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ABSTRACT

DAVID ANTHONY EDELMAN. Estimation of the Mean and Variance Components
in some Random Effects Models with Composited Samples (Under the

direction of LAWRENCE L. KUPPER. )

A method is presented for estimating the mean, variance compo-
nents, and their variances in a two-way crossed classification where
the experimental units are composited. Estimates of the variance
components are obtained using a procedure similar to Henderson's method
1 in which the sums of squares are computed using weighted or unweighted
observations or cell means. Four estimation procedures were suggested
and compared. The results show that any best estimation procedure
depends on the relative sizes of the variance components. Conditions
on the various design parameters were investigated to determine when
exact tests of hypotheses on the variance components can be made. For
all estimation procedures considered, the designs should be completely

balanced if exact F-tests are required.

Using some of the results from the two-way crossed classification,
estimates of the mean, variance components and their variances in 2- ahd
3-stage nested designs were derived. These nested designs allowed for
the experimental units to be composited in all but the last stage. Four

estimation procedures were proposed and evaluated. For both the 2- and

j-stage nested designs any best estimation procedure depends on the

relative sizes of the variance components.



The procedure for obtaining estimates of the variance components
and their variances in the 3-stage nested design was extended to the
r + 1 stage nested design in which compositing could occur in any of

the first r stages.
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CHAPTER I

INTRODUCTION AND REVIEW OF THE LITERATURE

1.1 Introduction

During the past fifteen years the estimation of variance.
components in random and mixed effects models has received considerable
attention in the literature. For mixed models the emphasis has been
on finding methods for estimating the variance components that are not
biased by the presence of the fixed effects, but little attention has
been given to the problem of jointly estimating the random and fixed
effects and finding estimﬁtion procedures and/or classes of designs
that provide efficient estimates of both the random and fixed'effécts.
In random effects models the emphasis has been on finding procedures
to estimate the variance components. While various procedures have
been suggested for obtaining estimates of the variance components, and
finding the variances of these estimates for a few special classes of
designs, little work has been done in determining the relative.merits
of the different estimation procedures. In both random and fixed
effects models little attention has been given to finding méthods for .
estimating the variance components in situations where the usual anal-
ysis of variance assumptions and/or experimental procedures are not

valid.



In this study procedures are investigated for estimatinq the mean
and variance components in some basic experimental designs in which the
experimental units have been composited. In the usual experimental
design situation the sampling procedure is to select a group of experi-
mental units, apply some treatment to each unit, and then make one or
more measurements on the experimental units. In the situation where the
experimental units are composited, groups of experimental units are
pooled into a single unit prior to measurement. Compositipg has been
used in several fields of research, e.g., soil sampling, where the esti-
mation of the mean has been the primary objective, with estimates of the
variance components used for the sole pburpose of estimating the variance

of the sample mean.

The only systematic study of compositing was done by Kussmaul and
Anderson (18) who considered compositing in a three stage nested design
in which groups of experimental units from the second stages were com-
posited. Kussmaul and Anderson studied different procedures for esti-
mating the mean and variance components using three different cost
functions that related the total cost of the experiment to the costs of
measurement and the costs of sampling from the first and second stages.
Perhaps the greatest constraint on their study is that they assumed
measurements are made without error, i.e., the component of variance due
to measurement error is zero. Further discussion of the above study is

given in this chapter and in Chapter 6.

Compositing of the experimental units can either be designed into
the experimental situation or can occur inadvertently. Some general

examples of compositing and situations in which compositing can occur or




might be the appropriate experimental procedure are given below:

1) The experimental units are too small for a single reliable meas-
urement to be made. Consequently, several experimental units are

combined into one unit so that a single measurement can be made.

2) The costs of measurement are expensive relative to the costs of
the experimental units. If measurements were cheap and easy to
obtain, one would not composite but would make measurements on

each experimental unit.

3) Some experimental units were inadvertently combined prior to

measurement.
Some specific examples of compositing are:

1) An experimenter wants to determine the mean DDT concentration in
a certain lake. He suspects that the concentration will depend
on the location in the lake at which the sample is taken. Loca-
tion is not a factor of interest, but nevertheless the experi-~
menter still wants to estimate the location component of variance.
A reasonable procedure would be to composite the samples from
seveial locations and then make one or more measurements on the
qomposited samples. Provided that all experimental units are not
composited into a single unit, estimates of the mean DDT concen-
tration and of the among and within location components of vari-
ance can be obtained. .The above is an example of compositing in

a 2-stage nested design.



2) Cameron (4) gives the following example of compositing in a 3-
stage nested design. The purchase price and customs levy-on a
shipment of raw wool depends on the amount of wool present, i.e.,
its clean content. A shipment of raw wool comes in bales. The
clean content varies considerably from bale to bale and among
cores (samples) within a bale. Since the laboratory determination
of the clean content of a core is costly and time consuming,
Cameron devised a sampling plan in which cores were compositedA
prior to measurement of the clean content. Under this sampling

plan the various components of variance can be estimated.

3) The following is an example of compositing in a two~way crossed
classification. To determine the effects of alcohol on the fat
accumulation in rat livers, rats are daily given a certain amount
of alcohol. After one month each rat liver is biopsied. 1In
order to accurately measure the fat accumulation, at least 1 gram
of hepatic tissue must be obtained. To satisfy this requirement,
a number of biopsies (2-5) are performed on each 1iVer; these
biopsies are then pooled into two or more groups so that measure-
ments of the fat accumulation can be obtained for each group.
From such an experiment the mean fat accumulation and the rat,
biopsy, and measurement error components of variance can be esti-

mated.

1.2 Review of the Literature

In this section no attempt is made to review all aspects of vari-

ance component estimation since this has already been ably done by



Harville (13) and Searle (28). Instead, the most significant contribu-
tions to the following three areas of variance component estimation will
be discussed since they have a bearing on some of the results obtained
in this study: methods of estimation, variances of the estimators of

the variance components, and comparisons of estimation procedures.

Harville (13) presents a comprehensive review and analysis of the
literature dealing with one-way random classification. This extensive
study covers all of the literature pertaining either directly or indi-
rectly to the non-sequential point estimation of the variance components
in the one-way random effects model. Harville discusses the estimation
of variance components when the data are either balanced or unbalanced,
Bayesian and non-Bayesian estimation procedures, and the effects on the
estimation of the variaﬁce components when some of the usual analysis of

variance assumptions are relaxed.

Searle (28) provides an extensive review of variance component
estimation. His article is divided into three parts. The first part
presents a lucid discussion of the various models underlying variance
component estimation, the second part deals with variance component
estimation when the data are balanced, with prime consideration being
given to the analysis of variance method of estimation. The third part

is primarily concerned with the various methods of estimating the vari-

ance components when the data are unbalanced.

1.2.1 Methods of Estimation

In 1953 Henderson (14) gave the first systematic approach to the

estimation of the variance components in random or mixed models when the



data are unbalanced. He proposed the following three Methods:

Method 1:

Method 2:

Method 3:

The sums of squares for each source of variation are calcu-
lated in the same way as though the design was balanced. The
estimates of the variance components are obtained by equating
the various sums of squares to their expected values and
solving the resulting system of equations.

If the model contains fixed effects, then obtain some least
squares estimates of the fixed effects and adjust the data
for the fixed effects. The estimates of the variance compo-
nents are obtained by applying Method 1 to the adjusted data.
Estimates of the variance components are obtained by compuﬁing
the reductions in the sums of squares due to fitting appro-
priate sub-models ofvthe model being .considered, and then

equating these reductions to their expected values.

Henderson pointed out that Method 1 leads to biased estimates of

the variance components if certain effects in the model are fixed or if

some of them are correlated. Method 2 also will give biased estimates

if some of the elements of the model are correlated. Method 3 yields

unbiased estimates, but it can require a large amount of computing.

Henderson illustrated the use of the three methods using a replicated

two-way crossed classification.

Searle '(26) reviewed Henderson's three methods using the general

linear model and showed that:

1) Method 1 gives biased estimates of the variance components if the

model contains ahy fixed effects other than the overall mean.




2) If the model contains fixed effects, then there are many ways in
which the data can be corrected for these effects depending on
the choice.of a generalized inverse used in the estimation of the
fixed effects. Moreover, Method 2 cannot be used if there are

non-zero interactions among the fixed and random effects.

3) Method 3 does lead to a unique set of unbiased estimates of the

variance components.

Gaylor and Hartwell (7) indicate a procedure for estimating the
variance components in models containing fixed, random, or finite effects.
Sums of squares are computed as in Method 1, but the form of the expected
mean squares depends on which effects are considered fixed, random, or
finite. For the model

Yijk =M * X3 +cy + (xc)i4 + €44k % =1,.....T

l1,.....c

0,1,...n55 .,  (1L.2.1.1)

k

the expected mean squares are obtained by taking the expected value of
each mean square in which the Yijk are replaced by the above model.
These expected mean squares will include terms such as E(riri') for

i=41i" and i # i°. Gaylor and Hartwell define 0; as

Sy
2 2
Or "Z ri/ (Se= 1)
i=1
Sy
where E : r; = 0, and Sp is the number of levels of the ri effects in
i=1

the population. They show that



S -1
rs o . i=i’
E(rr ) = ol
ii 1 2
s O, . igi” .
r

Using similar definitions for the c. and (rc)ij effects, the'expected

J

mean squares can be derived; the only unknowns being o;, o2, o:c, and o2.
c e

This procedure gives unbiased estimates of the variance components and

can be used if the model contains fixed, finite, or random effects.

Koch (17) presents a general procedure for estimating the variaﬁce
components in any random effects model. This method does not require the
computation of any analysis of variance table as other procedures do.
Koch uses the fact that the expected value of the squared difference be-
tween pairs of observations is a function of the variance components. |

For example, in model (1.2.1.1),

2(03) ifi=i, =3 k#Kk

2 2 2 . . N . -

2 2(0e +0c-F0rc) ifi=13i, 3#3, k#«k

E(Yjsx ~¥i*j7x*) = 2 2 a e .
2(°e'+0r'+°rc) ifi#i, j=3, k#k

202 +02 402402 ) if i g i § # i, k #k°
e r ¢ rc
The sums of squared differences can be used to obtain unbiased estimates

of the variance components.

Forthofer (6) modified and extended Koch's estimation procedure.
The procedure given by Forthofer overcomes one difficulty in Koch's ap-
proach in that in some cases Koch's procedure leads to solving p equa-

tions in r unknowns (p > r), in which case a unique set of estimators is

not obtained. Forthofer's extension allows for the model to contain




both fixed and random effects, and the estimation procedure does not re-
quire that the random effects come from any particular distribution. 1In
the mixed effects model the variance components are estimated without

first estimating the fixed effects.

The maximum likelihood method provides a procedure for estimating
the fixed and random effects in a model. One disadvantage of this pro-
cedure is that the likelihood equations cannot be solved explicitly for
the fixed and random effects, and that solving the equations using itter-
ative techniques often requires an excessive amount of computing. Hartley
and Rao (12) developed a general set of likelihood equations and provided
an itterative procedure for solving the equations. The authors discussed
the asymptotic properties of the estimates and showed that they are con-

sistent and asymptotically efficient.

Joreskog (16) studied the maximum likelihood estimation of the
fixed and random effects in a more general model than the one considered

by Hartley and Rao (12). Joreskog assumed the following model
E(Y) =X BP ' where

Y is a nxp matrix of n observations on p response variables, X and P are
known full rank matrices of sizes nxq and hxp respectively, q < n, h < p,
and B is a gxh matrix of fixed effects. The rows of Y are assumed to be
independently distributed, each having a multivariate normal distribution

with the same variance-covariance matrix V, where
VvaA(LFL +D>) A"+ T , and

A, L, the symmetric matrix F, and the diagonal matrices D and T are
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parameter matrices. Joreskog (16) gave a procedure for estimating the
fixed effects (B) and the parameters of V using maximum likelihood

methods.

1.2.2 Variances of the Estimators of the Variance Components

Hammersley (10) and Tukey (29) derived the variances of the
estimators of the variance components for the one-way classification
without assuming that the random effects are normally distributed. Most
authors have derived the sampling variances under normality assumptions,
and the remaining discussion in this section is confined to this situa-

tion.

Searle (23) derived the sampling variances of Henderson's Method
1 estimators for the one-way‘classification. Aithouqh they had previously
been derived by Crump (5), Searle's principal contribution was that he
provided a procedure for deriving the sampling variahces using matrix
methods. Searle made use of the fact that sums of squares can be repre-
sented as a quadratic form zfAi Y, and if y has a p-variate normal dis-
tribution with 0 mean and covariance matrix V, then cov(zfAiz,y‘Ai’z) =
2 trace(VAiVAi'). Searle (24, 25) then obtained the variances of Hen-
derson's Method 1 estimators for the two-way crossed classification and

the 3-stage nested design, respectively.

Mahamunulu (20) using Method 1 extended Searle's results to the
4-stage nested design. Blischke (1) found the sampling variances for a
3-way crossed classification in which one effect was assumed to be fixed.
He used Method 2 to estimate the variance components. Later, Blischke

(2) developed a general procedure for finding the sampling variances in
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an r-way crossed classification random effects model using Henderson's

Method 1.

Bush and Anderson (3) studied three procedures for estimating the
variance components in a 2-way crossed classification.  The authors desig-
nate the three procedures as: the method of fitting constants, unadjusted
sums of squares (Method 1), and weighted squares oflmeans. For all three
procedures they derived the variances of the estimates of the variance

components.

Hirotsu (15) derived the sampling variances for a two-way crossed
classification when the variance components are estimated using the method
of unweighted means. In Chapter II it is shown that this estimation pro-

cedure is related to Method 1.

Forthofer (6) obtains the variance-covariance matrix of the modified
Koch estimators. The great utility of these results is that the procedure
for finding the sampling variances is not restricted to any particular

class of designs or to random effects models.

A procedure for directly obtaining numerical values of the coef-
ficients in the formulae for the expected mean squares in the general
random effects model was given by Hartley (l11). He termed the procedure
'synthesis' since the coefficients are computed using the columns of the
design matrix as synthetic data which are analyzed using the analysié of
variance method. Hartley's method can also be used to obtain the vari-
ances and covariances of the mean squares. In the few cases where Hart-
ley's method has been used to give mathematical formulae for the coeffi-

cients in the expected mean squares, the formulae are the same as those
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obtained using Method 1. Rao (22) extended Hartley's method to general
design matrices (Hartley required the design matrix to have exactly one
1 in each row and the remaining elements being 0), and to the general

mixed model.

Searle (27) gives a procedure for computing the large-sample
variance-covariance matrix of the maximum likelihood estimators in the
general linear model. Searle shows that if g? is the vector of q vari-

ance components then
-1
a2 -1 -1 .
var(0°) = 2 ?trace[V ;v Vj] g i,i=1,2,.....,q

where V is the covariance matrix of the observations and Vy is the
partial derivative of V with respect to 0;. Searle points out that in
the case of unbalanced data analytic expressions for var(é?) are dif-
ficult to obtain since in this situation V-! is not amenable to any anal-

ytic form.

Kussmaul and Anderson (18) considered the problem of estimating

the variance components in the following model:

tij
s = 1 z i =
Yiqi = Hu + r; + c.,. y 1i=1,....,r
J £ — jti)g j=1,.0..,04 - (1.2.2.1)
- tig > 1
The above model represents a 3-stage nested design where tij

experimental units in the jth sub-class within the ith-class have been
composited into a single unit on which a single measurement is made.
Meaéurement error is assumed to be zero. Kussmaul and Anderson con-
sidered three procedures for obtaining the sums of squares for classes

and one procedure for obtaining the sub-class sums of squares. They
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derived the variances of the estimators of the variance components for
each of the estimation procedures. In Chapter VI it is shown that model
(1.2.2.1) is a special case of a more general model and that the

estimation procedures considered are related to Henderson's Method 1.

1.3 Comparison of Estimation Procedures

About the only feasible way to compare different estimation pro-
cedures is to compare the variances of the estimators of the variance
components. Since these variances are functions of the unknown variance
components and are also complicated functions of the design parameters,
analytical comparisons are not feasible even for the simplest designs.
In the studies discussed below the comparisons among the estimation pro-
cedures have been made using numerical methods involving the computation

of the sampling variances for a given design and estimation procedure.

Crump (5) compared, for the one-way classification, Method 1 and
the method of unweighted means. Crump concluded that the unweighted
means estimator is best, i.e., has smaller variance, if the among classes
component of variance is large compared to the within class component;

otherwise, it is poorer.

Busﬁ and Anderson (3) compared the following three estimation pro-
cedures: the method of fitting constants, Method 1, and weiéhted squares
of means. The comparisons among the estimation procedures were based on
12 two-way crossed classifications and 18 sets of variance component
values. They concluded that if all components of variance are small

relative to the error component then Method 1 in combination with L-shaped
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designs gives estimators with the smallest variance. If this is not the
case then the method of fitting constants should be used with diagonal -
type designs. Hirotsu (15) showed that the unweighted means estimators
had uniformly smaller variances, than the estimators given by the three
Bush and Anderson methods, except for G:C when U;C is small compared to
Gg. However, Hirotsu's study was done using only 5 of the Bush and An-

derson designs in which there were no empty cells, and only four sets of

values of the variance components.

One of the more extensive evaluations of estimation procedures was
done by Forthofer (6). He compared Methods 1 and 3 with the modified
Koch procedure for the two-way crossed classification with and without
subsampling, and Method 1 with the modified Koch for the 2- and 3-stage

nested designs. Forthofer arrived at the following conclusions:

Two-way crossed classification: The best estimation procedure depends on
the type of design considered. Usually the modified Koch procedure gives
estimates that are quite competitive with those of Method 1. Method 3
can be better or worse than Method 1 depending on the particular design.
2-stage nested design: If the design is quite unbalanced then Method 1
is better than the modified Koch method. 1In other cases there is little
difference in the two methods.

3-stage nested design: Ushally Method 1 is better than the modified

Koch method.

Forthofer points out that the sampling variances for Methods 1 and
3 have been worked out for only a few specific classes of designs. For

the modified Koch method this is not a constraint on its use, and perhaps
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this advantage outweights the somewhat lower efficiencies it tends to

give.

Kussmaul and Anderson (18) using model (1.2.2.1) compared the fol-

lowing estimation procedures:

1) Method of weighted means
2) Method of unweighted class means

3) Method of unweighted measurements

. 2 2 .
Designating Oy and oc/r as the among first stages and among second
stages within first stages variance components, Kussmaul and Anderson

concluded that

1) 1f 0;//°é/r > 1, procedure 2) is best for estimating u, oi, and

2
O'C/r.

2) If oi//oé/r < 1, procedure 1) is best for estimating G:' but
either procedures 2 or 3 should be used to estimate U and

+ a2

r c/r’

1.4 oOutline of Research

In this study the problem of estimating the mean and variance com-
ponents in some basic random effects models in which the experimental

units are composited is investigated.

For the two-way crossed classification with column and/or row com-
positing, a procedure similar to Henderson's Method 1 is derived for esti-

mating the mean and variance components and their variances. This
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procedure permits the estimates to be computed using sums of squares
obtained from weighted or unweighted observations or cell means. Four R
estimation procedures are proposed and their relative merits are inves-

tigated.

Using the results from the two-way crossed classification esti-
mators for the mean and variance components and their variances are
derived for 2- and 3-stagé nested designs. For both of these designs four
estimation procedures, i.e., four different ways of waighting the 05—

servations, are compared.

For the r + 1 stage nested design a method for obtaining estimates
of the variance component and their variances is given, when compositing

can occur in any of the first r stages.




CHAPTER II

THE TWO-WAY CROSSED CLASSIFICATION WITH COMPOSITING

2.1 Introduction

In this chapter a procedure is presented for obtaining estimates

of the mean and variance components, and the variances of these estimates,

in a two-way 9;9§§§§#E}§ssif§g§§§on which allows for both across rows

and across columns compositing. The procedure is similar to Henderson's
Method 1 for estimating the variance components, but the sums of squares
are calculated using weighted or unweighted observations or cell means.
The estimates of the variance components are obtained by equating the
sums of squares to their expected values and solving the resulting system

of equations.

2.2 The Model

In Chapter I an example of compositing in a two-way crossed clas-
sification was given. 1In this example the compositing was only across
columns (biopsies), and not across rows (rats). The general model

underlying this example is given by:

Si tj *
1 1 1
. sy = + = r.,+ — C, + —— + 2.2.1
sk = W e, E: n v, Z ALFCTMAR T ’
i =1 ij
2 m=1 2‘rm
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where, i=1,i0000,r
i=1,.....,cC
k = 0,1,.....,nij ( For k = 0, yijo does not exist )

and,

S; = the number of experimental units composited in each cell of

row i,

tj = the number of.gxperiggggg} units composited in each cell of

__column j.

vij = the number of experimental units composited in the i-jth cell.

/A

) < . ;|
The vijAare such that Max[si,tJ] vij £ sitj for all i and j

Also vij»%s such that Vij = a;s; = b .t , where a, and bj are

i3 i

positive integers.
*
The notation :z: is used to indicate that the summation is not neces-
£,m

pairs of f£-m values. If v.. = s;t.:, then

sarily over all s .t .
ij ij

*
:E: = :E: - In the remainder of this study summations of the
2,m 2=1 m=1

form :i; will be indicated by }E: .
1= i

1

j,

For model (2.2.1) it is assumed that the only fixed effect is the

mean, M, and that the row effects, ril' the column effects, cjm' the

interaction effects, (rc)ijlm' and the measurement error effects, eijk'

are random, and are independently and normally distributed with zero

means and variances 02, 02, o2 , and 0?, respectively. It is also as-
r ¢ rc @

sumed that all covariances among the effects are zero. A total of N

measurements are made on C experimental units, where
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N = sz:nij = Zni' = zj:n.j + and C = Zi:Zvij

-

There are some restrictions on model (2.2.1). For each cell in

the {fhfrow of the composited design for which Dj § > 0 the same number

of each of the row effeqts_are“qomposited, i.e., s; is constant for cells

(i,1), (1,2) ..... (i,c). Similarly, for any given column of the design
the same number of column effects are composited within each cell in that

column.

In order to clarify model (2.2.1) and some of its associated nota-

tion, a schematic representation of the model is given below for a com-

posited two-way crossed classification with 2 rows and columns in which

=2, n =n =n

s, =5, = 2, tl = 4, t2 =2, n 12 21

1 2 2 = l, v = 4,

11 2 11

Vi, =V,, =4, and v, = 8. Starting with a non-composited design with

4 rows and 6 columns, designate the experimental unit in the 2th row and

mth column by (£,m).

frepoicco

Columns

2 3 4 5
1 1,2y 11,3 | 1,9 @/56
St 2 @i @y | @ | @23
Rows . ;\ — )
3 (3r2) (313) (3)4)' K3'$l
a 4,2) | (4,3) (4.4)) 4,5

Let the experimental units from the above design be composited in

the following way:

/ Units (1,5)' (1,6)1 (215)1 and (2'6)



JUnits (3,5), (3,6), (4,5), and (4,6)

s’Units (3,1), (3,2), (3,3), (3,;4), (4,1), (4,2), (4,3), and (4,4)

¥ units (1,1), (2,2), (1,3), and (2,4)

Units (2,1),

(2,3), and (1,4) are discarded and no meas-

urements are made on them.

From this compositing scheme the following design is obtained:

Columns (¢ = 2)

1 (3

v = 4 v - 4

11 12
n = 2 n = 1

Rows(r = 2) 11 12
v =67¢ V =4

21 22
n = 1 n = 1

21 22

20

Note that nij measurements are made on the vij composited units.

The model for any observation in the above design can be repre-
sented by model (2.2.1). For example, the model for the second meas-

urement in row 1, column 1, of the composited design is:

2 4
1 1 1
= += ) r oo+ 1Y c. +={(re + (r + (rc + +
Y1121 *3 22: 1% 4; jm 4<( )un (C)uzz (x )1113 (rC)nzu) ®l12

2.3 A Method for Estimating the Variance Components and Their Variances

Henderson's Method 1 for estimating the variance components in a
random effects model requires that the sums of squares for each source
of variation be computed as if the design were balanced. Using this idea,

the various sums of squares for model (2.2.1), or any two-way crossed
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classification, can be represented in a rather general form as follows:

: 2 2
55 (Rows) =2 j;fijyijk) -<Z£§::Emijyijk> =T

2 @: 2 .'
1 = E E E - 2 : Z , =T -
SS (Columns) <i 2 gijyijk> 15¢ mijyijk> T2 'r“

3

- 2
SS (Interaction) = h.. .. -T-T+T =T -T -T + T
Zi:jz 1J<§:Y1]k> 1 2 3 1 2 N

2 1 2
SS (Error) = Y.y = Vi =T -T
2;; 13k EiIZJI 'ij(zk: i”‘) s
(2.3.1)

The fij' gij' hij' and mij are sets of weights thag depend only on
the particular way in which the observations or cell means are weighted.
The weights are subject to some restrictions which are given in section

2.4.

In Table (2.3.1) the vaiues of the fij' gij' hij' apd mij for four
different estimation procedures are given, These estimation procedures
are not arbitrary, and there is some rationalization for their use. The
weights for two of the procedures correspond to the weights used to com-
pute the usual analysis of variance sums of squares as though the data
were balanced (Procedure 1), and to compute the sums of squares using
the method of unweighted means (Procedure 3) if for all i and j, ng4 > O.
The other two estimation procedures (2 and 4) are derived from the first
two using the vij as weights. In Chapter III a comparison of the four
estimation procedures is made to determine which procedure is best for
estimating the variance components in a composited two-way crossed clas-

sification.
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Table (2.3.1)

Values of £, ., g.., h, , and m__ for Four Estimation Procedures
1)° "3 ij ij

Procedure fij gij h. m, .

L YRy A, W

Vi M Vi3 — Ty
2 B ———
22455 2.V;4my P33 2.2V 5ms5
3 i i
1 1 1 1
3 2 ,
* [ * >
ij‘/ci n;jjvVry nyj "13‘/N
Vi Vi v13 Viy
4 K~y . 2 v[—____*nm
"3 ;vij i3 Zi:vij P15 n V22 Vig
In Table (2.3.1),
N° = total number of cells for which ngs > 0. (N° £ re).
c; = the number of cells in row i for which n;4 > 0, (c; L o).
*
r. = the number of cells in column j for which nij > 0. (r; L r).

The sums of squares corresponding to any of the four estimation
procedures are computed by substituting the values of the fij’ gij' hij;
and mij given in Table (2.3.1) into the sums of squares defined by
(2.3.1). If any nij = 0, then the summations in (2.3.1) are over those
values of i, j, and k for which nij > 0. 1In this and subsequent sections,

various formulae are derived and presented which contain nij as a divisor.

In those cases where nij = 0, the formulae are still valid since in these




cases the summations over i and j are defined only for those values of

i and j for which n 5 > 0.

The analysis of variance table for the two-way crossed classi-
fication using sums of squares defined by (2.3.1) is given in Table

(2.3.2).

