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1 INTRODUCTION

Probabilistic methods in the study of fatigue crack growth have
enjoyed a new vitality over the past few years. This is due in part
to the fact that fatigue crack growth exhibits significant variability
among identically prepared specimens. Thus, it is widely accepted
that mean behavior is insufficient for characterization and prediction
of its growth properties.

Crack growth is a physical phenomenon that starts at an atomic level,
follows through to the crystal structure and appears as a damage
phenomenon at the engineering level. This. variability that we see at
the engineering, or macroscopic level, has its origins at the un-
specified or uncertain microscopic level.

Since, at present, there is apparently no means by which we can
start at the microscopic level to predict the macroscopic properties
of crack growth in some deterministic fashion, then phenomenological
models that account for the variability have been brought to the
forefront.

Furthermore, experimental results are now available with larger
numbers of replications under seemingly identical conditions, so that
probabilistic models may be tested through the statistical estimates
that are derived from these comprehensive sets of data. It is only
relatively recently that these data have become available. We hasten
to add, however, that much more data is needed from experiments that
are designed for the purpose of discrimination among proposed probab-
ilistic models of fatigue crack growth, as well as for verification of
‘a given model.

Many investigators concerned with the probabilistic description of
fatigue crack growth have been quite active in recent years. These
include Bolotin, Bogdanoff, Ditlevsen, Eggwertz, Hillberry, Ichikawa,
Kozin, Lin, Madsen, Oh, Provan, Schueller, Sobczyk, Yang, Yokobori,
among the many who have been active. References to their works are
listed at the end of the text.

It is not possible to survey the many results that are contained
among these references, in this brief paper. Instead, we shall
attempt to bring to the attention of the reader a few recent results
that have been obtained that impact upon the way in which we feel that
the development of this topic will have to proceed in the future.

Many of the insights gained have been obtained from statistical
studies of the available data, always keeping in mind that we are
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dealing with a probabilistic description of an evolutionary material
process. Moreover, the recognition that these many phenomenological
approaches may not be adequate to describe fatigue crack growth
statistics without addition of observables other than the usual crack
length and cycle number will also be discussed.

2. PROBABILISTIC MODELS OF FATIGUE CRACK GROWTH

One can state simply that the purpose of probabilistic models of
fatigue crack growth is to predict the statistical behavior of the
time required to reach a given crack length a, given the initial crack
length a,. Time is usually given as the number of duty cycles of
operation, either deterministic cycles such as sinusoidal excitatioms,
or more complex duty cycles given by the load spectrum. There is, of
course, the important question of determining the number of cycles to
crack initiation, which we will not discuss in this paper.

Thus, if we denote N, as the number of cycles to reach crack size a
starting at a, and denote AN: as the number of cycles to go from crack
length ay to ajs it is clear that Ny, AN: are random variables whose
statlstlcal propertles are to be characterlzed

There are various directions in which this question has been ap-
proached in the past. One approach is to simply assume a family of
distributions for N,, at a specific value of a, and apply the data to
estimate the parameters of that specific member of the family that
provides the best fit. A least squares or maximum likelihood approach
may be used for this purpose. Furthermore, the use of probability
paper is also common for a few of these families of distributions.
Distributions that have been studied for possible fits are gamma, log-
normal, Weibull, extreme value, as well as derived distributions such
as Birnbaum-Saunders (1969), Inverse Gaussian (Ditlevsen, 1986), and
the Provan Distribution (1982). These have all been candidates.

Another approach along these same lines has been to assume a family
of reliability or hazard functions. Then upon fitting the data to a
specific hazard function, the desired distribution is obtained [Byers,
et al., 1982).

The third approach which is certainly the most recent with many new
developments, is to postulate phenomenlogical models that describe the
evolution of fatigue crack growth. These models generally are based
upon a fracture mechanics approach through randomization in some form
of the Paris-Erdogan equation (1963),

e da(n)

_ b
in = C[2aK] " .

