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NOTICE

In the copies of this paper for the Mimeo Series, pages 38,
39, and 70 -~ 75 are omitted. When the paper was submitted
to the Graduate School of the University of North Carolina
as a master's thesis, these papges contained the flow
diagram for the computer program presented in Appendix C
and graphs based on the data given in Tables IX~A through
XVII-A. Because it would be both difficult and expensive
to reproduce these drawings for mass production, we must,

regretfully, leave them out of the present copies of the

paper.
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CHAPTER I
THE ENTIRE PROBLEM

1.1 The Development of "Probabilities Depending on Size" (P.D.S.)

Sampling

The problem with which this thesis deals is only a small facet
of a large problem confronting the Industry Division of the United
States Census Bureau. During each year the Industry Division takes
scores of surveys, the most comprehensive of which is the Annual
Survey of Manufactures 1?}571, vhich is used to estimate industrial
data such as total employment, average wages and man-hours, total
value of shipments for each of 1,100 product classes, and cost of
materials for industrial populations comsisting of manufacturing es-
tablishments., An establishment is defined to be a plant or location
at which a product is manufactured; thus, a large company or corpora-
tion may have many establishments, often of differing size and impor-
tance. In a typical industrial population there are many small es-
tablishments, fewer medium-sized establishments, and a very few
giants., Clearly, any method of sampling (such as simple random
sempling) in which there is positive probability that a giant will
be excluded from the sample is not a desirable sampling plan.

Therefore, the Industry Division wants to use some form of sam=-

pling with probabilities depending on size (p.d.s.); in particular,

Lrhe numbers in square brackets refer to the bibliography.
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the probability that an establishment will be selected for a sample
should be a function of the contribution which the establishment is
expected to make to the estimate., Furthermore, in order to ensure
that the giants will always be included in the sample, the sampling
plan should be a form of stratified sampling having two strata: a
certainty stratum, in which all establishments are selected with
probability one, and a non-certainty stratum, in which the probability
of selection for each establishment is less than one. Finally, the
sampling plan should have the property that the selection of each es=-
tablishment is independent of the selection of every other establish-
ment. As Ogus expleined (1n a letter to the author concerning this
point), the reason why the independence condition is desirable is be-
cause it will help the Industry Division ™to avoild selecting the same
establishments for different surveys in order to spread the reporting
burden ... « The fact that our universes are relatively small is im=
portant here." Precisely how this is to be accomplished is a question
which the author has considered to be beyond the scope of this thesis.
Because the questionnaire connected with any survey is designed
to elicit information on many economic factors (e.g., value of ship-
ments in each of several product classes, wages, cost of materials),
one factor must be chosen so that the probabilities of selection are
functions of the contributions to the estimate of this factor. Now,-
every establishment will be able to supply information on items such
as wages and man~hours, but not every establishment in the population

manufactures products which are classified in a particular product class.
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This situation can cause real difficulties -~~~ and actually has done
so for the Census Bureau in the past. To illustrate, suppose that
the probability of selection depends upon the contribution of the es-
tablishment to the estimate of the total number of employees; and
suppose that we also wish to estimate the total value of shipments
(which is & very important value) for each of, say, ten classes., If
one of the classes contains products which can be manufactured by a
relatively small number of workers, and if the establishments which
manufacture these products do not also manufacture products from another
class, then the probabilities assigned to these establishments will be
relatively small., Thus, it can easily happen that the sample drawn on
the basis of these probabilities will contain none of these establish-
ments; consequently, on the basis of the sample there will be no in-
formation with which to estimate the total value of shipments for that
class.

Because of this difficulty, the Industry Division has decided that
the probability of selection should depend on the contribution which the
establishment makes to the estimate of the total value of shipments in
those produet classes which are involved in the survey. Then, with
enough members drawn into the sample to ensure satisfactory estimation
of the product class totals, the estimation of those factors which are

reported by all establishments should be excellent.

1.2 Qgus Solution for the Special Case When Only One Class is Sampled
In August of 1959 Jack L. Ogus, chief mathematical statistician

for the Industry Division, distributed to his staff a memorandum /47
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in which he derived the optimum values of the probabilities of selec~
tion for the case when only one product class is being sampled. His
results are summarized as follows:
l.2,1 Definitions,
Let Ny denote the total number of units in the population
reporting class h.
Y " wyalue in product class h reported by establish~

hi
ment 1 ‘in the Census year.

Xﬁi " value in product class h reported by establishe
ment 1 in the current year,
N
Y, u Zh Y = total value in product class h in Census
i=1 °
year,
X, " gh Xhi = total value in product class h in current
i=1
year.
n
Dpi Yog = Yt - |
h
n _
Dy R T N
a n _ )} O if establishment i is not selected.
hi T 11 if establishment i 1s selected.
Py " the probability that establishment i1 will be

selected.
Define an estimator, Xﬁ s as follows:

Y
Xo= T e (MR,

i=1
for all i such that P

ni is positive. Ogus shows that this estimator

is an unbiased estimator of the product class total:
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N
h
B 1§1 Byq (L/Pys Hpg

By

N N
h h
iil (1/1>hi)xl. Ee, = 121 (:L/Phi)x1 ; Py

i

Y
pM = H
i1 Xng xh ?

and its variance, derived using the assumption of independence of

selection, is:

N
h
vexr ifl apg (1/P;) Xy

Var Xﬁ

N
h 2 2
2 (1fppy)” Xy Var 2y,

g*l’ (1fpyy)° Koy (B )2 - Bpy)

M 2
= (1fpyy = 1) Xy -

He next considers the difference estimator, Xﬁ :

N :
h

"o - V! =

Xp o= XY o+ Xy —iil a.”(l/Phi) Dy + ¥, -

This estimator is also an unbiased estimator of the class total:

EXﬁ = EX; - EY% + Yh = Xh - Yh + Yh = Xh H

and its variance, derived using the assumption of independence, is:
Ny
1®

Var X var (Y, + i?l

84 (1/1=hi) Dhi)

N
h 2 2
=k (1/py;)" Dy Var ay,
i=

N .
-2111 (1/p; - 1) Dii .
1=
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Because in most cases 'Dlii < xﬁl » Var X’E will almost surely be
smaller than Var Xk’1 o Therefore, the difference estimator is
preferable to Xk'1 .
Note that if establishment i is a certainty case, i.e. Phi = 1,
then it contributes nothing to the variance of the estimate. Also, as
happens in most sampling methods, the variance is a function of the

quantities D2 » which are unknown. If we knew them, we wouldn't need

hi

2
to do the survey at all! The problem of estimating Dhi is discussed

later in this chapter.
Ogus defines a sample procedure to be optimum if it minimizes the
expected sample size subject to a variance specification. Of particu-

lar interest to the Census Bureau is the specification of the form,

Var Xl'; = K2 Yh s Wwhere K is determined by pragmatic considerations.

On the assumption that X‘n = Yh » this variance specification is equi-

valent to the specification that the coefficient of variation,

Var

%n

1.2.2 Derivation of the Optimal Probability

» be inversely proportional to, Xh for all classes h.

The expected sample size is:

N N
E zP a, = zhEahi= B op
i=1 i=1 =1

N
hi L 3

In the population of N, establishments suppose there are C

h h
ments that should be included with certainty for an optimum design. Let

establishe=

n be the total number of non-certainty cases in the population;
and let m, = hégh Phi be the expected number of non-certainty cases
i=1

Mh=Nh-C



N .
h
selected for the sample. Then EZ 8y = Ch + W e To find the

i=1
value of Phi which ninimizes ms Ogus uses the Cauchy Inequality

in the following fashions

My -
Var XI'; = jf'-]_ (l/Phi - 1) Dy =K Y .
Multiply both sides by m, = Phiz
My ¥ 2
5 P, = (i/p,, - 1) D = K™Y
o1 BT hi o h
' ¥, My 2 2 My 2
(1.1) Z5 Py I (l/Phi) Dpy = My (x Y, + Z D, ) .
i=1 i=1l i=1

Since m, 1s the only variable on the right-hand-side (RHS), the condi-

tion which minimizes the IHS also minimizes m, . By cauchy's Iriequality,

hi;

(1'.2) Ei‘p léh(l/Phi)D > igh 1/2(1/1:hl)1/2! i!}e
(
|5 :

_{121 IPg ’

with equality (and thus a minimum) obtained if and only if
p/2 _ g (1. )2 | D, |, thatis, P, =t |D ] |
i - h‘“thi  Pna b > Fpi T tn Pl

From (1.1) and (1.2) we obtain the following relationships:

. o .
(1.3) m (KaYh + E‘l‘ nﬁi) = {i}zf.l; 1 Dhil if P, = thml .



From (1.3), together with the definition of m,» We have:

!
| =

Mh Mh
i= ‘ % + Z Dhi
i=1
Therefore,
Mn
£ | Dy |
th . _i=1 Mh 4 .
2
K%I + I D,
h i=1 bl

Thus, the value of Phi which minimizes the expected sample size is:

h
D4 | .

P, ={—17% [ D, |
bi %{ W, ’ i .
K + 7D '
1o W

/

(N. B. This solution can also be obtained by using the IaGrange tech-
nique for minimizing a function subject to restrictions. In Chapter II
1t is used to find the optimal value of P, in the general case.)

1.2.5 A Method of Solution.

In practice, the precise values of Mh and Ch are not known be=
forehand, but they may be determined easily by arranging the thlf in
non-decreasing order and computing fhe following partial sumss |

L

A = iz thil and B, = K%r + :f-l Dhi .

i i v = To s =
When AL.! DhL‘z By , then M, = L-1, and for all i>1I, P, = 1.



l.3 Estimation of the Measures of Size Dﬁi .

The problem of finding a satisfactory way to estimate the values

of D2 is being studied by the Industry Division at the present

“hi
time. During the summers of 1961 and 1962 the author worked on this
problem, doing much of the preliminary work on which the current
studles are based. Although there is no lack of data relating [Dyy |
with the value Yhi ; the laws protecting the confidentiality of the |
economic data for individual establishments prevent the use of actual
Census Bureau date in this thesis. Therefore, the following discussion
must deal with generalities, since the studies are being conducted
with the Census data.

1.35.1 Characteristics of the Po_gulation.

In general, when 'Dhil is plotted against Y,, for any product
class h, the scatter diagrém resenmbles Figure 1,
Usually the linear correlation coefficient is
about 0.6, suggesting that there is some degree
of linear correlation. But Dy, can be --- and o ;

not infrequently is --- zero for large values of &;..:.:'{’!_{,_'lf .

i

usually smaller ones, for which 'Dhil > Yhi' Clearly, it is not possi-

s and there are nearly always a few units, Fligure 1.

ble to predict the exact values of [Dhil for each establishment; but

to estimate the expected value of the |[D s for a given value of

nal”

Y,, is difficult too, primarily because the variance of the ]Dhil's
increases as Y. increases.

hi
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1.3.2 Estimators Being Studied.

In the summer of 1961 the author applied a logarithmic trans-
formation to the data from three product classes and found that it
did not compensate adequately for the increasing variances. Further-
more, even with computers available it was not practical to use such
& transformation on large quantities of data. In the summer of 1962
the author wrote a series of FORTRAN progrems for an IEM 1401 computer
to calculate ten different estimators dhi(J), ‘j =1, 25 vesy 10, OF
E[Dhil, using the date from ten product classes. The first four esti-

metors were:

(1) e (1) = ag)® + (ey)!

where dﬁi =& + b Yﬁi

» il.e. least squares linear re-
gression of [Dy.f on Y. .

