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Statistics of defect motion in spatiotemporal chaos in inclined
layer convection
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We report experiments on defect-tracking in the state of undulation chaos observed in thermal
convection of an inclined fluid layer. We characterize the ensemble of defect trajectories according
to their velocities, relative positions, diffusion, and gain and loss rates. In particular, the defects
exhibit incidents of rapid transverse motion which result in power law distributions for a number of
quantitative measures. We examine connections between this behavior “andfligats and
anomalous diffusion. In addition, we describe time-reversal and system size invariance for defect
creation and annihilation rates. @003 American Institute of Physic$DOI: 10.1063/1.1536330

Topological defects within patterns are observed in many which the analogy to turbulence is appropriate. The degree to
systems to move in a spatiotemporally chaotic fashion. which such characteristics are similar in different defect-
We examine the motion of such defects within a defect- turbulent systems remains to be explored.

turbulent state observed in thermal convection of an in- Investigations of pattern formation in variants of
clined fluid layer. We characterize the trajectories of the  Rayleigh—Beard convectionRBC) have been particularly
defects both by analogy to fluid turbulence—velocity dis- ~ fruitful. > The state of undulation chagshown in Fig. 1 and
tributions, diffusion, and power spectra—and by proper-  described in Refs. 14—16bserved in inclined layer convec-
ties dependent upon the topological characteristics of the tion (Fig. 2) exhibits defect turbulence and is well suited to
defects: pair creationannihilation and interactions. investigations on the dynamics of defects since spatially ex-
tended systems and fast time scales are experimentally ac-
cessible. This allows for tracking of point defects through
I. INTRODUCTION their creation, motion, and annihilation. In the observed pat-
tern, the stripes contain undulations as well as defects; both
qre spatiotemporally chaotidurther characterization to be

Nonequilibrium systems with similar symmetries often
form patterns which appear to be universal in spite of havin ; X
been formed by different physical mechanishis. particu- ~ Published in Ref. 15 _ o
lar, reduced descriptions of the patterns often quantify the A Number of features stand out in the defect trajectories
similarities in behavior so that understanding of one systen® OPserve in undulation chaos. As exemplified in Fig. 3, the
can lead to insights in multiple systems. A class of spatiotem!"N€rént anisotropydue to the inclinatiohis apparent, with
porally chaotic states exhibiting defect-mediated turbuléncel® trajectory meandering preferentially in the transverse di-

has been found in such diverse systems as wind-driven san'iF,Ction' Occasionally, there is a rapid burst of transvgrse mo-
electroconvection in liquid crystafsnonlinear optic$, fluid tion as marked by the black diamonds, corresponding to a

convection®® and autocatalytic chemical reactichs many tearing of the pattern across the rolls. Such behavior appears
cases, such systems have been modeled via the complB? reIa‘Fed to Ley flights'’~°for which distributions of step
Ginzburg—Landau equatidii? These various defect turbu- S2€S display power laws. Furthermore, we are able to study
lent patterns are characterized by an underlying striped stafd€ €nsemble of trajectories to gain insight into defect pair
which contains dislocationgoint defects where the stripes  création interaction, and annihilation.
dead-end within the pattern. Locally, the defects distort the
orientation and wavenumber of the stripes and the nucleq. INCLINED LAYER CONVECTION
ation, motion, and annihilation of the defects constitute a o ) ] ]
spatiotemporally chaotic system. An example from inclined N inclined layer convection(ILC), a thin fluid layer
layer convection is shown in Fig. 1. heated from one side and cooled from the other is tilted by
Previous work on defect turbulence has focused both o&N @ngley; the system is anisotropic due to the resulting
snapshots of such patteffd® and the dynamics and she_ar flow(see Fig. ?__ The fluid becor_nes unstable ab(_)ve a
interaction®*However, there are numerous open question&'itical temperature differenca T . At fixed y, we describe
about defect turbulence: characterization of the defect mo20W far the system is above the onset of convection via the

tions, interactions between the defects, and the extent tgondimensional driving parametes= [AT/ATc(y)]-1.
At low angles of inclination, buoyancy provides the pri-

