leading to potential diffusion of oxygen vacancies in-between

the surface and bulk areas. Intriguingly, this process also led to brown coloration of Fe-doped STO

and a resultant resistance degradation behavior [Vin87; Vin89] that were similar to the previously

mentioned d.c. bias-induced ones. It is one of the main tasks in this work to explore the underlying

physics of such a UV-induced coloration phenomenon of Fe-doped STO since none of the previous

work has covered this.
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CHAPTER

3

METHODOLOGY

This chapter provides rich information about the core methods used in the present work. In Sec. 3.1,

a resumé of the density functional theory (DFT) is given, followed by brief introductions of two

popular approaches to solving the Kohn-Sham equation, namely, the psudopotential method and

the exact muf�n-tin orbitals (EMTO) theory, which were mainly used for strontium titanate (SrTiO 3

or STO) and high-entropy alloys (HEAs), respectively. Sec. 3.2 describes the vibrational free energy

under the framework of Debye model, where the relationships between Debye temperature and elas-

tic constants in cubic structures and those in isotropic systems are respectively articulated. Sec. 3.3

presents the standard volume-conserved shearing procedures in DFT simulations to calculate

single-crystal elastic constants, which are then extended to polycrystalline elastic moduli through

statistical averaging methods. Sec. 3.4 discusses the grand canonical thermodynamics of point

defect chemistries, starting with the basic derivations of defect concentrations then digging into the

formation energies of point defects and their connections with environmental conditions through

the elemental chemical potentials. In Sec. 3.5, point defect reionization, perturbed formation en-

ergies, and their relationships with the carrier quasi-Fermi levels (QFLs) due to nonequilibrium

processes are derived via the Shockley-Read-Hall (SRH) generation and recombination model. The

last section summarizes the governing equations, i.e. Poisson's equation and continuity equations

for analyses of SC characteristics, along with their numerical treatments.

3.1 Density Functional Theory

By solving the Schrödinger's equation, the atomic and electronic properties of a given material

can be understood from a quantum mechanics-based perspective. Unfortunately, directly solving
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this equation for a many-body system is practically infeasible due to the overwhelming number of

interacting nuclei and electrons. The �rst step that helps address this issue is the Born-Oppenheimer

approximation [Bor27]. This approximation reasons that the nucleus motion can be deemed as

stationary on the timescale of the electron motion due to the fact that the mass of electron is much

smaller than that of nucleus, such that the nucleus component of the Hamiltonian can be excluded

in solving the Schrödinger's equation while ultimately added back up. The second step relies on the

implementation of DFT, a milestone in the history of computational materials science that makes

the many-body Schrödinger's equation actually solvable. Herein, the system of interacting electrons

is treated as a single electron situated in an effective medium potential generated by the remaining

electrons and nuclei. This effective potential was proven to be a function of the electron density

function, making itself a functional. The mathematical formula of this effective single-electron

equation is also called the Kohn-Sham equation [Koh65], given by

•
1

2
r 2 + Veff(n (r ), r )

˜
	 i (r ) = � i 	 i (r ). (3.1)

In this equation, Veff is the effective potential that includes three contributing parts: the exter-

nal potential from the nuclei Vext(r ), the classic Coulomb potential from the remaining electrons
R

n (r0)=jr0� r jdr0, and all the non-classic contribution called the exchange-correlation potential

Vxc(n (r )).

The only unknown component of the effective potential is the exchange-correlation functional

Vxc which is a limiting factor for the accuracy and reliability of DFT. Today, �nding and parameterizing

Vxc is still an active and challenging research �eld in computational materials science. There are

at present two major schemes of Vxc, which are the local density approximation or LDA and the

generalized gradient approximation or GGA. LDA assumes that Vxc at an arbitrary spatial coordinate

equals to that of a homogeneous electron gas with the same local electron density. Despite its

simpli�ed picture, LDA has been successful at predicting accurately the ground-state properties

of many systems, especially of those with strongly localized electrons. However, the rationality of

this approximation usually degrades in systems with itinerant electrons, e.g. 3d transition metals.

A typical example is that LDA in combination with spin polarization yields wrong predictions of

the most stable crystal structure and magnetic state of pure iron. In GGA, the in�uence of the

gradient of local electron density on Vxc is also incorporated, making the predicted ground-state

properties of 3d elements more consistent with experiments. While GGA is used primarily for HEAs,

the more state-of-the-art hybrid functional is adopted for SrTiO 3 due to its superior accuracy and

reliability in reproducing the electronic band structure and predicting the defect formation energies

for semiconductor systems.

3.1.1 Pseudopotential Method

Solving Eq. 3.1 with a full inclusion of both valence and core electrons leads to unbearably high

computational expenses, especially for systems with a large population of electrons. An alternative
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way to this full-electron calculation is to only relax the valence electrons that dominate in electronic

interactions while keeping the core electrons as frozen in. This approximation can be rationalized by

a natural thinking that only the valence electrons are chemically active and the core electrons barely

participate in chemical bonding. The above triggers the development of pseudopotential method

where the complicated contribution from the core electrons is replaced by a simpli�ed effective

potential, such that the computational ef�ciency can be substantially improved while maintaining

the accuracy. A popular approach to generating pseudopotentials is the projector augmented wave

method [Blö94] which smooths the rapidly oscillating wavefunctions near the nuclei and allows for

calculations of all-electron properties from these smooth wavefunctions. The simulations of point

defects in SrTiO 3 were performed through this method, as implemented by the Vienna Ab initio

Simulation Package (VASP) [Kre93; Kre94; Kre96a; Kre96b].

3.1.2 Exact Muf�n-Tin Orbitals

The Exact Muf�n-Tin Orbitals (EMTO) theory [Vit00; Vit01; Vit07a] is an improved screened Korringa-

Kohn-Rostoker (KKR) method. Unlike the non-overlapping spherical potential used in the con-

ventional KKR method, an optimized overlapping Muf�n-Tin potential is adopted in the EMTO

theory, making it capable of producing results as accurate as those from full potential methods.

An indispensable advantage of EMTO lies in its combination with the coherent potential approx-

imation (CPA) [Gyo72] to describe chemical disorders in substitutional random alloys. The CPA

provides a route to replacing the actual alloy matrix with an effective uniform medium that consists

of weighted contributions from individual constituent elements, such that an arbitrary impurity

atom is embedded into this effective medium excluding local information around it. Combining

EMTO and CPA, the random alloy problem is solved with a mean-�eld treatment where a given

lattice site consists of fractional number densities of involved elements, the sum of which equals

to 1. This greatly bene�ts the computational ef�ciency comparing to the supercell technique, but

cautions need to be paid if the local environments around atoms, e.g. crystal basis distortions (CBDs)

play a critical role on the problems of interest.

Another advantage of the EMTO theory is its compatibility with the disordered local moment

(DLM) approximation [Gyo85] to capture potential paramagnetism of a given material system.

Magnetic materials experience a transition from ferromagnetic state to paramagnetic state as the

temperature rises above their Curie points. At the paramagnetic state, while the total magnetic

moment of the material is zero due to the effect of magnetic entropy, the local magnetic moment

projected onto individual atoms may be nonzero. On the basis of statistical averaging, the DLM

approximation depicts these paramagnetic natures by decomposing each constituent element

into spin-up and spin-down counterparts with equal proportions, e.g. Fe ! Fe"
0.5Fe#

0.5 such that an

n -component random alloy is treated as virtually 2n -component assuming that all the components

are paramagnetic.
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3.2 Debye Lattice Vibration Model

3.2.1 General Formulations

Due to the Born-Oppenheimer approximation, results from direct DFT calculations correspond to

those at absolute zero in Kelvin excluding the zero-point energy. As a result, the temperature depen-

dencies of the electronic and atomic structures need to be incorporated through complimentary

theories. This becomes especially necessary when matching the experiments performed at �nite

temperatures and predicting the properties for high-temperature applications.

For structural uses of HEAs, a sound mastery of how their elastic moduli vary with temperature

is of fundamental signi�cance. This requires knowledge of the total free energy landscape that

the elastic moduli are dependent on. Here, we focus ourselves on introducing the vibrational

component of the total free energy due to thermal lattice vibrations or simply lattice vibrations.

While there have been multiple theoretical frameworks of vibrational free energy over the past

decades, as summarized by Fultz [Ful10], the Debye model is currently the most tractable and

ef�cient choice to be integrated with the EMTO-CPA calculations of HEAs. In the Debye model, a

general thermodynamic expression of the vibrational free energy per atomic formula of an arbitrary

material system reads

Fvib (
 ,T ) = Evib (
 ,T ) � T Svib (
 ,T ). (3.2)

In this equation, 
 is the atomic volume, T is the temperature, and all the other variables stand for

their standard meanings. Note that the pressure dependency of vibrational free energy has been

implicitly incorporated in the variations of atomic volume. The vibrational energy Evib and the

vibrational entropy Svib are tied to the Debye temperature � D through [Mor88; Ma15; Wu19 ]

Evib (
 ,T ) = 3kB

•
3

8
� D (
 ) + T D (x )

˜
, (3.3a)

Svib (
 ,T ) = 3kB

§
4

3
D (x ) � ln [1 � exp(� x )]

ª
. (3.3b)

Here, kB is the Boltzmann constant, and D (x ) is the Debye function, i.e. D (x )=3=x 3
Rx

0
t 3=[exp(t ) �

1]dt of the normalized Debye temperature x =� D (
 )=T .

3.2.2 Debye Temperature

The Debye temperature � D is derived as a linear function of the mean acoustic velocity vm passing

through the given material [Vit07a]

� D (
 ) =
~h

kB

�
6� 2




� 1=3

vm (
 ), (3.4)
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where ~h is the reduced Planck's constant. A strict expression of vm involves the following spatial

integration [Vit07a]

v � 3
m =

1

3

X

s

1

4�

Z

v � 3
s (� , � )sin � d� d� , (3.5)

with s representing the vibrational branch which is either the longitudinal branch ( s=1) or one of

the two transverse branches ( s=2, 3) obtained by solving the Christoffel equation [Led73].

For cubic crystalline structures such as FCC and BCC, the sound velocity vs is connected with

the single-crystal elastic constants in an intricate way, which has been tidied up by Grimvall [Gri99a]

as follows.

3� v 2
s = C11 + 2C44 + 2(C11 � C44)

p
G0 cos

•
	 +

2�

3
(s � 1)

˜
(3.6a)

	 =
1

3
arccos

H0

G3=2
0

(3.6b)

P = n 2
1n 2

2 + n 2
1n 2

3 + n 2
2n 2

3 ; Q = n 2
1n 2

2n 2
3 (3.6c)

G0 = 1 � 3AE(2 � AE)P (3.6d)

H0 = 1 �
9

2
AE(2 � AE)P +

27

2
A2

E(3 � 2AE)Q (3.6e)

In these equations, � is the mass density, n1, n2, and n3 are the direction cosines of the wave vector,

and AE is the Every's anisotropy parameter correlated with the single-crystal elastic constants by

AE=(C11 � C12 � 2C44)=(C11 � C44).

For nontextured polycrystalline systems, those two transverse branches are equal in magnitude,

reducing Eq. 3.5 to
3

v 3
m

=
1

v 3
1

+
2

v 3
2,3

. (3.7)

with v1 and v2,3 being a multivariate function of the bulk modulus B, the shear modulus G, and the

mass density � [Gri99c], given by

� v 2
1 = B +

4

3
G, (3.8a)

� v 2
2,3 = G. (3.8b)

3.3 First Principles Elastic Properties

The single-crystal elastic stiffness coef�cients or simply elastic constants are quantities that mea-

sure the resistance of an object to elastic deformations. To obtain a full set of independent elastic

constants of a given material system, one needs to combine the equation of state (EOS) �tting with

the standard volume-conserved shearing. The polycrystalline elastic constants are then calculated

via statistical averaging over the single-crystal ones. Here, the cubic crystal structure and its poly-

crystalline derivative are focused, since the majority of the reported HEAs are FCC or BCC. Systems

with lower orders of symmetry, e.g. the hexagonal crystal structure are outside the scope of this
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dissertation, but readers are directed to Ref. [Vit07a] for relevant information.

3.3.1 Morse-Type Equation of State

The cubic crystal structure has three independent elastic constants, i.e. C11, C12, and C44, where C11

and C12 are tied up with the bulk modulus B by

B =
C11 + 2C12

3
. (3.9)

Thermodynamically, B is de�ned as B(
 )=-
 @P(
 )=@
 =
 @2E(
 )=@
 2 using P(
 )=-@E(
 )=@
 ,

where E and P are the internal energy and the atmospheric pressure, respectively. This means that

B is mathematically proportional to the curvature of the E-
 spline, which is formally called the

equation of state (EOS). There have been many well-established EOS such the Murnaghan EOS

[Mur44 ], the Birch-Murnaghan EOS [Bir47], and the Vinet EOS [Vin87; Vin89]. While these EOS

are decent for ground-state predictions, it is found that the Morse-type EOS [Mor88 ] has better

numerical performances (stability, accuracy, and ef�ciency) at �nite temperatures, where E is

replaced by the total free energy G.

The Morse-type EOS �ts the total energy by an exponential function [Mor88 ]

E(! ) = a + b x + c x2, (3.10)

with

x = exp[� �! ]. (3.11)

Here, the lower-case ! is the average Wigner-Seitz radius that 
 =4=3�! 3. This equation has three

linear �tting parameters a , b , and c and a nonlinear �tting parameter � . Through thermodynamic

derivations, B at an arbitrary value of ! works out to be

B(! ) = �
x � 3

12� ln x

•
(b + 4c x) �

2

ln x
(b + 2c x)

˜
. (3.12)

Note that the equilibrium Wigner-Seitz radius ! 0 is obtained from the condition that the atmo-

spheric pressure is zero, i.e. P(! 0)=0, which gives rise to

! 0 = �
ln x0

�
with x0 = �

b

2c
. (3.13)

Utilizing this relation, Eq. 3.12 at ! 0 reduces to the expression of equilibrium bulk modulus B0 as

B0 = �
c x2

0 � 3

6� ln x0
. (3.14)

The pressure derivative of bulk modulus at ! 0 �nally reads

B0
0 = 1 � ln x0. (3.15)
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3.3.2 Single-Crystal Elastic Constants

In DFT simulations, the single-crystal elastic constants at a given atomic volume are obtained by

calculating the internal energy changes as a result from the volume-conserved lattice strains. This is

formally expressed as � E(
 , � )=2
 C(
 )� 2, where � E is the variation of internal energy, � is the

strain performed on the crystal lattice, and C is a dummy variable for a combination of single-crystal

elastic constants.

For cubic systems, the tetragonal shear modulus

C 0=
C11 � C12

2
(3.16)

can be determined by an orthorhombic deformation

� o =

2

6
4

1+ � 0 0

0 1� � 0

0 0 (1 � � 2)� 1

3

7
5 , (3.17)

while the C44 shear modulus by a monoclinic deformation

� m =

2

6
4

1 � 0

� 1 0

0 0 (1 � � 2)� 1

3

7
5 . (3.18)

Usually, � is set to uniformly vary in-between 0 and 0.05 with an interval of 0.01, leading to six data

points for each of C 0and C44. Combining Eqs. 3.9 with 3.16, one can derive the values of C11 and

C12, i.e. C11= B+4=3C 0and C12= B-2=3C 0.

3.3.3 Polycrystalline Elastic Constants

The unique way to determine the polycrystalline elastic moduli from �rst principles calculations is

to transform the single-crystal elastic constants through a statistical averaging process. The most

frequently adopted method is the Hill average [Hil52 ] based on the Voigt and Reuss limits which are

rigorously upper and lower bounds, respectively, as shown below.

B =
BV + BR

2
(3.19a)

G =
GV + GR

2
(3.19b)

In these equations, the subscripts V and R stand for Voigt and Reuss, respectively. For cubic crystal

structures, one has

BV = BR =
C11 + 2C12

3
, (3.20a)
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GV =
C11 � C12 + 3C44

5
, (3.20b)

GR =
5(C11 � C12)C44

4C44 + 3(C11 � C12)
. (3.20c)

B and G can also be used to calculate other mechanical parameters of polycrystalline systems,

e.g. the Young's modulus Y =9BG=(3B + G) and the Poisson's ratio � =(3B � 2G)=[2(3B + G)].

3.4 Grand Canonical Defect Chemistry

3.4.1 Defect Concentration

Assuming that there is an arbitrary point defect species D at charge state q , the excessive Gibbs free

energy GD q relative to the pristine state due to its formation is

GD q = [D q ]E f
D q � kBT ln

Nconf Nsite!

[D q ]!(Nsite � [D q ])!
. (3.21)

Here, [D q ] and E f
D q are the concentration and formation energy of D q , respectively, Nsite is the

concentration of available lattice sites for the given point defect, and Nconf is the number of symmet-

rically equivalent con�gurations from rotational and translational operations. Eq. 3.21 essentially

involves two competing components, i.e. the energy penalty of forming the defects, and the entropy

increase from their disordered distribution.

According to Eqs. 3.21, elevating the temperature from 0 K makes [D q ] continuously increase

from null, as long as it bene�ts lowering GD q , namely, � GD q <0. Such an increase of [D q ] should

saturate upon � GD q =0 because further increasing it leads to � GD q >0 such that GD q rises up again.

The point defect concentration at equilibrium thus locates at � GD q =0 which minimizes the defect-

induced excessive free energy. This is mathematically equivalent to solving dGD q =d[D q ]=0. Using

the Stirling's approximation and considering Nsite � [D q ] in dilute limit, this leads to the well-known

Boltzmann statistics expression of the equilibrium defect concentration

[D q ] = Nconf Nsite exp

�

�
E f

D q

kBT

�

. (3.22)

Note that dGD q =d[D q ] is also the point defect chemical potential by its thermodynamic de�nition.

Therefore, from the above derivations, it is clear that the chemical potential of any point defect

should be zero at equilibrium. This manifests that an equilibrium state also satis�es the requirement

of steady state, i.e. the spatial gradient of point defect chemical potential is zero ( r � D q =0) due to

nonequilibrium processes present inside the material.
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3.4.2 Defect Formation Energy

The formation energy of a point defect is essentially the energy penalty to form it in the host material

by exchanging electrons and elements with their respective reservoirs, de�ned as [Wal04; Fre14]

E f,eq
D q = E tot

D q � E tot
bulk + q (� e + Ev) �

X

i

n i � i + E corr
D q . (3.23)

E tot
D q is the total energy of the defective supercell, and E tot

bulk is that of the pristine bulk supercell. � e is

the Fermi level or electronic chemical potential relative to the valence band maximum Ev. � i is the

chemical potential of element i , with n i being the number of it exchanged between the host and the

reservoir, where n i <0 and n i >0 represent losing and gaining, respectively, with respect to the host.

E corr
D q is an energy correction term due to the �nite size effect on the charged defective supercell.

Eq. 3.23 can be used to calculate ED (q ,q 0), the thermodynamic transition level (TTL) between two

arbitrary charge states q and q 0of D relative to Ev [Fre14]

ED (q ,q 0) =
E f,eq

D q (� e = 0) � E f,eq
D q0(� e = 0)

q 0� q
. (3.24)

The electronic chemical potential is treated as a free parameter, obtained by solving the charge

neutrality condition, i.e. 0=p -n +
P

D ,q q [D q ] at any temperature. However, two temperature regimes

should be distinguished for the elemental chemical potentials: the annealing or high-temperature

regime and the quenching or low-temperature regime. At annealing temperatures, the ionic kinetics

are strongly active to equilibrate elemental exchanges between the material and the reservoirs.

Hence, the chemical potentials of native elements can fully relax to a set of values that the processing

conditions correspond to, and those of impurities are �gured by maintaining the mass conservation.

At quenching temperatures, these terms would lose their practical meanings, since point defects

are considered as frozen in. Nevertheless, defect reionization is active in this temperature regime

due to high mobilities of free carriers, which is discussed in Sec. 3.5.

3.4.3 Elemental Chemical Potential

In the annealing regime, the chemical potentials of native elements connect the formation energies

and equilibrium concentrations of point defects to a speci�c set of environmental conditions. These

chemical potentials must be chosen carefully to avoid formations of competitive / secondary phases.