2

®pp T ”Dhil'dﬁi)e .

(egi)' = A+ BY, ., l.e. least squeres linear re-

2
gression of 8y OB Yhi‘

(2) dhi(e) =/(d;11)2 + (61?11)"

where dﬁi and eﬁi

are defined as above, and

(ehi) = A+ By, +CY,

. 2
quadratic regression of &y OB Yhi .

s l1.e. least squares
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(3 a,0) = /(dﬁi)' £ (e2,)

where (dﬁi)' = A+ BYhi + CYﬁi » l.e. least squares

. 2
quadratic regression of Dhi on Yhi .

1
H

(5) (W) = [(ag)" + (egy)"
N

where (dii)’ and e-

ny 8re defined as in (3), and

2 yu _ 2
(ehi) = A+ BY,, +CY, .

The remaining six methods all involve weighted regressioms, in
walch the weights used were intended to be inversely proportional to
the variapce of ]Dhi] in one case and to the variance of Dﬁi in
the other. Actuaily, the weights were estimated only roughly, in the
following fashion: for each of the ten product classes, three to
geven numbers, th, J =1, 25 eesy T, were chosen and used to divide
the values of Yﬁi ipto four to eight groups: 0 < Yﬁi-f Bhl s
B.

hl
groups, the mean of the |[D,,|'s end the variance of the [D,,['s

< Yhi~5 Bh2 » ete, Then, for the establishments in each of these

about this mean were calculated. The weight assigned to every establish-
ment in this group was the reciprocal of the group variance. In similax

fashion, a second set of weights was calculated using the Dﬁ values

i

hi
were calculated according to the following formulasi

instead of the |[D .]'s. The weighted linear regression coefficients
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v, Iogly, - ywzw In|Ewy -

b o= - -,
= owy yf - 1/% (= LA 3{1)2
(1.%)
a = 1/Nzw [D]-v(1NEw, ¥) ,
vhere W, = Nsi'e/z Si-g ’ si is an estimate of Var [D .|, and the

sums are taken over the values, i = 1, 2, eeey No Also, to simplify
these expressions, the subscript h, denoting the product class, has
been omitted. Similerly, the weighted quadratic coefficients were cal-
culated from the formulas: |

2.2 2 2 2
(= WDy Y5 - 1/N = wini% LA Yi)(z W, Yy - 1/N(s WY, )%)

2 3 o2
. - - (= W1D§Yi - 1/8 2 WD B WY, )(Z WY - 1/ 2 W,Y,2 W,T)
b 2,2 2 2
(=, ¥, - 1/m(z WYs) (WY, - 1/8(s ini) )-(zwiy?-l/mzwiy‘?zi WY, )
_ , |
5. zwinfyi - 1/N £ WD £ W,Y, e zwixi ~1NEW, E inf ’
' 2 2 2
z wixf -1/ (= WY, ) S WYy - 1/m (= wixi)
A= 1/N = W D> - B(L/N WY );-C(l/I\TZWYE )
= B At ] i*i i1 /2
vhere W, = NS "2/2 5,"%, and S° 1is an estimate of Var D°
i1 i ? i hi *

Estimators dhi(S) to dhi(8) were defined to be identical in
form to estimators dhi(l) to dhi(h), except that in calculating &},

and (dii)’ the welghted regression coefficients were used. Finally,

&4(9) = a + vY,,;, and 4 ,(10) =ﬁx_ + BY,; + cyﬁi » vhere &, b, A, B,

and C were the weighted regression coefficients.,
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1.3.3 Discussion of These Estimators.

There is much to criticize in the choice of estimators and in
the calculations of the weights. However, we should consider the fact
that the Industry Division statisticians are trying to find a simple
estimator, or at least one which is easy for a computer to apply,
vhich will "satisfactorily" predict E[D| for all values of Y.
Consequently, this study was designed primarily to compare the measures
of size assigned by each estimator and to see what effect each estimator
had upon the number df establishments put into the certainty stratum.

Because of the increasing variances of the [Dhi]'s, the use of
ordinary least squares methods, as in the computation of dﬂi and
(dii)’ for estimators (1) through (4), was not strictly justified.
However, it was tried because to calculate reasonable estimates of the
increasing variances with which to weight the data amounted to much
the same problem as to compute the E[Dhi[ in the first place. Esti-

mators dhi(j), =1, 2, 5, 6, were roughly of the form:

dﬁi = E(Dﬁi) = (E:Dhi])e + B( ]Dhi] - E]Dhil)e .

That is, the real quantity being estimated was Dgi. This was reason-

able because the contribution which an establishment makes to the
variance of the estimate is & function of D§i5 and the sample is sup-
posed to be taken large enough to meet certain variance specifications.
Estimators dhi(j), j =3, 4, 7, 8, were intended to be upper bounds

on the values of Dﬁi. This is a conservative approach to the problem,
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. for it tends to over-estimate the Dii‘s and therefore should result

in larger samples.

Estimators (9) and (10) are theoretically sound estimates of the
E[D,;| and E(Dﬁi) respectively. This can be shown as follows:
Suppose that Xi, i=1y, 2, «eey Ny are random variables such that

E(X,) =a+B Y, and VarX, =o- . Ve vould like to find the least

i L]
squares estimates, a, b, of the regression coefficients, but because of
the unequal variances, we cannot apply least squares techniques directly
to the X variables. However, the variables , Z, = Xi/ci s

i=1 2, ¢sey N, do have equal variances:

EZ, = :L/cri EX, = l/ci(a +B Y );

Var 2, = (1/01)2 Var X, = 1; 1 =1, 2, eeo, N3

i
and therefore, since E(Zi‘) 1s also a function of « and B, least
squares techniques may be applied to them to determine a and b.

We wish fo minimize the sum,

2 (2, - 1o, 2. 3 :
2 (2, «1fo.(a+by,)) = 2 u(X, ~a=-by,) ,
=1 i i i i=lii i

where u, = cr;:2 . After differentiation, we obtain the normal equations:

i

¢=.a.z:ui+b2.uiYi = ZuiXi

2
aZ:uiYi+quiYi=2uiXiYi.

Borrowing & device found on p. 2kl of refercnce [ 17, let us set

W, = 1/ u=N ui/):‘, u,; then the normal equations may be written as
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follows:

Na 4 b2 Wi Yi = 5 wi Xi

2
azx A Yi +b X Wi Yi = I Wi Xi Yi‘

From these equations, computing forms (1.l4) are obtained. In similar
fashion, the forms for the quadratic regression may be derived. In
the case of dhi(9)’ the linear regression is computed with Xi = thi];
. . 2
while in dhi(lo), the quadratic regression is computed with X, =D, .
Unfortunately, there are serious problems associated with the

estimation of the variances, 02 s 1 =1, 2 «eey No In general,

i
Var [D| is expected to increase as Y increases because, although
IDI is expected to get larger as Y increases, the lower bound on
[p| remains zero for all values of Y. Moreover, because for each
Y-value there is usually only one thi,’ it is impossible to estimate
the variance of [D[ for each Y in the usual way. In the opinion of
the author and Industry Division statisticians, for the purposes of
this study a reasonable way to estimste the expected variances was to
calculate the group variances, as previously described. But such esti-
mates are very rough, and the properties of such a method of estimation
are unknown. Therefore, the problems of obtaining reasonably accurate
weights may well invalidate the use of the weighted regression as a
method of estimating E[Dhi].

The results of this study are not all available yet, but most of
them are disheartening. In general, estimators (9) and (10) produced

some negative values of dﬁi, often for small values of Yhi but
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occasionally «-- and more disastrously =-- for medium-sized Y-
values. Due to a programming error, the results from estimators
(3)s (&), (7)s and (8) are not yet available, So far, dhi(l)
and dhi(e) seem to give the best results consistently. Interestingly
enough, in almost all ten product classes the linear correlation
coefficient between [D, | end d,,(1) was higher than that between
[Dhi[ and dhi(e) ’ buf the mean squared error for dhl(E) was about
200/6 less than that for dhi(l).
| Because of the skewness of the population and the increasing
variances, the estimation of these crucial measures of size will probae

bly always be the weakest aspect of p.d.s. sampling.



CHAPTER II

OPTIMAL ASSIGNMENT OF Pi's FOR MORE THAN ONE CLASS

Now let us assume that there is a satisfactory method available
for estimating E(Dﬁi) and proceed to consider the problem of assign-
ing probabilities of selection to the N establishments in the popu~
lation in an optimal way when two or more product classes are to be
sampled.

2.1 Derivation of the laGrange Equations for & General Number of

Classes,

Suppose that we wish to gather information about n product
classes, n > 2, that we will use the estimator Xﬁ defined in 1.2.1,
and that the variance specifications are of the form, Var Xﬁ = K?Yh,
h=1, 2, esey, ny, where K is the same constant for all classes., Let
Xh, Yh’ Dh’ Xhi’ Yhi’ and Dhi be defined as in 1.2.1. Let ai be
one or zero according as establishment 1 is or is not selected for

the sample; and let P, be the probability that establishment 1 will

i
be selected.

As in the case when only one class is being sampled, the expected
N N
sample size is! E 2 a; = L P; . If we define a procedure to be
=1 i=1
optimum if it minimizes the expected sample size subject to the n
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variance restrictions, we may use the IaGrange technique to obtain the
desired form of Pi’ That is, we must minimize the following function
with respect to Pi and }\.h, i= l, 2, seey N; h = l, 2’ soey I3

C N n 2Y
g(Pl, PpseassPys xl,xe,,..,xn) =Z P, +ZN (var Xy - K h)
=1 h=1
N n

IR+ 3N g (1/p, - 1) D2, - k7Y
1=1 T pe) B |11 2 hi h

N n N o n N o
ZP + I N3 (1/91) Dy - h;lxh(KEYh + Dhi) .

1=1 & ne1 Bio1 1=1

it

To minimize g(Pl, Pos eees Po Ms Mgy eees xn), we differentiate
with respect to each of the N + n variables and set each derivative

equal to zero:

2& _ 1. (1p,)2 a2 =0,i=1,2 m
3D, 1 My Dpg = 0 » 85 eees N
i h=1
N N :
d g 2 2Y 2
== = Z (l/P ) D . - (K + X D ), h=1, 2, seeey Il &
O My gy 17 THL hog,n

From these equations we obtain the following equations:

0 .
(2.1) Pi = X ?\.h Dﬁi F) is= l’ 2, XX X] N.
=1

22) = ()08 % 4+ %
2.2 Z(1/P.) D = KY +« XD
11+ B )

2

hi ° h':l) 2y eeey N

Thus, to find the optimum value of Pi’ we must solve n equations
for the n unknown IaGrange multipliers, where each equation is of

the form:
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2
N D N
(2'5) bY I = K%h“— z Dﬁi, h = l) 2, seey Do
i=1 / n ) i=1
z D .
Jh:l M Pnt

2.2.1 The Equations for the Special Case of Two Classes,

In this thesis we shall devote our attention almost exclusively
to the case n = 2, In this special ease, equations (2.1) and (2.3)

take the following form (for clarity, let us set a =), and b = ;\,2):

1

(2.) P, =j/:D§i + b D 1=1,2 oo, I

i,
2
: ¥ D N -
(2.5) = hd =K Y, + £ Do, h=1,2
i=1l o 5 i=1
aDli+bD2i

Now, this population can be divided into three mutually exclusive and

exhaustive groups:

Group I: all establishments for which Dii >0, Dgi =0,
Group II: all establishments for which DJQ.i = 0, Dgi >0,
Croup ITI: all establishments for which Dii >0, Dgi >0 .