Another approach that has gained support recently is based upon an
evolutionary model for the probability distribution of N, directly, by
assuming that fatigue crack growth may be modeled as a Markov chain
(Bogdanoff-Kozin, 1985). 1In this formulation, the probability vector
Pgs 1is given as

t
(2) P, = p m P t=1,2,...,
© k=1

where p, is the initial probability vector and Py represents that
probability transition matrix for the kth duty cycle. If the process
is stationary (i.e., Py = P), then in (2) we may replace jj P, by Pt

k=1 K
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The departure for models based upon (1) or (2) is that crack growth
is looked at as a material process that is evolving in time.

Naturally, in order to verify or fit models based upon (1) or (2),
evolutionary data is also required. Fortunately a few data sets are
now available, that trace the evolution of crack growth as a function
of time. The most controlled and comprehensive set contains 68 crack
growth curves, for identically prepared specimens (Virkler, et al,
1978). Another set consists of 23 crack growth curves from identically
prepared specimens, but the cracks were grown in different laboratories
(Hudak, et al, 1978). Finally, a set produced under laboratory control
with 30 specimens’ (Ichikawa, et al, 1984) is also available. All of
these three tests are for specimens that are of three different
materials and three different geometries.

We wish to discuss how these data sets impact on how we should
approach the probabilistic modeling of fatigue crack growth as the
subject develops in the future.

3. PROBABILITY DISTRIBUTIONS FOR FATIGUE CRACK GROWTH.

In a recent study (Kozin, Bogdanoff, 1987), the role of third order
statistics was used for discriminating among the many types of
distributions mentioned above in Section 2. -or modeling the statistics
of Ny, ANy. The location of the toe of a distribution relative to the
mean is important in general reliability and maintainability studies,
where attention is focused on early failures in a .fleet of large size.
Since the coefficient of skewness has a substantial influence on the
location of the toe for probability distributions, it is an important
statistic for study.

The coefficient of skewness, vy, is defined as

(3) Y, = —75

where M T E{(X—m)k}.

Thus, vy is simply the ratio of the third central moment to the
third power of the standard deviation. It is a most interesting fact
that in all fatigue failure data that we have analyzed from wear data,
crack growth data, etc., etc.,(Bogdanoff-Kozin, 1985), we have always
found y; to be non-negative. Thus, distributions with negative skewness
simply do not fit the physical facts. 1In our analysis of the data
from the three crack growth experiments, we plotted y; as a function
of m/o (the so-called signal to noise ratio, which is the inverse of
the coefficient of variation). These statistics were estimated for
Na, AN for a variety of values of a, {a;}, using standard formulas
for estimation. The estimated values of”y;, tend to cluster close to
unity, with most outliers greater than unity. The average of all Y1
estimates was 1.06. Further, we found m/oc > 4.2 in all cases.

On the same graph is the curve of y; as a function of m/o for all
distributions mentioned in Section 2, except the Provan distribution
which possesses negative skewness for all values of m/o. The three
asymptotic forms of the extreme value distribution, we consider are
the first extreme, distribution of the second from the largest and the
Frechet distribution (Gumbel, 1958). There are a number of very
interesting observations to be made here,

First, the 2-parameter Weibull distribution possesses negative
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skewness for m/c > 3.2, and increases in positive values as m/o
decreases from 3.2.

Second, the skewness is positive for all positive m/o for the gamma,
log-normal, inverse Gaussian and Birnbaum-Saunders distributions.

Third, and more importantly, we observe that for m/o > 1.5, the
skewness has essentially the same values for the log-normal, the
inverse Gaussian and the Birnbaum-Saunders distributions. This means
that if m/o exceeds 1.5 discrimination among these three distributions
will require accurate estimates of moments greater than the third
moment, which would in turn require fatigue crack growth data from
even greater numbers of identical specimens. Based solely upon current
data available it would not be possible to discriminate among these
distributions. Therefore, it appears that these distributions may be
employed interchangeably.

