Abstract

We present a variational framework based on sesquilinear forms for Galerkin approxima-
tion techniques for state feedback control in problems governed by infinite dimensional
dynamical systems. Both parabolic and second order in time hyperbolic partial differen-
tial equations with unbounded input and unbounded observation operators are included

as special cases of our treatment.

1. Introduction

Tn this paper we discuss the linear quadratic regulator (LQR) problem for a class
of (essentially parabolic) unbounded input or boundary control problems. A varia-
tional framework using sesquilinear forms is developed to treat Dirichlet and Neuman
boundary control problems for parabolic equations and strongly damped elastic sys-
tems. Using such a framework, convergence of (Galerkin approximations to solutions
of Riccati equations is also established. The boundary control problem for parabolic
systems has been studied extensively over the last two decades, inspired by the mono-
graph of J.I. Lions [Li] (e.g., see [Ba], [CP], [FI1], [PS], [TP] and the references cited
there). Tn a series of papers [Lal], [LT1, L.T2], Lasiecka and Triggiani obtain existence
and regularity results for solutions to the operator Riccati equations that appear in the
linear quadratic regulator problem. The main tool in their treatment 1s the theory of
analytic semigroups. They have recently developed an approximation theory for Riccati
solutions in a similar spirit [IT3].

Our approach is very close in spirit to the studies by Tions [Li] and Sorrine [So]

and extends the approximation theory developed by Banks and Kunisch [BK] to the



case of unbounded input control operators. We employ the Gelfand triple formulation
(V.C H=H* C V*) of elliptic operators [Li], [Ta], [Sh], [W] using coercive sesquilinear
forms defined on V. Tt follows from [Ta] that the V —coercive form defines a generator of
an analytic semigroup on H. The control forces through boundary or pointwise actuators
are represented by an input sesquilinear form defined on I/ x V where U/ 18 the input
space. Then the approximation methods are derived by restricting these sesquilinear
forms onto finite dimensional subspaces of V.

The objective of this paper is to explore to what extent one can develop the sesquilin-
ear form formulation to study unbounded input control problems and to establish a
computationally feasible approximation theory for linear quadratic regulator problems.
These investigations were motivated by [BK] where our treatment originated, by [BI1]
in which a similar treatment has been developed within the context of parameter esti-
mation problems, and by the fact that many boundary control problems can be treated
using the sesquilinear forms. Some of our results can be found in the existing literature,
but the approach here is new and, in some cases, greatly simplifies the technical details
required to establish the results.

The results given here extend to the unbounded case the approximation theory
developed in [Gi], [BK], [Tt] in which the input and output operators are assumed to be
bounded. The case of unbounded input operator has also been discussed in [l.a2] and
[1T].

The outline of the paper is as follows. In Section 2 we discuss the basic results for
abstract parabolic control systems described by sesquilinear forms and state the linear
quadratic regulator problem we consider in this paper. Also, several examples that can

be readily treated by our formulation are discussed. In Section 3 we summarize results



for the optimal control problem and Riccati equations. In Section 4 Galerkin approxi-
mations to the LQR problem are formulated and a convergence theory is established for
the case where the output operator appearing in the quadratic cost 18 bounded on H.
In Section 5 we deal with the case when the output operator 1s not bounded. Damped
second order systems are treated in Section 6.

A few of the Theorems and T.emma are stated here without proofs. Detailed proofs

can be found in the complete paper [BI2] (also, see a companion paper [TT]).



2. Sesquilinear Forms and Parabolic Control Systems

Assume V' and H are complex Hilbert spaces and V C H with continuous dense
injection. Tet V* denote the topological (conjugate) dual space of V. We identify H
with its dual, so that V < H = H* < V> in a Gelfand triple [W]. The duality product
(¢, ¥)v+ v on V* x V is the unique extension by continuity of the scalar product (¢, ¥)

of H defined on H x V. Consider a sesquilinear form o on V (i.e., 0 : V x V — @) such

that
(2.1) lo(o, V)| < CllgllvI¥llvy  for ¢, €V
(2.2) Re a(¢,0) > wllolly —pllollf; foroeV

where w > 0. Tt then follows from [Ta, Lemma 3.6.1] that if A € £L(V,V*) is defined by

(2.3) a(¢, ) = (—Ag,¥)v- v forall ¢,y eV,

then for ReA > p, A # p,

(24) N ol < 10 g ey
M

(2.5) AT = A) "ollm < ———lolly for ¢ € H
A =l
M

(2:6) 1A= A 6llvs < =lI8llv- for 6 € V"

where My =1+ ('/w. The dual or adjoint operator A* € L(V,V*) defined by

(2.7) a(¢,¢) = (¢, —A"YP)yy. forall g,y €V

also satisfies the estimates (2.4)~(2.6). Moreover, (2.6) for A* implies that for Re A >

ps AFp,

My

238) 107 =) ol < 2

llg[lv for o e V.



In fact, for ¢ € V we have
(AT — A7, vy | = {6, (AT — A v |

My
A —»l
This implies (2.8). Tt thus follows from [Pa, Chap. 2, Theorem 5.2] (see also [Ta])

<ol il for all € V™.

that A4 generates an analytic semigroup S(t) on H,V and V* where dompg(A) = {¢ €
Voo o(é, )] < kgll¢l|lg for all ¢ € V}. Following conventional notation (see [Ta])
we will not distinguish between the semigroups in V, H, V* since each involves either a
restriction or extension of one of the others. From (2.1) one can show that domy . (A),

the domain of the infinitesimal generator A of the semigroup S(#) defined on V*, satisfies
(2.9) domy. (A)={p eV : 49V} =V.

Tn addition, we have that A* generates the adjoint semigroup S*(1) on H [Ta, Pa] and

moreover the dual of the semigroup S(t) defined on V* equals S*(t)|y, the restriction

of S*(1) on V5 ie.,
(2.10) (S(#) on V) = S*(1)|v.

Tt follows from [Ka, Theorem TX.1.19] that if ¢ — f(1) € V* is continuously dif-
ferentiable and ¢ € V' = domy.(A), then for t > 0 the function ¢+ — z(1) defined

by

(2.11) 0= s+ [ s s risyas

satisfies z(1) € V| is continuously differentiable in V*, and satisfies

d

2.12 -
(2.12) L

(1) = A=(t) + f(1) in V™.

Now, from [Li], [Ta], [W], we have



Theorem 2.1 For ¢ € H and f € L?(0,7T;V*), (2.12) has a unique solution z €

L2(0,T; V)N H'(0,T;V*) given by (2.11) and for some positive constant M

(2.13) =117 < Mi(llgll + /0 F ()T ds), t €10,

(2.14) A|Mm@ngmw&+Anﬂwmw»

From Thm. TIT.1.2 in [Li], we have that 1 — z({) € H is continuous. Thus from
(2.11) and (2.13), for all f € L2(0,T;V*), the function ¢ — fof S(t — s)f(s)ds € H is

continuous and

(2.15) H/ (t—s)f wm<%/w I ds

(216) I [ s sl < v [N ds
Moreover, we have (again from standard results and arguments) eg. see [BI2]

Theorem 2.2 T.et us define the sesquilinear forms oy and o7 on V by

a(9,¢) + o, )
2

a(¢,¢) = o(¥,9)
2

0’0(¢71/))
for ¢,y € V.