Using these groups, we may rewrite the left-hand-sides of equations

(2.5) as follows:

2 2 2
g Dyy 5 Dyi . Dy
T D eI 2 1€IIT [ 2 5
jaDli"'bDQi . e Dy J2 D1y + P Dy
- Dii
= 1//a" Z|Dyyl+ = H
ieT 1eIIT A D2 + b DE
J2 D13 o1

and



™
¥el

N D5 Db |

P =1//6° = lD I+ z .

i=1 2 - 2 1e11’ M ieTIT { 2 2
jaDli+bD21 aDli+bD21

Therefore, equations (2.5) may be written in the form:

2
' D,
(2.6) = |p,|+ VA7B = = = /A (K%Y, + z Dli)
lel

1eI1IT j (a/-b)Dii + .Dgi 1=1

. 2 .
D2i i)
(2.7) lD l =\/"'(KY+>: D2i).
i IT 1<-:III t(a/b)Di. + D° i=1
_ 1

If we divide equation (2.6) by equation (2.7), we obtain one equation

in the one unknown, © = /a/b :

2
~ Dyy
B+ e =
. KEY + Z D21 1lel 1eI1T /OZD D’ﬁ )
i=1 3.1 21
(2‘8) N. - - O *
.&QY + % D?.l B Dgi
i=1 z {Dzj.j + Z
ieIl ieIll 92 DE D2
21

2.2.2 The Procedure for Obtaining the Probabilities

The general procedure for obtaining the optimal values of Pi’
i =1, 2 eeey N, is to solve equation (2.8) for © to as many digits
of accuracy as desired. 'I‘hen, using this value of o, evaluate either
equation (2.6) or equation (2.7) together with the equat:.on, a = Oab
t0 obtain the values of a and b to the desired accuracy. For

every i, calculate }?i = [a D2. +Db Dgi. If for some i, say 1 = J,

1i
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O b S

2 2
la D1i + b D2i 3

non~certainty stratum. Then, after all such establislments have been

21, get P, = 1 and remove establishment j from the
removed from the population (of non-certainty cases), recompute

Z|D s iDQil’ etc., for the remaining establishments and solve

| Dy
ieI 1eIl
equation (2.8) again. Repeat the process until values of & and D

2
2i

population. In this fashion, all establishments having such large

are obtained for which / a Dii + b D <1 Pfor i in the reduced

values of Dﬁi that the formal solution of the equations required

that they have a negative coefficient (N.B. that in the variance formu-
N

la, = (1/p, - 1) 05, , the quantity, (1/p, - 1), is negstive for
i=1

P, > 1), have been designated certainty cases and so contribute nothing

i
to the Var Xﬁ s vwhile to all the remeining establishments values of

Pi have been assigned so that the variance specifications are met,

2.2.3 The Use of a Single-Value Approximation to Simplify Equation (2.8).

The form of equation (2.8) is f£(@) = 6 , suggesting that a solu~
tion could be obtained by iteration {ef. 4.7 for discucticn of the eon-
vergence of this equation). However, for every new value of ©, N3
different radicals must be evaluated, wvhere N3 is the number of es-
tablishments in Group III; and the numerator and denominator of the
second factor must be recomputed. Thus, if N3 is very large, or if
£(@) veries slowly with respect to @, requiring many iterations, the
calculations would require too much time, even on a computer, to be
practical.

Let us consider, then, the effect of substituting approximations
‘ Ty,
for the values of Dii and Dgi in Group ITII. Suppose that Dﬁ is
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an approximation to be substituted for every Dfxi in Group III in

the second factor of £(€), h =1, 2,, Then eguation (2.8) becomes:

| z g o2
/ N \ = D + ©
2 . 1i ]
: f K2Y2+'§l]-)21 ._ ier | = [g D +D
(2-9)§ 1}‘ | ,,2 =0,
} 2 2 ] N. D
. K°Y. + = DS, / Do 3 Yo
/9 Dy + D,
and equations (2.6) and (2.7) beccme:
o
2
, 1\1'3 Dl
. erl ICETa
\,'G Dl + DE
(2.10) A = , and
N
2 2
K Yl + ?‘-l Dli
a2
N
2
£ Dy + 3
4 ielT i ,‘;2 2 D2
2 Pt
(2.11) 5= = ,
K2 Y2 + Dgi
1=1

where N3 is the number of establishments in Group III. Since the

first factor and the quantities, £ |D ; and Z iD .|, are free of

. et LA P Tei
ieT ilell

@ and are known for any given pair of product classes, they are con=-

stants in equation (2.9) (and, of course, in equation (2.8) also).
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Thus, at each stage of the iterative process only the value of the
square root and the values of the numerator and dencminator of the
second factor must be recomputed. Clearly, when a single approxima-
tion is substituted for every value of Dlii in this way, the iteration
equation is comparatively easy to solve. But will equations (2.9)-(2.11)

produce nearly the same values of a and b as equations (2.6) - (2.8)%

2.2.% Results of the Application of the Single-Value Approximation to

en Artificial Pogulation.

Becaﬁse the probability distributions of the X's and the D's
are unknown, and because we are unwilling to make any assumptions
about their form, it will not be possible to derive general results
and draw general conclusions based on the properties of these distri-
butions. The best we can do is to construct a population which has
the same characteristics as the populations with which the Census Bureau
deals and study the effects of different approximations upon it. Then
any conclusions that we draw in general will be bhased on the assumption
that the effects upon the real populations will be similar to those ob-
‘served in the case of the artificial population.

Tn Table I of Appendix A (hereafter we shall refer to this as
Table I-A), is the population constructed by the author, based on the
real populations with which she worked at the Census Bureau. To con-
struct it, she decided in advance how many one-digit (i.e. 1-9), two-
digit (i.e. 10-99), etc. numbers there were to be in each product class,

then used the Rand tables of random numbers to obtain the precise value
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for each number. Hopefully, this artificial population has the charac-
teristics of most industrial populations, e.g. more than 50°/b of the
establishments are small (in this case, Y < 100) and less than 20° /o
are large (here, Y > 1,000). Of course, since some classes are more
variable than others or include products which are more expensive or
more popular than those of other classes, the terms, "small" and
Marge"”, are relative within each product class.

Now, using this population, let us attempt to answer the question
already posed: are the solutions of equations (2.9) - (2.11) good
approximetions to the solutions of equations (2.6) - (2.8)? The ansver,
vhen the arithmetic mean, the median, and the geometric mean are used
as the single approximation \Bi , is, unfortunately, 'mo". As Table
II-A shows, when the arithmetic means were substituted into (2.9) -
(2.11), the resulting value of 6 was more than 40°/0 smaller
then the optimal ©; & was nearly 20°/o smaller than the optimal a;
and b was 1hO°/o larger than the optimal b. On the other hand, when
either the medians or the geometric means were used, © was about %0°/0
too large, & was about 34°/o too small, and b was about 66° /o
too small.

As a result of these errors in a and b, the arithmetic mean
approximation designated three establishments as certainty cases in-
stead of the optimal two, while the median and geometric mean approxi-
metions designated no certainty cases at all. Then, as is showm in
Table III-A, when equations (2.9) - (2.11) were solved again on the

basis of the population from which the certainty cases had been removed,
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a and b were 6h°/o and 780/0 too large, respectively, although
6 ~itself was only ho/o too small. However, as a measure of the
equivalence of the £(0) in (2.9) to the £(6) in (2.8) this is poor,
since there was one less establishment in the population for equation
(2.8), making the parameters unequal.

At any rate, the aberrations in the values of a and b resulting
from the use of equations (2.9) -~ (2.11) predictably affected the values
of P, assigned to the establishments (cf. Table V-A): the arith-
metic mean approximation enlarged the Pi‘s, while the median approxi-
mation reduced them. Because the results of the geometric mean approxi-
mation were so similar to those of the median approximation, the proba-
bilities derived from the geometric mean approximation were not calcu-
lated.

Since the expected sample size and the variances are functions
of the P's, they too deviated from the optimal values (cf. Table
IV«A). For the arithmetic mean approximation the expected sample size
was 20°/0 larger than the optimal size, and the variances were 29°/o
and hoo/o below the specifications. Howeﬁer desirable this state of
affairs might seem, it violates the assumption underlying this method
of sampling, i.e. that the important consideration is to minimize the
expected sample size, not the variances. On the other hand, the
median approximation produced an expected sample size that was 580/0
less than the optimal value, together with variances that were 1850/0
and 1900/0 over the specifications. Needless to say, these results

would be totally useless.
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Obviously, the method of approximating all values D}21 1 by a
single value is not satisfactory --- at least, not when that single
value is the arithmetic mean, the median, or the geometric mean.
Since the distribution of the D's is quite skewed, it seems clear
that the arithmetic mean is being dominated by the few large values,
whereas the median and gecometric mean are sensitive to the numerous

small values (cf. table below).

Arithmetic ' Geometric
Mean Median Mean
f:i 73,272.5 712.0 63%.90
.,g 70,781.0 580.5 69k.17

Is there any other single value which would be a better approxime-
tion? If there is, it is not an obvious or cormon one. The two
means and the median were chosen in the first place because they
are the common measures of central tendency. The real problem is
that the variance of the D2's is so huge that a single value must
either approximate most of the De's well and, in effect, ignore
the very large D2's; or it must approximate the large De's rela-
tively well and thus vastly overestimate the majority of the Da's.

2.2.5 The Use of the "Mixed" Approximation to Simplify Equation (2.8).

To avoid approximating the large D2 values, let us consider the
merits of a more complicated type of approximation: Choose two num-

bers, Dl and D,. such that D

o 1 < Dg, vhich will be used to divide
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the numbers D2 in Group III into three divisions according to size;

i1

and choose D3 <2Dh to divide the number Dgi

three similar size groups. In particular, select these four numbers

in Group III into

so a8 to meke the values in the small- and middle-sized classes as

nearly homogeneous as possible. Then split Group IIT into the following

subdivisions:
(1) all establishments for which 0 < Dii <D, 0% D2 3
(2) all establishments for which 0 < Dii < Dy, D3-S Dgi Dy
2 2 .
(3) all esteblishments for which Dl-f Dy4 < Dy O < Doy < D3,
(4) all establishments for which Dy <Dy; <Dy, Dy D5, <Dy

(5) ell establishments for which D2, > D, and/or Da; > D, .

