
ABSTRACT

DONG, YUHAN. MIMO Beamforming with Mutual Coupling, Limited Feedback and
Coordination. (Under the direction of Dr. Brian L. Hughes).

Multi-input, multi-output (MIMO) techniques use multiple antennas at both

the transmitter and receiver to improve the performance of wireless communications

systems over multipath fading channels. In recent years, MIMO techniques that em-

ploy transmit beamforming have been adopted in several new and emerging standards

for situations where channel state knowledge is available at the transmitter. Most

existing studies of MIMO beamforming assume that perfect channel knowledge is

available at both the transmitter and receiver, and that the antenna elements in both

the transmit and receive arrays are spaced sufficiently far apart so as to be essentially

uncoupled. In practice, however, constraints on the physical size of antenna arrays

may require elements to be spaced close together, leading to antenna coupling and

signal correlation. The capacity of the feedback link from the receiver to the trans-

mitter may also be limited, so that channel knowledge is necessarily imperfect at the

transmitter. These challenges become all the more difficult in multiuser scenarios,

when efficient coordination among several transmitters is required.

In this dissertation, we consider the analysis and design of MIMO beamform-

ing techniques with antenna mutual coupling, limited feedback and multiuser co-

ordination. We begin by introducing a circuit model of a compact wireless MIMO

transceiver that incorporates the effects of antenna mutual coupling. We then use this

model to derive new MIMO beamforming strategies appropriate for both single-user

and multiuser systems. Through numerical examples, we illustrate the performance



of the proposed beamforming techniques and their dependence on the properties

of the antenna arrays, matching networks, channel estimation errors, and channel

state feedback. Finally, we propose new asymmetric-rate coordinated beamforming

strategies which improve both the individual rates of each user and the sum-rate

subject to zero-interference constraints. These asymmetric-rate strategies can also

be combined using time-division to create new, higher-rate symmetric beamforming

strategies.
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Chapter 1

Introduction

1.1 Motivation

Over the past few decades, the need for reliable, high data-rate, wireless com-

munications has dramatically increased due to the growing demand for broadband

mobile access to the Internet. In recent years, a wide variety of transmission schemes

have been proposed that use multiple antennas at the transmitter and receiver to

improve the performance of wireless systems. These schemes are collectively known

as multiple-input multiple-output (MIMO) techniques.

The concept of MIMO can be traced back more than 20 years. In 1987, Winters

[95] showed that multiple antennas with well designed transmit/receive processing

could transmit more independent data streams through wireless multipath fading

channels than a corresponding single-antenna system. Telatar [87] and Foschini and

Gans [34] independently showed that the ergodic capacity of a MIMO channel scales

with array size in proportion to the minimum of the number of transmit and receive
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antennas. These pioneering works predicted that MIMO techniques can achieve large

spectral efficiencies, which ignited much interest in this area [40]. Over the past

decade, MIMO communication techniques have been adopted in new standards for

wireless local area networks (IEEE 802.11n [47]), metropolitan area networks (e.g.

IEEE 802.16e [48] and 802.16m1), and cellular telephony (W-CDMA [44], HSPA [45]

and LTE2 [1]).

When channel knowledge is available at both the transmitter and receiver,

beamforming techniques are a relatively simple and effective way to exploit the di-

versity benefits of the MIMO channel. These techniques seek to transmit data along

the dominant eigenmodes of the MIMO channel. Single-user MIMO beamforming

was first considered by Lo [62]. Later, Tse et al. [90] and Dighe et al. [24] opti-

mized MIMO beamformer design by using maximum-ratio transmission (MRT) and

maximum-ratio combining (MRC). Kang and Alouini [55] evaluated the outage prob-

ability and ergodic capacity of this optimal MIMO beamforming scheme. MIMO

beamforming has also been considered for multiuser scenarios to improve the ca-

pacity and reliability. Some specific MIMO beamforming techniques that use trans-

mit/receive coordination to eliminate multiuser interference and improve the sum-rate

are presented in [33], [97] and [14].

The ability of MIMO beamforming to adapt to changing fading conditions

make it a promising technique to mitigate fading and enhance the performance over

1IEEE 802.11n and IEEE 802.16e modify the physical (PHY) and medium access control (MAC)
layers of Wi-Fi (IEEE 802.11) and WiMAX (IEEE 802.16), respectively, to provide higher through-
put using OFDM and MIMO technologies. IEEE 802.16m is the latest version of 802.16e and still
in progress.

2W-CDMA defines the air interface for UMTS which, together with WiMAX, are the members
of 3G mobile telecommunication technologies. HSPA extends and improves the existing W-CDMA
protocols and LTE is a set of enhancements to UMTS and represents one of the 4G standards.
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slowly-varying channels. For this reason, MIMO beamforming has been adopted as an

optional advanced transmission strategy in the wireless cellular standards mentioned

earlier. Most existing studies of MIMO beamforming, however, assume that perfect

channel knowledge is available at both the transmitter and receiver, and that the

antenna elements in both the transmit and receive arrays are spaced sufficiently far

apart so as to be essentially uncoupled. In practice, however, constraints on the

physical size of antenna arrays may require elements to be spaced close together,

leading to antenna coupling and signal correlation. The capacity of the feedback link

from the receiver to the transmitter may also be limited, so that channel knowledge

is necessarily imperfect at the transmitter. These challenges become all the more

difficult in multiuser scenarios, when efficient coordination among several transmitters

is required.

In this dissertation, we consider the analysis and design of MIMO beamform-

ing techniques with antenna mutual coupling, limited feedback and multiuser co-

ordination. We begin by introducing a circuit model of a compact wireless MIMO

transceiver that incorporates the effects of antenna mutual coupling. We then use this

model to derive new MIMO beamforming strategies appropriate for both single-user

and multiuser systems. Through numerical examples, we illustrate the performance

of the proposed beamforming techniques and their dependence on the properties of

the antenna arrays, matching networks, channel estimation errors, and channel state

feedback. Finally, we propose new asymmetric-rate coordinated beamforming strate-

gies which improve both the individual rates of each user and the sum-rate subject to

zero-interference constraints. These asymmetric-rate strategies can also be combined

using time-division to create new, higher-rate symmetric beamforming strategies.
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1.1.1 Mutual Coupling in Compact Antenna Arrays

An antenna is a transducer designed to convert electromagnetic waves into

electrical currents and vice versa. However, when antenna elements are placed in

close proximity, a current in one antenna will induce voltages across its neighbors

[22]. This phenomenon is called mutual coupling.

Many compact wireless transceivers, such as cellular telephones and wireless

LAN cards, are severely constrained in physical size. When MIMO antennas are

brought close together, the electric fields detected by different elements become cor-

related, the radiation patterns of each element may become distorted, mutual coupling

occurs between the antennas, and power may radiated or captured less efficiently. It

is therefore important to determine how close the elements of an array may be placed

and still enjoy the benefits of MIMO beamforming.

When the receive antennas are coupled due to the small inter-element spacing,

the noise from each receive chain may no longer be spatially white [71], [25]. Moreover,

the statistics of the signal and noise will depend in general on detailed aspects of the

receiver design. To optimize performance in such scenarios, it is necessary to develop

realistic models of RF front-ends with coupled antenna arrays as well as new MIMO

beamforming techniques that exploit these models to improve the performance.

1.1.2 Channel State Information

In wireless communications, the radio signal may travel to the receiving an-

tennas by multiple paths. These paths may combine constructively at some times

and destructively at other times, resulting in signal attenuation and distortion. This
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phenomenon is called multipath fading. When fading is frequency-nonselective, the

impact of fading on the transmitted signal in a single-antenna system can be repre-

sented by the fading path gain, a complex number that reflects the change in amplitude

and phase of the received signal due to fading. In a MIMO channel, fading conditions

may be different between each pair of transmit and receive elements, so the current

channel state is represented by a matrix H which consists of the fading path gains

between each pair of transmit and receive elements.

In a MIMO beamforming system, channel state information (CSI) allows the

transmitter and receiver to communicate data along the dominant eigenmode of the

MIMO channel, thereby mitigating the damaging effects of fading and maximizing

the output signal-to-noise ratio (SNR) of the channel. By the dominant eigenmode,

we mean the singular vector of the channel state matrix H that corresponds to the

largest singular value, based on the singular-value decomposition (SVD).

The receiver can acquire CSI by MIMO channel estimation. One approach to

performing MIMO channel estimation at the receiver is to employ known pilot symbols

(also referred to as training sequences) to estimate the channel state matrix H from

the received signal [8], [106]. In some two-way channels, transmitter CSI can easily

be obtained from the reciprocity of the channel. In other systems, such as frequency-

division duplexing (FDD), the transmitter and receiver do not employ reciprocal

channels and thus CSI must be conveyed to the transmitter via a feedback link. In

a practical system, however, errors may arise in the channel estimates, due to the

time or frequency separation between the pilot and the signal [35]. These imperfect

channel estimates can significantly degrade the performance of MIMO beamforming

systems [89].
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Perfect CSI at the transmitter can also be difficult to achieve when the capacity

of the feedback link is low. One approach to performing MIMO beamforming in the

presence of this impairment is to employ limited feedback (also known as finite-rate

feedback) techniques [65], [98], [14]. Limited feedback techniques can significantly

reduce the required capacity of the feedback link by transmitting only quantized or

compressed versions of the CSI or beamforming vectors. This area of research has

been very active recently due to its relevance to implementing MIMO beamforming

techniques in practical settings, such as WiMAX and LTE.

1.1.3 Coordination and Interference Mitigation

For single-user MIMO (SU-MIMO) scenarios, such as point-to-point commu-

nication links, MIMO beamforming can improve system reliability and maximize the

output SNR over fading multipath channels. In the literature, optimal SU-MIMO

beamforming is also known as MIMO maximal ratio combining (MRC) [55], [103].

In multiuser MIMO (MU-MIMO) scenarios, such as the MIMO broadcast channel

(BC),3 MIMO beamforming techniques can also can be used to increase the number

of users supported by the system, or to increase overall throughput.

When CSI is available at the transmitter, it is well known that the sum-

capacity of the MIMO BC can be achieved by dirty-paper coding (DPC). However,

DPC is difficult to implement in practice due to its high complexity [11], [94]. A

simpler suboptimal method of sharing the MIMO broadcast channel is linear MIMO

3In a MU-MIMO broadcast system, the base station communicates with multiple mobile users,
which is also known as downlink communication. MU-MIMO multiple access systems use multiple
access channel (MAC) and correspond to the uplink scenario, which is beyond the scope of this
dissertation.
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beamforming [20], [77]. In linear MIMO beamforming, the data symbols intended for

each mobile receiver are modulated onto distinct beamforming vectors at the transmit-

ter. The mobiles then separate these symbols by applying distinct linear combiners at

the receiver. Since the design of these beamforming vectors and combiners generally

requires coordination among the users, this type of linear beamforming is also called

coordinated beamforming (CBF) [14]. Most existing studies of CBF have considered

the case of symmetric rates and uncoupled antennas. It is natural to ask how these

techniques generalize to the asymmetric rate situations, and how the performance of

these techniques is affected by the presence of antenna mutual coupling.

1.2 Contributions

As noted earlier, this dissertation considers the analysis and design of MIMO

beamforming techniques with antenna mutual coupling, limited feedback and mul-

tiuser coordination. The main contributions may be summarized as follows.

Single-User MIMO MRC with Mutual Coupling: First, we consider the impact

of fading correlation, mutual coupling, matching networks and channel estimation

on single-user MIMO MRC systems. We start by introducing a circuit model with

transmitter coupling, correlation and matching networks. We then consider three

possible measures of input power used in the literature. For each input power metric,

we present optimal transmission strategies as well as the outage formulas for different

matching networks. Numerical examples show the range of inter-element spacing at

which the antenna array can be closely placed and preserve the benefits of SU-MIMO

MRC. The performance degradation in the presence of channel estimation error and
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the impact of SNR and the length of pilot symbols is also addressed.

We then assume perfect channel estimation at the receiver and consider the

design of finite-rate codebooks of possible beamforming vectors for three input power

metrics. The receiver, who has full CSI, can then select the vector in the codebook

that maximizes the output SNR and communicate the index of this vector to the

transmitter via the feedback channel. The performance of limited feedback and its

dependence on matching, coupling and number of feedback bits is evaluated through

numerical examples. We also analyze the performance degradation for actual system

when codebooks are mismatched.

Coordinated Beamforming with Mutual Coupling: Second, we consider the

impact of receiver correlation, antenna coupling, matching and noise on the perfor-

mance of downlink MU-MIMO coordinated beamforming systems. We first present a

new coordinated beamforming technique for two receivers that is suitable for MIMO

broadcast channels with signal and noise correlation at the receiver. We then ap-

ply this technique to the specific type of signal and noise correlation that occurs in

the presence of receiver mutual coupling by introducing a more realistic model for

a multi-antenna receiver front-end. Numerical examples demonstrate how different

noise sources and matching networks may impact performance in different ways. We

also consider the design and performance of limited feedback techniques for coordi-

nated beamforming systems and how performance is affected by receiver coupling,

correlation, matching networks and noise.

New Coordinated Beamforming Techniques: Third, we consider the design of

new coordinated beamforming methods for MIMO broadcast channels which seek to

improve the overall sum-rate performance. We first consider the design of symmet-
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ric methods for coordinated beamforming for two receivers and the MIMO broad-

cast channel. By changing the design order of the transmit beamforming vectors

and receive combining vectors, we develop a new symmetric coordinated beamforming

(SCBF) scheme that is linear and non-iterative. We then relax the symmetry restric-

tion and propose a new asymmetric coordinated beamforming (ACBF) method. In

this method, the first user employs single-user MIMO MRC, while the second user

attempts to maximize his rate of transmission subject to zero-interference constraints.

Finally, we consider the maximization of sum-rate over all these coordinated

beamforming strategies. We propose a parameterized asymmetric coordinated beam-

forming (P-ACBF) method that achieves a better tradeoff between the rates of the

two users than existing methods. Numerical examples illustrate the advantage of in-

troducing time-division policy into ACBF and P-ACBF, respectively, by changing the

priorities of two users. A simple upper bound of the sum-rate is derived to facilitate

the comparison of performance.

1.3 Outline

This dissertation is organized as follows. Chapter 2 gives an overview of exist-

ing SU-MIMO and MU-MIMO BC beamforming methods, with and without limited

feedback. Chapter 3 presents optimal transmission strategies for SU-MIMO MRC

systems with antenna mutual coupling at the transmitter. Chapter 4 considers the

design and performance of limited feedback techniques for SU-MIMO MRC systems

with transmitter mutual coupling and quantifies the performance loss due to channel

estimation error. Chapter 5 analyzes CBF design for MU-MIMO broadcast systems
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with correlated fading and noise, and Chapter 6 proposes asymmetric CBF struc-

tures and analyzes the maximization of sum-rate using appropriate parameter and

time-division policy. Finally, conclusions and future work are presented in Chapter 7.
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Chapter 2

MIMO Beamforming over Rayleigh

Fading Channels

In wireless communications, signals are transmitted through radio propaga-

tion channel which determines crucially the characteristics of the entire MIMO sys-

tem [75]. There are a variety of different approaches used for modeling the MIMO

wireless channel to capture the realistic properties or facilitate spatial-temporal signal

processing.

In this chapter, we begin our study by introducing a stochastic MIMO fading

channel model used for point-to-point wireless communications and discussing the

optimal design for beamforming. The main purpose of this chapter is to demonstrate

the impact of fading and its correlation on the system design and performance. We

then extend this MIMO channel model to a broadcast setting where the base station

communicates with multiple mobile terminals simultaneously. In the next section, we

present a most recent non-iterative coordinated beamforming scheme subject to the
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zero-interference constraints.

Both the MIMO beamforming strategies, i.e. SU-MIMO MRC and downlink

MU-MIMO CBF, are close-loop technique and require channel state information at

transmitter. In some one-way communication systems, CSI can be feed back from the

receiver to the transmitter via feedback link, i.e. control channel, which is practically

constrained in capacity. The effective approaches to implement limited feedback are

addressed in the last section of this chapter.

2.1 MIMO Channel Model

In this section, we present a MIMO channel model to understand the nature

of MIMO radio channels. Consider a system employed N antennas at the transmitter

and M antennas at the receiver, denoted as N × M MIMO system and shown in

Figure 2.1. In a rich scattering environment with a delay spread that is small com-

pared to the inverse signal bandwidth1, a linear time-variant MIMO channel may be

represented as an M ×N matrix [5]

H(t) =




h11(t) h12(t) · · · h1N(t)

h21(t) h22(t) · · · h2N(t)

...
...

. . .
...

hM1(t) hM2(t) · · · hMN(t)




, (2.1)

where hmn(t) denotes the time-variant impulse response between the m-th receive

antenna and n-th transmit antenna pair due to multipath phenomenon, which is also

known as fading path gain for single-input single-output (SISO) channel. At a time

1The fading is frequency-flat over the signal bandwidth, which represents a narrowband system.
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instant, we denote each individual fading path gain and channel matrix as hmn andH,

respectively. Therefore, the discrete-time input-output relation over a symbol period

can be expressed in a matrix form as

r = Hx+ n , (2.2)

where x is the complex baseband transmitted signal vector, r is the received sig-

nal vector, and n represents additive Gaussian noise with zero-mean and covariance

Rn = E
[
nnH

]
, here E[·] is the expectation. We denoted the noise distribution by

n ∼ CN (0,Rn). A reasonable model for the noise is additive white Gaussian noise

(AWGN) and therefore the covariance matrix is Rn = N0I where N0

2
is the power

spectral density of the noise in single branch and I is the identity matrix. The total

transmit power is P = tr
(
E
[
xxH

])
where tr(·) is the trace and superscript H denotes

conjugate-transpose. . . . . . .1x

Nx

11h

MNh

1Mh

1Nh

1n

Mn

1r

Mr

. . .
Figure 2.1: A channel model for N ×M MIMO systems.

As for the case of SISO channels, the individual fading path gains compris-

ing the MIMO channel are commonly modeled as zero-mean circularly symmetric

complex Gaussian (ZMCSCG) variables with unit variance [7], we denote this by
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hmn ∼ CN (0, 1). Since the amplitudes |hmn| are Rayleigh-distributed random vari-

ables, the multipath fading is also referred to as Rayleigh fading2. Then the chan-

nel matrix H can be fully represented by a zero-mean multivariate complex normal

(MCN) distribution and completely characterized by the covariance matrix R with

covariance matrix R

R = E
[
vec(H)vec(H)H

]
, (2.3)

where vec(A) denotes the vectorization of the matrix A by stacking the columns

of A into a single column vector. We denote this distribution by H ∼ CN (0,R).

The spatial correlation of the MIMO channel can be completely characterized by the

MN ×MN matrix R.

When the spatial Tx and Rx fading correlation are assumed to be separable,

the full covariance matrix can be written as Kronecker product

R = RT
T ⊗RR (2.4)

with the Tx and Rx correlation matrices

RT = (1/M)E
[
HHH

]
, RR = (1/N)E

[
HHH

]
, (2.5)

respectively. Then the MIMO channel matrix can be further simplified as widely-used

Kronecker MIMO channel model [39], [56],

H = R
1/2
R HwR

1/2
T , (2.6)

where Hw is the channel matrix with independent and identically distributed (i.i.d.)

entries CN 0, 1. Though it may lead to modeling inaccuracy with a large number of

2We restrict ourselves to Rayleigh fading, i.e., only consider non line-of-sight (LOS) multipath
component. The multipath fading with LOS component can be modeled as Rician fading.
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antennas [74], the Kronecker MIMO channel model is quite popular by its simplicity

and separability of Tx and Rx which allows for independent array optimization [5].

Now let us consider some special cases of the Kronecker MIMO channel model.

When Tx side fading of the MIMO channel is spatially uncorrelated, then RT =

I and the columns of H are independent CN (0,RR) random vectors. Similarly,

when Rx side fading is spatially uncorrelated, the RR = I and the rows of H are

independent CN (0,RT) random vectors. When both Tx and Rx side fading are

spatially uncorrelated, i.e., the whole MIMO channel is spatially uncorrelated, then

H = Hw.

2.2 SU-MIMO MRC

In wireless communications, diversity is an effective way to reduce fading and

increase the link reliability. Contrast to receive diversity only systems such as single-

input multiple-output (SIMO) system using maximum-ratio combining (MRC) [10],

MIMO systems using beamforming and combining employ the diversity at both the

transmitter and receiver and improve the performance by jointly designing the beam-

forming vector and combining vector. When channel knowledge is available at the

transmitter, this scheme seeks to transmit data along the largest eigenmode and max-

imize the output signal-to-noise ratio SNR. This attractive scheme has been called

variously maximum-ratio transmission (MRT) [62], [90], [24], MIMO transmit beam-

forming [79], [98], and MIMO MRC [55], [103].
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2.2.1 System Design

Now consider a N ×M SU-MIMO system using beamforming and combining

shown in Figure 2.2.

Hz = g rb

1x

Nx

1w

Nw

11h

MNh

1Mh

1Nh

1n

Mn

1g∗

Mg∗

1r

Mr
. . . . . . . . . ∑

Figure 2.2: AN ×M SU-MIMO system using beamforming and combining.