(e (¢7 1/)) =
Then ¢ = o¢+ 04, with oo symmetric and oy skew-symmetric, and oq(4, ¢) = Rea(¢, ¢)

for ¢ € V. Define Ay € L(V, V") by

(Mo, dyve v =ai(g,)  forallg, eV

and

domp (A1) ={d € V : |o1(d, )] < ky||¢||m for all oy € V.



Assume
(2.17) dompg (A1) D dompy (A).

Thenif ¢ = 0and f € L2(0,T; H)in (2.11), we have t — 2(t) € H'(0,T; H)NC(0,T;V)

and there exists a constant Ms > () such that
t t
(2.18) [ G s + 12001 < M [ 17 s. 10,77
Jo Jo

The condition (2.17) is satisfied if we assume that for all ¢,¢ € V

(2.18a) o1 (6, 0)] < K

v Ilvlla

for some K > 0 since in this case domg (A7) = V (it is also satisfied under the milder
condition (5.9) given in Section 5).
Assume U and YV are Hilbert spaces (U* = U and Y* = V). Consider the finite

horizon optimal control problem: Minimize the quadratic functional
T
@19) 0Tz = [ QOO + )+ (), G=(7)
Jo

over u € L2(0,T;U) subject to

—z(t) = Az(t) + Bu(t)
(2.20)

z(0) =2z € H.
Here we assume u(f) is a U-valued control function, the input map B € L£(U,V*), the
observation map C' € L(V,Y), and G € L(H) is self-adjoint, nonnegative definite. By
Theorem 2.1, the minimization problem for (2.19) is well-posed; i.e., given initial datum
zo0 € H and u € L2(0,T;U), the cost J(u, 29) is finite. We will analyze the solution of

(2.19)-(2.20) and its infinite horizon analogue in terms of Riccati operators in Section 3



and show convergence of (Galerkin approximations of solutions to Riccati equations in
Section 4.
Let us conclude this section by discussing some motivating examples of some impor-

tance in applications.

Example 1 (Parabolic systems with boundary control)
Let Q be either a polygonal domain in 87, n < 3 or a bounded domain of ®”, n < 3
with C?-boundary I'. We consider the control problem for (2.19) with Neuman boundary

control system:

%Z:V((IVZ)—F;)VZ—FCZ in Q,
(2.21) 2(0) = ¢ € L2(Q)

a——z|r = u(t)

ov

where z = 2(t) € IL?(Q),u = u(t) € L*(T) and :—U is the normal derivative on T'. To
write this in abstract form (2.20), without loss of generality we use the real Hilbert

spaces H = L%(Q), V. = H'(Q),U = L*(T) and define a real valued sesquilinear form

o on V (the complexification of spaces and forms is readily done in the usual way) by

(2.22) 7(6.0) = [ (0le) 9670 ba) D60 — els)ov)s

Q

where a,b,c € L™(Q) and a(z) > w > 0 ae. in Q. We consider the input map

B :U — H given by

(2.23) (Bu, ) = (u,|r)r2y forall ¢ € H'(Q).

As above we define 4 € L(V, V™) via (—A¢, ¢) = o(d,¢) and take domg(A) = {¢ €

V]Aé € H}. Tn the general case, dompg(A) is difficult to characterize precisely. But



if we define oy as in Theorem 2.2 (i.e., as the skew-symmetric part of ), then one
can readily argue that (2.18a) and hence (2.17), holds in the case that b-0 = 0 on T.
Moreover, in the special case that b = 0 and a possesses sufficient smoothness (e.g.,

a € C?(Q)) it can be shown that
* 2 ad)
(2.24) dompg(A) = domg(A*)={¢ e H (Q)|5r:0}.
Tn any case, we have for ¢ € dompg(A) that Ap = A¢ where A is formally given by

(2.25) Ap=v(av ¢)+bv ¢+ co.

We next consider the Dirichlet boundary control problem consisting of minimizing

(2.19) subject to

(2.26)

z(t)=u(f)on T

where /A denotes the Laplacian and U = L?(T). To cast this problem in the context of
(2.20), we take V. = L?(Q), H = H-'(Q) = H}(Q)* in a Gelfand triple setting V —
H «— V* with H(Q) the pivot space. We thus identify H and H* through the Riesz
map and but of course do not identify V = L?(Q) and V*. As usual, the duality pairing
(+,-)v+ v is the extension by continuity of the inner product (-, )& = (-, ) g-1(q) from
HxV=H'Q)x L*Q) to V* x V. We recall that R = (—A)~" defines an isometric
isomorphism from H~'(Q) onto H}(Q) (see [W], [Gr]) and moreover for y € H ()

and ¢ € L?(Q) we have

(2.27) (6. X)r-1(0) = (6, (=) "X 12



We define o on V = L?(Q) by

(6, 0) = /Qaswm:w,w,,z(m

and B € L(U, V*) by

19,
(2.28) (Bt ) v = (= 2 () xrbaay

for any x € V = L?(Q). Note that for y € L2(Q) we have v = (—A) "y isin H*(Q) N

H3(Q) so that % € Hz(T) (see [W, p. 127]). Thus we may consider the abstract

system

9= (1)
ot

(2.29) ( X)ve v +o(z(t), x) = (Bu(t), x\)ve v

which is in the form (2.20). To see that this is an abstract formulation of (2.26), we
consider (2.26) in the case where z € C/(0,T; H*(Q2))NC" (0, T; L?(2)). Then by Green’s

formula ([Gr, p. 53] [W]) for all ¢» € H?(Q) N H}(Q) we have

0
(DNz, )20y = (2, DY) ra) — (2, %Hm(r)-

Using (2.26) in this relationship we find

19, 19,
<ﬁ§’ V) = (2, DY) ) — (u, %Hm(r)-

If we choose ¥ = (—A\) "y for y arbitrary in L2(2), this last equation can be written

as

0z _ d _
<§7 (*A) 1X>L?(Q) = <*Z7 X>L?(Q) + <*“7 5(*A) 1X|F>L?(F)7

or, in view of (2.27) and (2.28),



which is just (2.29).
As a special case of the system in (2.21), for the one dimensional case one can
also formulate the Dirichlet boundary control problem as a Neumann problem. For

simplicity of discussion, we consider the heat equation

(2.30) D tty= 0 sn) on=(0,1)
. 5 2hr) =5 5t x on Q= (0,

with boundary condition z(#,0) = u(t), z(t,1) = 0. We define y(t,-) € H'(Q)/R =

{pe H'(Q) : Jq ¢dx = 0} satisfying %y(t, x) = z(t,2). Then (2.30) can be written as

LI
o\ =

with

0 0

%y(t, 0) = u(t) and %y(t, 1) =0.
If we choose V.= H'(0,1)/R, H=1T1*0,1)/R,U=R"Y =12(0,1),and C = %,
then this example can be cast into an abstract Neuman boundary control problem as

above.

Example 2 (Second order systems with damping)

We consider second order equations for w in the Hilbert space Hy

d? 179 d
- /2% _
(2.31) df?w(t) + 24 A p w(t) + Aw(t) = Bu(t)
(2.32) T o) 4974ty + Aw(t) = Bu()
. df?w f ~ dtw f w(t) = Bu(t

for w(t) € Hy with initial data w(0) = ¢ € V) Edom(%ﬂ/?) and %11)(0) = € Hy.
Here A is a positive definite self-adjoint operator on Hy, and v > 0 is the damping

coefficient. Equation (2.31) has often been studied, for example, in [CR], and leads

11



to the so-called “structural damping” model. Equation (2.32) has been studied in [Sa,
BT1] and numerous other places, and is known as a model with Kelvin-Voigt damping.