Finally, for the three extreme value distributions, skewness is
positive for all positive values of m/c. For the distribution of the
largest and next largest, skewness is constant. In fact, yj = 1.140
for the first extreme value distribution, and y; = .841 for the dis-
tribution of the next largest. For the Frechet distribution y; is
large positive, and is a decreasing function of m/o.

A number of interesting conclusions may be drawn from this study.

It is clear that the two parameter Weibull distribution does not
provide the required positive skewness as revealed by the data for
which m/o > 4.2. It is known that the Weibull distribution may be
derived based upon the weakest link concept (e.g., Mann, et al., 1974).
Thus, while this distribution is fundamental in many problems concern-
ing static strength, its use in fatigue crack growth as the distri-
bution of the number of cycles for a crack to increase a specified
amount is not appropriate, when m/c > 3.2. There is also the
implication here that the weakest link concept does not fit the
mechanism of fatigue crack growth.

The extreme value distributions of the largest and next largest
possess skewness that are constant as functions of m/o. The analysis
of the data supports the hypothesis that y; is independent of m/o
even though the scatter is substantial due to low replication number.
Skewness for the first extreme value distribution is 1.14. Upon
averaging all of our yj estimates in attempt to eliminate the scatter
effects in an empirical manner, we obtain 1.06. For the second
extreme value distribution y; is equal to .84, appreciably below 1.06.
Thus based upon the data we tend to prefer the first extreme value
distribution at this time as providing the appropriate statistical

description of Ny, ANg,.
This observation implies a property of considerable interest. That

is, strong points control crack growth. It is not a weakest link
phenomenon but, rather, a strongest link phenomenon. According to
this mechanism, a crack stops growing at a strong point until that
strong point is broken. It then jumps immediately to the next strong
point where it stops growing until that point is broken, etc., etc.
Motion pictures of magnified crack growth appear to be consistent
with this type of behavior. As far as we are aware (Kozin, Bogdanoff,
1987) contains the first presentation of data that lends support to a
strong point mechanism for fatigue crack growth.

4. EVOLUTIONARY MODELS OF FATIGUE CRACK GROWTH

Models of any physical phenomenon whose evolution in time is governed
by probabilistic laws, are essentially what we call a stochastic
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process. The process may be described by dynamical state equations
with random initial values, randomly varying coefficients as well as
random parameters. The probabilistic properties of the process are
then determined by the properties of these random quantities. On
the other hand, one may by-pass the state equation model and go

directly to equations that determine the joint probability densities

and their evolution in time. We refer to this latter approach as the
statistical approach.

For fatigue crack growth, both of these approaches are empirical.
At this point in the development of the subject, there are no physical
laws that allow us to determine the evolution of a crack given the
initial crack size, the material, its geometry and the excitation.
Instead, we must treat the problem phenomenologically. That is, one
of the two approaches above is taken, a model is assumed and data is
used for parameter estimation as well as model verification.

The two approaches that have been widely studied in recent years are
based upon

(a) Randomization of the Paris-Erdogan equation.
(b) Markov process formulation.

These comprise, respectively, the state equation approach and the
statistical approach. The simplest randomization of the Paris Erdogan
equation assumes that the parameters are time independent random
variables.

For example, in (Kozin-Bogdanoff, 1981), a comprehensive study was
made of the model

(4) 5 = Ca s

where 8 is fixed and C is assumed to be random, but non-negative since
the crack growth rate must be non-negative. In an attempt to fit (4)
to existing data such as (Virkler, et al., 1978), it was found that the
variable N(a), representing the first time (or cycle) to reach crack
length, a, is the natural dependent variable. Thus, treating crack
length, a, as the independent variable, from the solution to (4), one
finds that the "first passage' time N(a) is given by,

2 1 2-8/2_ 2-8/2

(5) N@) = Gop) ]

C o *
which satisfies the differential equation

(6) dN(a) -

-B/2
a
da

i
C

s
whose averaged form is given exactly by

(7) dw—E{géa)} = E{%} a2,

It was found that (7) £its the mean data excellently, but did not fit
the variance well, without some modification. Indeed if we write the
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general form of (5) as