mary instability(analogous to RBLand the convection rolls
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FIG. 1. Sample Fourier-filtered shadowgraph image of inclined layer con- At
vection ate=0.08 andy=30°. Black circle encloses a positive defect; 0 :_/-\/\——»—/\—\_\/\—/—/'\/_:
white, a negative. Arrow indicates tearing region of low-amplitude convec- —~ ,F v E
tion. Uphill direction is at left side of page. Region shown is the subregion % E
of size 51X 63d used for analysis. = °F (b) 3
> 6F -
sk E
numbero~1), the longitudinal rolls become unstable to un- 0 50 100 _ 150 200 250

dulation chaos above~0.01. It is this defect turbulent state Time ()

which we investigate; some of its properties have been prerg. 3. (a) Example of a long trajectory for a defect with positive topologi-
viously described in other work:*®Above e~0.1, thereisa ¢4 charge ak=0.08. Positivey indicates a downslope directidsee Fig.
further transition to a state of competing ordered undulationg). (b) Corresponding transverse velocity. The symbelsnark the ends of
and undulation chaos. We examine trajectories from botl# flight with displa_lcem_enAX and durationAt. Dotted line is the trigger
sides of this transition. velocity for detecting flights.
The apparatus used in this experiment is of the type de-
scribed in de Bruyret al,?! modified to allow for inclina-
tion. The fluid used was CQat a pressure 0f56.5+-0.01)
bar regulated to+=0.005 bar with a mean temperature of
(28+0.05 °C regulated ta=0.0003 °C. As determined from
a materials properties prograththe Prandtl number was
0=1.140+0.001. A cell of heightd=(388+2) um and di-
mensions 208X 100d was used, for which the vertical dif-
fusion time wasr,=d?/ x=(1.532+0.015) s. The fluid was
weakly non-Boussinesqg condition®=0.8, as described in
Ref. 13 for horizontal fluid layers. All experiments were per-
formed at a fixed inclination of=30°, within the regime of
buoyancy-instability. Images of the convection pattern were
collected using a digital CCD camera, via the usual shadow!!!- DEFECT TRAJECTORIES
graph techniqué>**Images were collected at 3 frames per  Here we consider only the defects themselves—an en-
second in one of two formats. Six-hour X20*r,, 80000  semble of moving, interacting, charged “particles’—and not
frameg continuous runs of data were obtained at two valueshe underlying pattern. By reducing the data to a set of defect
of e 0.08(four rung and 0.17(two runs. For 17 values ok trajectories of known charge, birth, and death we can observe
between 0.04 and 0.22, short runs with 100 images werfow these particles move individually and as an ensemble.
collected, separated by at least ¥p@or statistical indepen-  Single defects may enter or leave through the edges of the
system, or be created/annihilated in pairwise events between
defects of opposite topological charfeDuring their life-
Tcold times, the defects have positions and velocities which may
be related both to the underlying pattern and to the presence
of other defects. We examine properties averaged over these
effects, and also isolate some effects due to the latter.
shear flow profile The topological defects are located at points where a roll
pair ends within the patter(see Fig. 1 At these points,
-------------- there is a phase discontinuity and the topological charge is

FIG. 2. Schematic of inclined layer convection with associated coordinatél€termined from the phase jump along a contour around the
systemAT=T;o— Teoid- defect,

dence. At each of thesg at least 400 repeatsip to 600 for

the lowest values o) were performed. Each value efwas
reached by a quasistatic temperature increase from below. In
addition, a run with quasistatic temperature decreases was
performed betweee=0.12 ande=0.06 to check for hyster-
esis, which was not observed. Only data from the central
homogeneous region of dimensionds463d were utilized
during the analysis unless noted otherwise; see Ref. 16 for
details on the choice of this region. Size-dependent effects of
this region are discussed here.

x>
~<>2\N>
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The phase field ¢(x,y) is determined from Fourier- g g 0.4H
demodulated images for which the complex fieldx,y) 3 8 o2hb
=|A(x,y)|e'**Y) has been reconstructed. We detect the lo-2 2 ool
cations of defects by finding points whef&(4)=0 and > > _0:2 '
J(¢)=0 and a phase discontinuity occuf®etails of this -
technique are described in Ref. L6 undulation chaos, we 0 10 2&38 ;'0 50 60 010 22t3(01 )40 50 60

observe only defects with==*1; examples of each topo-

logical charge are marked by circles in Fig. 1. FIG. 4. Velocity autocorrelation ita) transverse antb) longitudinal direc-
After the defects were detected in each image, the defedibns ate=0.08 ande=0.17. Data are shown for positive defects; results for

locations were connected to form trajectories. This was dongegative defect trajectories were similar.

by matching each defect already on a trajectory to its closest

same-signed neighbor in the subsequent frame. If the revers%fi,[ive defect trajectories aif=0.12 for negative. There-

process also agreed on the match, then the subsequent defgg

. X ofe, we separate all defect positions and motions into their
was added to the list of defects located on that trajectorytwo components and examine each direction independently.