Special cases of these equations include an Euler-Bernoulli beam equation in which A

is defined by

d4
(2.33) Ap=——¢ in L20,1)
dz?

with the appropriate boundary conditions. Tn general, A'/? is not necessarily a differ-
ential operator. But if we consider the boundary condition (corresponding to hinged

ends)
(2.34) o(0) = (1) = ¢"(0) = 6" (1) = 0,

then dom(A) = {¢ € H*0,1)]¢(0) = ¢(1) = ¢"(0) = ¢”(1) = 0} and, moreover,

Vo = H2(0,1)N HJ(0,1) with
d2

(2.35) Alg = — "4 for ¢ e V.
dx?

First we consider the system defined by (2.32). TLet H =V, x Hy, V =V x Vg, and

define a sesquilinear form o on V by

(2.36) a((é1,02), (01, ¥2)) = (Ad1,a) — (D2, 1)) + 2v( A2, ¥a),

where ({ , )} is the inner product in V5 and A is the usual extension in £(Vy, V) given

by (A, &) = (A, Vv vy = (AV7¢, AV2¢) g for ¢, 4 € Vy. Then
lo(o, )] <201+ y)||ollv]¢llv  for ¢ = (¢1,02), ¥ = (¥1,12) €V,

and

Rea(6,0) > 24/l¢llv — 2719l

12



where for ¢ = (¢1,¢2) € V

8115 = lléa ¥, + ool
and
N6l17 = Nl + N7, -

Hence (2.1) and (2.2) are satisfied for the sesquilinear form o defined by (2.36), and

]
(2.37) Ai[*A —27AJ

generates an analytic semigroup on H, where
(2.38) dompg(A) ={(¢,¥)EH : peVy and Ap+2vA¢v € Hy}.
Note that dompg(A) can be equivalently defined by

{(¢,0) € H: 9 e Vyand ¢+ 2y € domp,(A)}.

We may also consider the differential operator A of (2.33) on Hq = L2(0, 1) with the

boundary conditions (corresponding to fixed-free ends or a cantilevered beam)

Then,
Vo= dom(A'?) ={¢€ H?(0,1):¢(0) = ¢'(0) =0},

(Ad, W)ve vy = fo & 0" dx for ¢,4 € Vp
with

1
16 gommgrrny = [ 16717

/2 §s not, a simple differential operator as in (2.35).

even though A



With (2.32) we may consider, for example, the input operator B defined by

m 1
(2.39) (Bu,¢) = Z“i / xi(2)W" (x)dx for u = col(ur, ..., um) ERT =U
i=1 70

where y; € 1.2(0, 1) represents the support of an ith moment control (such controllers are
realized using piezoceramic patch actuators). For example, if y(2) is the characteristic

function of the interval [0, 0], 29 € (0, 1), then the control input will have the form
(2.40) W't 5) — 't g ) = ult)
for an undamped system, or more generally,

Mt o) — M(tay) = ult

when the moment is given by M(t,2) = %:211)(7‘,, x)+ 27%1211)(7‘,, x) for a Kelvin-Voigt
damped beam.

Next. we consider the system defined by (2.31). Tt is not difficult to show that
if w(0) € dom(A) and w(0) € dom(A'/?) and u = 0, then (2.31) has the solution
w e C?0,T; Hy)nC'(0,T; dom(A”Q))ﬂC(O,T; dom(A)) (e.g., see [CR]). Let 21 (1) =
MA1/211)(f) and 29(1) = %11)(7‘,) + vAY?w(t). Then for w(0) € dom(A) and
w(0) € dom(A'/?)

%21 +7A1/221 = MA1/222
—M%ﬂ/?m .

Let H = Hy x Hy and V = dom(A"*) x dom(A'/*), and define a sesquilinear form o

(2.41)
A g+ A2y

on V by
a((¢1,62), 1, ¥a)) = YA 2h1, 1) — /T —y2(A2 6o, 21)
VT =72 (A2 61, 4ha) + y(A 2o, ).

(2.42)



Then, o satisfies (2.1) and (2.2) and yields an abstract system equivalent to (2.41). Tf

A is the differential operator given by (2.33) with the boundary conditions (2.34), then

dom(AV*) = {6 € H'(0,1): ¢(0) = ¢(1) = 0}

1
<A1/2¢71/)> :/ o'Y'dx for ¢>71/)E(]()m(,aﬂ/“)7
Jo
and

1
L R

For this system we may also consider the input operator defined by (2.39) with v; €
HY(0,1). Tf x(x) = — (= — x9) on [0, 2] and zero otherwise, then the control input is of
the form

11)“/(f, T0+) N 11)/“(f, T(T) = 1t(f)7

which 1s shear control.



3. Riccati equations
First we formulate the LQR problem for (2.19) using an operator theoretic framework
as in [Ba], [Gi], [TT]. Let £ be the bounded linear operator mapping from Ls(0,7T;T)

into L2 (0, T;Y) defined by
¢
(3.1) (Lu)(t) = C/ S(t — s)Bu(s)ds, t € (0,T),
Jo
and M be the bounded linear operator mapping from H into Ly(0,7;Y) defined by
(3.2) (M&)(t) = CS(1)o, 1€ (0,7).

Boundedness of the operators £ and M follows from Theorem 2.1, the boundedness
assumptions B € L(U,V*) and C' € L(V,Y), and properties of the semigroup S(#).
For a given T > 0, define the bounded linear operators Lp : Lo(0,7;U) — H and

My :H— H by

T
(3.3) Lou=G? / S(T — s)Bu(s)ds
Jo
and
(3.4) Mrd=GY28(T)¢.

Then the cost functional (2.19) can be written as
T (1w, 20) = |€u+ Mezoll7 om0y + 1ull7g0 70y + 1170 + Mo zollF
and using standard arguments (e.g., see [PS],[TT]) we have

Theorem 3.1 Assume the sesquilinear form o satisfies (2.1) and (2.2). Then for

zg € H, the optimal control that minimizes (2.19) is given by
(3.5) wh = (T +LL+L5L7) (LM + L Mrp)zg

16



and the self-adjoint operator Ty on H, defined by

1

I 0 L - M
(36) T = (M5 M3) ¥ [+ 5]

0 T Lr M
satisfies
(3.7) (Mpzy, zo) = J(0,T;u*, z0) = min J(u, zp).

u

Moreover, if we assume ' € L(H,Y) and G € L(V*,V), and either (i) YV is finite
dimensional or (ii) o satisfies (2.17), in addition to (2.1)-(2.2), then TIp € L(V*, V) and

the optimal control »* is given by

(3.8) u*(t) = —B*Tlp(t)2(1)

where TIp () = TTp_, satisfies the differential Riccati equation

(3.9) ((ZHT(f) + A Tp (1) + Tp (1) A — Tl (1) BB TIp (1) + C*C) o=0

for all ¢ € V and z(1) is the corresponding optimal trajectory.