Iet BEJ be the arithmetic mean of the Dﬁi velues in subdivision
(J), wvhere h=1, 2; =1, 2, 3, 4. If we substitute Dﬁj for
every Dﬁi in subdivision (j), j = 1,2,3,4, and leave the values in

subdivision (5) undisturbed, equation (2.8) may be written as follows:

(' —r
L n, Dij Dii \
/2Y N \ Z[D)g¢ © z e
fK 2+i§l D,‘,i iel j=1 gzbe 2 ie(3) fOZDn A
(2.12) | = 1 ’2 5 =0,
\ Doy

\szl+i§ln/ jJ+>: ey,
B 1eII =1

/9‘2131J Do ie(5) {oaoiimm

vhere n, is the number of establishments in subdivision (j). The

J
forms of equations (2.6) and (2.7) corresponding to this approximation,

which we shall call the "mixed" approximation, are:
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{ ) 2 )
.- n, D.. D..
zi{pprojs LA + z(: 1
. 1¢T g=1 2 =8 ie(5) [2 2 5
| Z [0 Dy4 + Dpy /e Dy; + Dpy
(2.13) ,/50 = - .
. N
K° Y, 4 = Dii
i=1
2 2
4 n.D D
z ]Daiz-i- 5 3 2 + = 2
lell ™ 3=l [ &5t +'15§J 1e(5) | oD%, + D5,
N
K2 YE + 2 Dgi
i=1

2.2.6 Results of the Application of the Mixed Approximetion to the

Artificial Population.

As one can readily see from Tables II-A and III-A, the mixed
approximation gave results that were very close to the true optimal
values, especially when compared with the results of the approximations
already discussed‘. The value of © which solved equation (2.12) for
the entire population (Round I) was less than 1-1/2°%/0 smaller than
the solution of equation (2.8), while a and b were about 2-1/2°/o
and 5-1/20/0 larger than the optimal values. Thus the mixed approxi-
mation designated the correct two establishments as certainty cases.
Purthermore, the solution of (2.12) for Round II, i.e. after these
certeinty cases had been removed from the population, was only lo/o
larger than the solution of (2.8), while a and b were 4.1/2%/0

and 2-1/2°/o larger than the optimal values. The probabilities com-
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puted from the solutions to equations (2.12) - (2.14) usually agreed
with the optimal values to two, and sometimes to three,decimal placés
(cf. Table V-A). Finally, the expected sample size was less than
1°/0 too large, and the variances were about 3°/o and 2°/0 smaller

than the specifications (ecf. Table IV-A).

2.2,7 Comgarison of the Different Methods of Aggroxination

Judging from the results of using the various approximations with
this artificial population, it would seem that to use a single value
to approximate all values of Dii in Group ITII 1leads to the assigne
ment of probabilities that are far from being optimal., In fact‘, the
solution to equation (2.9) may be so different from the solutiom to
equation (2.8) that it couldn't even be called a good guess at the
value of the true ©. The mixed approximation, on the other hand,
gives promise of assigning probabilities that are falrly close to the
true optimal probabilities, Perhaps in some cases, when the statisti-
cian is willing to accept answers that are only approximetely correct,
the probabilities assigned by the mixed approximation will be suffi-
cient. However, the fact that the deviations encountered for this
artificial population were all less than 6°/o of the optimal values
does not necessarily mean that the mixed approximation will give results
as good as these for every population. In particular, since the arti-
ficial population contains a total of only eighteen establishments in
Group ITII, we cannot be sure how accurate will be the solutions to

equations (2.12) - (2.1%) when there are hundreds of establishments in

that group.
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However, the results of the various approximations when applied
to the artificial population do suggest that the solution of equation
(2.12) will be a better estimate of the solution of equation (2.8)
than will the solution of equation (2.9) using any of the common
measures of central tendency for the single approximation. Thus, the
Importance of the mixed approximation may well lie in the fact that
it can lead us to a relatively small neighborhood of the true e€-value.
Then, using the solution of equation (2.12) as the initial ©, we may
solve equation (2.8). Having used the mixed approximation to £ind a
o-value close to the true one, we shall have narrowed down the popula-
'tibn of non-certainty cases, eliminated meny steps in the iterative
process for solving equation (2.8), which has 1\73 different square
roots to evaluate at each step, and therefore shall have saved ourselves

time and effort.



CHAPTER III

A COMPUTER PROGRAM FOR CCMPUTING THE TRUE SOILUTION
WHEN TWO CLASSES ARE SAMPLED

If there are very many establishments in Group III, the whole
procedure for calculating the probabilities should be done on a com-
puter. The author has written a program in the GAT language to accome
plish this on a UNIVAC 1105 computer (ef. Appendix C). A brief dis-
cussion follows, of the way in which the progrem solves equations
(2.6) - (2.8) and computes the probabilities and variances. To sim-
plify notation, let fl(o) denote the form of the function f£(0)
as found in equation (2.8) and let fa(O) denote the form as found
in equation (2.12).

Part O: The data are read into the computer. Of primary interest

are the previously defined variables, Yl’ YQ, N, K, Dl’

2 mtrix, (Dﬁi)’ i = l) 2, cee N;

De, D., Dh’ and the values of the D
h =1,2. In addition to these, the data set contains the variables

€, © , and MJ , vhich will be explained when the use of each occurs.

o
Part It The computer divides the establishments into seven sets.
Sets 1 - 5 are the five subdivisions defined in 2.2.5,
and the sixth and seventh sets are Groups I and II as defined in 2.2.1.
To avoid using the values of the D2 matrix directly in the iterative

process and to simplify calculations involving Group III, the program
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defines two matrices, each consisting of five rows, one for each of
the first five sets and fifteen columns (the number of columns may be
increased for larger populations). The X-matrix contains the Di
values for the establishments in sets 1 - 5, while the Y-matrix con-
tains the Dg values for the same establishments. All positions in
the matrices which do not contain D2 values are set equal to zero.
For each establishment there is defined a pair of variables which tell
what set the establishment has been put into and, if that set is one of
the first five, into what position in the X and Y metrices the D2
values have been placed. This knowledge is necessary if the establish-
mént is later designated a certainty case and must be removed from the

population of non-certainty cases.

Part II! This part governs the calculation of population para-

meters;
, . N 5 o
A. The computer calculates Z Dhi and X Yh’ h=1, 2, as
;o i=1 7
wellas C6= £ /D, and CT= % ?D I
iel 11 iell 21
B. The computer calculates R = (KQY + z D i) /
i=1
(KEY + Z D ) and the values Sé. s h=1, 2;

i=1
J =1 2;3:""0
Part III: This part governs the iterative process.
A. The computer begins to calculate a segquence of
approximations to the true value of © according to
the equation, 6, = fE(QL—l)’
tended to be a good guess at the true value of ©, is read into the

L=1, 2, .., 50. The value Qo s in-



computer with the data.
By Por sach velue of 1, the computét Blso calculates a

. v . i .
term of another sequence! BL & ngl QL . 8, 1is

defined by the equation, 60 = § The computer continues to calcu-

l .
laté values of {.GL } and i_aL‘} until one of threz events occurs:
(1) L= 513 (2)‘6L|< €/1000, where e is the variable which determines

the precision of the estimate of ©; or (3) & 8, < 0. If (1)

-1 °

occurs, the computer prints out the values of both sequences and pro-
ceeds to the next population. If (2) occurs, the computer sets

6 = OL and proceeds to Part IV of the program. If (3) occurs, indi-

cating that the solution lies somewhere between gL~l and OL » the
computer checks to see whether ]6Ll < eg. If it is not, the computer

sets @ = GL and computes the next values of the sequences, con-

tinuing until (1), (2), or (3) occurs. If ]6L| < ¢, the computer

sets © equal to the midpoint of the interval between 6. and QL-

L 1

and computes the next values, @ and 61*1. Then, by multiplying

I+l

§. and § to determine which product is negative, the

w1 Y 8 I-1
computer identifies the half of the interval which must contain the

8

true @ and sets © equal to the midpoint of that half of the inter-
val. Three more times the computer goes through the routine of iden-
tifying the interval which contains the real © and setting © equal
to the midpoint of it, fimally accepting an estimate which is within
€/16 of the true value. The computer then goes to Part IV.

A regression routine has been written into the program to speed

up the iterative process. When L =3m, m =1, 2, ..., 16, the com~
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puter uses the pairs of values, (gL-j’ 5L-j)’ j =0, 1, 2, to calcu=-
late the coefficients of the regression line E§ = A + B® . Then, if
B # 0, it re-defines @, to be -A/B, the value for which § is ex-

L

pected to be zero, and redefines SL to be the difference between

QL—l and the new GL. If B = 0, the computer prints the values of
the @ and § sequences and goes on to the next population.

Part IV: This part computes the values of a and b. The com-

puter first checks to see whether the value of MJ,

which is read in with the set of data, is one or two. If MJ = 1, the
computer calculates the value of & from either equation (2.13) or
equation (2.6), according as equation (2.12) or equation (2.8) is
being solved; it then sets b = a/be. These values of a and b will
give probabilities which will satisfy the specification on Var X!

1l

at least as well as the specification on Var Xg. If MJ = 2, the

camputer calculates b from either equation (2.14) or equation (2.7)
and sets a = Oab. These values of a and b will assure that the
specification on Var Xg will be satisfied at least as well as is the
specification on Var Xz .
g@gj;z: This sequence is used only once, the very first time the
P's are calculated. The computer simply evaluates each
Pi’ using equation (2.4), and counts the number of certainty cases

created., If \/ a D2 +b D2

11 o1 > 1, the computer goes to Part VI;
otherwise, it continues with the next 1. If there have been any
certainty cases created, the computer sets L =1 again and goes

back to Part IIB. If not, the computer goes to Part VIII.
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Part VI: This sequence removes certainty cases from the popu-

lation. First, the computer sets Pi = 1. Then it

N
subtracts D2 from 2 D2
hi. 121 hi

set 6 or set 7, the computer subtracts the non-zero [D|-value from

, h=1, 2, If establishment i was in

the appropriate Zthi[ . Otherwise, the computer locates the position
in the X and Y matrices where Dii and Dgi are located, sets
them equal to zero, and subtracts 1 from the appropriate Nj’ the
counter which tells how many establishments belong to set Jj,
j=1,2, 4005 5. Then the computer returns to the part of the pro-
gram from which it came, e.g. Parts V, VII, or IX.

Part VII: This part governs the calculation of the P's when-

ever a and b have been recomputed after the removal

of certainty cases. For every i, the computer determines whether

Pi = 1., If it is, the computer goes on to the next establishment. If

2 2
< = .
Pi 1, the cq?puter sets Pi ‘!a Dli + b D21 If
ja.Dii + b Dgi 2 1, ‘the computer goes to Part VI. Otherwise, it

continues with the next establishment. If no new certainty cases are
created, the computer goes to Part VIII. Otherwise, it sets L =1
and goes back to Part IIB.

Part VIII: This sequence begins the calculations to solve

equations (2.6) - (2.8). The computer goes through

the procedures outlined in Parts III and IV, except that in this part, the
the terms of the sequence of approximations are defined by ;L = fl(GL_l),
L=1ly 2, ..., 50, where Oo is the value of © in the computer when

Part VIII of the program is begun. Instead of performing the operations
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in either of Parts V or VII, however, the computer goes to Part IX
after obtaining the values of a and b.
Part IX: This sequence is used only once, the first time that
a solution is obtained for equation (2.8). The com~

; . 2 2
puter defines N new variables, Piow © \/ & Dy + b Doy

i = l’ 2, s0ey I\I. If Pi""N

Pi = 1 and proceeds to the next establishment. If Pi+N <1 and

and proceeds to the next es=-

> 1 end Pi = 1, the computer accepts

Pi < 1, the computer sets Pi = Pi+N

tablishment. If Pi+N > 1 but Pi

Pi = 1 and goes to Part VI +to remove establishment i from the popu-

< 1 , the computer defines

lation. If P <1 but Pi = 1, the computer sets P and,

1410 1= Piy
in order to put establishment i %back into the non-certainty stratum,

from which it had been removed when the mixed approximation was being

used, goes into the following routine, in which the operations of Part
N

VI sare reversed: De. is added to X D2.