Table (2.3.2)

Analysis of Variance Table for the Two-Way Crossed Classification

Source d.f. Sums of Squares Expected Sums of Squares
2 2 2 2
Rows r-1 SS = T -T w O+tw O +w O +w O

1 1 & 11 12 C 13 rc is ©

2 2 2 2
lumns c-1 sS = T -T w O +w O 4w O +w O
Co 2 2 21 ¥ 22 C 23 EC T4 ©

ol+w 02 4w o2

Interaction N -r-c+l SS = T -T =T +T  w_ Oztw
3 3 1 2 31 32 C 33 XC 34 e

rd

Error N-N SS = T -T (N - N))o?
[ s 6 e

Searle (24) suggested the following procedure for obtaining esti-
mates of the variance components and the variance-covariance matrix of

the estimates.

If the estimate of 02 is denoted by 32, then let

[ 52 1 0o o0 -1
r
~2
i = oc ’ H = 0 1 0 "1 r’
~
o2 -1 -1 1 1
| rc
[ w w w w
11 12 13 w1
W = w \/ A/ w = w . and
21 22 23 = 82
W w w N-N"
31 32 33

23



24

- -
T
1
T
t = 2 .
T
3
T
u
Then,

ss o s o> 5

w + w +w O +w O

1 1 r 12 € 13 ¥c 14 @

A2 A2 ~2 ~2 ~2

Ht = Sss rand Ws + 0 w ={w 0 +w O +w O +w O

- 2 - e ™ 21 r 22 ¢ 23 rc 24 @

A Az A - Az
SS w O +w 0 +w O +(N-N)Ce
3 31 32 3
Then, Henderson's Method 1 estimators are defined by
A2
Ws = Ht - o w
3 = ey
or s = w‘l(Ht azw ) (2.3.2)
s t .3.

n2 »
From Table (2.3.2), oe = SS /(N-N"). It can be shown that SS
. u
2 2 -
has a Oe X distribution with N-N" degrees of freedom and that SS , and
'

~2
hence Ogr is independently distributed of SSi, i=1,2,3, i.e.,

~2 A2
cov[oe,SSiJ =0, i=1,2,3. Thus, the variances and covariances of Or,
A2 A2

(] . (3 Az 3
Ocs Oy can be obtained as linear functions of var[oe] and the variances

and covariances of SSi which are functions of the Tk' i=1,2,3,k=1,
‘ ) 2 2 A2y ) : A2 4 -
2,3,4. Since Ssu/\ O Xn-n-* var[oe) is given by, var[oe] = 20,/ (N-N").
~2
From (2.3.2), and using cov[oe,ssi] =0,1i=1,2,3,

P

~n2 )
var(s) = w‘l<; var(t)H” + w w'var[oej)[w'l] (2.3.3)
- - Ty

~2

1 ~2
cov[ce,§J = W guVar[oe]
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To find var(s) it is necessary to find var({) and the elements
of Wand w . Since w;. is the coefficient of o2 in E(SS,), and the SS,
- ij 3 i i

are linear functions of the Tk' the wij are determined by evaluating

the appropriate sums and/or differences in the E(T)), k = 1,2,3,4.

2.4 Expected Values, Variances, and Covariances of the Ty v k=1,2,3,4.

To facilitate the derivations of the expected values, variances,
and covariances of the Ty, k = 1,2,3,4, some vector and matrix notation

is defined.

l; is a 1 X v row vector of ones.
1l

-
= i VXV i .
lv Jv s a matrix of ones

¢ X ’

12

Drc(xij) is a r¢ x rc diagonal matrix. D .

rc(xij) = diag(xl

s oo xlc' x21' ss e ,xzc' seoseep xri' s 0080y xrc)-
Dr(xij) is a r X r diagonal matrix of the form, Dr(xij) = diag
(XIj, X2j, ceeee xrj).

Dc(xij) is a ¢ x c diagonal matrix. Dc(xij) = diag(X; ., X, oo

cey Xic)
A; = (ai!, Ay, seeee y aic)
Ef = (E;EE;E--...;E;)' and E{ = (bill b,y «cco. + b

i2 ic)

]

= Dr(Pi)' Pi = Dc(Pij) = diag(pil, pizl ceses ¢ Pic)

= (ngszoo-.i Qr), Qi = Dc(qij) = diag(qill qiz, cens e qic)

0
|

Let Xf be a 1 X rc row vector of the rc cell means of model

(2.2.1).

”

—Y_ = (yllly LR BN 4 yzc'o’.. yrl'..., yrc)

- - - 1l
= (Y7+ Ygr v+ » ¥Yy) . where y;5 = nij :;:Yijk

g eeseceg chl yley

12 22"’



26

The Tk' k =1,2,3,4, can now be represented as quadratic forms
in Y. Using these quadratic forms, the expected values and the variance-

covariance matrix of the Ty will be determined.
2
T = £..Y.
1 E(‘?; w"lﬂk)
= Z(E fijnijyij :
i\j
= :E: }E:a b4 2 where a,, = £ n
T\y i) 13 7 "1y
S(an) - % vinaie, - v (o '
- \hn) t ilii‘a’iili'lbr(éiii)! . (2.4.1)

Similarly, .
T, -Z(un 13) = Y"0“QY, and 94 = 934044 (2.4.25
T3 =:E::E:p1]ylj =Y PY, and p, 13 = h, ij i] (2.4.3)
i;bijyij) = Y'BBY, and b, 19 = Mi5Myy (2.4.4)

Lancaster (19) has shown that if Y is normally distributed

N(E,V), and Fk is a symmetric matrix then,

E[_Y__’FkY] = tr{Fkv} + UM (2.4.5)

2tr(Fv)* + au'rvE if k = k°

Y YF Y ] =
2tr[FkVFk,V] + 4u°F\VF, 4 if k # k”

Cov[Y Fk

(2.4.6)
"tr" denotes the trace operation on a matrix. In this section frequent
use will be made of the following trace properties:

tr[z +Z)=tr[z]+tr[z],andtr[zzz]=tr[zzz]=tr[zz2],
1 2 1 2 1 2 3 31 2 ) 2 31

whenever the indicated matrix operations can be performed.
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For each of the quadratic forms Y'FyY, where F = D [AiA{},
-— 1 r{—t-
F =00Q F =P andF = BB , denote the ijth column of the rc X rc

matrix Fp by f-kij' Let U = ulrc’ then

ufijnij;fijnij , k=1

Hg n.Zg-n. P k=2
i, 1313 4 91313

SRR M
1

umijnijé:; mijnij’ k = 4

For each of the four estimation procedures defined in Table

(2.3.]1) it can be verified that

‘ =yl” f = ‘ f = - £ ‘ i = cos =1,..,
“lrc-gxij lre2ijy u-]-'-rc 3ij | L sij for i = 1,....r, 3 =1 | c.

when the appropriate values of £.., g.., h,. , and m ., are substituted
i3° Fi3" iy i3
into u_];; cgkij' Thus, for each of the four estimation procedures ;_J_'Fkg '
y_'FkVFky_ , and U'F VF, -i, k # k" can be treated as constants. Since Ht
in (2.3.2) consists of pairs of differences among the 'rk, k=1,2,3,4,
Ht and consequently s and var(s) will not contain any terms in 4. Al-
though E(Tx), var(Ty), and cov[Tk,Tk') do contain terms in Y, they will
be computed as tr{VFk], 2tr [VFk]z, and 2tr(VFkVFk,] respectively, since

s and var(s) are independent of u.

Using the method of section 2.3 to obtain estimates of the vari-
ance components and the variances of these estimates, restrictions on
the estimation procedures can now be stated. They are:

1) IfT = X’Fk}g, then F, must be symmetric. The matrices in the

k k
quadratic forms given by (2.4.1), (2.4.2), (2.4.3), and (2.4.4)

are symmetric.
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2) EkaE! EkaVFkE, and EkaVFk{E! k # k”, must be constants, so
that s and var(s) given by (2.3.2) and (2.3.3) are independent

of u.

Model (2.2.1) can be rewritten in terms of the cell means as,

1 S :;3 1 b ) W
P r..+ 1 c, + —_ i(rc) +
Yij Siz i2 7 L im V4 ijm A3 ®iyk
2

i=1l,...., 2, §J=1,...., ¢, k= 0,1,...., nij . (2.4.7)

For model (2.4.7), cov[yij, yi,j,] is given by:

+ + +4—— , ifi=4i", 3 =3°

Si
COV[yijiyiaj a) = 4

&5 - if i #4i%, =37

0o , ifi#gi’, 3#35°
\

Let V be the variance-covariance matrix of Y, the 1 X rc vector

of cell means, and let V be partitioned into r? matrices Vii' of size

c X c.

A4 \'4 T '
11 12 1r
Var T . .
V = . T :




where,
qi 2 1
Vii = var[xi] ==....Si Jc + O’ch[ j_]

V._a BV.A

= o= 2 ————
ey ] -

ty

+ O'rch

29

(2.4.8)

Using the partitioned form of V given by (2.4.8) and the quad-

ratic forms defined by (2.4.1), (2.4.2),

(2.4.3), and (2.4.4), the ex-

pected values and the variance-covariance matrix of the Tk' k=1,23,4,

can now be determined using (2.4.5) and (2.4.6), and dropping the terms

in 4 for reasons given previously.

tr[Dr [515;] v]
e i
Ei:e.

=
—
+3
-
S
]

iViidy

0':- 2 agj
= — 2 1 2
AjViiBAy = Zaij + OCZ +o
*i\J T B

Substituting aj§ = fijnij gives

2

() -t Tad (Eflj 13) SO D ” b

+ OZZZfij i3

2 a?
ST (Tew) AT
1373

22”4-0 j
nij

£2.n2,

iji
;:Z:Z: VJ :
ij i3

(2.4.9)
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1 2
2 Var [T . ] tr [Dr [Aié;] V]

= tr ZAJ-AJLVJ_J.—- 1i + trZZA]_&l 11 _lz_A. Avifi -
2 2
=2 (-1 18 ) 2. Z,(Ai"’i'iﬂi) (2.4.10)
i , iF#i
2 2 2 2
o) 2 as. a
- r 2 1] 2 ij 23245
AV, A =__. a..| +a0 —= +0 — + 0 . (2.4.11)
1 ii7i s jZ 1) c t] rc 3 vi e;“ii
- ij2i-”
ATV A = o2 i . ' (2.4.12)
i” 17171 : ts
] h)
Substituting (2.4.11) and (2.4.12) into (2.4.10) and aij = fijnij vields, ~
2 2 2 2 2
1 (o] 2 fians. fi.ns.
= _ r 2 1j71) 2 ijij
2 Var[Tl] = e —I‘s zj:fijnij) + a2 jz tj + crch———Vij

(2.4.13)
J

2
+ Ozzfu is) ¢ O“ZZ znlj 13775717
ts

E(Tz] and 1/2 var(Tz] can be obtained directly from E[Tl} and

1/2 var{Tll by simply interchanging the summations over i and j, inter-
changing —— and & . —£, and by replacing f

. b « Then

2

[Tz} = 022 (E 9 5 13) + of_,ZZgl: 13 + a2 ;;

i) i

2 2 2
+ 0 Z 2 < 2.4.14)
e 3 glJ ij (
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2

1 a? g2
= vf_c j ij 52 ij" iJ
2 Var['rz] }_j: 5 (i29ij J_J) Zl: rc; o

g 2955\
2 2 lo i3 1j ij

[ (2:2])v 270 V]
- 21: ( AV, .0 )(Z Qi,v.,)
- Do) (5 o)

AJYVii 0y = AVy0 H AT D Vi
i

141
o2 a,.q a; g
J.x a;.q Z q + g2 it iclic
. R ) N gecooey
Sy 3 15341 3 ijiic c t:l tc
' o2 34194, 3ic%c . o2 211%, 2ic%ic
s 00owy 2000y T
re\ Vi Vic *\ ™ nic
2
+ 0g

i#on i*#i e

(Z: ik 'S f_i%qi’s.

Y o2 31,94, icdic) 52 3319, 3icdic
re\ viy "7 Vie e\ i1 "7 nge
Then,
21:1—\1 z;,vil'Ql)(ZQ Vs 'i) =i
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Substituting qij = gijnij and aij = fijnij into the above expres-

sion gives,

1 2 02

g
— _ 2 r
2 °°"[T1-T2J -Ei Zi i\ 57 Uy Zj..fij'n' -t -.‘ ijz 9374575

2 1391575
rc Vs

. + o £, 13913 (2.4.16)
13

[

tr (PV)

Ztr[ i 11]
= _Ztr(Dc[Pij]Vii>
INESUIRE AR L dor ol G :

=(r,)

nlJ

. 2
Since pij = hijnij'

j"ij j 13
B[r,] = 073 3 h, nl, + "222 S "mZZ i
i3

t5 Vij
2
+ erZhijnij (2.4.17)
ij
1 2
2 var['l‘s] = tr(PV)
= trzi:iz’Pivii‘Pinvidi

t.rZ(l n)’ + ) > PV P (2.4.18)

i#i
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P; 4P; _p? |
=q ZZZ lj i’ :—21??}1 (2.4.19)
135

g

r 1 2 1 1
V,, = =—=P.J +o‘ P D +0 P.D {em +o P =
iii 8y i“c (Ej) re i c(vij) i c 1j)

Let 2, - be the j-j° th element of P,V ., then

i ii

3 5_}}; "33773°3

’ 2
o Pij P, pij 2
2 r 2 2 i3 2
2. 23; ‘Ej<—si Pij * % &5 * %o Vi3 * %e T3 (2.4.20)

rc Vij

P§4Piy”
Zzzjj’zj Che G"ZE e
3#3 I

u
r
" ?@Z"i; ij” Zpij) (2.8.21)

Combining (2.4.19), (2.4.20), and (2.4.2l1) into (2.4.18), and

substituting for pij = hi jnzij gives,

Oi_ oz o? . 2
' 2 _re
ar[’rs} =Zi:j 4-5—5-‘-1-11._:,111:j j ij lj 'j h:.) iy * U h, 1913

o} o 2 \
+ 'Thij lj(z: hij n? j ij 1j) —j-h jnij hi:'jni’j—hijnij

(2.3.22)



2 cov(r, .1} = tr (Dr<AiA£)VPV)

= trzz__l_lvlalp ;ViiA
"Z_ Z‘Aivii'pi’vi‘iﬂi
ii
ZAJ. 1iPiViiBy *ZZA;LVH-_'P “Vi~3By (2.4.23

2
> a- - %i3P1 %
Z 2:V13-F3 V558 = % }1:',%: ;E—t—z—_

141

2
iyPi~ 2i4Pij
}: Z j 3. 22 J (2.4.24
i° J 3

N Sy |

I iiiid
1t ya
where Pi = Dc[pij]
2
. 1/2 © 1/2 (ail alc) 1/2
A;ViiPy =-X2 a,.-1p +02|—,....~=]|p
—1 111 =C N
Sl j‘ 1] 1 tx tc 1
» [ 21 %ic) 12 (2 3ic\_12
+Urc ——yeseay—] P +0’e ——— e e e p—— Pi
Vi, Vie 1 nji nic
Then,
z 2 2
o o
rce e 2
2 (agv, pﬁXAv ) ZZp ———Za -+ + a,, +— a
2iViiP{AAiViiP i i j . . 13
]__‘< » 3 3 j Vig ij niJ 1)
(2.4.25)
Substituting (2.4.24) and (2.4.25) into (2.4.23), and
ajy = fijnij and pij = hlJ ij° gives

34

)

)
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1 2 a? o?
<5 = 2 | ¥ c rc
7 covfr, ) =3 2y gndy (S iy st w7 gy ¥ RS faghy
i3 i J ij
Y

2 ©
+ a2 flj) + z‘j;.f ij(z:hl M55 " hijnzj) (2.4.26)

By making the appropriate changes in (2.4.26),

2

1 o? a? o
5 _z :z : 2 { ¢ im . r rc
Zoov(13,7) =2, . "ii“ijét'j‘ziﬂi P17y Y5y %M Y e i

3

2 2 O 2 2 2 2
+ 0 gij) +-;§- gijnj.j Zj:,hij'nij’- hijnij (2.4.27)
E(TJ = tr(B B'V)
=BVBE

o b
=|2-BiVs, - T BiVipreeee 'Zi:-givir) B

i

=ZE BiVys-By

- =~ -
= Z.‘ii"nﬁi *Zz-; BiVii-Bi~ (2.4.28)
i i#i
x 2 2 ij 2 ij
B{V,:B; = Zblj +0 Z—— + rcz +0 Z;—— (2.4.29)
Si\"3 k| j Vij 3 i3
. = g2 P15P1
BV, %B;c = 0¢ - —'t_'J (2.4.30)

Substituting (2.4.29) and (2.4.30) into (2.4.28), and replacing

bij by mij nij gives,
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+ 0: szijnij (2.4.31) ;
3

il
%)
AY
<
z
N
L]
—
3]
r~—
=3
+
ot
—
N

From (2.4.31)

1 2 m:.n-.
5> 1 2 1 2 2 13743 -
2 var[T ] = | o? — m,.n, + 0 ... + 0
2
2 2
+ erZmijnij (2.4.32)
ij
1 ,
"z'cov['rl,'r,.] = tr(Dr[Ai_A;] VB p_’v)
=BvD (aa]) v
r{=i=i

Then,
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bijaij

022
e

(2.4.34)

(2.4.35)

Combining (2.4.34) and (2.4.35) into (2.4.33), and letting

ij = fijnij and bij = mijnij gives,

1

1

i37if i3 2
+cxmj.._le___.+c;z:flj 19714

By making the appropriate changes in (2.4.36),

2
. m n. £f,.n,.
r > ’ZE i7y i°3 43 43
— = e m, . .n,., £,57m, o+ O
2 cov[Tl,Tu] Z si; 17135474 T1y" el £

(2.4.36)



'f'cov[Tz,T“]

2

g P T
~ e 2 M3 My
T LM £a9i73M05 Y 9%
3 i i jJ 1 Si

3 J

2
g..m..n,, 2
2 1] 1J 13 22
+ O Z_M-O-O' g..Mm..Nn. .
rc . . e by 1 1
T Vij i
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913" 5

(2.4.37)
L
2 cov[Ts,T“] = tr(P V B BV)
v pl/2\ -y o172y
= (v 21/2) @2V 21/2)
o n1/2 1/2 Z 1/2
B v P =( Bl’vl’lPl g0y Blav e Pr
Then,
- 1/2]( - 1/2}’ = B°.v. . p}/2 - 1/ ‘
(Bve BV P Z ) BL .V, ..P} _ BV, . P} (2.4.38)
1 X 1
2 pl/2 - 1/2 Z 2 v, . .pl/2
Z-’?i VRTT = BViRTT 4 £y Bjevy;ery/
i i #1
0’2‘ 1/2 2 b:l.l ic /
= r ., < . — 1/2
3T blj 1 P1 + Oc ARy o Pi
+ g2 Piy =Elp1/2 , g2 | L} _1c) 12
re \vi, """ vig elnj,’ """ nj./ i
b,
in i‘c
+02( '—El—,....., Z T )P;/Z
iH i# e
2
g b b
r -~
—_ . /2 2 171 17¢c
= 5144Pij-LcPY? + of L TE el e pl/2
2 bll blC i) i
+0 feeeey —m 1/2 2| 1l icl _1/2
rc V;; ’ ic pl +Ue nll,..-.,'n—iz Pi .
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Substituting the above result into (2.4.38) and replacing bi] by mljn1J

and p.. by h. gives,

ij ij 1j

1

02 ni 3
T cov[r,.1,] zghn 2| s mynig- + 0 Z
J

2
Urc

2
+ “;'i—; mijnij + 0': mij) (2.4.39)

The variance-covariance matrix of the Tk's, var(t), is given by

Fvar[T ] cov[T T ] cov[T T ] cov[T T )
1 1 2 13 1 uj
var[Tz] cov[Tz,Tal cov[Tz,T“]
var(t) = ch + . (2.4.40)
var[T cov[T , T ]
3 4
v(n)

where the elements of the variance-covariance matrix or the right-hand-
side of (2.4.40) are given by formulae (2.4.13), (2.4.15), (2.4.16),
(2.4.22), (2.4.26), (2.4.27), (2.4.32), (2.4.36), (2.4.37), and (2.4.39),
and ¢ = 4u k klr , where };ch is a constant for each of the four

estimation procedures.

The E[T, ], k = 1,2,3,4 are given by formlae (2.4.9), (2.4.14),
(2.4.17), and (2.4.31). The elements of W and w,, namely the W;i4e are
determined from the coefficients of the 0% in E[ssi], where E[Ssi] is a
linear function of the E[Tk]. For example, E[SSI] = E[T1] - E[T“], and
from (2.4.9) and (2.4.31) the coefficients of Og, oé, O;c' and 0: given

by Wi r W0 Wigs and w,, respectively, can be determined. The Wigr

i=1,2,3, J=1,2,3,4 are given in (2.4.41)
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i
fzj"ij
Wiz T ZZ T - Z‘Hzmljnlj)
iy SBREAE
£2 .n?,
- i3 ij _ i37i5
Y1 l?? Vi 2.2 r
Yk ’%:jzfij“ij szljnlj
HILIN )
Y21 7 75 si '%(Zj:mij“n)

W2 = Z—(Zgu 1j) 2;—(2‘“1; 13) .

£
~
s
]
-]
Vo]
N
.
e
[y
.
|
=]
[PA XY
(R
=]
e
.

3 iJ
Sy S 2
w = — W - W - m n..
31 : 11 ~ PN
15 8 g Sl(; ) 1’)
Z hy 5% 1 Z 2
Yi2 Z— oy YWi2 T Yy, T Z-t— M504
ij J j I\ i

Vi3 ’EZ 13'1;3 T Vi3 T Wy T ZZ 131?
Vs, =ZiJZhijnij - W T, -sz;jnij (2.4.41) .

ij

If s; = tj = vij = 1 for all i and j then the formulae for E[Tk] ’

cov[Tk,Tk'] ,» and the coefficients of the 0; in the expected sums of
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squares correspond to those given by Hirotsu (15) when the f 3 9, ij'
and mij for procedure 3 are used, and to those given by Searle (24) when

procedure 1 is used.

2.5 Estimating the Mean

An unbiased estimator of the mean, |, is
~N '~y
H =ZZZ“1jYijk
ijk
=Ziz}‘j 1374343
1]

u,. = Gijnij' and the u are subjected to the restriction ;;uij = 1.

ij ij

. D »
Let E’ = [_l.:-.......os U__r) ’ where P—i = {uil' uizl--oo'uir] .

Then, ¥ = U"Y, and

var (ﬁ) =

la
<
[=]

i i» Hﬂ.. i i—l
= ;(_i 393 * Z Ui i 1—) (2.5.1)
2 2 2 2
o 2 u us u‘.
= X 2 1) 2 ij 2 ij
g.]_vil'—i _s-i—(;uij + oc; tj + orc;\]‘-Tj + oe j m (2 . 5 . 2)
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u, ~ . u,
E - E E 1 1
_gi’vi;igi = j j (2.5.3)
-~ : : » . . t - -
17#1 i'#1 3 3
Substituting (2.5.2) and (2.5.3) into (2.5.1) and replacing uij by )

Gijnij qives ’

2
N 22:1 §:~ 22:1 §:~ 2
var (1) Gr 1-5_1{( - uijnij) + 0g j—fj_( uijnij)

i
§2 n?, |
2 11 1) 2 ~2
o E:Z.v_+ oez E uijnij (2.5.4)
ij 1j ij
Corresponding to each estimation procedure defined in Table
(2.3.1) a set of fiij's can be defined. They are given in Table (2.5.1).

Table (2.5.1)

Values of Gij for Four Estimation Procedures

~

Estimation Procedure uij
1 1/N
2 Vi Vials s
11/ZZ ijti
5 J'1)

3 1/{«‘nij
4 vij/xini:ij i3

2.6 An Alternative Model for a Two-Way Crossed Classification with

Compositing

Model (2.2.1) is not the most general model for a two-way crossed .

classification with compositing. A more general model is given by:
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5 R £13 .
=u+ 2
Yige = M55 zz: g %: Zm e)igam ¥ ik

(2.6.1)
i=l,....,r, j=1,....,C, kao'l'-.o.’nij

where,

Sijy = the number of row effects composited in the i-jth cell.

tij = the number of column effects composited in the i-jth cell.

Again, if Yij is the mean of the i—jth cell, then model (2.6.1)

can be rewritten as:

i%

t.
ij
1 1 1
+E—'13 ;ij V-—Z (I'C)j +BT::"zk:Qijk

515
2or
2 /m

s = + a——
ylj H sij
(2.6.2)

Cov{yij'yi’j'] is given by

r 2 2

2 2
Or Oc Orc Ue . .
— — i e i = 1 I = 9
Sij+ tij+ vij t+ nlj 1 r ] J
o2
" i=173#3°
Max sy5:943°) '
C°V[y i5°¥1"3 ] =<
oz i # .4 - (W d
Maxltij'tij'I » 3=
\ 0 ifgil 3#3°

C°V{Yij'yij‘]' j # 3j°, is derived in the following way:
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COV[Yij,Yij} = E(Yij - E[Yij]) (Yij' ) E[yij'})
GRS SRR 5 S R

Sij 'y ij | Vij L m BAmong % isk

1 . 1 - =
(slj Dy + t57% “3m* ‘mtn;(mij o “Tj"%eiﬂ
sj_nce j # j’, E(ijcj’n) = E((rc)ijgxn(rC)ij'zm)g E(eijkeij'k) = Q.

Then, Sij~

cov[yij.yij'] = B 1 . 12, Z 11«

Min (s,_J +Sij )
e 2

= E rig + cross product terms
13713 2
0.2 Mi ( 0';
= in s-.,s--‘) =
. . S..” i i c:,S4.:"
sljslj J J Max (slJ 'S§5 7
2
Iy

Similarly, °°V{Yij’yi'j] = Max[tij'ti'?]

The covariance matrix, V, of Y can be partitioned as in (2.4.8)

to give
= 2 2 1 2 1 1
(2.6.3)
= 2 . .
Vii» GC Tii» s 1 # 1l .
1

S.. is a ¢ X ¢ matrix whose elements are T i
ii Max[sijrsi"]' and T .. is a

1
¢ X c diagonal matrix whose diagonal elements are Max{tij'ti’ﬂ .
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1f Vii

and vii‘ given in (2.6.3) are used to derive E[Tk] and
cov[Tk,Tk‘], k, ¥ =1,2,3,4, then algebraic expressions for these
quantities similar to those given in section 2.4 cannot be obtained.

For example, the coefficient of 0; in E[Tl] is given by }E:A;siiéi'
i

Using the above definition of Si no simplification of this term is

i

obtained.

In this study no further consideration will be given to model

(2.6.1), since the methods for obtaining the expected values, variances
and covariances of the Ty k = 1,2,3,4, are no longer applicable. One

possible solution to obtaining estimates of the variance components and

the variances of these estimates in model (2.6.1) would be to use the

.45

estimation procedures proposed by Koch (17) and Forthofer (6). To date,

no work along these lines has been done.