To capture the temperature dependency of � i , it can be explicitly expressed as a sum of a 0 K internal

energy component � �
i as obtained from DFT and a �nite-temperature component � � i , namely,

� i =� �
i +� � i . Then, � � i should be bounded by the following general phase stability criteria

� � i < � � �
i , (3.25a)

X

i

N �
i � � i < � H f

� + � � � , (3.25b)

25



X

i

N �
i � � i = � H f

� + � � � . (3.25c)

The asterisk *, � , and � denote the pure elemental phase, the targeted phase, and the competitive

phase, respectively. Ni is the stoichiometric number of element i in the given phase, and � H f is the

0 K formation enthalpy of this phase. � � � and � � � are quantities similar to � � i as de�ned.

For SrTiO3, the most commonly considered competing phases are SrO and TiO 2, and thus based

on Eq. 3.25 the relations between � � Sr, � � Ti , and � � O are

� � Sr < � � �
Sr, (3.26a)

� � Ti < � � �
Ti , (3.26b)

� � O = � � �
O, (3.26c)

� � Sr + � � O < � H f
SrO + � � SrO, (3.26d)

� � Ti + 2� � O < � H f
TiO2

+ � � TiO2
, (3.26e)

� � Sr + � � Ti + 3� � O = � H f
SrTiO3

+ � � SrTiO3
. (3.26f)

The values of � � O at various temperatures and oxygen partial pressures can be calculated from the

Joint Army Navy Air Force (JANAF) thermochemical tables [CJ86] through the ideal gas model. This

is based on the fact that the gaseous competitive phases are in equilibrium with the host material,

which allows the inequality to be replaced by an equality. On the other hand, the chemical potentials

of metallic elements, namely, � � Sr and � � Ti are unknown and hard to be con�rmed experimentally,

and have to be taken from a range constrained by Eq. 3.26. Visually speaking, this range yields a

white strip area in the ternary chemical potential space formed by � � Sr, � � Ti , and � � O [Bak17;

Bow18]. The actual experimental values of � � Sr and � � Ti should be somewhere in-between the

SrO-rich ( � � Sr reaches its minimum) and TiO 2-rich ( � � Ti reaches its minimum) conditions. For a

better alignment with experiments, extra cautions need to be taken during the simulation by varying

in-between these two boundary conditions.

3.5 SRH Generation-Recombination

Nonequilibrium processes inside the material perturb the equilibrium distributions of free carriers,

making the common Fermi level split into an electron QFL and a hole QFL. At quenching tempera-

tures, this leads to defect reionization through a new dynamic balance between the carrier capture

and emission processes, while the total population of a given defect species remains invariant. At

annealing temperatures, it may also alter the defect formation energies by introducing an effective

Fermi level that is unique to each defect, and the total population of a given defect species does

change. A new set of point defects can thus be obtained after quenching the perturbed material, so

as to modify the defect-related properties. This section discusses the above point defect reionization

and perturbed formation energy based on the famous SRH generation-recombination model [Sho52;
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Hal52; Lut96].

3.5.1 Point Defect Reionization

For two adjacent charge states q and q 0(q=q 0-1) of point defect D , a full loop of the SRH generation

and recombination consists of four individual components: (a) electrons at the conduction band

edge are captured by D q 0
, (b) electrons are emitted to the conduction band edge by D q , (c) holes at

the valence band edge are captured by D q , and (d) holes are emitted to the valence band edge by

D q 0
. (a) and (c) convert D q 0

to D q , while (b) and (d) do the opposite way. The capture probability of

electrons ce
D and that of holes ch

D are de�ned as

ce
D (q ,q 0) = � e

D (q ,q 0)v th
e , (3.27a)

ch
D (q ,q 0) = � h

D (q ,q 0)v th
h , (3.27b)

where v th =
p

3kBT =m � is the thermal velocity of electrons or holes (indicated by its subscript) with

an effective mass m � , and � D is the corresponding capture cross sectional area. The unit emission

rate of electrons " e
D and that of holes " h

D are obtained from the equilibrium state where the net

generation rates (total emission rates subtracted by total capture rates) of electrons and holes are

both zero. Adopting the parabolic density of states and assuming the material is non-degenerate,

this yields

" e
D (q ,q 0) = ce

D (q ,q 0)Nc exp

�

�
Eg � ED (q ,q 0)

kBT

�

, (3.28a)

" h
D (q ,q 0) = ch

D (q ,q 0)Nv exp

�

�
ED (q ,q 0)

kBT

�

. (3.28b)

Nc and Nv are the effective density of states at the conduction band edge and that at the valence

band edge, respectively, and Eg is the bandgap. An interesting �nding from the above is that " e
D and

" h
D are independent on the Fermi level, making them transferable to nonequilibrium states.

Nonequilibrium processes eventually bring the whole material into a steady state where the

net generation rate of electrons is equal to that of holes, such that the concentration ratio between

q and q 0stays invariant with time. By introducing a so-called defect QFL (dQFL) � D (q ,q 0) that is

unique to the TTL ED (q ,q 0) [Lut96], this steady-state ratio naturally reads

[D q ]

[D q 0]
= exp

�

�
ED (q ,q 0) � e� � � D (q ,q 0)

kBT

�

, (3.29)

where � D (q ,q 0) is derived as

� D (q ,q 0) =
� �

e + � �
h

2
+ kBT ln

ce
D (q ,q 0)f (� �

e) + ch
D (q ,q 0)f � 1(� �

e)

ce
D (q ,q 0)f (� �

h) + ch
D (q ,q 0)f � 1(� �

h)
(3.30)
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with an intermediate function

f (E) = exp

�
ED (q ,q 0) + e� + E � 2� i

2kBT

�

. (3.31)

Here, � �
e and � �

h are the electron QFL and the hole QFL, respectively, and � i = Eg =2+kBT =2ln(Nv=Nc)

is the intrinsic Fermi level, which should not be confused with the chemical potential of element i

de�ned in Sec. 3.4.2. Contributions from the electrostatic potential � are also explicitly incorporated.

Actually, Eqs. 3.29 to 3.31 are general for both equilibrium and nonequilibrium situations. This is

proven by the fact that Eq. 3.30 works out to be � e if � �
e=� �

h=� e.

3.5.2 Perturbed Formation Energy

At annealing temperatures, the nonequilibrium processes may also change the formation energies

of point defects by inducing excessive energy penalties from exchanging electrons and holes with

their respective reservoirs. This is equivalent to replacing the equilibrium Fermi level � e in Eq. 3.23

with an effective Fermi level � eff
D q plus the electrostatic potential effect. The defect formation energy

at nonequilibrium can thus be expressed as relative to that at equilibrium, which is

E f
D q = E f,eq

D q (� e = 0) + q (e� + � eff
D q ) �

X

i

n i �� i , (3.32)

where �� i is a mathematical quantity added to � i so as to maintain the mass conservation of

impurities. The goal is to derive � eff
D q as a function the carrier QFLs, i.e. � �

e and � �
h .

Notice that by feeding the above perturbed formation energy to the defect concentration from

Eq. 3.22 and rewriting the defect reionization expressed by Eq. 3.29, one can immediately obtain a

relationship between � eff
D q and the dQFL � D (q ,q 0): q 0� eff

D q0-q � eff
D q =� D (q ,q 0). Recalling that q=q 0-1,

there are thus two special cases of (q ,q 0) for this equation, i.e. (0, 1) and (-1, 0), using which one has

� eff
D 1=� D (0,1) and � eff

D -1 =� D (-1,0). Therefore, � eff
D q for arbitrary q>1 and that for arbitrary q<-1 can

be iteratively derived based on � eff
D 1 and � eff

D -1 , respectively. A general expression of � eff
D q for q>1 was

concluded by Reddy et al. [Red16], but for completeness, that for q<-1 is also included in this work,

shown as follows.

q � 1 : � eff
D q =

1

q

qX

k =1

� D (k � 1,k ); q � � 1 : � eff
D q = �

1

q

� 1X

k =q

� D (k ,k + 1) (3.33)

3.6 Space Charge Analyses

3.6.1 Poisson's Equation

Poisson's equation is derived from a combination of the Coulomb's law and the Gauss's law, which,

in electrostatics, gives a solution to the electrostatic potential caused by the accumulated space

charge (SC). Considering all charge contributions from free carriers and ensemble of point defects,
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a general form of Poisson's equation follows

� r � � r � = e

 

� n + p +
X

D ,q

q [D q ]

!

, (3.34)

where � = � r � 0 is the Coulomb force permittivity with � r and � 0 being the relative permittivity (dielec-

tric constant) and the vacuum permittivity, respectively. This equation has been most frequently

used with a constant � r , which makes it reduce to

� r 2� =
e

�

 

� n + p +
X

D ,q

q [D q ]

!

. (3.35)

Eqs. 3.34 and 3.35 are nonlinear partial differential equations (PDEs) because the concentrations of

free carriers and charged defects are a function of the electrostatic potential. The explicit expressions

of n , p , and [D q ] have been covered in the previous sections, where the annealing and quenching

regimes need to be distinguished for point defects.

The boundary conditions of the present Poisson's equation depend on speci�c problems to be

solved. In most cases, a Dirichlet boundary condition would be applied due to a Schottky barrier

or an applied bias or a combination of these. Otherwise, a Neumann boundary condition can be

reasonably assumed, e.g. r � =0, meaning that there is no net electric �eld penetrating through the

material into the atmosphere. Of course, a hybrid of Dirichlet-type and Neumann-type boundary

conditions can be assigned to different boundary regions if necessary.

3.6.2 Continuity Equation

The continuity equation is used to simulate the instantaneous variation of the spatial distribution

of free carriers and mobile defects against their �uxes, which is especially important to evaluate

the temporal evolution of defect-related properties. Considering an arbitrary particle that has an

effective charge q and concentration u , its continuity equation reads

@u

@t
= �

1

q
r � J+ U , (3.36)

where Jand U signify the total �ux and the net generation rate of this particle, respectively. Using

the drift-diffusion model, Jcan be decomposed into a drift current Jdrift due to electric �eld and a

diffusion current Jdiff due to concentration gradient. These two components are de�ned as

Jdrift = ejq ju � E = � ejq ju � r � , (3.37a)

Jdiff = � e qDr u = � q
� kBT

jq j
r u . (3.37b)

Here, � and D are the mobility and diffusivity of this particle, respectively, obeying the Einstein's

relation: D =� kBT =je qj. The electric �eld intensity E is negatively proportional to the gradient of
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electrostatic potential by de�nition, i.e. E=-r � .

The above drift and diffusion model has been frequently used to derive the electron QFL and the

hole QFL with the Boltzmann approximation of n and p . Usually, free carriers are highly mobile such

that they can reach their respective steady states transiently relative to the experimental timeline.

Therefore, one may assume @n / @t =@p / @t =0 in solving Eq. 3.36 with Eq. 3.37, leading to

�
Un

n � n
=

r (� �
e + e� )

kBT
r � �

e + r 2� �
e, (3.38a)

�
Up

p � p
=

r (� �
h + e� )

kBT
r � �

h � r 2� �
h . (3.38b)

The electron mobility � n and hole mobility � p should not be confused with the chemical potentials

of free carriers. The net generation rate of electrons Un and that of holes Up can be obtained from

the SRH generation and recombination model discussed in Sec. 3.5. The explicit expressions of Un

and Up are skipped here since their derivations are fairly straightforward, but one should keep in

mind that they are contributed by the ensemble of point defects. If Un and Up are negligible, Eq. 3.38

reduces to

0 = r (� �
e + e� )r � �

e + kBT r 2� �
e, (3.39a)

0 = r (� �
h + e� )r � �

h � kBT r 2� �
h . (3.39b)

For mobile defects, their mobilities are usually smaller than those of free carriers by several orders

of magnitude. This makes their migrations often the limiting factor in the time dependencies of many

emergent properties. In these cases, one has to explicitly consider how their spatial distributions

vary with time, meaning that @u / @t keeps being updated during simulations. Besides, unlike free

carriers, there may not be apparent sources of the net generations of these mobile defects. In STO

and other perovskite materials, it has been widely acknowledged that the oxygen vacancies ( v2
O) are

mobile at intermediate and high temperatures. In this dissertation, the temperature-dependent

mobility of oxygen vacancies in STO was taken from the experiments [Den95; DS12] to solve the drift

and diffusion equation of v2
O. While it was noticed that there was poor transferability of the measured

oxygen vacancy mobility between various work, the general trends of the simulated results barely

changed with a different experimental source, due to the linear relationship between the mobility

and the �ux.

3.6.3 Numerical Methods

The Poisson's equation and the continuity equations for free carriers are essentially nonlinear

because their source terms are all dependent on their respective unknown functions. The continuity

equations for mobile defects can also be nonlinear by using the implicit discretization of temporal

space, which is numerically more stable that the explicit scheme. A series of Python codes were

developed here to solve these nonlinear PDEs by the �nite difference method (FDM) or the �nite
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element method (FEM) in one-dimensional space with the Newton-Raphson's algorithm.

For FDM, the central difference and the Scharfetter-Gummel discretization [Sch69] are recom-

mended for the Poisson's equation and the continuity equations, respectively. The sparse matrix

inversion involved in the Newton-Raphson's algorithm can be ef�ciently performed with NumPy

[Har20]. For FEM, an open-source Python package called FEniCS substantially facilitates mesh gen-

eration, weak formulation, element assembly, and problem solving. To access in-depth information

about FEniCS, the readers are directed to the tutorial [Lan17] and the book [Log12a].

Using either method, an irregular mesh should be always used to improve the computational

ef�ciency. The rule of thumb in re�ning the mesh is that the nodal density needs to be positively

proportional to the electric �eld intensity in conjunction with the concentration gradient. High

nodal densities are usually expected inside the SC layers, which are located at the boundary regions

of the mesh. Mathematically, this suggests that an adjustable sigmoid function may be a satisfactory

choice to reposition the mesh coordinates so as to re�ne the mesh.
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CHAPTER

4

FINITE-TEMPERATURE ELASTIC

PROPERTIES OF 3D HIGH-ENTROPY

ALLOYS

Reproduced with minor edits from Scripta Materilia 162, 176, 2019.[Wu19] Contributing authors:

Yifeng Wu, and Douglas L. Irving.

The �nite temperature elastic properties of the equiatomic CoCrFeNi medium-entropy alloy

has been studied by density functional theory. Besides atomic vibrations and electronic free energy,

the predictive model developed here includes contributions from spin �uctuations in determining

the elastic properties of CoCrFeNi. Including spin �uctuations changes the magnitude of the tem-

perature derivatives of the polycrystalline elastic moduli, resulting in a close agreement between

simulation and experimentally measured trends. How the single-crystal elastic moduli depend

on spin �uctuations and how these dependencies in�uence changes in the polycrystalline elas-

tic moduli are analyzed systematically. Finally, the elemental sources to the simulated trends are

identi�ed.

4.1 Introduction

High-entropy alloys (HEAs) are an exciting class of materials that were independently discovered by

Yeh et al. [Yeh04] and Cantor et al. [Can04] HEAs consist of �ve or more components in equiatomic or
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near-equiatomic composition, and form as random solid solution (RSSs) on simple lattice structures

(fcc, bcc or hcp), which has been attributed, in part, to the excessive con�gurational entropy that

results from the number of components and composition. Beyond the many reported properties of

HEAs, their discovery inspired the search over wider phase spaces for alloy design than previously

considered and deviated from conventional rules of thumb that tend to avoid the center of the

multi-component phase diagram. This has also extended to explorations of the center of the phase

diagram of ternary [Mia17] and quaternary [Niu16 ] equiatomic alloys, which are now being referred

to either by their entropy (medium or low) or more broadly as complex concentrated alloys (CCAs)

[Mir17 ].

HEAs and CCAs have garnered signi�cant attention because of an excellent combination of

mechanical properties [Dia16]. Otto et al. [Ott13] recently demonstrated that the plastic deformation

mechanism of an equiatomic CoCrFeMnNi HEA switched from dislocation motion to nanoscale

twinning when it approached cryogenic temperatures, resulting in a substantial increase of both

strength and ductility. Xia et al. [Xia15] reported that Al x CoCrFeNi HEAs exhibited advanced ir-

radiation resistance, which was attributed to a self-healing process where the material cycled

between amorphization and crystallization to recover from defect accumulations; a capability that

makes HEAs promising candidates for next-generation nuclear reactors. Low-density HEAs have also

demonstrated unique combinations of high hardness while retaining some residual ductility. [You15]

There has also been theoretical progress aimed at developing an atomic-level understanding

of the relationship between the structure of the HEAs and their macroscale properties. Varvenne

et al. [Var16] recently developed a strengthening theory for fcc HEAs, where the variety of local

chemical potentials induced a distorted dislocation con�guration, impeding the dislocation motion.

While local crystal basis distortions have been found to be small in CoCrFeMnNi-based systems,

they were recently characterized and predicted to contribute considerably to the ground-state

lattice parameters and bulk moduli of bcc refractory HEAs (RHEAs) where the elemental atomic

radii differed more substantially [Son17; Tia17]. The in�uence of local magnetic moments in these

multi-component random alloys has also been studied and shown to be important to short-range

chemical ordering and predicted thermodynamics [Niu15; Ma15 ].

The equiatomic CoCrFeNi medium-entropy alloy (MEA) is a critical base alloy for many HEAs

of interest [Kao09; Tun07; Zad13; Zad16; Zha11]. Its properties are thus important to the design of

these alloys while at the same time being slightly less computationally demanding to address. In the

elemental solids of the components making up this alloy, the local magnetic moments of Cr, Fe and

Ni are known to persist at temperatures well above the Curie point even in the paramagnetic state

[Gri93; Gri89; Ste83]. Because of this and a Curie point at 120 K [Niu15; Luc11], substantial SFs are

possible in CoCrFeNi above room temperature. These �uctuations may play a signi�cant role in the

free energy of the alloy and its dependence on strain and, thus, properties that depend on this free

energy landscape.

At �nite temperatures, both transverse SF (TSF) and longitudinal SF (LSF) take place, corre-

sponding to the directional and magnitudinal degrees of freedom of a given atomic spin. [Sha05]
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In stainless steels, Vitos & Johansson [Vit09] found that the LSF contributions to the temperature

dependencies of the single-crystal elastic moduli are comparable to those of anharmonic effects.

The stacking-fault energies of stainless steels were later shown to be dominated by LSFs within an

extensive temperature range, indicating a large evidence of magnetostructural behavior [Vit06b;

Vit08; Vit06a].

Using �rst-principles approaches, the elastic properties of CoCrFeNi were explored as a function

of temperature by considering SFs (TSF and LSF) as well as atomic vibrations and electronic free

energy. It shows that the inclusion of SFs leads to capturing the experimentally measured trends of

the polycrystalline elastic moduli as a function of temperature. The inclusion of SFs changes the free

energy surface landscape, its temperature and strain dependence, and, ultimately, the properties

dependent on this surface. This is found to manifest itself in changes to the magnitude of the

temperature derivatives of single crystal and polycrystalline elastic moduli. Finally, the elemental

sources that make the most signi�cant contributions to the simulated trends are identi�ed for

this MEA. While the focus is on elastic properties, this also has implications for other mechanical

properties, such as the ideal tensile and shear strengths [Li18] that also depend on the free energy

landscape.

4.2 Methods

All the calculations were performed on an fcc primitive cell with the Exact Muf�n-Tin Orbitals

(EMTO) theory [Vit00; Vit01; Vit07a]. The chemical and magnetic disorders were treated by Coherent

Potential Approximation (CPA) [Gyo72] and Disordered Local Moment (DLM) [Gyo85], respectively.

The Green's functions were calculated for 16 complex energy points with the basis set including s, p,

d, and f states. The Screened Impurity Model (SIM) parameter was set to 0.9 for the electrostatic

correction to the single-site CPA. A 13� 13� 13 k-point mesh for reciprocal-space integration was

selected to ensure the numerical error below 1 meV / atom.