2.\,
(8) N(a) = G—H(_a') s

where (G,H) are random variables, then G = H in the Paris Erdogan
solution. If on the other hand, they are two distinct random variables
with some correlation, then one must have

a
E{N(a)} = E{G} - E{H} (aﬁ)‘{
(9 ) .
Var{N(a)}=Var G- 2 Cov(G,H)(:o)'Y + VarH(—acl)zY

An excellent fit to the mean and variance of the Virkler et al, data
was given by

0.845
E{N(a)} = 3373 {1 - ;0) 102, a_ = 9mm.
(10) 2
a 0.845 6
Var{N(a)} = 5251 - (0.9) & 10 .
a

where Var G= 525, VarH= (.81)(525), pog =1, for this modification of
the Paris Erdogan equation. As was stated in (Kozin, Bogdanoff, 1981)
a joint distribution must be put on (G,H) if the distribution of N(a)
is to be obtained. There is, however, no apriori information upon
which to choose a family of distributions for this purpose. Thus,
equations of the form (4)-(7) can provide a satisfactory description
for estimates of the first two moments only. These conclusions would
certainly follow for any other deterministic differential equation
whose parameters are randomized to obtain a probabilistic model of
fatigue crack growth. It is important to note that a Markov
formulation in discrete time of fatigue crack growth was also described
in (Kozin, Bogdanoff, 1981).

A continuous time version of such a model leads to the equation

da _ 1+ o
(11) k@@ a7,

where z(a) is a random process. In order to maintain the Markov
property the r-process would have to be generated by an independent
increment process. It is interesting to note that this is the approach
taken by (Sobczyk, 1982) as well as (Lin, Yang, 1983), who initially
assumed that the g-process is Gaussian white noise to generate a
diffusion process model for fatigue crack growth. This is unsatis-
factory, however, since crack growth increments will become negative
with positive probability (Kozin, Bogdanoff, 1985(a)). There is, more-
over a subtler question that we shall address more fully below. Based
solely upon observations on crack length as a function of time is a
Markov model of fatigue crack growth valid? The fact that time history
may have to be accounted for is pointed out in Section 4 (Kozin,
Bogdanoff, 1981), as well as the importance of accounting for other
internal variables as observables. This last point is also questioned
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in (Sobczyk, 1982).
In the references (Sobczyk, 1982), (Lin, Yang, 1983), the probabil-
istic model that is studied is of the general form

(12) £ - x(t)q),

where x(t) represents a random process. In the first two cited ref-
erences, x(t) is assumed to be the Gaussian white noise and analysis
is carried out via diffusion process methods. We also note that a
diffusion approach was taken in (Oh, 1979) and (Ford, 1985). How-
ever, in (Lin, et al, 1985) and (Yang, et .al, 1985), the x-process in
equation (12) is assumed to be of a more physically acceptable form.

In particular,

N(t)
(13) x(t) =) 2, 0(t,T,).

This is referred to in the literature as a shot noise, where N(t) is
a stationary Poisson counting process for the arrival of the pulses
. . M t . )
w(t,Tk), T), is the arrival time of the k~ pulse, zy is amplitude of
the kth pulse. It is assumed that the pulses are of fixed shape

_f1, O<t-1<A
(132) w(t,T) = {0, otherwise ,
and {zk} are independent, non-negative, identically distributed random

variables.
The problem that occurs for models of the form (12), with arbitrary

x-process coefficients, is that we cannot, in general obtain the
statistical properties of the solution process, a(t), unless some kind
of approximations are made. 1In (Lin, Yang, 1983), conditions were
assumed on x(t) which allows a Markov process approximation to be
applied. Thus, the associated Fokker-Planck equation can be used to
generate the statistics. In (Lin, et al,1985), a cumulant closure
procedure was applied to the model (12), with x(t) given by (13). The
usual Gaussian closure was applied. That is, only the first and second
cumulants were kept, which yields the approximated probability density,

Da dv__, t]z

a q(v) 'x

(14) pa,t) = —LE) _ppd 2o T
v2m cvq(a) ZGV

where p(t), Oys My are statistical quantities that are defined in terms
of the x-process.