CHAPTER III

COMPARISON OF ESTIMATION PROCEDURES IN THE TWO-WAY

CROSSED CLASSIFICATION

3.1 A Method for Comparing Estimation Procedures

In Chapter II four estimation procedures were defined that could
be used to obtain unbiased estimates of the mean and variance components

in model (2.2.1). It was shown in section 2.3 that the vector of estim-

ated variance components, s, is given by

(3.1.1)

-l » - ~2 =1
var(s) = w [H var(t) H + g“w“ var[oe]J W

The principal drawback to obtaining s and var(s) using (3.1.1)
is that w"l has to be computed. In special cases, e.g., for estimation
procedures 1 and 3 given in Table (2.3.1), if Rjj =n for i =1,....,r
and j = 1,....,c then explicit expressions for s and var(s) can be
obtained without first finding wfl. Also, if the design is completely

balanced, i.e., if nij =n, 8§ = s, tj = t, and Vij =V for i=1,....,r,

j=1l,....,c, s and var(s) can readily be determined. However, in this

situation s and var(s) will be the same for all four estimation proced-

ures. If the design is unbalanced an analytic expression for w™! can
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still be obtained, for example, in terms of its cofactors and determinant,

but this would then lead to cumbersome expressions for s and var(s).

Even if explicit expressions in terms of the elements of w'l, LAY
H, and var(t) were derived for s and var(s) their complexity would pre-
clude the possibility of analytically determining which estimation pro-
cedure is best, i.e., which one gives estimates with the smallest vari-
ance. Another difficulty is that not only do s, var(s), ﬁ, and var(ﬁ)
depend on the design parameters, namely, r, c, S tj"vij' and njyo but

they also depend on the unknown variance components, o%, Oé, cic, and oé.

In this study comparisons among the estimation procedures are
made using numerical methods to compare the variances of the estimated
mean and variance components. A number of unbalanced designs are con-
structed, and for each design var(ﬁ) and var(g) are evaluated for each
estimation procedure for certain choices of Oi, Gé, Oic, and U:. This
is the same appfoach taken by Bush and Anderson (3), Hirotsu (15), and
Forthofer (6) in their comparisons of estimation procedures in the two-

way crossed classification.

3.2 Designs

The four estimation procedures are compared using twenty designs

constructed under the following constraints:

l) r=c¢c = 4,8

2) ;; Vighiy = 100, 200.
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In experimental designs in which there is no compositing the

total number of measurements, N =:Z::Z:"ij' is usually fixed. A gen- -
i j

eralization of this restriction to designs where the experimental units -

are composited is to fix :E::E:vijnij' Although there are other ways
i3
of weighting the nj4, the constraint :z::z:vijnij = 100, 200 was used
i3

since it helps to simplify the problem of constructing unbalanced designs

used in the comparisons of the estimation procedures.

Table (3.2.1) lists the 20 designs, D1 - D20, used to compare
the estimation procedures. For each of the designs, values of Si. tj,

. and nij are given. The s; are the numbers shown on the left-hand ¥

Vij i

side of the design, and the tj

each cell of the design the upper number is Vije the lower one being

are those shown above the design. In

njj. In all designs if njy = 0 then set viy = 0. This choice of Vi
is arbitrary since if njy = 0 then none of the quantities required to
compute s, var(s), or var(l) depend on the design parameters associated

with the i-jth cell. For designs D1 - D10, Z :Z:Vijnij = 100, and for
ij :

designs D11 - D20, E :E ;vijnij = 200. For all designs max. (Si:tj)\<

i]

< st

Vij j

3.3 Results

For each design in Table (3.2.1), var(ﬁ)/o;, var(aé)/o;,

52y /g% 52y /g* g2 N i
var(or)/oe, var(oc)/oe, and var(orc)/oe were computed u51§g (2.5.4) and

(2.3.3) for the following combinations of p1 = Gi/oé, p2 = oé/cé, and
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Table (3.2.1)
Designs Used To Compare the Four Estimation Procedures
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Table (3.2.1)
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Table (3.2.1)
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p, = 02/02:( gi gs ) [Mar?14e8) (1700817 14] (807150 6] 111,

re e

(a 8, ‘/, [8,‘/.,,8),[‘/,,8,8] and (8,8,8).

h . A A ~2 ~2 . 2 2 2
The variances of U, 0., Gc, and Grc are functions of Ge, or' OC,

2

and Gic. If Yy = |, Ogr ci, o<, or Gic' then var(Y)/Og depends on

2
r
2
c
[pl,pz,paJ, except when Y = G:. In this case var[cz]/og = 2/(N-N").
Comparisons of the estimation procedures are made by computing their
relative efficiencies (R.E.'s) for estimating y. The R.E.'s are computed
by,
min.[var(?)/oé]
R.E, = where,
A
var(Y)/Gz

min.[var(?)/dg] is the smallest value of vat(?)/dg for any design for a
fixed value of :E::E}vljnij and a given value of [p ,p o) ]. Defined in
2 2

this way the R. E. s do not depend on the actual sizes of 0 or' cc' and

Oic, but are a function of Py pz, and ps, the relative sizes of the

variance components. Also, the R.E.'s are such that 0 £ R.E. £ 1.

In Table (3.3.1) the R.E.'s have been tabulated for all designs,

estimation procedures, and values of [pl,pz,pS].

Examination of Table (3.3.1) shows that any best estimation pro-
cedure depends on the relative sizes of pl, pz, and Py- An estimation
procedure is judged to be "best" if most of the time its R.E. is larger
than the corresponding R.E. of "‘the other 3 procedures, and in those
cases where some other procedure has a larger R.E., the difference in
the two R.E.'s is small. Table (3.3.2) gives the best estimation pro-
cedure for estimating Y, Oi, Oé, and Uic' Note that var[&é] is the same

for each estimation procedure for all [91'92'93] values, but, varies
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from design to design. In some instances no single estimation procedure
satisfied the above criterion of best. In these cases two or more of

the procedures were selected as best.

Although the above procedure for selecting the "best" estimation
procedure is subjective it does lead to essentially the same conclusions
as more objective procedures such as one based on the average ranks of

the estimation procedures.
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Table (3.3.1)

Relative Efficiencies (R.E.'s) of Four Estimation Procedures for A Two-Way
Crossed Classification with Composited Samples
Estimation Procedures
P P 1 2 3 4
2 3 2 A =2 2 ~2 = ~2 22 2 T 22 ~ A 2 ~2 ~

Qm u QH O.O QHQ u O.H Qn QHO H QN. Q.O QN.O u QH O.O QN.O
~\._\, .572 .524 .052 .400 .176 .478 .051 .184 .089 .541 .072 .301 .136 .372 .028 .084 .048
1y w\. 8 .334 .035 .448 .170 .628 .099 .617 .180 .559 .088 .678 .195 .607 .096 .484 .147
1/ 8 ux. .212 .015 .298 .048 .420 .048 .404 .059 .341 .052 .376 .089 .459 .042 .425 .033
8 w\.n\g .501 .352 .772 .166 .571 .372 .552 .103 .520 .366 1.000 .185 .551 .347 .210 .044
1 3 .401 .108 .399 .126 .586 .166 .439 .095 .532 .186 .507 .141 .559 .133 .308 .054
8 /e .315 .163 .362 .055 .517 .297 .514 .080 .435 .296 .516 .127 .544 .300 .491 .052
/8 g .451 .233 .502 .146 .600 .352 .662 .159 .533 .327 .911 .198 .596 .348 .387 .107
/e 8 8 .217 .017 .308 .092 .448 .073 .448 .137 .361 .064 .419 .158 .477 .078 .480 .l04
8 8 8 .309 .132 .371 .073 .528 .290 .555 .112 .441 .274 .556 .152 .561 .306 .543 .08l
/6'/8'/s .501 .519 .096 .149 .220 .423 .042 .063 .044 .448 .108 .166 .263 .374 .054 .081 .06l
~\¢,\¢ 8 .287 .041 .117 .133 .472 .062 .187 .103 .336 .056 .172 .151 .510 .083 .244 .125
/s 8 _\m .369 .025 .369 .059 .444 .024 .359 .023 ..353 .046 .360 .101 .450 .043 .385 .039
8 _\a~\o .371 .379 .065 .055 .437 .355 .071 .026 .351 .367 .117 .094 .441 .374 .108 .037
111 .452 .164 .220 .135 .517 .135 .183 .043 .433 .199 .278 .181 .510 .176 .241 .064
8 8 ~\° .385 .237 .283 .061 .466 .226 .280 .028 .367 .295 .371 .112 .476 .303 .389 .051
/e 8 .343 .258 .086 .088 .451 .301 .116 .060 .345 .290 .147 .121 .469 .341 .170 .08l
/s 8 8 .329 ,028 .268 .094 .447 .036 .336 .064 .336 .045 .313 .123 .468 .059 .3€7 .090
8 8 .360 .187 .239 .073 .466 .209 .281 .042 .357 .244 .332 .115 .484 .284 .390 .069
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Design
No.

3

P, Py Py
H\ay\au\a
'/el/s 8
~\a 8 ~\o
8 ~\u—\a

1 1 1
8 8 u\u

Q>

1.000

1.000

Table (3.3.1)
Estimation vnonmmcnmm

2 4
no 6t gF g2 n o o? g% &2 poa? g% G2 n 02 g2 52

r [od rc r C rc r C rc r C rc

.626 .299 .157 .393 .580 .263 .101 .201 .561 .292 .144 .340 .404 .196 .061 .192
-368 .131 .124 .212 .513 .188 .145 .209 .490 .201 .204 .240 .524 .255 .176 .230
.463 .179 .339 .173 .671 .178 .412 .108 .503 .387 .352 .277 .669 .246 .392 .135
.278 .403 .034 .046 .271 .395 .033 .037 .282 .424 .126 .148 .260 .370 .090 .086
.452 .320 .183 .193 .495 .337 .176 .135 .470 .388 .272 .265 .453 .330 .197 .168
.352 .340 .204 .063 .389 .352 .218 .052 .367 .426 .367 .188 .383 .371 .355 .110
.284 .356 .057 .101 .294 .380 .061 .093 .303 .410 .174 .201 .289 .382 .142 .163
.417 .117 .261 .169 .620 .151 .328 .154 .487 .237 .321 .229 .653 .248 .362 .197
.344 .312 .187 .087 .393 .344 .211 .076 .371 .414 .345 .200 .394 .383 .346 .143
.496 .286 .147 .524 .507 .322 .053 .170 .510 .277 .092 .240 .414 .202 .030 .087
.193 .075 .039 .109 .498 .299 .072 .165 .429 .224 .067 .154 .541 .397 .088 .157
.330 .164 .244 .181 .810 .343 .385 .105 .618 .287 .314 .144 .828 .535 .353 .096
.207 .369 .083 .130 .204 .391 .022 .035 .231 .431 .065 .095 .209 .383 .034 .048
.321 .254 .128 .175 .421 .380 .111 .113 .430 .376 .155 .163 .417 .363 .106 .087
.258 .292 .163 .064 .324 .378 .151 .045 .338 .408 .211 .080 .335 .401 .210 .072
©.196 .282 .037 .075 .226 .402 .034 .074 ..249 .419 .052 .102 .236 .415 .053 .098
.226 .063 .138 .088 .720 .267 .249 .130 .555 .210 .207 .133 .781 .479 .284 .145
.239 ,237 .115 .063 .332 .390 .135 .062 .340 .400 .166 .089 .348 .434 .195 .093
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5 1781/
u\on\m 8
~\. 8 —\.
8 1/41/4
1 11
8 81/,
8 1/, 8
1/, 8 8
8 8 8

6 /8l/81/s
n\ou\u 8
~\m 8 ~\°
8 1/gl/s
l1 1 1
8 8 _\a
8 1/, 8

1ye8 8
8 8 8

[ X

.501

.286

‘Table (3.3.1)

Estimation Procedures

1
n o2 52 52 m 52 92 52 m 62 m~ a2

r (o] rc X C rc r [ o] rc
.553 .110 .016 .048 .496 .104 .022 .047 .473 .113 .017 .044
.490 .110 .032 .093 .516 .145 .053 .102 .508 .139 .037 .096
.835 .118 .334 .037 .664 .160 .298 .042 .819 .198 .349 .048
.276 .309 .011 .016 .365 .326 .014 .018 .240 .292 .030 .037
.514 .227 .050 .040 .559 .249 .050 .040 .461 .240 .065 .045
.418 .275 .093 .023 .487 .313 .120 .031 .373 .285 .157 .042
.297 .293 .014 .033 .388 .326 .023 046 .264 .294 .025 .051
.723 .099 .177 .067 .627 .143 .212 .080 .739 .153 .201 .083
.419 .265 .076 .030 .487 .314 .110 .043 .381 .287 .1ll6é .048
.844 ,283 .261 .234 .701 .125 .125 .097 .858 .245 .248 .204
.620 .194 .309 .338 .865 .204 .426 .303 .735 .210 .373 .350
.768 .099 .780 .133 .914 .061 .837 .064 .833 .090 .826 .121
.541 .729 .110 .110 .904 .826 .099 .063 .653 .799 .ll6 .105
.783 .468 .450 .233 .999 .398 .396 .1l17 .887 .480 .483 .216
.653 .589 .579 .153 .977 .625 .629 .102 .761 .639 .638 .157
.547 .635 .171 .215 .928 .757 .193 ,172 .664 .708 .194 .223
.705 .125 .636 .255 .914 .108 .806 .201 .791 .127 .723 .261
.637 .533 .525 .193 .973 .594 .636 .150 .748 .587 .602 .203

4
m o2 52 ,®~

r c rc

.474 .116 .022 .042
.576 .189 .062 .101
.762 .229 .308 .055
.293 .302 .062 .056
.515 .264 .097 .050
.432 .316 .247 .082
.324 .320 .058 .082
.731 .237 .238 .096
.442 .333 .204 .086
.635 .097 .109 .079
.858 .192 .442 .281
.869 .056 .797 .057
.975 .856 .120 .064
.980 .364 .386 .100
1.000 .638 .668 .104
1.000 .791 .228 .175
.885 .103 .798 .191
1.000 .611 .683 .153
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Design
No.

7

P1 Py Pg
1/61/8% /s
~\mu\m 8
~\o 8 ~\o
8 iy 1/
1 1% 1°
8 81/,
8 1/, 8
/¢ 8 8
8 8 8
1/81/81/8
1/81/s 8
~\¢ 8 1/,
8 n\mp\o
1 1 1
8 8 ~\o
8 1/, 8

/s 8 8
8 8 8

e
.143

.501

Table (3.3.1)

Estimation Procedures

2 3 4

g %% %% 8 g %* G 02 g 62 B @ g o2 3% 02

. r [+ rc r c rc r [ rc r Cc rc
.726 .277 .188 .185 .662 .097 .140 .074 .875 .246 .216 .150 .633 .089 .148 .064
«316 .210 .168 .357 .888 .250 .423 .360 .799 .273 .260 .404 .885 .234 .534 .332
.572 .103 .822 .159 .514 .107 .599 .083 .659 .134 .844 .153 .484 .109 .505 .075
.304 .394 .175 .172 .591 .517 .083 .063 .412 .447 .138 .131 .635 .534 .082 .056
.526 .350 .445 .230 .704 .341 .392 .106 .680 .406 .528 .203 .699 .332 .375 .093
.400 .354 .647 .210 .578 .459 .490 .120 .515 .419 .704 .224 .581 .475 .451 .112
.322 .378 .159 .260 .643 .541 .182 .210 .448 .453 .201 .289 .689 .559 .196 .198
.537 .141 .565 .309 .557 .181 .632 .297 .664 .193 .683 .358 .529 .180 .571 .277
-401 .346 .506 .245 .599 .485 .531 .196 .527 .428 .626 .290 .603 .501 .510 .187
.963 .961 1.000 1.000 .906 .725 .412 .509 1.000 .989 .882 .826 .836 .637 .323 .420
.623 .422 .745 .877 .960 .866 .795 .939 .844 .716 1.000 1.000 .986 .999 .835 .935
.500 .753 .674 1.000 .956 .773 .948 .529 ,655 1.000 .793 .947 1.000 .941 1.000 .492
.468 .995 .908 1.000 .450 .960 .274 .351 .471 1.000 1.000 .989 .424 .907 .270 .332
.656 .896 .869 1.000 .796 .923 .763 .579 .742 1.000 1.000 .936 .769 .887 .725 .502
.495 .940 .828 .789 .620 .952 .909 .478 .558 1.000 1.000 1.000 .603 .924 .954 .489
.480 .903 .763 .853 .497 1.000 .445 .681 .507 .995 1.000 1.000 .474 .969 .457 .686
.496 .429 .658 .839 .948 .783 .921 .858 .663 .759 .809 1.000 1.000 1.000 1.000 .885
.494 .868 .799 .793 .637 .994 .903 .623 .568 1.000 1.000 1.000 .624 .987 .967

.648
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®
© ™

Table (3.3.1)

Estimation Procedures .
1 2 3 4

2 7 z 3 2 2 2 2 2 2 2 2 7
wm o mn mn an a Qn QQ an f mn Qn Qﬁo f @ﬂ qn an
.787 .944 .296 .425 .808 .637 .076 .221 .296 .848 .241 .380 .691 .481 .047 .162 .210

.536 .109 .284 .424 .712 .097 .551 .422 .620 .139 .336 .441 .694 .097 .625 .405
.652 .052 .934 .157 .575 .021 .775 .062 .673 .054 .998 .169 .489 .018 .684 .055
.552 .625 .096 .121 .969 .748 .160 .108 .556 .604 .125 .144 1.000 .718 .203 .109
.754 .378 .539 .455 .833 .255 .530 .244 .763 .384 .610 .463 .729 .207 .483 .197
.614 .464 .629 .174 .781 .437 .710 .125 .629 .479 .772 .215 .726 .422 .730 .126
.535 .499 .158 .246 .942 ,592 .294 .250 .559 .521 .209 .283 1.000 .613 .385 .260
«590 .065 .699 .282 .591 .039 .779 .202 .636 .078 .800 .315 .525 .037 .749 .197
.588 .393 .556 .217 .775 .383 .728 .178 .615 .428 .695 .263 ,736 .388 .785 .184
.143 .915 .224 .284 .090 .840 .169 .164 .079 .925 .215 .265 .084 .819 .151 .154 .072
.866 .246 .690 .364 .991 .276 .617 .356 .966 .272 .716 .364 1.000 .271 .mwm,.ubu
.629 ,154 .721 .112 .808 .109 .792 .086 .706 .143 .765 .102 .860 .096 .817 .076
.699 .690 .398 .150 .701 .706 .177 .091 .723 .700 .350 .134 .715 .704 .151 .077
-855 .478 .637 .132 - .926 .442 .513 .113 .912 .486 .642 .124 .947 .421 .493 .103
.690 .628 .830 .253 .784 .619 .774 .169 .745 .642 .873 .243 .817 .608 .759 .147
.726 .654 .553 .336 .751 .702 .340 .260 .763 .686 .531 .325 .767 .705 .306 .236

.647 .190 .747 .323 .835 .173 .830 .290 .732 .197 .802 .320 .885 .16l .852 .271
.697 .603 .846 .326 .800 .621 .811 .247 .757 .633 .898 .322 .833 .614 .798 .223
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Design
o

No. 1 P

Dm QN

e
11 Y/ /g1, 560

2

u\mu\o 8
1/ 8 1/,
8 1/g1/s
1 1 1
8 81/,
8 1/s 8
l7¢ 8 8
8 8 8
12 Y/sl/gl/e 240
1/61/s 8
1/ 8 1/,
8 1/st/
1 1 1
8 8 1/,
8 1/, 8

l/e 8 8
8 8 8

Table (3.3.1)
Estimation Procedures

3
i 8 8 67 . 8% 6°* ¢§° 62 82 82 i 62 8> ¢*

r (] Irc r (] rce r (o] rc b o C rc
.636 .255 .132 .117 .521 .188 .082 .053 .592 .247 .108 .093 .334 .079 .037 .053
.432 .141 .080 .235 .551 .206 .089 .217 .502 .192 .091 .245 .459 .167 .075 .221
.307 .092 .358 .142 .442 .135 .399 .096 .376 .260 .401 .230 .436 .106 .399 .099
.285 .381 .016 .082 .325 .402 .019 .070 .275 .377 .060 .226 .326 .395 .018 .075
.592 .323 .192 .142 .678 .335 .197 .089 .609 .351 .244 .160 .599 .266 .145 .090
.515 .345 .212 .034 .642 .394 .264 .035 .536 .380 .334 .092 .659 .400 .296 .049
.298 .352 .038 .133 .351 .398 .050 .134 .294 .365 .090 .220 .355 .398 .054 .151
.311 .090 .282 .179 .462 .163 .327 .176 .385 .190 .323 .231 .467 .163 .341 .187
.386 .313 .160 .068 .473 .369 .183 .059 .402 .347 .214 .117 .468 .397 .246 .103
.578 .129 .335 .095 .426 .046 .125 .018 .513 .109 .316 .101 .323 .039 .086 .023
.485 .082 .311 .280 .556 .076 .294 .160 .393 .056 .259 ,259 .478 .076 .275 .193
.215 .127 .424 .271 .273 .063 .449 .054 .175 .270 .393 .362 .264 .097 .444 .082
.405 .335 .622 .425 .559 .379 .267 .082 .394 .324 1.000 .507 .561 .378 .274 .1l15
.614 .259 .462 .194 .708 .201 .350 .044 ,540 .240 .432 .310 .639 .,195 .308 .058
.547 .341 .464 .303 .746 .379 .483 .074 .484 .344 .445 1.000 .751 .401 .503 .226
.418 .301 .563 .318 .591 .355 .507 .176 .396 .275 .560 .306 .599 .359 .594 .228
.235 .086 .401 .277 .308 .079 .446 .151 .190 .079 .364 .274 .301 .107 .449 .204
.547 .300 .428 .355 .756 .348 .469 .165 .479 .285 .401 .438 .764 .372 .495 .326
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14

@»

e

1.000

.400

Table (3.3.1)
Estimation wnoommcumm

1 2
2 2 n A

f 6z 8% 8%c i 8% 8% 8% 1 8¢ 6% 8k fi 82 682 6%,
.508 .338 .158 .591 .454 .288 .030 .085 .491 .317 .135 .356 .382 .217 .025 .052
.142 .026 .013 .118 .386 .155 .018 .139 .232 .059 .020 .154 .395 .212 .023 .146
.193 .018 .309 .081 .568 .084 .401 .052 .266 .043 .338 .131 .537 .177 .390 .079
.189 .406 .003 .029 .160 .354 .00l .009 .195 .419 .005 .053 .156 .327 .002 .019
.368 .247 .097 .164 .437 .332 .048 .062 .427 .312 .123 .193 .417 .311 .063 .066
.332 .295 .108 .023 ..376 .338 .054 .009 .379 .353 .144 .034 .368 .331 .092 .018
.172 .279 .006 .054 .174 .344 .003 .029 .196 .344 .010 .08l .172 .330 .006 .050
.157 .015 .139 .080 .508 .086 .202 .082 .236 .035 .181 .116 .509 .1l63 .234 .109
.299 .213 .071 .047 .379 .321 .045 .025 .361 .291 .098 .068 .374 .326 .075 .044
.601 .130 .081 .066 .508 .075 .069 .034 .456 .111 .079 .076 .542 .098 .073 .042
.477 .080 .054 .166 .454 .065 .080 .137 .343 .070 .044 .154 .526 .094 .090 .l69
.291 .047 .433 .089 .225 .051 .297 .056 .264 .054 .391 .126 .267 .078 .366 .089
.378 .361 .013 .055 .428 .391 .018 .041 .268 .300 .03l .130 .421 .394 .025 .064
.666 .245 .175 .091 .619 .221 .158 .053 .514 .217 .189 .117 .669 .261 .198 .076
.607 .311 .245 .029 .580 .344 .212 .019 .474 .284 .309 .064 .624 .376 .302 .043
.391 .321 .031 .094 .439 .345 .046 .079 .277 .268 .047 .131 .440 .366 .064 .118
.305 .049 .312 .126 .244 .048 .256 .098 .266 .055 .271 .138 .291 .081 .319 .145
.601 .276 .195 .068 .577 .300 .187 .050 .251 .225 .115 .626 .345 .263 .097

.465
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Design
No. P1 P2 P3 82

15 1/41/81/8 .400
1/81/s 8
1/ 8 1/,
8 1/41/4
1 1 1
8 8 1/,
1/¢ 8 8
8 8 8
16 1/41/41/4 .600
~\o~\o 8
17,8 1/,
1/81/8

11
8 1/,

® = ©

8 a\o 8
/g8 8
8 8 8

Table (3.3.1)
Estimation mnonmacnmm

1 2 4
a2 52 52 o 22 A & ~ &2 S22 N A2 42 42
n ow om 0., M 0, 0. Op woo; o o woo 07 o
.551 .033 .344 .071 .529 .023 .210 .024 .432 .025 .302 .069 .451 .021 .224 .029
.451 .022 ,370 .155 .473 .023 .337 .125 .360 .017 .378 .145 .499 .026 .433 .1l46
.147 .002 .352 .,040 .221 .001 .385 .011 .117 .005 .331 .082 .171 .002 .371 .019
.644 .284 ,106 .086 .596 .255 .037 .017 .636 .274 .207 .159 .714 .287 .074 .034
.584 .087 .401 .098 .693 .066 .360 .035 .485 .086 .378 .110 .625 .081 .375 .048
.521 .135 .362 .036 .670 .102 .367 .01l .442 .169 .352 .065 .606 .150 .380 .019
.619 .226 .241 .113 .589 .212 .130 .047 .590 .203 .393 .139 .713 .247 .237 .081
.165 .004 .353 .092 .242 ,003 .391 .044 .131 .007 .330 .111 .194 .005 .386 .067
.519 .115 .351 .078 .662 .091 .360 .030 .439 .131 .342 .1l11 .611 .134 .382 .051
.805 .356 .924 .999 .612 .058 .250 .114 .650 .314 .800 .810 .551 .049 .204 .086
.382 .061 .232 .708 .689 .068 .392 .575 .355 ,069 .264 .741 .692 .073 .443 .529
.229 .037 .855 .573 .300 .0l12 .835 .102 .200 .037 .842 .547 .290 .0lé .778 .l1l18
.471 .657 .154 1.000 1.000 .804 .110 .218 .406 .652 .153 .951 .930 .765 .136 .224
.686 .418 .772 1.000 .963 .246 .596 .204 .593 .426 .776 .962 .908 .250 .558 .178
.603 .536 .763 .312 1.000 .490 .739 .089 ,524 .553 .783 .357 ..955 .553 .748 .1l18
.446 .487 .217 .,635 1.000 .652 .288 .418 .392 .501 .258 .689 .954 .650 .380 .443
.233 ,035 .680 .549 .337 .021 .785 .298 .207 .040 .689 .591 .329 .029 .765 .334
.577 .404 .610 .508 1.000 .415 .688 .230 .507 .430 .641 .580 .964 .477 .720 .291
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Design

No. P1P2Ps

17 /e84
p\ou\w 8
~\a 8 ~\¢
8 p\ou\o
111
8 81/,
8 ~\u 8
1y, 8 8

8 8 8

18 Y/gl/e1/4
w\ww\m m
u\ 8 u\
8 8

8 s\wu\u
1 1 1
8 8 H\o
81/, 8

1,8 8
8 8 8

.360

Table (3.3.1)

Estimation Procedures

2
aqg g g

H r c rc H QN oo QHO H QN Qo QHn H QH Qn QNQ

.667 .208 .233 .10l .585 .136 .107 .036 .615 .229 .197 .102 .549 .124 .088 .034
.580 .111 .284 .397 .728 .210 .235 .329 .598 .155 .282 .384 .730 .232 .220 .322
.206 .owwA.wNm .107 .374 .027 .410 .039 .231 .044 .345 .137 .391 .029 .438 .039
.310 .437 .0le .089 .285 .353 .005 .021 .mmm .416 .018 .098 .285 .354 .005 .018
.559 .342 .294 .176 .633 .298 .219 .068 .539 .358 .306 .186 .632 .296 .206 .064
.462 .368 .246 .056 .550 .321 .211 .020 .447 .374 .271 .067 .559 .325 .209 .01l8
.332 .421 .068 .230 .316 .369 .027 .090 .293 .411 .076 .241 .317 .372 .024 .079
.231 .042 .322 .243 .418 .057 .417 .151 .259 .067 .343 .279 .439 .067 .448 .157
.469 .346 .243 .149 .566 .326 .218 .066 .456 .362 .268 .l176 .577 .333 .218 .062
.986 .936 .667 .391 .943 .736 .208 .126 1.000 .984 .581 .324 .885 .631 .154 .099
.586 .352 .219 .937 .997 .963 .270 .869 .774 .629 .297 1.000 1.000 1.000 .259 .788
.348 .496 .642 .979 .733 .881 .947 .390 .446 .994 .706 1.000 .771 .852 .980 .311
.402 1.000 .158 .990 .397 .978 .039 .276 .394 .983 .196 .996 .390 .958 .029 .209
.794 .916 .585 .713 .967 .974 .501 .283 .860 1.000 .680 .672 .954 .937 .435 .226
.668 .954 .564 .361 .835 1.000 .678 .237 .721 .999 .688 .630 .834 .986 .662 .205
.416 .902 .206 .860 .436 1.000 .127 .643 .422 .954 .315 1.000 .430 .988 .104 .551
.360 .274 .516 .857 .774 .914 .799 .837 .470 .626 .602 1.000 .818 1.000 .848 .766
.660 .849 .460 .681 .852 1.000 .590 .574 .725 .949 .582 1.000 .853 .994 .589 .518
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Design
No.