The Helmholtz free energy per atomic formula F (
 , [M i ],T ) is a sum of the magnetic free

energy Fmag(
 , [M i ],T ), the vibrational free energy Fvib (
 , [M i ],T ) and the electronic free energy

Fele(
 , [M i ],T ) [Vit09; Don17 ]. Speci�cally, Fmag was treated here as Eint (
 , [M i ])-T Smag([M i ]) with

Eint being the internal energy that depends on atomic volume 
 and a set of local magnetic moments

of individual species [M i ], Smag the magnetic entropy treated by a mean-�eld approximation for fully

random con�gurations [Gri89]: Smag=kB
P

i xi ln (jM i j+1) with kB denoting the Boltzmann constant

and xi the bulk number density of i . Fvib was evaluated by the Debye model [Mor88 ], where the

elastic Debye temperature � D was calculated via the mean velocity of single-crystal sound waves

according Refs. [Vit07a; Gri99a]. To compare the simulated and experimental polycrystalline shear

modulus G and Young's modulus Y , the Voigt-Reuss-Hill (VRH) averages [Hil52 ] of C 0and C44 were

adopted. C 0 and C44 were calculated as a function of 
 and [M i ] through the volume-conserved

orthorhombic and monoclinic distortions, respectively [Vit07a]. For Fele, the Fermi distribution

function was used as done by Wang et al. [Wan10] At a given temperature, the Helmholtz free energy
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at each volume was minimized as a function of [M i ].

4.3 Results and Discussion

Results from the above approach will now be compared to experimental measurements. At low

temperatures, the model slightly overestimates the values of G and Y for the alloy as compared to

the low-temperature experimental measurements from Laplanche et al. [Lap18] There is a constant

deviation of approximately 10 GPa for G throughout the whole temperature range. From an ab initio

perspective, this is not a signi�cant magnitude since a 1% increase of the lattice constant results

in a 5 to 10 GPa reduction of G. To test this assertion, the room-temperature elastic properties of

the alloy were determined by forcing the lattice constant to be the experimental value of 3.57 Å. In

doing this, the experimental measured results were reproduced perfectly where G and Y equal to

86 GPa and 214 GPa, respectively. The same is accomplished by shifting G down by 10 GPa, which is

done for all future comparisons between the theoretical and experimental G and Y as a function of

temperature.

Three submodels are compared to experimental trends as a function of temperature: the �rst

submodel only includes the vibrational contributions (Vib.), the second includes vibration and TSF

(Vib.+TSF), while the third includes all factors (Vib. +TSF+LSF). The electronic free energy contri-

butions are also included in all three submodels and their omission leads to only small changes in

the presented trends. These are presented in Fig. 4.1. Including only vibration leads to a decrease

in G and Y with temperature that is generally offset from experiment but the rate of change is

lower than the experiment, which leads to larger differences at higher temperatures. Adding TSFs

with magnetic moments �xed at their 0 K levels results in a slight improvement over the previous

submodel, but signi�cant deviations and non-linearity at high temperatures are evident, which are

caused by the divergence of thermal expansion predicted by this submodel. The Vib. +TSF+LSF sub-

model has a rate of change in moduli with temperature that is in close agreement with experimental

measurements and it also does not have the offset in moduli that is present in the other submodels.

Clearly, the inclusion of SFs, especially LSFs, is important in capturing the changes of G and Y as a

function of temperature.

To explore the underlying mechanism of how SFs in�uence the polycrystalline elastic moduli,

the single-crystal elastic moduli C 0and C44 need to be investigated due to a direct correlation with

G and Y by the aforementioned VRH average [Hil52 ]. The temperature derivatives of G and Y from

the VRH average are given in Eq. 4.1:

@Y

@T
=

9

(3� + 1)2
@B

@T
+

27� 2

(3� + 1)2
@G

@T
, (4.1a)

@G

@T
=

�
1

5
+

5� 2

(2� + 3)2

�
@C 0

@T
+

•
3

10
+

15=2

(2� + 3)2

˜
@C44

@T
. (4.1b)

In these equations, the dimensionless variables � and � signify C44=C 0and B=G (the Pugh's ratio
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Figure 4.1 The simulated and experimental [Lap18] Young's modulus Y (plain area) and shear modulus G
(shaded area) of the polycrystalline equiatomic CoCrFeNi MEA as a function of temperature.
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[Pug54]), respectively. Moreover, � and � were found to be largely insensitive to temperature and

submodel in the simulations. Therefore, the temperature derivatives of G and Y are proportional to

those of C 0and C44. It is found that both C 0and C44 decrease linearly with the temperature and,

thus, their temperature derivatives remain constant as T increases. The exception to this is the

high-temperature non-linearity in the Vib. +TSF submodel above 600 K, but even this submodel

is fairly linear in the lower temperature limit (300-600 K). Hence, @G=@T and @Y =@T are solely

dependent on @B=@T , @C 0=@T and @C44=@T and how those variables depend on SFs.

Table 4.1 Average (300-600 K) temperature derivatives of B, C 0, C44, Y , and G (in 10-2 GPa/ K) and values of
the dimensionless parameters � and � from the three different submodels.

@B
@T

@C 0

@T
@C44
@T � � @Y

@T
@G
@T

Vib. -5.5 -0.7 -2.4 3.8 2.0 -4.2 -1.4
Vib.+TSF -8.7 -0.8 -3.1 3.8 1.9 -5.8 -1.8

Vib.+TSF+LSF -6.6 -1.7 -4.0 4.1 1.9 -7.7 -2.9

The average temperature derivatives of B, C 0, and C44 and the average values of � and � within

300-600 K are listed in Table 4.1, along with those of G and Y calculated by Eq. 4.1. Comparing the

Vib. submodel to the Vib. +TSF+LSF submodel, all the derivatives are increasingly negative in the

latter. This leads to a larger decrease with temperature for this submodel. The in�uence of LSFs

induces increasingly negative temperature derivatives of C 0and C44 as compared to the submodel

that only includes TSFs. Although @B=@T is more negative without LSFs, @Y =@T is dominated by

@G=@T through @C 0=@T and @C44=@T . As a result, the more negative @B=@T has a less signi�cant

impact in the observed trends with temperature.

Table 4.2 Average (300-600 K) anharmonic and constant volume components of the temperature deriva-
tives of C 0and C44 (in 10 -2 GPa/ K) from the three different submodels.

(@C 0

@T )ah (@C 0

@T )cv (@C44
@T )ah (@C44

@T )cv

Vib. -0.7 -2.4
Vib.+TSF -0.8 -3.1

Vib.+TSF+LSF -1.0 -0.7 -3.5 -0.5

To further explore why the larger magnitudes of the temperature derivatives of C 0 and C44

arise when LSFs are included each single crystal elastic coef�cient was separated into a constant
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temperature (anharmonic) and a constant volume contributions. The former is induced by thermal

expansion that results from atomic vibrations, SFs, and electronic free energy, as well as their

coupling. The latter comes solely from the LSFs. A similar analysis was performed by Huang et al.

[Hua06] and the resulting separation is given in Eq. 4.2

� C(T ) � C(
 ,T ) � C(
 0,0) = C(
 ,T ) � C(
 0,T ) + C(
 0,T ) � C(
 0,0) = � C(T )ah + � C(T )cv. (4.2)

In this expression, C is a dummy variable representing either C 0or C44, the subscripts ah and cv

stand for anharmonic and constant volume, respectively. Here, C(V0,T0) is the 0 K value of C. The

anharmonic and constant volume components of @C 0=@T and @C44=@T of the MEA within the

three submodels are presented in Table 4.2. Incorporating TSFs, the magnitude of anharmonic

contribution to @C 0=@T increases slightly, while that to @C44=@T shows a more signi�cant increase

in magnitude. Additional gain in the anharmonic contribution is observed for each elastic constant

with the inclusion of LSFs.

The larger anharmonic contribution by including SFs was found to be associated with a sub-

stantial increase of thermal expansion coef�cient (TEC). To illustrate this, the average (300-600 K)

instantaneous TEC was calculated, which shows an increase from 16.6 to 27.5 (in � 10-6/ K) with the

inclusion of SFs. Addition of LSFs slightly increases the instantaneous TEC. The above is related to

the fact that larger magnetic moments are favored in larger volumes, which leads to an increased

magnetic entropy (free energy is reduced) and, thus, an increased TEC.

The constant volume component consists of individual elemental sources. To distinguish them,

C 0and C44 are shown in Fig. 4.2 as a function of the on-site magnetic moments for each individual

element at the ground-state volume. While one moment is varied in the alloy, all other moments

are set to zero. For a guideline to the rich limit of each species, similar DLM calculations for pure

elements in the same lattice geometry were also performed. As illustrated in Fig. 4.2, the general

trends of @C 0=@M i and @C44=@M i are similar when comparing trends in the alloy to those in the

elemental phases. In the pure elements, C 0 increases with MCr while it decreases with all the other

elements. C44 was found to increase with both MCr and M Ni while it decreases with MCo and M Fe.

In the MEA, the above trends hold but the contributions from Cr are suppressed substantially, and

both C 0and C44 display only a weak increase and nearly a plateau with MCr, especially the former.

Table 4.3 The anharmonic and constant volume components of the temperature derivatives of C 0and C44

(in 10 -2 GPa/ K) in Fe70Cr15Ni 15 [Vit09] and CoCrFeNi.

(@C 0

@T )ah (@C 0

@T )cv (@C44
@T )ah (@C44

@T )cv

Fe70Cr15Ni 15 -1.0 -0.9 -3.2 -0.8
CoCrFeNi -1.0 -0.7 -3.5 -0.5
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Figure 4.2 The changes in C 0and C44 of the pure elements (left column) and equiatomic CoCrFeNi MEA
(right column) with elemental magnetic moments. For the MEA, the 0 K 1200 K values are marked by open
circle and diamond, respectively. The net contributions from individual elements over this temperature
range are shown in the inset plots, where the error bars indicate the differences between the Fe contribu-
tion in Fe 70Cr15Ni 15 [Vit09] and that in the MEA. The y-axis values are all normalized by their correspond-
ing elemental concentrations.

39



To show the differences between the current MEA and conventional alloys, Table 4.3 presents

comparisons with those of a Fe 70Cr15Ni 15 austenitic steel [Vit09]. The anharmonic contributions to

@C 0=@T are identical in both alloys, while that to @C44=@T in the MEA is more negative by - 0.3� 10-2

GPa/ K. The constant volume components for both C 0and C44 of the MEA are less pronounced than

those in the steel. The inset plots of Fig. 4.2 give the speci�c contributions from individual elements

with temperature changing from 0 K to 1200 K. For both C 0 and C44, the temperature-induced

reductions are predominately from the LSFs of Co, followed by those of Fe, while those of Cr and Ni

are nearly trivial. The differences between the Fe contributions in the MEA and those in Fe 70Cr15Ni 15

are manifested by the error bars. Obviously, the Fe contribution in the MEA is much lower than that

in the steel, indicating a suppression of the LSFs of Fe in the MEA by the large chemical chaos. Due

to the equiatomic composition, the Co contribution appears to make up for the suppression of the

Fe contribution in the MEA as compared to the steel, but the overall constant volume components

of the temperature derivatives of C 0and C44 are still less negative than those in the steel.

4.4 Conclusions

Using �rst principles simulation we have explored the importance of SFs in predicting the �nite

temperature elastic properties of CoCrFeNi. While inclusion of all factors are important to predicting

the elastic properties of this equiatomic alloy, the results also suggest that SFs may also be important

in predicting the properties of CCAs with off-stoichiometric compositions in systems that sustain

�nite magnetic moments above the Curie temperature.
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CHAPTER

5

PREDICTION OF SHORT-RANGE ORDER

IN REFRACTORY HIGH-ENTROPY

ALLOYS

Reproduced from unpublished work which was in-preparation at the time of writing this disserta-

tion. Contributing authors: Yifeng Wu, and Douglas L. Irving

Refractory high-entropy superalloys (RHESs) exhibit impressive nanostructure-property rela-

tionships and have promise in next-generation high-temperature structural applications, which has

motivated extensive research into these materials. The design space, however, is compositionally vast

and complex due to the presence of multiple phases that differ in composition and short-range order.

To address these obstacles in a computationally ef�cient manner, an advanced approach combining

the mean-�eld density functional theory with parameters determined using machine learning tools

has been developed. This approach was implemented here to investigate AlMo 0.5NbTa0.5TiZr, which

exhibits an nanostructure consisting of cuboidal BCC precipitates coherently embedded within

the B2 matrix. It was found that Al and Zr were responsible for the formation of the B2 matrix. In

addition, the matrix and the precipitate were found to have very different elastic characteristics. The

matrix has a small elastic moduli and large anisotropy while the precipitate is elastically stiff and

nearly isotropic. Beyond the current �ndings, the parameters for the mean �eld approach are given

in the Supplemental Materials and these can be used in future efforts to predict the short-range

order, phase partitioning, and elastic properties of RHESs as a function of chemical composition.
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5.1 Introduction

There has been rapid growth of research on high-entropy alloys (HEAs), which contain �ve or more

alloying elements in an equi- or near-equiatomic composition. [Yeh04; Can04] Among the many

possible HEAs, refractory HEAs (RHEAs) are promising candidates that replace Ni-based superalloys

for next-generation high-temperature structural applications, owing to their superior strength

retention [Sen11a; Sen16a] and environmental (oxidization [Gor15; Gor16; Gor17], corrosion [Jay17;

Wan17], and wear [Pou16; Pou17]) resistances.

RHEAs reported to date have often exhibited a multi-phase nature at the room temperature

rather than remaining a single-phase random solid solution (RSS). [Sen18a] This originates from the

mixing enthalpy outweighing the con�gurational entropy contributions to the total free energy as the

temperature decreases. Nevertheless, the coexistence of multiple phases could lead to cocktail effects

beyond the Hume-Rothery rules, e.g. complex microstructural and nanostructural characteristics

that bene�t the mechanical properties of RHEAs.

Recently, the AlMo 0.5NbTa0.5TiZr RHEA [Sen11a; Jen16] has garnered much attention. It shows

an intriguing nanostructure that consists of cuboidal disordered BCC nano-precipitates coherently

embedded within an ordered B2 matrix. This leads to impressive strength retention with temperature

through the precipitation hardening. Since this alloy shares structural similarities with Ni-based

superalloys, although in an opposite fashion (in Ni-based superalloys, ordered L1 2 precipitates are

embedded within a disordered FCC matrix), such an RHEA is also referred to as a refractory high-

entropy superalloy (RHES). It is noted here that in this alloy, prolonged (on the order of a month) high

temperature annealing leads to extensive formation of intermetallics [Whi21a; Whi21b ], similar to

the Cantor alloy [Ott16; Pic16] and its CoCrFeNi subsystem [He17]. While these intermetallics would

ultimately in�uence the lifetime and reliability of the material, accounting for them theoretically

requires an approach that includes both multiple phases and local chemical ordering. In this letter,

we have explored the short-range order (SRO) and phase partitioning in a BCC / B2 system and will

return to the inclusion of multiple phases in future work.

To shed light on the SRO, phase partitioning, and their couplings to the mechanical responses of

RHESs, density functional theory (DFT) plays an indispensable role because it offers a bottom-up

route to capturing the electronic and atomic energies from quantum mechanics. While there has

been previous DFT work that used the conventional combination of the cluster expansion approach

and Monte Carlo simulation to explore SRO in RHEAs [Huh13; Kör17; FC17], challenges remain in

(a) improving the computational ef�ciency of these for quinary, senary, and higher-order systems,

and (b) including phase partitioning with tunable phase proportions. Alternatively, one can use the

mean-�eld framework implemented in the exact muf�n-tin orbitals theory (EMTO) [Vit00; Vit01]

and the multi-site coherent potential approximation (CPA) [Sov67; Gyo72] to study the SRO using a

small cell [Niu15 ]. However, direct EMTO-CPA calculations in these regards are still computationally

demanding owing to numerous combinations in the multi-dimensional compositional spaces

possible in RHESs in conjunction with phase partitioning. On top of all of this, there has also not
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been a systematic and ef�cient way to adding the couplings of vibrational free energies. A previous

study [Wid14] implemented ab initio molecular dynamics combined with the Monte Carlo. While it

is a comprehensive approach, it comes with a more signi�cant computational cost that may limit

its use in rapid compositional screening.

In this work, we introduce an approach that utilizes explicit EMTO-CPA calculations and condi-

tional polynomial regressions (a standard machine learning (ML) tool) to train mean-�eld expres-

sions for mixing enthalpies, Wigner-Seitz radius, and elastic constants of all possible binary alloys

of elements common to RHEAs. Approximate mean-�eld expressions for higher order systems with

arbitrary compositions are extrapolated using the trained coef�cients. This approach is adopted

here to predict the phase (BCC or B2) proportions, SRO in each phase, and resultant properties

of AlMo 0.5NbTa0.5TiZr. Excellent agreement with the experiments was found regarding the com-

positions, phase proportions, and lattice parameters of both phases. Several insights beyond the

experimental observations were also found. First, it is con�rmed that Al and Zr ordering is critical

to form the B2 matrix. Second, the BCC precipitate shows weak Mo ordering with Nb and Ta. Last

but not least, the B2 matrix has not only smaller elastic constants but it also has substantially larger

elastic anisotropy with respect to the precipitate.

5.2 Methods

In a mean-�eld crystal, a given lattice site can be occupied by more than one element with different

probabilities of occurrence, i.e. number densities. Therfore, elemental site probabilities are not only

in�uenced by neighboring lattice sites but also on-site contributions. Assuming that the many-body

interactions are minor contributions, the mixing enthalpy of the system would consist of an on-site

and inter-site component, each of which involves contributions from all possible chemical pair

interactions. In order to quantify the on-site and inter-site components, the inter-site component is

presumed to follow the semi-empirical Miedema's macroscopic model [Mie81], while the on-site

component is described by a polynomial regression model. Moving along this logic, the mixing

enthalpy per atom of the conventional 2-atom BCC crystal can be expressed ash shown in Eq. 5.1.

2� Hmix (� � � , x A
i , � � � , x A

j , � � � , x B
i , � � � , x B

j , � � � ) =
X

i j ,i > j

• X

pq

cpq
i j (x A

i )p (x A
j )q +

X

pq

cpq
i j (x B

i )p (x B
j )q + 2Ji j x A

i x B
j

˜
(5.1)

In Eq. 5.1, x A
i is the number density of element i in sublattice A. x A

j , x B
i , and x B

j have similar

meanings. cpq
i j s are the on-site interaction coef�cients and Ji j is the inter-site interaction coef�cient

between i and j . In fact, Eq. 5.1 is valid for all properties that rely on chemical interactions, e.g. the

excessive Wigner-Seitz radius � ! , bulk modulus � B, single-crystal elastic constants � C 0and � C44,

etc. relative to the Hume-Rothery sums.

To obtain cpq
i j s and Ji j s, the ML polynomial regression toolbox is invoked with the input from

EMTO-CPA calculations. We �rst calculate the Ji j s which are essentially the mixing enthalpies of fully
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ordered B2 crystal structures. A series of binary RSSs are then created with x A
i = x B

i =0,0.1,0.2, � � � ,1.

Subtracting the inter-site contributions from their total mixing enthalpies using the set of Ji j s leaves

us the on-site data. These are fed into the ML training processes for the cpq
i j s with the constraint that

the mixing enthalpies of elemental phases are null, namely, x A
i = x B

i =0 and 1. The trained Eq. 5.1

is enrolled into the ML testing processes where the ML mixing enthalpies of thousands of ternary

systems are aligned with those from direct DFT calculations. To check the generality of Eq. 5.1, it

has been trained and tested among the palette of 10 commonly used elements in RHEAs, including

Al, Cr, Hf, Mo, Nb, Ta, Ti, V, W, and Zr. The R2 value is found to be close to 1 for each of � Hmix , � ! ,

� B, � C 0, and � C44 with a small standard deviation of errors. Such high accuracy reinforces the

rationality of assumptions made in the present approach. The results of testing and the values of

c k
i j s and Ji j s are summarized in the supplemental materials.