In this system, the transmit signal vector is of the form

x = bw = [bw1, bw2, . . . , bwN ]
T (2.7)

where b is a transmitted symbol with power E [|b|2] = P , w is a beamforming vector

with unit-norm ||w||2 = 1, and superscript T denotes transpose.

The receiver employs a combiner of the form

z = gHr = h̃b+ ñ , (2.8)

where h̃b represents the signal component and ñ represents noise. Then the instan-

taneous SNR at the receiver is [90]

γ(w,g) =
|h̃|2

E [|ñ|2] =
P

N0

|gHw|2
gHg

. (2.9)

The aim of SU-MIMO MRC is to choose the unit-norm beamformer w ∈ CN×1 and

combiner g ∈ CM×1 to maximize (2.9) given an input power P .
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Cauchy-Schwarz inequality implies the maximization of SNR by using MRC

principle3 g = Hw. The optimal instantaneous SNR is therefore given by [90]

γo ≡ max
w:||w||2=1

γ(w,Hw) = max
w:||w||2=1

ΓwHHHHw = ΓΛmax , (2.10)

where Γ = (P/N0) is the average input SNR, Λmax is the largest eigenvalue of HHH,

and the last equality is achieved if and only if w is an orthonormal eigenvector as-

sociated with Λmax, which is implied by Rayleigh-Ritz inequality (cf. [24]). In some

literature, Λmax is referred to as array gain of dominant eigenmode [52].

As noted in [24] or [55], this largest eigenvalue problem can be solved equiv-

alently by letting w = HHg/||HHg||2 and g be the eigenvector associated with the

largest eigenvalue of HHH exactly the same as Λmax, or letting g and w be the left

and unit-norm right singular vector associated with the largest singular value of H

denoted as σmax =
√
Λmax.

2.2.2 Outage Probability

The outage probability of SU-MIMO MRC is

Pout(τ) = Pr{γo ≤ τ} = Pr{Λmax ≤ τ/Γ} , (2.11)

where τ is a non-negative threshold. Note that the outage probability can be evaluated

by the cumulative density function (cdf) of the largest eigenvalue of HHH.

For i.i.d. Rayleigh fading, i.e., H = Hw, the cdf of Λmax is given by Khatri’s

result [57, eq. (6)] (see also [24, eq. (18)-(19)] and [54, eq. (9)]).

FΛmax(y) =
det[Ψ(y)]∏s

k=1 Γ(t− k + 1)Γ(s− k + 1)
(2.12)

3Though the MRC principle takes the general form g ∝ Hw, the performance does not depend
on the norm of g
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where s = min{N,M}, t = max{N,M}, Γ(n) = (n−1)! is the Gamma function, and

Ψ(y) is an s× s matrix

[Ψ(x)]i,j = p(t− s+ i+ j − 1, x), i, j = 1, . . . , s (2.13)

and p(n, y) =
∫ y

0
xn−1e−xdx is the lower incomplete gamma function.

For semi-correlated Rayleigh fading, i.e., one of RT and RR but not both is

identity matrix. The outage probability is studied by Kang and Alouni [55]4

FΛmax(y) =
det[∆(y)]

det[V] ·∏s
i=1(m− i)!

(2.14)

where s = min{M,N}, ∆(y) is the n× n matrix

[∆(y)]ij =





λm−i+1
j γ(m− i+ 1, y/λj) 1 ≤ i ≤ s

(−λj)
i−n s < i ≤ n

det[V] =

(
n∏

i=1

λm
i

) ∏

1≤l<k≤n

(
1

λk

− 1

λl

)
,

where 0 < λ1 < . . . < λn are the distinct eigenvalues of Σ. If RR = I then Σ = RT,

n = N and m = M ; else if RT = I then Σ = RR, n = M and m = N .

For double-correlated Rayleigh fading, McKay et al. studied this extremely

complicated case and derived the closed-form expression of the outage probability for

N ≤ M [69, eq. (6)].

Note that semi-correlated Rayleigh fading is quite common in cellular commu-

nications such as transmitter correlation in uplink and receiver correlation in down-

link. The base station in these scenarios have large enough antenna spacings and

4This simplified version of [55, eqs. (25)-(29)] is obtained by interchanging Ψ2A(x) and ∆2B(x)
in eq. (28), which changes det[∆2(x)] by a factor of (−1)s(t−s).
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therefore less fading correlation. In this dissertation, we mainly focus on the i.i.d.

and semi-correlated Rayleigh fading without loss of generality (WLOG).

Using (2.12) and (2.14), the outage probability for SU-MIMO MRC is

Pout(τ) = FΛmax(τ/Γ) (2.15)

2.2.3 Limited Feedback

In Section 2.2.1, we assumed the transmitter has full channel state information

(CSI) and considered the problem of choosing w to maximize γ(w,Hw) in (2.10).

In this section, we assume no CSI is available at transmitter but there exists a low-

rate, error-free, zero-delay, feedback link. In this limited feedback scenario [64], one

attractive approach is that the receiver (who has full CSI) may choose a beamforming

vector wi from a finite codebookW = {w1, . . . ,wK} and then communicate the index

i to the transmitter via the feedback link. The main problem then is to design the

codebook W so as to maximize γ(w,Hw), where K = 2B and B is the number of

feedback bits determined by the bandwidth of feedback link. This scheme represent

the whole beamformer space CN×1 by its quantized version, finite codebook, which is

also known as finite rate feedback [72], [105] or limited-rate feedback [98].

Codebook design techniques derived in [64] and [72] take the codebook vec-

tors as points in the Grassmann manifold. This connection allows us to construct

a codebook on the results of optimal Grassmannian line packing from literature to

maximize

dGrass(W) = min
1≤k<l≤N

√
1− |wH

k wk|2 , (2.16)

where dGrass(W) is so called minimum distance of codebook W . Some example code-
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books for different (N,M) are given in [64, Appendix A].

Alternatively, by thinking of the codebook vectors as the points in a unit

sphere, Xia and Giannakis [98] applied sphere vector quantization (SVQ) technique

using generalized Lloyd algorithm to design the a codebook which minimizes the

average distortion

dLloyd(W) = E

[
||H||22 − max

1≤i≤N
|Hwi|2

]
. (2.17)

Compared with Grassmannian method, Lloyd algorithm is fairly simple and is

now a standard tool in feedback codebook design [65]. Note that both schemes can be

used to generate optimal codebook offline for uncorrelated Rayleigh fading channels.

However, the codebooks may degrade the SNR performance for spatially correlated

Rayleigh fading channels.

Subsequently, Love et al. [65] and Xia et al. [98] propose that a good codebook

U = {u1, . . . ,uK} for correlated Rayleigh fading channel denoted by H ∼ (0,RT ⊗
RR) can be designed via the construction

ui =
R

H/2
T wi

||RH/2
T wi||2

, i = 1, . . . , K , (2.18)

whereW = {w1, . . . ,wK} is a codebook optimized for the uncorrelated fading channel

using either criterion in (2.16) and (2.17). Note that the codebook design does not

depend on spatial correlation at Rx side.

2.2.4 Performance

In previous sections, we present the optimal transmission for SU-MIMO MRC

systems with full CSI as well as the limited feedback design. In this section, we give

numerical examples to illustrate the corresponding outage performance.
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Figure 2.3: Outage probability of N × M SU-MIMO MRC systems with i.i.d.
Rayleigh fading.

Figure 2.3 shows a plot of outage probability (2.12) of N×M SU-MIMO MRC

systems with i.i.d. Rayleigh fading channels. Also shown for comparison are the cases

of SISO with N = M = 1, MISO with N = 2 and M = 1 and SIMO with N = 1

and M = 2. It is seen that at 1% outage level (equals the value of 10−2), i.e., 99%

reliability, MIMO MRC provides 27 dB savings in power with 4 × 4, 23 dB savings

with 4 × 2 and 2 × 4, 18.5 dB savings with 2 × 2 and 12 dB savings with 2 × 1

and 1 × 2. These savings in power compared with the SISO case are also referred

to as diversity gain. Hence, MIMO systems offers more diversity and outperforms

the MISO or SIMO systems which outperforms no diversity system (SISO). More

antennas is promising to improve the outage performance. Another key observation

is the duality of MIMO MRC system, i.e., N × M is the dual system of M × N in

the sense of achieving the same outage performance. This is intuitive since H and



22

−15 −10 −5 0 5 10
10

−4

10
−3

10
−2

10
−1

10
0

P
ou

t(γ
)

γ/Γ  [dB]

|ρ|2=0

|ρ|2=0.25

|ρ|2=0.5

|ρ|2=0.75

|ρ|2=0.99

Figure 2.4: Outage probability of 2 × 2 SU-MIMO MRC systems with transmitter
correlation.

HT have the same largest eigenmode.

Figure 2.4 shows the outage probability of 2× 2 SU-MIMO MRC system with

transmitter correlation given by

RT =




1 ρ

ρ 1


 (2.19)

for some correlation coefficient ρ ∈ [0, 1) and envelop correlation is approximated

by |ρ|2. Compared with Figure 2.3, we can see that outage curves of 2 × 2 system

with correlation lie in between 2 × 1 and 2 × 2 systems without correlation. Larger

correlation causes worse performance, which is due to the fact that correlation be-

tween antenna branches reduces the effective diversity and then degrades the outage

performance.

Finally, performance of limited feedback (LF) is shown in Figure 2.5 and 2.6
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Figure 2.5: Outage probability of N × M SU-MIMO MRC systems with limited
feedback and i.i.d. Rayleigh fading.

for i.i.d. and correlated Rayleigh fading, respectively. It can be seen in 2.5 that the

performance degradation caused by limited feedback can be reduced by using more

feedback bits denoted by B. When using the same number of feedback bits, 3 × 2

system suffers more than 2×2 system. This is intuitive since more antennas increases

the dimension of beamformer space which therefore needs to be quantized by more

vectors (codewords).

In Figure 2.6(a), though crossings occur around 1% outage level for the outage

probabilities with limited feedback using codebook rotated for correlated Rayleigh

fading and the one optimized for i.i.d. Rayleigh fading, the rotated codebook still

achieves a better overall performance, i.e., in the most outage range from 0 to 1. This

can be observed more clearly in Figure 2.6(b) that limited feedback using rotated

codebook performs closely to full CSI scenario for both 2×2 and 3×2 systems. Note
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Figure 2.6: Outage probability of N × M SU-MIMO MRC systems with limited
feedback B = 3 and correlated Rayleigh fading |ρ|2 = 0.8.

that, for the purpose of simulation, a simple exponential correlation model [3] is used

for seme-correlated Rayleigh fading channel when more than two transmit antennas

are used

[RT]ij = ρ|i−j|. (2.20)

The correlation matrix in (2.19) is a special case of this model. More realistic corre-

lation model such as the classic Clarke’s 2D model and the model incorporated with

mutual coupling will be discussed in Chapter 3. The codebook used in this numerical

example is derived from a codebook W optimized for i.i.d. Rayleigh fading channel.

As noted earlier, W can be designed by several different methods. The impact of

different choice of W on the outage probability is investigated in Chapter 4.



25

2.3 MIMO Broadcast Channel Model

The previous section considered the design of beamforming for MIMO sys-

tems operating as single-user systems. In this section we present a basic model for

multiuser MIMO broadcast channel, through which system throughput can be im-

proved significantly. In a MIMO broadcast channel, one multiple-antenna transmitter

sends information to many multiple-antenna receivers. In cellular-type architectures

(e.g. cellular networks or WLAN/WMAN as noted in Chapter 1), broadcast channel

models the downlink channel from the base station to mobile users [7].

We now consider a multiuser MIMO system in which a base station (trans-

mitter) with N antennas sends data to K active users (receivers) with Mk antennas

at the k-th user over the wireless broadcast channel. In the same propagation envi-

ronment as in Section 2.1, the multipath channel between the base station and the

k-th user can be modeled as a Rayleigh fading MIMO channel denoted by a channel

matrix Hk ∈ CMk×N , k = 1, . . . , K. Similar to (2.2), we have following input-output

relationship,

rk = Hkx+ nk, k = 1, . . . , K (2.21)

where x ∈ CN×1 is the transmitted signal vector with input power P = tr
(
E
[
xxH

])
,

rk ∈ CMk×1 and nk ∈ CMk×1 are the received signal vector and noise (AWGN) vector

at user k, respectively. Note that the base station may have independent message for

each of the users.

Network information theory predicts the emergence of many new elements:

interference, cooperation and feedback when multiple transmitters and receivers are

involved in this communication problem [23]. In the next section, we will introduce



26

a multiuser MIMO beamforming technique which is suitable for MIMO broadcast

channels.

2.4 Downlink MU-MIMO CBF

As noted in Chapter 1, dirty paper coding (DPC) achieves the capacity region

for the MIMO broadcast channels but is hard to implement in practice due to its

non-linearity and high complexity [11], [94]. The linear beamforming techniques then

have received considerable attention due to the lower complexity and the capabil-

ity of sending data in good beam directions. Prior studies on linear beamforming,

such as zero-forcing beamforming [20], [84], [77] and [101], employ only beamform-

ing at the transmitter and suffer from the dimensionality constraint which requires

specific number of antennas for one or both ends. Another approaches extend these

work by applying both the transmit beamforming and receive combining, i.e., MIMO

beamforming, and introducing transmit-receive coordination [33], [76] and [13], which

however requires iterative calculation and may not converge. More recently, some non-

iterative linear MIMO beamforming algorithms have been proposed for MU-MIMO

broadcast systems and referred variously as generalized zeroforcing (GZF) [33], [97],

and coordinated beamforming (CBF) [14]. MU-MIMO CBF is effective to mitigate

the inter-user interference and improve the sum-rate by jointly design of beamforming

vector and all the combining vectors.
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Figure 2.7: A MIMO broadcast channel with coordinated beamforming.

2.4.1 System Design

Consider a MIMO broadcast system with N antennas at the base station and

K active users shown in Figure 2.7. Without loss of generality (WLOG), all K users

are assumed to have M receive antennas each5. In this scheme, the base station

sends one symbol6 to each user via linear beamforming, so that x =
∑K

k=1wkbk is

transmitted, where bk is the symbol intended for the k-th user and wk is a unit-norm

beamformer. This transmitter design as well as the one for SU-MIMO MRC is a

special case of MIMO precoding strategies [81] and the corresponding structure is

called precoder.

The k-th user applies a unit-norm combiner gk on the received signal vector

5Coordinated beamforming design can be easily extend to the scenario that mobile users are
equipped with unequal number of receive antennas.

6We adopt the same resource allocation policy as in [97] and [14] by restricting one data stream
per use.
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(2.21) and outputs the signal

yk = gH
k Hkwkbk + gH

k Hk

K∑

l=1,l≤k

wlbl + gH
k nk , (2.22)

where Hk ∈ CM×N is the channel matrix between the transmitter and the k-th user,

and nk ∼ (0, N0I) represents noise. The coordinated beamforming is aim to choose

the beamformers and combiners such that no inter-user interference is experienced at

each user, i.e.,

gH
k Hk

K∑

l=1,l≤k

wl = 0, k = 1, . . . , K . (2.23)

As noted earlier, the prior studies in [33], [76] and [13] work for arbitrary

number of active users but requires iterative computation and may not converge.

Being restricted to K = 2 users case, [97] and [14] proposed non-iterative coordinated

beamforming schemes. The decision statistics are therefore given by

y1 = gH
1 r1 = gH

1 H1w1b1 + gH
1 H1w2b2 + gH

1 n1 ,

y2 = gH
2 r2 = gH

2 H2w1b1 + gH
2 H2w2b2 + gH

2 n2 .

(2.24)

And the zero-interference constraints (2.23) imply

gH
1 H1w2 = gH

2 H2w1 = 0 , (2.25)

in which case the sum-rate of the resulting system is given by

C(w1,w2,g1,g2) = log2(1 + γ1) + log2(1 + γ2) , (2.26)

where Pk = E[|bk|2] is the transmit power allotted to user k and

γk =
Pk

N0

|gH
k Hkwk|2
gH
k gk

(2.27)
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is the output SNR of the k-th receiver. We assume full channel state information is

available, so H1 and H2 are known at the transmitter; the case of limited feedback is

considered in Section 2.4.2. The optimization problem is therefore to maximize (2.26)

over all unit-norm vectors w1,w2,g1,g2 that satisfy (2.25). Note that we can relax

the assumption that g1 and g2 have unit norm, since (2.26) does not depend on the

norms of the combiners.

For M ≥ N = 2, Wong asserts that MRC7 is the optimal receiver processing

given the beamformers,

g1 = H1w1 , g2 = H2w2 .

in which case the zero-interference constraints (2.25) become

wH
1 H

H
1 H1w2 = wH

2 H
H
2 H2w1 = 0 . (2.28)

Assuming MRC is used at the receiver, Chae et al. [14] showed for M ≥ N ≥ 2 that

any beamformers w1 and w2 that satisfy (2.25) must be generalized eigenvectors of

the matrices8

F1 = HH
1 H1 , F2 = HH

2 H2 , (2.29)

or equivalently, eigenvectors of the matrix F−1
2 F1 if F2 is nonsingular.

Based on this result, Chae et al. proposed the following approach to coordi-

nated beamforming. First we compute a set W of generalized eigenvectors of F1 and

7Each user only knows its own CSI does not has the capability to estimate the beamformers which
is determined by the CSIs from both users. This problem can be solved by so called feedforward
scheme [15] in which each beamformer is transmitted to the corresponding user to facilitate the
receive combining. In this dissertation, we omit this problem and assume each user can always
obtain its corresponding beamformer perfectly.

8The optimal beamformers in [14] are expressed in a slightly different form, as generalized eigen-
vectors of the normalized matrices F̄1 = F1/tr(F1) and F̄2 = F2/tr(F2). Clearly, the generalized
eigenvectors of F̄1 and F̄2 are the same as those of F1 and F2.
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F2. We then choose beamformers from this set so as to maximize the sum-rate when

MRC combining is used:

{wo
1,w

o
2} = arg max

w1,w2∈W,w1 6=w2

C(w1,w2,H1w1,H2w2) . (2.30)

2.4.2 Limited Feedback

The coordinated beamforming scheme in Section 2.4.1 requires the matrices

F1 and F2 to be fed back by the users to the transmitter. When feedback is limited,

the transmitter’s estimates of these matrices may be imprecise and the resulting

performance degraded. In particular, we consider a scenario in which no CSI is

available at the transmitter but there exists a low-rate, error-free, zero-delay feedback

link. Since the complete matrices F1 and F2 not just their subspace information are

required at the transmitter, then the limited feedback design for SU-MIMO MRC in

Section 2.2.3 cannot be directly applied here. In the simulations and analysis of this

dissertation, we adopt the simple limited feedback method proposed in [14], in which

the entries of the normalized matrices

Gk =
Fk

tr(Fk)
, k = 1, 2

are uniformly quantized and fed back to the transmitter9. As shown in [14], these

matrices are Hermitian, preserve the generalized eigenvectors, and the entries have

well-defined ranges. For example, for N = 2 we have [Gk]11 ∈ [0, 1], [Gk]22 =

1 − [Gk]11 and Re{[Gk]12}, Im{[Gk]12} ∈ [−0.5, 0.5]. To quantize all of the real

scalars in these matrices using Q bits requires a total of (N2− 1)Q bits for each user.

9Non-uniform quantization can be used to minimize the quantization error when the distribution
of each of the entries in these two matrices is known[14], which is not considered in this dissertation.
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When beamformers (2.30) are designed using quantized versions of the channel

matrices H1 and H2, the multiuser interference in the decision statistics (2.24) may

not be completely canceled. As a consequence, to evaluate the performance of limited-

feedback beamformers, we must replace the SNRs (2.27) in the sum-rate (2.26) with

the signal-to-interference-and-noise ratios (SINRs)

γk =
Pk|gH

k Hkwk|2
Pl|gH

k Hkwl|2 +N0gH
k gk

(2.31)

where l = 1 if k = 2 and l = 2 when k = 1.

2.4.3 Performance

In previous sections, we present the coordinated beamforming strategy for

multiuser MIMO broadcast systems with full CSI as well as the limited feedback

design. In this section, we evaluate the system performance by several numerical

examples. We assume the transmitter allocates equal power to each of two identical

users, so P1 = P2 = P/2 where P is the total transmit power.

Figure 2.8 plots the sum-rates versus SNR (= P/N0, which is more precisely

called average input SNR in [16]) for MU-MIMO broadcast systems for N = 2, M = 2

or 4 with perfect CSI over i.i.d. Rayleigh fading channel. We compare four different

strategies: sum-capacity by DPC [53], non-iterative CBF [14], non-iterative GZF [97]

and iterative CBF with maximum 50 iterations [33], [13]. For N = M = 2 system,

the three sum-rates are close to each other and slightly worse than sum-capacity. By

showing the facts: (1) the iterative CBF converges to CBF if it converges; (2) GZF

is a subset of CBF, Chae et al. claims that CBF outperforms both iterative CBF

and GZF and GZF is the worst[14, Fig. 3]. The advantages of larger receive array is
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Figure 2.8: Sum-rates vs. SNR for N = 2, M = 2 or 4 with perfect CSI.

illustrate by N = 2 and M = 4 system which improves the sum-rates about 1.4− 2.5

bps/Hz for all the four strategies relative to N = M = 2 system. In particular, both

CBF and iterative CBF perform close to DPC and better than GZF.