ﬁg;":,?g?/é trZZtEPTSZ Sf F':gS(;ttI)\t/:i:?ﬁeqiggz;gﬁsdgffezﬁr tr:i]regtg: Defect velocities are observed to be correlated over time
ations and annihilatigns When the analysis was copm lete cales of less thar 107, , as determined from temporal au-
. . o Y ~0mp ocorrelation functions ob,(t) andv,(t). The autocorrela-
broken trajectorie$those missing a creation or annihilatjon .. g
tions are plotted in Fig. 4, averaged over the ensemble of

)

were rejoined. . : The defect fi hibit short d
Since the defect positions were determined only to thetrgjectorles. 1€ detect motions exnibit snort-range order,
. . with exponential decay during the time before the zero-
nearest pixel, the data were later smoothed to interpolate thcerossing
coordinates along the trajectory. Eack=x(t;) and '
yi=Yy(t;) along a trajectory was replaced with the weighted
average of its neighbors, using the Gaussian weighting fundY- PEFECT MOTION
tion We characterize the meanderings of the defect via its
1 ) central moments, represented by integer powers of the devia-
W= ex;{ _ (Xi—X;) tions from its mean value. For trajectoriggt) with mean
oyoyoy(27m) %2 202 xi(t), thenth moment is given by the quantity
F{ (yl_yj)zl F{ (tl_tJ)z Mn(t)E<(Xi(t)_Xi)n>i (3)
eXp - | eXg ————— | - )
207 207 Wher_e< -) represents an ensemble average, anql a s_lmllar cal
culation can be made for thgt). For normal diffusion or
This resulted in a smoothed trajectory with coordinates random walksu,t"?, whereu,= 2Dt provides a valu®
=>w;;x; andy;=3w;;y; (tildes will be dropped hereafter for the diffusion constant.
for convenience The appropriate widths in w;; were de- Investigations in a broad variety of situatio(see, for
termined by examining a range of parameters and findingxample, Refs. 17-19,23, and references thgfreine found
convergence for,=o,=2d ando,=27,. The advantage anomalous diffusion instead, wherg,=2Dt*. Fora<1 a
of this weighting method is that it automatically adjusts thesystem is said to be subdiffusive> 1 is superdiffusive, and
fit length so that along faster-moving segments of the trajece=2 is ballistic transport. Anomalous diffusion is frequently
tory we average fewer data points than along slower-moving@ssociated with Dey walks/flights, in which the PDFs of the
segments. lengths and durations of the flights are power laws and have
From the trajectorie(t) andy(t), we applied a local infinite moments. Since the central limit theorem no longer
weighted linear fit(again usingw;;) at each point along holds in such cases, the probability of long jumpeits
the trajectory to obtain the corresponding velocitiggt)  will enhance(retard the diffusive behavior. Similarly, the
and vy(t). We also determined UE‘/UXZJrUyZ and power spectrunS(w) of the associated velocities will ex-
f=arctan ¢ /v,), corresponding to a downslopé)(direc- hibit power I_aw .beha_vior as W(_aII. S_‘,ome recent examples_ of
tion at¢=0°. Araw trajectory is shown in Fig. 3, along with SUCh behavior in fluid dynamics include tokamak density
the smoothed trajectory and the transverse velocity compdluctuations and particle motion in two-dimensional rotat-
nentu,(t). ing fluid flows™ Defect random walks have also been con-
Defect turbulence in inclined layer convection is aniso-Sideéred for models of intracellular €adynamics’ in which
tropic, withv, corresponding to glide motion across the rolls Subdiffusion was observed.
ando, to climb motion along the rolls. These are fundamen- N Figs. 5 and 6 we calculate moments for those values
tally different behaviors; the former adjusts the orientation ofof t at which 100 or more trajectories have at least that du-
the rolls, and the later the wavenumber. As expected, thEAtion. We look for behavior of the type,=t, u4t”, and
decomposed motions are found to be poorly correlated withts>t” in both thex andy directions. In the varianceu?),
each other, with a linear correlation coefficidt=0.16 for  superdiffusive behavior is evident at bathparticularly inx
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FIG. 5. Displacement momenf&g. (3)] and local fits to the associated