Remark 3.2 (1) The condition (i) or (ii) appearing in Theorem 3.1 is used only to

argue (e.g., [BI2])
(3.10) OS2 0,y < clldllv-  forall g € H,

which is (H2) of [PS] if we identify W and V of [PS] with the spaces H and V*,
respectively, of our notation here. The condition (H3) of [PS] follows from (2.4) and
(2.9). We note that (3.10) implies the operator M of (3.2) can readily be continuously
extended to V* — Ly(0,T;Y).

From (2.15) we have
t
(3.11) [| / S(t — s)Bu(s)ds||gr < bl|ul|r200,77),
Jo

17



which is (H1) of [PS]. Thus under the assumptions in Theorem 3.1 the problem can be
treated using the Pritchard-Salamon framework [PS] (e.g., see Thm 2.2 of [TT]).
(2) (See [Ba]) Tn the general case (i.e., B € L(U,V*),C € L(V,Y) and G € L(H)),

the function ¢ — TIp (1) satisfies the implicit integral Riccati equation
T
(3.12)  Tp(t)a = ST - O)GUp(T, t)x + / S*(s — 1) C*CUp(s,)xds for 2 € H,
Jt
where the evolution operator Ur (s, 1) is defined by
¢
(3.13) Up(t,s)ae = St — s)x + / St —&)Buyp_ (& — s;2)dE for x € H,
and the optimal control u* is given by
(3.14) wp(t) = =BTy ($)Up (1,0)zq for zg € H.
Next, we consider the problem of minimizing the quadratic cost functional

(3.15) eﬂmzrjémmCdﬂW~HWﬁm%ﬁ

subject to (2.20). The following lemma plays an important role in the infinite time

interval problem and hence we shall sketch a proof.

Lemma 3.3 A semigroup S(1) generated via a sesquilinear form o satisfying (2.1), (2.2)
is (uniformly) exponentially stable on H if and only if S(1) and S*(1) are exponentially
stable on H, V and V*.

Proof: We first assume that S(#) is exponentially stable on H. Then we have
[1S()zollmr < Me™*||z0||ir for some oo > 0, M > 1 and any zg € H. Using (2.2) and

(2.12) for z(t) = S(1)zg, zo € V, we obtain
| 9 ' 9 ' 9 | 9
S+ [ I ds < o [ 1=ds + Slloll
Jo Jo

18



From this inequality and the exponential (in H) bound we find

e 1 (M2 1
[z < 5 (L4 )l
Jo w o

and an application of Datko’s lemma [D] yields exponential stability of S(#) on V. Since

IS cevvy = 19 (E)]|ceve vy, we also obtain exponential stability of S*(1) on V*.
Since S*(1) is also exponentially stable on H, similar arguments beginning with
the bound for S*(#) on H yield that S*(1) is exponentially stable on V and S(#) is
exponentially stable on V*.
To argue the converse statement in the lemma, suppose that S(#) is exponentially
stable on V' and recall that for ¢ € H and t > 0, S(t)¢ € domg(A) where dompg(A)

is dense and continuously embedded in V. For ¢ € H and ¥ > 1 we have

1@l < KISWelly < kISE — Dllear IS0)éllv
so that exponential stability of S(#) on V implies exponential stability on H.
For the case when (' is bounded (i.e., C'€ L(H,Y)), we have

Theorem 3.4 Assume C' € L(H,Y) and either YV is finite dimensional, or o satisfies
(2.17), in addition to (2.1) and (2.2). Tf (A, B) is stabilizable, i.e., there exists an
operator K € L(H,U) such that A — BK generates an exponentially stable semigroup
on H and (A, C) is detectable, i.e., there exists F' € L(V, V™) such that A— F (' generates

an exponentially stable semigroup on V*| then the algebraic Riccati equation
(A*TT4+TMA -TIBB* MM+ C*Cha =0 forallz eV

has a unique nonnegative solution TT € L(V* V), A— BB*TI generates an exponentially

stable semigroup U(#) on H, V and V*, and the optimal solution that minimizes (3.15)
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is given by

u*(t) = = B*TIU (1) zg.
Proof: Note that for K € L(H,U)

ok (d,¥) =a(d,¥) + (K¢, BY)y forall g, b €V

defines a continuous sesquilinear form on V where

1 1 .
Reor (9, 9) Z§W||¢||%/*(P+ EHBHi(U,V*ﬂ K

i(H,U))”d)H?—I

Sellell — prlelly

Thus, by Lemma 3.3, the stabilizability of (A, B) implies that there exists an K €
L(V*,U) such that A — BK generates an exponentially stable semigroup on V*, and
similarly, the detectability of (A, ) implies that there exists an F' € L(V,V*) such
that A — F'C' generates an exponentially stable semigroup on V*. The theorem now
follows from [PS, Theorems 3.3 and 3.4 and Remark 3.5]. Recall that the spaces W and
V of [PS] are chosen as H and V*, respectively, in our framework here. We note that
the space 7 of (H3) in [PS] is here taken to be 7 = domy:(A) = V endowed with
the graph norm corresponding to A; the condition (H3) follows then from (2.4). Since
B*TT € L(H,U) it follows from the discussions in Section 2 that A — BB*TI generates
an analytic semigroup U(#) on H, V and V*. Since domy.«(A — BB*TI) = V| the
exponential stability of U(t) on V* implies that on H and V.

The case where ' is unbounded (€' € L(V,Y)) will be discussed in Section 5.
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4. Galerkin approximation
We turn now to the approximation results that are the main focus of this paper. Let
VN be a sequence of finite dimensional subspaces of V' C H. Define AN : VN 5 YN

by

(4.1) (—ANG.4) = a(¢, ) forall ¢, e VT,

that is, AV is defined via restriction of o to VN x VN For given B € L(U,V*), we

define BN € £(U,VN) by
(4.2) (BN, o) = (u, B*) forall p € VN,

and C'V denotes the restriction of C onto VV. We assume the approximation condition:

For any ¢ € V, there exists a sequence ¢" in V'V such that

(A1) 167 — ollv — 0 as N — oo,

§ 4.1 Convergence of Galerkin approximations

The following lemma is standard in the literature (e.g., see Chapter TTT in Lions [Li]).

Lemma 4.1 Suppose (H1) is satisfied and let f € L2(0,T;V*)and 2o € H. If 2(t) € V

is defined by (2.11) with ¢ = zo and 2N (t) € VNt > 0 satisfies

(4.3) i(ﬂ(t), VY + (N (), ) = (F(t), Y)v- v forall p e VN

dt
2N(0) = PNz,

then the error function eN(t) = zN(t) — z(1) satisfies

t
||6N(7‘,)||H — 0 and / ||6N(s)||%/ds —0as N = oo
Jo
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uniformly in ¢ € [0, T].
Tn this lemma PV denotes the usual orthogonal projection of H onto VV; ie., for
peH
PN e VN and (PN ) = (¢,0) for all p € V.
This projection can readily be extended to PN € £(V*,VV) by replacing (¢, ) in the

definition by (¢, ¥)v+ v for all ¢ € V*. Then the solution 2V (#) of (4.3) can be written

as

t
Nty = etANPNzo + / e(tfs)ANPNf(s)ds.
Jo

It follows from (H1) that PN¢ — ¢ in H for all ¢ € H. Tn addition, we have

Lemma 4.2 For Rel > pand ¢ € V*

(1.4) J7 = ANy 1PV < 1ol
M,
(4.5) IAT — AN PG|l < 6|
A — pl
M
(4.6) AT — AN PVl < " |16]|n
A= pl?

where My =1+ M/w and My = ((1 + /\//w)/w)%.