Figure 2.9 demonstrates the dependence of sum-rate performance using CBF

scheme on the numbers of transmit and receive antennas. From Figure 2.9(a), we can

see that the achievable sum-rate increases continuously as N = M increases. Since

the system is restricted to one data stream per user, the full multiplexing gain cannot

be achieved [14]. Note that both F1 and F2 have rank s = min{N,M} and therefore

have s generalized eigenvectors corresponding to non-zero eigenvalues, referred as

candidate generalized eigenvectors. Since any set of generalized eigenvectors of F1 and

F2 satisfy the zero-interference condition [14, Theorem 3], then the CBF algorithm

is not necessarily constrained by M ≥ N = 2 which is not noticed by the authors.
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Figure 2.9: Sum-rates vs. SNR for various N and M with perfect CSI.

Figure 2.9(b) plots the sum-rate versus SNR for M = 2 and various N . Interestingly,

the largest sum-rate is achieved by N = 2, the second largest is by N = 5, the third

largest is by N = 3 and N = 4 is the lowest. This is not surprised since the candidate

generalized eigenvectors may not represent a good beam direction when both F1 and

F2 are singular. Thus there is a tradeoff between the large transmit array and the

beam direction when the number of receive antenna is small and fixed.

Performance of limited feedback design is illustrated in Figure 2.10 which plots

the average sum-rate of CBF for N = 2, M = 2 or 4 systems and different feedback

scenarios. For full CSI, the larger array provides a constant 4.7 dB power saving

relative to the M = 2 case. The power savings of limited feedback (LF) scenarios

decreases as SNR increases, particular for small Q. Limited feedback scenarios per-

form pretty well and close to full CSI case in low SNR regime and however degrade
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Figure 2.10: Sum-rates vs. SNR for N = 2, M = 2 or 4 with limited feedback.

performance in high SNR regime. This is intuitive since limited feedback as noted in

Section 2.4.2 introduces multiuser interference which may be amplified by the power

allocated to the interferers.

2.5 Summary and Discussion

In this chapter, we present the beamforming design for both SU-MIMO sys-

tems and MU-MIMO broadcast systems as well as the design of limited feedback from

the viewpoint of communication theory. This is however not complete yet.

First, we only consider the impact of transmitter correlation (exponential

model) on SU-MIMO MRC system. More realistic correlation model such as Clarke’s

model and the model incorporated antenna coupling is studied in [28] and [29]. In

practice, the receiver may experience correlated fading due to several reasons such as
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angular spread, antenna coupling, etc. And the noise at different receive branch may

also be correlated. This interesting topic is parallelly studied in [25] - [27].

Second, there is no consideration of correlated fading and noise paid on down-

link MU-MIMO CBF systems. The coordinated beamforming strategy discussed in

the previous sections can still be applied for correlated fading which is full contained

in matrices F1 and F2 and can be fed back to the transmitter. However, similar to

SU-MIMO MRC, the correlated noise may affect the output SNR and needs to be

taken into account for the actual beamforming design. This problem is originally

addressed in [30] and will be covered with details in Chapter 5.
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Chapter 3

SU-MIMO MRC with Compact

Transmitter

As noted in Section 1.1.1, antennas packed in a close proximity may cause

electromagnetic coupling. Then the transceived signal at the coupled antenna array

is no longer independent, but experiences spatial correlation which may influence the

performance of single-user MIMO beamforming, see Chapter 2 for details. There is

also an interchange of energy among the antennas, e.g., some of the energy radiated

from one antenna will be captured and re-radiated by neighboring antenna. In many

cases mutual coupling complicates the analysis and design of antenna array, and

is important to be taken into account especially when inter-element spacings are

small. One way to incorporate the presence of mutual coupling is by means of an

impedance matrix1. The use of impedance matrix will be most convenient for wire

type of antennas [50]. In this chapter we first introduce a circuit model for a transmit

1Scattering matrix is another parameter (S-parameter) describing the electrical behavior of cou-
pled antenna array (see [92], [93] and references therein).
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array with mutual coupling and matching network using impedance parameter (Z-

parameter), we then present the optimal transmissions for SU-MIMO MRC system

in the presence of mutual coupling and validate the design by numerical examples.

The main purpose of this study is to understand how mutual couple affect the system

performance and how close we can place the antenna elements and still enjoy the

benefits of MIMO beamforming.

3.1 Transmitter Model with Mutual Coupling

Consider a single-user MIMO MRC system equipped with N transmit and

M receive antennas that communicates through a narrowband Rayleigh block-fading

channel. We assume the transmit antennas are placed close together, which leads to

mutual coupling. Due to the interchange of energy among couple antennas, the power

may be radiated less efficiently and however can be increased by the use of matching

networks. Thus, the performance of SU-MIMO MRC system depends not only on

the correlation between the path gains that connect each pair of transmit and receive

antennas, but also depends on the impedances of the source, antennas and matching

networks used in the coupled multi-antenna transmitter.

A circuit model for this compact transmitter with a uniform linear array (ULA)

ofN closely spaced dipoles [59] is shown in Figure 3.1. Both the antenna array, match-

ing network and source are treated as completely linear networks and represented by

equivalent circuit models. More detailed discussion of these circuit models are offered

as below.
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Figure 3.1: Circuit model of a transmit array with mutual coupling.

3.1.1 Antenna Array

For coupled array, the currents flowing through antenna elements will induce

voltages across neighboring elements. The relationship between the complex currents

and voltages of the array, arranged in column vectors v, i ∈ CN×1, respectively, is

given by

v = ZAi , (3.1)

where ZA is an N × N impedance matrix. Here [ZA]nn is the self-impedance of

antenna n, and [ZA]mn is the mutual impedance between antennas n and m. These

impedances can be estimated by numerical techniques (more on this in Section 3.5).

For thin dipoles, approximate formulas are given in [6, eq. (8-71)]. The closed-form

expressions for these impedances for two side-by-side dipoles were given in [86].

The antenna array is driven by a bank of N voltage sources, where the n-th

source has internal impedance zSn. Without matching network, the voltage driving
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the array is related to the source voltages vS by

v = ZA (ZA + ZA)
−1 vS , (3.2)

where ZS = diag(zS1, . . . , zSN) is the source impedance matrix.

3.1.2 Matching Networks

When antenna array is connected to the source, strong reflection can result if

the antenna array impedances differ from the source impedances [17, sec. 2.13]. In

order to reduce the reflection, i.e., transfer power efficiently, a impedance matching

network is placed between the array and the source [42]. Ideally a matching network

is formed with passive, reactive and isotropic elements so it is noiseless, lossless, and

reciprocal. Consider a 2N -port matching network shown in Figure 3.1 with impedance

ZM =




Zaa Zab

Zba Zbb


 , (3.3)

where each block is an N × N matrix. Let vb, ib, va, ia denote the voltages and

currents at the input and output of the network. For a network to be lossless, none of

the power is dissipated (converted to heat or radiated) within it, so that the network

impedance is pure imaginary: Re{ZM} = 0. Thus Zaa = −ZH
aa, Zab = −ZH

ba and

Zbb = −ZH
bb [42, eq. (2.4)–(2.5)]. If the network is reciprocal then it satisfies another

condition that its impedance matrix is symmetric: ZM = ZT
M [78, pp. 171-172]. Some

specific forms of matching networks used in this study are described in Section 3.5.

From elementary circuit theory, the voltage driving the array is then related

to the source voltage by

v = CTvS , (3.4)
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where CT = ZA(Zaa + ZA)
−1Zab(ZS + Z′

A)
−1 is the transmitter coupling matrix and

Z′
A = Zbb − Zba(Zaa + ZA)

−1Zab (3.5)

is the effective impedance of the matching network and antenna array, as seen from

the source. Note that another equivalent way is to examine the effective source voltage

v′
S and the effective source impedance Z′

S of the matching network and source as seen

from the antenna array:

v′
S = Zab(Zbb + ZS)

−1vS (3.6)

Z′
S = Zaa − Zab(Zbb + ZS)

−1Zba (3.7)

Note that the MIMO system performance depends on how well the antenna

impedances are matched to the source impedances by matching networks and vice

versa.

3.1.3 Power Measures

We would like to examine MIMO system performance subject to a constraint

on input power. This task is complicated by the lack of a consensus definition of input

power in the presence of mutual coupling. We therefore consider several measures of

power introduced in previous works: Janaswamy [51] defines input power to be the

power delivered by the source when connected to a bank of uncoupled 1 Ω resistors.

In our notation, this yields

P1
4
= (1/2)vH

S vS , (3.8)

which is mathematically equivalent to the input power used in the MIMO literature.

Since (3.8) does not correspond to any actual power delivered in Figure 3.1, others
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(e.g. [93], [59]) have defined the input power to be the power radiated by the transmit

array. If the antennas are lossless, so that all power absorbed by the antennas is

radiated, then the radiated power is given by2

P2
4
= (1/2)Re{iHv} = (1/2)vH

S C
H
TRe{Z−1

A }CTvS . (3.9)

Similarly, it is natural to also consider the actual power delivered by the source, which

is

P3
4
= (1/2)Re{iHvS} = (1/2)vH

S Re{(ZS + ZA)
−1}vS . (3.10)

For simplicity, all these three power measures can be unified as,

Pi = (1/2)vH
S AivS, i = 1, 2, 3 (3.11)

where A1 = I, A2 = CH
TRe{Z−1

A }CT and A3 = Re{(ZS + ZA)
−1}. Note that the

optimal MRC transmission strategy will differ for these three constraints.

3.2 MIMO Channel and Noise

In a rich scattering environment with negligible delay spread, the complex

baseband signal detected at the receiver can be modeled as [51]

r = Hv + n (3.12)

where H ∈ CM×N is the channel matrix and n ∈ CM×1 represents noise. Due to

close spacing of the transmit antennas, the entries of H are generally correlated. We

assume the M receive antennas are spaced far enough apart so as to be essentially

2The terms “input power” and “radiated power” are somewhat misleading here since both terms
implicitly include the average path loss.
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uncoupled and uncorrelated, so the rows of H are independent zero-mean, circularly-

symmetric complex Gaussian vectors with covarianceRT. We denote this distribution

by CN (0,RT). The noise is also modeled as AWGN, n ∼ CN (0, N0I).

As noted in Chapter 2, H can also be expressed in the form of semi-correlated

Kronecker model,

H = HwR
1/2
T , (3.13)

where Hw is a matrix with independent and identically distributed (i.i.d.) CN (0, 1)

entries. As in [51], the path gains at transmitter side can be assumed to be correlated

to Clarke’s 2D model [21]

[RT]nm = J0(2πdnm/λ) (3.14)

where dnm is the distance between antennas n and m, λ is the signal wavelength, and

J0(·) is the zero order Bessel function of the first kind. More precisely, the correlation

matrix RT depends on not only the spatial distribution of the multipath but also the

radiation patterns of the antenna arrays.

In SU-MIMO MRC, the source voltage is of the form

vS = wb = [w1b, w2b, . . . , wNb]
T (3.15)

where b is a transmitted symbol with E[|b|2]=1, w is a beamforming vector to be

specified later. Combining (3.4), (3.13) and (3.15), we can rewrite the channel (3.12)

as

r = Hmcwb+ n , (3.16)

where Hmc = HwR
1/2
T CT is a new channel matrix which reflects the combined effects

of matching, coupling and path gain correlation. For simplicity, the path loss due to

separation of the transmitter and receiver is lumped into the variable w.
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3.3 SU-MIMO MRC with Mutual Coupling

Consider now the application of single-user MIMO maximum-ratio combining

to channel (3.16), subject to the input power constraint 3.11. The receiver employs

a combiner of the form z = wHHH
mcr, if the receive antennas are uncoupled, then the

instantaneous SNR at the receiver is

γ(w) = (1/N0)w
HHH

mcHmcw (3.17)

We assume the transmitter has full channel knowledge, then the aim of SU-

MIMO MRC is to choose the beamforming vector w to maximize (3.17) subject to an

input power constraint. For the power measure (3.11), we can form a beamforming

vector of power Pi from any arbitrary vector ui ∈ CN×1 by

w =
√

Pi · ui√
(1/2)uH

i Aiui

. (3.18)

The instantaneous SNR (3.17) can be written as

γi(ui) = Γi
uH
i H

H
mcHmcui

uH
i Aiui

, (3.19)

where Γi = 2Pi/N0 is the average input SNR with respect to the power metric Pi.

Since Ai is a positive-definite Hermitian matrix, it has Hermitian positive-definite

square root A
1/2
i . Substituting ui = A

−1/2
i yi, we obtain

γi(yi) = Γi
yH
i A

−1/2
i HH

mcHmcA
−1/2
i yi

yH
i yi

. (3.20)

The optimal instantaneous SNR is therefore given by

γo
i ≡ max

w:(1/2)wHAiw=Pi

γ(w) = max
ui

γi(ui) = max
yi

γi(yi) = ΓiΛmax,i , (3.21)
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with the equality if yi is the eigenvector associated with Λmax,i, where Λmax,i is the

largest eigenvalue of A
−1/2
i HH

mcHmcA
−1/2
i and represents the effective array gain in

the presence of mutual coupling. Since AB and BA have the same eigenvalues, we

can also take Λmax,i to be the largest eigenvalue of HH
mcHmcA

−1
i .

For power metric P1, the optimal transmission scheme can be simplified using

the fact that A1 = I. Then the optimal instantaneous SNR is

γo
1 ≡ max

w:(1/2)wHw=P1

γ(w) = Γ1Λmax,1 , (3.22)

where Λmax,1 is the largest eigenvalue of HH
mcHmc, and the optimal w is similar in

form to the uncoupled case (2.10), performance however may be quite different due

to differences in the statistical distribution of Hmc. Note that the conventional MRC

transmission strategies in [24] and [90] are no longer optimal for the power measures

P2 and P3.

3.4 Outage Probability

In this section, we derive outage probabilities of the optimal instantaneous

SNRs γo
i , i = 1, 2, 3. We consider not only the MIMO system with multi-antenna

receiver but also the MISO system with single-antenna receiver. Both system are

assumed to employe coupled transmit antenna array.



45

3.4.1 One Receive Antenna

For one receive antenna (M = 1), observe that HH
mcHmcA

−1
i has only one

non-zero eigenvalue is given by the quadratic form

Λmax,i = HmcA
−1
i HH

mc = HwΣiH
H
w (M = 1) (3.23)

where Σi = R
1/2
T CTA

−1
i CH

TR
1/2
T and Hw ∼ CN (0, I). The pdfs of random quadratic

forms of this type were derived in [91]: When the non-zero eigenvalues λ1, . . . , λN of

Σi are identical and denoted as λ, Λmax,i follows the Gamma distribution with cdf

F
(1)
Λmax

(y) =
p(N, y/λ)

(N − 1)!
(3.24)

where p(n, y) is the lower incomplete gamma function (2.13).

When the non-zero eigenvalues λ1, . . . , λN of Σi are distinct, the cdf of Λmax
i

is given as [91],

F
(1)
Λmax

(y) =
N∑

n=1

λN−1
n∏

k 6=n(λn − λk)

(
1− e−y/λn

)
(3.25)

Using (3.24) and (3.25), the outage probability for power metric Pi, i = 1, 2, 3,

is given by

Pout(τ)
4
= Pr{γo

i < τ} = F
(1)
Λmax

(τ/Γi) (3.26)

where τ is a non-negative threshold. We may again take Σi = CH
TRTCTA

−1
i above,

since it has the same non-zero eigenvalues as R
1/2
T CTA

−1
i CH

TR
1/2
T .

Finally, we note that A2 = CH
TRe{Z−1

A }CT will yield Σ2 = RT(Re{Z−1
A })−1

if the coupling matrix CT is invertible. This observation suggests that the outage

performance for power measure P2 does not depend on the matching networks.
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3.4.2 Multiple Receive Antennas

Formulas for outage become significantly more complex for M ≥ 1. Never-

theless, we can still obtain closed-form expressions using the results of [54, 55, 57].

When matrix Σi has identical eigenvalues as λ1 = . . . = λN = λ and Σi = λI, the

cdf of Λmax,i = Λ reduces to the result of SU-MIMO MRC over i.i.d. Rayleigh fading

channel (2.12):

F
(2)
Λmax

(y) =
det[Ψ(y)]∏s

k=1 Γ(t− k + 1)Γ(s− k + 1)
. (3.27)

When 0 < λ1 < . . . < λN are the distinct eigenvalues of Σi, the cdf of Λmax,i

is equivalent to the result of SU-MIMO MRC over semi-correlated Rayleigh fading

channel (2.14)

F
(2)
Λmax

(y) =
det[∆(y)]

det[V] ·∏s
i=1(m− i)!

(3.28)

Details of these two cdf expressions are given in Section 2.2.2. Using (3.27)

and (3.28), the outage probability for power Pi is similar to (3.26),

Pout(τ) = F
(2)
Λmax

(τ/Γi) (3.29)

where λ1, . . . , λN are the non-zero eigenvalues of Σi = CH
TRTCTA

−1
i . As noted

above, the outages for power measure P2 does not depend on the matching networks

if the coupling matrix CT is invertible.

3.5 Numerical Results

In the previous sections, we presented the optimal MRC transmission strategies

for three different input power constraints as well as formulas for the resulting outage
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probabilities. In this section, we give numerical examples which illustrate the behavior

of these formulas.

We consider a transmit array consisting of N half-wavelength dipoles spaced

a distance d apart. Each dipole has radius 10−3λ, where λ is the signal wavelength.

For each d, the array impedance ZA and signal correlation matrix RT were evaluated

numerically, as described in [25]. Briefly, the array impedance ZA and radiation pat-

tern were estimated using the Numerical Electromagnetics Code (NEC) [2], a program

based on the Method of Moments. The radiation pattern was then used to estimate

RT numerically for a superposition of 32 equal-power multipath components equally

spaced about the array. Further details may be found in [25].

The signal is received by M = 1 or 2 receive antennas spaced far enough apart

so as to be uncoupled and uncorrelated. The source impedances are also uncoupled,

so ZS=diag(z0, . . . , z0) where z0 = 50Ω is the characteristic impedance.

As noted earlier, a matching network is used to efficiently transfer power from

the source to the transmit antennas. Here we consider two different choices of match-

ing. In the multiport match [59] and [93], also known as Hermitian match [42] ,

a network ZM is chosen Z′
A in (3.5) conjugate-matched to the source impedance:

Z′
A = ZH

S , which leads to maximum power transfer to the antennas. A reciprocal

network that implements this match is

Zmm
M = −




jXA j
√
z0R

1/2
A

j
√
z0R

1/2
A 0


 (3.30)

where r0 = Re{z0} = 50Ω, XA = Im{ZA} and RA = Re{ZA} are the reactance

and resistance matrices of antenna array, respectively. From a equivalent viewpoint,

multiport match also satisfies the condition Z′
S = ZH

A .
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While the Hermitian match is optimal, it can be difficult to realize in prac-

tice. We therefore also consider a simpler, suboptimal type of matching, called self-

matching [59], in which each source is connected to a single dipole using the matching

that is optimal for uncoupled antennas: [Z′
S] = diag([ZA]

∗). A reciprocal network

that implements this match is

Zsm
M = −




jXAS j
√
r0R

1/2
AS

j
√
r0R

1/2
AS 0


 (3.31)

where ZAS = diag(ZA), RAS = Re{ZAS} and XAS = Im{ZAS}. From the circuit point

of view, the 2N -port self-matching network is formed by N parallel 2-port networks.

Note that these two matching are equivalent, i.e., Zmm
M = Zsm

M when antennas are

uncoupled since [ZA]mn = 0 implies RA = RAS.

Figure 3.2 shows the outage probabilities (3.26) for M = 1 and (3.29) for

M = 2 with antenna spacing d = 0.3λ for each of the three input power constraints.

Also shown for comparison are the case of i.i.d. fading path gains and path gains

with spatial correlation (3.14) but no coupling (obtained by setting [ZA]mn = 0 for

m 6= n). From Figure 3.2(a), the two outages with coupling lie on the right of both

the i.i.d. case and the no-coupling case. Thus coupling tends to improve performance

at this spacing relative to the other two uncoupled cases. This occurs because the

coupling matrix CT in (3.26) and (3.29) tends to whiten the Clarke covariance RT; a

similar phenomenon has been observed in MRC receive diversity [85]. This improve-

ment is also achieved for radiated power P2 in Figure 3.2(b) and for the actual power

P3 in Figure 3.2(c). Another key observation is that multiport-matching outperforms

self-matching constantly about 0.5 dB for power measure P1 and P3. This is intuitive

since self-matching may not transfer power to the antennas for small d as efficiently
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Figure 3.2: Outage probabilities vs. normalized SNR with N = 2, M = 1 or 2 and
spacing d = 0.3λ for three different power measures.

as multiport-matching. However, these two achieve the same outage for P2 as ex-

pected. Effects of different matching networks are not distinguishable on the system

performance since P2 is measured after the matching network in Figure 3.1 and does

not reflect how efficiently the power is transferred to the antenna array.
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The correlation coefficient between two correlated and/or coupled antennas

versus the antenna spacing from 0.01 λ to 1 λ are shown in Figure 3.3. The correlation

for no coupling case is obtained by Clarke’s model (3.14), which may be altered by

coupling matrix CT using different matching networks. From this figure, we can see

that self-matching tends to decorrelate the Clarke covariance when antenna spacing is

near 0.3λ while multiport-matching can completely decorrelate the antenna array at

any spacings. This is due to the fact that the multiport-matching is chosen such that

Z′
A = ZS = z0I, which means the coupled antenna array can be perfectly decoupled.