exponents ir (black andy (gray) directions ate=0.08. Dashed lines are
values for normal diffusion or random walkg,,<t"2. Data are shown for
positive defects; results for negative defects were similar.

wherea~1.5. The exponents fq} are lower but also indi-
cate superdiffusion. The exponentsof and ug do not sug-

gest superdiffusion i, and they behavior does not follow
a power law.
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FIG. 6. Displacement momen{&q. (3)] and local fits to the associated

exponents i (black andy (gray) directions ate=0.17. Dashed lines are
values for normal diffusion or random walka,>t"2. Data are shown for
positive defects; results for negative defects were similar.

slopes of the undulations. Since each roll must move by only
2d to reconnect with the next roll, defects can be transported
rapidly from one end of the tear line to the other.

By analogy to fluid turbulence, we plot probability dis-

We locate defects flights as the portions of the trajectoiribution functions(PDF9 and power spectra of the defect
ries which occur whilelv,|>1d/7,. An example flight is Vvelocities. Figures 8 and 9 show the results for distributions
shown in Fig. 3. For each of these flights, we determine thén x andy. The PDFs ofv, are independent of topological
durationAt and displacement X. Distributions of these val- charge and show steep power law tails with an exponent of
ues are shown in Fig. 7. Due to the constraints of a finiteapproximately—3.5. This is consistent with the results ob-
system size, the maximum observaldlX is limited. None- tained for defect flights displacements and durations. As can
theless, the distribution of flight timet is observed to have be seen in Figs. 8 and 9, the peak of the distributions have a
behavior consistent with a power law tail of exponent ap-Gaussian shape, indicative of smoothing due to noise. Each
proximately —3. For AX, behavior suggestive of a power distribution is also of a shape described by Tsallis statistics
law with exponent approximately 4 is observed, indicating of the type described in Ref. 26. The PDFs fgy show
that there is not a characteristic velocity associated with théower characteristic velocities argarticularly ate=0.08)
flights. dependence on the topological charge. Figure 10 shows a

Physically, these flight events correspond to a tearing oEomplementary picture iny(,#) space via a two-dimensional
the rolls when the pattern shifts along a line in thelirec-  histogram. Thex flights are now visible as the ridges at
tion, so that each roll broken in the process rejoins with theapproximatelyg= +90°. This transverse direction not only
one next to it. Such a tearing line is visible next to the whitecomprises most of the defect motion, but is also the direction
arrow in Fig. 1, where there is weaker convection along thealong which motion is the fastest.
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log—log and semilogfor v >0) axes. Positive defects are shown with black
FIG. 7. Distributions of flighta,0 durationsAt and(b,d) displacementa X + and negative defects with gray squares. Approximatefydefect veloc-
ate=0.08 ande=0.17. Positive defects are, negative defects are squares, jty measurements were used to determine the probabilities in each graph.
black points are from entire trajectories, and gray from segments within theygited lines are Gaussian fits to whole data, with standard deviatipns
homogeneous subregion. Dotted lines represent fit region for power laws. _ g 19 ando,=0.51. Dashed lines represent fit region for power laws.

A second effect visible in Figs. 8, 9, and 10 is an asym-the e=0.08 defects, in both cases the negative defects prefer
metry in the=y behavior which shifts theu(, §) peaks in the the downslope direction over the upslope, and the positive
upslope or downslope direction, away frah®0°. Although  defects prefer the upslope. In fact, Figs. 8 and 9 show that
the e=0.17 defects are more isotropic in their motion thanthis asymmetry is the dominant behavior at loweit is rare
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L\ charged defects to be located withid 8f each other. This is
10310 1071 100 102102 107" 109 associated with the annihilation of such pairs which pass too
‘D (D close in either direction.
FIG. 11. Power spectra d,0 v, and (b,d) v, at e=0.08 and 0.17 for DefeCt pairs of +,+) or (—,—) charge behave in similar
positive (black solid and negativégray dasheridefects. Dotted lines show fashions to each other, demonstrated by the closely overlap-
power law fit region for positive defects. ping dashed and dotted lines of Fig. 13. There is a repulsive

effect in thex direction, with Ax increasing away from 0.