Moreover, for every ¢ € V*
AT — ANYTTPNG (AT — A) ¢ in V.
Proof: First we observe that the sesquilinear form o restricted to V'V defines a con-

tinuous sesquilinear form on V'V satisfying (2.2) for all u € VN. Hence for ¢ € V* and

Red > p, u¥ = (M — AN)"TPNg € V'V exists and satisfies

MuN )y + a(uN ) = (6, )ve v forall € VNV,
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Thus, the first three estimates follow from exactly the same arguments as in Lemma

3.6.1 of [Ta]. Since for all ¢ € V*, u = (AT — A)"'¢ € V satisfies

AMu, ) + o(u,¥) = (¢, ¥)v- v Tforally €V,

we obtain

Mu—uN )y +o(u—uN ) =0 forallp e VNV,
By (H1), there exists a sequence u” € VN such that [|[u" — ully — 0 as N — 0o, and
MaN —uN )y e —uN )
= 2N — )+ a(aN —u, ).
Choosing ¢ = N —u™N € VN we then find from (2.1) and (2.2) that for ReX > p,
N & N
1 — ¥l < e — il
w

for some positive constant c. From this the desired convergence follows immediately.

Using the Trotter-Kato theorem [Pa] and the estimates (4.5) and (4.6) one can

readily establish the following results (see [BT1] for proofs).

Lemma 4.3 Forall g € H

164" PN — St)dllmr — 0 as N = oo
(i)

4™ PNy — S*(Mollg — 0 as N = 00

where the convergence is uniform on bounded #-intervals. Moreover, for all ¢ € H
.. N C N* C
(i) [l PN ollv < o lielln, [l PYolly < o lellm
, 2 2

and fort > 0

164" PN g — S|y — 0 as N — oo,
(i77)

4™ PNo — S*(M)elly =0 as N — oo.
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Using LLemma 4.3 we have an approximation result in the bounded output case

corresponding to Theorem 2.2.

Lemma 4.4 Tf C' € L(H,Y) and the sesquilinear form o satisfies (2.17), in addition to

(2.1) and (2.2), then
MN$ = Mg in Lo(0,T;Y) forall g € V*
and
MV y s M yinV forallye L2(0,7T5Y)
where for ¢ € V=, Mg is given by the continuous extension to V* (see (3.10)) of the
operator in (3.2) and MY € L(V*, Ly(0,T;Y)) is defined by

(MNp)(t) = Ce " PN for ¢ € V™.

The arguments behind these results are tedious but straightforward once one uses the
estimates of Theorems 2.1 and 2.2 (which requires (2.17)) to establish uniform bounds

for MY and MN*. The details can be found in [BI2].

§4.2 Convergence of Riccati Solutions
We first, consider the finite horizon optimal control problem for (2.19)-(2.20). Cor-
responding to a given approximation scheme as defined via (4.1), (4.2), we formulate

the Nth approximate problem in VN: Minimize

t
- IO, T5u) = [EOICN W + ()3
4.8

subject to

(4.9)
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Then we may obtain the following convergence results using Theorem 3.1 and Lemmas

4.1-4.3 in the general case of unbounded output.

Theorem 4.5 Suppose the sesquilinear form o satisfies (2.1) and (2.2) and A is defined
by (2.3), Be L(U,V*),C € L(V,Y) and G € L(H) is nonnegative. Suppose the approx-
imation scheme satisfies (H1). Then the optimal control u} to the Nth approximate
problem for (4.8)-(4.9) converges strongly to uX, the optimal control for (2.19)-(2.20)
in Lo(0,7;U) for all zg € H. Moreover, if TI}¥ (t),# < T is the solution to the Riccati

equation in VV:

d . . .
(4.10) En#Y(f,) + AN TN @ + ¥ AN — ¥ @BYBY Y ) + N N =0

and TIY(T) = PNGPN | then for all ¢ € H, TIY () PN ¢ converges strongly to Ty (t)¢ in

H, uniformly in ¢ € [0, 7], where the optimal control u}¥ (t),# < T'is given by
(4.11) ul¥ (1) = =BV TIN (1) 2N (1).

Proof: The arguments are quite straight forward and are similar to those given in
[TT]. We define for the finite dimensional problem analogues LN MN, LY M} uTN* STy
of the operators in (3.1)-(3.6). Use of Lemmas 4.1 and 4.3 then yield at once that these
operators converge in the appropriate topologies to the corresponding operators in (3.1)-

Under the stronger assumptions (including bounded output) in Theorem 3.1, we
obtain stronger convergence properties for TIN. The arguments are quite similar to
those just outlined, except we use the stronger results for the extended operators in

Lemma 4.4 in this case.
Theorem 4.6 Consider the case C' € L(H,Y). Assume either (i) Y is finite dimensional
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or (ii) the sesquilinear form o satisfies (2.17) in addition to (2.1) and (2.2), is satisfied.

Then TIY () converges to Tr(t) in £(V*, V), uniformly on [0, 77.

We turn next to the infinite horizon problem involving (3.15). We assume
(H2) the injection i : V — H is compact.
Then we have the uniform stabilizability result which is the unbounded input ana-

logue of the fundamental results of [BK].

Lemma 4.7 Suppose (A, B) isstabilizable and (H2) holds. Then there exists a sequence
of operators KN € £(VN /) and positive constants M; > 1 and w; independent of N

and a positive integer Ny such that for all N > Ny

N N N
[ AR PN G < Myem 1@l > 0.

Proof: Since (A, B) is stabilizable, there exists an operator K € L(H,U) such that
A — BK generates a uniformly exponentially stable semigroup on H. Tet KV be the
restriction of K onto VN. Consider, as in the proof of Theorem 3.4, the corresponding

sesquilinear form or on V

(4.12) orx(,¥) = a(d,¥) + (K¢, B*¢Y) for ¢, € V

Then g 1s continuous and for ¢ € V

Reog(¢,¢) > Rec(¢,¢) — ||K

B llllella llellv
(4.13) 3
> ol — prllelli

where pr = p+||B||?| K||?/2w. Thus, Lemma 4.3 applies to AX = AN — BN KN where

(—AX o, ¢) = ok (9, ¢¥) for all ¢, ¢ € VN, so that
FARPNG S T()¢ in H

AR PN S TM)é in H
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for every ¢ € H and + > () and

N
M
[l A5 PN ol < ol >0,
f 2

where T'(t), t > 0 is the semigroup generated by A — BK. Since the embedding 7 is
compact, for a fixed £ > 0 the set S = Un>1 (e”\lk\Z PN —T())B is relatively compact in
H, where B is the unit sphere of H. Tt then follows from Proposition 3.7 in [Ch, p.126]
that

"% PN — T(#)|| 2y = 0 as N = oc.

Since T'(t),t > 0 is uniformly exponentially stable, there exists a t;5 > 0 such that

[|T(#0)|| < 5. Hence for N sufficiently large ||et“A’R\Z PN||£(H) < 1 from which the desired

1
5
results follows using standard semigroup arguments (e.g., see the proof of Theorem 3.1.1
in [T]).