This result suggests that mutual coupling does not simply result in spatial correlation.

In fact, mutual coupling and spatial correlation tend to cancel each other at certain

antenna spacings and not others.

Further insights can be gained by examining the effect of transmit antenna
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Figure 3.4: Outage probabilities vs. antenna spacings d/λ with N = 2, M = 2 at
two outage level for three different power measures.

spacing on the outage probability. Figure 3.4 plots the outage probability versus

spacing d/λ for fixed SNR and each of the three power metrics. Each plot displays

two different SNRs which are chosen such that the outage of the i.i.d. case is close

to the values 10−2 and 10−3, respectively. In Figure 3.4(a), we see that the coupled
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system with power P1 outperforms the i.i.d. and no-coupling systems for all spacings

0.2λ ≤ d ≤ 0.45λ with self-matching and 0.15λ ≤ d ≤ 0.45λ with multiport-matching.

The improvement is again similar for the radiated power P2, as shown in Figure 3.4(b),

and for the delivered power P3, as shown in Figure 3.4(c). In particular, we note

that, for all power measures considered here, coupling improves the outage for all

0.2λ ≤ d ≤ 0.45λ, with the greatest improvement occurring around d ≈ 0.25λ− 0.3λ.

Wallace and Jensen [93] suggested the explanation that closely-spaced anten-

nas can actually radiate or collect more power than widely separated ones (i.i.d.)

because part of the power scattered by each transmit antenna can be recaptured

and re-radiated by the adjacent antenna, especially when appropriate matching is

implemented. However, this benefit may be dismissed when antennas are extremely

strongly coupled which can be observed at d ≤ 0.1λ. At this spacing, higher outage

(i.e., lower reliability) occurs in the SU-MIMO MRC system and should be avoided

in the practical use. Both the coupling and no-coupling cases tend to converge to

the i.i.d. case as antenna spacing increases, which is due to the following fact. When

antennas are placed far apart enough, both the correlation coefficient in (3.14) and

the mutual impedance of antenna array tend to be zero, which means uncorrelated

and uncoupled.

SU-MIMO MRC is one of MIMO diversity techniques and normally adopts

the diversity gain as one of the performance metrics. Here diversity gain is defined

as the SNR difference between diversity system and non-diversity system (e.g. SISO

system with N = M = 1) at a 1% probability of outage, which indicates the power

savings without a performance loss. Figure 3.5 shows the diversity gain as a function

of antenna spacing 0.5λ ≤ d ≤ λ for N = M = 2 system with each of the three power
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Figure 3.5: Diversity gain vs. antenna spacings d/λ with N = 2, M = 2 at 1%
outage level for three different power measures.

metrics. It can be observed similarly to Figure 3.4 that coupling achieves even higher

diversity all 0.2λ ≤ d ≤ 0.45λ compared with the other two uncoupled cases, with the

highest gain occurring around d ≈ 0.25λ− 0.3λ about 1.2 dB higher than i.i.d. case.

The results suggest large power savings by using appropriate matching networks in
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the presence of mutual coupling.

3.6 Conclusion and Discussion

A model for a compact diversity transmitter is presented with coupled dipole

antenna array, matching network and voltage sources. Using this model, we inves-

tigated the effect of transmitter correlation, mutual coupling and matching network

on SU-MIMO MRC systems. We presented optimal MRC transmission schemes for

three input power metrics widely used in the literature as well as the formulas for the

resulting outage probabilities. Numerical results we shown in the previous section

suggest the following findings:

First, regardless of the power measure considered and matching networks used,

most of the performance benefits of SU-MIMO MRC can be obtained with transmit

antennas spaced as close as 0.2λ− 0.3λ apart. In this range, spatial correlation and

mutual coupling tend to cancel each other, so that performance close to (or better

than) the i.i.d. case can be obtained even when the antenna elements are strongly

coupled.

Second, matching performance should be evaluated according to the specified

power measure. For traditional power metric P1 and actual power metric P3, opti-

mal multiport-matching outperforms suboptimal self-matching throughout the whole

range of antenna spacings. Since the radiated power metric P2 is measured posterior

to the matching networks, then both self-matching and multiport matching are not

distinguishable for the outage performance. Thus, appropriate power measure and

matching network are helpful in the design of compact SU-MIMO MRC systems.
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There may exist a large family of matching networks which are noiseless, loss-

less and reciprocal impedance networks. Multiport matching and self-matching are

two specific forms and suitable for narrow-band systems. Multiport matching has the

capability of completely decoupling the antenna array whose impedance may vary

with frequency, which makes system bandwidth extremely narrow at small antenna

separations [59]. Thus, from a practical point of view, we need to consider the band-

width issue when designing a good matching network for wide-band compact MIMO

systems, which may be one of future directions in our work.

Note that 0.2λ− 0.3λ corresponds to 3.0− 4.5 cm at 2 GHz3 and 1.2− 1.8 cm

at 5 GHz4, which seems plausible even within the size constraints of a mobile handset

or a wireless LAN card.

3Some mobile communication systems are designed to operate at or near 2 GHz, such as UMTS.
4A wireless LAN antenna/card which can transmit/receive RF signals in a high frequency band

(e.g., 5 GHz) and a low frequency band (e.g., 2.4 GHz).
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Chapter 4

Imperfect CSI for SU-MIMO MRC

with Compact Transmitter

Multiple antennas packed in compact transceiver may cause mutual coupling

and result in system impairment. In Chapter 3, we investigated the effects of mutual

coupling on single-user MIMO maximum-ratio combining systems and presented op-

timal beamforming schemes when assuming full channel knowledge available at both

the transmitter and receiver. As noted in Chapter 1, another impairment related

with availability and accuracy of channel state information may degrade the system

performance, which motives our study on the effects of imperfect channel estimation

and limited feedback. In this chapter, by relaxing the assumption of perfect CSI for

the system, we consider two separated problems:

First, the limited feedback design for SU-MIMO MRC system with mutual

coupling by assuming perfect CSI at the receiver, i.e., perfect channel estimation;

Second, the effect of channel estimation error on the same system with the
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assumption of perfect feedback.

4.1 Limited Feedback for SU-MIMO MRC

The optimal instantaneous SNR at the receiver output for a input power con-

straint Pi, i = 1, 2, 3, is given by (3.21)

γo
i ≡ max

w:(1/2)wHAiw=Pi

γ(w) = max
ui

γi(ui) = max
yi

γi(yi) = ΓiΛmax,i , (4.1)

with the last equality if the signal is transmitted through the largest eigenmode of

effective channel Hmc associated with eigenvalue Λmax,i. From (4.1), we know that the

optimal transmission is completely determined by two mutually dependent amounts:

channel state information and beamforming vector, which results in two consequent

approaches for limited feedback. In the first approach, the quantized channel is

fed back to help the transmitter design the beamforming scheme [73]. Since the SU-

MIMO MRC strategy [90], [24] allows the receiver to directly design the beamforming

vectors, then the problem could be approached differently by feeding back quantized

beamforming vector. The receiver now, in some sense, controls how the signal is

adapted to the channel. This makes sense because the receiver will nearly always

have higher quality CSI than the transmitter [66].

In this section, following the idea of finite codebook design correlated Rayleigh

channels [65] and [98], we present the codebook design for SU-MIMO MRC systems

with mutual coupling.
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4.1.1 Codebook Design

Consider a SU-MIMO MRC system with N coupled transmit antennas and

M uncorrelated and uncoupled receive antennas in a narrow-band Rayleigh fading

environment. The same system models for coupled transmitter, wireless MIMO

channel, receiver and noise in Chapter 3 is used in this study. Then transmit-

ter coupling, matching and correlation are lumped into the effective channel matrix

Hmc = HwR
1/2
T CT where Hw ∈ CM×N is the channel matrix with i.i.d. entries

CN (0, 1), RT and CT are the transmitter correlation and coupling matrices, respec-

tively. We assume the receiver has the full knowledge of Hmc.

Let C = {c1, . . . , cK} denote the codebook optimized for the uncorrelated

fading channel using either criterion in (2.16), (2.17) and etc, where K = 2B and B

is the number of feedback bits. For input power constraint Pi, i = 1, 2, 3, the rows of

Hmc are independent complex Gaussian vectors and distributed as CN (0,Σi) where

Σi = A
−1/2
i CH

TRTCTA
−1/2
i .

Similar to [65] and [98], a good codebook Yi = {y1, . . . ,yK} for this correlated channel

can be designed via the construction

yk =
Σ

H/2
i ck

||ΣH/2
i ck||2

, k = 1, . . . , K . (4.2)

Note that this codebook is designed for the interim unit-norm beamforming vector y

used in (3.20). Using the relationship between y and w in Section 3.3, the codebook

Wi = {w1, . . . ,wK} for the final beamformer w can be designed by

wk =
√

Pi · A
−1/2
i yk√

(1/2)yH
k yk

=
√

2PiA
−1/2
i yk, k = 1, . . . , k . (4.3)
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At this point, it is worthwhile to pause and consider the different assumptions

that underlie the design of codebooks Wi, i = 1, 2, 3. Most studies of mutual coupling

in MIMO systems assume that coupling alters only the correlation of the fading path

gains and not the transmitted power. Here this assumption leads to codebook W1,

which is designed for the conventional power P1. However, coupling can profoundly

alter the power radiated or captured by an array (see Chapter 3 for details), and

P1 does not correspond to any actual power in the transmitter. Note that changing

the power metric alters the mathematics of the SU-MIMO MRC optimization, which

seeks to maximize the SNR at the receiver. The codebooks W2 and W3 are intended

to address this problem, by optimizing performance as a function of the actual power

radiated by the transmitter P2 or the power delivered by the source P3 [28].

4.1.2 Codebook Performance

In the last section, we considered the design of codebooks for SU-MIMO MRC

systems with limited feedback for three different input power metrics. In this section,

we give numerical examples which illustrate the behavior of these codebooks.

We consider a transmit array consisting of N = 2 or 3 half-wavelength dipoles

spaced a distance d apart. Each dipole has radius 10−3λ where λ is the signal wave-

length. For each d, the array impedance ZA and signal correlation matrix RT were

evaluated numerically, as described in [25]. We assume the M receive antennas

are spaced far enough apart so as to be uncoupled and uncorrelated. The source

impedances are also uncoupled with impedance matrix ZS = diag(50, . . . , 50) Ω.

For the power metric Pi, i = 1, 2, 3, the performance of SU-MIMO MRC with
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the codebook Wi is measured by the outage probability

Pout(τ) = Pr

{
max
w∈Wi

γ(w < τ)

}
, (4.4)

where γ(w) is given in (3.17). To contrast, the outage probability for full CSI at both

the transmitter and receiver is defined in (3.26) and (3.29) as

Pout = Pr {γo ≤ τ} . (4.5)

The fact that maxw∈Wi
γ(w < γ0 implies the performance degradation due to limited

feedback.

In Figure 4.1, these outage probabilities are plotted versus antenna spacing

d/λ for N = M = 2 SU-MIMO system at a fixed SNR for each of three power

measures. The SNR has been chosen so that the outage of the i.i.d. case with full

CSI (i.e unlimited feedback) is 10−2 (1% outage). The figure plots the performance

of codebooks Wi for B = 2 and 3 feedback bits, both constructed as described in

Section 4.1.1 from codes C = {c1, . . . , cK} optimized for the uncorrelated channel

using Grassmannian line packing [64]. Also shown for comparison is the optimal

outage probability of the full CSI case (4.1) with correlation and coupling; closed-

form formulas for this outage probability were given in Section 3.4. Finally, observe

that each curve is plotted for both multiport and self-matching. From the figure for

all three power measures, we see that SU-MIMO MRC with limited feedback (LF) can

achieve performance comparable to the i.i.d. case even when the transmit antennas

are strongly coupled (0.2λ ≤ d ≤ 0.3λ). Not surprisingly, limited feedback leads to a

small loss in performance relative to the full CSI case, and the loss is greatest when

the antennas are close together. Further note that multiport matching outperforms

self-matching for all codebooks and all antenna spacings when power metrics P1 and
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Figure 4.1: Outage probabilities vs. antenna spacings d/λ for N = M = 2 SU-MIMO
MRC system with different feedback scenarios and power measures.

P3 are considered. However, type of matching used has little impact on performance

for power metric P2. This is intuitive, since P2 measures only the power radiated

by the antennas and not how efficiently the power is delivered by the source. We

conclude that performance close to (or better than) the i.i.d. case can be achieved
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Table 4.1: Grassmannian codebook for N = 2, B = 3 and K = 8

0.8393 - 0.2939i -0.3427 + 0.9161i -0.2065 + 0.3371i 0.3478 - 0.3351i
-0.1677 + 0.4256i 0.0498 + 0.2019i 0.9166 + 0.0600i 0.2584 + 0.8366i
0.1049 + 0.6820i 0.0347 - 0.2716i -0.7457 + 0.1181i -0.7983 + 0.3232i
0.6537 + 0.3106i 0.0935 - 0.9572i -0.4553 - 0.4719i 0.5000 + 0.0906i

with B = 2 bits and antennas as close as 0.2λ apart.

Each codebook considered in this paper is derived from a codebook C optimized

for the uncorrelated fading channel. As noted earlier, C can be designed by several

different methods. Figure 4.2 investigates the impact of different choices of C on

the outage probability of Wg for power measure P3 and antenna spacing 0.3λ. The

codebooks W3 are generated by three methods: Grassmannian line packing [64, Table

III], Vector Quantization using Lloyd’s algorithm [98] and the codebook V (2, 1, 3)
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Table 4.2: Llyod (vector quantization) codebook for N = 2, B = 3 and K = 8

0.3918 + 0.4725i 0.3086 - 0.2204i -0.2472 + 0.0029i 0.9932
0.7894 0.9253 0.9690 -0.0126 - 0.1156i
0.8489 0.7915 0.7123 0.7580
0.5065 + 0.1510i -0.5965 + 0.1328i -0.3405 - 0.6137i -0.0739 + 0.6480i

Table 4.3: IEEE 802.16e-2005 codebook for N = 2, B = 3 and K = 8

1.0000 0.7940 0.7940 0.7941
0 -0.5801 + 0.1818i 0.0576 + 0.6051i -0.2978 - 0.5298i
0.7941 0.3289 0.5112 0.3289
0.6038 + 0.0689i 0.6614 + 0.6740i 0.4754 - 0.7160i -0.8779 - 0.3481i

listed in IEEE standard 802.16e-2005 [48, Table 298m], which are listed in Table

4.1, 4.2 and 4.3. Note the performances of these different codebooks are virtually

indistinguishable over the range of this plot for both self-matching and multiport

matching. Similar results were obtained for the power measures P1 and P2.

Finally, we consider the impact of using a codebook designed for the con-

ventional power metric P1, when the transmitted power is actually given by P3. In

Figure 4.3, we plot the outage of codebooks W1 and W3 with respect to the power

generated by the source P3. Both codebooks are derived from the B = 2 bits uncor-

related Grassmannian codebook [64, Table IV]. At 1% outage, W1 is about 1.0 dB

worse than W3 for a 3 × 1 SU-MIMO system with self-matching, and about 0.5 dB

worse for a 3 × 2 system. Larger performance differences occur at 0.1% outage. By

contrast, note that W1 and W3 yield the same performance for the multiport match-

ing. This is due to the fact that the multiport matching leads to a diagonal A3 = aI,
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so that the power measures P1 and P3 are proportional.

Our results suggest the proposed codebooks can achieve near optimal perfor-

mance with low computational complexity and relatively little feedback [65], [98].

The proposed codebooks can be constructed easily from codebooks designed for i.i.d.

Rayleigh fading channels for any antenna spacing and correlation structure. For each

power measure, numerical results suggest that most of the performance benefits of

SU-MIMOMRC can be obtained with transmit antennas spaced as close as 0.2λ−0.3λ

using as few as B = 2 bits of feedback.
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4.2 Imperfect Channel Estimation for SU-MIMO

MRC

It has been shown in previous chapters that the channel knowledge is impor-

tant to characterize the performance of MIMO beamforming systems. However, the

performance will degrade if the channel state information is not perfect. Since per-

fect CSI is difficult to obtain in MIMO systems due to the large number of channel

parameters to estimate at the receiver and to be fed back to the transmitter [102].

Section 4.1 introduced the limited feedback method to facilitate CSI at the trans-

mitter when feedback link is restricted in bandwidth. In this section, we focus the

accuracy of CSI and the way CSI is obtained at the receiver. CSI at the receiver

(CSIR) is typically obtained via channel estimation. There is a rich literature on the

performance of SU-MIMO MRC system in the presence of imperfect channel esti-

mation [18], [80], [67] and [83]. Most of these prior studies, however, are limited to

the uncorrelated Rayleigh fading channels and simply treated the signal component

related with the channel estimation error as self-interference. We proceed our study

by introducing a more realistic model of channel estimation of correlated fading chan-

nels. Then we consider the joint effect of channel correlation, estimation error and

mutual coupling on SU-MIMO MRC system.

4.2.1 Channel Estimation

One of the most popular and widely used approaches to the MIMO channel

estimation is the pilot or training based scheme which estimates the MIMO channels

by the received data and the knowledge of training symbols [8], [41].
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Once again, we consider a SU-MIMO MRC system with N coupled trans-

mit antennas and M uncorrelated and uncoupled receive antennas in a narrow-band

Rayleigh block-fading environment shown in Figure 4.4.

Assume the block fading duration is T symbols. During each transmission

block, transmit antennas send L pilot symbols (usually L > N), followed by T − L

data symbols. Then the receiver uses the received symbols and the prior knowledge of

pilot symbols to perform channel estimation. Combining the first L receive symbols

in a M × L matrix, we have

Y = HX+N , (4.6)

where X = [x1 . . .xL] ∈ CN×L is the pilot matrix contains L pilot symbols {xl}Ll=1,

H = HwR
1/2
T ∈ CM×N is the channel matrix with transmit correlation RT, and

N = [n1 . . .nL] ∈ CM×L is the noise matrix with each column modeled as independent

AWGN E
[
nln

H
l

]
= N0I, l = 1, . . . , L, and N0 is the noise power spectral density.

Assuming the channel spatial correlation and the number of pilot symbols are
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known at the receiver. The linear minimum mean square error (LMMSE) channel

estimator is both unbiased and computationally efficient [83], which gives the channel

estimation H̃ and estimation error E as [8],

H̃ = Y
(
XHRTX+N0I

)−1
XHRT (4.7)

E = H− H̃ . (4.8)

Similar to the original channel matrix, both the channel estimation and error are

zero-mean Gaussian random matrices and can be denoted as

H̃ = H̃wR
1/2

H̃
, E = EwR

1/2
E (4.9)

where H̃w and Ew are uncorrelated with i.i.d. CN (0, 1) entries, and correlation matrix

of each is given by

RE =

(
R−1

T +
1

N0

XXH

)−1

(4.10)

RH̃ = RT −RE (4.11)

Equation (4.11) is obtained from the orthogonality property of LMMSE estimator

[106].

Assume no feedback for the pilot symbols, then the orthogonal pilot symbols,

i.e., XXH = (PpL/N)I is shown to minimizes the channel estimation MSE. Therefore

the covariance matrix of the channel estimation error is given by

RE =

(
R−1

T +
PpL

N0N
I

)−1

, (4.12)

where Pp is the total power per pilot transmission. Note that RE reduces to be

N0N/(1 + PpL)I when transmit antennas are spatially uncorrelated.
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4.2.2 SU-MIMO MRC with Mutual Coupling

Joint effect of mutual coupling and imperfect channel estimation is considered

in this section. Similar to Chapter 3, transmitter coupling and matching are taken

into account by using coupling matrix CT to represent the effective channel matrix

Hmc = HCT, which turns the problem into an equivalent form of estimating Hmc.

By analogous estimation scheme in (4.7), the LMMSE estimator gives the effective

channel estimation and estimation error respectively as

H̃mc = H̃CT, Emc = Hmc − H̃mc = ECT (4.13)

Consider now the application of MRC to channel (3.16), subject to the input

power constraint 3.11. The receiver employs a combiner of the form z = wHH̃H
mcr,

which gives the instantaneous SNR after post-processing is

γ(w) =
1

N0

∣∣∣wHH̃H
mc(H̃mc + Emc)w

∣∣∣
2

wHH̃H
mcH̃mcw

(4.14)

We form a beamforming vector of power Pi, i = 1, 2, 3, in the same way from

any arbitrary complex vector ui ∈ CN×1 as in (3.18):

w =
√

Pi · ui√
(1/2)uH

i Aiui

. (4.15)

The instantaneous SNR in the presence of channel estimation error then can be written

as

γe
i (ui) = Γi

∣∣∣uH
i H̃

H
mc(H̃mc + Emc)ui

∣∣∣
2

uH
i Aiui · uH

i H̃
H
mcH̃mcui

(4.16)

where Γi = 2Pi/N0 defined previously is the average input SNR with respect to the

power Pi.
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Similarly, substituting ui = A
− 1

2
i yi with unit-norm vector y, we obtain

γe
i (yi) = Γi

∣∣∣yH
i A

−1/2
i H̃H

mc(H̃mc + Emc)A
−1/2
i yi

∣∣∣
2

yH
i A

−1/2
i H̃H

mcH̃mcA
−1/2
i yi

(4.17)

We assume that the receiver is not aware of the channel estimation error and

sends the channel estimation H̃mc back to transmitter through a error-free, zero-delay

and unlimited feedback link. This widely used assumption (see [18], [80], [83], [106]

and references therein) allows the same transmission strategies as for perfect channel

estimation on the original structures of transmitter and receiver shown in Figure 4.4.