To obtain cpq
i j s and Ji j s, the ML polynomial regression tool is used with the input from ex-

plicit EMTO-CPA calculations of binary alloys. We �rst calculate the Ji j s that are essentially the

mixing enthalpies of fully ordered B2 structures. A series of binary RSSs are then created with

x A
i = x B

i =0,0.1,0.2, � � � ,1. Subtracting the inter-site contributions from their total mixing enthalpies

using the set of Ji j s leaves us the on-site data. These are fed into the training processes for the cpq
i j s

with the constraint that the mixing enthalpies of pure elemental phases are null, namely, x A
i = x B

i =0

and 1. The trained formula of Eq. 5.1 is used in the testing processes where the �tted mixing en-

thalpies of thousands of ternary systems are compared with those determined from direct DFT

calculations. To check the generality of Eq. 5.1, it has been trained and tested among the palette of 10

commonly used elements in RHEAs, including Al, Cr, Hf, Mo, Nb, Ta, Ti, V, W, and Zr. The R2 value is

found to be close to 1 for each of � Hmix , � ! , � B, � C 0, and � C44 with a small standard deviation of

errors. Such high accuracy reinforces the rationality of assumptions made in the present approach.

The results of testing and the values of c k
i j s and Ji j s are given in the Supplemental Materials.

For all the aforementioned EMTO calculations, the Green's functions in EMTO are solved for

16 complex energy points with the basis set including s, p, d, and f states. The screened impurity

model parameter is set to 0.9 for the electrostatic correction to the CPA. The RSS and B2 structures

are constructed with the 1-atom primitive cell and the 2-atom conventional cell of BCC, respectively.

Herein, a 27� 27� 27k-point mesh and a 21 � 21� 21k-point mesh are used for RSS and B2, respectively,

to guarantee the numerical errors smaller than 1 meV / atom. The f electrons of Hf and Ta are counted

to be the valence electrons, and the soft core approximation is adopted. The ground-state total

energy, Wigner-Seitz radius, and bulk modulus are obtained through the �ttings of Vinet equation

of state [Vin87; Vin89]. The single-crystal elastic constants are derived by the standard volume-

conserved shearing approach [Vit07b].

To capture the in�uences of lattice vibrations on SRO and phase partitioning, the vibrational free

energies of an arbitrary RHEA system are determined by the Debye model, which is advantageous for

fast compositional screening as compared to explicit phonon dispersion calculations, and has been

used for phase stability [Ma15] and magnetoelastic effects [Wu19] in 3d transition metal-based HEAs.

The Debye temperature is physically correlated with the mean sound velocity vm [Vit07b], which
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can be calculated through the full ab initio method [Wu19] as long as the elastic stability criteria

are ful�lled [Vit07b]. However, these criteria may be broken in practice as a result of elemental

redistribution. Therefore, without loss of generality, it was determined here using a semi-empirical

approach [Mor88 ]: vm=0.617
p

B=� where � is the mass density.

The ultimate goal here is to minimize the total mixing free energy � G tot
mix by tuning the sublattice

compositions and phase proportions. Here, � G tot
mix =� H tot

mix -T Stot
conf +� F tot

vib with standard meanings of

the variables at the right-hand side is a weighted sum of individual phases. Stot
conf obeys the Boltzmann

formula, and � F tot
vib comes from the Debye model. A Python code that uses the NumPy module

[Har20] is developed to accelerate numerical computations of phase properties and self-organizing

elemental redistribution across sublattices and phases. Speci�cally, at a given set of temperature

and phase proportions, this code performs iterative intra-phase and inter-phase elemental swaps

until � Gmix is minimized. For the AlMo 0.5NbTa0.5TiZr RHES, two phases (phase � and phase � )

both with an initial uniform RSS composition are introduced, and the properties of the system are

determined for temperature between 0 K and 2000 K.

5.3 Results and Discussion

Figure 5.1 Left: the relative mixing free energy per formula unit as a function of phase � number density
and temperature (top: ML, bottom: DFT). Right: the equilibrium number densities of constituent elements
in the sublattices of each phase as a function of temperature.

The total mixing free energy per formula unit (f.u.) as a function of the number density of

phase � ( f � ) and the temperature ( T ) is illustrated in Fig. 5.1 (left). To highlight the extent of phase

partitioning, it is taken relative to that of single-phase RSS of the same composition. It can be seen

that there is an apparent convex hull at approximately f � =0.6 and T =0 K, giving a reduction of

total mixing free energy by around 0.2 eV / f.u. This convex hull �attens out as the temperature
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increases due to con�gurational entropy but it remains non-negligible up to � 1000 K, suggesting a

strong phase partitioning behavior. The lattice vibrations play an insigni�cant role on the location

of convex hull with composition, but increase the rate of �attening with temperature. This can be

seen by comparing Fig. 5.1 with Fig. 5.5 where the lattice vibrations are absent.

The underlying temperature-dependent sublattice compositions in phase � and phase � at the

optimized phase proportions are presented in Fig. 5.1 (right). As T decreases to � 1550 K, phase

partitioning emerges, where phase � has exhibits B2 ordering of Al and Zr, and phase � remains

disordered. Based on the compositions of each phase, the predicted phase � and phase � correspond

to the matrix and the precipitate observed in the experiments [Sen16a; Sen18b], respectively. At

� 1400 K, there is an onset of Mo ordering with Nb and Ta that occurs in phase � . With further

reduction in temperature, ordering is enhanced within both of these phases, but ordering is weaker

in phase � relative to phase � .

The ground-state sublattice compositions in each phase will now be reviewed. Al and Zr fully

segregate into phase � and polarize their distributions. Ti also accumulates in phase � but is equally

distributed on both sublattices. Phase � only contains Mo, Nb, and Ta, where Mo and Ta are polarized

into different sublattices while Nb is evenly distributed across them.

Table 5.1 The experimental and simulational chemical composition, number density, and lattice parame-
ter [Å] of each phase.

Al Mo Nb Ta Ti Zr vol. lat.

exp. [Sen16a]
� 25.9 5.5 14.2 4.0 24.1 25.9 61 3.304
� 3.7 15.6 31.8 21.9 17.2 9.5 39 3.269

sim.
� 23.8 4.9 13.8 5.3 23.6 28.6 60 3.327
� 8.1 18.3 32.1 18.8 16.7 5.9 40 3.272

Quantitative comparisons between the simulated results and experimental measurements are

a challenging task, primarily due to the potential sluggish diffusion. This is especially the case for

low temperature alloys as cooling the as-annealed material to room temperature would likely pin

the system at an unknown high-temperature state. To pinpoint the temperature that such a state

corresponds to, standard deviations between the calculated and the measured phase compositions

are minimized, yielding a value of 1330 K. The experimental and simulated chemical composition,

number density, and lattice parameter of each phase are tabulated in Table 5.1. Impressively, these

quantities exhibit little or negligible discrepancies between the simulation and the experiment.

Furthermore, it is worth mentioning that the present RHES was observed to be a single phase at an

annealing temperature of 1673 K [Sen16a], which is also true from Fig. 5.1.

The coherent B2 matrix and BCC precipitate has an orientation relationship h100i BCC// h100i B2,

f 001gBCC// f 001gB2. [Jen16] Such sharp coherency would create a strong stress �eld along speci�c
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Figure 5.2 The full directional dependencies of single-crystal Young's and shear moduli of each phase at
different temperatures.

crystallographic directions due to lattice mismatch or modulus difference, which interacts with the

dislocations and in turn in�uences the precipitate strengthening. Here, the directional dependencies

of the single-crystal elastic moduli of each phase are calculated according to Grimvall [Gri99b],

and their values at different temperatures are demonstrated in Fig. 5.2. In general, it is found that

phase � is extremely anisotropic while phase � is nearly isotropic. At room temperature (300 K), the

minimum (28.1) and maximum (210.8) Young's modulus of phase � are in parallel with [100] and

[111] directions, respectively, but an opposite trend exists in its shear modulus whose minimum

(13.8) and maximum (90.5) are along [111] and [100], respectively. Phase � is opposite to phase

� for both Y and G: Ymin =217.0 along [111], Ymax=297.1 along [100], Gmin =82.9 along [100], and

Gmax=104.5 along [111]. At 1000 K, the elastic anisotropy of phase � and the elastic isotropy of phase

� persist. Above 1550 K, these phases lose their identities by turning into a uniform single-phase

RSS and the whole alloy becomes moderately anisotropic as a result.

Polycrystalline elastic moduli are calculated by averaging over the single-crystal values, e.g. the

Hill average [Hil52 ] where the effective G is calculated as an arithmetic average of the Voigt bound

GV and the Reuss bound GR. The mathematical expressions of these bounds for cubic systems

are given by [Gri99b] GV=(2C 0+3C44)/ 5 and GR=5C 0C44/ (2C44+3C 0). The Young's modulus of the

polycrystalline material can be calculated as Y =9BG=(3B + G). The temperature-dependent bulk

modulus, polycrystalline Young's modulus, and shear modulus of phase � and those of phase �

are shown in Fig. 5.3. Clearly, there are dramatic differences between the elastic moduli of � and � ,

which are 80 GPa for B, 140 GPa forY , and � 60 GPa forG at 0 K. All of these difference reduce as T

approaches 1550 K. The difference between the lattice parameters of these phases is insigni�cant,

consistent with the data in Table 5.1.

Based on the above, insights into the AlMo 0.5NbTa0.5TiZr RHES will now be discussed. The

cuboidal precipitate was observed to be disordered BCC with the scanning transmission electron

microscopy (STEM) technique [Sen16a; Jen16], which instead contains weak ordering of Mo with Nb
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Figure 5.3 The polycrystalline bulk, Young's, and shear moduli of each phase as a function of temperature.
For each quantity, the difference between the two phases is highlighted by a shaded area.

and Ta from the simulation. Since Mo and Nb possess similar atomic masses as tabulated in Table

5.2, further studies with extra sensitivity to these elements are required to con�rm this prediction.

The number density of B2 matrix is as large as 60%, which may be the reason for the opposite

superalloy microstructure observed in the RHES as compared to conventional superalloys. Based

on the present simulation, the B2 matrix are elastically much weaker and more anisotropic relative

to those of the precipitates, causing limited ductility at room temperature. Therefore, to address this

issue, the inherent microstructure must be reversed [Mir20 ] and the elastic properties of the Al and

Zr-enriched phase must be modi�ed. Senkov et al. [Sen18b] studied the compositional variation

effects on the mechanical behaviors of derivative systems, but the parent RHES was still the best

among them. According to the simulated single-crystal and polycrystalline elastic moduli of each

phase, the precipitation hardening in the RHES is likely to be from modulus hardening [Ard85] due

to their substantial differences between the two phases, while the lattice mismatch contribution is

insigni�cant.

5.4 Conclusions

In summary, an advanced approach combining the mean-�eld DFT with the ML �tting has been

presented that includes the SRO, phase partitioning, lattice vibrations, and their couplings. Exploit-

ing this approach for the AlMo 0.5NbTa0.5TiZr RHES, excellent agreement with the experiment was

found in terms of the chemical compositions, number densities, and lattice parameters of both

matrix and precipitate. The Al and Zr ordering was con�rmed to be responsible for the formation

of B2 matrix. Different from the argument made in the experiment, the BCC precipitate contains

weak ordering of Mo with Nb and Ta. The matrix and the precipitate have substantially different

elastic properties, the former of which has small elastic moduli and large anisotropy, while the latter

is elastically strong and nearly isotropic.
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5.6 Supplementary Materials

Figure 5.4 Cross-validations for � Hmix [eV], ! [a.u.], B [GPa], C 0 [GPa], and C44 [GPa] of arbitrary ternary
systems in the BCC structure.

Figure 5.5 Left: the relative mixing free energy per formula unit as a function of phase � number density
and temperature (top: ML, bottom: DFT). Right: the equilibrium number densities of constituent elements
in the sublattices of each phase as a function of temperature. The contributions from lattice vibrations are
absent.
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Table 5.2 Ar [Da] (atomic mass), ! [a.u.], B [GPa], C 0 [GPa], and C44 [GPa] of pure Al, Mo, Nb, Ta, Ti, and Zr
in the BCC structure.

Ar ! B C0 C44

Al 26.982 3.009 69.3 -6.2 42.7
Cr 51.996 2.652 253.6 196.5 108.9
Hf 178.49 3.303 97.7 -6.5 87.9
Mo 95.95 2.944 248.7 173.9 118.6
Nb 92.906 3.080 159.9 74.2 35.8
Ta 180.95 3.095 186.9 71.3 99.8
Ti 47.867 3.030 103.7 1.2 65.6
V 50.942 2.789 177.1 80.6 37.2
W 183.84 2.970 294.2 179.7 153.9
Zr 91.224 3.325 81.8 8.8 64.1

Table 5.3 The cpq
i j s and Ji j of � Hmix [eV/ atom ] for each pair between Al, Mo, Nb, Ta, Ti, and Zr in the BCC

structure.

c11
i j c12

i j c13
i j c21

i j c22
i j c23

i j c31
i j c32

i j c33
i j Ji j

Al-Mo -0.307 -0.216 -0.001 -0.091 -0.215 1.041 0.123 -1.256 0.921 0.069
Al-Nb -0.247 -0.114 0.025 -0.133 -0.139 0.547 0.005 -0.686 0.741 -0.059
Al-Ta -0.183 -0.080 0.074 -0.103 -0.154 0.089 0.052 -0.244 0.549 0.044
Al-Ti -0.363 -0.165 0.243 -0.198 -0.408 -0.062 0.210 -0.346 1.088 -0.351
Al-Zr -0.115 0.015 0.133 -0.130 -0.118 -0.041 -0.012 -0.076 0.345 -0.364
Mo-Nb -0.055 0.008 0.099 -0.063 -0.091 0.216 0.029 -0.307 0.166 -0.121
Mo-Ta -0.029 0.030 0.074 -0.059 -0.043 0.444 -0.016 -0.487 0.087 -0.181
Mo-Ti -0.117 0.156 -0.108 -0.273 0.264 -0.440 -0.537 0.704 0.351 -0.083
Mo-Zr 0.059 0.164 -0.067 -0.105 0.230 -0.212 -0.335 0.443 -0.176 0.039
Nb-Ta 0.000 -0.001 -0.002 0.001 0.001 0.017 0.000 -0.016 -0.001 0.004
Nb-Ti 0.002 -0.015 -0.011 0.018 -0.004 0.043 0.021 -0.046 -0.007 0.022
Nb-Zr 0.027 -0.005 -0.015 0.032 0.010 0.034 0.022 -0.024 -0.080 0.092
Ta-Ti 0.060 0.023 -0.012 0.037 0.036 0.013 0.001 0.022 -0.180 0.051
Ta-Zr 0.032 -0.008 -0.026 0.039 0.018 0.025 0.021 -0.006 -0.095 0.163
Ti-Zr 0.097 0.053 -0.019 0.044 0.072 0.035 -0.027 0.037 -0.292 0.017
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Table 5.4 The cpq
i j s and Ji j of ! [a.u.] for each pair between Al, Mo, Nb, Ta, Ti, and Zr in the BCC structure.

c11
i j c12

i j c13
i j c21

i j c22
i j c23

i j c31
i j c32

i j c33
i j Ji j

Al-Mo -0.032 0.071 -0.070 -0.103 0.141 -0.088 -0.244 0.229 0.096 -0.062
Al-Nb 0.013 0.070 -0.033 -0.057 0.103 -0.046 -0.161 0.149 -0.039 -0.030
Al-Ta 0.023 0.082 -0.022 -0.059 0.104 -0.045 -0.162 0.148 -0.068 -0.046
Al-Ti -0.021 0.048 0.010 -0.069 0.038 0.046 -0.107 -0.008 0.063 -0.050
Al-Zr 0.034 0.016 0.010 0.018 0.006 0.077 0.012 -0.071 -0.101 -0.006
Mo-Nb -0.014 0.006 0.035 -0.020 -0.029 -0.209 0.009 0.180 0.041 -0.007
Mo-Ta -0.006 -0.002 0.018 -0.004 -0.020 -0.030 0.016 0.010 0.019 -0.012
Mo-Ti -0.016 -0.008 -0.017 -0.008 0.010 0.058 -0.018 -0.049 0.048 -0.042
Mo-Zr -0.057 -0.034 0.001 -0.023 -0.035 0.043 0.012 -0.078 0.171 -0.025
Nb-Ta 0.002 -0.004 0.006 0.006 -0.010 0.043 0.016 -0.053 -0.005 0.001
Nb-Ti 0.011 -0.005 -0.005 0.017 -0.000 0.061 0.017 -0.061 -0.034 -0.015
Nb-Zr -0.017 -0.019 -0.011 0.003 -0.008 0.108 0.011 -0.117 0.051 -0.006
Ta-Ti 0.018 0.001 -0.011 0.016 0.012 0.046 0.004 -0.034 -0.053 -0.014
Ta-Zr -0.031 -0.024 -0.001 -0.007 -0.023 0.029 0.016 -0.052 0.094 -0.003
Ti-Zr 0.006 0.004 -0.003 0.002 0.007 0.007 -0.005 -0.001 -0.017 0.005

Table 5.5 The cpq
i j s and Ji j of B [GPa] for each pair between Al, Mo, Nb, Ta, Ti, and Zr in the BCC structure.

c11
i j c12

i j c13
i j c21

i j c22
i j c23

i j c31
i j c32

i j c33
i j Ji j

Al-Mo 14.8 -5.8 -18.6 20.6 12.8 -70.7 7.8 83.5 -44.4 11.8
Al-Nb 11.7 -7.9 -6.9 19.6 -1.0 -59.5 20.6 58.5 -35.2 25.9
Al-Ta -0.8 -21.2 -22.2 20.4 1.0 2.6 19.4 -1.6 2.4 31.5
Al-Ti 18.4 -2.4 -26.0 20.8 23.6 18.0 -2.8 5.6 -55.1 25.6
Al-Zr 1.5 -4.4 14.2 5.9 -18.6 -63.6 24.5 45.0 -4.5 26.0
Mo-Nb -5.6 -10.1 -1.1 4.5 -9.0 27.4 13.5 -36.4 16.7 0.8
Mo-Ta -2.9 8.6 11.2 -11.4 -2.7 -198.0 -8.8 195.4 8.6 1.8
Mo-Ti -10.4 -28.5 8.0 18.2 -36.5 151.9 54.7 -188.4 31.1 -10.5
Mo-Zr -29.1 -12.9 25.8 -16.2 -38.7 21.0 22.5 -59.6 87.4 -24.6
Nb-Ta -3.3 12.2 32.3 -15.5 -20.1 -140.3 4.6 120.2 10.0 0.5
Nb-Ti -1.3 2.0 -5.3 -3.3 7.3 -25.7 -10.6 33.1 3.8 -2.2
Nb-Zr -7.3 11.8 16.8 -19.1 -5.0 -155.5 -14.2 150.5 21.9 -7.6
Ta-Ti -0.2 1.3 -11.9 -1.5 13.2 -10.2 -14.7 23.4 0.6 -3.7
Ta-Zr -10.2 3.8 15.7 -14.0 -11.9 -76.4 -2.1 64.4 30.5 -9.4
Ti-Zr -4.8 2.1 6.0 -6.9 -3.9 -18.3 -3.0 14.4 14.5 -2.6
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Table 5.6 The cpq
i j s and Ji j of C 0 [GPa] for each pair between Al, Mo, Nb, Ta, Ti, and Zr in the BCC struc-

ture.

c11
i j c12

i j c13
i j c21

i j c22
i j c23

i j c31
i j c32

i j c33
i j Ji j

Al-Mo -59.9 -33.2 -54.4 -26.8 21.2 -238.9 -48.0 260.2 179.8 -19.9
Al-Nb 39.0 22.7 -4.9 16.3 27.6 -123.5 -11.3 151.2 -117.1 -38.7
Al-Ta 39.8 -2.3 -73.8 42.1 71.5 71.4 -29.3 0.1 -119.5 -40.1
Al-Ti 62.5 17.9 -89.9 44.6 107.8 127.7 -63.2 -19.9 -187.5 -4.5
Al-Zr 44.1 -2.2 -54.1 46.3 51.9 58.6 -5.5 -6.8 -132.3 -10.3
Mo-Nb -64.4 -80.0 -100.3 15.6 20.3 59.5 -4.7 -39.2 193.1 71.2
Mo-Ta -93.0 -55.2 49.2 -37.8 -104.4 -501.2 66.6 396.8 279.0 66.6
Mo-Ti -65.4 -84.7 85.4 19.3 -170.1 336.5 189.4 -506.6 196.3 28.0
Mo-Zr -100.6 -89.9 68.5 -10.7 -158.4 197.1 147.7 -355.5 301.7 28.0
Nb-Ta -49.3 -24.7 4.9 -24.7 -29.6 -14.8 4.9 -14.8 148.0 36.8
Nb-Ti -14.7 -3.2 13.2 -11.5 -16.5 -14.2 5.0 -2.3 44.1 18.3
Nb-Zr -34.9 -13.7 18.0 -21.2 -31.7 -20.3 10.5 -11.3 104.6 17.2
Ta-Ti -22.3 -11.1 2.2 -11.1 -13.4 -6.7 2.2 -6.7 66.8 16.6
Ta-Zr -34.9 -10.5 15.5 -24.4 -25.9 -27.5 1.5 1.5 104.6 13.4
Ti-Zr -9.5 -4.7 0.9 -4.7 -5.7 -2.8 0.9 -2.8 28.5 7.1