Combining Lemma 4.7 with arguments in [BK] and [T'T], one obtains the main result
of this section concerning convergence for the bounded output C' € L(H,Y), unbounded

input, B € L(U,V*), case.

Theorem 4.8 Assume the conditions of Theorem 4.6 hold and (H1) and (H2) are
satisfied. Suppose (A, B) is stabilizable and (A4, () is detectable. Then for N sufficiently
large, there exists a unique nonnegative self-adjoint solution IV € £(V*, V) to the

algebraic Riccati equation in VNV
(4.14) ANV 4 IV AN — VBN BNV 4 oV N =,
there exists constants My > 1 and ws > 0 such that

N N pN* N
(4.15) |47 =BEET T PN G| < Mae™ |6,
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and TINPNg 5 TIg in V for every ¢ € V*. Moreover, we have ||BN*T[NPN —
B*N||zcary = 0 as N — oo. The feedback system operator A — BBN TN (i.e., the
approximate feedback controls in the original infinite dimensional system) generates an

exponentially stable analytic semigroup on H and for every ¢ € H
T(= BN TN ();20) = T(u7520) < e(N)]19ll7

where e(N) = 0 as N — oo.

Proof: The arguments are essentially a repeat of those for Theorems 2.2 and 3.1
of [BK] and Theorem 2.6 of [TT] where we use the appropriate norms and topologies
at each step. For the sake of completeness we give a brief outline, referring the reader
to [BI2] for details. We first consider ox and KV as in Lemma 4.7. Using the inverse
Laplace transform (see [T] or [Sh]) to obtain a representation for analytic semigroups
in terms of resolvents and standard contour arguments (again see [Sh]) along with the

bounds (4.6), one readily obtains bounds

N
M —
(4.16) [l PN ol < ze " lellu
N
M —
(4.17) [l 4% PNo|lp < e el

for ¢ € V*. These can then be used to argue
TV N 9) < allglf7 -

for N > Ny and a > 0 independent of N. This is the result of Step 1 in the proof of
Theorem 2.6 in the Appendix of [TT] and guarantees (Theorem 3.3 of [PS]) existence of
the desired solutions to (4.14) for N sufficiently large.

Detectability and arguments similar to those in Lemma 4.7 yield bounds similar to

those in (4.16), (4.17) for AT =GYCT) PN and hence uniform detectibility. Following
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arguments similar to those in Step 2 of the proof of Theorem 2.6 in [IT] (relying on
Young’s inequality and Datko’s lemma), one can obtain the bound (4.15). Tn fact, one

also obtains a bound in which the right side of (4.15) is replaced by

Mot
me = |ollve

Then with standard estimates (see the Appendix in [BK] and (A.6), (A.7) of [TT])

I/M2 —w
TN PN =TI (0) PNl cve vy < e T
M2 —w
[T — T (0) ]| z(ve vy < v T

the convergence of Lemma 4.6 and the triangle inequality, we are able to conclude that
||y pN H||zv+ vy = 0. Moreover, since the injection #* : H — V* is compact, we

find

IBY TN PN = B ey < 1B Y PY =l

IN

BTN PY =Ty =0

as N — oo.
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5. Case of Unbounded (.
Tn this section we consider the case C' € L(V,Y) and B € L(U,V*). Let Ay be a

self-adjoint operator on H defined by

< kuy

v

dom(Ag) ={ueV :|og(u,v)

g forall v € V}, and
(5.1)

(Agu,v) = og(u,v) + plu, vy for all u,v € V,

where oy is the symmetric part of ¢ (see Theorem 2.2) and

oo, u) + plu, uyg > w||u||i for u € V.

Tet A = A;)/Q with dom(A) = V and for 0 < § < 1, V, denote (see [LM]) the intermediate

space : Vg = [V, H]g =dom(A'%). Then we have [V, V*];/5 = H and the interpolation

inequality

) I8llve < cllolllloly? < ellglle- el llolly
5.2

1-8

8 _
< cllgllg-liglly * = ellgllgtllell ™,

where oy = g. We assume throughout this section

(H3) ||B*é||lir < b||¢||lv, with 8 < 1 for some b > 0 and let o = g.

Since p € @ is not in sp(.A), there exist o > 0, M > 0 and Uy, a neighborhood of p such

that
p(A) D IF = IA:0 < |arg(A — p)| < g+a}uU0
and
M
A — AT W< for eyt
||( ) ||£(V)71_|_|/\7p|
(e.g., see [Ta]). Tt then follows from [Pa, p.69-75] that
‘I (o)
pl —A) P = — / 1S, (ydt - for B3>0
N
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where T'(-) denotes the gamma function and S,(t) = e #*S(t),# > 0. Since p € p(A),

there exist constants 4 > 0 and My > 1 such that

150 (D)l cvey < Mye
(5.3)
1S, (D lcve vy < e

Then for 2 € V = domy- (A*)

o7 — A" 2llv, < iy fo NS5 (B2 llv, dr

< iy o NS OlIRS; @l

IN

e [ e .

Hence if 0 < o < agy, then there exists M, > 0 such that
(T — A "2|lv, < M,||z||v- for all z € V.

Since V is dense in V* and Vj is closed in V*, this implies dom((pl — A*)' =) C Vi

and therefore
(5.4) B*(pl — A%)' ~> e L(V*,U).

Under the assumption (H3) using the same arguments as in Theorem 1 [F12], we
have the following results on the solution TIp(-) to the Riccati equation (3.12).
Theorem 5.1 Assume (H3) holds. Tet TIp(-) be the solution to the integral Riccati
equation (3.12) with G = 0 and Up(t,s) be the evolution operator defined by (3.13).

Then for each T' > (), there exists a constant M > 0 such that
17 (2, )Ly < Merti=)
and for 4 < 1, there exists a constant. AL, such that
(5.5) (o7 — AP Tia(t)allv- < My llallv for0<t<T.
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Moreover, if we assume
(H4) for any z € H there exists a control u € Ls(0,00; U) such that J(u;2) < oo,

then the constants M, M, in above are uniform in 7.

By Theorem 5.1 and (5.4),
(5.6) B*Tlp(t) € L(V, H) and (B*Tlp(1))* = Tlp(1) B.
Now it is not difficult to argue (e.g., see [FI1]) that for 2 € VTTp(t)x, 1 < T is given by
T
(5.7a) Mp(t)e = / S(s —1)(C*C' —Tp(s) BB*Tp(s))S(s — t)ads.
S

Since for € domg(A), t — S(t)x € V is strongly differentiable in Lo(0,7T; V) with
derivative S(t)Ax (see Theorem 2.1), Tlp(t)x,t < T satisfies the differential Riccati

equation

(T (t)a,y)  +(Ax, T ()y) + (T (1), Ay)

—{(B*Tp(t)x, BTy (t)y) + (Ca, Cy) = 0
for all 2,y € domg(A) and TIp(T) = 0. The following theorem follows from (5.5).

Theorem 5.2 Tf (H3), (H4) hold and let TT™® = s —1im T3 (0) as T — oo in L(H), then

forg e Vand v <1

ki3

(o] — A*)TIp(0)6 % (pT — AP T in V*.