So yi is chosen as the eigenvector corresponding to the largest eigenvalue Λ̃max,i of

H̃H
mcH̃mcA

−1
i . The SNR is therefore given by

γe
i = Γi

∣∣∣Λ̃max,i + yH
i A

−1/2
i H̃H

mcEmcA
−1/2
i yi

∣∣∣
2

Λ̃max,i

(4.18)

= Γi

∣∣∣(Λ̃max,i)
1/2 + (Λ̃max,i)

−1/2yH
i A

−1/2
i H̃H

mcEcA
−1/2
i yi

∣∣∣
2

(4.19)

For perfect channel estimation, no estimation error exist, i.e., Emc = 0, which

implies H̃H
mc = Hmc and Λ̃max,i = Λmax,i, then the transmission strategies are optimal

as seen in Section 3.3. Due to the channel estimation error, however, the SU-MIMO

MRC systems may not transmit user data along the largest eigenmode of the actual

channel and are no longer optimal. Thus, the performance degradation depends on

those parameters such as pilot SNR and the number of pilot symbols per transmission

block which affect the accuracy of channel estimation.

4.2.3 Numerical Results

In previous section, we analyzed the way of effective channel estimation and

presented the MRC transmission schemes in the presence of channel estimation error
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for three different power metrics. In this section, we give some numerical examples

to illustrate the joint effect of mutual coupling and imperfect channel estimation for

SU-MIMO MRC systems.

Once again, we consider a coupled transmit array consisting of N = 2 half-

wavelength dipoles with inter-element spacing d. Each dipole has radius 10−3λ where

λ is the signal wavelength. We adopt the same transmitter model with coupling

matching studied in Section 3.1. We assume the M = 2 receive antennas are spaced

far enough apart so as to be uncoupled and uncorrelated.

For the power metric Pi, i = 1, 2, 3, the performance of SU-MIMO MRC in

the presence of channel estimation error is measured by the outage probability

Pout(τ) = Pr {γe
i < τ} , (4.20)

where γe
i is given in (4.19). No closed-form expressions exist yet, Monte-Carlo sim-

ulations with one million channel realizations are used to evaluate the behavior of

these outage probabilities shown in Figure 4.5.

Figure 4.5 shows the outage probabilities with N = M = 2 and transmit an-

tenna spacing d = 0.2λ for each of the three input power constraints in the presence of

channel estimation error (denoted as imperfect estimation). Channels are estimation

by the LMMSE method (4.13) by setting pilot SNR=10 dB and L = 2 pilot symbols

per transmission block. Also shown for comparison are the outage probabilities of

i.i.d. fading case and coupling case with different matching in the absence of channel

estimation (3.29), we denote them as perfect estimation. From Figure 4.5(a), we can

see that no matter the channel estimation is perfect or not, outages for the conven-

tional power metric P1 with self-matching (3.31) and multiport matching (3.30) are
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Figure 4.5: Outage probabilities vs. normalized SNR with N = M = 2, d = 0.2λ,
Pp/N0 = 10 dB and L = 2 for different power measures.

close or better than the corresponding i.i.d. case at 1% outage level. This is due to

the fact that coupling matrix CT tends to whiten the covariance RT and increases

the array gain at this antenna spacing. Compared with the perfect estimation cases,

however, all the three outages with imperfect estimation suffer a 2.1− 2.3 dB power
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Figure 4.6: Diversity gain vs. antenna spacing d/λ for N = M = 2 SU-MIMO MRC
system with power measure P3, L = 2 and Pp/N0 = 10 dB.

loss at this outage level. Larger power loss can be seen at even lower outage level,

e.g., 0.1% outage. This performance degradations are similar for radiated power P2

in Figure 4.5(b) and delivered power P3 in Figure 4.5(c). Another key observation is

that multiport matching gives better performance than self-matching for P1 and P3,

and are not distinguishable for P2. This can be explained firstly by observing that,

given P1 which though does not correspond to any actual power, coupled antennas

are less efficient radiators and so have smaller P2. Secondly since the self-matching

only maximizes power transfer to the isolated antennas, then the delivered power P3

is not necessarily transferred efficiently to the antennas for small values of d. Finally,

P2 is defined posterior to the matching network, hence performance does not affected

by different types of matching networks given P2.

Further insight can be gained by examining the effect of antenna spacing on



73

0 2 4 6 8 10 12 14 16
13

14

15

16

17

18

19

20

21

D
iv

er
si

ty
 g

ai
n 

 [d
B

]

L

Perfect estimation
Imperfect estimation

Figure 4.7: Diversity gain vs. number of pilot symbols per transmission block (L)
d/λ for N = M = 2 SU-MIMO MRC system with power measure P3, d = 0.2λ,
Pp/N0 = 10 dB and multiport matching.

the diversity gain defined earlier. Figure 4.6 plots the diversity gain versus antenna

spacing d/λ for the actual power constraint P3 with different matching and channel es-

timation conditions. In this figure, we see that the channel estimation error degrades

the diversity gain about 1.7 dB compared with the corresponding case without esti-

mation error. Once again, coupled system (using either self-matching or multiport

matching) outperforms the i.i.d. systems for all spacings 0.2λ < d < 0.4λ for both

perfect and imperfect channel estimation, with the greatest improvement occurring

around d ≈ 0.25λ − 0.3λ. No surprise, coupled system using multiport matching

achieves a higher diversity gain than that using self-matching. Similar results can be

obtained for power measure P1 and P2.

Finally, Figures 4.7 and 4.8 plot the dependence of diversity gain on the number

of pilot symbols and pilot SNR for the 2 × 2 SU-MIMO system for power measure
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Figure 4.8: Diversity gain vs. pilot SNR Pp/N0 for N = M = 2 SU-MIMO MRC
system with power measure P3, d = 0.2λ, L = 2 and multiport matching.

P3. WLOG, only the coupled system using multiport matching with antenna spacing

d = 0.2λ is considered. In Figure 4.7, diversity gain with 10 dB pilot SNR (i.e., with

channel estimation error) increases as the number of pilot symbols per transmission

block increases, and tends to converge to the case with perfect estimation. From

the estimation theory viewpoint, more observation symbols improve the performance

of LMMSE estimator. In practice, the number of pilot symbols is limited due to

the relative short transmission duration and small transmission bandwidth, then the

estimation error always exist. Similarly, the diversity gain can be improved by another

means of increasing the SNR of pilot symbols as seen in Figure 4.8. And the diversity

gain performance converges to the case with perfect estimation when pilot SNR is

greater than 24 dB.

The numerical results above suggest that, regardless of the power measure,
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matching and channel estimation conditions, most of the performance benefits of SU-

MIMO MRC can be obtained with transmit antennas spaced as close as 0.2 − 0.3λ

apart. In this range, mutual coupling tends to cancel the spatial correlation or/and

increases the array gain, so that performance close to (or better than) the i.i.d. case

can be obtained even when the antenna elements are strongly coupled. The results

also suggest the suboptimal self-matching gives acceptable performance and enjoys

the lower design complexity compared with the optimal multiport matching. Finally,

imperfect channel estimation degrades the performance and can be compensated by

using more pilot symbols and larger pilot SNR when necessary.

4.3 Conclusion

In this chapter, we consider the joint effect of transmitter correlation, mutual

coupling, and matching networks and imperfect CSI due to either limited feedback or

channel estimation error on the design and performance of SU-MIMO MRC systems.

We present codebook design techniques for three different measures of transmitter

power which have been proposed in the literature, and we investigate the impact

of antenna matching on the performance of these codebooks. Then more realistic

model of channel estimation and error using LMMSE estimator is presented. Based

on this model, we evaluate the performance loss due to the channel estimation error

and consider the parameters which determine the quality of channel estimation. This

work extends our earlier study of the impact of mutual coupling on SU-MIMO MRC

systems with full CSI (i.e., perfect channel estimation plus unlimited feedback) in

Chapter 3. Numerical results suggest the following findings:
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First, regardless of the power measure considered and matching network used,

most of the performance benefits of SU-MIMO MRC with limited feedback can be

obtained with transmit antennas spaced as close as 0.2λ−0.3λ, using as few as B = 2

bits feedback.

Second, traditional codebook may degrades the performance in the actual

coupled system with self-matching. The performance loss can be dismissed by using

multiport matching.

Third, channel estimation error at the receiver degrades the SU-MIMO MRC

performance. The performance loss can be reduced by using more pilot symbols

per transmission block and/or larger pilot SNR without changing the transmission

strategy.

Fourth, When transmit antennas are coupled in a small aperture, matching

network allows the antennas spaced as close as 0.2λ−0.3λ and achieves an acceptable

or even better performance compared with the uncoupled and uncorrelated system

for all the three power measures.

We conclude that imperfect channel knowledge is at one or both communica-

tion ends, the optimal transmission strategies for SU-MIMO MRC with coupling (in

Chapter 3) are no longer optimal but are still applicable by using limited feedback

technique or LMMSE channel estimation.
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Chapter 5

Coordinated Beamforming for

MU-MIMO Broadcast Channels

MU-MIMO broadcast systems can significantly improve the downlink through-

put by supporting multiple users simultaneously. When receiver noise is uncorrelated

and full CSI is available at both ends (or only CSI at receiver plus limited feedback),

a jointly designed linear transmit-receive beamforming technique, coordinated beam-

forming, is suitable for MU-MIMO broadcast channels and is effective to increase the

achievable sum-rate and suppress the multiuser interference as seen in Chapter 2.

Generally, fading path gain and receiver noise are equally important to determine the

output SNR for wireless MIMO systems. Hence when receiver noise and/or signal

fading are correlated, the conventional CBF may not be able to acquire the desired

SNR and sum-rate, which can be observed by analogy to single-user SIMO receiver

[25] and MIMO MRC receiver [27] with correlated fading and noise due to mutual

coupling.
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Moreover, the statistics of the signal and noise will depend in general on

detailed aspects of the receiver design, such as the antenna impedances, matching

networks, and amplifiers employed in the receiver RF front-ends. To optimize per-

formance in such scenarios, it is necessary to develop realistic models of these inter-

actions as well as new beamforming techniques that exploit these models to improve

performance.

In this chapter, we investigate the effects of receive antenna coupling, matching

networks and correlated noise on the design and performance of downlink coordinated

beamforming systems. In Section 5.1, we present a new coordinated beamforming

technique as well as the limited feedback method for two receivers that is suitable

for MIMO broadcast channels with signal and noise correlation at the receiver. In

Section 5.2, we present a model for a multi-antenna receiver front-end that charac-

terizes the signal and noise correlation that results from mutual coupling. Finally, in

Section 5.3, we present numerical results to evaluate the performance of the proposed

beamforming technique to this specific type of signal and noise correlation, and verify

its dependence on the properties of the receive array, matching networks, amplifiers,

and channel state feedback.

5.1 Coordinated Beamforming

When receive antennas are placed close together, the signal components in

each receiver chain may become correlated. In a similar way, recent results have

shown that mutual coupling among the receive antennas can also cause the noise in

each chain to become correlated (e.g. [58], [71],[25]). In this section, we present a
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coordinated beamforming strategy suitable for MIMO broadcast channels with signal

and noise correlation at the receiver. The specific form of signal and noise correlation

that results from mutual coupling is presented in the next section.

5.1.1 Problem Formulation

Consider a MIMO broadcast channel in which a base station with N trans-

mit antennas sends data to two users with M receive antennas each, as shown in

Figure 2.7 with K = 2 users. In a rich scattering and frequency-flat Rayleigh fad-

ing environment1, the complex baseband signal detected at the k-th user may be

expressed as

rk = Hkx+ nk , (5.1)

where x = b1w1+ b2w2 is the transmit signal vector carrying one symbol bk for the k-

th user via the unit-norm beamforming vector wk ∈ CN×1, Hk ∈ CM×N is the channel

matrix between the transmitter and the k-th user, nk represents noise. We assume the

N transmit antennas are spaced far enough apart so as to be essentially uncoupled and

uncorrelated, so the columns of Hk are independent zero-mean circularly-symmetric

complex Gaussian vectors with covariance Sk. Hereafter we denote this distribution

by CN (0,Sk). The noise is also modeled as Gaussian, nk ∼ CN (0,Tk). Expressions

for Sk and Tk are derived in Section 5.2.

The linear multiuser MIMO beamforming scheme studied in [97] and [14] ap-

plies a linear combiner gk ∈ CM×1 to the received signal at the k-th user to form the

1These results extend in a natural way to frequency-selective channels with OFDM, but we will
not consider this here.
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decision statistics as

yk = gH
k rk = gH

k Hkwkbk + gH
k Hkwlbl + gH

k nk , (l 6= k) (5.2)

where gH
k Hkwkbk is the desired signal and gH

k Hkwlbl is the inter-user interference,

l = 1 if k = 2 and l = 2 if k = 1 thereafter.

The zero-interference constraints imply

gH
1 H1w2 = gH

2 H2w1 = 0 , (5.3)

in which case the sum-rate of the resulting system is given by

C(w1,w2,g1,g2) = log2(1 + γ1) + log2(1 + γ2) , (5.4)

where Pk = E[|bk|2] is the transmit power allotted to user k and

γk =
Pk|gH

k Hkwk|2
gH
k Tkgk

(5.5)

is the output SNR of the k-th receiver. The optimization problem is therefore to

maximize (6.4) over all unit-norm vectors w1,w2 ∈ CN×1 and vectors g1,g2 ∈ CM×1

that satisfy (5.3). Here we assume full CSI (H1 andH2) is available at the transmitter,

the case of limited feedback is considered below.

5.1.2 Uncorrelated Fading and Noise

For uncorrelated fading (S1 = S2 = I) and spatially white noise (T1 = T2 =

N0I), this optimization problem has been studied in [97] and [14]. A brief discussion

is given as below (see Section 2.4 for more details).

Each receiver applies MRC combiner of the form

g1 = H1w1 , g2 = H2w2 , (5.6)
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which alters the zero-interference constraints (5.3) as

wH
1 H

H
1 H1w2 = wH

2 H
H
2 H2w1 = 0 . (5.7)

By showing that any beamformers w1 and w2 that satisfy (5.7) must be generalized

eigenvectors of the matrices

F1 = HH
1 H1 , F2 = HH

2 H2 , (5.8)

Chae et al. [14] proposed the following approach to coordinated beamforming.

{wo
1,w

o
2} = arg max

w1,w2∈W,w1 6=w2

C(w1,w2,H1w1,H2w2) , (5.9)

where W is the set of unit-norm generalized eigenvectors of F1 and F2. Simulations

results presented in [14] suggest that this method can achieve a sum-rate close to the

sum-capacity of the MIMO broadcast channel when N = M = 2.

5.1.3 Correlated Fading and Noise

When signal fading is correlated (S1 6= I or S2 6= I) but the noise is spatially

white, the coordinated beamforming strategy in [14] can still be applied as written,

although the resulting average sum-rate will naturally depend on the covariances

S1, S2. The situation is more complicated when channel noise is correlated. When

T1 6= N0I or T2 6= N0I, the strategy in [14] still eliminates multiuser interference in

the decision statistics (5.2), but does not generally provide the best sum-rate because

it contains no preference for beamformers aligned to directions with minimum channel

noise.

To develop a strategy suitable for correlated noise, consider a channel with
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non-singular noise covariances T1 and T2. Let T
1/2
k denote the Hermitian square-

root of Tk. Substituting the change of variables

g1 = T
−1/2
1 u1 , g2 = T

−1/2
2 u2 (5.10)

into (5.2), we obtain the decision statistics

yk = uH
k T

−1/2
k Hkwkbk + uH

k T
−1/2
k Hkwlbl + uH

k T
−1/2
k nk , (l 6= k) (5.11)

Observe that choosing vectors w1,w2,u1,u2 to eliminate multiuser interference and

to optimize the resulting sum-rate of the channel (5.11) is mathematically equivalent

to the original optimization problem (5.2) with H1, H2, n1 and n2 replaced by Ĥ1 =

T
−1/2
1 H1, Ĥ2 = T

−1/2
2 H2, n̂1 = T

−1/2
1 n1 and n̂2 = T

−1/2
2 n2, respectively.

Since the new noise vectors n̂1 and n̂2 are both CN (0, I), we can now apply

the beamforming strategy for uncorrelated noise in [14]: If MRC combining is used,

then u1 = Ĥ1w1 and u2 = Ĥ2w2, or equivalently

g1 = T−1
1 H1w1 , g2 = T−1

2 H2w2 . (5.12)

For these combiners, the zero-interference constraints (5.3) become

wH
1 H

H
1 T

−1
1 H1w2 = wH

2 H
H
2 T

−1
2 H2w1 = 0 . (5.13)

For any M ≥ N ≥ 2, we conclude that any beamformers w1 and w2 that satisfy

(5.13) must be generalized eigenvectors of the matrices

F̂1 = HH
1 T

−1
1 H1 , F̂2 = HH

2 T
−1
2 H2 . (5.14)

We can now extend the coordinated beamforming strategy in [14] to correlated

fading and noise as follows:

{ŵo
1, ŵ

o
2} = arg max

w1,w2∈Ŵ,w1 6=w2

C(w1,w2,T
−1
1 H1w1,T

−1
2 H2w2) , (5.15)
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where Ŵ is the set of unit-norm generalized eigenvectors of F̂1 and F̂2.

Simulations of the performance of this strategy for receiver mutual coupling

are given in Section 5.3. We conclude this section with a general observation about

the average performance of this beamforming strategy.

Theorem 1 The expected sum-rate of the coordinated beamforming strategy above,

C̄ = E

[
max

w1,w2∈Ŵ,w1 6=w2

C(w1,w2,T
−1
1 H1w1,T

−1
2 H2w2)

]
,

depends on S1,S2,T1,T2 only through the eigenvalues of the “SNR” matrices S1T
−1
1

and S2T
−1
2 .

Proof of the Theorem 1: From (5.4) and (5.5), observe that forw1,w2 ∈ Ŵ ,w1 6=
w2

C(w1,w2,T
−1
1 H1w1,T

−1
2 H2w2) = log2(1 + P1w

H
1 F̂1w1) + log2(1 + P2w

H
2 F̂2w2)

so C̄ depends only on the distributions of the independent random matrices F̂1 and

F̂2 in (5.14). The first channel matrix can be written as H1 = S
1/2
1 H̃1, where H̃1 is

a matrix with independent CN (0, 1) entries, and thus F̂1 = H̃H
1 S

1/2
1 T−1

1 S
1/2
1 H̃1. The

eigenvalue decomposition yields

S
1/2
1 T−1

1 S
1/2
1 = UHΛ1U

where Λ1 is a diagonal eigenvalue matrix and U is an M ×M unitary matrix. Since

H̄1 = UH̃1 and H̃1 have the same probability distribution, it follows that F̂1 =

H̄H
1 Λ1H̄1 where H̄1 is a matrix with independent CN (0, 1) entries. Since S

1/2
1 T−1

1 S
1/2
1

and S1T
−1
1 have the same eigenvalues, the distribution of F̂1 thus depends only on the

eigenvalues of S1T
−1
1 . Proceeding in the same way, we can show that the distribution

of F̂2 depends only on the eigenvalues of S2T
−1
2 , which completes the proof.
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5.1.4 Limited Feedback

The coordinated beamforming scheme in Section 5.1.3 requires the matrices F̂1

and F̂2 to be fed back by the users to the base station. We adopt the simple limited

feedback method proposed in [14], in which the entries of the normalized matrices

Ĝk =
F̂k

tr(F̂k)
, k = 1, 2

are uniformly quantized and fed back to the transmitter. As shown in [14], these

matrices are Hermitian, preserve the generalized eigenvectors, and the entries have

well-defined ranges. For example, let gij = [Ĝk], then we have g11, . . . , gNN ∈ [0, 1]

with
∑N

i=1 gii = 1 and Re{gij}, Im{gij} ∈ [−0.5, 0.5] when i 6= j. Hence for each Ĝk)

(i.e., for each user) only N − 1 diagonal real scalars and N2 − N off diagonal real

scalars need to be quantized, which requires a total of (N2 − 1)Q bits if each real

scalar is quantized by Q bits.

As noted in Section 2.4.2, the multiuser interference in (5.2) may not be com-

pletely canceled when using quantized version of CSI. Consequently, the following

SINRs (5.16) should be used in (5.4) to evaluate the sum-rate in the presence of

limited feedback.

γk =
Pk|gH

k Hkwk|2
Pl|gH

k Hkwl|2 + gH
k Tkgk

. (5.16)

5.2 Receiver Model with Mutual Coupling

We now present a model for a multi-antenna receiver with correlation and

mutual coupling. The aim is to derive physical expressions for the correlation ma-

trices S1,S2,T1,T2 introduced in Section 5.1.3. Since the mechanisms that lead to



85+-
o1v

Matchingnetworks 
M =Z

Antennas Amplifiers Load
11 12

21 22

z z

z z

    Lz
+-L1v+-

oMv

. . . . . . . . .
Lz

+-LMv

corz corz−

corz corz−

+ -
1av+ -

aMv

1ai

aMi

AZ

11 12

21 22

z z

z z

   11 12

21 22

   Z Z

Z Z

Figure 5.1: Circuit model of an M -antenna receiver with mutual coupling.

correlation in both receivers are similar, throughout this section we focus solely on

receiver 1.