Table 5.7 The cpq
i j s and Ji j of C44 [GPa] for each pair between Al, Mo, Nb, Ta, Ti, and Zr in the BCC struc-

ture.

c11
i j c12

i j c13
i j c21

i j c22
i j c23

i j c31
i j c32

i j c33
i j Ji j

Al-Mo 2.5 -47.6 -124.7 50.2 77.1 -129.9 -26.9 207.0 -7.6 64.5
Al-Nb 96.8 38.7 -10.8 58.1 49.5 -117.9 8.7 167.4 -290.4 30.4
Al-Ta 64.1 -41.7 -185.9 105.8 144.2 241.0 -38.4 -96.8 -192.4 30.4
Al-Ti 56.1 2.9 -102.0 53.2 104.8 68.3 -51.6 36.5 -168.3 44.3
Al-Zr 14.5 -30.0 -48.1 44.5 18.1 -53.4 26.4 71.5 -43.4 27.6
Mo-Nb -63.5 -62.0 -30.8 -1.5 -31.2 -24.1 29.7 -7.1 190.4 37.9
Mo-Ta -127.9 -71.4 90.7 -56.4 -162.2 -390.1 105.7 228.0 383.7 42.3
Mo-Ti -97.8 -68.8 29.0 -28.9 -97.8 292.9 68.8 -390.7 293.3 10.6
Mo-Zr -130.0 -87.5 37.0 -42.5 -124.4 203.9 81.9 -328.3 390.0 14.6
Nb-Ta -36.8 -20.4 4.4 -16.4 -24.8 -16.3 8.4 -8.6 110.4 33.6
Nb-Ti -7.7 -6.6 12.0 -1.2 -18.6 23.9 17.5 -42.5 23.2 19.5
Nb-Zr -45.9 -32.5 9.8 -13.4 -42.3 14.8 28.9 -57.1 137.7 25.4
Ta-Ti -45.1 -19.2 13.3 -25.9 -32.5 13.7 6.6 -46.2 135.2 34.3
Ta-Zr -79.7 -36.0 6.1 -43.8 -42.1 -15.0 -1.7 -27.1 239.2 32.5
Ti-Zr -31.6 -23.7 -0.4 -7.9 -23.3 -33.6 15.3 10.4 94.8 30.9
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CHAPTER

6

INFLUENCE OF SPACE CHARGE ON

CONDUCTIVITY OF NANOCRYSTALLINE

SRTIO3

Reproduced with minor edits from Journal of Applied Physics 128, 014101, 2020.[Wu19] Contribut-

ing authors: Yifeng Wu, Preston C. Bowes, Jonathon N. Baker, and Douglas L. Irving.

A grand canonical multiscale space-charge model has been developed to study and predict the

electrical properties of polycrystalline perovskites with complex defect chemistries. This model

combines accurate data from hybrid exchange-correlation functional density functional theory

calculations (defect formation energies, resultant grand canonical calculations of defect concentra-

tions, and ionization states) with �nite-element simulation of the electric �eld and its coupling to

defect redistribution and reionization throughout the grain. This model was used to simulate the

evolution of the oxygen partial pressure-dependent conductivity of polycrystalline acceptor-doped

strontium titanate as grain size decreases, and the results were compared to previous experiments.

These results demonstrate that as the grain size is reduced from microscale to nanoscale, the ex-

perimentally observed disappearance of ionic conductivity and forward shift of the oxygen partial

pressure of the n-p crossover are successfully reproduced and explained by the model. Mechanisti-

cally, the changes to conductivity stem from the charge transfer from the grain boundary core into

the grain interior, forming a space charge layer near the grain boundary core that perturbs the local

defect chemistry. The impact of grain size on the electrical conductivity and the underlying defect
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chemistry across the grain are discussed. In addition to the �ndings herein, the model itself enables

exploration of the electrical response of polycrystalline semiconductor systems with complex defect

chemistries, which is critical to the design of future electronic components.

6.1 Introduction

Strontium titanate, or STO, is a prototypical perovskite material that has a wide indirect bandgap of

3.25 eV[VB01] and a high room-temperature dielectric constant of 300 [Sam66]. STO and its alloys

have a wide range of current commercial uses (substrates for thin-�lm growth [Low96; Izy07; Hui09 ],

varistors [Kub15; Uen03; Wan08], and capacitors [Bur72; Kis03; Was89]) and also exhibit promise

in a number of next-generation applications (sensors [Ger91; Fer07; Men99; Hu04], memristors

[Szo06; Fle16], and fuel cells [Mar02; Tao03; RM06]). There has been much work recently to re�ne

the models for the property-processing relationships in single crystal STO so as to understand the

roles of doping strategies and processing environment on the emergent properties of the point

defect ensemble. [Bak17; Bow18; Bak18a; Bak18b; Bow20b] However, STO polycrystals are typically

used instead of single crystals in many applications, due to cost and partial mitigation of long-term

degradation behavior, among other factors. Therefore, it is critical that models capture the in�uence

of microstructure to facilitate understanding and exploitation of structure -property-processing

relationships when engineering the electrical response of this material system.

Previous models have been used to explore the development of space charge (SC) in the vicinity of

grain boundaries (GBs) in electroceramics [Vol94; Mai95; Vol97; Hag98; Kna00; Tul00; Tsc01; Guo01b;

Guo03; Bal07; DS09; Lup10; Cao19; DS19] but explicit simulation of the grain size dependency of

the electrical conductivity has been limited, especially for nanocrystals. [Tul00; Tsc01; Guo01b;

Guo03; Lup10] Addressing these issues requires the combination of the emerging paradigm of

coupled grand canonical thermodynamics and high �delity hybrid exchange-correlation functional

density functional theory (DFT) calculations with multiscale simulations. Such a model would

self-consistently capture the behavior changes with space when the ensemble of defects interacts

with the electric �eld and extended defects within the polycrystalline materials. Assessing the results

from and the validity of approximations made in such a model is also a challenge without the

available experimental measurements. Fortunately, a recent article by Lupetin, Gregori, and Maier

[Lup10] collected relevant measurements across grain size and processing conditions, against which

such a model can be tested. In doing so, new mechanistic insights have been obtained into how the

SC layer near the GB core behaves as grain size is altered, how it interacts with the defect ensemble

in the grain interior, and how dopant segregation can change the effective doping level in some

conditions. The elemental segregation predicted from the present model is consistent with a series

of experiments, such as the Al and Sr vacancy segregation examined by Chiang & Takagi [Chi90] and

Mizoguchi et al. [Miz05], respectively.

This paper is organized as follows: The details of the multiscale SC model developed for this

study are described �rst. Then the evolution of electrical conductivity of a simulated acceptor-
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doped polycrystalline STO sample from this model is shown as a function of oxygen partial pressure

(PO2
) as grain size decreases from microscale to nanoscale. Reduction of grain size led to: (a) the

disappearance of the ionic conductivity, and (b) a forward shift in the PO2
of the n-p crossover, i.e. the

PO2
at which the electronic component of the total conductivity reaches the minimal value. Both of

these are consistent with the experiment. The local conductivity near the GB core is examined and

related back to the underlying local defect chemistry. Finally, the conclusions and their signi�cance

for future research are discussed.

6.2 Methods

In order to capture the underlying physics of electrical behavior in systems with multiple types of

interacting defects (e.g. point defects and GBs), a solid understanding of their individual behaviors

is needed. Until very recently [Var14; Jan14; Bak17; Bow18; Bak18a; Bak18b; Bow20b], point defect

behavior in STO, and in oxides in general, has almost always been treated with a canonical defect

reaction formalism where the point defects and atoms in the crystal are treated as participants in

charge and mass balanced reactions. The reaction constants that describe these relationships are �t

to available experimental data; for oxides, this has often meant that certain assumptions are made for

high-temperature electrical conductivity, regarding the electron and hole mobilities, the character

of predominant point defects, and the extent of reaction. Although the actual defect chemistries

within the given experimental samples may be very complicated due to the ensemble of background

impurities inevitably involved from the fabrication processes, the canonical approach enables a �rst

impression of understanding the underlying defect chemistries, and usually quantitatively connects

well with the experimental measurements owing to the �tting procedures and is good for initial

interpretation and the development of mechanistic hypotheses.

However, this approach has two fundamental limitations. First, a simple exponential form is

often used to �t the assumed defect reactions. While this can usually reproduce the high-temperature

conductivity, there are regimes where there are not enough degrees of freedom to reproduce the

quenched-in behavior; this is particularly troubling given the dif�culty of obtaining low-temperature

electrical measurements to �t against in this material system. [Bow20b] Second, given the number

of impurities typically present in ceramic grade materials and large number of con�gurations any

single impurity can incorporate in, it is not experimentally feasible to isolate enough unique doping-

processing regimes to directly obtain all of the relevant reaction constants. [Bow18; Bak19; Bow20b]

Furthermore, it is not computationally feasible to directly model all of the relevant canonical defect

reactions; the length scales and number of interactions required rule out the use of the requisite

level of theory (that is, a minimum of hybrid exchange-correlation DFT) needed to properly treat

bonding and orbital splitting in a semiconductor or insulator.

As an alternative to the canonical defect reaction scheme, this process can be treated as a self-

consistent energy minimization within the grand canonical thermodynamics ensemble, which

does not suffer from the same scaling limits. Both treatments capture aspects of species exchange
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between the processing environment and crystal as well as charge transfer processes between

different types of point defects and bulk electronic bands. However, the grand canonical approach

has the advantage that the point defects and point defect complexes can all be simulated individually

at the appropriate level of theory, and the results of this can then be combined when solving for defect

concentrations in the grand canonical ensemble for each processing-doping regime of interest.

Also, this treatment is compatible with arbitrary ensembles of background impurities. Although this

may be still quite computationally demanding, it is at least tractable with current technology, and

requires many fewer assumptions about predominant defect species and charge states.

GBs are quite complex as well and dif�cult to directly address with high �delity �rst principles

calculations. There are a high number of competing GBs and they have an even higher computational

expense than that of point defects, given the larger length scales and degrees of freedom. Altogether,

these factors make it intractable to directly simulate a full set of GBs at this time. Nevertheless,

some simpli�cations and generalizations can be made based on available experimental evidence,

allowing one to capture the in�uence of GBs through the construction of an effective GB that behaves

similarly to the actual GB ensemble. The available literature suggests that in STO, {100} GB interfaces

dominate in most cases, and that in general, these GBs are nonstoichiometric, exhibiting excess

Ti, or excess Sr and Ti, as compared with the rest of the material, [McG94; Bro98b; Bro96; Bro98a;

Bro99; Kim01; Tak14; Gao18], which might be associated with oxygen vacancy migration. Such a

general excess provides a route to approximate the electronic nature of the of the GB ensemble.

Figure 6.1 (a) Electronic band structures of ideal bulk and metal-rich GB. The shaded areas represent the
�lled states in an otherwise defect-free system. The localized states in the metal-rich condition are marked
by dashed lines. (b) Spatial description of electron transfer process. (c) Real-space band diagram from
periodic SC model. Notes on the variables: Ev-valence band maximum, Ec-conduction band minimum,
Eg -bandgap, � e-Fermi level, g2D-sheet density of GB in-gap states, d -grain size.

Before the nature of the GB electronic states is discussed, the electronic structure of the ideal bulk

will be quickly reviewed for reference. In bulk, defect-free STO, Ti and Sr donate their electrons to O,

becoming positively charged while O becomes negatively charged. Overall, these form a globally
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charge neutral unit cell. As illustrated in Fig. 6.1(a), the Sr 5s states lie far above the conduction band

minimum, the Ti 3d states form the conduction band, and the newly �lled O 2p orbitals make up

the valance band.

In the case of metal excess, or equivalently, O de�cient, there will be electronic states associated

with the dangling bonds of the excess metal. The electrons in these states would normally transfer to

oxygen related states in the valence band in a stoichiometirc material, but now, they cannot because

the GB is oxygen de�cient and all other oxygen states have been �lled, leading to the electrons

remaining in the dangling bonds and �lling states near the conduction band, i.e. donor states. This

is illustrated in Fig. 6.1(a) and is consistent with the experimental observations. [Kim01; Szo06]

Spatially, the electrons in the dangling bonds would also be localized within the GB core, where

the crystalline periodicity has been broken. If no other defects were present in the system, these

electrons would remain in the dangling bonds as they would have no means to lower their energy,

e.g. by transfer to a defect state lower in the gap and the system would be uniformly charge neutral

at 0 K.

In real materials, point defects are present and consist of a combination of native defects (e.g. va-

cancies, anti-sites, etc.) and intentional or unintentional impurities. In practice, nominally undoped

ceramic grade STO is typically acceptor-doped due to the background impurities present in source

materials and fabrication processes in addition to the presence of cation vacancies. [Bow18; Bow20b]

The presence of acceptors in the material provides a route for the polycrystalline material to lower

the total electronic free energy through transfer of electrons in the cation dangling bonds in GBs to

these acceptor levels, also illustrated in Fig. 6.1(a). Unlike the uniformly distributed acceptors in

the bulk, the electrons in the dangling bonds reside in the GB core. Transferring them to acceptors

leaves behind a positive GB core, illustrated in Fig. 6.1(b). Energetically, any acceptor state could

be �lled but the electrostatic potential in the material must satisfy Poisson's equation, leading to

acceptors near the GB core being �lled �rst and, thus, forming a negatively charged SC layer near

the GB core. Such an SC layer can also drive acceptor segregation and donor depletion.

Based on the above picture, and as a �rst-order approximation, the GB electronic character

will be treated as shown in Fig. 6.1(c): a narrow strip of states near the conduction band minimum

with electrons that can be transferred to other defect related states. A small amount of dispersion is

included, since in the real system there will be dispersion from the proximity of one donor to the

next within the plane of the GB. The sheet density of the number of states was calculated based on

the lattice of STO and the states were assumed to be shallow donors. The sheet density, dispersion,

and energy levels were chosen as a priori parameters in this model, but the overall results were

found to not vary strongly with these choices, so long as the GB in-gap states were donor-like and

relatively shallow. Only with this set of assumptions were all experimental observations successfully

reproduced.

The effective GB DoS described above is developed by geometric considerations and assump-

tions consistent with those made by Szot et al. [Szo06]: using a lattice constant of 3.9 Å, the areal

density of Ti atoms for a single-unit-cell thickness is 6.57 � 1014 cm � 2. Assuming that one in ev-
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ery four Ti atoms is excess, and will donate two electrons to elsewhere in the material, this yields

3.28� 1014 cm � 2 planar donor states. Then, assuming a rectangular DoS with a width of 0.1 eV, the

average sheet DoS works out to 3.28 � 1015 cm � 2 eV� 1.

Consider again, then, how these systems interact: in a system approaching thermodynamic

equilibrium, electron transfer will occur between the GB states and point defect ensemble until

the system energy is at a minimum and the Fermi level is spatially constant, while the system as a

whole remains charge neutral. As the GB core transfers electrons into available lower energy states

in the grain interior, it becomes positively charged while the region near the GB core accumulates

negative charge, forming the SC layer. This charge transfer induces an electrostatic potential that

bends the carrier bands, and collectively these processes change the free carrier concentrations

and ionization fractions of the point defects in the SC layer. During the reionization process, the

formation energies of the defects change with the electrostatic potential, and these effects can lead

to measurable defect redistribution in the absence of kinetic constraints. At the end of this process,

a negative SC layer will have developed on either side of the positively charged GB core. Ultimately,

this will lead to a system acting as a back-to-back Schottky contact whose barrier height depends on

the GB density of states (DoS), the dielectric constant, and the processing and doping of the grain

interior (i.e. native and impurity defect concentrations).

From the previous discussion, and the fact that the measured conductivity is always along a

speci�c direction (i.e. it passes through GBs), a one-dimensional periodic SC model is adopted,

and solved for numerically on a �nite-element mesh. The real grain ensemble is then treated as

a series of identical effective grains repeatedly distributed in the one-dimensional position space.

This effective grain is illustrated in Fig. 6.1(c) along with GB charging, SC layer development, and

resultant band bending. Note that this is an approximation of the true system and shouldn't be

expected to capture every complexity with GBs in the materials, but does allow for a �rst order

model of how donor type GB cores interact with an underlying defect chemistry.

Table 6.1 The select point defects simulated by DFT in a modi�ed Kröger-Vink notation. oct and tet refer
to as octahedral and tetrahedral interstitial sites, respectively. DX represents a displaced con�guration of
the defect structure away from the substitutional site.

Species Charges Species Charges Species Charges

AlSr -2..4 SrTi -3..2 vO 0..4
AlSr,DX -2..2 Sroct 1..3 vO-vTi -4..2

AlTi -2..2 Srtet 1..3 vSr -6..1
AlTi -vO -1..3 TiSr -1..6 vTi -5..1

Aloct 1..6 TiSr,DX -1..3
Ooct -3..-1 Tioct 3..5
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For this work, DFT calculations for native and Al-related point defects were performed using the

HSE06[Hey03a; Hey03b] exchange-correlation functional in VASP [Kre93; Kre94; Kre96a; Kre96b]

and a kinetic energy cutoff of 520 eV. The HSE exact exchange amount of 0.2362 was used to �t the

experimental bandgap. This fraction also leads to improvements in the prediction of bulk lattice

parameters and formation enthalpy as well as improving charge localization and the position of

defect states in the bandgap. [VB01; Kok15; Oka73; Jac11; Bak17; Bow20b] All defect calculations

were performed with collinear spin polarization and 135 or 180 atoms for the isolated and �rst

nearest-neighbor complex point defects, respectively. Atoms within 5 Å with respect to each defect

center were allowed to relax. Detailed analyses of these results, and convergence testing, have been

reported in previous works and found that the errors are on the order of 0.1 eV. [Bow18; Bak18b] A

full list of defects and the charge states considered is given in Table 6.1.

The formation energies derived from these simulations are then used as input to a grand canon-

ical thermodynamics model. [Gad13; Bak17; Har18; Bow18; Bak18b] For the bulk case, this model

gives concentrations of defects in all possible charge states, the charge carrier concentrations, and

the Fermi level for particular processing and doping scenarios, where the energy of each charge

state of each defect is described by Eq. 6.1. In this expression, E tot
D q and E tot

bulk are the total energies

of the defective supercell and the bulk supercell, respectively. � i reads the chemical potential of

speciesi in the reservoir, and n i is the exchanged number of atoms of species i between the material

and the reservoir. The sum of the variables within the parentheses is the chemical potential of the

electron with Ev and � e denoting the valence band maximum and the Fermi level relative to Ev,

respectively. E corr
D q is an energy correction term due to the �nite-size effect in the supercell technique

and is determined by the approach of Kumagai and Oba [Kum14]. This treatment is extended to

�nite temperatures as described in Baker, Bowes, and Irving [Bak18a] and Bowes et al. [Bow18]

E f ,eq
D q = E tot

D q � E tot
bulk + q (� e + Ev) �

X

i

n i � i + E corr
D q (6.1)

Within the grain, the defect formation energies are perturbed by the electrostatic potential, � , and

thus change along the axis normal to the GB, x . For the native elements that are not conserved, i.e. Sr,

Ti and O, the relevant defect formation energy within the grain, E f
D q , can be directly determined

by adding e q� (where e is the elementary charge, equal to 1.609 � 10� 19 C) to Eq. 6.1, with �

taken relative to Ev. [Yan17b; Bow19] For concentration-conserved quantities (namely, impurity

concentrations), besides e q� , a mathematical quantity, �� i , (a constant change of � i ) needs to be

introduced so that the spatial integration of the impurity concentration meets the prescribed total

doping level. Combining all of these yields

E f
D q = E f ,eq

D q + e q� �
X

i

n i �� i (6.2)

Here, �� Sr, �� Ti and �� O are zero due to the unconserved concentrations of Sr, Ti and O (i.e. these

quantities can come to equilibrium with their reservoirs). It should be noted that neither the im-
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purity or native internal chemical potentials in the solid will be constant and will, ultimately, be

perturbed by the electric potential energy. [Fra81; DS09] In equilibrium, the total chemical potential

(or electrochemical potential) will be constant across the solid [Kit98] and this balance is at the

core of the approach being discussed in this section. Due to the band bending within the SC layer,

the energies for generating electrons and holes are changed by - e� and e� , respectively. [Yan17b;

Bow19] This is similar to the changes in defect formation energies.