The probability distribution for the random continuous time Tays to
reach a; from the initial crack size ap is simply given as

(15) F (t) = J p(a,t)da,
a
1

where p(a,t) is defined by (14).

For the assumed form q(a) = q*a , they apply a regression procedure
to estimate, q*, b, ux,oxz, A (in (13a)), from crack growth data.
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Further details, with other choices of statistical properties of the
x-process are contained in (Yang, et al, 1985). 1In particular log
normal assumptions for the x-process are treated in detail.

Starting also with the Paris Erdogan equation, (Ditlevsen, 1986)
considers the incremental equation for a single stress cycle.

(16) pa = C(AR)™ ,
as representing the regression

1 = .
17) 10g(Aai) log C + m log(AKi) + R (Aai,ai)

where R(Aai;ai) represents the random residual corresponding to the ith
observation of AK;j. In fact this is equivalent to randomizing the co-
efficient in (16). Assumptions are made on R(Aajj;ay) that lead to the
form,

X

(18) J h(s)w(s +a)ds,

where w represents a zero mean, stationary Gaussian white noise, C(a)
is an arbitrary function of a, and h(s) is a suitable weighting
function.

As defined by (18), R(x:a) as a function of x, is a zero mean
Gaussian process with independent increments. In particular, if
h(s) =1, then /g-R(x:a) is a zero mean Browmian motion. Moreover,

(19) Cov[R(kx3;a)] = Cov[R(x;a)]
for any k. Therefore, we may identify the zero mean Gaussian processes

R(x3;a), R(kxja) as being equivalent for any value k.
Thus, upon setting A = C(AK)™ in (17), we may write

(20) log ) = R 5 ),

which as a result of the equivalence, can be written as
(21) log x = R(x; a),

where x =Aa/A is the smallest value satisfying equation (17). This is,
clearly, a first passage time problem, which can be identified as

(22) /;Alog x = B(x; a),

where VX R(x; a) = B(x; a) is the Browmian motion. Since V% logx »x -1
in a large neighborhood of x =1, this assumption is made in (Ditlevsen,
1986), and (22) is replaced by

(23) x=-1= B(x; a)

The first passage problem for (23) can be solved by elementary means.

The first passage random variable x is shown to be distributed by the
so-called inverse Gaussian density,
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24) p(x) = L ¢ ﬁ ,» x> 0,
oxvx avx

where ¢(x) is the standardized normal density function. The inverse
Gaussian density p(x,n) with parameters (n,c), defined by (24) with 1
replaced by n is invariant under convolution. That is, the convolution
of inverse Gaussian densities with parameters (n,o0), (m,0) yields the
inverse Gaussian density with parameters (n+m,o).

As a result of this property, it is shown in (Ditlevsen, 1986) that
the probability density for the number of cycles N, to reach crack
length a, is given as,

(25) p(nja) = —2— (22, n>o,
n/on  \ Von

which is inverse Gaussian.

There is no question that this is a very interesting approach to
motivating the inverse Gaussian statistics for the Ny. On the other
hand, this is based upon the assumed structure of the residuals as
given in (18)with h(s) =1. There is, of course, no physical basis
upon which to choose this particular structure nor, for that matter,
the assumed statistical structure for x(t) in (Lin, et al, 1985).

Both of these approaches are analytically appealing and fit data in
a reasonable fashion. Unfortunately, there is no physical basis upon
which to choose any of the models that we have discussed in this
section so far. They are all phenomenological, and the choice of one
over the other must rest on simplicity of parameter estimation from
data, as well as personal preference of the investigator.

We finally mention here, a recent study (Ortiz, 1985), in which ex-
tended time series analysis is applied to the Paris Erdogan equation
in the form )

(26) log %% = log £ (AK) + z(a)

where the residual (a) is assumed to be stationary Gaussian.