for defects to travel other than in the preferred direction.Th€ tumover in thes=0.17 PDF may be due to finite size
Asymmetries in defect behavior with respect to topologicalconsiderations. In thg direction, there is again an excluded
charge have been observed in other anisotropic systems sutggion of around 8, an effect which is strong enough that
as Langmuir circulation$’ although for quantities such as secondary and tertiary peaks atdland 1% are visible as
the surface convergence rather than the defect velocity. Iwell for e=0.17.

this case, the asymmetry may be related to the breaking of

the symmetry by non-Boussinesq effects.

In a system consisting of g flight behavior, the power e =0.08
spectraS(w) of v(t) is expected to show the power law
behavior form> w> w* = 1/At*, whereAt* is a short time 0.050f T 0.050F
associated with the lowdimit of power law behavior of the 0.040 0.040
PDF of At for flights® Such a cutoff is relatively large &
(=57,) in the defect flight durations shown in Fig. 7, limit- % 0.030 0.030
ing the range over which we would expect to see power lawsg 0.020 0.020
in S(w) for defect trajectories. Figure 11 suggests random-™~ 0.010 . 0.010
walk behavior (constant, uniform spectrumfor low w, 0.000 h Leager™ 0.000 kL
crossing over to a flight-related power law at high The 0 5 10 15 20 25 0 5 10 15 20 25 30
exponent in all casese( X, y, and topological charggss Ax (d) Ay (d)
approximately—1.8. e=0.17
V. DEFECT INTERACTIONS 0.10 0-10F

The defects carry topological charge, and the resulting 2 0.08 0.08
phase fields allow them to interact with each other. By ex- § 0.06¢
amining the relative position of nearby defects, we can gain 2 0.04 0.04¢
insight into their interactions. We examine strips of width 0.02 0.021
S8y =2d (or 6x) and calculate the distancAx (or Ay) sepa- 0.00 , ] 0.00bh
rating all pairs of defects within the strigee Fig. 12 for a 0 5 10 15 20 25 05 10 15 20 25 30
schematif. Ax (d) Ay (d)

Figure 13 plots PDFs of this data for &lt-,—), (+,+), ] ) ) )
FIG. 13. PDF of defect pair separationAX and Ay) for strips of width

and (—,—) pairs of defECtsp(AX|6y<2d) and P(Ay|5x =6x=2d as shown in Fig. 12(a,0 Transverse separations aflod
<2d). The data are limited by the finite size of the region jongitudinal separations. Solid lines are (~) pairs, dotted are,+),
under consideration, and are only plotted over half the diand dashed are<(,—). Approximately 18 elements used for each curve.
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FIG. 14. PDF of net chargeN, —N_) found in the subregion for nine

values ofe. Solid line is a Gaussian fit. FIG. 15. Comparison of gain/loss coefficients for forward-tittreangles
and backward-timésquares trajectories ate=0.07. Lines are fits to the
expected\N-dependence as described in text.

VI. CREATION AND ANNIHILATION EVENTS

A general feature of defect turbulent systems is the pro.fime-reversing all trajectories, creations become annihila-

duction and loss of defects through two mechanisms: Palions and entering defects leave the subregion. Analysis of

creations/annihilations and flux through the boundaries. Qhe reversed trajectories far=0.07 is shown in Fig. 15 in

. . . B 10 QI_ . .
mean-ﬁeld_ approxmatlon_has been pos‘“'agted byeGdI_. comparison with the original data and found to exhibit the
and experimentally examined by Falckeal® and Daniels same behavior

and Bodensch_altim which these rates depend on the num- Such defect gain and loss rates properly scale with the
ber of defects in the system: size of the region under consideration. We define a set of

C(N)=C,, (4) size-independent coefficienty, ag, €y, andly to quantify
this behavior. Both creation and entering are random events,