For nondegenerate systems, Boltzmann statistics is valid for �nite-temperature concentrations

of both carriers and point defects. Integrating this with Eq. 6.2 as well as band bending, the ther-

modynamic equilibrium concentrations of electrons, holes, and point defects are summarized

respectively as

n = n eq exp
e�

kBT
(6.3a)

p = p eq exp�
e�

kBT
(6.3b)

[D q ] = [ D q ]eq exp�
e q� �

P
i n i �� i

kBT
(6.3c)

n , p , and [D q ] are the in-grain concentrations of electrons, holes, and point defect, respectively. The

subscript eq attached to either of these quantities refers to its bulk value. By using the output from

Eqs. 6.3, the local conductivity, � loc , can be calculated by � loc=e(n � n +p � p +2[v2
O]� v2

O
), where all the

variables have their standard meanings but, it is noted that � n , � p , and � v2
O

in this expression only

represent the mobility of electrons, holes, and oxygen vacancies, respectively, and not the chemical

potentials as used elsewhere. Herein, the temperature-dependent mobilities of the carriers and

oxygen vacancy were taken from Denk et al. [Den95] Due to the linear relationship between the

conductivity and the mobility, using another experimental source for these quantities does not

in�uence the simulated trends. The global conductivity is �nally numerically evaluated by summing

the resistances of the �nite elements making up the simulated grain.

The electrostatic potential, � , relative to the valence band maximum, Ev, is numerically deter-

mined by solving the Poisson's equation for electrostatics:

�
d2�

dx 2
=

e

� r � 0
� =

e

� r � 0

 

� n + p +
X

D ,q

q [D q ]

!

, (6.4)

where � r and � 0 are the dielectric constant and the vacuum permittivity, respectively, and � is

the net SC number density from the balance of electrons, holes, and charged point defects. The

experimental value of the temperature-dependent � r of STO was adopted from Samara [Sam66].

Eq. 6.4 is a nonlinear partial differential equation, the solution to which depends sensitively on the

boundary conditions.

As shown in Fig. 6.1(c), the boundary condition of Eq. 6.4 corresponds to the band offset, Eb , due

to the band bending at the GB core. This is written as � (xmin )= � (xmax)=-Eb =e, a Dirichlet boundary

condition, and it must be determined self-consistently by the global charge neutrality during the
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simulation as it is interrelated to all other quantities. The equation for this is:

0 = � 2D +

Z xmax

xmin

� dx (6.5)

where, � 2D is the sheet charge density within the GB core and the �nal term is the spatial integration

of the charge density within the grain interior, which are both functions of the Fermi level, band

offset, and band bending. The above self-consistent set of equations (Eqs. 6.1 to 6.5) is then solved

using the FEniCS �nite-element package [Aln15; Log12b; Log10; Log14; Ølg10; Aln09; Kir04; Kir06],

yielding defect concentrations, ionization states, carrier concentrations, electrostatic potential,

band bending, the GB electrostatic barrier height, and local and global conductivity.

6.3 Results and Discussion

To be consistent with the experiment, the global electrical conductivity was simulated with decreas-

ingly grain sizes 1 micron, 50 nm, and 30 nm, wherein the SC and grain interior contributions of the

1 micron case were separately calculated. The simulated global electrical conductivity of the present

polycrystalline Al:SrTiO 3 as a function of P O2
with these different grain sizes is shown in Fig. 6.2.

From this �gure, it is clear that as the grain size decreases, the disappearance of the ionic

component of the total conductivity and the forward shift of the np-crossover PO2
are in excellent

agreement with the experimental measurements [Lup10]. Speci�cally, the overall forward shift of

the np-crossover PO2
is about twelve orders of magnitude from the bulk case ( 10-9 Pa) to the 30 nm

case (103 Pa). From the SC contribution of the 1 micron case to the 50 nm case, this PO2
shift is also

consistently three orders of magnitude. However, there is a slight deviation from the experiment that

the PO2
shift from the 50 nm case to the 30 nm case is only two orders of magnitude in the simulation

but four in the experiment. This discrepancy could be due to a number of factors, including (in a

decreasing order of probability) incorrect mobility values, not accounting for all the background

impurities, incorrect temperature dependencies of the band edges and defect levels, or differences

between the assumed GB in-gap states and the real ones. Nevertheless, these results show that the

present model successfully captures most of the underlying physics behind the experiment.

The above SC-driven changes in the global conductivity motivates naturally investigations of

the local conductivity inside the SC layer, which is demonstrated in Fig. 6.3. Each row corresponds

to a speci�c PO2
: from top to bottom, 10-15, 10-5 and 105 Pa, which represent reducing, intermediate,

and oxidizing atmospheric regimes, respectively. Inside each row, the local conductivity responses

towards the grain size gradually decreasing from 1 micron to 50 nm are given from left to right. The

results of the 30 nm case are omitted in this �gure due to their close similarities to those of the 50

nm case. The position of the GB interface is set to the origin of the spatial x axis.

For the 1 micron case, the contributions from electrons, holes, and v2
O to the net local conductivity

are substantially perturbed from their bulk values, each of which varies sensitively with PO2
. At 10-15

Pa, the bulk conductivity is dominated by v 2
O, while the SC conductivity is purely electronic due to
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Figure 6.2 The global conductivity as a function of PO2
with decreasing grain size at 540 � C. The electronic

and ionic components of the bulk conductivity are differentiated by dashed and dotted lines, respectively.
For the 1 micron case, only the SC contribution is shown, while the grain interior contribution is identical
to the red lines.
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the enhancement of electron contribution and the depression of v2
O contribution. This electronic

layer possesses a width of 20 nm at this temperature with a local conductivity an order of magnitude

higher than the bulk reference. At 10-5 Pa, the enhancement of electron conductivity persists but

is not as strong as the above, and the hole conductivity is also depressed within the SC layer. At

105 Pa, the electron enhancement effect becomes less signi�cant and hole conductivity becomes

observable in the SC layer, but is still slightly depressed from its bulk value. Conductivity from v2
O

is second-order at this PO2
. For all conditions at this grain size, a clear SC layer forms and returns

to bulk levels in the grain interior, leaving a signi�cant portion of the grain undisturbed from the

presence of the GB. In other words, no SC overlap was observed for large grain systems. The 500 nm

case was found to be almost indistinguishable from the 1 micron case in all aspects other than the

grain size.

As the grains are reduced further into the nanocrystalline regime, the v2
O conductivity gradually

disappears due to the SC layers beginning to overlap. Also, the electron enhancement and hole

depression are present in these smaller grain systems but their impacts are increased by about

two orders of magnitude relative to the microcrystalline system. While these grains exhibit similar

trends, the SC overlap is more signi�cant in the 50 nm case as compared to the 300 nm, 200 nm, and

100 nm cases. This leads to a higher electron concentration and lower hole and v2
O concentrations

in the smaller grain.

The local conductivity trends discussed above provide a means to interpret the forward shift

of the np-crossover PO2
as a function of grain size observed in Fig. 6.3. The general trend in the

reducing PO2
regime is that the electron concentration is enhanced due to grain size reduction. This

uniformly shifts up the conductivity of smaller grain systems. The oxidizing PO2
regime exhibits

an opposite trend as holes become more suppressed with decreasing grain size, lowering the total

conductivity instead. Collectively, these opposing changes to the conductivity in each regime result

in the observed forward shift of the np-crossover PO2
without substantially changing the magnitude

of minimal electrical conductivity.

To understand the defect mechanisms that control the local conductivity in the SC layer, we

now turn to analyzing the defect chemistry in these regions. The defect concentrations for this are

shown in Fig. 6.4 with the subplot arrangement identical to that in Fig. 6.3. It should be reiterated

that the defect concentrations shown here are at thermodynamic equilibrium, meaning that the

total chemical potential of a given species is constant across the grain. These variations of defect

concentrations provide a perspective on how the internal impurity chemical potentials vary spatially

in the vicinity of the GB interface.

For the 1 micron case, the local concentrations of point defects in the SC layer are insensitive to

the variations of PO2
. The three dominant point defects within the SC layer are Al-1Ti , (AlTi -vO)1 and

v2
O. There is in general dramatic segregation of Al near the GB interface in the form of Al-1Ti , which

is consistent with experimental observations of acceptor segregation to GBs in STO [Chi90]. In

contrast, the binary complex (AlTi -vO)1 and v2
O are depleted. This behavior is a result of the complex

interaction of the defect chemistry screening the high positive charge density of the GB interface.

64



Figure 6.3 The responses of the SC-layer electrical conductivity to the grain size gradually decreasing from
1 micron to 50 nm (left to right) in the reducing, intermediate, and oxidizing PO2

regimes (top to bottom) at
550 � C.
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Figure 6.4 The responses of the SC-layer defect chemistry to the grain size gradually decreasing from 1
micron to 50 nm (left to right) in the reducing, intermediate, and oxidizing PO2

regimes (top to bottom) at
550 � C.
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At a very simpli�ed level, negative defects migrate towards, or have a lower formation energy near,

the positively charged GB interface, while positive defects experience the opposite. As a result of

this, a higher concentration of v-2
Sr appears within the SC layer, which is not observable in the bulk,

although its concentration is still insigni�cant compared to the other defects in the SC layer. The v-2
Sr

segregation also agrees well with the experimental measurements of Mizoguchi et al. [Miz05] This

defect redistribution alters the GB barrier potential and the band bending to screen and compensate

the GB interface charge. Such invariant behaviors of these charged point defects against PO2
leads

to an almost invariant band offset, � B, i.e. -0.42 eV for the 1 micron grain system.

The 500 nm grain system has defect chemistry and SC layer width identical to those found in the

1 micron grain system. In decreasing grain size further into the nanoscale regime, some similarities

and differences emerge. Generally, the concentrations of the dominant point defects within the SC

layer are also invariant with PO2
changes for a �xed grain size (along columns), but the dominant

defects in the SC layer gradually convert from Al-1Ti to both Al-1Ti and v-2
Sr with decreasing size (along

rows). This is primarily driven by the SC overlap, such that the positively charged species, e.g. v2
O and

(AlTi -vO)1 are further depleted, while the negatively charged species, e.g. v-2
Sr, are further enhanced.

Owing to the additional contribution of v-2
Sr to the negative SC, the value of the band offset becomes

more negative, and constant vs. PO2
, e.g. -0.68 eV and -0.73 eV for the cases of 200 nm and 50 nm,

respectively.

The barrier heights play an important role as they determine the magnitude of the electron

enhancement and hole depression in the SC layer, which is identi�able alongside each row in

Fig. 6.4. Furthermore, the constant barrier found for �xed grain sizes (for this dopant) is critical in

understanding the electron and hole concentration pro�les in the SC layer as a function of PO2
. Bulk

concentrations of free carriers change when moving from reducing (higher n eq) to oxidizing (higher

p eq) conditions. A constant barrier, Eb , amounts to a similar spatial perturbation from bulk values

when changing PO2
, with different prefactors because of the different bulk concentrations, as shown

in Eq. 6.3. Ultimately, this alters the nature of conductivity in the SC layer as a function of PO2
for a

�xed grain size, which can be observed by inspection of the columns in Fig. 6.4.

Generally, the segregation of Al towards the GB is strong regardless of grain size. Changes in

Al and the other relevant species in the grain interior (speci�cally at x =d =2) as a result of these

processes is shown in Fig. 6.5. Changing PO2
results in changes of the absolute values of these defect

concentrations but the simulated trends remain unchanged. In large grains, impurity segregation

does not strongly deplete the Al concentration in the grain interior as the SC layer only occupies a

small volume fraction of the sample. Reducing the grain size to intermediate scale (i.e. in-between 1

micron and 100 nm) signi�cantly depletes Al from the grain interior, impacting the defect chemistry

in the grain interior, altering the SC layer width and total conductivity. In the smallest grain sizes

studied, the depletion of Al from the grain interior becomes less signi�cant, because of the two

interrelated factors. First, there is simply less Al to segregate, because of the smaller grain size, which

manifests as a lower concentration of AlTi at the boundary. Second, all of the lower amount of Al

are “segregated”, since there is no true bulk region because of the overlap of adjacent SC layers.
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Figure 6.5 The defect concentrations at 550 � C and 10-15 Pa in the center ( x = d =2) of grain interior as a
function of grain size.
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Combined with the differential segregation behavior of acceptors and donors, and the high typical

background impurity concentrations in this material, care should be taken to measure the actual

doping levels in the grain interior when doping in this size regime.

In contrast, the concentrations of free carriers and other defects including minor Al-related

and native species change monotonically when grain size varies, as the concentrations of positive

species decrease and negative species increase. Once the grain size is reduced to the intermediate

regime, the defect chemistry in the bulk-like region begins to deviate signi�cantly from that in coarse

regime. Upon further reduction to the nanocrystalline regime, these deviations can be multiple

orders of magnitude from those of the bulk. Ultimately, these deviations in defect populations at

the center of the grain in both the intermediate and nanocrystalline regimes are driven by varying

degrees of SC overlap.

6.4 Conclusions

In summary, a multiscale SC model has been developed here to simulate the electrical properties of

polycrystalline perovskites with complex defect chemistries. This model combines the DFT simu-

lation of point defects, grand canonical thermodynamics of defect formation, and �nite-element

analyses of defect redistribution and SC characteristics near the GB interface. Using this model, the

conductivity response of the polycrystalline STO doped with 1.43� 1019 cm -3 of Al was simulated

with grain size decreasing from microscale to nanoscale. The experimentally observed disappear-

ance of v2
O conductivity and the forward shift of the np-crossover PO2

with decreasing grain size

were successfully reproduced.

The conductivity changes ultimately were found to stem from the dramatic changes in SC-layer

local conductivity and underlying defect concentrations from the SC overlap that occurs as the

grain size decreases from microscale to nanoscale. Speci�cally, the dominant point defects within

the SC layer, i.e. Al-1Ti , (AlTi -vO)1, v-2
Sr and v2

O, were found to be sensitive to grain size reduction. In

nanocrystalline STO, the interaction of the defect chemistry and band bending strongly increases

the concentration of v-2
Sr while strongly suppressing that of v2

O, leading to a more severe spatial per-

turbation of the free carriers. For accurate predictions of the materials properties, the above makes

the grand canonical treatment of the defect chemistry in polycrystals much more advantageous

than the canonical treatment, especially when multiple dominant impurities are present.

This work also demonstrates the critical role of grain size in controlling the SC properties of the

polycrystalline perovskites, which in turn provides an additional degree of freedom to design their

macroscopic electrical properties.
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CHAPTER

7

DEFECT MECHANISMS OF UV-INDUCED

PHOTOCOLORATION OF FE-DOPED

SRTIO3

Reproduced from unpublished work which was in-preparation at the time of writing this disserta-

tion. Contributing authors: Yifeng Wu, Preston C. Bowes, Jonathon N. Baker, and Douglas L. Irving

High-temperature annealing coupled with UV illumination serves as a novel means to control

defect chemistries and alter physical properties of electroceramics. To explore its interactions with

the defect-processing-property relationships in these materials, an advanced multiphysics and

multiscale model has been developed. This model integrates (a) the high-�delity �rst principles

simulations of defect energies, (b) grand canonical thermodynamics of defect equilibria, (c) UV-

perturbed defect formation energies from Shockley-Read-Hall generation and recombination, and

(d) �nite-element analyses of electrostatic potential and defect redistribution. Using this model,

bottom-up insights into defect mechanisms associated with the UV-induced brown coloration of

Fe-doped SrTiO3 at high temperatures are provided. It is found that the UV illumination leads to

dissociation of the FeTi -vO complex and oxygen vacancy reduction through exchange with the gas

reservoir. Changes to these defect populations cause reionization of the FeTi defect from -1 to 0

charge state to maintain charge neutrality. This collectively results in an increased concentration

of Fe0
Ti , which is the source of the brown coloration. In addition, this model reproduces the ex-

perimentally observed electrical resistance degradation of samples annealed in this manner. This
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degradation is induced by an n-type to p-type transition of the material with time. The model itself

offers a route to guide and facilitate future efforts in this �eld.

7.1 Introduction

Strontium titanate, SrTiO 3 (STO) is a technologically important perovskite-type material. The rich

processing-defect-property relationships in STO have bene�ted its wide applications, such as ca-

pacitors [Wal92; Mik15], memory devices [Szo06; Jan07; Hou17], and energy storage [Yan17a; Pan19;

Li20; Zha20]. To realize, control, and modify these relationships, understanding the underlying

defect chemistries is critically important.

Previously, point defect chemistries in STO have been traditionally studied as a function of the

doping levels, annealing / quenching temperature, and gaseous phase pressures. [Cha81; Cho86;

Was91; Moo95; Den95; Mai03; Bak17; Bow18; Bak18a; Bak18b; Bow20a; Bow20b] Beyond these

conventional degrees of freedom, there is very recently emerging interest in combining UV illumi-

nation with high-temperature anneals to alter defect populations in STO [Vie19]. Viernstein et al.

[Vie19] showed that this procedure made the Fe-doped STO turn brown with time, indicative of an

enhanced Fe0
Ti formation [Bak17]. This was accompanied with a reduction of oxygen vacancies and

degradation of electrical resistance that might be associated with an n-type to p-type transition

of the material. While the above �ndings are intriguing, their mechanisms remain elusive from

the bottom-up perspective, hindering the promise of high-temperature UV illumination as a novel

degree of freedom to manipulate defects.

Here, we present an advanced multiphysics and multiscale model used to obtain a mechanistic

understanding of the UV-induced phenomena during annealing, which will also facilitate future

efforts in photo-perturbations of defect chemistries. The atomic structures, energy levels, and

equilibrium concentrations of point defects are obtained from transferable �rst principles simula-

tions of point defects and grand canonical defect equilibria calculations [Bak17; Bak18a; Bak18b;

Bak19; Bow18; Bow19; Bow20a; Bow20b]. These have fewer constraints on the defect structures and

formations relative to the empirical canonical defect reaction scheme [Shi16]. The in�uences of

photoexcited carriers on defect energies are captured by the Shockley-Read-Hall (SRH) generation-

recombination model. Finite-element solutions of the Poisson's and continuity equations are used

for the coupling of electrostatic potential, defect reionization, and ionic migration.

Based on the simulation, new insights into the defect mechanisms of photocoloration of Fe-

doped STO due to the coupled annealing and UV were obtained. It showed that the UV illumination

triggered the dissociation of the FeTi -vO complex and oxygen vacancy concentration is reduced via

oxygen exchange with the reservoir during annealing. This was followed by the reionization of FeTi

from the -1 to 0 charge state, such that the entire material turned brown with time. The resistance

degradation is associated with the increasing hole concentration across the material during the UV

illumination, which converts the material from n-type to p-type.
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7.2 Methods

Figure 7.1 The schematic of the surface and interior regions of the sample under the UV illumination.

The above bandgap UV illumination divides the material into two distinct regions for simulation

due to the �nite depth of UV photon penetration, i.e. the near surface and the interior (Fig. 7.1). The

near surface area is where the material absorbs the above bandgap UV photons creating additional

np-pairs, whose thickness equals the penetration depth of these photons. Such a near surface region

is still quite bulky when compared to the conventional de�nition of the “surface”, which is composed

of dangling chemical bonds and relaxations and reconstructions are only about several-atomic

plane thick. The interior area is free of the above bandgap UV photons, which makes up the majority

of the sample simulated here. Throughout the remaining letter, the words surface and interior will

be used to describe the simulated near surface and bulk regions, respectively.