Moreover, if (H2) is satisfied, the convergence of above becomes strong and TT™ satisfies

the algebraic Riccati equation

(Mz, Ay)  +(Az, TTy)
(5-8)
—~(B*TI®z, B*TI®y) + (Cz, Cy) = 0

for all 2,y € dompg (A).
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Under the stronger assumption (below (5.11)) the sesquilinear form o satisfies (2.16)
and I € L(V); i.e.,

Theorem 5.3 Assume that the sesquilinear form o satisfies

(5.9) |71 (6, )| < Mlllv, 1]l

for some M > 0 and 0 < # < 1 for all ¢,¢ € V, in addition to (2.1) and (2.2) and that
(H2) and (H3) hold. Tet Ty (#),t < T be the solution to the integral Riccati equation
(3.12) with G = 0. Then, for each = € V, Tlp(t)x € C([0,7T]; V)N C'([0,T]; V*) and

satisfies the Riccati equation
(FNr0e,y) = o, (t)y) + o(y, (1))
(5.10) +(B*Tp(t)x, BTy (t)y) — (Cx, Cy)
for all z,y € V.
Moreover, if (H4) holds, then TI%°(= s — limTI7(0)) € £(V) and satisfies the algebraic

Riccati equation

o(x, T1%y)  4o(y, TT°x) + (B*TT>z, B*TI™y)
(5.11)
—{(Cz,Cy)y=0 forallz,yeV.

Then we have the optimal feedback solution:
Theorem 5.4 Assume the sesquilinear form o satisfies (5.9) in addition to (2.1) and
(2.2), and (H2) and (H4) hold. Then, if (A, B) is stabilizable and (A, C) is detectable,
then the algebraic Riccati equation (5.11) has a unique non-negative solution TT = TT* €
L(V) and A — BB*TI generates a stable analytic semigroup T(t),# > 0 on H. The

optimal control «* for (3.15) is given by
u*(t) = —B*MIT({)z, +>0 forz€ H.

Next we consider the Galerkin approximation of T1°° € £(V). Tet VN AN BN N

and the projection PV be defined as in Section 4. We will assume the following
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(stronger) approximation condition:
(H5) there exists a constant & > 0 such that||PN ¢||y < &[|@||v for all ¢ € V.

While the results below can be shown by some elaborate arguments without assuming
(H5), the condition (H5) is a standard assumption in finite element approximations

(e.g., see [BA]). Then if (H1) and (H5) are satisfied, then

PVN¢ > ¢inV for ¢ € V and
(5.12)
PN — ¢ in V* for ¢ € V*,

and moreover for ReX > p
_ e M,
(5.13) AT = AN PYGllve < = lI8llv-.
|A—pl
In fact, if for ¢ € V=, u™N = (AT — AN)=TPNg then

MuV )+ o™ x) = (¢, x) forall y e VV.

Thus,

A

LI 0l < Nléllve lixllv + ell™ v lIx]lv

IN

Mal[a]lv- [Ix[lv
and choosing x = PNy for all ¢ € V, this inequality yields (5.13).

Theorem 5.5 Suppose the assumptions in Theorem 5.4 hold and the approximation
conditions (H1) and (H5) are satisfied. Then, for N sufficiently large, there exists
a unique non-negative solution TV = TIV" € £(V) N L(H) to the algebraic Ricecati

equation in VN

oz, TMVy)  +o(y, MNz) +(B*TTVz, B*TIVy)
(5.14)
—(Cx,Cyy =0 forall z,y e VN,

and there exist constants M > 1 and @ > 0 such that
N N oN* o N ~ -
||et(A —-BYBY 1T )PN¢||H§ ]\/[(;:7(4)t||¢)||’v_’7 TZO
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Moreover,

VPN S5 T1°¢ in H for each ¢ € H

VPN B¢ in V. for each ¢ € V.
and B<TIN PN 2 B*T1 in L(V,U) where TI® is the unique non-negative solution
to (5.11). Finally, for N sufficiently large, A — BBN'TIV generates a stable analytic

semigroup on H.



6. Second Order Systems.

Let Vi — Hy — V5 be a Gelfand triple as discussed in Section 2. We consider
general second order systems in the context of sesquilinear forms using the approach in
Section 3 of [BT1]. Consider then the second order system:

d? d
(6.1) ﬁw(t) + Doﬁw(t) + Agw(t) = Bou(t) in V7

where By € L(U, V7) and Ag, Do € L(Vo, V) are defined by

(6.2) a(@,¥) =< Aad, ¥ >ve v,

(6.3) b(@, V) =< Dod, ¥ >ve v,

for ¢,v¢ € Vi and a and b are continuous symmetric sesquilinear forms on V5 x V4. We
assume that a is Vj-coercive (i.e. satisfies an equality of the form (2.2) wherein without

loss of generality we take w = 1 and p = 0) and b is nonnegative. Thus Vj can be

equipped with the equivalent norm ||¢||v, = /a(é, ). Let V =V, x Vi, H =V, x Hy

and define the sesquilinear form o on V x V by

(6.4) a((@1,¢2), (V1,92)) = —ald2, 1) + a(dr, ¥a) + b(d2, ¥2).

We again have a solution semigroup on H for the systems (6.1) written in first order

form (e.g., see [BI1]). The generator A in this case is given by

(6.5) A= [ S ]

with dom(A) = {(é1,¢2) € H : ¢2 € V and Agdy + Do € Ho}. The system described
by (6.1)-(6.5) requires some separate analysis since some of conditions assumed in Sec-

tion 3 through 5 above are not satisfied. However as will be outlined below, the results
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in Sections 3-5 are still valid for control problems governed by (6.1) under appropriate

conditions on A and B = col [0, By].
§ 6.1 Case of Bounded C

Tt has been shown in [BI1] that A generates a Ch-semigroup on H and that if b is
Vh-coercive, then A generates an analytic semigroup S(t),7 > 0. Tn fact, the latter can
be shown readily by observing that the sesquilinear form o defined by (6.4) satisfies the
conditions (2.1)-(2.2). Moreover, we actually have from standard estimates (e.g., see

[BTW])

Lemma 6.1 Assume that b is Vj-coercive. Then there exists a positive constant M

(which depends only on T') such that

t
n/su—ﬂﬂﬂmmmwmgnmmwmwm.
J0

Tt follows directly from Lemma 6.1 that for any C' € L(H,Y), the following condition

holds: there exists ¢ > () such that

4
(6.6) I [ 57 m0utdsll < elallaoss
J0

forallt € [0, T] and y € Lo(0,T;Y). From duality (see [PS]) it follows then that (3.10)
holds and indeed the conditions of [PS] are satisfied (see Remark 3.2(1)). Thus if b is
Vh-coercive, we have that the conclusions of Theorems 3.1 and 3.4 hold for the second
order system problem governed by (6.1)-(6.5). Moreover, it is not difficult to show that
the conclusions of Lemma 4.4 for the Galerkin approximation holds for this case. Thus
the conclusions of Theorem 4.6 applies to this case for approximations of solutions to

the differential Riccati equation analogues of (4.10).
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In the case of the infinite horizon problem and associated algebraic Riccati equation,
to obtain Theorem 4.8 and Temma 4.7 we assumed (H2): V is compactly embedded
into H. This condition (H2) is not true for the second order system problem formulated

here. But we have a result corresponding to LLemma 4.7 for these problems.