19

20

°~. DN Dw

1/61/¢1 /4
u\mn\o 8
1/, 8 1/,
8 1/41/4
1 1 1
8 8 u\w
8 u\o 8
1/, 8 8
8 8 8
1782/ /s
u\o~\o 8
1,81/,
8 1/41/4
l1 1 1
8 8 ~\m
8 1/, 8

l/e 8 8
8 8 8

Q>

.160

.240

Table (3.3.1)

2 Estimation mn00mm:nmmw 4
H QH Qn qnn H QH Qo Qno H an qo Qno H Qn Qn an.
-729 .330 .091 .080 .503 .225 .013 .012 .692 .297 .093 .083 .497 .222 .012 .013
-511 .138 .046 .255 .647 .426 .032 .138 .479 .117 .044 .248 .668 .446 .034 .145
.594 .062 .633 .106 .955 .210 .643 .033 .541 .049 .592 .099 1.000 .215 .658 .036
.385 .934 .004 .004 .258 .626 .00l .009 .389 .942 .005 .051 .265 .641 .00l .008
.833 .613 .167 .130 .663 .522 .045 .025 .811 .580 .172 .134 .677 .526 .046 .027
.780 .796 .222 .045 .621 .629 .076 .012 .769 .783 .234 .048 .64l .645 .078 .013
.397 .822 .015 .115 .286 .649 .004 .035 .398 .811 .016 .122 .295 .667 .004 .035
-547 .068 .382 .179 .941 .313 ,434 [113 .50l .057 .359 .171 .999 .331 .457 .122
-759 .689 .173 .105 .636 .637 .072 .038 .744 .666 .178 .109 .658 .656 .075 .039
.938 .362 .982 .248 .744 .120 .496 .070 .899 .325 .,995 .237 .710 .101 .439 .071
.625 .125 .602 .751 .836 .125 .948 .573 .640 .121 .683 .762 .850 .128 1.000 .589
.281 .069 .958 .451 .314 .032 1.000 .134 .255 .070 .909 .462 .310 .029 .977 .138
.560 .664 .242 .,603 .821 .792 .338 .229 .592 .666 .374 .715 .894 .793 .363 .237
.847 .493 .989 .483 .988 .386 .927 .159 .826 .488 1.000 .479 .998 .364 .907 .162
.730 .586 .920 .290 .938 .613 .999 .121 .711 .597 .912 .346 .968 .618 1.000 .135
.565 .563 .517 .705 .855 .698 .884 .513 .598 .566 .693 .762 -.932 .713 1.000 .539
.303 .072 .875 .626 .355 ,052 1.000 .399 .279 .511 .853 .646 .354 .051 1.000 .420
.722 .495 .831 .563 .949 .543 .,988 .319 .707 .503 .842 .632 .982 .556 1.000 .353
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Table (3.3.2)
Best Estimation Procedures for the Two-Way Crossed

Clasgification With Composited Samples

Best Estimation Procedure for Estimating

0y e, Ps L a2 o 0%e
l/s l/s l/e 1,3 1 1 1
Yo Y, 8 4 2,3,4 3,4 1,3
Yo, 8 Y, 2,4 3,4 2,3,4 1,3
8 Y, ', 2,3,4 1,2,3,4 1,3,4 1,3
1 1 1 2 3 3 1,3
8 8 1, 2,4 3,4 3,4 3
8 1/a 8 | 2,3,4 2,3,4 3,4 3
'Yy 8 8 2,4 3,4 4 3,4
8 8 8 2,4 3,4 3,4 3

From Table (3.3.2) it is obvious that no single estimation pro-
cedure is best for estimating U, Oi, Oz, and O:C for all values of {Dl.
pz,ps]. It should be emphasized that the results in Table (3.3.2) do
not necessarily apply to any given design. Table (3.3.2) simply sum-
marizes what appears to be the best estimation procedure for estimating
U, Ui, oé, and O:C based on the numerical evaluation of the 20 designs
given in Table (3.2.1). The only general conclusions that can be drawn

from Table (3.3.2) are:

. R X 2 2 2
1) Procedure 1l is best for estimating U, G:, 02, and orc if Ot, oc,

and 0?2 are small relative to Gé.
rc

2) Procedure 3 generally provides good estimates of oi, oé, and oic
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if at least two of the variance components are large relative
2
to Ge.
3) If no information is available on [pl'pz'pa]' as is usually the
case, an appropriate strategy would be to estimate 0;, Uz, and

G;c using procedure 3, and estimate U using procedures 2 or 4.

An alternative procedure to 3) above would be to use all 4
methods to estimate the variance components and pl,pz, and p , and then
3
using the estimates of pl, pz, and p3 use Table (3.3.2) to select that

method which gives the best estimates for those pl, pz,ps.

Hirotsu (15) compared Henderson's Method 1 and the method of un-
weighted means for estimating the variance components in a two-way
crossed classification. These two methods are the same as estimation
procedures 1 and 3 defined in Table (2.3.1) when s; = tj =1, i.e., when
there is no compositing. Hirotsu concluded that the method of unweighted
means gives smaller variances than Method 1, except for Oic when O:C is
small. Although the results in Table (3.3.2) give some support to

Hirotsu's conclusions, there is no reason to expect that best estimation

procedures for composited and non-composited designs will be the same.




CHAPTER IV

HYPOTHESIS TESTING IN THE TWO-WAY CROSSED

CLASSIFICATION WITH COMPOSITED SAMPLES

4.1 Introduction

j ij' and nij' i=1],

.eooyrand j = 1,....,c, are determined for each of the four procedures

In this chapter restrictions on the s, t_ , v
i

defined in Table (2.3.1), so that exact tests of hypothesis on the sig-

nificance of the variance components can be made assuming the model

given by (2.2.1).

In Section 4.2, restrictions on the sy, tj, Vige and n;4 are
determined for procedures 1 and 3 so that the sums of squares corres-
ponding to each source of variation are such that Ssi/EMsil”\xz(pi),
where p; is the rank of the matrix of the quadratic form for SSj.
Section 4.3 gives a similar set of restrictions for procedures 2 and 4.
In section 4.4 it is shown that under the restrictions derived in sec-
tions 4.2 and 4.3 the sums of squares are an independent set, in which
case exact tests of the hypotheses q: = 0, Oé = 0, and oic = 0 can bé

made.

4.2 Restrictions on sj, t4, vi4, and nj4 for Procedures 1 and 3

For any of the four procedures the expected mean squares for

rows, columns, and interaction will generally contain terms in 0;, og,
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0% , and 02 if the design is unbalanced in the s,, t., v , Or n Also,
rc e i 3 ij

ij-
the coefficients of the variance components in the expected mean squares
will be different for each source of variation. Even if 8S;/EMS; were
distributed as xz(pi), this would not be helpful in testing H : 02 = o,
since such a test could not be made using the ratio of two independent
xz's divided by their degrees of freedom. For procedure 1 if nij = n
for ali i and j, and if the various sums of squares divided by their
expected mean squares are independently distributed as xz's then tests

of H : 62 = 0 can be made using the ratio of two independent xz's divided
by their degrees of freedom. The expected mean squares for procedure 1
for the case njy = n are given in Table (4.2.1). Later on in this sec-

tion it is shown that nij = n is necessary but not sufficient for the

SSi/EMS; to be distributed as xz's.

Table (4.2.1)

Expected Mean Squares for Procedure 1 when njj =n

Source Expected Mean Squares
a2nec 31 2 n 12
Rows Gr r ; s3 + Orc er ;J'Evij + Oe
2 nc 1 2 n 1 2
Columns Oc = zj:q + Orc ¥ ?Zvl_j. + Og
. 2 n 1 2
Interaction Orc or 2; viy + oe
Error Ué

Restrictions on S/ tj, and vij' such that SSi/EMSi"\Xz(pi) are
obtained using the following theorem:

If Y AN(u,V) then Y Q;Y/IE(Y Q;Y)/pil~ X% (pj.A), where

Pi = rk(Qi) and A = '/, u“Q; W, if and only if Q;V/[E(Y"QiY)/p;]

is idempotent.




A proof of the above theorem is given by Graybill (9).

From (2.3.1), (2.4.1), and (2.4.4) the row sums of squares,

ss,, is given by,

s, = x’er[eie.{) -8 5‘) Y

= ngxxl say.

Restrictions on s; and vi4 can now be obtained by determining the con-

ditions that must be placed on s; and vij for le/[E(!lex)/pl] to be

idempotent.

Partition Q, into r? cxc matrices ini" The elements of
Dr[&iAf] and §.Ef are nijmij' respectively. Replacing nij by n, and
fij
sub-matrices of Q, are

r-1l .
¥ /Jo if i=14i

oz

Qlii'

- N -
or Jc if 141

Let O,V be partitioned into r? cxc matrices, X, _, and denote
ii
the first row of this partitioned form by the matrix xrl' Using the

partitioned form of V given by (2.4.8),

~a f 2 n(r-1) 2 n(r-1) 1 2 r-l n
= —_—— + JD + —_—J —_—
*ry %r rs, Je * Ore™ (o SICAZE O rc ‘e’ Je
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and mj 5 by their values for procedure 1 given in Table (2.3.1), the

_ 2 B 1 2 1 2 n
crc Fc_ Jch {;.——] Ue -fc— Jc' e o o o o @ .Or -!Tr' Jc
ij
2 n 1) _,42 1
2 oo (] - ot ) | (4.2.1
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if 5'{‘_.1 is the first column of the partitioned form of Q.V, then

f(cl is obtained from irl by replacing the S5 by s; and Vij by vlj, for

i=1,....,r. If Q,VQ,V is partitioned in the same way as Q,V, then the

cxc matrix in the first row and column of 0;VO,V is

lzrn(r-l) 7 +g? n(r l)J D ( +02r- ) +

c rc
rs,
- 1 1l 2 1
2 n 2 n 1 D +0 y
g Urfs_i Je*9rers?cPe v__]w croe or—:;J Toc c{ij erc ©
1=
r
2 (r-1)2 2 1 1 [n(x-1)\ 2 1
of n° (r-1)°c cn 1 2.2 L
= or x? 2 2 S Je + OxOrc S b o IePe Vig
S, r sli=2 1

2 a2 +——z— z CL Yoo, (s [

i=2 13 +
2 r
2452(2n(r-1) n(r-1) n) 1 . n(r-]) 1 1
] +0r0e 2 + 2 4""2--25. c+0'rc ——-r-;:—— J D v_"— Jch —"-v' .
rsl TTs Fi=2% i3 i3
1 r-1 1
) S o[7]) + otest ol o)
i=2
r
n r-1)2 1 n 1 n(r-1)
+—[—-JD v 1t 7=z IPe [ Jot Je
clr c C[vij] r¢c Z vij er?
i=2
4 1{511}2 r-1 (4.2.2)
+ ce(c — + =2 ) 9

if QIV/[E(!’QIX)/pll = Q V/EMS(Rows) is idempotent, then

X,,/EMS (Rows) = the cxc matrix in the first row and column

of Q,VQ,V divided by (EMS(Rows))?2 (4.2.3)
From (4.2.1),
2 n(r- 1) 2 n(r-1) 1 2 r-1 \ a sid
Xy, = O _r:— c t Orc - JDc v—- ) + Og --—rc Jos the right hand side
1 1)
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of (4.2.3) is given by (4.2.2), and EMS(Rows) is obtained from Table

(4.2.1).

The only way for the identity in (4.2.3) to hold is to have

sy = s and vij =v fori=1,....,rand §j =1,....,c. Under these re-

strictions, (4.2.2) reduces to:
2 2
s cn” (x-1) 2.2 2n°(r-1)

2n” (r-1. 252 2n(r-1)
or 72y It % rvs et rs ‘e

e Di(x=1) ., , 2n(r-1) 2
e w2 “crcle poy ce yo ‘e

{2 RS 2 n 2\| .2 n(x-1) 2 n(r-1) 2 r-1
_Gr s Opc 7+ oe)(or — Itz i — Jot0g = J.

= EMS (Rows) X11 ., where
EMS (Rows) and X,, are obtained from Table (4.2.1) and (4.2.1), respect-

ively, with s; and Vi replaced by s and v.

J

If the sums of squares for columns had been used instead of the
row sums of squares then the restrictions tj = t and vig =V would have
been obtained. So far, it had been shown that QIV/EMS(Rows) cannot be
idempotent unless s; = s, Vij =V, and nj4y = n. It remains to be shown

that under these restrictions QIV/EMS(Rows) is, in fact, idempotent.

For s; = s, tj =t, v.. = v, and njy = n, Vij~r Q

ij -, and xii'

1ii

are given by

v n

2 2 2 2
g (0] g -
_£Jc+(c+ Ic 4 e)IC ifi=1i
s
t (4.2.4)
g
t

I, if i #4i”
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n (r-1 L .
c\r /)Jde ifi=i
Qii” = (4.2.5)
- _E.Jc if i #i”
rc
2 n 2 _h 21 )1 -
Or g + Orc 7z + Je ¢ T Yo ifi=1i
Xii°= (4.2.6)
- 2 h 2 n 21 1 . . -
(Ur;+orcg+oeg);Jc if i #Ai
Then, o,V is obtained as
r L e
Ry, Ry,- =« . . . Ry
R21 Rzz‘ e e e o s e
EM Ro L] -
Qv “——“——S( ws) . .
1 c
ry e e . RrrJ
EMS (Rows) R |
- T (4.2.7)
where
r~-1 .
== J if i=1i
r ¢
Rii’ = (4.2.8)

1 . X . -
-7 Je if i ¢#4i

From the result given by (4.2.7),

EMS (Rows) 2 2
ovov= \" o ) R

21 . 2
EMS(Rows)) ¢ R, since R® = cR.

VO,V -
( EMs (Rows) )2

Therefore, %-R

= QlV/EMS(Rows) , using (4.2.7).

NV

Thus, ——
EMS (Rows)

is idempotent.

From (4.2.5) and (4.2.8), Q, can be expressed as, 0, = g-R. So,
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L2 2 1
(9:) = (%-Q) =SR= gl , since R? = CR.

Thus, g%. is idempotent. Amd4,

pl=rank[Ql]=rank[%.Ql]= i-tr(Ql)

Also, pP'Q\4 = 0 if u” = pl ., since the sum of the elements in each

column of Q1 is zero.

SS (Rows - -
Thus, SSBWS) | yop v/[E(270 ¥)/ (x-1)] ~ X (x-1).
EMS (Rows) 1
In a similar way it can be shown that if tj = t, vij = v, and
n.: = n, then _SS__(E.CE'__MJ.‘_S;)/‘\ xZ (c-1).
1] EMS (Columns)

From (2.3.1), (2.4.1), (2.4.2), (2.4.3), and (2.4.4), the inter-

action sums of squares, SSa, is

ss, g_’(p - Dr[gia_l‘J - 070 + gg‘)!

Y'Y, say.

2

cxc matricies, Q

Partition Q3 into r if njy = n, then

8ii”?

r-l( l . . -
nt—J{f. ~ —J ) if i =1
() e - 2o

Q = (4.2;9)
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2

Partition Q,V into r” cxc matrices, and denote the matrix in the

ii“th position of Q,V by ((ngnii" Using the partitioned form of V

given by (4.2.4), the matrix (‘st”ii' can be written as,

2 n 2
In (4.2.10), Op¢ vtOe= EMS (Interaction) when s; = s, tj = t, Vij = v,

and njy = n. Then, QSV/EMS(Interaction) = %Qa' and

r-1\? 1 r-1 1 \2
T/ \Ie~c e} * ¥T\Iec - ¢ e
2 =_r:i)(1 -lJ) ifi=i”
( Qav )) = (r ¢ C ¢
EM

S(Interaction 2 2
2(r-1) 1 r-2 1
-7 I - S 9c) + e - T I

1 p
=—;(Ic-'c‘Jc)ifi;‘i

=1 Q, = Qav/EMS(In'ceraction)
n

Thus Qav/EMS (Interaction) is idempotent, and Q3V/EMS {Interaction) /'\Xz

{ps,)\] where p, = rk(Qs) = rk(% Qa) = %‘- tr(Qa)

= -1!; tr(nr(-":}l?(Ic - %Jc)

(r - 1)(c-¢1:;c)

(r - 1)(c -1) .

Now, A = %P—‘Qag' If 4~ = ul”, then A = 0 since l’Qa = 0.
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When n;. = n, the sums of squares for procedure 3 can be obtained

ij
from those of procedure 1 by dividing the procedure 1 sums of squares by
n. The corresponding expected mean squares will also be divided by n.

Thus, for rows, columns, and interaction, !fQig/[E(XfQix)/pi] will be

the same for procedures 1 and 3.

In this section it has been shown that a necessary and sufficient
condition for the row, column, and interaction sums of squares divided
by their respective expected mean squares to have a central chi-square
distribution is for s; = s, ty =t, vj; =V, and njy = M for i =1,....,

rand j =1,....c. It should be noted that under these balanced condi-

tions all four procedures are identical.

4.3 Restrictions on sj, t4, vi4 and n.;. for Estimation Procedures 2

and 4

For estimation procedures 2 and 4, exact tests of the hypotheses
o2 =0, 02 =0, and Oic = 0 cannot be made even if njjy = n. Some sim-
plification in the expected mean squares can be obtained if Vij = sjty

and n;j4 = n. The expected mean squares for this situation are given in

Table (4.3.1).

Table (4.3.1)
Expected Mean Squares for Procedure 2 when
Vij =V and nij =n

Source Expected Mean Squares

Rows




Columns

Interaction

Exror

From Table (4.3.1) it is obvious that exact tests of the hypo-

The expected mean squares for this case are presented in Table

Expected Mean Squares for Procedure 2 when

Si =S, ty=t, vy

Source

Rows
Columns
Interaction

Exrror

For sj = s, t;

s{ = S, tj = t, and Vij

Table (4.3.2)

G = e
(x-1) (c-D\ T ZS'
1

1

theses G% = 0, Oé = 0, and Oic = 0 cannot be made unless s; = s and

= v, and n;

Expected Mean Squares

2
nsr Ur +

2 2 2
ntc O, + n Oyc + stOg

n

n

squares for procedure 4 are equal to those of procedure 2 divided by n.
A similar relationship exists between the sums of squares for rows,
columns, and interaction for the two estimation procedures.

= v, then the expected mean squares for rows,

n, the expected mean

Also, if
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columns, and interaction in Table (4.2.1) multiplied by st are identical
to the corresponding expected mean squares of Table (4.3.2). From the
above it is apparent that the various sums of squares and expected mean
squares for procedures 2 and 4 can be obtained from those of procedure 1
if s; = s, ty = ¢, Vij = Vv, and Njj = n. Under these restrictions it
can then be shown, using the results in section 4.2, that for estimation
procedures 2 and 4 the row, column, and interaction sums of squares di-

vided by their expected mean squares have chi-square distributions with

r-1, e-1, and (r-1) (c-1) degrees of freedom, respectively.

4.4 Independence of the Sums of Squares

In sections 4.2 and 4.3 it was shown that for each of the four
estimation procedures defined in Table (2.3.1) the row, column, and in-
teraction sums of squares divided by their expected mean squares each
have a chi-square distribution if s; = s, ty =t, vijj = v, and njj =n
for i = 1,....,rand j = 1,....,c. If cov(SS(Rows), SS(Interaction))=

cov(SS (Columns), SS(Interaction)) = cov (ss (Interaction), SS(Error)) =

2

rc = 0 can then be

0, exact tests of the hypotheses Gi =0, Oé =0, 0

made using F-~-tests.

It was shown in section 2.3 that cov(SS(Introduction), SS(Error))
= 0 for all four estimation procedures. The other two covariances will
be evaluated using procedure 1, since, as stated in sections 4.2 and
4.3, if the design is balanced in the sj, ty, viy, and nij then the sums
of squares and expected mean squares for rows, columns, and interaction

for the four estimation procedures differ only by a multiple of n and/or

st.



The covariance between the row and interaction sums of squares

is given by
cov[g_’le,!’QSY] = 2tr[Q1VQ3V] + 4E‘QlVQ3y_,

using (2.4.6). Ql, VvV, and Q3 are given by (4.2.4), (4.2.5), and
(4.2.10), respectively. From section 4.2, y__'Q1 =0, if 4 = pl”.

Therefore,

cov(g‘ng,g_’Qag] = 2tr[QlVQ3V].
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If the matrix product leQav is partitioned into r? cxc matrices

(( Q1VQ3V ))ii" then, using (4.2.7) and (4.2.10),

EMS (Rows)

) -1)2 1
EMS (Interaction) ( T Jc (Ic - p Jc)
r-1 1
r? JC(IC T e Jc))
0 since JclI. - l-J = 0
ctic c fo] .

Similarly, it can be shown that cov(sSS(Columns), SS(Interaction)) = 0.

((vang))ii'

+

In this chapter it has been shown that if s; = s, t; = t,

3
Vij = Vo and njy=n for i=1,....,rand j =1,....,c, then SS(Rows),
SS(Colﬁmns), and SS(Interaction) divided by their expected mean squares
are, for each of the four estimation procedures, distributed as central
chi-squares with r-1, c-1, and (r-1) (c-1) degrees of freedom respec-
tively. Also, for the above restrictions on Sy tj, Vije and njys

cov (SS (Rows) , SS(Interaction)) = cov(SS(Columns), SS(Interaction)) =

cov(SS(Interaction), SS(Error)) = 0. For this situation exact tests of




the hypotheses 0% =0, Ué = 0, and Gic = 0 can be made using the ratio

of two independent chi-squares divided by their degrees of freedom.
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CHAPTER V

COMPOSITING IN THE 3~STAGE NESTED DESIGN

5.1 Introduction

Using the results from the two-way crossed classification, given
in Chapter II, estimates of the variance components and their variances
are obtained for the 3-stage nested design in which the experimental
units (sub-classes) have been composited. In such a design compositing
can occur in either of two ways:

1) The experimental units within a single class (first stage) are
composited into one or more groups.
2) The experimental units from two or more classes are composited

into a single unit.

For either method of compositing the experimental units, four
estimation procedures using weighted or unweighted observations or sub-~

class (second stage) means are defined and compared.

In this chapter the model for the 3-stage nested design is a
generalization of the two models given by Kussmaul and Anderson (18).
Some of the results given by these authors are evaluated assuming the
general model for the 3-stage nested design which is discussed in the

next section.
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5.2 The Model

In Chapter I an example was given of a 3-stage nested design in
which the sub-class experimental units were composited. The general
model for a 3-stage nested design in which there is among classes and/or

within sub-class compositing is given by

83 Sy tij
Yisgk = M T z : Tis ¥ s7ELy Z : 2 : °5(1) % * €ijk
=1 - £=1 m=1

(5.2.1)
where, 1 =1,....,r
j=1,....,04

k = l,....,nij

ci==the number of sub-classes within the ith class of model (5.2.1)

s;= the number of classes that have been composited to form the ith
class in model (5.2.1)

tij’ the number of experimental units that have been composited from the

ifth class in the non-composited design to form the jth sub-class

in model (5.2.1)

A restriction on model (5.2.1) is that if two or more classes
are composited to form a single class then an equal number of sub~-

classes are composited from each class, i.e., if s§ > 1, then ti! = tiz

= ..e0 = L,

ici® It should be noted that if S > 1 then the corresponding

value of ¢; is also equal to one.
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For model (5.2.1) it is assumed that the only fixed effect is .
the mean, W, and that the class effects, Tigr the sub-class effects,
cj(i)km' and the measurement error effects, eijk' are random, and are
normally and independently distributed with zero means and variances
G%, oé/r, and Ué respectively. It is also assumed that all covariances

among the effects are zero.

In order to better understand model (5.2.1), and the way in
which experimental units are composited, a schematic representation of
the model is given below for the case r = 2, c’ = 3, c2 =1, n = n =
l, n =2, n =2,s =1,s =3, t =2, t =t =3, t =t =

13 21 1 2 11 12 13 21 22

23 3. The design prior to compositing has 4 classes, eight sub-

classes within the first class, and 3 sub-classes within each of the

other 3 classes.

Classes (1,1) (2,1) (2,2) (2,3)
e CJUTIIT] O
o AV VAV
The 8 experimental units The 9 experimental units - 3
are combined into 3 groups from each of 3 classes - are
of 2, 3, and 3. combined into a single group.
Measure- '
ments /\ /\
n =1 n =1 n = 2 n =2
11 12 13 21

Measurements are made on each group of experimental units. .
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The model for any observation in the above design can be repre-
sented by model (5.2.1). For example, the model for the second measure-
ment in the second class and only sub-class within the second class of

the composited design is given by,

+ 1
+ = =fc +
y212 v ( 23 9 ( 1(2)11 1(2)12 cl(z)la
+c
3

1(2)21 1(2)22+ 1(2)2 1(2)31 1(2)3; 1(2)33)+ ezxz

5.3 Estimates of the Variance Components and their Variances

For the 3-stage nested design, the sums of squares for each
source of variation can be computed using weighted or unweighted obser-
vations or sub-class means. These sums of squares and their expected
values can be obtained from the sums of squares and their expected

values defined in Chapter II for the two-way crossed classification.