The �rst principles grand canonical defect formation energy has been covered in the absence of

UV illumination in these detailed review articles [Wal04; Fre14]. The photo-perturbed expression of
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the formation energy of defect D in charge state q in the surface region E f
D q is as follows.

E f
D q = E tot

D q � E tot
bulk �

X

i

n i � i + q (� �
D q + Ev � � ) + E corr

D q (7.1)

Here, E tot
D q is the total energy of defective supercell, and E tot

bulk is that of pristine bulk supercell. � i is

the chemical potential of element i , and n i is its exchange number of atoms between the material

and the reservoir. The chemical potentials of native elements are connected with the processing

conditions via the phase stability criteria [Bak17; Bak18a; Bak18b; Bow18; Bow20b]. � O is connected

with the oxygen partial pressure PO2
from the Joint Army Navy Air Force (JANAF) thermochemical

tables [CJ86]. � �
D q is an effective Fermi level unique to D q relative to the valence band maximum

Ev, which is derived from SRH as discussed later. � accounts for the space charge-induced built-

in potential correction, which may be from the surface dangling bonds [DS08; DS12] and/ or the

interface carrier transfer [Wu20]. E corr
D q is an energy correction term due to the �nite size effects of

the supercell [Kum14]. The defect concentrations follow the standard Maxwell-Boltzmann equation

by constraining the global charge neutrality and mass conservation of impurities.

The photo-excited carriers perturb the defect reionization through the SRH processes [Sho52;

Hal52]. To facilitate device simulation, this has been reformulated into a defect QFL (dQFL) [Lut96]

as a function carrier QFLs. With explicit inclusion of the built-in potential, the dQFL between two

adjacent charge states of defect D is given in Eq. 7.2.

� D =
� �

e + � �
h

2
+ kBT ln

ce exp
€

ED � � + � �
e� 2� i

2kBT

Š
+ ch exp

€
�

ED � � + � �
e� 2� i

2kBT

Š

ce exp
€ED � � + � �

h � 2� i

2kBT

Š
+ ch exp

€
�

ED � � + � �
h � 2� i

2kBT

Š (7.2)

In this equation, � D is the dQFL unique to the thermodynamic transition level (TTL) ED [Fre14]. � �
e

and � �
h are the electron QFL and the hole QFL, respectively. � i is the intrinsic Fermi level. ce is the

capture probability of electrons and ch is that of holes, as a product of carrier thermal velocity and

its capture area [Lut96]. The total carrier concentrations in the surface are a sum of the thermal and

UV contributions, through which � �
e and � �

h are connected with the photo-excited pairs � n and � p

(� n = � p ). For (FeTi -vO)1 and Fe-1
Ti , we have their effective Fermi levels in Eq. 7.1 equal to � D (0,1)

and � D (-1,0), respectively. [Red16]

Density functional theory (DFT) calculations for a number of native and Fe-related defects

[Bak17] were performed using the Vienna Ab initio Software Package (VASP) [Kre93; Kre94; Kre96a;

Kre96b] with the HSE06 hybrid exchange-correlation functional [Hey03a; Hey03b] and an energy

cutoff of 520 eV for the plane wave basis sets. An exact exchange of 0.2362 was employed to match the

experimental bandgap [VB01; Kok15]. This choice of exact exchange fraction also led to improvement

in the predictions of lattice parameter [Oka73] and formation enthalpy [Jac11] as well as the charge

localization and defect levels. [Bak17; Bow18] A 135 and a 180-atom supercell were used for isolated

defects and complexes, respectively. Atoms within 5 Å around each defect center were relaxed and

collinear spin polarization were used in all calculations.
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The electrostatic potential � is obtained by solving the nonlinear Poisson's equation assuming a

constant dielectric constant, given by [Bow19; Wu20; Bow21]

� r 2� =
e

� r � 0

€
� n + p +

X

D ,q

q [D q ]
Š
. (7.3)

The carrier transfer across the simulated surface-interior interface forms a built-in potential that

gives a Dirichlet boundary of � at one side. A Neumann boundary of r � = 0 is set for the other side,

meaning that no electric �eld leaks the material. The concentrations of electrons ( n ), holes (p ), and

defects ([D q ]) given below include the band bending and defect reionization [Bow19].

n = Nc exp
•

�
Eg � e� � � e

kBT

‹
(7.4a)

p = Nv exp
•

�
e� + � e

kBT

‹
(7.4b)

[D q ] =
exp(� e q�

kBT )
P

q 0exp(� e q0�
kBT )

X

q 0

[D q 0
] (7.4c)

The oxygen vacancy migration follows Eq. 7.5, the continuity equation under the framework of

drift and diffusion [Wan16].

@[v2
O]

@t
= �r �

€
� v2

O
[v2

O]E � Dv2
O
r [v2

O]
Š

(7.5)

Here, E = �r � is the electric �eld. The oxygen vacancy mobility and diffusivity follow the Einstein's

relation [Wan16]: ejq jD = � kBT . The temperature-dependent oxygen vacancy mobility from the

experiment [DS12] was used.

The above system of equations were solved with the �nite element method (FEM) in this study.

An FEM Python package, FEniCS [Kir04; Kir06; Aln09; Ølg10; Log10; Log12b; Log14; Aln15] was

used combining the NumPy module [Har20] for fast array computations. At each ionic step, � was

updated to maintain the global charge conservation. For a balance between numerical stability and

computational ef�ciency, a time step of 10 -2 s was adopted for Eq. 7.5.

Here, the doping level of Fe, temperature, and oxygen partial pressure follow their experimental

values [Vie19], i.e. 2.7 � 1018 cm -3, 440 � C, and in air, respectively. The chemical condition is along

the middle of chemical potential space [Bak17; Bow18]. The experimental UV photon penetration

depth is used, on the order of 10 nm [Yas08]. The sample thickness is 0.1 mm, slightly smaller

than the experimental 0.5 mm [Vie19] so as to reduce simulation time. The experimental upper

bound of photo-carrier density ( � 1018 cm -3) assuming a perfect absorption [Vie19] was used. The

built-in potential induced by surface dangling bonds had a minor in�uence relative to that of UV

illumination at the surface-interior interface. This part of � was thus assumed to be null, and adding

it back at reasonable values changed no simulated trends. The trends of coloration and resistance

degradation are insensitive to chemical conditions and photo-carrier densities, although their
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Figure 7.2 (a) The TTL of FeTi -vO between charge states 0 and +1 and that of FeTi between charge states -1
and 0. (b) The dQFLs associated with these TTLs relative to � -corrected valence band edge ( Ev + � ) as a
function of carrier QFLs. (c) The UV off, UV on: initial, and UV on: �nal carrier and defect concentrations
in the surface.

extents may change based on these parameters (Supplemental Materials).

7.3 Results and Discussion

The concentrations of free carriers and defects equilibrated at 440 � C in air show that (a) the material

is slightly n-type with n = 1.30� 1012 cm -3 and p = 4.42� 107 cm -3, (b) (FeTi -vO)1 and Fe-1
Ti compen-

sate each other as the major defect species, both of which have a concentration of 1.34� 1018 cm -3,

while (c) Fe0
Ti is at 2.23� 1016 cm -3, about two orders of magnitude lower than those of the previous

two. The most critical factor in reproducing a low concentration of Fe0
Ti is the inclusion of FeTi -vO

complex, without which the simulated trends become inconsistent with experimental observations

[Vie19]. The presence of FeTi -vO complex in Fe-doped STO has also been supported by the ther-

mally stimulated depolarization current [Liu08a; Liu08b ] and electron paramagnetic resonance

spectroscopy [Mer03] measurements. It's also essential to match the experimental browning onset

PO2
during annealing [Bak17].

Now we demonstrate how the carrier QFLs alter the dQFLs of defects in the simulated surface

region. According to the TTL of FeTi -vO between charge states 0 and +1 and that of FeTi between

charge states -1 and 0, illustrated in Fig. 7.2(a), FeTi -vO is a deep donor while the other is a very deep

acceptor. Hence, FeTi -vO prefers to capture more electrons than holes because its TTL is closer to

the conduction band edge, while FeTi captures electrons and holes almost equally because its TTL

resides in the center of the gap. The dQFLs associated with these TTLs are illustrated in Fig. 7.2(b)

as a function of carrier QFLs, which are plotted between the band edges. For the TTL of FeTi -vO, its

dQFL is strongly dependent on � �
e and mostly insensitive to � �

h , except when � �
h is extremely close

to the valence band edge. For the TTL of FeTi , its dQFL is sensitive to both � �
e and � �

h . This dQFL is

limited by � �
e if both QFLs are above the middle of bandgap, and otherwise dominated by � �

h . If � �
e

and � �
h are close to the conduction band egde and the valence band edge, respectively, the dQFL

has equal dependencies on each carrier QFL.
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Figure 7.3 (a) The temporal evolution of defect concentrations (left y-axis) and Fermi level (blue curve,
right y-axis) in the interior during the UV illumination. The surface-interior interface is at x = 0. (b) The
effective sum of n and p across the material as a function of time.

The dQFL shifts upon the UV illumination during annealing are marked by the arrows in

Fig. 7.2(b). The addition of photo-excited carriers increases the dQFL of FeTi -vO by 0.72 eV while it

decreases that of FeTi by 0.28 eV, approximately. These dQFL changes tend to increase the formation

energies of (FeTi -vO)1 and Fe-1
Ti inside the surface considering the signs of their charge states. The

perturbed carrier and defect concentrations in the surface region are presented by Fig. 7.2(c). It

can be seen that the extra np-pairs from UV illumination dominate the concentrations of electrons

and holes in the surface region. The concentration of (FeTi -vO)1 reduces by more than three or-

ders of magnitude. This creates more FeTi as a result of mass conservation of Fe, which slightly

increases the concentration of Fe-1
Ti but substantially elevates the concentration of Fe0

Ti by nearly

two orders of magnitude. The enhanced population of Fe0
Ti indicates an onset of brown coloration

in the surface. [Bak17] As we compare the UV on: initial and UV on: �nal, small changes of these

concentrations are observed in the surface region during the UV-annealing.

Most notably, the decreased FeTi -vO in the surface gives rise to a spatial gradient in the oxygen

vacancy concentration across the surface-interior interface. To mitigate such a gradient, the adjacent

complexes in the interior would have a driving force to dissociate, creating free oxygen vacancies

that diffuse and recombine with the oxygen atoms that are incorporated from the atmosphere.

Quantifying the complex dissociation rate from explicit DFT simulations is a challenging and

demanding task, since it requires the couplings of dissociation path and phonon scatterings. While

ultimately we will return to this in future efforts, here we adopted a �rst-order approximation where

the dissociation rate R was linearly dependent on the concentration gradient: R = v � jr c j, where v

is the dissociation velocity. Using v = 5 nm s -1, the simulated timeline matched qualitatively with

the experiment [Vie19]. Changing the expression of R does not change the simulated trends as long

as it increases with r c .

The snapshots of defect redistribution in the simulated interior under the UV illumination

are presented in Fig. 7.3(a), but before discussion, it should be noted that (a) the newly created

free oxygen vacancies quickly diffuse (relative to the slow dissociation process) away, so their

concentration is not observable, and (b) the in�uences of space charge have only minor in�uence

on these results, thus they are neglected in the following analyses. In � 1 h, the color front has
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propagated slightly towards the other side of the interior, as manifested by the increase of Fe0
Ti

concentration at the expense of simultaneously decreased FeTi -vO and Fe-1
Ti . The colored area

expands to � 10 %, 50 %, and 90 % of the sample thickness at 1 h, 3 h, and 5 h, respectively. At 10 h,

the entire material turns brown, suggesting that the steady state has been reached. With respect to

the initial UV-off state, Fe0
Ti has increased by over two orders of magnitude while FeTi -vO and Fe-1

Ti

have decreased by more than three orders of magnitude.

According to the above results, the experimentally observed UV-induced photocoloration of Fe-

doped SrTiO3 can be interpreted via the following mechanisms. The absorption of above bandgap UV

photons generates photo-excited carriers that interact with the defect levels via the SRH processes,

such that the formation energy of (FeTi -vO)1 complex increases substantially. This in turn gives

an enhancement of the population of Fe0
Ti owing to the mass conservation of Fe, which leads to a

browning onset in the surface. The decreased (FeTi -vO)1 in the surface causes a spatial gradient in the

oxygen vacancy concentration across the surface-interior interface. To reduce this gradient, nearby

complexes in the interior dissociate and create additional pairs of Fe-1
Ti and v2

O. These free oxygen

vacancies from the complex dissociation diffuse away, leaving behind the extra uncompensated

Fe-1
Ti . To satisfy the Poisson's equation, most of the area of the interior needs to be charge neutral,

and as a result, these uncompensated Fe-1
Ti reionize to Fe0

Ti , making the color front propagate, which

eventually extend through the entire material with time.

The reionization of FeTi from the -1 to 0 charge state pushes the Fermi level towards the valence

band edge, as displayed by the blue curve in Fig. 7.3(a). This process gives rise to a p-type region

(gray shaded area) that appears at the expense of the original n-type region (black shaded area).

Eventually, this p-type region develops across the entire area and consumes all the n-type region. At

the steady state, the Fermi level reduces from 1.55 eV to 1.25 eV, the hole concentration increases

from 4.42� 107 cm -3 to 4.48� 1013 cm -3, and the electron concentration decreases from 1.30� 1012

cm -3 to 1.28 � 106 cm -3 at almost every location of the material.

Now we'll investigate if the above n-type to p-type transition induces the emergent electrical

resistance degradation [Vie19]. Quanti�cation of the global conductivity from direct simulation is

intractable at this time due to uncertainties in the background impurities [Bow18], carrier mobilities,

etc. Therefore, qualitative trends in an effective sum of carrier concentrations will be shown. The

material is assumed to be divided into numerous serially connected slices, so this effective sum

equals to L=
RL

0
(n + p )-1dx , where L is the sample thickness. The global electrical conductivity

[Wan16] is proportional to this parameter, so its variance of this general trend with time can provide

insight. In Fig. 7.3(b), the effective sum of n and p increases as a function of time, showing an S

shape similar to those from electrodegradations [Was90a; Was90b]. The material reaches the steady

state at approximately 10 h, and the effective carrier sum has increased by more than one order of

magnitude.
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7.4 Conclusions

In summary, an advanced multiphysics and multiscale approach has been developed to explore the

defect chemistries in electroceramics under the coupled annealing and UV illumination. Using this

approach, bottom-up insights into the defect mechanisms of the UV-induced photocoloration of

Fe-Doped STO during annealing has been provided. The UV illumination triggers the dissociation

of FeTi -vO complexes and reionization of Fe-1
Ti into Fe0

Ti for charge neutrality, which makes the entire

material turn brown with time. The accompanied degradation of electrical resistance has been

reproduced, which was found to be associated with an n-type to p-type transition that increased

the effective sum of n and p . The model itself offers a route to guide and facilitate future efforts

using an above bandgap illumination during annealing.
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7.6 Supplemental Materials

The following content show the resultant defect redistribution and resistance degradation as a

function of time by changing the photo-carrier density and chemical condition in annealing the

material.

Figure 7.4 Chemical Condition: Middle; Photo-Carrier Density: � n = � p = 5 � 1017 cm -3. (a) The temporal
evolution of defect concentrations (left y-axis) and Fermi level (blue curve, right y-axis) in the interior
during the UV illumination. The surface-interior interface is at x = 0. (b) The effective sum of n and p
across the material as a function of time.
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Figure 7.5 Chemical Condition: Middle; Photo-Carrier Density: � n = � p = 1017 cm -3. (a) The temporal
evolution of defect concentrations (left y-axis) and Fermi level (blue curve, right y-axis) in the interior
during the UV illumination. The surface-interior interface is at x = 0. (b) The effective sum of n and p
across the material as a function of time.

Figs. 7.4 and 7.5 present the results for the middle chemical condition (the same chemical

condition used in the main text) but with a lower photo-carrier density of 5 � 1017 cm -3 and 1017

cm -3, respectively. The changes in the Fe0
Ti concentration are almost the same to that in the main

text, but the extent of resistance degradation is sensitive to the photo-carrier density. A larger

photo-carrier density leads to a higher hole concentration, which in turn yields stronger resistance

degradation.

Figure 7.6 A schematic of the ternary chemical potential space formed by � � Sr, � � Ti , and � � O.

Now we investigate how a different chemical condition changes these results. The chemical

potential � i (i is a dummy variable for an element or a phase) can be explicitly expressed as a sum

of a 0 K internal energy component � �
i as obtained from DFT and a �nite-temperature component

� � i , i,e, � i =� �
i +� � i . A chemical condition corresponds to a point in the ternary chemical potential
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space formed by � � Sr, � � Ti , and � � O. At a given � � O (or equivalently, oxygen partial pressure),

the values of � � Sr and � � Ti are constrained by phase stability against precipitation into reference

or competing phases. For SrTiO 3, the most commonly considered competing phases are SrO and

TiO2, so the relations between � � Sr, � � Ti , and � � O are as follows.

� � Sr < � � �
Sr (7.6a)

� � Ti < � � �
Ti (7.6b)

� � O = � � �
O, (7.6c)

� � Sr + � � O < � H f
SrO + � � SrO (7.6d)

� � Ti + 2� � O < � H f
TiO2

+ � � TiO2
(7.6e)

� � Sr + � � Ti + 3� � O = � H f
SrTiO3

+ � � SrTiO3
(7.6f)

Here, the asterisk denotes the pure elemental phase, and � H f is the 0 K formation enthalpy of

the associated phase. This leads to an accessible region bounded by the TiO 2-rich ( � � Ti reaches

its minimum while � � Sr is at its maximum) and SrO-rich ( � � Sr reaches its minimum while � � Ti

is at its maximum) conditions. An illustrative chemical potential space resulting from the above

is given in Fig. 7.6, where the � � Sr, � � Ti , and � � O axes are highlighted in green, blue, and red,

respectively. The accessible region is marked by the white strip area, and its left side and right side

are the TiO2-rich and SrO-rich conditions, respectively. The middle chemical condition used in the

main text is just in-between these two sides.

Figure 7.7 Chemical Condition: Sr-rich; Photo-Carrier Density: � n = � p = 1018 cm -3. (a) The temporal
evolution of defect concentrations (left y-axis) and Fermi level (blue curve, right y-axis) in the interior
during the UV illumination. The surface-interior interface is at x = 0. (b) The effective sum of n and p
across the material as a function of time.

Fig. 7.7 gives the results that correspond to the SrO-rich chemical condition, using the same

photo-carrier density from the main text, i.e. 1018 cm -3. Note that the results from the main text

are from the middle chemical condition. Relative to the middle chemical condition, (a) Fe0
Ti has a

81



higher initial concentration, and (b) the resistance degradation is slightly enhanced due to a more

substantial increase in the hole concentration.
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CHAPTER

8

EFFECT OF FETI -VO DISSOCIATION ON

ELECTROCOLORATION OF FE-DOPED

SRTIO3

Reproduced from unpublished work which was in-preparation at the time of writing this disserta-

tion. Contributing authors: Yifeng Wu, Preston C. Bowes, Jonathon N. Baker, and Douglas L. Irving

The coloration behavior of Fe-doped SrTiO 3 due to d.c. degradation has been investigated

using an integration of �rst principles simulation of point defects, grand canonical treatments of

defect equilibria, and �nite element solutions to the Poisson's equation and continuity equations in

conjunction with the Shockley-Read-Hall generation and recombination. It has been found that

the propagation of the brown color front at the anode must be accommodated by the formation

of FeTi -vO complexes and their dissociation during the degradation. The color front location is

sensitive to the complex dissociation rate and the Schottky barrier height, where slower dissociation

and larger barrier promote the color front to the cathode. The effects of Schottky barrier are critical to

capture the experimental trends of time-dependent electric current density. The defect mechanisms

of these results are discussed in detail. This work suggests the signi�cance of the controls of defect

complexes and electrode properties to the reliability improvement of perovskite-based devices, and

invoke attention to the inclusion of potential complex formation and dissociation in future studies.
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8.1 Introduction

Strontium titanate, SrTiO 3, or STO is a typical perovskite compound that belongs to wide bandgap

semiconductors [VB01] and high- � dielectrics [Sam66]. STO and its alloys are important components

of capacitors [Bur72; Was89; Kis03], and have promises in applications of varistors [Uen03; Wan08;

Kub15] and memristors [Szo06; Fle16]. Emerging interest lies in using them as the building blocks of

heterostructures to develop two dimensional electron gas superconductors. [Eer13; Liu14; Zha18]

The d.c. electrodegradation is fundamental to assess the reliability of STO-based electronics. For

random-access memories in information technology, this is especially vital because of a long-term

bias voltage for data storage. Including both of the single-crystal and ceramic grade STO, there

have been a series of experimental evidences that the d.c. electrodegradation leads to temporal and

spatial variations of the electrical properties due to the oxygen vacancy polarization. [Rod00; Was90a;

Was90b; Wan16; Woj13] The commonly studied Fe-doped STO exhibits an impressive coloration

behavior during degradation, where a dark color front initiates at the anode and propagates to the

cathode with time. This color change is due to the increased Fe0
Ti concentration. [Bak17] The color

front location varies depending on the experimental conditions.