: hi =1 hi

longed to set 6 or set 7, the non-zero [D]-value is added to the

»h=1, 25 if i be-

appropriate sum; and if i Dbelonged toset J, J=1, 2, «c., 5, the

counter Nj is increased by one, and Dii

column in the j-th row of the X matrix, while Dgi is re-inserted into

is put into the proper

the corresponding position in the Y matrix. If there have been any new
certainty cases created or any old ones returned to the non-certainty
stratum, equation (2.8) must be solved again., Therefore, the computer
sets L = 1 and goes back to Part VIII. At the end of Part VIII,
however, it goes through the operations in Part VII instead of those

described in Part IX; if no new certainty cases are then created, the
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computer goes om Part X; otherwise, 1t returns to the operations de-
scribed in Part VIIT and VII until, finally, values of a and b
are obtained for which no more new certainty cases are created.

Part X: This sequence computes the variances and the expected
sample size from the equations, v, = Var Xﬁ =

g(l/P)De gne h-lEadESS—EP It also com
i’ %t T % Ppp 2 T4 e 8D = i° ° com-

;:%es four quantitizi which measure how well thei:;ecifications have
been met: V, - kY, and (V, - K%Y,)/(K7Y,), h =1, 2. Then these
measures are printed out, together with the quantities, Dii P Pi’
l/Pi, V,> 8nd ESS, h=1,2; i=1,2, ..., N

From the flow diagram included in this chapter it is possible to
get a better idea of the details of the program. The notation is as

follows:

input or output operation

ordinary calculations

question

beginning of an iterative sequence: +the
computer performs the operations between
the beginning and the end statements once
for each value in the domain of the
varieble i; (3) indicates that the last
statement of the iterative sequence is
nunbered 3.




;““““7 Lo
!
i

\\‘3 end of an iterative sequence

4

| P S ORI 4

f’ﬁ\‘ numbered statement

"-\\_//’
In addition to the numerous variables already defined, there are
several variables not previously mentioned, most of which are used

as counters and indicators to steer the computer to the proper section

of the program at the proper time. The more important ones. are:

KK indicator which designates the set into which 1 is put.

Ii variable which tells in which set 1 will be found.

Ji variable which tells in which column of the X and Y
matrices 1 may be found.

n, indicator which directs the computer to the proper places.

70 when equation ge.le) is being solved,
”n 1

M indicator which is !
i 1 i 2'8) .o0on 1

M indicator which is jpl when computer is going through the
' "malving routine”.
i 0 otherwise.

m counter which counts the number of times the computer goes
through the "halving routine.”

ne counter which counts the number of new certainty cases
created.

nn counter which counts the number of certainty cases de-
moted to non-certainties.
here are several other variables to be found in the flow chart, but
they are falrly clearly defined by the operations associated with them.
The steps needed to execute the operations performed in the parts

described in the previous pages can be roughly located as follows:



Paxrts T and ITA . « ¢ « o o « « o o o« » Statements 2 - 12
PartIIB..............'.- " 12 - 15
Part TITA & o o o o o o n o o o o o o o " 16 - 21
?art JITB ¢ o o « o ¢ ¢ o o o o 0 o o » " 21 - 29
Regression routing « « o o o o ¢ ¢ o » & " 22 - 24
Halving routine o« o o o o o o o o o o o " 26 - 28
PATt IV o o o o o o o o o 6 o 6 o s o ; " 29 - 31
PAYE V. o s o o o o e o 6 0 o o v o o o " 31 - 33
PAYt VI 4 o o o o o o o o o 6 0 o o s « " 33 - 37
Part VIT o o o o o o ¢ o o o o 0 o o o o " 39 - 4o
POt VIIT o 4 o o o o o o o o o o o o o " b2 - b5
PArt IX v ¢ o o o o ¢ o o s o a o o o o " 47 - 53
Return routine . « « « « o o o o o o « o " 48 - 50
PAYt X ¢ o 6 6 6 0 o s o 0 o e 8 s 0 @ " 55 - 55

The steps not included in this brief directory deal with details of
directing the computer to the proper portion of the program.

In Table I-B is an artificial population, constructed by Census
Bureau statisticlans, of fifty-nine establishments which manufacture
in ten product classes. There are forty-five possible different pairs
of classes; some pairs are composed of classes that have no establish-
ments in common, and one consists of two classes with the property that
all the establishments manufacturing in the smaller class also manufac-
ture in the larger one. But most pairs lie somewhere between these
extremes. All forty-five pairs have been fed into the computer as

data for this program. The results for these populations may be found
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'in Tables II-B through VI-B. They show, among other things, that
the variances achieved differed from the specifications only in the
sixth or seventh digit. The time demanded by the program doesn'!t seem
to be very great, at least not for these smaller populations: on one
occasion the computer produced the results for thirty-five pairs of
classes in seven minutes, including the time needed to prepare the
computer for operation.

As the program is now written, it cannot accomodate large popula-
tions. However, it can be easily expanded, although to what extent the
author does not know. On the basis of its performance, the program
does seem to show promise of being a practical means of obtaining the
optimal values of the P's in the special case when we are sampling

only for two classes.



CHAPTER IV
PROPERTIES OF THE SOLUTION FOR TWO CLASSES

So far, we have derived equations which may give us the optimal
probabilities to assign to the establishments in our population when
we wish to sample n product classes; and we have developed a»method
of solving these equations when n = 2. Since the solution is diffi-
cult to obtain, we might ask ourselves a few leading questions: How
do these optimal probabilities compare with the probabilities that
would be assigned to each establishment if each class were being
sampled separately? Since the individual class probabilities are
much easier to obtain, is there a possibility that some combination
of them would closely approximate the true optimal solution for two
classes? How sensitive are the variances and expected sample size
to deviations of a and b from the optimal values? And, most
important of all, does a solution always exist? In this chapter we
shall explore these and other questions.

4,1 The Optimal Probabilities for Two Classes Sampled Jointly, Compared

with the Optimal Probabilities for the Two Classes Sampled

Separately.
Let Phi denote the optimal probability assigned when class h
is being sampled individually, h = 1, 2; and let P, denote the

i
optimal probability assigned when classes 1 and 2 are sampled to-
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gether; i =1, 2, «.., N In Table VI-A are the values, Pyys Poys
and Pi’ for every establishment in the author's artificial popula-
tion. TFor 35 of the 42 establishments, By < max (Pli’ Pgi); only
in two cases, one involving a fairly large Dii and medium Dgi’
the other involving very large values of both Dii and Dgi, is
Pi > max (Pli’ Pai)’ Because our purpose 1s to minimize the expected
sample size, we might expect an establishment which makes sizeable
contributions to both X{ and Xg to be more "valuable" to us than
an establishment which makes the same contribution to only one esti-
mate. Since Pi is a measure of the importance of the establishment

to both XJ and X} is a measure of its importance to

1 2 hi
Xﬁ alone, h = 1, 2, we should not be surprised to find that Pi is

2 2
or P21 when both Dli and D2i

< max (Pli’ Pei) when mln(Pli, Pei) is

, while P

greater than either P are

1i

fairly large, but that Pi

small.

Table VI-A also suggests that, for the two classes considered

. 2 2 . 2 2
here, if Dli = DEJ , then Pli < P2j‘ Similarly, if D11 = D2j ané
2 2
= = ; ~ < <p, < i i
D21 Dlj 0, then Pi < Pj’ in fact, Pi Pli Pj P2j in this

case. These results are explained in part by the fact that

K2Y2 < KaYl; since the variance specification is smaller for the second
class, the same D2 value must receive a larger probability in order
to have a smaller weight and thus contribute less to the variance of
the estimate. TFurthermore, Table VI-A suggests that Pi is closer

in value to max (Pli’ PQi) if the maximm is P,, than if it is P,,.

This can be seen most easily in the cases vhen min (Pli’ Pai) is

small or zero.
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After examining this table and similar tables based on the L5

pairs of Census Bureau classes, which, due to considerations of

space, cannot be included in this thesis, the author believes there

is no obvious, simple combination of P and PEi that will closely

1i

approximate P It seems not unreasonable to expect that the approxi-

i.
mation which sets Pi = max (Pli’ Pei) will be conservative; for some
evidence to that effect, see Table VII-A, which contains the results
for the author's population. Possibly, for smaller values of both

P and Pgi’ a weighted average might be a satisfactory approximation;

1i
but becauvse one class will usually have stricter variance specifications

than the other, such an average would probably have to be of the form:

£) Py + (L= ) Py A Py > Py s
P! =
1
(1 - fe) Py + £, Py if Py < Ppy »

where % < fl < f2 < 1, and class 2 is taken to be the one with the
stricter variance specification. Since no weighted average will pro-
duce velues of P, > max (Pli’ Pzi)’ this approximation is unsatis=
factory for larger values of Pli and PEi’ Just how large they must
be before the approximation fails would appear to be a matter of sheer
intuition. Also, some rule would have to be developed to guide in the

choice of f. and fe. The author has considered such explorations

1
to be outside the scope of this thesis, but perhpas the problem is

worth studying in the future.
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h.2 Simplification of the Solution for Independent Classes.,

Usually, then, complicated iterative procedures will be necessary

to produce the optimal values of a and b. However, when there is

2 2

no establishment in the population for which both Dli and D2 are

i
positive, the optimal values may be obtained more easily. In practice,
when Dﬁi must be estimated, this situation will arise only when the

two classes are totally "independent" of each other, i.e. when there

is no establishment in the population which manufactures products in

both classes. Because elther Dii or Dgi is zero, Group III, as

defined in 2.2.1, is empty, and all establishments belong to either

Group II or Group I. From equations (2.6) and (2.7) we obtain the

relationships:
N N
5P 5 el
\/a-_ = " T > and \/F- = 58 a .
K Yl + X Dli K2Y2 + X DEi

i=1

Therefore, as we would expect, the optimal Pi in this case is simply

the optimal Phi for the class in which establishment i wmanufactures.

4.3 Sensitivity of the Variances and Expected Sample Size to Changes in

a and bD.

If we accept values of & and b that differ from the optimal
velues, A and B, what are the effects likely to be upon the variances
and the expected sample size? To facilitate the following discussion,
let V, = Var Xﬁ s h=1, 2, and ESS = expected sample size. In

h
Table VIII-A are twelve small graphs which show the effect of de-
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viations in & and b for three populations; the numerical values

on which these graphs are based may be found in Tables IX-A to
XVII-A. As the graphs suggest (and the figures show even more clearly),
the changes in the variances and the ESS are not symmetrical about the
origin, (a = 4, b = B)., Of particular interest is the fact that if

a, and bo are non-negative quantities not simultaneously zero,

and if a

h

B - bo, 'bhen Vh - szh > eh- Thﬂ‘t is

B) the variances increase more rapidly with

A+ e, and b =3B+ bo’ then KEYh -V = €, > 0; but

if a =A - ao end b

(starting froma = 4, b

decreasing & or b than they decrease with increasing a or b.
Furthermore, if both a and b are too'§E§£}, the error is greater
than the sum of the errors which occur when one is accurate and the
other is too sméll. If both are too large, the error is less than
the sums of the errors which occur when one is accurate and the other
too large. Since these results were obtained in the cases of the ESS,

Vl, and V., for all three populations, they seem to indicate that if

2
an error is to be wade, it is better that it be one which increases
a or b than one which decreases it.