The analysis of variance table for the 3-stage nested design is
given in Table (5.3.1)
Table (5.3.1)

Analysis of Variance Table for the 3-Stage Nested Design

Source d.f. Sums of Squares Expected Sums Squares
2
Classes r-1 S§ =T -T w 02 +w o2 +w O
1 1 " 1 r 13 ¢/t 14 ©
- - 2
Sub~Classes }E:ci X sss = T3 T1 w Gc/r + wzuce
i
2
Exrror N‘:E:ci SS“ = Ts - '1‘G N ;E:ci Ue
i i

T,T,T, T, and T are obtained from (2.3.1), andw , w ,
1 3 4 S 6 11 13

w o, wza' and wzu are obtained from (2.4.41) when the following
14
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notational changes are made.

1) ti = tij

2) ¢ = ¢
(5.3.1)
3) 9iy = (0]

4) vij sitij

The weights, f.

., h.
ij* Biy and mij' used to evaluate Tl, T’, and Tu

are given in Table (5.3.2) for each of four estimation procedures. These
procedures are similar to those used in Chapter II, and are also subject

to a set of restrictions similar to those given in section 2.4.

Table (5.3.2)

Values of f£.., hij' and mij for Four Estimation Procedures

i)
Procedure fij hij mij
1 -~ 1/Vng, /ny4 1//N
... /YL S st /N s
2 sltlJ/ . g ij i sltlj/nlj sitlj//'z g S t:lj i3
2
3 l/nij/E; l/nij 1/ng M z
Lt VE S.t..
4 Sltlj/nij sltlj sltlj/n j/nu/ X L s, it ij

3 3
The sums of squares corresponding to any of the four estimation
procedures are computed by substituting the values of flj, h 57 and mlJ

given in Table (5.3.2) into the sums of squares defined by (2.3.1) and

using the notational changes given by (5.3.1).
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From (2.4.9), (2.4.17), (2.4.31), and the changes given by
(5.3,1), the expected values of T‘, T’, and T“ for the 3-stage nested

design can now be obtained. They are

2 2
g2y 1 U e 15°f; ind 2 2
E(T) = ol Zi 'EI(EJ ;funij) +a2, Ei 12 13789 + oezi;fijnij

tj_J
(5.3.2)
2
B - o) D MIN v o, E‘iﬂw O’ZD ngj (5.3.3)
J 1 Sjtij
2
) - &2:{2:% i) + ot TeAS s +

(5.3.4)
The coefficients of 0:, oé/t, and 0; in Table (5.3.1) are then
obtained by evaluating the appropriate differences in E(Tl), E(Ta)' and

E(Tu)' These coefficients are:
1 2 1 2
i o ZET fij“ij) = 281 Zmij"ij)
1 3 i 3
nij 1j 13
Yk 'Zznij (fij - mij) (5.3.5)
11
i3 £140%3
13" i
"2s T z;z tiJ Z:-";—i- ;

tij
E :z : - €2
wz» = 4 nij <§ij fij)

—
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Note that the coefficient of 0: in the expected sub-class sums of squares ’

is zero for each of the four estimation procedures.

Estimates of Ci, o?

c/r’ and G: can directly be obtained from Table

(5.3.1), by equating the sums of squares to the expected sums of squares

and solving the resulting equations. The estimates are,

s o 2
Ue SS,./{N - Ci) (5.3.6)
(e] = |T - T - W 0' (5.3.7)
c/r [ 3 24 )/ 29

w

~ 13 W3 Yi3¥au

O'i. = [l + "_'“JT - ——— T -T - [W - 2 ] / w (5.3.8)
LAY Wy, 3 " 16 w,, 11

The variances and covariances of T;, T,, and T, are obtained

from (2.4.13), (2.4.22), (2.4.27), (2.4.32), (2.4.36), and (2.4.39)
using the changes given by (5.3.1). These variances and covariances

are given by,
2

var[T ] = 2123 (?E:flj 13 + og,rjzj i3 13 +0 :E:flj n5| (5.3.9)
3

Sjtiy

2 2
n h; .n&
lJ ij 2 ij7id
Var[T ) = ZZZ + GC/r —é_iEI—J— + 0 hljnlj
o*
X 2 2 - h,.n?, .3.10
+ Si hijnij jglhij’nij’ hljnlj (5 )

£i3Mi5 2 °
Zfljin s o 4+ Oc/r '—“—’;J— +C fi] (5.3.11) .

S

COV{T:'TJ- 221; h; 5niy
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var(T“ 2 02251 Z m;jn;4) + o z/rz 12 J.j lj + ozzzmu ny 5

(5.3.12)
2

(0 o2 £..m, n?
2:_1? 2: c/rz:ijiji
cov[‘rl,'r..] 2 - mlJnlJ ,fij‘nij"" s =4 13 1)

i 3 tij

2 .
2
+ Uezj:fijmijni ) (5.3.13)

2
m..n, .
2 r 2 ijij 2
cov[r,m ) = 2 nsgnis [ ED myongg e o2 +oem
3o i3 i3

ij
(5.3.14)

Since (N - L ci)ag/oé has a chi-square distribution with
i

(N -2 ci) degrees of freedom and cov(aé,ssi) =0,1i=1,2,3, the vari-
i

ances of the estimated variance components can now be obtained by eval-

uating var(aé), var(aé/r), and var(ai-), using (5.3.5) and (5.3.9) -

(5.3.14), when oz, g2 o/c+ and c:rz are defined by (5.3.6), (5.3.7) and

(5.3.8) respectively.

var(G2) = 20%/(n -Zci) (5.3.15)
2' 2
L £, inij hijnij
var (62 /) (Z:s1 tlj(hij j)) 2°c/r2(2 sjtiy)* 2T

-
fijnij; £iyn85
- 2;;"11(-‘15.':15 + 403 /p03 Z s{ tiy foj'“

i

hiyn} £2.h, .n} 2
+Zi:; S:ti; _ 22;;3_11&1 + 2g% }1: (;fijnij)

Sitiy
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e
w
- 2 (H r) Zsl Zmljnljzflj»m 13- ‘;fijnnijn

waazzm Zmlj “njj4+ 4°c/r eze

f my

(5.3.17)

if s; = tij =1 fori=1,....,r and j = l,....,ci, and if the

f.

i3’ hij' and mij for estimation procedure 1 are used, then var [crz /r}

and var[di_]are the same as those derived by Searle (25), and later re-

derived by Prairie (21) and Goldsmith (8).
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5.4 Estimating the Mean

An unbiased estimator of the mean, U, is
H '2;; Y1513Yi4

Correspdnding to each of the four estimation procedures defined

in section 5.3, a set of u,,'s can be defined. They are given in Table

ij
(5.4.1).
Table (5.4.1)
Values of iii 3 for each Estimation Procedure

Estimation Procedure u i

1 1/N

2 Sitij/z;sitijnij

i

4 sitij/ni . Ei :zj:sitij

From (2.5.4) and using the changes given by (5.3.1),

2

' ~2 2
u¢ . n
A 2 17§~ 2 iy ij 2y 2
var (1) = or;si(zj:uijnij) + 0, i; 5113 + Ueizj:uljnn

(5.4.1)
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5.5 Numerical Comparison of Estimation Procedures

The complexity of the formulae for var{ag/r], var[&i} and var(ﬁ)

given by (5.3.16), (5.3.17), and (5.4.1) precludes the possibility of -
making analytical comparisons among the four estimation procedures given

in section 5.3. This being the case, numerical methods, similar to

those used in the comparison of estimation procedures in the two-way

crossed classification, are used.

The estimation procedures are compared by constructing unbalanced

3-stage nested designs, then computing var(&é}, var{aé/r], var{aé), and

2

~ . 2
var (H) for various values of Oar oc/r

, and Oi. Constructing 3-stage
nested design with across and within class compositing is considerably

more difficult than in the non-composited case since the s; and tij have

to be specified in addition to r, the c, and the nij’

Table (5.5.1) ennumerates 24 designs used in the comparisons of
the estimation procedures. These designs were constructed using the

following constraints,

1) The degrees of freedom for classes, sub—classes, and error are

always equal tor ~ 1.
2) DD sitijnij = 50, 100, 200.
13

These constraints materially simplify the construction of the designs. S
The primary reason for using the first constraint is that the relative

sizes of the variance components are usually unknown, in which case an

equal assignment of degrees of degrees of freedom to classes, sub-classes,
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o

1
1

O WO

13
14
15
le
17
18

19
20

21

22

100

200

12

12

Table (5.5.1)

3-Stage Nested Designs Used in the Comparison of Four Estimation
= 50, 100, 200

Procedures When [ % S; n..s

1]
ij
i Si Yig D
3,2,1,1 1,1,7,7 1,3,4,4,3,(2)* 2,2,1,2,3(1)
3,2,1,1 1,1,2,2 1,3,4,4,2,7,7 2,2,1,2,3(1)
4,3, (1) 1,3,5,4 5(1),4,5 3(2),4(1)
3(2),1 3(1),12 6(2), H 4(1),2,1,3
4(3),4(1) 5(1),3,2,2 1,3,1,2,4(1)3(2n,2,3,4 2,1,1,2,1,1,2,1,1,2,
1,1,4,3(1)
5,3,2,5(1) 4(1),2,3,6,5 1,4,3,1,1,3,3(1),3,2, 3,4,(1),2,1,1,2,1,2,
1,2,1,1 3,3(1)
3,4(2),1,1 6(1),4,6 10(1),3,2,3,2,1,1 2,2,1,2,2,9(1),2,3
3,2,1,1 1,1,5,5 8,3,3,9,7,5,5 2,1,2,1,3(1)
4,3(1) i,1,3,15 4,6,4,6,8,5,2 2,3(1),2,2,1
3(2),1 3(n) ,4 10,13,14,15,8,8,2 4(1),2,1,3
5,3(2),4(1) 5(1),2,2,3 8,4(1),7,1,9,1,8,1,1, 3,4(1),3,1,2,1,2,1,2,
2,1,2 3(1)
3,5{2),1,1 6(1),5,7 6,6(1),2,8,4,2,3,4,2,1 9(1),2,1,2,1,3,4
6,3,6(1) 1,1,4,4,7,5,1,1 3,4,1,5,6,1,6,2,2,1,4, 4(2),1,1,2,6(1),2,2
1,2,4,3
5(3),2,6(1) 6(1),3(2),3,3,2 4,2,1,5,4,7,3(1),6,6, 2,2,1,2,2,10(1),4,1,
3,3,2,2,3,6(1),2 3,3,4(1)
7,5,2,9(1) 7(1),9,10,1,3,13 1,1,3,1,3,3(),9,8,9, 3,3,5,1,4,4(1),2,1,
7,9(1),2,1 3(2),6(1)
32,1 3(1),22 11,9,13,4,21,30,2 2,1,2,3(1),2
3,2,1,1 1,1,7,13 1,1,7,12,5,4,6 3(1),2,1,3,1
7(2),1 7(1).,18 7,9,12,1,5,9,1,9,4,4, 6(2),8(1),2
2,10,9,3,2
5,3,2,5(1) 4(1),7,18,18,17 8(1),5,7,7,4(1) 11(1),2,3(3)
4,4(2),3(1) 5(1),3,10,11 11,9,14,7, m w 1,7,1, 4,2,1,1,3(2),8(1)
3,5,13,10
3,9(2),1,1 10(1),22,12 5,5,2,7, H wamv 2,6(1), 5(2),3(3),15(1)
8,2,1,2,3,2,2,3
7,3,3,2,8(1) 5(1),13,6,5,2,10,4,1 7(1),9,15,7,3,14,2,4, 13(1),3,5,3,4,6(1)
9,6(1),2,1
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Design [ L mwan:Mu
No. i3

23

24

Table (5.5.1) (Continued)

21 S3i

5,3,5(2),5(1) 7(1),9,7,5,12,3

8,3,3,9(1) 4(1),9,14,2,2,6,3,2,1

* 3(2) indicates 2,2,2

,14,6,
1),2,
).2,3,3,10,2,13,7,
12,2,3(1),3

8(2), 10(1),3(2),1,1

11(1),3,3,4,2,2,3,6(1)
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and error seems to be a reasonable procedure. For each design in Table
(5.5.1) values of r, the Cir Si, tij' and "ij are specified. Design

number 2 is used to illustrate how the designs in Table (5.5.1) are con-
structed from the information presented. Design 2 has 4 classes (r = 4)
and 3,2,1,1 (the ¢;) sub-classes within each of the classes. A schematic

representation of design 2 is given below.

Classes 1 2 3 4
s =1 s =1 s = 2 s = 2
1 2 3 4
Sub- - L | L |
Classes
L ad i~ d-
Measure-
ments
n =2 n =2 n =1 n =2 n =1 n = ] n = 1
11 12 13 21 22 31 32

The set of tij's associated with design 2 are 1,3,4,4,2,7,7. 1In
the above diagram the 3 sub-classes within the first class are formed by
compositing the 8 sub-classes in the non-composited design into 3 groups
of sizes 1, 3, and 4, i.e., t11= 1, t12= 3, and t13= 4. The third and
fourth classes are formed by composjiting, from the non-composited design,
2 classes each having 7 sub-classes. Then, the value of the ti' for the

]
third and fourth classes of design 2 is 7.

For each of the designs in Table (5.5.1), var(ﬁ)/og, var(&é)/o;‘
var(gg/r)/cg, and var(aé)/og were computed and evaluated at the follow-
ing combinations of P, = oé/r/oé and p, = 02/03: (14,1 /8), (1/5,8),
(1,1), (8,1/9), and (8,8). Comparisons among the estimation procedures

are made using relative efficiencies (R.E.'s) defined in a similar way
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to those in section 3.3.

minimum(var(?)/og)
R.E. = - , where
var(Y)/Ug

2

c/r

var(?)/dg for any of the designs and estimation procedures for a given

Y =W, 02, o , or 0:, minimum(var(?)/bg is the smallest value of

value of}%?% #itijnij and (pl,pz). The R.E.'s are tabulated in Table
(5.5.2) for all designs, estimation procedures, and (pl,pz) combinations.

Table (5.5.2) indicates that any best estimation procedure de-
pends on the relative sizes of pl and pz. An estimation procedure is
judged to be "best" for estimating Y if most of the time its R.E. is
larger than or equal to the R.E. of the other procedures, and in those
instances where some other procedure has a larger R.E., the difference
in the two R.E.'s is "small". 1In Table (5.5.3) the best estimation pro-
cedure (s) is (are) given for estimating U, Oé/r, and 0: for the five
(pl,pi) values considered. For some values of (pl,pz) no estimation
procedure satisfied the above definition of best, and in these cases
two or more estimation procedures were selected that were best in all
but a few cases. The choice of estimation procedure did not depend on

the value of E,Z'sitijnij' with the exception of estimating oé/r
1]
when pl = 8. In this case procedure 4 is best if:i::i:s.t..nij = 50,
ij 4

but procedures 1 and 4 are best if:z::z:sitijnij = 100, 200.
ij



97

Table (5.5.2)

Relative Efficiencies (R.E.'s) of Four Bstimation Procedures for
Estimating the Variance Components and Mean in a 3-Stage
Nested Design with Composited Samples

Design 1 . ) Estimation wuommmcnmm 4
s;t::n;: No.
HERAC R e TTE R TR 3 .8 5 &, 8
e e/r °r c/r °r c/r “r c/r °r
50 1 n\o a\m .667 .434 .184 .303 .324 .113 .083 .431 .147 .222 .259 .091 .051
/¢ 8 .228 .184 .265 .565 .113 .358 .284 .147 .293 .683 .091 .362
1 1 .357 .234 .361 .554 .176 .273 .424 .209 .361 .521 .148 .205
8 s .420 .289 .588 .735 ,331 .513 .550 .316 .643 .684 .325 .406
8 8 .284 .289 .306 .713 .331 .427 .361 .316 .347 .851 .325 .438

2 H\, H\_. .667 .431 .184 .378 .313 .113 .144 .429 .147 .297 .249 .091 .102

H\° 8 .223 .184 .320 .406 .113 .444 .270 .147 .365 .409 .091 .430
1" 1 .352 .234 .440 .474 .176 .385 .410 .209 .455 .425 .148 .314
8 H\o -420 .289 .750 .723 .331 .929 .549 .316 .891 .670 .325 .846
8 8 .279 .289 .373 .539 .331 .562 .346 .316 .440 .548 .325 .557

3 /¢ 1/8 .667 .369 .820 .125 .194 .820 .022 .398 .703 .105 .173 .703 .0l4

a\m 8 .159 .820 .240 .607 .820 .277 .227 .703 .254 .596 .703 .249
1 1 .251 .593 .227 .416 .593 .102 .338 .564 .223 .384 .564 .072
8 /s .244 .418 .231 .586 .418 .205 .345 .433 .237 .552 .433 .16l
8 8 .188 .418 .236 .776 .418 .307 .271 .433 .253 .770 .433 .286
4 18 178 .667 .512 .099 .276 .332 .099 .200 .418 .095 .287 .471 .095 .235
u\a 8 .425 ,099 .430 .867 .099 .463 .310 .095 .388 .677 .095 .466
1 1 .558 .155 .427 .603 .155 .379 .429 .151 .412 .689 .151 .417
8 /g .559 .322 .412 .508 .322 .402 .464 .324 .443 .647 .324 .400
8 8 .500 .322 .431 .843 .322 .440 .373 .324 .405 .752 .324 .465
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Table (5.5.2)

{Continued)

Estimation Procedures

p 1 2 3 4
~2
: om a amxn mm a QM\n @m a omxn qm a amxn aw

,\m .286 .930 .635 .914 .710 .482 .439 .875 .574 .908 .562 .434 .316
8 .508 .635 .843 ,723 .482 .996 .520 .574 .828 .715 .434 .916
1 .702 .772 .851 .885 .653 .863 .763 .728 1.000 .811 .612 .755
1/g .523 .923 .417 .929 .952 .720 .783 .939 .854 .979 .973 1.000
8 .542 .923 .657 .858 .952 .950 .618 .939 .830 .882 .973 1.000
l/s .286 .896 .646 .763 .795 .414 .391 .812 .529 .679 .621 .311 .261
8 .445 .646 .671 .699 .414 .777 .436 .529 .626 .689 .311 .707
1 .676 .719 .769 .906 .558 .732 .676 .653 .789 .833 .466 .622
/8 .605 .750 .536 .941 .780 .586 .779 .818 .760 1.000 .828 .689
8 .552 .750 .615 .829 .780 .769 .539 .818 .662 .851 .828 .777
174 .286 1.000 1.000 1.000 .767 .661 .516 .907 .785 .937 .867 .480 .599
8 .596 1.000 .870 1.000 .661 1.000 .575 .785 .913 .784 .480 .941
1 .829 1.000 .930 1.000 .821 .822 .793 .906 .960 .974 .669 .889
1,8 .666 .911 .554 ,744 .977 .509 .681 .995 .641 .894 1.000 .693
8 .658 .911 .743 1.000 .977 .842 .647 .995 .811 .889 1.000 .891
/¢ .667 .306 .030 .269 .247 .021 .095 .302 .027 .195 .194 .018 .057
8 .211 .030 .223 .442 .021 .299 .261 .027 .248 .549 .018 .313
HH .320 .058 .294 .463 .044 .236 .369 .053 .285 .445 .039 .182
/8 .495 .206 .822 .627 .198 .536 .554 .202 .734 .554 .192 .388
8 .262 .206 .295 .546 .198 .394 .324 .202 .328 .674 .192 .412
l/s .667 .319 .018 .221 .254 .0l6 .089 .283 .015 .183 .196 .0l14 .069
8 .237 .018 .255 .540 .016 .314 .204 .015 .247 .540 .014 .288
1 .353 .038 .294 .514 .035 .227 .309 .033 .276 .444 .030 .094
e .557 .179 .615 .614 .178 .396 .556 .176 .650 .542 .169 .374
8 .296 .179 .329 .651 .178 .397 .258 .176 .328 .658 .169 .374
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Table (5.5.2) (Continued)

Estimation

Procedures
1 2 3 -4

2 2 2 2 2 2 2 2 2
@m a QO\H QH a Qn\n QN a QO\N @H a Qo\ﬂ @N
.667 .354 .003 .150 .331 .003 .147 .296 .003 .197 .254 .002 .182
.366 .003 .369 .338 .003 .359 .284 .003 .331 .249 .002 .307

.482 .008 .332 .453 .006 .329 .394 .007 .349 .346 .006 .325

.633 .075 .593 .691 .068 .692 .696 .072 .948 .651 .063 1.000
.446 .075 .484 .421 .068 .483 .361 .072 .458 .320 .063 .430

.286 .625 .442 .856 .864 .398 .783 .556 .467 .607 .523 .415 .623
.399 .442 .617 .370 .398 .530 .413 .457 .627 .468 .415 .617

.510 .574 .693 .528 .535 .661 .557 .564 .592 .640 .553 .697

.570 .791 .383 .665 .788 .997 .445 .727 .295 .772 .80l .798

.458 .791 .635 .446 .788 .651 .450 .727 .581 .560 .801 .743

.286 .750 .272 .610 .570 .156 .360 .584 .283 .620 .529 .167 .486
.791 .272 .813 1,000 .156 .728 .545 .283 .736 .660 .167 .666

.932 .400 .685 .945 .267 .553 .674 .405 .633 .779 .284 .61l

.670 .654 .333 .647 .657 .495 .631 .312 .312 .772 .680 .599

.827 .654 .743 1.000 .657 .740 .576 .631 .665 .757 .680 .756

.286 .556 .292 .730 .500 .141 .310 .558 .249 .522 .405 .122 .181
.285 .292 .427 .462 .141 .484 .343 .249 .431 .600 .122 .492

.458 .408 .585 .634 .247 .511 .526 .366 .546 .680 .223 .410

.631 .570 .714 .871 .620 .682 .692 .581 .655 .841 .637 .540
.347 .570 .515 .566 .620 .600 .415 .581 .519 .726 .637 .611

.182 1.000 .369 1.000 .806 .151 .704 .882 .341 .875 .662 .140 .657
.741 .369 1.000 .558 .151 .802 .734 .341 .987 .533 .140 .762

1.000 .559 1.000 .812 .284 .898 .978 .522 .969 .763 .270 .847

.785 .948 .464 .893 .885 .674 .888 .903 .540 1.000 .924 .883
.805 .948 .971 .656 .885 .904 .817 .903L000 .646 .924 .923
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Table (5.5.2) (Continued)

Design
m m Sitijhiy No- OL Py 42 Hn 52 M~ 62 w~ 2 »~ 2
13 @m f QO\H r a c/r r a mwo\n. @H a mo\n mn
15 /¢ '/s .182 .773 1.000 .875 .495 .156 .242 .776 .566 .672 .421 .070 .156
/s 8 .407 1.000 .641 .438 .156 .451 .462 .566 .668 .430 .070 .40l
1 1 .581 1.000 .617 .616 .312 .461 .680 .776 .668 .581 .151 .364
8 /s .406 .843 .187 .945 .860 .440 .601 1.000 .242 .942 .762 .476
8 8 .430 .843 .518 .545 .860 .556 .529 1.000 .627 .541 .762 .521
200 16 /e /s .667 .357 .007 .199 .282 .003 .091 .317 .006 .184 .267 .002 .095
1y, 8 .119 .007 .261 .202 .003 .281 .108 .006 .252 .132 .002 .251
11 .323  .013 .323 .391 .005 .253 .291 .01l .304 .310 .004 .242
8 l/s .518 .079 .740 .504 .045 .511 .472 .075 .729 .502 .040 .563
8 8 .167 .079 .390 .280 .045 .423 .151 .075 .376 .187 .040 .385
17 /8 1/8 667 .359 .116 .150 .201 .037 .0l18 .289 .128 .133 .121 .042 .019
1/ 8 .136 .116 .207 .320 .037 .206 .981 .128 .184 .277 .042 .217
1 1 .333  .145 .222 .373 .058 .086 .246 .153 .194 .248 .066 .09l
g8 1y .318 .201 .184 .379 .184 .116 .208 .195 .153 .264 .195 .128
8 8 .174 .201 .258 .423 .184 .287 .123 .195 .224 .378 .195 .307
18 /e /s .286 .708 .171 .609 .447 .096 .338 .667 .139 .500 .517 .093 .364
/s 8 .202 .171 .634 .304 .096 .598 .213 .139 .678 .318 .093 .687
1 1 .545 .236 .747 .597 .148 .639 .554 .200 .725 .655 .146 .697
8 s .535 .416 .729 .671 .413 .950 .525 .430 .662 .753 .440 1.000
8 8 .261 .416 .798 .407 .413 .845 .273 .430 .845 .427 .440 .963
19 !/s l/s .286 .782 .695 .308 .576 .221 .044 .559 .695 .380 .676 .221 .115
/e 8 .308 .695 .390 1.000 .221 .455 .154 .695 .345 .610 .221 .412
1 1 .710 .682 .394 1.000 .314 .171 .401 .682 .380 .971 .314 .295
8 /g .502 .645 .177 .627 .593 .079 .297 .645 .192 .730 .593 .191
8 8 .366 .645 .421 1.000 .593 .466 .186 .645 .380 .720 .593 .503
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Table (5.5.2) (Continued)

Estimation Procedures

2 1 2 3 4
Ge ft QM\H mw H QM\N mm H mM\H Or u QM\M Or
.286 .628 .127 .426 .474 .048 .216 .617 .118 .355 .397 .036 .135
.135 .127 .429 .130 .048 .358 .185 .118 .397 .207 .036 .417
.404 .,184 .539 .378 .080 .430 .500 .170 .551 .470 .062 .377
.498 .388 .445 .678 .321 .847 .560 .346 .435 .682 .305 .631
.181 .388 .546 .183 .321 .532 .244 .346 .635 .289 .305 .621
.182 1.000 .732 1.000 .430 .422 .169 .948 .712 .690 .271 .473 .072
.244 .732 .857 .333 .422 .617 .311 .712 1.000 .489 '.473 .768
.679 .806 1.000 .610 .520 .531 .755 .753 .892 .519 .601 .350
.589 .923 .463 .663 .801 .591 .509 .824 .281 .516 .955 .362
.308 .923 .981 .445 .801 .981 .366 .824 .958 .641 .955 1.000
.182 .958 .673 .624 .711 .124 .320 .788 .656 .497 .574 .095 .221
.219 .673 .547 .221 .124 .400 .192 .656 .531 .221 .095 .436
.614 .744 .633 .590 .198 .500 .537 .716 .606 .565 .160 .461
.523 .833 .186 .663 .585 .505 .498 .779 .233 .784 .633 .543
.274 .833 .609 .292 .585 .555 .246 .779 .616 .304 .633 .627
.182 .952 .313 .777 .870 .178 .497 .960 .276 .624 .799 .146 .402
.199 .313 .567 .255 .178 .549 .259 .276 .706 .302 .146 .653
.607 .422 .812 .711 .268 .725 .720 .374 .840 .771 .229 .734
.819 .765 .810 .983 .698 .,931 .789 .690 .639 1.000 .704 .895
.270 .765 .774 .348 .698 .791 .341 .690 .905 .411 .704 .928
.182 .894 1.000 .788 .598 .299 .384 .767 .989 .569 .886 .565 .415
.174 1.000 .444 .131 .299 .326 .167 .989 .48)1 .268 .565 .536
.532 1.000 .667 .401 .384 .462 .486 .959 .619 .730 .695 .646
.634 ,988 .591 .630 .660 .511 .487 .923 .392 .853 1.000 .465
.232 .988 .591 .182 .660 .461 .216 .923 .600 .358 1.000 .718
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Table (5.5.3)
Best Estimation Procedures for the 3-Stage Nested Design
with Composited Samples

Best Estimation Procedure for Estimating

PP, u 0% /x o2
Y7s /s 1 1 1
/6 8 2,4 1 2,3,4
11 2,4 1 1,3
8 Y, 2,4 1,4 2,3,4
8 8 2,4 1,4 4

A few general conclusions can be obtained from Table (5.5.3).