We consider the circuit model for an M -antenna receiver introduced in [25],

which is illustrated in Figure 5.1. This model includes the impedances of the antenna

array, matching network, front-end amplifiers and load, as well as the currents and

voltages due to the signal and dominant noise sources.2 We assume the system is

narrowband, so that all impedances are constant over the system bandwidth and all

signals can be expressed in complex baseband form.

5.2.1 Antenna Array

The antenna array can be represented as an M -port Thevenin equivalent cir-

cuit, as shown in Figure 5.1. The relationship between terminal voltages and currents

is then described by an M ×M impedance matrix ZA. The antenna array converts

2For simplicity, the downstream noise in [25, eq. 25] is omitted, so rd = 0.
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the incident electromagnetic field into an open-circuit voltage Vo across the antenna

terminals. Since this voltage contains both signal and noise components, it can be

written as

vo = Hox+ no , (5.17)

where Hox is the voltage induced by the transmitted signal x and no represents noise.

We assume that the columns of Ho are independent, CN (0,So) random vectors. For

a uniform linear array, some authors [85, 51, 22, 61] have modeled the open-circuit

signal covariance by Clarke’s model

[So]mn = J0(2πd|m− n|/λ) , (5.18)

where d is the inter-element spacing, λ is the wavelength, and J0 is the zeroth-order

Bessel function of the first kind. Simulations suggest that this model may not be

accurate for small d, however, so we estimate this matrix numerically in Section 5.3.

For perfectly conducting antennas, no represents the voltage induced in the ar-

ray by noise from the surrounding environment. As in [25], we consider here thermal

noise from an isotropic distribution of black-body radiators with a uniform tempera-

ture T0. In this case, the noise voltage is no ∼ CN (0,To), where [25]

To = 2kBT0B(ZA + ZH
A ) , (5.19)

kB = 1.38 × 10−23J/K is Boltzmann’s constant and B is the system bandwidth in

Hz. In this paper, we take T0 = 290 K, the standard temperature. Note that, in the

absence of mutual coupling, ZA is diagonal and the noise is spatially white. When

coupling is present, however, ZA is no longer diagonal and the noise is correlated.
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5.2.2 Matching Networks

Amatching network is often used to alter the antenna array impedance, usually

in order to maximize the power transfer or minimize the noise factor of the amplifiers.

This network is usually formed from passive, reactive elements so it is noiseless,

lossless and reciprocal. If v1, i1, v2, i2 denote the voltages and currents at the

network input and output, respectively, then the network is described by four M×M

impedance matrices:

v1 = Z11i1 + Z12i2 (5.20)

v2 = Z21i1 + Z22i2 . (5.21)

As shown in [42, eq. (2.4)–(2.5)], this network is lossless (i.e. dissipates no power) if

the following conditions are satisfied: Z11 = −ZH
11, Z12 = −ZH

21 and Z22 = −ZH
22. The

antennas and matching network together constitute a noisy linear network which can

be represented as a Thevenin equivalent circuit with open-circuit voltage [42, pg. 13]

v′
o = Mvo , M = Z21(Z11 + ZA)

−1 , (5.22)

and impedance

Z′
A = Z22 −MZ12 . (5.23)

These equations will be applied to some specific matching networks of interest in

Section 5.3.

5.2.3 Amplifiers

The matching network is connected to the load through a bank of M identical,

uncoupled amplifiers. Each amplifier can be modeled as a linear, noisy two-port
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network [25], as shown in Figure 5.1. The internal noise in amplifier k is represented

by a random noise voltage vak ∼ CN (0, 4kBT0Bra) and an independent noise current

iak ∼ CN (0, 4kBT0Bga), where ra and ga are the equivalent noise resistance and

equivalent noise conductance, respectively. The parameter zcor = rcor + jxcor is called

the correlation impedance and models the degree of correlation between the noise

observed at the two ports of the amplifier. Note that the noise statistics of an amplifier

are completely characterized by the parameters {ra, ga, zcor}.
When an isolated amplifier is connected to a source of impedance zs = rs+jxs,

the noise factor is defined as the total noise power observed at the output port divided

by the noise power contributed by the source alone, which is given by [25]

F = 1 +
1

rs

(
ra + ga|zs + zcor|2

)
.

The noise factor is a useful metric because it relates the input and output SNRs of

the amplifier. In decibels, this relationship is given by SNRout = SNRin − NF, where

NF = 10 log10 F is the noise figure. It can be shown that the minimum value of F is

Fmin = 1 + 2
(
garcor +

√
gara + (garcor)2

)
, (5.24)

which is achieved when zs = zopt where

zopt =
√

ra/ga + r2cor − jxcor . (5.25)

5.2.4 Load

In Section 5.1, we denoted the input to the first user’s combiner by r1 in (5.1).

In our model, r1 is taken to be the voltage VL observed across the load in Figure 5.1.

We assume that the receiver chains after the amplifiers are uncoupled and each is
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electrically isolated from the receiver front-end, so each branch of the load can be

modeled by an impedance zL.

With the assumptions above, the fading covariance in (5.1) was shown in [25]

to be given by

S1 = DCMSoM
HCHDH (5.26)

where So is the open-circuit fading covariance (e.g., 5.18),

C = z21(Z
′
A + z11I)

−1 , (5.27)

D = zL[(zL + z22)I− z12C]−1 , (5.28)

I is the M × M identity matrix, and M and Z′
A are defined in (5.22) and (5.23),

respectively. Here M describes the impact of the matching network on the open-

circuit fading covariance, and DC is obtained by using elementary circuit theory to

map the fading covariance at the output of the matching network to the corresponding

covariance at the load. The noise covariance was shown in [25, eq. (25)] to be

T1 = (DC)Ta(DC)H , (5.29)

where

Ta = 4kBT0B

[
1

2
(Z′

A + Z′H
A ) + raI+ ga(A

′
a + zcorI)(A

′
a + zcorI)

H

]
, (5.30)

kB is Boltzmann’s constant, T0 is the noise temperature of the amplifier and surround-

ing noise (assumed equal), B is the bandwidth, and {ra, ga, zcor} are the amplifier noise

parameters. Intuitively, Ta represents the combined covariance of all noise sources,

referred to the output of the matching network.

The covariance T1 and the analogous covariance T2 of receiver 2 are the in-

puts to the coordinated beamforming strategy proposed in Section 5.1.3. Note that
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this strategy in general depends on detailed aspects of the receiver design, such as

the antenna impedances, matching networks, amplifier parameters and surrounding

noise environment. The performance of this strategy, however, can be expressed in a

somewhat simpler form. From Theorem 1, we know that the average sum-rate per-

formance of this system depends on S1 and T1 only through the eigenvalues of the

SNR matrix S1T
−1
1 . When DC is non-singular, however, then

S1T
−1
1 = (DC)MSoM

HT−1
a (DC)−1 .

Since S1T
−1
1 is related to MSoM

HT−1
a by a similarity transformation, they have the

same eigenvalues. From Theorem 1, we can therefore take S1T
−1
1 = MSoM

HT−1
a for

the purposes of evaluating the average sum-rate performance.

5.3 Numerical Results

In this section, we give numerical examples that illustrate how the coordinated

beamforming strategy proposed in Section 5.1.3 performs when applied to mobiles

with receiver correlation and mutual coupling, as modeled in Section 5.2. We consider

a system with N = 2 transmit antennas spaced far enough apart so as to be uncoupled

and uncorrelated. We assume the transmitter allocates equal power to each user, so

P1 = P2 = P/2 where P is the total transmit power.

We assume the transmitter sends data to two users with identical receivers.

Each receiver employs a uniform linear array of M = 2 or 4 half-wavelength dipoles

with inter-element spacing d. Each dipole has radius 10−3λ, where λ is the signal

wavelength.
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The open-circuit fading covariance So was computed as follows. Let gm(φ)

denote the open-circuit voltage induced in the m-th receive antenna by a vertically-

polarized, unit-power plane wave with angle-of-arrival φ due to a scatterer located in

the antenna far-field. If the received signal consists of a superposition of a large num-

ber of plane waves with random phases, which are uniformly distributed in azimuth

φ, then the signal is approximately Gaussian with mean zero and covariance [71, 25]

[So]mn =
1

2π

∫ 2π

0

gm(φ)g
∗
n(φ)e

j2π d
λ
(m−n) cosφ dφ .

For omnidirectional antennas (gm(φ) = 1), this expression reduces to Clarke’s model

(5.18). While infinitesimally thin dipoles are often well modeled as omnidirectional,

finite-diameter dipoles in an array are not. We therefore calculated the functions

gm(φ) using the Numerical Electromagnetics Code (NEC) [2], a program based on

the method of moments. NEC was also used to estimate the antenna impedance ZA,

which should be more accurate than the thin dipole approximations in [6].

We consider the Maxim 2642 SiGe low-noise amplifier [68], which is designed

for use in the cellular band. In high-gain mode with Rbias = 510 Ω and f = 900 MHz,

its impedance matrix and noise parameters are given by



z11 z12

z21 z22


 =




35.7∠− 82.0◦ 2.74∠91.8◦

325∠− 119◦ 46.1∠− 23.3◦


 Ω

ra = 9.45 Ω, ga = 3.24 mS, zcor = 35.3∠− 114◦ Ω (5.31)

To maximize power transfer from the amplifiers to the load, we assume the load is

conjugate matched to the amplifier output impedance, so zL = z∗22.

We consider two matching networks that have been discussed in the literature

[59, 71]. In optimal multiport matching for minimum noise factor, the network ZM in
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(5.23) is chosen so that Z′
A = zoptI, where zopt is the source impedance (5.25) that

minimizes the amplifier noise factor. It is easily verified that a lossless, reciprocal

network that implements this match is

Zmm
M = j




−XA −√
roptR

1/2
A

−√
roptR

1/2
A xoptI


 (5.32)

where XA = Im{ZA}, ropt = Re{zopt}, xopt = Im{zopt}, and RA = (1/2)(ZH
A + ZA).

From (5.29) and (5.30), we see that this matching network effectively uncouples the

antennas, and so the noise covariance in (5.30) reduces to spatially white noise, Ta =

N0I, where N0 = 4kBT0BFminropt.

The optimal multiport match can be difficult to realize in practice. We there-

fore also consider a simpler, suboptimal type of matching, called self-matching [59, 25],

in which a two-port matching network is connected to each single dipole that achieves

the minimum noise figure for that antenna in isolation. A reciprocal and passive net-

work that implements this match is

Zsm
M = j




−XAS −√
roptR

1/2
AS

−√
roptR

1/2
AS xoptI


 (5.33)

where ZAS = diag(ZA), RAS = Re{ZAS} and XAS = Im{ZAS}. Here diag(·) retains
only the diagonal entries of the matrix.

In Figure 5.2, we plot the expected sum-rate (5.4) versus SNR (= P/N0, more

precisely is average input SNR) of coordinated beamforming systems forM = 2 receive

antennas spaced d = 0.1λ apart. When optimal multiport matching (5.32) is used, the

noise covariances T1 and T2 are spatially white and the coordinated beamforming

algorithm for uncorrelated noise (CBF-U) in Section 5.1.2 can be applied. When
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full CSI is available, this algorithm yields the largest sum-rate in Figure 5.2 for all

SNRs. In fact, the sum-rate of this highly coupled system is slightly better than the

performance obtained for i.i.d. fading and noise in [14]. Although it may be surprising

that a highly coupled system can actually perform slightly better than i.i.d. fading

and noise, similar results have been reported for MIMO capacity [93], receive diversity

[25] and single-user MIMO MRC [27]. Using the simpler but suboptimal self-match

(5.33) with CBF-U leads to a performance loss of roughly 3.6 dB at high SNRs,

due to the presence of correlated noise in the receivers. If we compensate for the

correlation by applying the new coordinated beamforming algorithm for correlated

noise (CBF-C) in Section 5.1.3, the loss is reduced to about 1.8 dB. When self-

matching is used, note that both algorithms enforce zero multiuser interference at

the receivers; however, CBF-C also exploits the noise correlation present in coupled

receivers to further improve performance.

Figure 5.2 also shows the expected sum-rate of these four systems with limited

feedback (LF) with Q = 2 bits (black lines) or Q = 4 bits (red lines), as described in

Section 5.1.4. Again we see that CBF-U with multiport matching provides the best

performance and is slightly better than the performance obtained for i.i.d. fading

and noise in [14]. The performance loss entailed by using self-matching with CBF-U

is in the range 3.6-8.0 dB for Q = 2 and 3.6-5.0 dB for Q = 4. If the new algorithm

CBF-C is used with self-matching, however, these losses are reduced to 0.8-1.8 dB for

Q = 2 and 1.0-1.8 dB for Q = 4. For SNRs in the range 0-5 dB, note that all of the

limited feedback curves are close to the corresponding full CSI curves, so Q = 2 could

be used with little loss of performance. The limited feedback systems with Q = 4

perform close to full CSI systems for SNRs up to 15 dB. For higher SNRs, a large
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Figure 5.2: Sum rate vs. SNR with N = M = 2 and d = 0.1λ.

gap opens up between the performance of the new algorithm with full CSI and the

limited feedback versions, which might be mitigated by choosing a larger Q.

The advantages of larger arrays are illustrated in Figure 5.3, which plots the

expected sum-rate of CBF-C (or CBF-U) with multiport matching for M = 2 and 4

receive antennas, spaced 0.2λ apart, and different feedback scenarios. For full CSI,

the larger array improves the sum-rate by a consistent 4.7 dB relative to the M = 2

case. For limited feedback scenarios, however, the improvement decreases as SNR

increases, particularly for small Q. Note that similar conclusion can be drawn for the

sum-rate performance for self-matching.

We now consider the impact of receive antenna spacing on the expected sum-

rate. Figure 5.4 plots the expected sum-rate of the proposed beamforming system

for M = 2, limited feedback Q = 2 or 4, two different SNRs (P/N0 = 10 dB and 20
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Figure 5.3: Sum-rate for multiport matching vs. SNR with N = 2, M = 2 or 4 and
d = 0.2λ.

dB). Also shown for comparison is the performance of an i.i.d. system with the same

SNRs. Note that sum-rate can be increased by using larger SNR even in the presence

of limited feedback. This improvement is significant for larger Q, about 0.5 - 1.5

bps/Hz when SNR = 0 dB and 2.5 - 4.5 bps/Hz when SNR = 20 dB. Regardless of

SNR and Q, multiport matching can achieve performance close to the i.i.d. case even

in the presence of strong coupling, whereas performance with self-matching tends to

degrade for d < 0.4λ.

Another performance metric of interest in coordinated beamforming is the

outage probability:

P out
k (τ) = Pr {γk < τ} , (5.34)

where τ is a non-negative threshold and γk is defined by (5.5) for full CSI systems

and by (5.16) for limited feedback. Since no closed-form formulas exist for the outage
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Figure 5.4: Sum-rate vs. antenna spacing with N = 2, M = 4 and different feedback
scenarios.

probability of coordinated beamforming systems, we will estimate it by Monte Carlo

methods.

The outage probabilities versus normalized SNR are shown in Figure 5.5 for

coordinated beamforming systems with M = 2 antennas spaced d = 0.1λ and 0.2λ

apart. Also shown for comparison are results for a SU-MIMO MRC system with

mutual coupling (black lines) from [28]. Here normalized SNR means that P out
k (τ) is

plotted versus

τ̄k =
τ

Pk/N0

=
τ
P

2N0

,

where Pk/N0 is the average input SNR of user k with zero multiuser interference.

When antenna spacing is 0.1λ shown in Figure 5.5(a), for full CSI (blue lines), we

see that CBF-U (and CBF-C) with multiport matching yields the best outage of all

the coordinated beamforming systems considered, and at 1% outage is about 3.7 dB
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Figure 5.5: Outage probability vs. normalized SNR with N = M = 2 for different
feedback scenarios.

away from the performance of a SU-MIMO MRC system with mutual coupling (black

lines). For self-matching, CBF-U suffers a loss of about 5 dB relative to multiport

matching at 1% outage. If the new algorithm CBF-C is used with self-matching,

this loss is reduced to 2.3 dB. When antenna spacing is increased to 0.2λ shown in

Figure 5.5(b), these performance loss using self-matching with full CSI relative to

multiport matching at the same outage level are reduced to 1.4 dB for CBF-U and to

0.8 dB for CBF-C. This is intuitive since near this antenna spacing, mutual coupling

tends to cancel the correlation for both the fading and noise (e.g., antenna noise and

partial amplifier noise, but not for all noise sources).

Figure 5.5 also plots the outage of limited feedback systems with Q = 2 bits

(red and brown lines). At 1% outage and 0.1λ spacing, the new algorithm CBF-C with

self-matching performs within 1.7 dB of CBF-U with multiport matching for P/N0 =
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Figure 5.6: Diversity gain vs. antenna spacing with N = M = 2 for different feedback
scenarios and noise sources.

10 dB, and within 0.7 dB for P/N0 = 20 dB. However the algorithm CBF-U with self

match suffers about 5 dB loss for both SNRs at the same outage level. Once again, the

performance loss using self-matching for LF systems is reduced when antenna spacing

is 0.2λ. Note that LF systems perform poorly for high SNRs because multiuser

interference is not completely canceled and the performance becomes interference

limited since

γk
P

2N0

=
|gH

k Hkwk|2
P

2N0
|gH

k Hkwl|2 + 1
N0

gH
k Tkgk

. (5.35)

Further insights can be gained by examining the effect of different noise sources

on the diversity gain, which is defined as the difference in SNR between the M = 2

and SISO (M = N = 1) outage curves at a fixed outage probability. Figure 5.6 shows

the diversity gain of CBF-C at 1% outage versus antenna spacing d/λ for M = 2,

limited feedback Q = 2 and 4, and different types of noise and matching conditions.
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Note that the diversity gain of CBF-C with self-matching decreases as d/λ decreases

in a way that depends on which source of noise is dominant. When antenna noise is

dominant (e.g., ra = ga = 0), the performance of CBF-C with self-matching is exactly

the same as multiport matching. On the other hand, when amplifier noise dominates

(e.g., To = 0) then the diversity gain tends to deteriorate rapidly as d/λ decreases

below 0.2. This can be explained by observing that antenna noise and the signal enter

the receiver at the same point, so that all subsequent impedances transform the signal

and noise in the same way, and so do not affect performance. Amplifier noise is more

of a problem because noise at the input terminal of amplifier 1 can be transferred via

mutual coupling to antenna 2 and become amplified by amplifier 2. Finally, observe

that CBF-C (or CBF-U) with multiport matching can achieve a diversity gain close to

the i.i.d case even when the receive antennas are strongly coupled, regardless of what

type of noise dominates. For large d, note that the antennas become less coupled and

the performance of both matching networks converges to the i.i.d. case for each type

of noise.

5.4 Conclusion

In this chapter, we investigated the effect of receiver correlation, mutual cou-

pling, matching networks, and correlated noise sources on coordinated beamforming

systems. We presented a new coordinated beamforming technique for two receivers

appropriate for MIMO broadcast channels with signal and noise correlation at the

receiver. The numerical examples in the previous section suggest the following find-

ings:
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First, when multiport matching is used, coordinated beamforming, CBF-U

algorithm in [14], can provide performance close to the i.i.d. case even when the

receive antennas are spaced as close as 0.2λ − 0.4λ apart. However, the multiport

matching itself is a coupled network and difficult to achieve in practice.

Second, self-matching is suboptimal but simpler compared with multiport

matching. With self-matching, the proposed CBF-C algorithm can significantly out-

perform CBF-U in coupled systems. However, the performance is often significantly

worse than multiport matching, particularly in strongly coupled systems.

Third, all of the information needed by the transmitter about the noise en-

vironment, antennas, matching networks and amplifiers at receiver k can be lumped

into a single matrix F̂k, which is fed back as CSI to the transmitter. Limited feedback

methods can often attain performance comparable to full CSI, although the amount

of feedback depends in an essential way on the SNR.

Fourth, performance depends on which noise sources are dominant in the cou-

pled multi-antenna receiver front-end.

We conclude that, even in the presence of strong correlation and mutual cou-

pling at the receiver, most of the benefits of coordinated beamforming can be pre-

served by using appropriate matching networks and linear beamforming. Moreover,

these benefits can be achieved even when feedback is limited.
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Chapter 6

Asymmetric Coordinated

Beamforming for MU-MIMO

Broadcast Channels

In a MIMO broadcast channel as noted earlier, multiuser interference (MUI)

deceases the receiver SNR and the overall sum-rate. A linear MIMO beamforming

technique can be used to suppress the interference by transmitting data in well de-

signed beamforming directions to multiple receivers. When full channel knowledge is

available at the transmitter, the linear non-iterative coordinated beamforming stud-

ied in [14] and [30] seeks to jointly optimize the transmit-receive beamforming and

enjoys the benefits of zero-interference and higher achievable sum-rate. This coor-

dinated beamforming technique achieves symmetric-rate for each user and does not

necessarily achieve optimal sum-rate performance.