Also of interest is the fact that in all three populations the
ESS varies much less, proportionmately, than do the variances. Thus,
a8 small devietion in a or b mey change the ESS by less than 1°/o
but change a variance by 50/0 or more.

Possibly, some of the characteristics of the graphs may be ex-

plained by the characteristics of the classes in each population and

their relationships to each other. In population 1, there are 25 es-
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tablishments producing in class 1 and 1k producing in class 2; both
classes are only moderately variable:with one exception, ]Dhi[ < 200
for all i, h = 1,2. In population 2, there are 30 establishménts
producing in class 1 and 32 producing in class 2; both classes are
highly variable: in each class Dii > 120,000 for more than lOO/o
of the establishments, while Dﬁi < 400 for about half of them. In
population 3, there are 30 establishments in class 1 and 13 in
class 2; the first class is highly variable, while the second is only

slightly variable: the largest [D is Th.

2
For the first two populations, cﬁanges in a produce smaller changes
in the ESS than do corresponding changes in b; and we expect this,
since changes in & are in percentages of A, changes in b are in
percentages of B, and A < B. But in the third population, changes in
a produce much larger changes in the ESS than do corresponding changes
in b, despite the faet that B = QA. A possible explanation for
this surprising result is that there are more than twice as many es-
tablishments in class 1 as there are in class 2. But the fact that
& similar result did not occur in Population 1, in which class 1 has
nearly twice as many establishments as class 2, suggests that the rela-
tive sizes of the classes may not, of itself, be very important. A
second, more probable, explanation is that class 1 is much more variable
than class 2; small changes in a are multiplied by some very large
values of Dii’ whereas corresponding changes in b are multiplied
only by very small values of Dgi. Thus, changes in a have a much

more drastic effect upon some of the probabilities and hence upon the

ESS than do corresponding changes in b.
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A quick glance at the graphs is sufficient to show that, in

general, V. 1s hardly affected by changes in b, and V2 is hardly

1
affected by changes in a., But a closer scrutiny of the numbers in
the variance tables (e.g. Tables X-A, XI-A, XIII-A) reveals that the

effects on V, and V, of changes in b and a, respectively, were

1l 2
smallest in magnitude for Population 1 and largest in magnitude for
Population 2, These results are intuitively reasonable, for the
variances are functions of ‘the probabilities, which, in turn, are
functions of both a and b in the case of the establishments in
Group ITI (as defined in 2.2.1). Consequently, we would expect that
the larger the number of establishments in Group III, the greater the
effect upon Vl of changes in b and upon V2 of changes in a.
The numbers in the variance tables appear to support this hypothesis,
for in Population 1, N3 = 4; in - Population 2, N3 = 18; and in Popu~-
lation 3, N3 = 8, where N, is the number of establishments in

3
Group III.

To summarize, we may say that, in general, negative deviations
in a and b produce deviations of greater magnitude in the expected
sample size and the variances than do positive deviations of the same
amount in & and b, The expected sample size is less sensitive to
variations in a and Db +than are the variances. And, finally, there
are indications that the effects of the deviations in a and b
depend to some extent upon the relative variability of the two classes

and upon the number of establishments common to both classes.
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L.} The Effect Upon the Equations of Using Different Variance

Specifications.

It is perhaps worthwhile to note that although, in the develop-

ment of p.d.s. sampling, variance specifications of the form

Var Xﬂ = KEY

h

were used, there is no reason why other forms of specification might
not be used. Suppose the specification is: Var Xﬁ = Sﬁ . Then, the
equations derived in Chapter II are changed only to the extent that

Sﬁ is substituted for KgYh

special form of the variance specification were never used in the

in them because the properties of the

derivation of these equatilons.

L,5 A Method of Selecting the Sample.

Having obtained the optimal values of the probabilities, how do
we use them properly to draw a sample? Because the development of
p.d.s. sampling assumes ‘that the selection of each establishment is
independent of the selection of every other one, the method of
drawing the sample must guaiantee independence of selection in order
for the variances to be of the form .g (I/Pi -1) Dii . One such
method is the following: first, draw}zil certainty cases into the
sample. Suppose the values of Pi have all been rounded to k
digite. For each of the remaining establishments select a k-digit
number, rso by some random process; €.8. & table of random numbers
or s computer routine to generate random numbers. Counsidering r,

‘4o be a k-place decimal number, compare it with Pyt if rs < Py >

establishment 1 is selected for the sample; but if rilz Pi’
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establishment 1 1is Yejected.

4.6 variance of the Sample Size.

At this point is becomes plain that under certain circumstances
there can be positive probability that the sample could contain all the
establishments in the population or none of them. To be sure, the
probability of either extreme is very small; the probability of drawing

N
all establishments is 1 P,, vwhich is positive if P, >0 for all

i=l N

i; and the probability of drawing none is [ | (1 - Pi)’ which is
i=1

positive only if Pi <1 for all i. Since the Dﬁi values must,

in reality, be estimated, Pi will nearly alweays be pqsitive; and
populations in which there are no certainty cases do exist. Thus it
can happen that an extreme sample is drawn.

This unfortunate possibility points up the fact that the sample
size itself can vary from sample to sample in which the same set of

P, values is used. If one has sufficient interest, patience, and

i
a computer available, one can compute the probabilities of drawing

a sample of size k, k =0, 1, ..., N, using a given set of probvabili-
ties for a given population of N establishments. Since the proba-
bilities presuppose a sample of about the size of the ESS, to draw

an extreme sample will given extreme estimates, Xﬁ, h=1, 2. The
reason for this is that in the estimate Xﬁ, every Dhi is weighted
by l/Pi, vhich is & number > 1. Thus, if the wﬁole population is
drawm, Xﬁ ‘will be much larger than Xh. This is one form of sampling
in which the estimate is not improved by taking a larger and‘lérger

sample. In a practical situation, if an extreme sample were drawn, e.g.
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too many small establishments in it, a statistician might be tempted to
throw away some of them in order to obtain a more reasonable estimate
(in this field of industrial statistics he often has knowledge from some
other source concerning the true value of Xh). If he yielded to this
temptation, he would be accepting the liability of a bias of unknown
magnitude in his estimate in return for the benefits of a smaller, but
unknown, variance of the estimate and better control of the sample size.

There is a type of p.d.s. sampling which controls the sample size
much better than the type developed in this thesis. With this type of
sampling, probabilities are computed as functions of measures of size;
then the establishments are arranged in random order, a number r be-
tween zero and one is selected at random, and the first probabllity is
added to it. If the sum is at least 1, the first establishment is
selected. Then 1 is subtracted from the sum, and the second proba-
bility is added to the remainder. If this new sum is at least 1, the
second establishment is also selected, 1 1is subtracted from the sum,
and the third probability is added to the remainder, ete. If the sum
is less than one, the establishment is rejected, and the next proba-
bility is added to the sum. In this way only those establishments whose
probabilities cause the sum to exceed 0.999 ... are selected. With this
method of selection, the sample size is equal to the integral part of
the number, r + igl Pi’ Now, .g; Pi may be written in the form,
n + 4, where n i; an integer,l;nd 0<da<1l. Since r was taken

to be a number such that 0 < r <1, the sample size will be:



n if d+r<1,

n+1 if d+r 2 1.

e

‘The price to be paid for better sample size control is loss of inde-
pendence of selection, for the probability of selection is clearly
affected by the outcome of the preceding draw. Since the form of
Var Xﬁ has not yet been derived for this type of sampling, the op-
timal assignment of the Pi’s has not been developed.

However, since r 1s drawn at random, we expect the sample size
to be n in about 100(1 - d) percent of the samples and n+ 1 'in
about 100d percent. Consequently, we have a nearly fixed sample size
procedure and may be able to use results pertaining to fixed sample
-size procedures with unequal probabilities and without replacement,
which are presently appearing in the various statistical Jjournals., 1In
particular, Hartley and Rao (reference Zﬁ§7) have derived an asymptotic
variance for this case, but some study would be necessary to determine
whether our probabilities would satisfy their initial assumptions.

L.7 Existence and Uniqueness of a Solution for Equation (2.8).

Finally we come to the important questions: does a solution
always exist for equation (2.8)? If so, is it unique? To simplify

the following discussion, let us write equation (2.8) in the form:

t
cC+ 0 % 1
ieI1T %1 O2 + ui
(k.1) £f(e) = R = = .0,
D + Z 1
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o, 4 = oy
vhere R = (K'Y, + Z 21)/(K + zl Dli), C= % ]Dli],
i=1 iel
D=z |p,|, end t, =D°, and u, =Db, for ie IIT. Thus C
o1 lo 1 =Dy 1 = Dot :

ieIl
and D are non-negative numbers, and R, ti, and ug are positive

numbers, i ¢ IIT .
Clearly, £(o) is a continuous function of © for all real 6.

The first derivative is:

t. u
RS i1

gy
” 575 (b+Ce+ ZAjti 0% + uy )
(t, 8° + u,)
f'(g) = = = 2 .
u,
(D+= = )

[ 2
ti e + ui

Since f'(8) >0 for © >0, f(6) is an increasing function of .

Furthermore,
R = [p,|
11
£20) = —I - - ., and
D+ = /3y £ ||
1=1 2i
N
R(C + 2/%;) RE >, |
lim  f£(e) = ——— = .
8 => o I
i1eIl

1f ¢ £0, £(0)>0; and if D # 0, lim £(8) <= . In the most

Q-—-)co
common case, then, when each class has at least one establishment

which produces only in that class, £(0) > 0 and lim f(0) <= ;
P> @
that is, £(0) > 0 at 6 = 0, but f£(0) <o for large ©. Since, by

the Bolzano Theorem, there must be at least one positive € for
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which f£(e) =6, ip the general case at least one positive solution
to equation (2.8) does exist. Similarly, if C = 0, £'(0) > 1, and
D £ 0 , there must be at least one positive solution to equation (2.8),
for in this case f£(©) > e in some neighborhood of the origin, and
f(e) < e for very large 6.

But if D=0 or if C =0 and f£%(0) <1, we do not know
whether a solution, other than the values, © = 0 and 6 = », exists.
Moreover, in the cases where positive solutions do exist, we do not
know whether there are several solutions or just one., The reason
for the uncertainty is the fact that £"(0©) contains both positive
and negative terms, indicating that, while f£'(@) is always positive,
it may not be monotonic; and therefore f(@) may increase more rapidly
for some values of © +than for others. Conceivably, then, there
could be one or more values of © for which f£() = O; even if D =0
or C=0 and £f(0) < 1.

Because the equation, () = 0, is equivalent to the equation,
g(e) = 0, vhere g(o) = £(0) - 6, it is theoretically possible to
determine the number of roots of equation (2.8). After combination

of terms and simplification, the equation, g(@) = 0, is of the form,

Rt, - u,
(4.2) RC+06( = == - D)

lelll )t. QE + u,
i i

By a process of squaring and combining terms, this equation can be

fl
o

put into the form of a polynomial equation, the degree of which is

a function of N,. Thus, if N, is large, the polynomial has a great

3 5
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many roots. However, of these roots there may be many negative
and imaginary ones; and, furthermore, in the process of sguaring
the IHS of equation (4.2), we may have introduced negative roots.
Therefore, it is probably true that the number of positive roots
for equation (4.2) is considerably smaller than the degree of the
Polynomial. In a given case, when we know the values of the popu~
lation parameters, the polynomial may be of help to us to f£ind the
positive roots of (4.2). But in general, we do not know exactly
how many positive roots there are for equation (2.8).