Lemma 6.2 Assume that 14 1s compactly embedded into Hy and & = va + b, for some

~v > 0 where the continuous sesquilinear form b on V; x V} satisfies for some p € R

Re b(¢, ¢) > —%Hfbll%n —plloll,

for all ¢ € Vy, and A51 Dy is a compact operator on Vj with Dy € L(V,, V) defined by

< Dod, ¥ >ve v, = b(¢, ). Then if for some v € R and M > 1
I1S@lecmy < Me”', >0
then for any ¢ > 0 there exists an integer N, such that for N > N,

ISY O PNy < Me¥e)F >0

for some constant M > 0 independent of N, where SN(t) = AVt with AN defined as

in (4.1).

Proof: From (6.4) we have for z = (¢1,¢2) € V

v

v
Re o(2,2) > [|él[v, — lléll7,-

Thus o safisfies (2.1)-(2.2) with w = T and the semigroup 4™ on VNV s represented

by
N 1
AT PN = /e”(/\lf ANMYTI PN X
IN

2 |
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where T is the integration path (shifted by p) as described in [Sh, Theorem 6.A]. Hence
it suffices to argue that ||(AT — AN)~" PV|| is uniformly bounded on {Re A > v +¢} and

in N. Consider the resolvent equation

(67) AZ1 — Z9 = f S V()

(6.8) Azg + Doze + Agzy — g € H.
From (6.7), zo = Azy — f. Tt thus follows from (6.8) that
(A +ADo + Ag)z1 = g+ Af + Dof in V7,
where by the assumption Dy = vAq + Dy. Equivalently,
2

A _ A _
([+A7+1A01+WA01D0)Z1

vf Ay
Av+1 0 Ay +1

(g+Af+ Dof).

Thus, if ReA > v, then (7T+ %A(ﬂ + MA+1 ,451 Do)~ " exists and is bounded. Similarly

we have

(AT = AN, 29) = (PO f, Pig)

is equivalent to
2
T

7 A G
Ay +1 Ay +1

(1 (AN S () o)

(6.9)

gV + AN+ DY)
and 2z = Xz — N where fN = P"/\;f, gV = P;,Vng and P"/\g and P;,Vn are the orthogonal

projections onto VN of Vj and Hy, respectively. Here for 2V € VN

—1
Dy )z




= (I + Yo M, )z
- My 170 Ty Y

v+ v+

/\2 1 N 1 N _N
"‘/\7_'_1(’45 - (Ao )7 )PHQ%

/\ —1 Ny—1 N
"‘/\7_'_1(’40 DO*(AO) DO)Z1 -

Since (AV)"'DY = P"/\;Ag1 Dy and Vj is compactly embedded into Hy

(AN P — A lergy and [[(AF) DY — Ag Dollzemgy — 0

as N — oo. Hence for N sufficiently large (T + A?-QH (,4(’)\’)*1 + M)\+1 (A(’)V)q D(’)V)% P‘l/\g
exists and is uniformly bounded in any compact set in {Re A > v}. Tt thus follows
from (6.9) that there exists an integer N. such that for N > N. (A — AN}~ PN i
uniformly bounded on {Re A > v + ¢}, which completes the proof.

Tt thus follows from Lemma 6.2 that under the assumptions in Lemma 6.2, the
assumptions (H1) and stabilizability and detectability of Theorem 4.8, the conclusions

of Theorem 4.8 hold for the case when A is defined by (6.5), B = col [0, Bg], and

CeL(HY).

§ 6.2 Cases of Unbounded C'

For the case when C' € L(V,Y) we assume that there exists 0 < # < 1 such that
(6.9) 1B5 ol < bllgllve for ¢ €V

where V¥ is the intermediate space = [Viy, Hglg, 0 < 0 < 1 defined as in Section 5. Since
VP = [V,H]s = Vo x V§,0 < 6 < 1 the assumption (H3) is satisfied. Assuming the
finite cost condition (H4), it follows from Theorem 5.2 that there exists an operator
e L(H)Nn L(V,VP) (for all 0 < 3 < 1) such that TI7(0)¢ — TT¢ weakly in V7 for

all € V. Tn the case of the second order system (6.1)-(6.3) the assumption (H2) is
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not valid. However, PsV = V4 is compactly embedded into PoH = Hy and B* Py = B*
where Py is the projection of H onto the subspace {0} x Hy. This fact can be used to
show that B*TIp(0)¢ — B*TI¢ strongly in U for each ¢ € V and that TT satisfies the

algebraic Riccati equation
(6.10) A TT+TTA-TIBB* T+ C*C' =0

in the sense of Theorem 5.2 (i.e., see (5.8)).
The condition (5.9) is not satisfied for the second order system defined by (6.4)-(6.5)
since

a1 (¢, ) = —a(¢a, Y1) + a(eqr,¥9)

for ¢ = (¢1,¢2), ¥ = (¢1,12) € V. Hence, Theorems 5.3-5.5 cannot be applied directly
to the second order system (6.1)-(6.3). Tn what follows we employ the structure of
solutions to the Riccati equation to establish the results that correspond to Theorems

5.3-5.5 for the second order system. Since the adjoint operator A* of A is given by

L[ oo =1
o=l )

nﬂ n12 :|

the Riccati equation (6.10) can be written in terms of the operator matrix TT = [ ]_[ ]_[
21 22

on Vp x Hy as

—TTyy — T Ay — T2 Ba BaTloy + Q11 =0

(6.11) Aol — DiTlay — Mag Ag — TTaa Ba B TT21 + Q21 =0

ATy + TToy — DiTlog — Tas Dy — TTya By BiTTas + Qae = 0

where Q = C*C = Qi Qo on Vo x Hq. Since 11 is self-adjoint on H = Vi x Hy
@21 Q22

and H is equipped with the norm \/<A0¢1,¢>1> + |¢o ,Qqn,(/) = (¢1,¢2) € H, it follows
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that Ty € L(Vy, Hy), 5, = AoTlio € L(Ho, Vo) and T}, = AgTlyy € L(Vh, V). Note
that the third equation of (6.11) is the Lyapunov equation for the self adjoint operator
Moo on Hy, given Tloy € L(Vy, Hy) and that Qoo+ AgTTio+TToy —TTas BB* Ty € L(Vy, Vi)
is bounded and symmetric.

Asin Lemma 6.2, we have assumed that V4 is compactly embedded into Hy and that
the sesquilinear form b in (6.3) is given by b = ~va + b (equivalently, Dy = yAy + Dy)

where b now satisfies

(6.12) [6(6, V)] < MIgllye[[llve, 0 <O <1

for all ¢, ¢ € V4. Tt then follows from Theorem 5.3 that Tlyy € L(Vg, V). Moreover,
premultiplying the second equation of (6.11) by A;% (recall that Ag is self-adjoint) we
obtain

(=T — Ay 2 (D5 —MaaBoBg) Ay 7 ) Ag Ty

= A(?ﬂn + ASEQm

wl=

where A;%(DS—WQQBO Bs)A, ? € L({Hp) is compact and A(%WH-FA(:%Qm € L(Vy, Hy).
Thus Aéﬂm € L(Vy, Hy) and therefore TT € L(H) N L(V). Furthermore, a similar
argument using the partitioning of Riccati solutions can be applied to establish the
corresponding result to Theorem 5.5.

The case of the structural damping (2.31) can be treated directly using the results

in Sections 3-5.
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