In this chapter, we aim to further improve the sum-rate performance of down-
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link MU-MIMO coordinated beamforming systems subject to zero-interference con-

straints. In Section 6.2, we first present a new linear non-iterative symmetric coordi-

nated beamforming (SCBF) scheme suitable for MU-MIMO broadcast channels. In

Section 6.3, we relax the symmetry restriction and present an asymmetric coordinated

beamforming (ACBF) method. In this method, the first user employs single-user

MIMO MRC by sending data along the largest eigenmode, while the second user at-

tempts to maximize his rate of transmission subject to a zero-interference constraint.

In Section 6.4, we present a parameterized asymmetric coordinated beamforming (P-

ACBF) to achieve a better tradeoff between the rates of two users. We combine these

two ACBF strategies with time-division policy to create new, higher sum-rate and

symmetric beamforming strategies. Finally, in Section 6.5, we present numerical re-

sults to illustrate the performance of all proposed coordinated beamforming strategies

and the dependence on the number of transmit and/or receive antennas.

6.1 Problem Formulation

Consider a MIMO broadcast channel in which a base station with N transmit

antennas sends data to two users with M receive antennas each, as shown in Figure

6.1. It is well known that the sum-rate capacity of this channel is achieved by “dirty

paper” coding, which is non-linear and can be difficult to implement in practice. We

will therefore consider the simpler (but suboptimal) linear beamforming scheme in

which the base station transmits one symbol to each user via linear beamforming, so

that x = b1w1+b2w2 is transmitted, where bk is the symbol intended for the k-th user

and wk ∈ CN×1 is a unit-norm beamformer. We assume a rich scattering environment
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Figure 6.1: A MIMO broadcast channel with coordinated beamforming and two
users.

with a delay spread that is small compared to the inverse signal bandwidth, so the

complex baseband signal detected at the k-th user may be expressed as

rk = Hkx+ nk, (6.1)

where Hk ∈ CM×N is the channel matrix between the transmitter and the k-th user,

and nk ∈ CM×1 represents noise. We assume the N transmit antennas (and M receive

antennas) are spaced far enough apart so as to be essentially uncorrelated, so Hk are

independent zero-mean circularly-symmetric complex Gaussian matrices with i.i.d.

CN (0, 1) entries. The noise is also modeled as AWGN, nk ∼ CN (0, N0I).

Applying linear combiner gk ∈ CM×1 at the k-th user, the system outputs the

decision statistics:

y1 = gH
1 r1 = gH

1 H1w1b1 + gH
1 H1w2b2 + gH

1 n1 , (6.2-1)

y2 = gH
2 r2 = gH

2 H2w1b1 + gH
2 H2w2b2 + gH

2 n2 . (6.2-2)

We want to design linear beamformers w1,w2 and combiners g1,g2 so as to

maximize the sum-rate of this system, subject to the constraint that no interference
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is present in either decision statistic. The zero-interference constraints imply

gH
1 H1w2 = gH

2 H2w1 = 0, (6.3)

in which case the sum-rate of the resulting system is given by

C(w1,w2,g1,g2) = C1(w1,g1) + C2(w2,g2), (6.4)

where Ck(wk,gk) = log2(1 + γk) is the rate of the k-th user, Pk = E[|bk|2] is the

transmit power allotted to user k and

γk =
Pk

N0

|gH
k Hkwk|2
gH
k gk

(6.5)

is the output SNR of the k-th receiver. We assume full channel state information

(CSI) is available, so both H1 and H2 are known at the transmitter but the k-th

user only knows Hk. Note that the receiver CSI (CSIR) can be obtained through

pilot-based channel estimation, and transmitter CSI (CSIT) can easily be obtained

from the reciprocity of the channel or via feedback for unreciprocal channels. The

optimization problem is therefore given by

{wo
1,w

o
2,g

o
1,g

o
2} = arg max

w1,w2∈CN×1, g1,g2∈CM×1

||w1||2=||w2||2=1, w1 6=w2

C(w1,w2,g1,g2) . (6.6)

Though it is possible to send more data streams to each user and achieve

higher throughput, which is beyond the scope of this paper, we restrict ourselves

to single data stream per user. Under zero-interference constraints, the broadcast

system performs like two parallel single-user MIMO beamforming systems each with

full diversity.
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6.2 Symmetric Coordinated Beamforming

In this section, we proceed by introducing the traditional coordinated beam-

forming method studied in [97] and [14]. In this method, each user is equipped with

MRC combiner and achieves average symmetric-rate, which is referred as to symmet-

ric coordinated beamforming (SCBF) in this dissertation. We then proposed a new

SCBF method in which two transmit beamformers are with the form of maximum-

ratio transmission.

6.2.1 Traditional Symmetric Coordinated Beamforming

For M ≥ N = 2, Wong [97] asserts that the optimal receiver processing can be

obtained by MRC of the form gk = Hkwk when transmit beamformers wk are given.

Then the zero-interference constraints (6.3) and SNRs (6.5) can be simplified as

wH
1 H

H
1 H1w2 = wH

2 H
H
2 H2w1 = 0 , (6.7)

γk = (Pk/N0)w
H
k H

H
k Hkwk . (6.8)

Chae et al. [14] extend this work to M ≥ N ≥ 2 case by showing that any

beamformers w1 and w2 that satisfy (5.7) must be generalized eigenvectors of the

matrices

F1 = HH
1 H1 , F2 = HH

2 H2 . (6.9)

Then following approach to coordinated beamforming is proposed in [14]

{wo
1,w

o
2} = arg max

w1,w2∈W,w1 6=w2

C(w1,w2,H1w1,H2w2) , (6.10)

where W is the set of unit-norm generalized eigenvectors of F1 and F2.
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Let w0 =
∑N

j=1,j 6=i ajwj with scalars ∀aj ∈ C, then w = w0/||w0|| is an

arbitrary unit-norm vector in the space V(s)
i = span{wj}Nj=1,j 6=i spanned by N −

1 vectors {wj}Nj=1,j 6=i. Both vectors w and wi ∈ W satisfy the zero-interference

constraints (6.7) that wHFkwi = 0 for k = 1, 2. If the k-th user selects w as its

beamformer, the resulting SNR is therefore proportional to the following amount

wHH
k Hkw =

w0H
H
k Hkw0

w0w0

=

∑N
j=1,j 6=i |aj|2wH

j Fkwj∑N
j=1,j 6=i |aj|2

≤ max
j, j 6=i

wH
j Fkwj (6.11)

The last inequality implies that the optimal beamformer for the k-th user is chosen

from the set W .

Hence, the optimization problem using larger candidate sets for two beam-

formers

{wo
1,w

o
2} = arg max

w1=wi∈W, w2∈V(s)
i with ||w2||=1

or w1∈V(s)
j with ||w1||=1, w2=wj∈W

C(w1,w2,H1w1,H2w2) (6.12)

is equivalent to the original one (6.10).

6.2.2 Proposed Symmetric Coordinated Beamforming

Alternatively, beamformers and combiners for linear coordinated beamforming

scheme can be designed in the reverse order: given combiners g1 and g2, the opti-

mal unit-norm transmit beamforming vectors are with the form of maximum-ration

transmission [24],

w1 =
HH

1 g1

||HH
1 g1||2 , w2 =

HH
2 g2

||HH
2 g2||2 , (6.13)
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in which case the instantaneous SNRs (6.5) can be simplified as

γk =
Pk

N0

gH
k HkH

H
k gk

gH
k gk

, (6.14)

and the zero-interference constraints (6.3) become

gH
1 H1H

H
2 g2 = 0. (6.15)

Since the performance do not depend on the norm of these combiners, then

g1 and g2 can be any pair of left and right singular vectors corresponding to different

singular values of H1H
H
2 .

Based on this observation, we propose the following approach to coordinated

beamforming. First we compute two sets U = {ui}Mi=1 and V = {vi}Mi=1 of left and

right singular vectors of H1H
H
2 , respectively. We then choose the combiners from

these two sets respectively so as to maximize the sum-rate when transmit processing

(6.13) is used:

{go
1,g

o
2} = arg max

g1=ui∈U , w2=vj∈V, i 6=j
C

(
HH

1 g1

||HH
1 g1||2 ,

HH
2 g2

||HH
2 g2||2 ,g1,g2

)
. (6.16)

Note that uH
i H1H

H
2 vj = 0 if i 6= j, then ui is orthogonal to the space

span{v1, . . . ,vi−1,vi+1, . . . ,vM} . (6.17)

By extending the candidate sets of either g1 or g2, the following design therefore

improves the performance of sum-rate relative to (6.16):

{go
1,g

o
2} = arg max

g1=ui∈U , g2∈V(s)
i

or g1∈U(s)
n , g2=vn∈V

C

(
HH

1 g1

||HH
1 g1||2 ,

HH
2 g2

||HH
2 g2||2 ,g1,g2

)
, (6.18)

where V(s)
i = span{vj}Mj=1,j 6=i and U (s)

n = span{um}Mm=1,m6=n are the subspaces spanned

by M − 1 orthogonal vectors respectively.
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Now we consider the problem of finding optimal g2 ∈ V (s)
i to maximize the

sum-rate given g1 = ui where ui is an arbitrary vector in U . Under this assumption,

to maximize the sum-rate is equivalent to maximize the SNR γ2 of user 2 (6.14). Let

a ∈ C(M−1)×1 be arbitrary vector, then g2 takes the form

g2 = Via (6.19)

where Vi = [v1 . . .vi−1 vi+1 . . .vM ] denotes the submatrix of V by deleting the i-th

column. Then γ2 is given by

γ2 =
P2

N0

aHVH
i H2H

H
2 Via

aHVH
i Via

=
P2

N0

aHVH
i H2H

H
2 Via

aHa

≤ P2

N0

λmax(V
H
i H2H

H
2 Vi) (6.20)

where λmax(A) returns the largest eigenvalue of matrix A, the second equality is

due to the fact that VH
i Vi = I, the last equality can be achieved when a is the

eigenvector corresponding to the largest eigenvalue of VH
i H2H

H
2 Vi. We denote this

optimal a as ao, then the desired combiner for user 2 is g2 = Via
o which maximizes

γ2. Similarly, when g2 = vn ∈ V is given, the desired g1 can be computed by this

subspace optimization method.

Note that both the traditional SCBF (6.10) and the proposed SCBF (6.18)

approaches are possible solutions to the constrained optimization problem (6.6). How-

ever, they are not necessarily equivalent since they may have different candidate sets

for beamformers and combiners. Moreover, they may not be optimal since the beam-

formers in traditional SCBF and combiners in proposed SCBF are not necessarily

optimal under zero-interference constraints.
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6.3 Asymmetric Coordinated Beamforming

Both symmetric beamforming strategies in Section 6.2 contain no user pref-

erence and therefore achieve symmetric-rate (see Section 6.5 for numerical results).

However, it is practical that two users may have different bandwidths and traffic de-

mands, e.g., one is for high-speed internet and the other is for voice or normal traffic.

It is therefore necessary to design a linear coordinated beamforming strategy in which

one user communicates with base station at a higher rate and the other user at a rela-

tively lower rate. This motivates the design of asymmetric coordinated beamforming

by relaxing the symmetry restriction on MU-MIMO coordinated beamforming.

Without loss of generality (WLOG), we assume user 1 is the desired user

at a higher rate. The rate (or equivalent the SNR) of user 1 can be maximized

by transmitting data along the largest eigenmode of the wireless MIMO channel

between base station and user 1. Under zero-interference constraints, user 1 performs

equivalently to a SU-MIMO MRC system. Let HH
1 H1 = T1Λ1T

H
1 denote eigenvalue

decomposition (EVD) where the diagonal matrix Λ1 = diag(λ1, . . . , λN) contains the

eigenvalues of HH
1 H1 in ascending order, i.e., λ1 ≤ . . . ≤ λN , and T = [t1 . . . tN] is a

unitary matrix. Then λmax

(
HH

1 H1

)
= λN , and therefore the beamformer w1 = tN

and combiner g1 = H1tN facilitate user 1 achieving the optimal instantaneous SNR

(6.5) as

max
w1

γ1(w1,H1w1) = (P1/N0)λmax

(
HH

1 H1

)
(6.21)

Assuming beamforming scheme above is applied for user 1, then the zero-

interference constraints (6.3) become

wH
1 H

H
1 H1w2 = g2H2w1 = 0. (6.22)
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Let a = [a1 . . . aN−1]
T ∈ C(N−1)×1 be an arbitrary (N − 1)-dimensional vector and

Q = [t1 . . . tN−1] be the submatrix of T1 by deleting the last column. Denote T (s)
N =

span{ti}N−1
i=1 . Since tiH

H
1 H1tj = 0 when i 6= j, then any unit-norm vector

w2 =
Qa

||Qa||2 ∈ T (s)
N (6.23)

may cancel the interference at user 1 caused by user 2 due to the fact that

g1H1w2 =
N−1∑
i=1

tHNH1
HH1tiai

||Qa||2 = 0 .

Therefore the sum-rate is maximized by choosing beamformer w2 and com-

biner g2 for user 2 as follows:

{wo
2,g

o
2} = arg max

w2∈T (s)
N with ||w||2=1

g2∈(H2tN )⊥

C(tN ,w2,H1tN ,g2) , (6.24)

where (A)⊥ denotes the null space of the space spanned by all the column vectors of

matrix A.

Next we begin the design of optimal w2 and g2 subject to the zero-interference

constraints (6.22) by deriving the candidate set of g2. Let H2tN = [U
(1)
2 U

(0)
2 ]Σ2V

H
2

denote the singular value decomposition (SVD), where U
(1)
2 represents the first left

singular vector, V2 only contains a complex scalar, and Σ2 ∈ CM×1 is only with the

first entry non-zero. Denote U
(0)
2 = [u1 . . .uM−1], arbitrary vector b ∈ C(M−1)×1 and

U (s)
M = span{ui}M−1

i=1 . Then arbitrary vector

g2 = U
(0)
2 b ∈ U (s)

M (6.25)

may eliminate the interference caused by user 1 at user 2 since

gH
2 H2w1 = bH

(
U

(0)
2

)H

H2tN = 0.
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Therefore the SNR of user 2 (6.5) is given by

γ2 =
P2

N0

∣∣∣∣bH
(
U

(0)
2

)H

H2Qa

∣∣∣∣
2

||Qa||22 · ||U(0)
2 b||22

=
P2

N0

∣∣∣∣bH
(
U

(0)
2

)H

H2Qa

∣∣∣∣
2

aHa · bHb

≤ P2

N0

σ2
max

((
U

(0)
2

)H

H2F

)
(6.26)

where σmax(A) returns the largest singular value of matrix A, the second equality is

due to the facts that QHQ = I and
(
U

(0)
2

)H

U
(0)
2 = I, the last equality is achieved

when optimal coordinate vectors ao and bo are the right and left singular vectors of

matrix
(
U

(0)
2

)H

H2F associated with the largest singular value, respectively. There-

fore the optimal w2 and g2 are

wo
2 =

Qao

||Qao||2 , go
2 = U

(0)
2 bo. (6.27)

which achieve the sum-rate of ACBF as

CACBF = log2
(
1 + (P1/N0)λmax

(
HH

1 H1

))

+ log2

(
1 + (P2/N0)σ

2
max

((
U

(0)
2

)H

H2F

))
. (6.28)

Note that rate of user 1 can be increased by allocating more power. It is trivial

that this two-user MIMO broadcast system may reduce to be SU-MIMO MRC system

when P1 = P and P2 = 0.

6.4 Sum-rate Maximization with ACBF

In asymmetric coordinated beamforming scheme, user 1 experiences the high-

est SNR and user 2 maximizes his SNR over the subspaces of beamformer and com-
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biner. However, the dimensional limitation of these subspaces may result in perfor-

mance loss for the rate of user 2 and then the sum-rate. In this section, we first

introduce a simple scheme to improve the sum-rate performance of ACBF. After that

we consider the sum-rate maximization problem based on the proposed parameterized

ACBF scheme. Finally, we derive a simple upper bound of the sum-rate to facilitate

the comparison of performance.

6.4.1 Time-Division ACBF (TD-ACBF)

As in Section 6.3, ACBF scheme for each transmission has K = 2 options:

apply beamformers w
(k)
1 , w

(k)
2 and combiners g

(k)
1 , g

(k)
2 , where k=1 or 2, to let the

k-th user performs SU-MIMO MRC to achieve the highest rate

maxCk = log2
(
1 + Pk/N0λmax

(
HH

k Hk

))
bps/Hz .

Denote the set of these two options as

S =
{
w

(k)
1 ,w

(k)
2 ,g

(k)
1 ,g

(k)
2

}
k=1,2

.

Then one natural idea is to time sharing these two modes according to the

maximum sum-rate criterion:

{wo
1,w

o
2,g

o
1,g

o
2} = arg max

{w1,w2,g1,g2}∈S
C(w1,w2,g1,g2), (6.29)

This time-division asymmetric coordinated beamforming (TD-ACBF) method

achieves a higher sum-rate relative to the original ACBF by changing the priorities of

two users. Though the computational burden is doubled for each transmission, it is

still acceptable since TD-ACBF is a non-iterative algorithm like ACBF and requires
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lower complexity and calculation resources. And it is easy for MU-MIMO broadcast

systems to switch the beamforming strategy between ACBF and TD-ACBF, which

gives the system more freedom and higher reliability.

6.4.2 Time-Division Parameterized ACBF (TD-P-ACBF)

Note that traditional SCBF is solved by generalized eigenvalue decomposition

(GEVD) of two user channels while ACBF is solved by eigenvalue decomposition

(EVD) of one user channel. Motivated by this observation, we propose a parameter-

ized ACBF (P-ACBF) method to evaluate the tradeoff between the rates of the two

users. WLOG, we assume user 1 is the desired user at a higher rate. Now we consider

the following generalized eigenvalue problem with parameter s ∈ [0, 1],

HH
1 H1f = λ

(
(1− s)I+ sHH

2 H2

)
f (6.30)

where λ and f are the generalized eigenvalue and eigenvector, respectively, of matrices

F1 = HH
1 H1 , F′

2 = ((1− s)IN + sF2) ,

where F2 = HH
2 H2.

Denote F = {fi}Ni=1 as the set of all unit-norm generalized eigenvectors of ma-

trices F1 and F′
2 with the order fH1 F1f1 ≤ . . . ≤ fHN F1fN . For user 1, the beamformer

and combiner are chosen such that

w1 = arg max
w1∈F

wH
1 F1w1 = fN , (6.31)

g1 = H1w1 = H1fN (6.32)

Now we consider the design of w2 and g2. Similar to ACBF scheme in Sec-

tion 6.3, we take the SVD as H2w1 = [U
(1)
2 U

(0)
2 ]Σ2V

H
2 , where U

(1)
2 represents the
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first left singular vector, V2 is a scalar and Σ2 is a M -dimensional complex vector

only with the first entry non-zero. Denote Q = [f1 . . . fN−1], U
(0)
2 = [u1 . . .uM−1], and

arbitrary vectors a ∈ C(N−1)×1 and b ∈ C(M−1)×1. Then arbitrary unit-norm vector

w2 and vector g2 formed by

w2 =
Qa

||Qa||2 , g2 = U
(0)
2 b, (6.33)

may cancel the interference due to the facts that

fHi R1fj = 0 if i 6= j ,
(
U

(0)
2

)H

H2w1 = 0.

Similar to (6.24), the sum-rate is maximized by choosing beamformer w2 and

combiner g2 for user 2 as follows:

{wo
2,g

o
2} = arg max

w2∈F(s)
N with ||w||2=1

g2∈U(s)
M

C(tN ,w2,H1tN ,g2) , (6.34)

where F (s)
N = span{fi}N−1

i=1 and U (s)
M = span{ui}M−1

i=1

Then the SNR of user 2 in (6.5) is

γ2 =
P2

N0

∣∣∣∣bH
(
U

(0)
2

)H

H2Qa

∣∣∣∣
2

||Qa||22 · ||U(0)
2 b||22

=
P2

N0

∣∣∣∣bH
(
U

(0)
2

)H

H2Qa

∣∣∣∣
2

aHBa · bHb

where the last equality is due to the fact that
(
U

(0)
2

)H

U
(0)
2 = I, since Q has full col-

umn rank then B = QHQ is a positive-definite Hermitian matrix, it has a Hermitian

positive-definite square root B1/2. Substituting t = B−1/2a, we obtain

γ2 =
P2

N0

∣∣∣∣bH
(
U

(0)
2

)H

H2QB−1/2t

∣∣∣∣
2

tHt · bHb

≤ P2

N0

σ2
max

((
U

(0)
2

)H

H2QB−1/2

)
(6.35)
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where the last equality is achieved when optimal coordinate vectors to and bo are the

right and left singular vectors, respectively, of the matrix
(
U

(0)
2

)H

H2QB− 1
2 associ-

ated with the largest singular value. Therefore, the beamformer and combiner of user

2 are given by

wo
2 =

QB− 1
2 to

||QB− 1
2 to||2

, go
2 = U

(0)
2 bo (6.36)

and achieve the sum-rate of P-ACBF as

CP−ACBF = log2
(
1 + (P1/N0)f

H
N HH

1 H1fN
)

+ log2

(
1 + (P2/N0)σ

2
max

((
U

(0)
2

)H

H2QB−1/2

))
. (6.37)

This P-ACBF algorithm for each transmission has two modes denoted by the

set

J =
{
w

(k)
1 ,w

(k)
2 ,g

(k)
1 ,g

(k)
2

}
k=1,2

,

in which case the k-th has higher priority in the k-th mode. Then similar time-division

policy used in TD-ACBF algorithm can be combined with P-ACBF to increase the

sum-rate,

{wo
1,w

o
2,g

o
1,g

o
2} = arg max

{w1,w2,g1,g2}∈J
C(w1,w2,g1,g2), (6.38)

Note that the optimization problem (6.38) is equivalent to (6.29) when s = 0

since all the generalized eigenvectors are the same as the eigenvectors of channel for

the single-user. The sum-rate performance versus the parameter s is evaluated in

Section 6.5. From the numerical simulation, the specific value of s which achieves

even higher sum-rate relative to both SCBFs and ACBFs corresponding to specific

system configuration N,M is also addressed.
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6.4.3 Upper Bound

The SNR in (6.5) of the k-th user can be easily upper bounded by

γk =
Pk

N0

|gH
k Hkwk|2
gH
k gk

≤ Pk

N0

λmax

(
HH

k Hk

)
. (6.39)

Intuitively, the sum-rate in (6.4) is upper bounded by

C(w1,w2,g1,g2) =
2∑

k=1

log2(1 + γk) ≤
2∑

k=1

log2
(
1 + (Pk/N0)λmax

(
HH

k Hk

))
(6.40)

with the sum power constraint P1 + P2 = P .