Aware that no finite, positive solution may exist or that more
than one may exist, what can we say about the iterative method of
solving equation (2.8)? First of all, we should beware when either
C or D is zero; that is, when all of the establishments manufacturing
in one class also manufacture in the other. The computer could easily
be programmed to deal with these cases separately. Secondly, to help
us to determine whether additional roots exist, we could add a short
subroutine to the computer program to evaluate f£(e) at, say,
twenty points between 6 = 0 and © = lim £(6), provided D £ 0 ,
or some arbitrary ©-value if D = O. gﬁﬁ:i: such a set of f£(e)-
values is not guaranteed to detect every fluctuation of f(@), it
might indicate certain o-intervals which might be worth further inves-
tigation. Thirdly, it is important to realize that the iterative
process does not converge to every value of @ for which f£(6) = 6.
If f(Ol) =6, f(ee) = 9,, and £(0) > 6 for 8, <@ <@,, then the

iterative process will converge to 8,3 but if £f(e) <e for
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Gl <e< 92, then the iteration will converge to Gl. Therefore, if

f(Gi) =0, , 1=1,2,3, and f(e) <9 for 6, <o < 6, and

1

£(e) > e for 8, <0 <8; , then the iterative process will ignore
the root, © = 92, for all values of © except in the virtually im-

possible event that ©, 1s chosen as a starting point of the process.

2
A further modification of the program may help us to detect

multiple roots and missed roots. In principle, the computer would

begin the iteration at the value, 6 = £(0), and continue until it

obtained a solution, @ Then it would begin the iterative process

l.
again at the value, © = lim £(0), and continue until it obtained

Q> ®

a second solution, € If 91 = 92, there 1s exmctly one distinct

X
positive root. If Ol # 02, the computer could begin the iterative
process again near the midpoint of the interval (Ol, 92). If this
third iteration yielded still another distinet root, 93 sthen the
iterative process would have to be started a fourth time, near the
widpoint of the larger of the intervals, (Ol, 95), (93, 02). This
series of iterations would have to be continued until the process
converged to one of the previous roots. Then, because there will be
a missed root between every root already obtained (except in the rare
case when y = £(©) is tangent to the line, y = @, at @), the come
puter would have to go into an iterative regression routine, re-
gressing &, = (f(@i) - Gi) on 6, in a neighborhood of the midpoint
between two roots, in order to estimate the value of © for which

8 = 0. PFinally, for every root, the expected sample size would have

to be calculated: the solution to our problem would be the set of
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probabilities which ylelded the smallest ESS.

Clearly, 1f the iterative process detects more than two distinct
roots, the method of obtaining all the roots and finally obtaining
the solution is so complicated and time-consuming that it will be
prohibitive to all but those having an extraordinary need for accuracy.
Undoubtedly, most people will simply settle for one of the roots
already obtained. In that case, quick inspection of the two or three
sets of probabilities obtained should determine which of them, if any,
rrovidde a maximum ESS; a nonsensical, however mathematically valid
(in that it gives the meximum ESS), solution would tend to assign high
probabilities to the small establishments and relatively small proba-
bilities to the large ones.

To summarize our knowledge concerning the existence and unique-
ness of solutions for eguation (2.8), we can say that in general, a
pogitive solution does exist; only vhen C =0 or D =0 1s therea
pogsibility that an acceptable solution will not exist. Furthermore,
the solution may not be unique, but if it is, this fact may be deter=
mined by going through the iterative process twice, once using the
initial value, © = £(0), the other using the initial value,
© = lim f£(8) . If the solution is not unique, we must find the
roogg—;ﬁzch the iterative process ignores. Finally, the number of
roots is finite, and almost assuredly many of them are negative or
complex. A simple and quick subroutine can help us to graph the function

for positive © and thus determine fairly well whether to expect a

multitude of roots or not.
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In brief, the iterative process and the computer program deve-
loped in this thesis are useful in many cases, but they do not con-

stitute a perfect solution for the problem.



CHAPTER V
A COMMENT ON THE SOIUTION TO THE PROBLEM
FOR A GENERAL NUMBER OF CLASSES

Because the techniques utilized in the case of two classes can-
not be extended in a straight-forward fashion to three or more
classes, the author can only make a suggestion as to & possible
wey to approach the general case. Since for many of the popula-
tions studied in the previous chapters the optimal values of a
and b differed only slightly from ci and cg » where cy and

¢, are the coefficients in the optimal class probabilities,

2

P

a relatively good first approximation to the solution of the equa-

= ch ’Dhi,’ h = 1, 2, perhaps these coefficients could serve as

tions, (2.3):

2
N D N
2 hi = 8}21 + Z Dii, h = l) 2, veey n.
i=1 n 5 i=1l
by D.
oy b Pht

An approach that might be worth investigating involves solving equa~
tion (5.h) for M, » holding the other n-1A's fixed:
2
D N 2

N
hi 2
(5.h) z = 8 + I Dy

i=l i 2
j M Png * Kpg
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D2 5 .h=l, 2, eve)y n.

wvhere K = h;

Z A,

In particular, suppose we set xh = ci s B =1, 25 «oes N

Then, holding A, fixed, Jj =2, 3, ..., n, let us solve equation

J

(5.1) for A This might be done by an iterative process in which

l .

A, is reduced systematically until an interval (a,b) is found such

1

that when A, = &, the IHS of (5.1) > RHS (5.1), and when AL

1
IHS (5.1) <RHS (5.1). By a process of halving this interval, a

value of A, could be obtained which would satisfy (5.1) to within

1

a specified tolerance. Next, setting A, equal to the solution of

1

(5.1) and keeping A, = c? y J=3, 4, ..., n, let us solve equation

J
(5.2) for xa by the procedure outlined above.

In general, solve equation (5.h) for M, keeping xj fixed at
the values which solved equations (5.3), j =1, 2, ..., h=1, and
keeping A, = ﬁ 5 k=nhtl, ..., n, When all n A's have been so
modified, return to equation (5.1) and recompute the solution for
xl, using the new values of xj 3 J =2, 3, eeey, n. Continue the
process of solving equations (5.h), h = 1, 2, ..., n, successively
until the solution to each equation changes by less than arbitrary
amount from one time to the next.

This brief outline is just a suggestion, one which may prove to
be full of flaws. Among other things, the author does not know
vhether this technique will converge to a solution at all, and if

it does, whether the solution will be unique.
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Another method of solution which might be explored is H. O.
Hartley's technique of nonlinear programming by the simplex method
(reference /2/). It may be that the forms of equations (2.1) and
(2.3) will have to be modified in order to satisfy Hartle&'s re-
quirements, but it is not immediately obvious that such modification
is impossible. In reference / 2/ Hartley discusses the problem of
convergence of the simplex method, giving a proof that, if a unique

solution exists, the simplex method converges to it.
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TA3LE I-4

Author's Artificial Ponulation

Establishment Y11 | 914 ‘ Yoy P21
1
1 1 1
2 1 0 100 9
3 _ — 2 —_ 5 _ 912  __ 199
4 4 3
5 7 1 14 3
_ & _ _ 9 _ 3 | _ —
7 11 6 38 18
8 18 0 2,961 424
9 _ 58 12 _ 91  _ 49
10 59 5 1 0
11 66 60
_o12 — 75 22 _f _ -
13 78 30
14 82 32 82 5
_ 15 _ 82 _ 15 _ 1 7 5
16 92 14
17 256 20 19 7
_ 18 261 1 _ | _ 7 —_ 34
19 316 59 2 4
20 598 195
2 _ 605 1% _ | __ 264 _ 64
22 768 50 9,299 499
23 957 11 862 168
_ 2% _ 987 28y _ | _ 9 3
25 2,868 352
26 4,188 920 30 9
Y __ 5,613 _ 5 _ | _ 518  __ 137
28 7,525 123 51 29
29 16,513 695 15,760 944
_ 30 _ 36,508 5,573 __ | _ —
31 | 2 1
32 7 2
— 33 —_ — N 8 — 0
34 28 4
35 91 22
— 36 _— — - — 95 — 54
37 135 64
38 222 43
3 - _ 1 39 _- 59
40 701 115
41 969 447
42 6,780 1,589
Y; = 78,608 ¥, = 40,593
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TABLE V-A
Probabilities Assigned by Methods of Approximation
o 5 Arith. Mean|Median | Mixed} True Optiwmal
i D.. D.. P P P, P,
w‘l& ll i 21 =i===i—_===_—l=f———————-————————-‘_l
1 1 H¢ 0.0005 0.0002 |{0.0004 0.0004
2' 0 81 0.0093 0.0038 0.0071( 0.0070
3 25 39,601 0.2053 0.0835 10.1560 0.15h1
L 9 0.0015 0.0005 |0.0012 0.0012
5 1 9 0.0031 0.0013 |0.0024 0.0024
6 9 il 0.0015 0.0005 [0.0012 0.0012
7 36 32k || 0.0188  [0.0076 [0.0143] 0.0141
8 0 179,776 0.4375 0.1780 | 0.332k 0.3283
9 bk 2,401 0.0509 0.0207 | 0.0387} 0.0382
10 25 0 0.0025 0.0009 | 0.0020 0.0019
llll 3,600 0.0295 0.0103 | 0.0236 0.0231
12 L84 0.0108 0.00%8 | 0.0087 0.0085
13 900 0.0148 0.0052 10.0118 0.0115
1k 1,024 25 0.0166 0.0059 | 0.0132 0.0129
15 205 25 0.0090 0.0033 §0.0071}i  0.0070
16 196 0.0069 0.0024 | 0.0055 0.0054
17 400 49 0.0122 0.0045 | 0.0096 0.0094
18 12,321 1,156 0.0649 0.0238 | 0.0512 0.0502
19 3,481 16 0.0293 0.0103 | 0.0234 0.0229
20 38,025 0.0960 0.0335 0.076717 0.0750
21 18,4066 4,006 0,0940 0,0356 | 0.0734 0,0721
22 2,500 249,001 0.5154 0.2097 | 0.3917 0.3869
23 121 28,224 0.1734 0.0706 | 0.1318 0.1302
el 78,961 ol 0.1383 |0.0483]0.1106 0.1082
25 123,90k 0.1732 0.0604 | 0.1385 0.1355
26 846,400 81 0.4529 0.1580 | 0.3621 0.3541
21 3.136 18.769 0.14k0 0,0583 | 0.1096 0.1083
28 15,129 841 0.0675 0.02k4 | 0.0535 0.0524
29 483,025 891,136 1.0000 0.4139 ] 0.7890 0.778k
30 31,058,329 1,0000 0,9569 1.0000
31 1 0.0010 0.0004 | 0. 0.0008
32 I 0.0021 0.0008 | 0.0016 0.0015
33 o) 0.0000 0.0000 | 0.0000