1) I1f Oé/r and Ui are small relative to 02 then procedure 1 is
best for estimating u, OZ/r' and 0;.
2) 1f Ué/r and 0; are greater than cé then procedure 1 should not

be used to estimate U or 0;.

3) Procedure 3 is never best for estimating U or oé/r.

The above conclusions are valid only for 3-stage nested designs
restricted to have an equal number of degrees of freedom for classes,

sub-classes and error.

5.6 A Comparison of Some Designs

In this section some selected comparisons are made among some
of the designs given in Table (5.5.1), to illustrate some of the diffi-

culties involved in trying to obtain optimal designs for the joint
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estimation of the mean and variance components in 3-stage nested designs

having both within and across class compositing.

The only difference between designs 1 and 2 is that for design 1
s =s =7,t =t =2, and fordesign 2 s =5 =2, t =¢t =7,
3 b 31 32 3 b 31 32
From Table (5.4.2) it is seen that the effect of decreasing the amount

of across class compositing, for fixed Zzsitijni 3 is to obtain a
il

poorer estimate of the mean, but an improved estimate of di. The esti-

was the same for designs 1 and 2.

2
mate of oc/r

The values of r, the Cir and the n are the same for designs 4

ij
and 10, and for designs 1 and 8. For each of these designs there are 4‘
classes, and a total of 7 sub-classes. For designs 1 and 4 Zi:%:sitijnij
= 50, and for designs 8 and 10 Egzg:sitijnij = 100. The four designs

are compared using R.E.'s defined by,

var(?)/og for designs 4 or 10 with Si’tijgl
R.E. =

var(?)/oz

Note that in a non~composited design, i.e., when'si = tij = 1, estima=-
tion procedures 1 and 2, and 3 and 4 are equivalent. In computing the
R.E.'s, the estimation procedure for which var(?)/og was a minimum for

a given value of (pl,pz) was used. Sometimes the minimum was for pro-
cedures 1 and 2, and sometimes for procedures 3 and 4. Designs 6 and

19 were also compared; the comparisons being made using R.E.'s computeq
in a similar way to those for designs 1, 4, 8, and 10, except, the non-

composited design used to calculate var(?)/o; in the numerator was
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design 19 with s; = tiy = 1. The R.E.'s computed for the above six

designs are given in Table (5.6.1).

The essential difference between designs 4 and 10, and between
designs 1 and 8 is that there is more across class compositing and less
within class compositing in designs 1 and 4 than in designs 8 and 10.
Comparing the R.E.'s in Table ( 5.6.1) shows that if the best estimation
procedure is used, then for some values of (pl,pz) designs 8 and 10 are
better for estimating p, but for all values of pl designs 1 and 4 better
for estimating Gé/r. Design 8 is better than design 1 for estimating
Oi, but design 10 is better than design 4 for estimating Gi if pl> 1.

A similar set of comparisons between designs 6 and 19 shows that design
19 is best for estimating U, and for estimating Oi if pl = 8 and p2 =

1/81 8.

From Table (5.6.1) it can be seen that a design with no com-
positing, i.e., when s; = tij = 1, usually does not give better esti-
mates of U and Oi, but for the six designs considered does give better
estimates of Gé/r' For some designs the gain in efficiency of a com-
posited design over a non-composited design when estimating u and oi

is quite large for all estimation procedures, especially when (pl,pz) =
(8,1/3), (8,8). But, non-composited designs give better estimates of
2
O'c/r.
Based on the above it seems that if U and 0; are of principal
interest then a design with some within and across class compositing
should be used. However, if one is interested in estimating Oé/r then

such designs should not be used. If efficient designs are sought for
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50

100

100

10

Table (5.6.1)

Relative Efficiencies For the Comparison of Designs 1, 4, 8 and 10,
And Designs 6 and 19

-
W O =\
@ o

~
-]

[
@ 0 =N\
@

-

® 0NN\
@® o

~

Estimation Procedure

HN . 2 3 4

H Qn\n Or H QM\H O H O¢/r Ox H qn\u Oy
1.100 .496 1.092 .760 .305 .300 1.013 .396 .800 .608 .246 .182

.772 .496 .545 1.913 .305 .736 1.913 .396 .603 2.213 .246 .746
1.023 .602 1.103 1.587 .452 .830 1.214 .537 1.099 1.493 .380 .623
1.803 .717 4.669 3.171 .822 4.076 2.364 .785 5.103 2.955 .806 3.217

.988 .717 1.034 2.485 .822 1.443 1.257 .785 1.173 2.965 .806 1l.466
1.202 .268 .993 .779 .268 .721 .981 .257 1.033 1.107 .257 .845
1.438 .268 .884 2.933 .268 .952 1.048 .257 .799 2.291 .257 .959
1.597 .400 1.296 1.728 .400 1.151 1.228 .388 1.254 1.974 .388 1.267
2.407 .800 3.270 2.167 .800 2.707 1.990 .804 3.524 2.766 .804 3.184
1.742 .800 1.457 2.939 .800 1.486 1.300 .804 1.370 2.620 .804 1.570
1.504 .096 1.203 .852 .069 .440 1.040 .087 .878 .668 .059 ,257

.769 .096 .566 1.618 .069 .760 .957 .087 .631 2.007 .059 .796
1.117 .172 1.362 1.617 .131 1.090 1.289 .157 1.318 1.555 .114 .684
3.514 .562 16.50 4.482 .538 10.68 3.939 .551 14.52 3.927 .522 7.721
1.097 .562 1.329 2.299 .538 1.777 1.362 .551 1.478 2.840 .522 1.857
1.220 .011 .671 1.140 .009 .660 1.020 .010 .881 .876 .008 .814
1.341 .011 .939 1.236 .009 .913 1.038 .010 .842 .909 .008 .781
1.684 .023 1.534.1.583 .019 1.521 1.376 .021 1.615 1.206 .017 1.502
4.483 .205 11.71 4.905 .185 13.80 4.943 .196 18.91 4.643 .1711995
1.867 .205 2.181 1.770 .185 2.178 1.516 .196 2.064 1.341 .171 1.937
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Design
No.
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Table (5.6.1)

1

H QO\H Or
1.004 .906 1.195

.846 .906 .643
1.018 .894 1.051
1.223 .750 1.784
1.022 .750 .977
1.254 ,788 .917
1.658 .788 .578
1.822 .841 1.019
2.654 ,893 2.868
2.111 ,893 1.039

Estimation Procedure
2 3 4
H Qo\n Oy u Qn\n Oy u Qa\n Or
.892 .583 .612 .914 .742 1.064 .698 .436 .410
1.301 .583 .745 .812 .742 .600 1.287 .436 .677
1.365 .694 .996 1.018 .812 1.079 1.253 .579 .850
1.904 .845 1.949 1.576 .880 2.529 2.023 .897 2.293
1.624 .845 1.219 1.056 .880 1.050 1.667 .897 1.231
.925 .251 .132 .902 .788 1.132 1.088 .251 .342
5.401 .251 .673 .829 .788 .511 3.270 .251 .609
2.565 .386 .442 .936 .841 .988 2.495 .386 .766
3.314 .821 1.267 1.572 .893 3.102 3.855 .821 3.096
5.775 .821 1.149 1.073 .893 .936 4.158 .821 1.241
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the joint estimation of U, oé/r' and Oi then designs with some within

and across class compositing might be optimal.

5.7 Two Models Studied by Kussmaul and Anderson

Kussmaul and Anderson (18) studied the following two models.

t;;
1
IR TR JA
Yige =M ¥R g7 £y Cyem T Caged
where,
k=1
i=1,....,r
j = 1,....,ci
v=3e,
i
St DY
1 1
Yis © * 7 rig t Z Z C,.. + (ei'k)
J LY S =1 m=1 J(iYm B)
where,
i=1,2
= 1,00..,N/2

k=1

(5.7.1)

(5.7.2)

The ;i jk terms are shown in parentheses simnce Kussmaul and Anderson

assumed that measurements are made without error, i.e., OZ = 0.

Models (5.7.1) and (5.7.2) are special cases of model (5.2.1),

the general model for a 3-stage nested design in which the experimental

units are composited. Model (5.7.1) allows for within class, but not

across class, compositing. In model (5.7.2) only across class composit-

ing is used.



108

Cameron (4) considered model (5.7.2) and presented a method for
obtaining estimates of J, 0;,'and Oé/r, and their variances. Kussmaul
and Anderson (18) made an extensive study of model (5.7.1), in which
three different estimation procedures, i.e., ways of weighting the ob-
servations, were used to estimate Oi, and one procedure was used to es-

é/r' Two of the Kussmaul and Anderson procedures to estimate

timate O
U and Oi are equivalent to procedures 1 and 4 given in section 5.3; the
third procedure, not considered in this study, computes the class sums

of squares using unweighted class means. Their estimate of Oé/r is de-

rived using a procedure equivalent to procedure 4.

The estimates of u, Gé/r, and G;, and their variances in model
(5.7.1) can be obtained from the appropriaté formulae in section 5.3 by

incorporating the following changes:

1) sy =1, i=1,....,r
2) nij =1,i=1,....,r and j = 1,....,ci
3) o2 =0

5.8 An Evaluation of Some of Kussmaul's and Anderson's Results

In their study of the 3-stage nested design with within class
compositing, Kussmaul and Anderson (18) assumed 0; = 0, i.e., measure-
ments are made without error. In the practical situation one can
rarely, if ever, assume that Ué = 0. For the results of Kussmaul and
Anderson to be of some practical value it is neceasary to determine how

small Og must be relative to Oé/ and 0% so that it has a negligible

b o

A

effect on U, o?

c/r’ 8; and their variances. If it is assumed that Oé =0
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when in actuality 02 > 0, then the expected bias in estimating oc/r

E[B(0%/y)], is,

s (hss - £33)
wg? 23 1743 ij

Ty
i3 8it%;

E[B(G (5.8.1)

w
= g2 2%
)] =0 -

c/r 23

2
(hyy - £3)

- and the expected bias in estimating Gi, E[B(0})], is

2
E[B(02)] = v—:% 6’“‘ - "1_321) _
- ) . Z;“ij (£} - miy) -
2 1 .
Zaf5emy -]
Esl Zrl (f,’j - mij)ZZn g (hyogom £2 ,j,)

b 8 i J

z : 1 - g2 |
sj tl ( ij = ij)
(5.8.2)

The expected bias in estimating M is zero even if Ué > 0 when it is

assumed to be zero.

The size of the biases given by (5.8.1) and (5.8.2) will depend
on the particular design, estimation procedure, and on the relative

sizes of the variance components.

A numerical evaluation of the biases was made using 5 basic
designs. These designs are similar to some of the designs evaluated by

Kussmaul and Anderson (18) in that s; = njy = lfori=1,....,r and

=1,....,¢4. Each of the basic designs was nearly balanced in the
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but not in the c;

t. . i the number of sub-classes within the ith class.

ij’
From each basic design an additional one or two designs were generated
that were decidedly unbalanced in the tij’ In these additional designs

the c; and EE:}E:tij were the same as those in the corresponding basic
i

design. The basic as well as the additional designs are enumerated in
Table (5.8.1).

E[B(07 /)]

For each design in Table (5.8.1), 3 x 100 and
Oc/r
E[B(0%)]
g X 100, as well as the mean square errors (MSE's) for u, oé/r’
r

2 . 2 2 -
and Ur were evaluated for the following values of p1 = or/oc/r and p, =

(08/9%,.) : (4,0), (4,0.01),(4,0.2),(4,1),(*/4,0),('/4,0.01), (*/4,0.1),

and(‘/“,l). The mean square error for 0 is,

MSE(0) = var(6) + (ﬁ[B(G)])z

The expected biases in 0 expressed as a percentage of 0, where 6 = |,
2 2 . . s 2
oc/r or 0., as well as the relative efficiencies (R.E.'s) for \u, oc/r'

and 0§ are presented in Table (5.8.2).

RE (D) = —2EO | here

min(var(e)
min(var(0)) = the smallest var(8) for all designs within a basic design
and for given balues of P, and p,. Note that when njy = l, as is the

case for all designs in Table (5.8.1), then estimation procedures 1 and

2, and estimation procedures 2 and 4 are equivalent.

From the results in Table (5.8.2) the following conclusions are

obtained:
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Table (5.8.1)

2

Designs to Evaluate the Biases in Estimating Oc/r and
QM when QM > 0 and s; = njy = 1
Design No. r | ci tiy
la 15 6(2)*,9(1) w~HHA~v~uAuv.mﬁwv.wawv
1b 2(5),2(4),2(3),3(2),12(1)
2a 10 3(3),3(2),4(1) 5,6,3(4),7,3(5),4,5,6,3(5),4,6,7,3
2b 15,15,16,3(8) ,3(5),10(1)
2c 9(1),3,3,2,3,3,4,4(17)
3a 8 4,2(3),2(2),3(1) 4,3,5,6,2(3),5(4),5,2(3),5,2(4)
3b 7(1),2(6),7,2(6),5,8,9,2(6)
4a 5 5,2(3),2(2) 4(8),9,2(8),7,2(6),5,8,9,2(6)
4b 2(19),1,11,1,21,}1,1,15,1,1,16,1,11,1
4c 12,7(13),7(1)
5a 3 5,2,1 6,4,5,6,4,5,4,6
5b 2(11),3(1),8,1,6
5¢ 5(1),2(12),11

* 6(2) indicates 2,2,2,2,2,2, etc.
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De-
sign p
No. 1
la 4
H\:
1b 4
1
\a
2a 4

Table (5.8.2)

Percent Bias in Estimating QM\H and ¢ when s =

1

Qm > 0, and the Relative Efficiencies of
Two Estimation Procedures

1

Estimation Procedures

2

E[B(0g /) 1x100 E[B(02)]x100 RE(MRE(O] )RE(8]) E[B(T],,)1x100 E[B(9F)1x100 RE(f)RE(S? ) RE (62)

QM\W
0.
-2.1
-20.6
-206.
0.
-2.1
-20.6
-206.

0.
=2.0
-19.8

-198.

-2.0
-19.8
-198.

0.
-4.9
-48.7

~-487.

1.000
.999
.986
.873
.971
.961
.879
.474

.978
.977
.965
.856
.836
.829
. 767
.440

1.000
.999
.989
.902

.996 1.000
.995 . 996
.630 .963
.045 .670
.996 .756
.995 .733
.630 .570
.045 .112
. 757 .928
.734 .924
.534 .889
.048 .571
. 757 .400
.734 .390
.534 .313
.048 .063
.987 1.000
.890 .998
.304 .977
. 007 .793

QM\N
0.
-2.1
-20.7
~-207.
0.
-2.1
-20.7
~207.

0.
-2.7
~27.2
-272.
0.
-2.7
-27.2
=272,

0.
-4.9
-49.3

=493,

.924
.930
.917
.810
1.000
.989
.895
.459

.579
.578
.572
.515
.769
.759
.684
.346

.990
.989
.979
.891

1.000
.959
.631
.045

1.000
.959
.631
.045

1.000
.946
.537
.026

1.000
.946
.537
.026

1.000
.899
.301
.007

.950
.947
.917
.662
1.000
.970
.747
.146

.629
.627
.610
.433
.862
.832
.608
.079

.989
.986
. 965
.781
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Table (5.8.2)

Uml
sign p p . Estimation Procedures
No. 12
1 2
E[B(0g),) %100 E[B(0F)1x100 RE(MIRE(6Z , )RE(62) E(B(0F/,)x100 E[B(0Z)x100 RE(f)RE(8Z ;) RE(6F)
om&n QM QM\H Qm
1/ oO. 0. 0. .995 ,987 .968 0. 0. 1.000 1.000 1.000
.01 - 4.9 .1 .983 .890 .936 - 4.9 - .1 .985 .899 .966
.1 - 48.7 .8 .883 .304 .706 - 49.3 - .5 .881 .301 .726
1. - 489. 7.5 .435 .007 .119 - 493, - 5.1 .425 .007 .121
2b 4 0. 0. 0. .961 .509 .896 0. 0 .372 1.000 .374
.01 - 2.4 .1 .960 .496 .894 - 6.6 .1 .372 .862 .374
.1 - 23.8 1.1 .951 .363 .874 - 66.3 1.4 369 .199 .368
.1 - 238, 10.7 .870 .026 .667 - 663. 13.5 .343 .004 .304
s o, 0. 0. .669 .509 .197 0. 0. .442 1.000 .487
.0l - 2.4 1.7 .663 .996 .193 - 6.6 2.2 .437 .882 .473
.1 - 23.8 17.2 .615 .363 .161 - 66.3 21.6 .395 .199 .350
1 - 238. 172. .358 .026 .035 - 663. 216. .202 .004 .035
2¢ 4 o. 0. 0. .960 .865 .924 0. 0. .835 1.000 .834
.01 - 1.3 - .1 .959 .846 .922 - 1.3 - .2 .833 .967 .830
.1 -12.8 - .6 - .950 .666 .904 - 16.5 - 1.6 .816 .672 .797
1. -128. - 6.4 .870 .079 .740 - 165. - 16.1 .678 .050 .524
Yy 0. 0. 0. .664 .865 .413 0. 0. .877 1.000 .899
.01 - 1.3 - 1.0 .658 .846 .407 - 1.3 - 2.6 .851 .967 .853
.1 - 12.8 - 10.2 .611 .666 .347 - 16.5 - 25.8 .678 .672 .524
1. - 128. - 102. .357 .079 .091 - 165. - 258. .224 .050 .036
3a 4 0. 0. 0. 1.000 .967 1.000 0. 0. .972 1.000 .991
.01 - 3.8 0. .999 895 .998 - 3.9 0. .971 .920 .989
.1 - 37.8 0. .991 .388 .980 - 39.2 - .1 .963 .380 .971
1. - 378. - .4 .916 .011 .820 - 392. - .5 .889 .011  .808
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Table (5.8.2)

1.000
.989
.903
.480

.977
.976
.968
.896
.785
.778
.723
.424

1.000
.999
.933
.932
1.000
.990
.908
.497

. 966
. 965
.959
.902

.967
.895
.388
.011

.716
.697
.541
.056
.716
.697
.541
.056

.971
.830
.180
.003
.971
.830
.180
.003

.787
.766
.575
.051

E[B(0Z /,) 1x100 E[B(0%)]x100 RE(f})RE (82 /) RE (62)

.983
.957
.759
.159

.959
.957
.941
.790
.595
.585
.499
.135

1.000

.999
.984
.856

1.000

.978
.801
.197

.930
.927
.915
.798

2
O¢/r

0.

- 3.9

- 39.2
- 392.

0.
- 3.

- 30.4
- 304.
0.
3.

- 30.4
- 304.

- 7.4
- 73.9
- 739.

-~ 7.4

- 73.9
- 739.

- 344.

.991 1.000
.980 .920
.890 .380
.467 .011
.954 1.000
.953 .938
.942 .460
.846 .0l6
.977 1.000
.963 .938
.847 .460
.385 .016
.937 1.000
.936 .847
.956 .174
.875 .003
.947 1.000
.938 .847
.863 .174
.478 .003
.937 1.000
935 .926
.922 .374
.814 .009

E[B(0%/,) 1x100 E[B(0Z)]1x100 RE(f)RE(82,,)RE(82)

1.000

.973
.764
.154

.984
.982
.957
.746
.994
.961
.713
.105

. 965
.963
.950
.829
.984
.960
.788
.195

.965
.963
.934
.693
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Table (5.8.2)

De~
sign p o] Estimation Procedure
No. 1 2
1 2
E[B(0F /¢) 1x100 E[B(02)]x100 RE () RE (87 /) RE(82) E[B(0Z,,)1x100 E[B(02)]x100 RE (fi) RE (62 /) RE (82)
1/ 0. 0. 0. .671 .787 .430 0. 0. .947 1.000 .984
.01 - 1.6 0. .667 .766 .421 - 3.4 - 2.2 .928 .926 .938
.1 - 15.9 - .4 .629 .575 .366 - 34.4 - 21.9 .783 .374 .623
1. - 159, - 4.2 .400 .051 .126 - 344, - 219. .305 .009 .057
4c 4 o. 0. 0. .973 .497 .931 0. 0. .489 1.000 .393
.01 - 2.2 0. .973 .483 .929 - 8.1 .1 .489 .830 .393
.1 - 22.4 .4 .967 .361 .916 - 81.2 .7 .486 .145 .388
1. - 224, 4.2 .910 .027 .794 - 812. 6.7 .462 .002 .344
1/ o, 0. 0. .729 .497 .343 0. 0. .526 1.000 .447
* o1 - 2.2 .7 .724 .483 .338 - 8.1 1.1 .521 .830 .438
.1 - 22.4 6.6 .679 .361 .296 - 81.2 10.7 .484 .145 .363
1. - 224, 66.4 .420 .027 .098 - 812. 107. .280 .002 .08l
5a 4 o. 0. 0. °  .963 .980 .958 0. 0. .973 1.000 1.000
.01 - 4.8 .0 .962 .890 .957 - 4.9 0. .973 .905 .998
.1 - 47.5 - .1 .957 .362. .937 - 48.6 - .1 .968 .357 .979
1. - 475. - 1.0 .903 .011 .789 - 486. - 1.0 .911 .011 .812
1, o, 0. 0. .965 .980 .970 0. 0. .979 1.000 1.000
Lol - 4.8 - .1 .958 .890 .942 - 4.9 - .2 .972 .905 .970
.1 - 47.5 - 1.3 .885 ,362 .750 - 48.6 - 1.6 .896 .357 .763
1. - 475. - 12.8 .515 .011 .164 - 486. - 15.9 .511 .011 .156
5b 4 o, 0. 0. .938 .763 .910 0. 0. .973 1.000 1.000
.0l -1.6 .0 .938 ,745 .908 - 3.4 - .972 .,932  ,997
.1 - 16.1 - .4 .935 .581 .892 - 34.0 - .9 .963 .448 .970
1. - 161. - 4.1 .932 .074 .753 - 340. - 8.8 .873 .016 .746
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Table (5.8.2)

De-
sign O o) Estimation Procedure
No. 1 2 .
. 1 _ 2
2 2 2 2 2 2 2 2
E[B(0g/,)1x100 E[B(9, k100 RE(MRE (S ) )RE(G)) E[B(O,, )1x100 E[B(9 ¥x100 RE(MRE(S, , IRE(D))
2 2 2 2
i, 0. 0. 0.  .738 .763  .910 0. 0.  .979 1.000 1.000
.01 - 1.6 - .7 .734 .745  .908 - 3.4 - 1.4 .965 .932  .963
.1 - 16.1 - 6.6 .690 .581  .892 - 34.0 - 14.1  .847 .448  .697
1. - 161. - 66.  .442 .074  .753 ~ 340. - 141.  .387 .0l6  .102
5c 4 oO. 0. 0.  .934 .832  .936 0. 0. 1.000 1.000  .953
.01 - 1.2 - .1 .932 .815  .934 - 3.2 -~ .1  .999 .935  .950
.1 - 12.2 - .8 .929 .607  .918 - 32, - .8 .984 .456  .923
1. - 122. - 8.0 .880 .112  .772 - 320. - 8.3 .876 .016  .699
1
/4 0. 0. 0.  .693 .832  .729 0. 0. 1.000 1.000  .985
.01 - 1.2 - 1.3 .687 .815  .713 - 3.2 - 1.3 .986 .935  .949
.1 - 12.2 - 12.9  .651 .607  .594 - 32. - 13.2  .841 .456  .675
1. - 122. - 129.  .426 .112  .147 - 132. - 132.  .348 .06  .091
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E[B(oé/r)] X 100/0é/r can be as large as 8.1 for Og £ 0.01 oz/r.
The percent bias in Oz/r depends on the design and estimation
procedure; it is minimized for an unbalanced choice of the tij
and is usually smaller for procedure 1.

For procedure 3, MSE (Oé /r) depends on Zi;tij and not the in-
dividual tij when og = 0. There is little loss in efficiency in

. . 2 2 2
estimating oc/r if o, £ 0.01 Oc/x*

E[B(c%)] x 100/o§ is usually smaller for procedure 1 than for
procedure 2, and is minimized when the designs are nearly

balanced in the t;;. For 02 & 0.01 0 and p, = 4, '/,,

j.
E[B(O:)] X 100/0; < 3%, If the design is nearly balanced in the

tj; then E[B(0})] x 100/0% § 7% if 02 < 0.1 02, and p, = 4, /4.

For p, = 4 or '/4 and 0¢ § 0.01 0%/y there is little loss in
efficiency in estimating Oi. For some designs even if oé =

25-40% Ui there is less than a 20% drop in R.E.(ai).

Var(ﬁ) is insensitive to the size of p, = oé/oé/r, if P, = 4 and

p, $ 1, or p, =0.25 and p, $ 0.1.



CHAPTER VI

SAMPLING VARIANCES OF THE VARIANCE COMPONENTS IN

THE r + 1 STAGE NESTED DESIGN WITH

COMPOSITED SAMPLES

6.1 Introduction

In this chapter a procedure for obtaining numerical estimates of
the variance components and their variances is derived for the r + 1
stage nested design in which compositing can occur in any of the first
r stages. Specific formulae for the 8; and var(ai), k=1,....,r +1,

are not given, but can be derived for any particular nested design.

6.2 The Model

For the following model it is assumed that there is no compositing
in the first p-l stages, and that compositing first occurs in the p-th.
stage. It is also assumed that if some of the p-th.stages have been
composited, then prior to compositing there are the same number of p + k
stages within each of the p + k - 1 stages, k = 1,....,r - p. The model

is:

Y: : = p+oa, 3 +ta, . 0t ..o+ . .
fd,eeeeed Ly 2,1, (i) p l"‘p--l(ll...lp_z)
si,....ip
1
+ a3 . . .+
S. . 2 : p'lp(l""‘lp‘l)Jp :
i,....1
P i 1
Jp“
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S; T
ipe...ip 11""1P+‘

1
S . S s ' o. i : . P
1....1 ly-sselpdy 4 . EE: p+i,tp+iliy. ... in)iplps
P P 3p=1 jp+1=1 | p'-p-P
S. . S .
11....19 iieeeir
+ee.. + - o 1 : - ' R— - ar'ir
fpeeeedp Bijeneedpy o00” ijeeeeiy  Jp=1 Iy
, . . . T %, . . (6.2.1)
(11....1r_1)3p....3r r+1(iy....ip)
where,
ix =1,2,c0.. a,
{2 = 1,.... ail

lk = l,...., ailizoo--ik-l

i=1,....,a;

lx...-ir_l
i = 1,000.,n; & .
r+1 ’ 1112....1r
If p=1and r = 2 then model (6.2.1) is equivalent to (5.2.1), the

model for the 3-stage nested design with across and within class composi-

ting.