The statistics of z(a) are estimated from fatigue crack growth data,
for z(a) assumed to be independent, as well as correlated. The over-
all objective of the research is to characterize the variations in
da/dN by estimating the statistics of £(AK) and z(a), through time
series analysis. The results are demonstrated for the Virkler, et al
data.

Up to this point we have discussed phenomenological models based upon
randomization of the Paris Erdogan equation as a ''state equation'” for

crack length as a function of time (or cycles).
Let us now turn to a discussion of models that generate the evolu-

tionary probability distributions directly. This approach has been
studied by (Oswald, Schueller, 1982), (Provan, 1980). Perhaps the most
comprehensive study is contained in a series of papers that develop the
B-model approach based upon discrete Markov chains.

A complete discussion and development of B-models with applications
to a wide variety of failure data from many experiments on cumulative
damage is contained in (Bogdanoff, Kozinj; 1985). The basic equations
that describes the evolution of probabilities for the Markov chain in
the stationary case is
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(27) p.=p P, t=0,1,2,..

where P is an upper triangular matrix whose elements are to be estima-
ted from the data. The vector py is b-dimensional with components
pr(t), k = 1,2,...b, where k represents the discrete state of damage
from k=1 (new component) to k=b (failure). The bxb matrix is upper
triangular (all elements below the main diagonal are zero) since
damage accumulation, wear, crack growth, etc. is assumed to be non-
decreasing so that one cannot go from a higher state to a lower.
state. The (b,b) element of P is 1, which is an absorbing state. The
specific properties of this type of non-ergodic Markov chain are not
commonly studied in the literature. All relevant statistical formulas
are developed in (Bogdanoff, Kozin, 1985)., The elements of the one-
jump (to next higher damage state) P matrix are estimated by the
method of moments, and the probability of the time to failure is given
by pp(t). TFor distinct crack lengths a=11, 13, 17, 20, 26, 33, 39,
49.8 mm., for the Virkler et al data, with a5 = 9 mm., the fit of the
estimated pb(t) to the empirical distribution function is extremely
close. 1In a further analysis of these crack growth data, two very
important properties were observed. All of the empirical distributions
for N, AN; for various crack lengths a, and crack increments as-as_q,
when normalized, appear to fall upon one another. Thus, it appears
that there is some underlying statistical mechanism that is invariant
and independent of crack length. Furthermore, upon study of the cor-
relations of the time to go from crack length a;_p to a; for various
values of j, that is p(ANj, AN;), were not zero” for i# 3. Indeed in
(Bogdanoff, Kozin, 1984(a)) it is seen that the correlations are of
significant value, so that one must conclude that history dependence
must be taken into account. The simple one jump Markov chain model
that can fit the failure time distributions excellently, does not
account for this basic property of the evolution of the process of
crack growth.

An approach to accounting for history dependence through hidden
variables and semi-Markov chains was discussed in that paper. Further
it was shown in (Bogdanoff, Kozin, 1984(b)), that the time transforma-
tion method developed.in (Bogdanoff, Kozin, 1982) can be applied to
generate history dependent models for fatigue crack growth.

At this time it is our feeling that crack length as the only obser-
vable in probabilistic models of its growth, simply does not carry
sufficient information for adequate prediction. Incorporation of
further observables might provide the means by which we can go further.
Along these lines, in recent studies contained in (Chudnovsky, 1984),
a set of two simultaneous differential equations describing the mean
behavior of crack length and width of the active plastic zone as the
dependent variables, are developed through thermodynamic considerations.

A Markov chain model accounting for the probabilistic evolution of
these two variables as observables would, of necessity, be two dimen-—
sional and would also generate the time history dependence of the crack
length. An approach to this augmented model of fatigue crack growth
might be developed along the lines incorporated in (Kozin, Bogdanoff,
1985(b)), where a two dimensional B-model was constructed to describe
the evolution to failure in composite materials. We are presently in the
early stages of formulation of this approach.

Naturally, comprehensive data from controlled experiments would be
basic in developing such two dimensional models. Studies along these
lines might lead to a more fundamental understanding of fatigue crack
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