The complexities of the STO defect chemistries and their relationships with processing have

invoked extensive uses of density functional theory (DFT) combined with grand canonical thermody-

namics. [Bak17; Bak18a; Bak18b; Bow18; Bow20b] The presence of d.c. bias adds more complexities

due to the coupled v2
O polarization, electrode effects, quasi-Fermi levels (QFLs), defect reionization,

etc. Beyond these, the formation of FeTi -vO complexes and their dissociation during degradation

indicated by the thermally stimulated depolarization current measurements [Liu08a; Liu08b ] re-

quire extra attention. Unfortunately, a comprehensive study with all these complexities on the

d.c. electrodegradation of Fe-doped STO has not been reported throughout the literature.

In this contribution, we integrate DFT simulations of point defects, grand canonical treatments of

defect equilibria, and �nite element solutions to the Poisson's equation and continuity equations in

conjunction with Shockley-Read-Hall (SRH) generation and recombination [Sho52; Hal52] to explore

the mechanisms of the electrocoloration of Fe-doped STO. It is found that the color front propagation

has to be accommodated by the dissociation of FeTi -vO complexes, which shows a strong coupling

with the Schottky barrier height at the metal-semiconductor interface. The color front location is

sensitive to these factors. Without the formation or a proper dissociation rate of the complexes, the

color front never propagates. It also shows that the Schottky barrier is signi�cant to reproduce the

experimental trends in the time-dependent current density across the material. These results offer

distinct insights beyond the scope of previous theoretical work that used canonical defect reactions

and local charge neutrality [Bai90; Wan16], and extra consistencies with the experiments can be

identi�ed.

The structure of the remaining content is given as follows. First, the core methods and numerical

details are introduced. Then, the defect chemistries of Fe-doped STO in the absence of applied

bias are reviewed. This is transitioned to the evolution of defect concentrations and electrostatic
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potential during degradation, which is then traced back to the electronic band diagram. The color

front location and the total electric current density are examined as a function of the complex

dissociation rate and Schottky barrier height. The mechanisms of these results and qualitative

consistencies with the experiments are discussed. Finally, we close this contribution by summarizing

the major conclusions.

8.2 Methods

The DFT-based grand canonical defect formation energy in the absence of applied bias is given by

[Wal04; Fre14]

E f,eq
D q = E tot

D q � E tot
bulk + q (� e + Ev) �

X

i

n i � i + E corr
D q . (8.1)

On the left, E f,eq
D q is the formation energy of defect species D at charge state q . On the right, E tot

D q is

the total energy of defective supercell, E tot
bulk is that of pristine bulk supercell, � e is the electronic

chemical potential or Fermi level relative to the valence band maximum Ev, � i is the chemical

potential of element i with its exchange number n i between the host and the reservoir, and E corr
D q is

an energy correction term for the �nite size effects [Kum14]. E tot
D q , E tot

bulk , and E corr
D q are obtained from

DFT calculations. The elemental chemical potentials are connected with the processing conditions,

and are derived from the phase stability criteria [Bak17; Bak18a; Bak18b; Bow18; Bow20b]. The

oxygen chemical potential is linked to the oxygen partial pressure PO2
, as loaded from the Joint Army

Navy Air Force (JANAF) thermochemical tables [CJ86]. The equilibrium defect concentrations follow

the standard Arrhenius equation with charge neutrality and mass conservation of impurities.

DFT simulations were performed for a variety of point defects with multiple charge states, includ-

ing vacancies, antisites, substitutions, and nearest-neighbor complexes in the cubic phase. [Bak17]

These were implemented in VASP [Kre93; Kre94; Kre96a; Kre96b] employing an energy cutoff of

520 eV for the plane wave basis sets. The hybrid exchange-correlation functional HSE06 [Hey03a;

Hey03b] was adopted with an exact exchange amount of 0.2362. This gives excellent consistencies

with the measured electronic bandgap, lattice parameter and formation enthalpy as well as improve-

ment of the charge localization and defect levels. [Oka73; VB01; Jac11; Kok15; Bak17; Bow20b] A

135-atom supercell was used for the isolated defects, while a 180-atom supercell for the complexes.

Crystal basis relaxations within 5 Å around each defect center and collinear spin polarization were

incorporated. Detailed analyses and convergence tests of these calculations have been reported in

previous work with errors smaller than 0.2 eV. [Bow18]

The Poisson's equation below was solved to get the electrostatic potential � relative to Ev,

assuming a constant dielectric constant � r and involving the contributions from free carriers and

ensemble of point defects. [Bow19; Wu20]

� r 2� =
e

� r � 0

•
� n + p +

X

D ,q

q [D q ]
‹
. (8.2)
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The boundary conditions of Eq. 8.2 are Dirichlet-type tied with the applied bias and the built-in

potential � part of the Schottky barrier � B , namely, � = VA � � =e. � B equals Ec � � e + � where Ec is

the conduction band minimum. � depends on the metal work function, semiconductor electron

af�nity, metal-semiconductor interface states, etc. [Sze21] and is treated as a free parameter in this

work.

The applied bias stimulates the migrations of free carriers and oxygen vacancies v2
O. Since the

free carrier mobilities are several orders of magnitude higher than the v2
O mobility [Moo97; DS12], it

is reasonable to assume that the free carriers are transiently steady-state relative to v2
O. This leads to

the following continuity equations under the drift-diffusion framework.

0 = r �
�
e n� �

eE+ Der n
�

(8.3a)

0 = �r �
�
e p� �

hE� Dhr p
�

(8.3b)

@[v2
O]

@t
= �r �

€
e[v2

O]� v2
O
E� Dv2

O
r [v2

O]
Š

(8.3c)

Here, D and � are the diffusivity and mobility, respectively. Plugging in the Einstein's relation,

i.e. ejq jD = � kBT , Eqs. 8.3a and 8.3b are found to be independent on � n and � p , respectively. The

boundary conditions of Eqs. 8.3a and 8.3b are Dirichlet-type where n and p are determined by the

Schottky barriers, while those of Eq. 8.3c are �uxes across the electrodes. The electrodes may act as

reversible, partially, or fully blocking to the oxygen vacancy injection. [Bai90]

For the ease of simulations, it is more convenient to treat n and p as if they are in equilibrium

using their respective QFLs. With the parabolic density of states approximation, their non-degenerate

forms are

n = Nc exp

�

�
Eg � e� � � �

e

kBT

�

, (8.4a)

p = Nv exp

�

�
e� + � �

h

kBT

�

. (8.4b)

Here, Nc and Nv are the effective density of states in the conduction band edge and that in the

valence band edge, respectively. Eg is the bandgap, and � �
e and � �

h are the electron QFL and the hole

QFL, respectively.

The applied bias perturbs the capture and emission of free carriers between a given defect level

and the band edges, leading to the defect reionization while maintaining the total sum of each

defect species. This has been well studied in the SRH generation-recombination model [Sho52;

Hal52]. Lutz [Lut96] reformulated it into a so-called defect QFL or dQFL. For two adjacent charge

states q and q � 1 of defect D , the corresponding dQFL reads as follows.

� D =
� �

e + � �
h

2
+ kBT ln

ce exp
€

ED +e� + � �
e� 2� i

2kBT

Š
+ ch exp

€
�

ED +e� + � �
e� 2� i

2kBT

Š

ce exp
€ED +e� + � �

h � 2� i

2kBT

Š
+ ch exp

€
�

ED +e� + � �
h � 2� i

2kBT

Š (8.5)

In this equation, � D is the dQFL unique to the transition level ED [Fre14]. ce is the capture probability
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of electrons and ch is that of holes, which are products of the capture cross sectional area and the

carrier thermal velocity. � i is the intrinsic Fermi level. We have [D q ]=[D q � 1] = exp[(ED � e� �

� D )=(kBT )].

The present system of equations were solved using a Python �nite element package FEniCS

[Kir04; Kir06; Aln09; Ølg10; Log10; Log12b; Log14; Aln15] and the NumPy module [Har20] for ef�cient

array computations. The electrodes were assumed to fully block ionic exchanges, so Eq. 8.3c was

solved with zero �uxes across the electrodes. We used a time step of 10-2 s in this equation for a

decent balance between the computational ef�ciency and numerical stability. For Eq. 8.5, ce and ch

were assumed to be equal, and altering this does not in�uence the simulated trends.

8.3 Results and Discussion

Figure 8.1 The defect concentrations annealed at 1173 K (top panel) and those quenched to 483 K (bottom
panel).
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The sample was doped with 2.77� 1019 cm -3 Fe, annealed at 1173 K and then quenched to 483

K. [Bak17; Lon19] The as-annealed and as-quenched defect concentrations are illustrated in Fig. 8.1

as a function of PO2
. At 1173 K, an n-type window starts from the extremely reducing condition (region

A) as compensated by v2
O, and persists to a less reducing condition (region B) but now balanced

by (FeTi -vO)1. In the moderate regime (region C), n decays while Fe-1
Ti and (FeTi -vO)1 compensate

each other as major defects. The extremely oxidizing condition (region D) gives a tiny tail of p-type

behavior, with Fe0
Ti becoming the most dominant defect. At 483 K, the n-type window shrinks,

leaving region B dominated by (FeTi -vO)0. A crossover PO2
in the moderate regime appears, where

(FeTi -vO)0 abruptly transitions to Fe0
Ti . There is no evidence of p-type behavior even at the extremely

oxidizing condition.

As mentioned previously, the coloration of Fe-doped STO is associated with the increased Fe0
Ti

concentration. The location of the crossover PO2
in Fig. 8.1 aligns with the experimental observations

of the browning onset. [Bak17] The most critical factor in reproducing this is the formation of FeTi -vO,

and neglecting it leads to inconsistencies with the experiment.

Figure 8.2 The temporal evolution of defect concentrations (top panel, right y axis), electrostatic potential
(top panel, left y axis), and electronic band diagrams (bottom panel) during degradation. The cathode is
on the left and the anode is on the right.

The degradation simulation was performed at 483 K using the sample processed in the air, as

marked by the gold bar in Fig. 8.1. This condition is right beside the crossover PO2
, such that the

sample is initially transparent. The sample thickness is 100 microns, and a bias voltage of 10 V is

applied across the sample, which yields an initial electric �eld of 105 V m-1. The anode and cathode

electrodes are treated as identical, meaning that the same � is used at both sides.

As noted from Fig. 8.1, there are no free oxygen vacancies at the select condition because all

the oxygen vacancies form the FeTi -vO complexes. Thus, the dissociation of these complexes must

precede the v2
O polarization. However, quantifying such a process is challenging since it demands

explicit DFT simulations to identify the optimal dissociation path and the minimal energy barrier. To
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a �rst-order approximation, we assumed the dissociation rate R to follow c0=� �f 2=[1+ e � E=(2E0)] � 1g

where c0 is the initial concentration of complexes, E0 is the initial applied �eld intensity, E is the

�eld intensity during the degradation, and � is the relaxation time treated as a free parameter. This

formula captures the saturation of R due to lattice scatterings, and changing it does not change the

simulated trends as long as R increases with E.

As an example, the snapshots of defect concentrations during degradation with � = 104 s and

� = 0.1 eV are given in the top panel of Fig. 8.2, together with those of electrostatic potential. Free

oxygen vacancies appear and pile up across the sample due to the complex dissociation. The electric

�eld makes them segregate near the cathode and deplete near the anode, which lowers and rises

the concentrations of Fe0
Ti therein, respectively. A color front at roughly x = 80 microns is found in

the present case, and the colored area turns darker with time due to the increasing Fe0
Ti in it. The

concentration of Fe0
Ti in the transparent side ceases diminishing and starts to climb up after 1000 s,

while remaining substantially lower than that in the colored side. The evolution of � reveals that

the colored area absorbs the voltage drop with time and �nally consumes all of it. This means that

the electric �eld around the anode increases while it becomes null in the rest part, consistent with

the experiment [Was90b].

The changes in the concentration of Fe0
Ti can be traced back to how the QFLs and dQFL alter

their positions relative to the defect level. This is illustrated in the bottom panel of Fig. 8.2, where CB

and VB stand for the conduction band and the valence band, respectively. A QFL splitting behavior

starts at the cathode, where � �
e moves towards the CB and � �

h approaches the VB. This expands to

the anode with time and ceases at the color front, but what's more is that a decreasing trend appears

in both QFLs after 1000 s. Near the anode, the QFLs simultaneously get closer to the VB. The dQFL

is found to overlap � �
e, suggesting that the SRH process associated with the reionization of FeTi is

dominated by the capture of electrons. In the transparent area, the dQFL is well above the defect

level, so FeTi mostly reionizes to charge state -1 there. In the colored area, an opposite trend in the

dQFL can be identi�ed, and it eventually gets below the defect level, meaning that the population

of Fe0
Ti exceeds that of Fe-1

Ti .

Now we discuss the mechanisms of the above results. The complex dissociation creates extra

pairs of v2
O and Fe-1

Ti . The v2
O drift to the transparent area stimulates the QFL splitting to compensate

their positive charge, which hinders Fe0
Ti . The v2

O depletion near the anode leaves these Fe-1
Ti instan-

taneously uncompensated. To reduce the electrostatic energy, FeTi near the anode starts to reionize

to the neutral state, inducing an onset of coloration. The polarization of oxygen vacancies makes

the colored area less conductive relative to the rest of the sample, causing this area to absorb the

voltage drop. At a critical time (1000 s in the present case), this region captures all the voltage drop

and washes out the electric �eld across the rest part. Beyond this point, the complex dissociation

continues inside the colored area, which manifests that the QFLs therein keep decreasing. This

decreases the QFLs across the entire sample as a result of carrier drift and diffusion, shifting up the

overall concentration of Fe 0
Ti .

The color front location is sensitive to the complex dissociation rate and the Schottky barrier
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Figure 8.3 Left: the concentration of Fe0
Ti after being degraded for 10000 s as a function of complex dissoci-

ation rate (a) and Schottky barrier height (b). Right: the time-dependent total electric current as a function
of complex dissociation rate (c) and Schottky barrier height (d).

height, as demonstrated in Fig. 8.3(a) and (b), respectively. Slower dissociation ( � increases) and

larger barrier ( � increases) promote the color front towards the cathode. It is found that if the for-

mation of complexes is neglected or the dissociation rate is improperly large, the color front cannot

propagate. The time-dependent electric current density across the sample is also sensitive to these

parameters. The electric current across the present sample is dominated by the ionic component,

and was calculated through spatial integration of its drift and diffusion sum. In Fig. 8.3(c), it can be

seen that the current undergoes three stages, i.e. increasing, plateau, and decreasing, where a larger

� postpones all these stages. The effect of Schottky barrier height in Fig. 8.3(d) shows that increasing

� enhances the current and stabilizes the plateau. The Schottky barrier-induced stabilization of the

plateau stage is critical to make the simulation consistent with the experiment [Was90b].

The effects of Schottky barrier on the color front location and the total electric current will

now be explained. The barrier at the anode creates an electric �eld reverse to the applied �eld in

the space charge region, preventing nearby oxygen vacancies from drifting away. The reverse �eld

delays the voltage drop absorption near the anode and the electric �eld diminishing in the rest area

mentiond previously. This improves the relaxation of oxygen vacancy polarization, promoting the

color front towards the cathode. As for the electric current, the increasing stage originates from the

drift of oxygen vacancies and the complex dissociation that generates more free oxygen vacancies.

The v2
O to the cathode is eventually balanced by the back diffusion, so the total current gradually

stops increasing and enters the plateau stage. In this stage, the complex dissociation constantly

yields free oxygen vacancies and creates a drifting current. The delay of electric �eld diminishing

holds the complex dissociation and in turn the plateau stage.

8.4 Conclusions

In summary, the coloration behavior of Fe-doped STO due to d.c. degradation has been studied

using an advanced multphysics and multiscale model. It has been revealed that the propagation

of the brown color front at the anode is accommodated by the dissociation of FeTi -vO. The color
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front location and the electric current density are sensitive to the complex dissociation rate and the

Schottky barrier height. These results provide new insights to improving the reliability of STO-based

devices through the control of defect complexes and electrode properties.
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CHAPTER

9

CONCLUSIONS AND FUTURE WORK

This work has made signi�cant contributions to extending the capability and reliability of density

functional theory (DFT) calculations via the development and exploitation of DFT-based multi-

physics and multiscale models. A number of such models have been established to respectively

study the �nite-temperature elastic properties of 3d transition metal-based high-entropy alloys

(HEAs), the short-range ordering (SRO) and SRO-induced phase partitioning in refractory HEAs or

RHEAs, the in�uence of grain boundaries on the electrical conductivity of polycrystalline strontium

titanate (STO), and the high-temperature ultraviolet (UV) radiation-induced and d.c. electrical

degradation-induced brown coloration behaviors of Fe-doped STO.

These studies have yielded a variety of conclusions in terms of HEAs and STO, respectively.

First, the effects of spin �uctuations and their couplings with the lattice vibrations are critical to

match the experimental trends of the elastic moduli of an equiatomic CoCrFeNi medium-entropy

alloy decreasing with temperature. Second, the Al and Zr pair was found to be responsible for

the formation of B2 matrix in an AlMo 0.5NbTa0.5TiZr refractory high-entropy superalloy, while the

experimentally observed disordered BCC nano-precipitates were energetically more favorable to

contain Mo ordering with Nb and Ta from the simulation. The results also showed that the elastic

properties of the matrix were weak and highly anisotropic, and on the contrary, the nano-precipitates

were elastically strong and nearly isotropic. Third, the in�uences of grain boundaries on the defect

chemistries and electrical conductivity of polycrystalline acceptor-doped STO were examined. It

was found that the space charge layers near the grain boundaries gave rise to an enhancement of

electron concentration but depletion of oxygen vacancies. As grain size decreased from microscale

to nanoscale, the space charge layers occupy a signi�cant volumetric fraction of the whole grain,

leading to the diminishing ionic (oxygen vacancy) component and forward shift of n-p crossover
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oxygen partial pressure of the total electrical conductivity. Last but not least, both the UV-induced

photo-coloration and the d.c. bias-induced electro-coloration of Fe-doped STO were associated

with the dissociation of FeTi -vO complexes, followed by the reionization of the isolated FeTi from

charge state -1 to neutral state.

It should be emphasized that while the present models were applied to the above speci�c topics,

they were actually designed to be transferable across the same class of materials. Therefore, they

can be adopted as general approaches for upcoming experimental and theoretical studies in similar

regards.

Despite the successes achieved in this work, there is still much more to do. For instance, the �rst

principles compositional engineering in HEAs is an ultimate goal in the future work, which would

incorporate the �nite-temperature, short-range ordering, and phase partitioning effects on the

elastic properties of these materials; the in�uences of grain boundaries on the defect chemistries

and resultant properties of STO need to be extended to donor-doped and as-quenched scenar-

ios; explicit DFT simulations on the activation energies of FeTi -vO complex dissociation may be

worthwhile to quantify the dissociation rate of these defects; the effects of Schottky barriers at the

metal-semiconductor interfaces and those of non-blocking electrodes on the migrations of oxygen

vacancies and underlying defect chemistries during electro-degradation need to be investigated.
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