E(N)=E,, (5) which have some rate per unit area and length, respectively.
L(N)=LoN, (6) Thus,co= C(N)/S andey= E(N)/P, whereSandP are the
surface area and perimeter of the subregion, respectively.
A(N)=AoN?, (7)  with primed and unprimed variables representing different
whereC(N) is the probability of a pair creation event hap- subregion sizes, co=Co/S=Cy/S" and e;=E,/P
pening per unit timeA(N) is pair annihilationL(N) is a = Ey/P'. For two subregions with the same density of de-

single defect leaving, anB(N) is a single defect enteringl fectsn=N/S, the annihilations per unit ardat constani)

is taken to be either the number of positive deféttsor the S also constant. FOA(N) =AoN?=A;n?S?=Agn?S'? and
number of negative defectd_, quantities which are ap- constant density of defects ao=[A(N)/S] «A,S. Analo-
proximately equal on average. Figure 14 shows PDFs of thgously,lo=LoP.

net charge Il , —N_) for the observed images, with a mean Figure 16 compares these rescaled gogfficients for vari-
of zero (topologically neutrgl independent ok. The con- ous sizes of test regions. Because of #eg/ anisotropy,
stant creation and entering rates can be understood as beirggions with the same aspect ratio as the homogeneous sub-
generated by random events, independent of the number o¢gion were used. All four coefficients show constant res-
defects already in the system. The annihilation rate scales @siled rates for a givea. There is, however, a slight trend in
the number of positive defects times the number of negativéhe annihilation rates; larger boxes allow more defects to find
defects. The leaving rate is proportional to the number ofach other and annihilate, particularly at higleiThis may

defects present in the system. also relate to the larger test regions approaching the less
Based on this approach, we earlier derived and tested lsomogeneous sidewall regiofsee Ref. 15
universal distribution folN which agrees with the experi- Figure 17 shows the coefficien®), Eq, Lo, andA, as

mental finding§.5 We find, as well, that the subscripted co- a function ofe. The error bars were determined via a boot-
efficients depend om, system size, and other physical pa- strap method; by resampling the data with replacement we

rameters in systematic ways. obtained a distribution of values for each coefficient from
The stationary distribution foN was found using a re- which to estimate the error. At present we have no explana-
cursive relation, tion for the particular shapes of these graphs, which appear

o _ to be linear to first order. BotlEy(€) and Ey(€) appear to
losgN)P(N) =gainN—1)P(N—1) ®) intercept thee-axis close to the.~0.02 onset of undulation

to describe the probabilities at adjacéht® In fact, the more  chaos'® For Ay(€) andLy(e), both lines extrapolate to the

stringent condition of detailed balance holds as well. Byorigin, the expected behavior fbt=0. The data at=0.04
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FIG. 17. Rate coefficients as a function effor the homogeneous subre-
FIG. 16. Size-independent gain/loss coefficients versus size of test region.gion. A represent data taken under quasistatic temperature incréasg;-
from bottom to top are 0.060), 0.09(A), 0.12(0), 0.15(<), 0.18(V), resent data taken under quasistatic temperature decrease.
0.22 (X). Data are shown for positive defects; results for negative defects
were similar.

in an ordered or disordered state. Furthermore, the motion of

) o the defects during the transition may shed light on the nature
and 0.05 have been disregarded due to finite-size effecist ine transition.

which are significant at low values efsince the undulations Other questions remain regarding the relation between

are a long-wavelengthk(=0) instability. Defects are in-  the defect motion and the underlying undulation pattern. For
creasingly rare foke— €. as the wavelength of the undula- jhstance, the relationship between the motion of the defects
tions becomes on the order of the size of the convection celhng the stability of the local wavenumber. A related issue is
that defects have been observed to “bounce” off regions of
ordered undulations, sharply reversing direction.

Finally, the relationship between the relative position

The defect trajectories observed in inclined layer con-gng relative velocity of defects has not yet been investigated.
vection display many intriguing behaviors. The occasionalyrther work in this area would provide information about

rapid motion of defects across many convection rolls can bene attraction and repulsion of defects, particularly near cre-
associated with power laws in various quantitative measurestion and annihilation events.

of their motility: diffusion, velocity PDFs, flight size PDFs,

anq veloglty power spectra. Whlle the sysjtem is SIronglyACKNOWLEDGMENTS
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