In model (6.2.1) it is assumed that the 0, effects are indepen-
dently and normally distributed with zero means and variances, 0;, k=1,

.... r+l. It is also assumed that all covariances among the effects are

zZero.
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6.3 A NMethod for Estimating the Varinace Components and their Variances

The method for estimating the variance components and their
variances in the r+l stage nested design is similar to the one used in
Chapter II to estimate the variance components and their variances in the

two-way crossed classification with composited samples.

The analysis of variance table for the r+l stage nested design
is given in Table (6.3.1). Before presenting this table it will be help-

ful to introduce some notational changes.
1) Write the set of subscripts {ikfiggl....ik; k“<k} as k”; k

2) The summation over subscripts ik'through iy, k“<k, i.e.,

Z ZZ, is designated by Z

lk’ lk+1 k ,k

Table (6.3.1)

Analysis of Variance Table for the r+l Stage Nested Design
Expected Sums

Source d.f. Sums of Squares of Squares
r+l
§S, = T ~T Z ik of
1st stages al-l 1 T £
r+l
E 2
2nd stages . ail-a1 552 = TZ—TI :E: wzk ok
: L k=2
: r+) )
th z : - z : s T Z o
P .stages al;p_1 a”P_2 S p—Tp -1 wpk X
E 1,p-1 1,p-2 o

r+1th stages N ~ § : ay,.r-1 ssr+1 (N - E al;r_l)oi+1

l,r-1 1,r-1
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In Table (6.3.1), N = E :ax;r' Also, the Tkr k= 0,1,...., 1

1,xr

are defined by

T, = f

RZZ Y,.
1, K+l x+1  Lir T lirdd

}E: <Tf n y

1,k k I;r 1;r "1;r

2
' :E:: b -
(:cl;r y1 K l,....,r

1249

2

3
[~]
it
[~
o
-
]
L
-
3 ]
~
]
o

where, . b = f n + k=0,1,....,r.
k1

The error sums of squares, SSr+ , are given by
1

’ 2
SS = Y — n
r+1 E ; 1;r+l § : 1;r z : yl;r+1

1,r+1 1,r lys1

The Yl;r+1

are the actual ebservations, and the Y, r are the r

(6.3.1)

stage

means. The kfl-r' k=0,1,....,r are sets of weights that depend only

on the way in which the observations or k-th stage means are weighted.

These weights are subject to some restrictions which will be indicated

later in this section.

Let Y be the vector of the Yy.r ordered by lst stages, then 2nd
’

stages within lst. stages,....., and then r-1 th. stages within r-th.

stages. Let yb, k = 0,1,....,r be a vector whose elements are
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f no.. and are ordered in the same way as those of Y.

To obtain estimates of the variance components and their vari-
ance one has to compute E(T)) and cov(Tk,Tk'), k, x’= 0,1,....,r. In com-
puting these quantities it is assumed that the r+l stage nested design is

balanced in the first r stages, i.e.,

i = 1,....,a1

i =1,....
12 ! !

i, = l,....,ap

i . =1,....,n
r+1 . 1;r

If any element of Y is missing then the corresponding element of xb is

set equal to zero.

Each of the Ty can be expressed as quadratic forms in Y. Let Ty=

Xka!' and var(¥) = V. Then,

E(Ty) = tr(QeV) + ulg lu

cov (Ty, Ty #) = 2tr(QxVQ, -V) + 4ul”Q VO -1l (6.3.2)

The elements of Oy, k = 0,1,....,r depend on the particular estimation

procedure used, and are subject to the following two restrictions:

1) 0 is a symmetric matrix
2) For any estimation procedure ulf lep and 4ulkava’ 1 are

constants that are independent of k, for kx = 0,1,....,r.

The matrix % (k > 1) is obtained in the following way. Parti-

k r
tion kgf where kbl;r = kfl;rnl;r' into ‘n aj vectors of size om aj xl.
=1 =k+]
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k
If = a is designated by 1,k then,
i=1
k‘E = (k_b_1 ’ k22 seeasy kél,k),
» . . . N
and Q = Dl,k.(kéd kgjl)' i.e., Qk is a diagonal matrix consisting of

Then,

»
.

the j 135 diagonal matricies, kgj kbj

E(Ty) = tr éx,k Q‘Ej k’—”’:;)‘) + ul'g lu

, ‘ (6.3.3)
cov (T, Ty <) = 2tr(>,,k(k2j S LERINS S k‘-’-’-i» ¥

+ 4u17Q vy ~1

-

If k = 0, then 02_15 not partitioned and Qo = ogog_.

Estimates of the variance components are obtained by equating the
S, to E(SSy) with Og replaced by 6; for 3 = 1,....,r, and solving the

resulting system of equations for the 6;. Let

» 2 2 2
5" = (62, 62,.....,60)

»

w_r+l = (wl r+1’ W2r+l'.....,wrr+l)

et

= (To’ Tlloooop, Tr)

Wiy Wy eeeee Wi <1 1 0.....0

0-1 10...0

w w

r=1 1 r-lr-lwt—lr

w
Yry ¥r2 wrr--1 wrr

Then,
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_ 2
Ht = Ws + 6r+1 w

¥r+1
or s =wlt -8%_ w., ) (6.3.4)
- —_ r+1 —r+1 eI
and var(s) = W '(H var(t) H™+ var(624,) w,,, wo) W (6.3.5)

where, Var(3§+1) = 2°;+1/4N - :E: 3 ,p-1)"
1,r-1

In order to compute var(s), given by (6.3.5), var(t), Wy4yr and

W have to be determined.

6.4 Determination of var(t), W, and W

The elements of W and Wy4, are obtained by evaluating E(Tk), k =

0,%,....,r, given by (6.3.3). Before this can be done it is necessary

to determine V, the variance-covariance matrix of Y. Using the notation

of section 2.4, V is given by,

V =D, (Vi i ), where
1 171
Vi 3 =023, _+0a2Dp, (I, ) + +02p, (3 ) +
ii, 1 V2,r 2 2,2 3,x e e "2 21,
1
02 p L +0% D s = .3
Tttt Tp T2,p sl.p pt+1,r p+1 “2,pt+l S1:p S1;p+1 "PH2,X
l
1l .
2 ([ 1 .
+ eee.. + 02D, +02,.D )
r 23 \Sl:p sl;p+l....s .y r+172,r nl;r
(6.4.1)
i f the £ D L i i i
rm
A matrix of the fo 2,p+1\s S J§+r,r is a diagonal matrix
1;p 1;p+l “
p+1 r r ’
consisting of T a: matrices of size T ag x m a. on the

joz jepta ) \s=P+2 ?
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diagonal. The elements of each sub-matrix on the diagonal are
1/(sy;p S1;p+1) -
If Vv, given by (6.4.1), is substituted into E(Ty) and E(Ty,_,)
2
defined by (6.3.1), expressions for the Wiy the coefficients of the gy

in the expected sums of squares for the k-th. stage are obtained.

Assuming p > k, then

E(Ty)= ofz Z kB : r) + o} E Z ”1)2 S +

1:kkk+1, kik+1,r
i BT AR ) ot 3 (o)
1,k \k+1,r 1 -k+ti1\k+2,r

1 2
+.....+o_$_————— Z + o2 z E b
+1 +nS, . 1;r
P p 17pH1 1:pS;:p+) p+2,rk

1,p 1IP |\ p+1, r

1

2
S +orE .

S
i,r 1P 1ipt1,

----s”rk 1;r r+1z kbl r/

* ULl

E(Ty_,)= H Z E x-1°1;r LI 0%y Z )

1,k-1\k,xr 1.k=1

;k‘lbl,r) +°zz Zk- lr L +Ozzslpo
X

ktk+1,r

Then,
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E(SSy) = E(Ty) - E(Ty_,)

r+l

= Z wkj°§

i=k

2
2
ZD N (DI BN D DI
k+!1,rx

1,k Rk+1,r

r oot

-
’

8 2umins|[ 2w [ 20 e
p Sl;p kbl;r - k—lblfr +.....+

1,p p+l.,r p+1,r
2 2 2 2
Or+1 IZ xP1 ix T k-lbl;r Ny (6.4.2)
' X

2

Substituting the wy4 into (6.3.4) estimates of the o

are ob-

tained. 1If these estimates are substituted into V, a numerical value
for 2tr(QkVQk»V) is determined. Doing this for all k and k~, numerical
values for the elements of var(t) are derived. Var(s) is then obtained
by substituting W, var(t), wry+1, and var(8;+l) into (6.3.5) and per-

forming the indicated matrix calculationms,

For any given nested design explicit expressions -for the wkj

and the cov(Tk,Tk') can be obtained using the methods presented in this

section.

The model for a 4-stage nested design with no compositing is:

Yijk.Q, = U + ali + azj(i) aak(ij) + G“Z(ijk) , where
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i= 1,....,a1

j = 1,....,ai

k= 1,....,aij
L= 1,....,nijk

If Henderson's method 1 is used to estimate the variance components, then

the weights used to determine the expected sums of squares for secoﬁd

1/
stages are: xfijk =1/(n; ) 2 ang, zfijk = 1/(nij.}/2, where

n;,, = Z niq. sz_;}k:nijk. . From (6.4.2),

j
E(sS,) = E(T,)-E(T,)
¥\ % \?
= n, .. - .o
@23: kD’ijk/ 15 Zf}ijk/ni +
A% Y/
2 2
Og ZZ Znijk/nij. - Z nijk/ni..
i3 k k
2
°§Eizj:;nijk‘1/“ij' = 1/njee) + 52221 jkznijk(l/“ij" 1/n4..)
= o2 Zi:;ni,-. (/g - L/ng,.) + ogzig:kz;;jku/nij.- 1/n;..)

(6.4.3)

The result given by (6.4.3) agrees with the results obtained by Gaylor
and Hartwell (7) and Mahamunulu (20). In a similar way the other ex-

pected sums of squares can be determined.
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For any given nested design explicit expressions for the coef-

ficients of the g%02.

i3

methods of this section. This is illustrated by determining the coef-

terms in cov(Ty,Ty~) can be derived using the

ficient of 02 in var(T,) of a 4-stage nested design in which there is

compositing across the second stages. The model is,

Sij Si° Si x
1 1

y. .kg‘ = LH'GI.-F . . (!2 i [} +——-—-:_ (l’ 3.2 ) )
ij i'syg st j(i)ia Si45i4k o e | k(i3)3,3,

+ au%(ijk), where

i= l,....,a,

j = l,.-..,ai

k = l,....,aij

L = 1,....,nijk

For a 4-stage nested design which is balanced in the first 3
stages the ranges of the subscripts i, j, and k would be
i=1,....,a,

j = 1,....,32

k = 1,....,a3

Let the vector of weights, ,b”, be

rl -~ -~ I
,b = (224'292"""'2231a2)' then

Q, = Da1a2(2§£ 29£) , 2 =1,2,......, aa

The coefficient of 0; in var(Tz) is given by the coefficient of 0; in

2
2tr(Q2V) , and is,
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— 2
™~ ) r-l -
o Ya
2—1 2—1 - S 3
b 0 0
2—1 22 1
. S)2 Ja
tT . .
0 . . 0 . 1
2-13"’132 ZEa,az s Ja
L a,a, 3
4 L -

1 - -
2 s7. tr( b.. b.. J b.. b . J )
Zi§slj 2=ij 2=ij aa 2=ij 2=y a3

ZEZ?}_ Ezbijk ‘
i 3 13 k

1 "
2 lej::f; };"ijk 2fi4x

In a similar way expressions for the other terms in var (Tz) can

be obtained.



CHAPTER VII

THE 2-STAGE NESTED DESIGN WITH COMPOSITED SAMPLES

7.1 Introduction

Using some of the results presented in Chapter II, estimates of
the mean and variance components, and the variances of these estimates
are obtained for the two-stage nested design in which experimental units
from the first stages are composited. Formulae for the variances of the
mean and variance components are derived, and numerical and analytical

comparisons of these variances are made for four different estimation

procedures.

7.2 The Model

The model underlying the Chapter I example of a 2-stage nested
design (one-way classification) in which experimental units from the

first stage are composited is given by,
S
i
1
Yik =W * 51 Z rig * ejy (7.2.1)
=1

where, i =1,....,r

k = 1,....,ni

and,

s = the number of experimental units composited into each class .
i
(first stage) of model (7.2.1)
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For model (7.2.1) the following assumptions are made,

1) The only fixed effect is the mean, J.

2) The class effects, Tigr and the measurement error effects, ek’
aré random, and are independently distributed with zero means

and variances Oi and U: respectively.
3) All covariances among the effects are zero.

A total of N measurements are made on S experimental units, where

N = E_ni and S=§ :Si

i i

7.3 Estimates of the Variance Components and their Variances

Estimates of the variance components are obtained by equating
the class and error sums of squares to their expected values and solving
the resulting equations. The class and error sums of squares are de-
fined in a way similar to the row and error sums of squares for the two-
way'crossed classification given by (2.3.1)

2 2
SS(Classes) = fivik “&Zmiyik =T,-T,
\'i k

itk
2 1
SS(Error) = Yik = ﬁ-l—J Yik ] = Ts= T (7.3.1)
ik i k _

The f; and m; are sets of weights that depend only on the way in

which the observations, Yik+ ©F the class means, Yy = H%:E::yik' are
k

weighted. The weights are subject to restrictions similar to those

given in section 2.4 for the two-way crossed classification. 1In Table
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(7.3.1) values of the fi and m; are given foi four estimation procedures.
These estimation procedures are similar to those used in Chapters II and e
V.

Table (7.3.1)

Values of f; and mj for Four Estimation Procedures

Procedure fi m;
1 l/ni/2 l/Ny2
1 1
2 si/(sini)/z s; N 4uSimi i
i
%
3 l/ni 1/n5x
A 4
4 | si/si n, s;/8 “ny

The sums of squares corresponding to any of the four estimation
procedures are obtained by substituting the appropriate values of fi
and m, into (7.3.1). The analysis of variance table for the 2-stage
nested design using sums of squares defined by (7.3.1) is given in
Table (7.3.2).

Table (7.3.2)

Analysis of Variance Table for the 2-Stage Nested Design

Source d.f. Sums of Squares Expected Sums of Squares
= - 2 2
Classes r-1 ss, =T,- T, wllor + wluoe
2
Error N-xr ss, = Ts— Ts (N r)de

2

. 2 .
By setting fij = f., m,. =My, N, =N, and Oc = 0pc = 0 in

i 3 ij
{(2.4.9) and (2.4.31), E(Tx) and E(T“) are then obtained as,
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= o2 2 2 2
E(T,) = 02 21: (£i0,)%/s3 + 0g 2, £ing
b §

= g2 2 2 2
E(T,) =0, Z (m;s;)%/s; + 0g z : min;
b §

1

Then, Wi, =_}£:(f; - m;) ni/si, and
i
z : 2 2 (7.3.2)
Vie =4 (£ - myIny
i

By making the above changes in (2.4.13), (2.4.32), and (2.4.36),

var(Tl), var(T“), and cov(Tl,Tn) are given by,

var(T,) = 2 E': (02£ini/s; + 02fin;)?
1

var (T, ) = 2(0% 2.: mini/si + cé § :mgni)z (7.3.3)

1 1

cov(Tl,T“) = ZZ(Gf.fimini/si + o‘éfj_mini)z
i

From Table (7.3.2) estimates of G: and oi are obtained as,
2 _ -
6e = SS,/(N - r)

2
6 = (- T,) - wxussu/(u - X))/,

Since (N—r)&é/oé has a chi-square distribution with N - r degrees of

freedom, and cov(Gg,Ssl) = 0, the variances of 62 and 8; are,
var (8%) = 20%/(N-x)
e 4 (7.3.4)

2 _ 2 2 2
var(Gr) = {var(T,) + var(T“) 2cov(T1,T“))/wll + (wl“/wll) var (62)

(7.3.5)
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For each of the four estimation procedures defined in Table
(7.3.1), formulae for var (6,2_.) are obtained by substituting var (T,),
var (T, ), cov(Tl,T“), Wi, r W, and var(Gg) given by (7.3.3), (7.3.2),

and (7.3.4) into (7.3.5). A subscript on var(*) denotes the estimation

procedure.

ns: -2 l
var (Gr) = %Zg—?(n - nj) 20; (rxi/si)2 + ‘N‘{i ni/s- 2

i ~1 i i *
Y i) e
TN & n;/sj + 40,0¢ 5 & _sT(N - ny)
1 i 1
+ 2 o(r-1) (N-1)/(N-r) {(7.3.6)
) .
var (6 ) = (ZS N / lni - ZSin]g) 60; @ni +(-Zsini/ Z :sini
i i i i
2
-~ 2 Zsini/ z lsini + 40 02 Zs Zsiniz;si,ni,/@sing
i i i i i
2
-2 Z(si 2/Es n + 20 (Zs +(Zsin /Z ) -
i
2 2
-2 Zs;ni/z:slnl +(Zsini Zsi' -2sini) /(N-r) sini)
i i i i i
(7.3.7)
2 1 _ -2 -2 g | 2
var ,(6p) = - ; 207 (1 - +r N
. i

<+

2 E -1 -2 E =1 E =1
4012.02 Q - ;) . (sjny) +r - s, i’ni,
1)2 -1\2 2 E - - -1\ 2
20:; ((1 ey V4 “i) /(N-r) + (1- ;) - mi2 +r @11)
1

(7.3.8)

+
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2.2 Si
var, (62) = 20}/(r-1) + %% Z;: - s Zsi/"i
(x-1)2 \1 * i
208 -1 2 2 2
+ si/ni -5 si/"i (N-r) + (s;/ny)
(r-1)2 i i i

+
[
3
S’
i
™

Zsia/ni (7.3.9)
§7§

If the s; =1 for i =1,...., r then varl(ﬁi) = varz(ﬁi), and
they are both equal to var(@i) for the one-way classification derived by

Crump (5) and Searle (23).

2
7.4 The Effects of Compositing on the Estimate of O,

The variances of 6%, given by (7.3.6) - (7.3.9), for the four
estimation procedures are functions of the s, - If experiments are de-
signed to obtain efficient estimates of Gi, then it is useful to know
what conditions - if any - should be placed on the s; so that vark(Gi),
k =1,2,3,4, is a minimum. 1In this section it is shown that for certain
choices of the n,, the number of measurements made within each class,

mgp(vark(ﬁg)) occurs for s, =1, i =1,....,r.
i

i

If the s; = 1, then designate vark(Gi) by vark}ﬁg). If the
2-stage nested design is balanced in the n; . then n; = N/r, and varz(ﬁi)
= var, (Gi), For this situation it is shown below that m%n(&arz(ﬁg)) =

i

vafl(ﬁi). For n, = N/x, varz(Gi) is

var, (62) = 20}/(r-1) + 400 Q:/N(r-nz)( -;si/s)
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+ 20;(1'2/N2 (r-l)2)<Zs§ + (Z:szi/s)2 -2 Zsi/s
i i i
+ ( - i izsi)z/m—r) (7.4.1)

Subject to the constraint S = Esi, S - Zsi/s is minimized when
i i

s; < S/r, i =1,....,r. Crump (5) showed that, subject to the constraint

S = Zsi, ng + (Z:si/s)2 -2 Zs{/s is also minimized when
i i

i i
s; = S/r. In this case
2
Zsi + Zsi/s - 22513/5 > s?(x-1) /x? (7.4.2)
i i i

The right-hand-side of (7.4.2) is minimized when S is a minimum, i.e.,

when S = r, or equivalently s; =1, i = 1,....,r. The coefficient of O

F RE

in (7.4.1) is independent of the s;, and the coefficients of oioé and Og

are then minimized when s; = 1. Hence,

i 62 = 62
m;.x: (var 2 r)) varg_( x)

When n; = N/r, i = 1,....,r, varl(af_.) = vars(Gi_), and varl(Gi) =

' -2 N 2 2
N (1- %:) Z—l 20:.(—-) ‘ -———-»% + L /r2
¥ i o FINT s (Tsi
1 N 1) 1
; 2. 20— = —— B _ _
-2 Zl:;f/:) + 40202} (1- 2 Zi:si + 20% (x-1) (N-1) / (N-r) (7.4.3)

The coefficient of 0;., involving only terms in the s; is
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2 1 1) 2
T r)Lasi si (7.4.4)

b 8 b

One form of Tchebychef's inequality is

r Y
2
1
z :ai >< 2 ;ai (7.4.5)
1=1 1=1

In (7.4.5) let a; = 1/s;, then a lower bound on (7.4.4) is (— %)-i— , and

this bound is attained when s; = S/r. The coefficient of Oioé involving

1
terms in the s; is 1/§ :g-i]-'- , and is a minimum when § :g— is a maximum,
" ™Si
1 i .

i.e., when s; = 1,i=1, .c.. , r. Similarly the 0; term is a minimum

when the s; = 1. Thus,

min (vaz:1 (65.)) = var, (8%.)

i

If the design is not balanced in the n,, i.e., if ny # N/r , then

i

min{var, (62)) = var_(62). Attempts to establish similar results for es-
R o 3 r
54 3

timation procedures 1,2, and 4 have not been successful.

The coefficient of Oy in vara(Gi) is minimized when

1 z 1\2
Z :g / Dy is a minimum. Using (7.4.5) with a; = 1/s;, the coef-
b X b R . ’ :

ficient of 0; is a minimum when s; = S/r, i = 1,....,r. The coefficient

of 0; is a minimum when (Zg—]"-)-z is a minimum, i.e. when the s; = 1.
s}
i

The coefficient of o 0 in (7.3.8) that must now be minimized is

(Z"l‘)-z (1‘ ") Zl/sl ny +r Zl/si E 1/n; - (7.4.6)

83
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-2 2 -
Let £, (s3) = (EJ :1/si) 1/s4 (- 'r—) l/n; + x 22 :l/nj)) (7.4.7)
]

Then, S_J fi(si) is equal to the expression given by (7.4.6). Since

i
1/: :Sjp\< 1/r,
j;

fi(Si)

"

(( - %) 1/n; + ™2 gl/nj)/ Z:l/sj, 55/
j j
( - —:—) 1/n; + 2 ;lln:) /r sti/sj

£; (si), say.

L 4

Ei (si) is minimized when the si/sj are maximized for j = 1,...., r. For
any s;., si/sj is a maximum when sy = l. Similarly, %k (sk) and hence

fk(sk) are minimized when sj =1, 3,k =1,....,xr. Thus, § :fi (sj) is a
p &

minimum for s; =1, i =1,....,r, and vara(ﬁf_.) > vari(Gi) for any choice

of the s; and n.

7.5 Estimating the Mean

An unbiased estimator of the mean, U, is

= E; Ui¥ik

i
2 :uiyi, where
i

Y, = Ek Yik/ni' and the u, are a set of weights such that §i :“i = 1. The

Gi corresponding to each of the four estimation procedures in section 7.3

are given in Table (7.5.1).

L4
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Table (7.5.1)

Values of Ei for Four Estimation Procedures

~a

Procedure uj
1l 1/N
2 1/2 l 1
3 1/rni
4 Si/ni S

From (2.5.4), var(fl) is obtained by setting og = o, =0, Gij =

u., nj5 =n,, and by eliminating the summation over j. Then,

i 1]
2 E ~ 2 2 E ~2
var(fl) = (ojet - (Wgn;)*/s; + 0} ugn,
i i

For each of the four estimation procedures var(jl) are given by

o%
var, (M = 3 £ 4n] /sy + oI/ (7.5.1)
varz(ﬁ) = Z:s nJ/‘E s, n)? + Oe/§ :51 ng (7.5.2)
var, (fi) = 7 1/si + ——Zl/ni (7.5.3)

r° 5 r

0-2
var, (i) = 02/s + 7 si/n; (7.5.4)
i .

For estimation procedures 1, 2, and 3 max(?ark(ﬁ)) occurs when

i
the s; = l1,i=1, ...., r, for fixed r and n;. The coefficients of O;
in var, () and var, () are obviously maximized when the s; = 1, and the

coefficients of Oé in these variances do not depend on the Sy- The

coefficient of O: in var,(fl) is a maximum when the s; = 1. The
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coefficient of 0; in this variance can be written as .1
E 2 E 2 .
sSiny sini e
i i ‘
(7.5.5)

§ :s-n- 2 2 :s?n? + § : S:in;S; -n; ’
- il mdit - - itimit s
i i#i

1

From (7.5.5) it is seen that each of the r terms in the numerator multi-
plied by s; also appears in the denominator. Since s; > 1 the denomina-
tor will increase faster than the numerator when the s; are increased.

Then, (7.5.5) will be maximized when s; = 1, i=1,....,r. From the

above, max(vark(ﬁ)) occurs when the s; = l for k =1,2,3. Ifp = of,/oé
Si

then it can be shown that var, [ < var,, () , whenever p < (;i‘z :si/ni
' - i

1 z
- 1/n; ) /(—‘1— - l) , providing r #s. If r =S, thens; =1,
b ] S

i=1,....,r and var,’(ﬁ) = varu(ﬁ).

7.6 Comparisons of the Four Estimation Procedures

Comparisons among the four estimation procedures considered in
this chapter are made using methods similar to those used to compare the
mean and variance components in the two-way crossed classification and

the 3-stage nested design.

The estimation procedures are compared by constructing 34 unbal-
anced 2-stage nested designs that cover a wide range of n; and s; con-
figurations, and then evaluating var (82) ¢ var (32r) , and var (i) for various

values of 02 and oi.. The 34 designs used in the comparisons of the esti-

mation procedures are presented in Table (7.6.1). These designs were ‘
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constructed under the following constraints,
1) r = 3,5,10,15

2) YSini = 10,30,100.
i

These constraints help simplify the problem of constructing unbalanced

2-stage nested designs.

For each design in Table (7.6.1), var(fl)/cg, var(Gé)/o;, and

2y st yy
var(87) /0. were computed and evaluated for p =%, 4% ,1,4,8, where

p = 0:/02. Comparisons among the estimation procedures were then made
using relative efficiencies (R.E.'s) defined in a way similar to those
in section 3.3.

minimum (var (f) /0¢)

R.E. = , where

var (¥) /0!
Y = u,cé, or 0:' and minimumtvar(?)/o;) is the smallest value of
var(?)/o; for any of the designs and estimation proceduxes for a given

value of 2 :sini and p. 1In Table (7.6.2) the R.E.'s have been tabulated
i

for all designs, estimation procedures, and values of p. Note that in

Table (7.6.2), for any design var(@é)/oz is the same for all estimation

procedures.
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Design M ”mwbw
No. i N

Table (7.6.1)

Designs Used to Compare Estimation Procedures for the 2-Stage Nested Design
With Composited Samples for § sjn; = 10,30,100.