For some particular channels, this upper bound may be achievable. De-

note {fi}i = 1N and {ti}i = 1N as the set of unit-norm eigenvectors of HH
1 H1 and

HH
2 H2, respectively. Assume fm and tn are the principle eigenvectors (associated

with the largest eigenvalues) of each user channel. If fn ∈ span{ti}Ni=1,i 6=m and

tm ∈ span{fi}Ni=1,i 6=n, then beamformers w1 = fn, w2 = tm and combiners g1 = H1fn,

g2 = H2tm facilitate two users performing like two SU-MIMO MRC systems without

interference.

6.5 Numerical Results

In this section, we give numerical examples that illustrate how the symmetric

and asymmetric coordinated beamforming strategies proposed in Section 6.2 and

Section 6.3 perform. We consider a system with N antennas at transmitter which

sends data to two users with identical receivers employed M antennas each. We

assume the transmitter allocates power Pk to the k-th user to maximize the sum-

rate, where P = P1 + P2 is the total transmit power. We assume both user channels



117

undergo uncorrelated Rayleigh block fading. When signal fading is correlated, all

the coordinated beamforming strategies can still be applied as written, although the

resulting average sum-rate and achievable rate region will naturally depend on the

fading covariances. We assume the perfect CSI known at each user is available at the

transmitter, then no inter-use interference occurs for all the coordinated beamforming

schemes. In this study, we ignore the situations that either partial or no CSI is

available at the transmitter or imperfect CSI is at the receiver due to the channel

estimation error.

In Figure 6.2, we plot the achievable average rate region of Ck = log2(1 + γk),

k = 1, 2 by different coordinated beamforming strategies for configurationN = M = 3

and N = M = 4, respectively. Also shown for comparison is the rate region of time

division multiple access (TDMA) which only serves one user for each transmission

and is denoted as Time-Division. All the rate region are plotted at 15 dB SNR (the

average input SNR P/N0). For one channel realization, the rate region contains all

the possible rate pairs (C1, C2) which are computed by changing the power allocation

(P1, P2) subject to the total power constraint. For many channel realizations, these

single channel rate regions can be averaged to form the achievable average rate region

(referred to as rate region for short hereafter). The line-symmetric property of rate

region along the line C1 = C2 for all the schemes except ACBF can be observed in

both figures. This is due to the fact that the strategies other than ACBF aim to

maximize the sum-rate without user preference.

In both figures, each rate region has three interesting areas near: maxC1,

maxC2 and maxC = max(C1 + C2). In the area near maxC1 of Figure 6.2(a),

the asymmetric beamforming strategy ACBF (with preference for user 1) and time-
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Figure 6.2: Achievable average rate region with SNR=15 dB.

division ACBF converge to the upper bound as P1 increases and outperform the other

three schemes: traditional SCBF (SCBF I), proposed SCBF (SCBF II) and ACBF



119

with preference for user 2. This result suggests that symmetry property of both SCBF

approaches enforces more restriction on the system performance than the asymmetric

case which facilitate the convergence to the upper bound. Not surprisingly, the ACBF

with preference for user 1 converges much faster than TD-ACBF which reaches the

upper bound only near the edge point C2 = 0 with power allocation (P1, P2) = (P, 0).

The subspace optimization adopted in ACBF (with preference for user 1), TD-ACBF

and SCBF II methods enlarges candidate sets of beamformers and/or combiners when

N,M > 2 and therefore gives better performance than SCBF I. Though ACBF with

preference for user 2 also utilizes subspace optimization, it suffers from the user

preference and performs the worst. This is due to the fact that zero-interference

constraints force the transmission between base station and user 1 offset the dominant

eigenmode deeply when transmission between base station and user 2 is dominant.

Similar results can be found in the area near maxC2.

The sum-rate performance is also shown in Figure 6.2(a) near the area of

maxC = max(C1 + C2). As we expected, TD-ACBF improves the sum-rate relative

to the ACBF with user-preference. Sum rate of SCBF II lies in between these two

TD-ACBF and ACBF strategies, i.e., about 0.2 bps/Hz worse than TD-ACBF and

0.3 bps/Hz better than ACBF. Though the TD-ACBF is worse than the upper bound

about 0.7 bps/Hz, it has improved the sum-rate about 1 bps/Hz compared with the

traditional scheme, SCBF I.

Rate region of larger arrays are shown in Figure 6.2(b) for N = M = 4.

The dimension of the subspaces of the candidate beamformer and/or combiners is

increased using larger arrays. The optimization over these subspaces gives more

freedom in the system design and improves the performance. In this figure, we can
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Figure 6.3: Achievable average sum-rate vs. SNR.

see that the SCBF I without subspace optimization performs the worst in all the

three areas: near maxC1, near maxC2 and near maxC. Another key observation is

that the sum-rate improvement of TD-ACBF over SCBF I is increased to 1.5 bps/Hz

compared with the 1 bps/Hz improvement for N = M = 3 configuration.

Figure 6.3 shows the achievable average sum-rate versus the SNR of four co-

ordinated beamforming schemes as well as the upper bound for two configurations:

N = M = 3 and N = M = 4. In Figure 6.3(a) for N = M = 3, TD-ACBF out-

performs all the other three coordinated beamforming scheme in the whole range of

SNR. And the tradition scheme SCBF I performs the worst compared with the other

three schemes based on subspace optimization. Similar phenomena can be seen in

Figure 6.3(b) for larger arrays N = M = 4. Once again, TD-ACBF increases the

performance improvement relative to the SCBF I using larger arrays.
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Figure 6.4: Achievable average sum-rate vs. (a) number of Tx antennas with M = 3
(b) number of Rx antennas with N = 3 for SNR = 15 dB.

Further insights can be gained by examining the sum-rate performance versus

the number of transmit antennas or receive antennas. Figure 6.4(a) plots the sum-

rate achieved by two SCBF and two ACBF methods versus the number of receive

antennas M ∈ [2, 20] with N = 3 when the SNR is 15 dB. All sum-rates become close

to the upper bound as M increases. More precisely, the highest sum-rate is achieved

by TD-ACBF which is slightly better than ACBF and SCBF II in the whole range of

2 ≤ M ≤ 20. Lowest sum-rate occurs at SCBF I and the performance loss compared

with SCBF II is about 1.3 bps/Hz when M = 2 and reduces to zero as M increases.

Interesting phenomenon occurs when the number of transmit antennas varies.

Figure 6.4(b) plots the sum-rate of all the schemes considered above versus the num-

ber of transmit antennas N ∈ [2, 20] with M = 3 when the SNR is 15 dB. From this

figure, we can see that TD-ACBF, ACBF and SCBF II have the same trend as those
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in Figure 6.4(a). However, SCBF I performs inconsistently and does not converge to

SCBF II as N increases. This is due to the less number of candidate beamformers.

Note that two beamformers w1 and w2 in SCBF I are the generalized eigenvectors

of two N × N Hermitian matrices F1 and F2 defined in (6.9). When N > M , these

two matrices become singular and only have M available generalized eigenvectors

(associated with non-zero generalized eigenvalue) can be used as beamformers. This

dimensional degradation forces big offsets of beam directions relative to the largest

eigenmode for the data transmission and therefore results in a big performance loss.

However, the other three schemes, SCBF II, ACBF and TD-ACBF, still can find

better beam directions using the beamformers and combiners based on subspace op-

timization. An interesting phenomenon in this figure is the sum-rate performance

when N = 2 or 3. When N = M = 3, SCBF I performs relatively well and has small

performance gaps compared with other schemes though it is still the worst. This

is intuitive since both F1 and F2 have full rank and their generalized eigenvectors

may not suffer big beam direction offsets. When N = 2, SCBF I achieves the best

performance. This is because N = 2 reduces the number of candidate beamformers

to 2 and then there is no way to apply the subspace optimization which is key tech-

nique for SCBF II, ACBF and TD-ACBF. The optimality of SCBF I when N = 2 is

demonstrated by Chae et al. [12]. In practice, the base station has more freedom to

employ more antennas than the mobile units.

The results above suggest that TD-ACBF achieves the best sum-rate perfor-

mance which is, however, not necessarily the optimal achievable sum-rate. We now

consider the sum-rate maximization problem based on TD-P-ACBF. Figure 6.5 plots

the achievable average sum-rate of TD-P-ACBF versus parameter s ∈ [0, 1] when
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Figure 6.5: Achievable average sum-rate vs. parameter s with N = M = 3 and SNR
= 15 dB.

N = M = 3 and SNR=15 dB. The achievable average sum-rate of SCBF I, SCBF

II, ACBF and TD-ACBF are also shown for comparison though there are constant

over parameter s. Interesting phenomenon occurs in the range 0 < s < 0.5 where

TD-P-ACBF outperforms all the other schemes. Especially TD-P-ACBF reaches the

maximum point at s = 0.13 where there is a rate increase of 0.1 bps/Hz compared

with TD-ACBF.

Achievable average rate region of TD-P-ACBF with N = M = 3 and s =

0.13 is plotted in Figure 6.6. And all the other rate regions remain the same as in

Figure 6.2(a). We can observe 0.1 bps/Hz sum-rate improvement over TD-ACBF in

the area near maxC. Note that the optimal value of parameter s may be different

for different system configurations. When SNR=15 dB, some experimental value of s

which let TD-P-ACBF achieve the highest sum-rate are given in Table 6.1.
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Table 6.1: Experimentally optimal value of parameter s for TD-P-ACBF.

(N,M) (3,3) (3,4) (4,3) (4,4) · · ·
s 0.13 0.09 0.08 0.06 · · ·

Note that TD-P-ACBF with the optimal parameter value may not necessarily

be the globally optimal approach. Hence it still remains the open problem to find the

beamformers and combiners to achieve the globally highest sum-rate subject to the

zero-interference constraints.

6.6 Conclusion

In this chapter, we investigated the individual rate and sum-rate performance

on downlink coordinated beamforming systems. We presented new symmetric-rate
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and asymmetric-rate coordinated beamforming methods for two receivers appropriate

for MIMO broadcast channels. We then considered the maximization problem of sum-

rate by combining time-division policy with asymmetric coordinated beamforming

techniques. Numerical results in the previous section suggest the following findings:

First, when N > 2, all the proposed schemes achieve higher sum-rate than

the traditional coordinated beamforming with the help of subspace optimization on

finding the beamformers and combiners. As the number of either transmit or receive

antennas increases, all the proposed schemes achieve sum-rates close to the upper

bound. The traditional scheme performs the best when N = 2 but suffers a big

performance loss when N > 2.

Second, the best individual rate is attained when asymmetric coordinated

beamforming is used. Then the preferred user can always transmit data along its

largest eigenmode like SU-MIMO MRC system. Though the other user may sacrifice

its rate, the system still can achieves a relative better sum-rate performance compared

with the traditional symmetric scheme and close to the proposed symmetric scheme.

Third, time-division policy can be introduced into ACBF to achieve higher

sum-rate by changing user-preference and their individual rates. Sum-rate perfor-

mance can be further maximized in the proposed parameterized asymmetric strategy

with time-division policy and appropriate value of parameter.

We conclude that all the proposed coordinated beamforming schemes can sig-

nificantly outperform the traditional scheme studied in [14] when the transmitter

employs more than two antennas. Moreover, all the proposed methods are non-

iterative, linear and interference-canceled like the traditional method, and still enjoy

the benefits of coordinated beamforming for MIMO broadcast channels.
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Chapter 7

Summary, Conclusions and Future

Work

7.1 Summary

MIMO systems have been recognized as a important technique to meet the

ever increasing demand for high data-rate and high link-quality in wireless commu-

nications. MIMO beamforming is a promising transmission scheme that offers extra

gain by exploiting the spatial dimensions in MIMO channels [38] and has been consid-

ered as one of the key technique for current and emerging wireless systems [47], [48],

[1]. Such promises rely on the key assumptions that the transmitter and receiver know

the full channel knowledge and each antenna array has sufficiently large spacings so

as to be essentially uncoupled. Real-world MIMO systems are however much more

complex and may experience antenna coupling and imperfect channel knowledge as

well as multiuser interference.
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In this dissertation, we extended the prior studies on MIMO beamforming

with ideal assumptions, and considered the design of MIMO beamforming with mu-

tual coupling, limited feedback and coordination. We summarize the main results in

Section 7.2 and raise some possible direction of future work in Section 7.3.

7.2 Conclusions

We began our study in Chapter 2 by evaluating the performance of beam-

forming in two MIMO communication schemes: SU-MIMO MRC and downlink MU-

MIMO CBF. In particular, we looked at the outage probability of SU-MIMO MRC

and sum-rate of MU-MIMO CBF each with unlimited feedback (full CSI) and lim-

ited feedback. For SU-MIMO MRC scheme, larger array can achieve lower outage

and higher diversity gain with full CSI or limited feedback with more feedback bits.

This improvement however is reduced when the transmitter is correlated. Similar

advantage of larger array can be found in MU-MIMO CBF scheme with full CSI to

obtain higher sum-rate relative to small array or SISO system. When the feedback

is limited, MU-MIMO CBF suffers from the multiuser interference but may use more

feedback bits to improve the performance. The default assumption that both trans-

mit array and receive array are uncoupled motivated the study of mutual coupling

effect in subsequent chapters.

In Chapter 3, we introduced a model for compact diversity transmitter and

then investigated the impact of transmitter correlation, mutual coupling and matching

networks on SU-MIMO MRC system with full CSI. We presented optimal transmis-

sion strategies for three input power metrics as well as formulas for the resulting
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outage probabilities. It was shown that regardless of the power measure considered

and matching networks used, most of the performance benefits of SU-MIMO MRC

can be obtained when transmit antennas are strongly coupled.

In Chapter 4, we relaxed the full CSI assumption used in Chapter 3 and

considered the following effects on SU-MIMO MRC system with mutual coupling:

(1) CSIR with limited feedback and (2) imperfect channel estimation at receiver with

unlimited feedback. By observing the codebook design of transmit beamformers with

transmitter correlation only in Chapter 2, we were able to extend existing design

principles to the coupled system subject to three different power measures. For the

second scenario, a pilot-based LMMSE channel estimator was used to evaluate the

performance in the presence of channel estimation error and the way to reduce the

estimation error.

In Chapter 5, we studied the effects of receive antenna coupling, matching

networks and correlated noise on the design and performance of downlink MU-MIMO

CBF system. New CBF algorithm with full CSI as well as the limited feedback

design suitable for correlated fading and noise was proposed and examined on a more

realistic model for multi-antenna receiver front-end that characterizes the signal and

noise correlation that results from mutual coupling. The properties of the receive

array, matching networks, amplifiers, noise sources and channel state feedback were

shown to affect the performance.

In Chapter 6, we aimed to improve the sum-rate of downlink MU-MIMO CBF

from a communication perspective with the ideal assumption that antennas are uncou-

pled and both fading and noise are uncorrelated. By observing the symmetry property

of traditional and proposed symmetric coordinated beamforming methods, we pro-
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pose new asymmetric-rate coordinated beamforming strategies which improve both

the individual rates of each user and the sum-rate subject to zero-interference con-

straints. These asymmetric-rate strategies can also be combined using time-division

to create new, higher-rate symmetric beamforming strategies.

7.3 Future Work

Several interesting problems raised during this study and some related topics

are worth to be addressed in future research. First, from a communication theory

perspective, we may recommend

(1) Mutual Coupling Effects on Other MIMO Beamforming Systems

In single-user closed-loop MIMO beamforming systems, transmit beamform-

ing techniques such as selection diversity transmission (SDT), equal gain transmission

(EGT), and maximum ratio transmission (MRT), and receive combining techniques

such as selection diversity combining (SDC), equal gain combining (EGC), and max-

imum ratio combining (MRC) have been used to obtain the diversity advantage (see

[62], [90], [88], [63], [70] and references therein). Unit-norm beamformers w and com-

biners g can be any complex vectors in MRT and MRC, and have entries with equal

absolute value in EQT and EQC (i.e., |wi| = 1/
√
N , i = 1, . . . ,M and |gj| = 1/

√
M ,

j = 1, . . . ,M), and are constrained to be columns of identity matrix in SDT and

SDC1. Compared with the SU-MIMO MRC using MRT-MRC studied in this disserta-

tion, other eight combined techniques have relative lower complexity but non-optimal

1They can be extended to antenna selection (AS) which selects a subset of antennas during each
transmission. When the subset is limited to one antenna, antenna selection reduces to SDT and/or
SDC.
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performance. Then it would be an interesting topic to investigate the mutual coupling

effects on these closed-loop MIMO beamforming techniques as well as their quantized

versions (limited feedback).

The open-loop MIMO beamforming systems in the presence of mutual coupling

has been deeply studied such as receive antenna selection [99] and [100], and optimal

MRC receiver [25], but is not completed yet.

The study of these beamforming techniques can be parallelly applied to mul-

tiuser MIMO systems.

(2) Mutual Coupling Effects on MIMO Spatial Multiplexing Systems

Spatial multiplexing (SM or SMX) is another transmission technique in MIMO

wireless systems to transmit multiple data streams simultaneously and has been

adopted in may wireless communication standards [44], [47], [48], [1]. Some specific

MIMO spatial multiplexing technique such as Vertical-Bell Laboratories -Layered -

Space-Time (V-BLAST) [96] with mutual coupling is studied in [22]. However, the

design of more general MIMO spatial multiplexing for SU-MIMO or MU-MIMO in

the presence of mutual coupling is still unsolved.

(3) Optimality of Coordinated Beamforming for downlink MU-MIMO Systems

TD-P-ACBF in Chapter 6 can maximize the sum-rate performance with ap-

propriate value of parameter, however, is not necessarily globally optimal. To prove

the optimality of TD-P-ACBF or to find the globally optimal beamformers and com-

biners still remain the open problems.

(4) Multiuser Diversity in Downlink MU-MIMO CBF

Prior work and our study on coordinated beamforming for MIMO broadcast

channels only support two active users [97], [14] and Chapter 6 and therefore achieve
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small multiuser diversity [43]. Two basic approaches can be used to improve the

downlink multiuser diversity. One is to select two active users from a large number

of users by scheduling. Traditional CBF with scheduling is studied in [14] but the

proposed SCBF and ACBF are still lack of user scheduler. The other approach is

to design a new coordinated beamforming strategy to support more than two active

users simultaneously2. Note that traditional CBF cannot suppress the interference for

more than two users based on generalized eigenvalue decomposition. The proposed

coordinated beamforming schemes seem to have freedom to design beamformers and

combiners for more than two users subject to zero interference constraints, which is

worth to be addressed in the future.

Second, from a radio frequency perspective, we may recommend

(1) Other Configuration of Antenna Array

The coupled antenna array studied in Chapter 3, 4 and 5 is assumed to be

uniform linear array (ULA). The compact uniform circular array (UCA) [49], [46] is

another interesting array configuration in which we would apply the insights developed

in this dissertation.

(2) Experimental verification

The numerical examples of antenna coupling in Chapter 3, 4 and 5 considered

an idealized model for thin-wire omnidirectional dipole antennas and simply assumed

2-dimensional signal fading. The practical dipole antennas are much more complex

[6] and the coupling among the feed lines3 should be also taken into account. Hence,

experimental work using either numerical simulation software4 or real test-bed would

2Scheduling may be also added here for extra improvement.
3The feed line in RF systems is the physical cabling that carries the RF signal to and/or from

the antenna.
4Such as NEC [2], Ansoft HFSS [4], Zeland IE3D [104], etc.
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be an additional verification of our study.

(3) Modern Antennas

In modern telecommunications, patch antennas such as Planar Inverted F

Antenna (PIFA) are commonly used in cellular handsets with built-in antennas and

recommended for 4G terminals [82]. It would be more realistic to extend the insights

of this dissertation to the compact PIFA antenna array based on the prior studies

and experiments of PIFA antennas with mutual coupling [9], [19].
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