1

S r 5 nj
1 10 6 6 3 1,3,2 3,1,2
2 8 5 1,1,3 4,3,1
3 6 ° 5 4(2)*,1 4(1),2
4 8 7 2,2,3(1) 3(,2,3
5 30 9 14 5 4,4,3(2) 3,3,3(1)
6 12 13 3(3),2,2 3(2),3,3
7 20 15 1,1,4,4,5 9,8,3(1)
8 23 12 4(1),8 10,10,3(1)
9 15 16 10 3,3,2,2,6(1) 3,3,2,7(1)
10 15 20 10(2) 5(2),5(1)
11 20 20 1,1,6(2),3,3 6,6,8(1)
12 19 20 15 2,3,3,12(1) 3,2,2,12(1)
13 19 26 12(1),4,5,5 3,2,2,12(Q1)
14 22 23 7(1),8(2) 7(2),8(1)
15 100 11 36 S 11,11,10,2,2 3(3),1,1
16 11 94 1,1,30,31,31 4,4,3(1)
17 22 20 2,3,4,5,6 2,3,5,5,7

* 4(2) indicates 2,2,2,2 etc.
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22
36
50
16
16
20
20
30
32
39
60
25
31
33
40
45
65

Table (7.6.1)

S r 5i nj

23 S 3(5),4.,4 3(4),5,5

11 3(3),1,1 11,11,10,2,2

10 5(2) 20,15,3(5)

41 10 15,10,5,4,2,5(1) 3,3,2,2,6(1)

83 2,3,4,4,11,11,4(12) 4,3{2),6(1)

39 9,6,6,4,3,3,4(2) 4,3,3,3(2),4(1)
50 15,15,4,4,3,4(2),1 10(2)

60 5(10) ,5(2) 5(1),5(5)

32 4(3),4,4,3,2,3,4 6(3),3(4),2

20 4,3,3,3(2),4(1) 2,6,6,4,3,3,4(2)
30 5(1),5(5) 5(10),5(2)

65 20 5(7).,15(2) 5(2),15(1)

56 6,6,3(4),3,3,2,12(2) 3,3,6(2),12(1)
77 1,1,2,2,3(3),3(4),10(5) 4,4,3,3,3(2),13(1)
43 3(3),17(2) 8,8,4,4,1l6(1)

45 10(2),5(3),5(2) 15(2),5(3)

25 5(2),15(1) 5(7), 15(2)



Table (7.6.2)

Relative Efficiencies of Four Estimation Procedures for a
2-Stage Nested Design with Composited Samples

De51gn§ :sini

No. i
p &
1 10 /e .60
/4
1l
4
18
2 /5 1.000
/u
1
4
18
3 1/B . 200
/y
1
4
8
4 :/e .600
/4
1
4
l8
5 30 l/a .222
/
1l
4
l8
6 1/e +«389
/u
1l
4
8
7 i/" .833
/u
1
4
18
8 ,/s 1.000
/u
1l
4
8

Estimation Procedures
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u
.749
.748
.623
.454
.407
.884
.820
.576
.379
.332
.823
.881
.900
.778
.728

1.000

1.000
.834
.610
.547
.446
.478
.540
.592
.590
.568
.585
.576
.542
.515
.562
.439
.241
.160
. 140
.589
. 446
.235
.153
.134

o}
. 346
.405
.531
.459
.427
1.000
1.000
.801
.494
.428
.101
.135
.336
.650
.735
.568
. 687
1.000
.907
.845
.035
.060
.144
.226
. 246
.116
.184
.310
.294
272
.681
.742
.404
.174
.135
1.000
1.000
.484
.203
.156

u
.686
.734
.750
.648
.607
.791
.798
.682
.506
.455
.791
.874
.000
.982
.958
.950
.992
.938
.754
.692
.411
.438
.484
.516
.510
.556
.581
.600
.593
.571
.516
. 491
.388
.307
.279
.431
.403
.304
.234
.211

2
of
.231
.285
.465
.501
.491
.560
.636
.743
.578
.525
.079
.108
.284
.665
.822
.421
.527
.896
.969
.940
.037
.062
.141
.200
.209
.103
.165
.297
.305
.288
.181
.283
.387
.251
.206
.257
.379
.418
.239
.193

u
.673
.721
.736
.636
.596
.741
.763
.689
.534
.486
.791
.874

1.000
.982
.958
.890
.950
.957
.817
.762
.342
.372
.441
.516
.527
.556
.581
.600
.593
.571
.376
.396
.421
.429
.418
.361
. 366
.341
. 306
.287

3
o
.230
.284
.461
.497
.487
.515
.592
.722
.583
.535
.079
.108
.284
.665
.822
.374
.472
.847
1.000
.997
.029
.049
.121
.202
.226
.103
.165
.297
.305
. 288
.088
.147
. 285
. 269
.239
.194
.297
.426

.330
.288

U
.460
.515
.623
.660
.663
.378
.424
.514
.548
.551
.709
.793
.953

1.000

1.000
. 706
.777
.873
.839
.813
.431
.464
.535
.601
.604
.510
.539
.579
.598
.583
.204
.229
.311
.463
.527
.114
.129
.184

.304
.368

. Ot
.141
.178
.337
.462
.491
.312
.373
.551
.557
.540
.063
.086
.233
.611
.810
.264
.339
.673
.947

1.000
.033
.056
.138
.225
.284
.089
.144
.271
.299
.289
.019
.033
.089
.179
.217
.067
.112
.235

. 288
.285
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Table (7.6.2)
Designz :Sini Estimation Procedures
No. i
2 1 2 2 2 3 2 2
p Ce H Oy u or u Oy u ot
9 /e .278 .719 .147 .599 .131 .589 .138 .688 .134
1/4 .749 .248 .623 .218 .615 .232 .721 .226
1 .763 .536 .634 .459 .632 .495 .753 .505
4 .743 .658 .616 .547 .621 .599 .752 .652
8 <713 .643 .591 .532 .597 .583 .728 .647
10 /s .278 .730 .091 .730 .091 .661 .072 .661 .072
1w .769 .151 .769 .157 .708 .125 .708 .125
1 .818 .376 .818 .376 .800 .318 .800 .318
4 .834 .548 .834 .548 .876 .533 .876 .533
8 .811 .565 .8l11 .565 .874 .582 .874 .582
11 Yo .556 .729 .377 .740 .199 .594 .105 .479 .067
. .637 .557 .729 .326 .636 .179 .524 .116
1 .418 .615 .625 .574 .714 .414 .642 .290
4 ©.299 .349 ,524 .477 .777 .560 .788 .492
l8 .265 .281 .482 .411 .773 .562 .820 .551
12 l/a .222 .906 .159 ,724 .141 .807 .157 .865 .150
/ 4 .940 .275 .758 .244 .839 .270 .907 .261
1 .946 .680 .789 .595 .849 .660 .945 .654
4 .909 .,982 .786 .853 .822 .939 .942 .980
18 .869 .989 .759 .862 .787 .944 .910 1.000
13 f/° .222 .868 .192 .556 .084 .810 .145 .456 .06l
/ 4 .872 .329 .606 .149 .845 .252 .506 .108
1 .791 .745 .738 .415 .866 .631 .661 .317
4 .693 .869 .896 .758 .848 .912 .903 .704
8 .645 .809 .929 .819 .815 .912 .986 .848
14 Y8 .389 1.000 .326 .939 .213 .939 .213 .741 .134
V. 1.000 .537 .979 .364 .979 .364 .795 .231
1 .896 1.000 1.000 .818 1.000 .818 .904 .577
4 .778 .926 .977 1.000 .977 1.000 1.000 .902
8 .722 .826 .938 .958 .938 .958 1.000 .951
15 Ve .120 .220 .005 .194 .003 .l64 .005 .213 .004
YV .267 .009 .237 .005 .197 .009 .259 .007
1 .381 .026 .346 .015 .268 .025 .376 .022
4 .484 .084 .457 .056 .309 .072 .490 .080
8 .483 .123 .466 .090 .296 .099 .496 .122
16 Ys .120 .167 .048 .073 .001 .138 .0l1 .065 <.00l
Y, .167 .073 .092 .001 .163 .019 .081 <.00l
1 .129 .090 .155 .004 .205 .051 .139 .00l
4 .087 .087 .302 .027 .212 .095 .278 .005
8 .071 .085 .411 .061 .193 .104 .388 .01l6
17 Ve .340 .401 .045 .370 .042 .334 .038 .399 .044
Y .451 .071 .415 .066 .376 .062 .449 .070
1 .478 .117 .438 .106 .405 .101 .478 .116
4 .407 .170 .371 .152 .350 .150 .409 .170
8 .350 .187 .319 .166 .302 .166 .352 .188



Desig E :sini

No. 1

18 1/,
19 100 1/4
20 /8
21 1/8
22 1/
23 1/8
24 1/
25 1/8
26 1/8

27 1/

g
.340

.620

.900

.120

.120

. 200

.200

.400

.440

.580

Table (7.6.2)

Estimation Procedures
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u
.406
.460
.503
.441
.382
.525
.510
.376
.249
.201
.554
.476
.286
.173
.137
.311
.368
.473
.503
.465
.304
.353
.421
.406
.363
390
.463
.602
.651
.606
.378
.437
.511
.482
.437
.494
.515
.444
.321
. 265
.583
.653
.688
.583
.500
.650
.683
.600
.440
.363

g

.037
.060
.104
.160
.179
.237
.292
.238
.208
.203
.451
.457
.253
.183
171
.024
.044
.114
.267
.328
.007
.014
.041
.121
.154
.018
.033
.089
. 247
.332
.039
.068
.148
.268
.304
.108
.167
.226
. 246
.247
.087
.141
.242
.352
.384
.263
.374
.428
.455
.461

u
.404
<459
.509
.453
.394
.493
.476
. 346
.227
.183
.554
.476
. 286
.173
.137
.189
.231
.344
.471
.489
.222
.275
.432
.671
.753
.314
.375
.496
.552
.519
.200
.246
.376
.554
.600
.326
.388
.509
.559
.523
.570
.646
.707
.621
.538
.550
.574
.496
.360
. 297

a?

.036
.058
.103
.162
.182
.224
.261
.190
.158
.152
.451
.457
.253
.183
.171
. 007
.012
.038
.144
.224
.002
.004
.013
.077
.156
.015
.027
.073
.201
.272
.009
.017
.054
.199
.299
.017
.031
.092
.239
.292
.077
.127
.233
.365
.407
.222
.312
.346
.362
.366

3

u
.404
.459
.509
.453
.394
.314
.322
. 268
.189
.155
.505
.487
.356
.235
.189
. 246
.285
.333
.313
.277
. 260
.319
.477
.664
.696
.304
.361
.469
.507
.471
.378
.437
.511
.482
.437
.326
.388
. 509
.559
.523
.568
.644
.705
.619
.537
.499
.527
.469
. 347
.287

02

.036
.058
.103
.162
.182
.131
.175
.174
172
.172
.306
.364
.273
.227
.219
.029
.051
121
.245
.289
.003
.005
.019
.098
.175
.016
.029
.077
.212
.285
.039
.068
.148
. 268
.304
.017
.031
.092
.239
.292
.077
.127
.232
.364
.405
.227
.321
.362
.384
.389

H

.392
.448
.504
.454
.397
.512
.504
.381
.256
.208
.505
.487
.356
.235
.189
.244
. 297
.431
.560
.566
.168
.210
.342
.592
.719
.385
.458
.600
.656
.613
.200
.246
.376
.554
.600
.146
.182
.293
.487
.574
.530
.607
.688
.628
.550
.642
.678
.602
.445
.368

o]

.034
.057
.100
.16l
.182
.206
.264
.237
.218
.214
-306
.364
.273
. 227
.219
.013
.024
.073
.235
.329
.001
.002
. 006
.040
.100
.017
.032
.087
. 245
.333
.009
.017
.054
.199
.299
.002
.004
.016
.085
172
.066
.110
.213
.359
.409
.254
.365
.425
.457
.465



Design§ :Sini

No.

i

28

29

30

31

32

33

34

100

Table (7.6.2)
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2
p Y n

1/8 1.000 .608

/s .507
1 .293
4 .174
8 .138
/e .100 .494
. .593
1 .810
4 .947
8 .910
;/a .220 .622
/s .736
1 .944
4 1.000
8 .924
1/ .260 .581
1/ .634
1 .618
4 .498
8 .412
1/¢ .400 .693
/u .748
1 .705
4 .544
8 .455
/e .500 .823
1. .925
1 .986
4 .843
8 .725
1/e .900 1.000
1/, 1.000
1 .782
4 .535
8 .435

1
2
Oy

1.000
.930
.433
.291
. 269
.011
.021
.074
.341
.567
.028
.052
.155
.489
.679
.059
.103
.219
.320
.333
.081
.140
.300
.506
.559
.147
.246
.470
.749
.832
.732

1.000

1.000
.958
.948

u

.554
.581
.509
.373
.308
.364
.442
.637
.818
.822
.483
.573
.744
.804
. 747
.513
.615
.833
. 960
.917
.645
.681
.606
.448
.371
.803
.911
.996
.875
.758
.870
.851
.637
.424
.343

2

2
Oy

.268
.402
.430
.375
.358
.008
.015
.053
. 260
.462
.026
.048
.139
.428
.593
.019
.036
.113
-392
.546
.093
.158
.299
.434
.463
.135
.228
.452
. 757
.852
.740
.956
.835
.744
.725

3
M

.554
.581
.509
.373
.308
.449
.536
.713
.799
.755
.498
.591
.766
.827
.769
.503
.603
.818
.943
.901
.463
.548
.698
.735
.677
.806
.913
1.000
.878
.761
.799
.832
.713
.514
.424

2
Oy

.268
.402
.430
.375
.358
.012
.023
.078
.338
.542
.026
.047
.141
.450
.633
.019
.036
.114
.381
.520
.040
.072
.194
.531
.708
.135
.229
.454
.762
.859
.571
.807
.898
.931
.937

3
M oz
.280 .039
.334  .068
.444 159
.495  .327
.466 392
.461 .0l10
.557 .019
.782  .066
.961 .322
.944 .556
.572 027
.679 .049
.882 .148
.953 .484
.887 .685
.380 .009
.465 .016
.694 055
.958 .266

1.000 .477
.513 .043
.603 .078
.753  .209
.770 .558
.702  .735
.768  .123
.877 .209
.986 .430
.889 .756
.777  .865
.963  .661
.985 .925
.810 .993
.570 1.000
.466 1.000
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In spite of the large number of comparisons that can be made in
Table (7.6.2), some surprisingly uniform conclusions can be drawn. These
conclusions are presented in Table (7.6.3). This table gives the best
estimation procedure for estimating U and Gi for p <1, p=1, and p > 1.
An estimation procedure is judged to be "best"” if most of the time its
R.E. is larger than the R.E. of the other procedures, and in those in-
stances where some other procedure has a larger R.E., the difference in

the two R.E.'s is "small”.

Table (7.6.3)

The Best Estimation Procedures for the 2-Stage
. Nested Design with Composited Samples

Best Estimation Procedure for Estimating:

p " o2
<1 1 1

1 3,4 1
>1 4 3

The choice of a best estimation procedure did not depend on the

value of E :sini. With respect to estimating Ui the results of Table
i

(7.6.3) agree with those of Crump (5), namely, to use procedure 1 if P

is small and procedure 3 if p is large.

7.7 A Comparison of some Designs

In this section some selected comparisong among the designs given
in Table (7.6.1) are made in order to evaluate the effects of compositing
on the estimates of | and 0;, and to gain some insight in the problem of

obtaining optimali designs to estimate these parameters.
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By comparing the R.E.'s - given in Table (7.6.2) - for designs 15
and 16, 23 and 24, and 12 and 13, it is seen that for designs with fixed
r and N, decreasing S does not always result in an estimate of og with a
smaller variance, and that increasing S does not always give an improved
estimate of U for the entire range of p values considered. It would seem
that an important feature of any design would be the way in which the si

are combined with the ny, in addition to the values of r, N, and S.

Designs in which the large s; are combined with the small n;, or
the small s; are combined with the large n;. generally yield poor esti-
mates, i.e., ones with large variances, of Ui especially when estimation
procedures 2 or 4 are used. This can be seen by examining the R.E.'s

in Table (7.6.2) for designs 7, 16, 22, and 25.

In Tablé (7.7.1), 10 of the designs given in Table (7.6.1) are
compared. In computing the R.E.'s in Table (7.7.1), var(ﬁ)/og or
var(6§¥0; for a balanced design with N = 100, r = 5 or 10, and s; = 1,
i=1,....,r were used in the numerator. The R.E.'s were computed using
the best estimation procedure given in Table (7.6.3). For estimating O:
procedure 1 waé used for p < 1, and procedure 3 was used for p > 1. For
estimating {, procedure(l was used for p < 1, procedures 3 or 4 for p = 1

and procedure 4 for p > 1.

For a 2-stage nested design without compositing, Crump (5) has
shown that for fixed N and r a balanced design, i.e., a design in which
nj =N/r, i =1,.... r, is optimal for estimating u and 02. Relative to
Crump’'s optimal designs with r = s, 10 and N = 100, none of the designs
considered in Table (7.7.1) are very efficient for estimating 02 for l/a

1
< p & 8. Except when p = /a, for most of the designs in Table (7.7.1)



Table (7.7.1)

Relative Efficiencies for the Comparison of some of
the Designs Given in Table (7.6.1)

Relative Efficiency For

Design No. r N S p 1 o%
4 s 8 7 1l .23 .02
1 .67 .25

8 1.20 .76

6 12 13 /s .37 .02
1 1.26 .23

8 2.26 .77

18 22 23 1y, .68 .02
1 2.33 .25

8 4.07 <79

8 23 12 1/ .38 .14
1 .72 .36

8 1.43 .76

20 50 10 /8 .93 .24
1 1.63 .61

8 1.94 .94

9 10 15 16 1/e .30 .02
1 .69 .19

8 1.42 .70

11 20 20 1/e .31 .04
1 .79 .22

8 1.60 .67

24 20 50 /e .41 .02
1 1.23 .18

8 3.10 .59

26 32 32 1y, .63 .03
1 1.69 .28

8 2.84 .78

28 60 30 1/e .66 .39
1 1.22 .51

8 2.41 .69
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there can be a large gain in efficiency in estimating H. It should be
noted that for the designs in Table (7.7.1) the total sample size, N, is
always less than the total sample size for Crump's optimal design with
N = 100, and r = 5,10, and in this respect it is not surprising that the

R.E. 's for Oi in Table (7.7.1) are all less than one.

7.8 Some Remarks about Estimating M and O§

Some of the results and conclusions from the preceeding four sec-

tions are summarized below.

1) If estimation of the mean, U, is of principal interest then the

experimental units should be composited.

2) The best procedure for estimating u and Ui, of the four procedures
considered, depends on the relative sizes of the unknown variance

components 02 and oi.

3) If estimation of 6; is of principal interest then the experimental

units should not be composited.

4) With respect to estimating U and 0;, an important feature of any

design is the way in which n; are combined with the Sj-.

In section 7.6 the four estimation procedures defined in Table
(7.3.1) were compared, and in Table (7.6.3) it is seen that the best
estimation procedure depends on p = 0:/0:. In this study p was chosen
so that l/a.\< p §18, and the results of section 7.6 are applicable only
if p is in this interval. The determination of any best estimation pro-

1
cedure for estimating y and a; when p < /a or p > 8 has not been given



152

any consideration in this paper except for the two limiting cases dig-

cussed below.
If p =0, i.e., when 0: = 0, then it can be shown that
var, (1) < var, (@) < var; ), (7.8.1)

and that vara(ﬁ) < varu(ﬁ) or vara(ﬁ) > var“(ﬁ) depending on the design,
i.e., the particular configuration of the s; and nj. From (7.5.1) =~
(7.5.3) it is seen that establishing the inequality given by (7.8.1) is

equivalent to showing

1/ z :sinjL €1/ 8¢ (/5% z :1/'n. (7.8.2)
i it
Since the S > 1, 2.:nisi > N and hence 1 / 2.:sini < 1/N. E.:l/ni is ’
i i i
. _ . . 2 2 : ' ‘l._
minimized when n; = N/x, i=1,...,r, and in this case min. [(1/r") l/ni
n. ;
1 h 8

= 1/N. Thus, the inequality given by (7.8.2) is established. It is
worth noting that in section 7.6, estimation procedure 1 was the recom-

1
mended procedure if /g € p < 1. However, if P is close to zero it seems

that procedure 2 is better than procedure 1 for estimating u.

Ifp=">", i.e., when Oé = 0, then the following can be estab-

lished.

1) var, () < var, (D)
2) var“(ﬁ) £ varz(u)
3) All other inequalities among the vark(ﬁ), k=1,2,3,4 depend on

the particular configuration of the s; and n,.
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Showing that 1) is true is equivalent to showing

1/s § (1/r?) Zl/si
i

This is equivalent to one of the inequalities in (7.8.2). Showing that
2) holds is equivalent to showing

/s £ Zslnl /(Zsln])

1

i
or, (Z:sini) < Z ‘Zslni . (7.8.3)
i

1

(7.8.3) holds if and only if the following inequality is satisfied :
Z Znisini’si‘ SZ Z:si»sini (7.8. )
i#i 1fi

The coefficient of S;8;~ on the left-hand-side of (7.8.3) is 2nynj -, and

on the right-hand-side is n; + n;' . But,

2 2 a2
S, s '@1 + n;- - 2“1“1') = 8§§S;~ (ni— n; 3" > 0, and then
v - Pl 2 -
E : 2 :s Si (n;- nj )2 § :z;si’si”i }:2 :51“151’“1’ > O
i#gi” i#i i#i
which implies that
§ : § :s n:s. .n; . <ZZS.'s.n? .
- iiRi7Mis N == Tivi
i#i i¥i
Due to the complexity of the formulae for var, (83.) ck=1,....,4
sets of inequalities on var (Of) for the case 02 = 0 or oz = 0 have not
been derived. However, it is conjectured that of the four estimation
procedures considered procedure 1 is best when o2 << o, but procedure 3

is best when 03 << 0Z.



CHAPTER VIIIX

SUMMARY OF RESULTS AND SUGGESTIONS FOR FUTURE WORK

8.1 Summary of Results

The emphasis in this study has been on finding estimates of the
mean and variance components and their variances in some random effects
models in which the experimental units are composited prior to measure-
ment. For each of the models considered, four different procedures for
estimating the mean and variance components were given and then compared

using numerical methods.

The basic model investigated in this study was the two-way
crossed classification in which the experimental uﬁits are composited
across columns and/or across rows. The procedure used to estimate the
variance components is similar to Henderson's method 1 in which sums of
squares are calculated as if the design were balanced, and then are
equated to the expected sums of squares. The resulting system of
equations is then solved to give estimates of the variance components.
The principal difference between Henderson's method 1 and the methods
used in this study is that the sums of squares in this study are cal-

culated using weighted or unweighted observations or cell means.

Four sets of weights were defined that gave four different sets

of estimators of the mean and variance components if the design is
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unbalanced. If there is no compositing then two of the sets of weights
gave estimates of the variance components that correspond to those ob-
tained using the method of unweighted measurements (Henderson's method
1), and to the method of unweighted means. FEach set of weights is sub-
ject to some restrictions. The purpose of these restrictions is to
assure that estimates of the variance components and their variances are
not functions of the overall mean in the two-way crossed classification

model.

Since simple expressions for of the variance components and
their variances cannot be obtained; it was not possible to analytically
compare the four estimation procedures to determine under what circum-
stances any one of them can be considered as best, i.e., which procedure
gives estimates with the smallest variance. The four estimation pro-
cedures were then compared using numerical methods. A number of un-
balanced designs were constructed and for each design the variances of
the mean and variance components were evaluated for certain values of
the variance components. From this part of the study the following con-

clusions were obtained.

1) Any best estimation procedure depends on the relative sizes of
the variance components.

2) If no information is available on the relative sizes of the
variance components then the method of unweighted measurements
should not be used to estimate the mean and variance components.
The method of unweighted measurements is the "best" estimation

procedure ~ of the four considered - only if the row, column,
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and interaction variance components are small relative to the

error variance component.

The problem of making exact tests of hypotheses on the signifi-
cance of the variance components was investigated. For the four esti-
mation procedures considered it was determined that the two-way crossed
classification should be balanced in all design parameters if the sig-
nificance of the variance components is tested using exact F-tests de-
fined by the ratio of two independent chi-squares divided by their re-

spective degrees of freedom.

Using some of the results obtained on the two-way crossed
classification model, estimates of the mean and variance components and
their variances for the 3- and 2-stage nested designs were derived. The
model for the 3-stage nested design allowed for across and within class
compositing where one or more measurements are made on the experimental
units after compositing. In this respect the model for the 3-stage
nested design is a generalization of the one considered by Kussmaul and
Anderson (18). They allowed for only one measurement on each group of
composited experimental units, and also mssumed that measurements were
made without error. Explicit formulae for the estimates of the mean,
variance components, and their variances were derived using sums of
squares'computed from weighted or unweighted observations. Four pro-
cedures for weighting the observations were suggested, but due to the
complexity of the resulting variance formulae comparisons among the
estimation procedures were made using numerical methods. Results from

these comparisons showed that:
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1) Any best estimation procedure depends on the relative sizes of

the variance components.

2) For all four estimation procedures, composited designs give
better estimates of the mean and within class variance component
than do non-composited designs. The opposite is true for the
among classes variance component.

The within class compositing model of Kussmaul and Anderson was evaluated
without using their assumption that Gé, the error component of variance,
is zero. Results from this study indicate that if it is assumed Oé =0
when in fact 0; > 0, the biases in the estimates of the other two vari--
ance components can be quite large depending on the design and the

relative sizes of the variance components.

The procedure for obtaining estimates of the variance components
and their variances in the 3-stage nested design was extended to the
r + 1 stage nested design in which compositing can occur in any of the
first r stages. For any given r + 1 stage nested design a procedure for
obtaining explicit expressions for the expected mean squares and for ob-
taining the variances of the variance components was indicated using
sums of squares in which the observations are either weighted or un-

weighted.

For the 2-stage nested design it was shown that if the design is
balanced in the number of observations within each class and if one
wants efficient estimates of the mean then one should composit as many
experimental units as possible, but if efficient estimates of Gi, the

among class variance component, are wanted then the experimental units
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should not be composited. Four estimation procedures, similar to those
used in the 3-stage nested design, were compared and evaluated. Results
of these comparisons show that no single estimation procedure is best

for all values of p = 0;/02, and that if p is large it is preferable to

weight the observations in some way.

8.2 Suggestions for Future Work

Although the methods for obtaining estimates of the mean, vari-
ance components, and theor variances could be extended to the three-way
and higher order classifications, more general methods need_to be found
so that estimates of the mean, variance components and their variances
can be determined in composited models that include fixed effects other
than the mean, and/or when the random effects in the model are not

normally distributed. To this end the following are recommended.

1) Extend the estimation procedures proposed by Koch (17) and later
modified by Forthofer (6) to the situation where the experimen-

tal units are composited.

2) Investigate the use of maximum likelihood methods for estimating

the mean and variance components in composited models.

Some specific problems that have been left unsolved in this

study include,

1) Procedures for obtaining optimal designs for the joint estima-
tion of the mean and variance components in the two-way crossed

classification and 2- and 3-stage nested designs.
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2) Determination of the effects on the estimates of the mean and
variance components when the random effects are not normally

distributed.

3) Determine if ways, other than those given in this study, of
weighting the observations give more efficient estimates of

the mean and variance components.
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