3L 16 0.00k1 0.0017 | 0.0031 0.0031
35 L8l 0.0227 0.0092 { 0.0172 0.0170
36 2,916 0.0557 0.02%1 0.042% 0.0418
37 4,096 0.0660 | 0.0269] 0.0502 0.0496
38 1,849 0.04LL 0.0181| 0.0337 0.0333
39 3,481 0,0609 0.0248 | 0.0463 0.045T
%) 13,225 0.1187 0.0483 { 0.0902 0.0890
L1 199,809 0.4612 0.1877| 0.350k4 0.3461
Lo 2,524,921 1.0000 0.6671] 1.0000 1.0000
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TABLE VI-A
Valuesv of Pys Ppys Py, and B! = max(Pli, Pei)
. o o , Optimal
i Dy Doy Py Foi B Py
1 1 0.0005 0.0005 || 0.0004
2 0 81| 0.0000} 0.0073 | 0.0073 || 0.0070
3 25 39,601 0.0024 | 0.1606 | 0.1606 | 0.1541
L 9 0.001% 0.001% || 0.0012
5 1 9({| 0.0005 | 0.002% | 0.0024 || 0.002k
6 9 0.0014 0.001k Il 0,0012
7 36 32411 0.0029| 0.0145 | 0.0145 || 0.0141
8 0 179,T76|] 0.0000| 0.3421 | 0.3k21}| 0.3283
9 bk 2,401)| 0.00581 0.0395 | 0.0355 1] 0.0382
10 25 o{| 0.002k | 0.0000 | 0.002k || 0.0019
11 3,600 0.0290 0.0290 || 0.0231
12 L8h 0.0106 0,0156 10,0085
13 900 0.0145 0.0145 | 0.0115
1k 1,024 251 0.0155| 0.0040 | 0.0155| 0.0129
15 225 25§ 0.00721 0.0040 | 0,00721 0.0070
16 196 0.0068 0.0068 || 0.0054
17 400 4o}l 0.0097| 0.0056 | 0.0097 (] 0.0094
18 12,321 1,156 0.0536| 0.0274 | 0.0536| 0.0502
19 3,481 16}] 0.0285| 0.0032 | 0.028% || 0.0229
20 38,025 0.0942 0.094% || 0.0750
21 | 18,496 4,096} 0.0567] 0.0516 | 0.0567| 0.0721
22 2,500 2k9,001|] 0.0241 | 0.4%027 | 0.k02T} 0.3869
23 121 28,224 || 0.0053| 0.1356 | 0.1356]] 0.1302
24 78,961 9ll 0.13571 0.002k | 0.,13571l 0.1082
25 123,904 A 0.1700 0.1700 1} 0.1355
26 846,400 81| 0.4443] 0.007 O.4hlk3 i 0.3541
27 3,136 18,7691| 0.0270] 0.1106 | 0.11061i 0.1083
28 15,129 8h1{f 0.0594] 0.0234 { 0.0594 || 0.0524
29 483,025 891,136 0.3356] 0.7618 | 0.7618| 0.778k
30} 31,058,329 1.0000 1.0000 |1 1.0000
31 1 0.0008 | 0.0008(1 0.0008
32 i 0.0016 | 0.0016| 0.0015
33 0 0.0000 | 0,00001i 0.,0000
3k 16 0.0032 | 0.0032 1l 0.0031
35 L84 0.0178 | 0.0178f 0.0170
36 2,916 0.0436 | 0.,04361 0.0418
37 k,096 0.0516 | 0.0516{] 0.0496
38 1,849 0.0347 | 0.0347 L 0.0333
39 3,481 0.CL76 | 0.0LT76 K 0.0457
Lo 13,225 0.0928 | 0.0928j 0.0890
L1 199,809 0.3607 | 0.3607{ 0.3461
Lo 2,524,921 1.0000 | 1.0000} 1.0000




TABLE VII-A

Variances and Expected Sample Size Resulting from
' -
Use of Pli’rPei’ P,, and P max(Pli, P2i)

Optimal Specifi-
P.. P P P, cations

Var xl" 5,030,912 3,976,063 | 5,027,902 | 5,030,912
Var xe" 2,597,969 2,508,729 | 2,597,735 | 2,597,952
Expected

Sample Size 2.554 3,760 5,782 5.529



TABLE VIII=A 69

This table 1s a collection of twelve charts which show the
effects which deviations in a and b from their optimal values,

A and B, respectively, have upon the values of the expected
sample size (ESS) and the variances, v, = Var Xl" and

v, = Var Xé", in three populations. In the first population,

A :B=4 :5, and there are four establishments in Group III.
In the second population, A : B =20 : 81 =1 : L4, and there

are eighteen establishments in Group III. In the third popu-
lation, A : B = 46 : 415 =1 : 9, and there are eight establish-
ments in Group III.

In all charts the range of a is 80Jo A Sas 12070 A, and
the range of b is 8070 B Sp s 12070 B. Chenge in expected
sample size 1s defined to be

100 (ESS - Optimal ESS) / (Optimal ESS);
that is, the proportional change expressed in percent. Similarly,
change in Var Xh" is defined to be
100 (¥, - szh) / (KEYh):
where K?Yh is the specification; h = 1,2.

Chart I : +the plane, b = B.

Chart II : « w 5 8 = A.
Chart III: w « , b/B = 20070 - a/A.
Chart IV : fn 1" 3 b/B = a’/‘A"
LEGEND
chaenge in expected sample size.
———— — - - mwgin%rﬁﬂ

e T change in Var X2".
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TA3ZLE II-3

Pairs of Classes from the Census Bureau Ponulation

Jo, of units o, of units to. of units
Pon, Class 1 Class 2 in Grou- I in Sroun I in Groun III
1 A 3 19 1 8
2 A D 15 1 12
3 |\__A__ __E Vo o_22__ _ __ 1T _ _ _ - 5 _ _
4 A o 19 2 8
5 4 G 19 4 8
6 |\ A |\ ___ 2 _ _ _ 2 o _ 1 _
7 A I 16 10 11
8 A J 21 10 6
9 {_ B _ ___D__V_ 5 - - 9_ - - - &_ _
10 B B 7 10 2
11 B F 8 9 1
_12__~B____G_____,9,_*__12____0_._
13 B H 8 2 1
14 B I 3 15 6
15 v .8 ___ 3 __l_ & __ . _ 5 . _ _ _ 1 _ _
16 C A 1 23 4
17 C - B 1 5 4
18 _{_ _C _ ___.b_ _t{_ _ 2 _ _ _ Y _ _ _ _3 _ _
19 C : 4 11 1
20 c ¥ 5 10 0
21 __C___G__ﬁ__'5____12_______0___‘
22 Cc k! 5 3 0
23 C I 0 16 5
24 |\ _ ¢ _ _ _J3_ 4t - 3_ - __w_ _ __2_ _
25 D B 8 7 5
26 n 2 6 3 7
27 {_ b _ _ _G_ _{\_ 1 _ _ _ 6 _ _ _ _ & _ _
28 D H 13 3 0
29 D 1 8 16 5
_.30___’1)_____3'____,9_____12___“___4____
31 o ¥ 8 6 4
32 B C 10 10 2
_33___5__,__H__'__12_____3_______0____
34 L 1 10 19 2
35 B J 7 11 5
3% _{_ .® _ _ _G_ _Vv_ _ 2 _ _ . _ 4 . _8 _ _
37 F H 10 3 0
38 F 1 7 18 3
_39__-_1?_____.)"__m_?______~13“_____3___
40 G H 12 3 0
41 G 1 9 18 3
42 G _ _ _3_ _v._ _ 8 _ _ _ 12 _ _ _ 4 _ _
43 H I 3 21 0
44 d J 3 16 0
45 1 J 17 12 4




TABLE III-B
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Values of ©, a, and b Obtained from Mixed Approximstion

Mixed Approximeation True Optimal
Pop. ] a b e a b
——— = e
1 3574541 | 44057-6 |.34482-T7 <36892+1 | J43794-6| 321777
2 42885 L42115-6 [.22899-5 }{ .L3188 L1984-6| L22509-5
3 . 34990 43323-6 |.35386-5 .36910 L43347-6 | .31817-5
L 33247 143055-6 |.38951-5 « 33293 .43013-6 | .38806-5
5 .83809 A43132-6 {.61408-6 || .82239 .42899-6 | .63429-6
6 70857 | .43802-6 |.872k1-6 . 70857 .43802-61 .87241-6
T .38359 .41919-6 |.28489-5 .38276 L41852-6 | .28567-5
8 63297 43326-6 |.10814-5 .63094 L3261-6| .10867-5
9 .24899 .28038-6 |.450225-5 .25381 .38046-6 | .43536-5
10 28157 .28421-6 |.3587L-5 28147 .28421~6 | .35874-5
11 25365 384T72-6 | .4h255-5 25365 284T72-6| Lko55-5
12 39554 .28494-6 |.18213-5 + 39554 284946 | .18213-5
13 57138 284916 |.87266-6 .57138 .28491-6 | .87266-6
14 .13569 J14776-6 |.80258-5 .13586 JA4TTh-61 .80043-5
15 42687 .28191-6 |.15471-5 42687 .28191-6 | .15471-5
16 .10293 L6414-8 | 43808-6 .10296 L6429-8 1 .43802-6
17 .12523+1 | J44Th8-6 | .28532-6 .12912+1 | 4ThL6-6 | .28460-6
18 .53%3280-1 | ,12365-7 |.43559-5 .53280-11 .12365-T ] .43559-5
19 Losk8 65947-6 |.36L28-5 4548 6594 T-6 | ,36428-5
20 40401 . 72583~6 | .44270-5 40491 .72583-6 | 44270-5
21 63129 . 125836 |.18213-5 .63129 .72583-6 | .18013-5
) .91117 .7258%-6 | .87426-6 .91117 .72583-6 | .8T426-6
23 LT7118-6 | .5668-17 | .95312-5 .T7118-6| .5483-17| .92196-5
I .18503 +52952-7 | .15467-5 . 18503 .52952-T 1 J1546T7~5
25 .10998+1 | .41979-5 |.34708-5 .11811+1 | .Lo8L4k-5] .29279-5
26 33191 393645 | .40828-5 . 97190 .38110-5 | .4O345-5
27 .15616+1 { .38921-5 |.15960-5 .15205+1 | .37596-5 | .16262-5
28 2232241 | L3562-5 | .8TL26-6 .22322+1 | L43562-5 | 874066
29 55310 .26360-5 | .86168-5 54698 .28767-51 .86121-5
30 .22606+1 | .42715-5 | .83585-6 .22407+1 | .42130-51 ,83929-6 |
31 .63165 .17235-5 | .43197-5 || .64336 .17680-5 | .L2716-5
32 <11440+1 | L23166-5 | .17702-5 L11440+1 | .23166-5 | .1T7702-5
33 .20hhh+] | .36540-5 | . 8T426-6 20444 +1 | .36540-5 1 ,8T426-6
3l 61479 .34837-5 | .92170~5 61479 .34837-5 1 .92170-5
35 147341 | .23561-5 | .17899-5 <14092+1 | .29250-5 | .14729-5
36 .10360+1 | .18423-5 |.17165-5 c1154h+1 | ,20816-5 | .15619~
37 .22503+1 | J4h270-5 | .87h26-6 .22503+1| 442T70-5| .87426-6
38 66787 L4215 | .92861-5 67578 42007-5 | .91982-5
39 .16341+1 | .42854-5 | .16049-5 L16787+1 | .43089-5 | .15290-5 |
Lo L14433+1 | L18213-5 | .8TL26-6 1443341 ] .18213-5| .8The6-6
hi 42151 .15728-5 | .88523.5 JLe3s52 .15815-5 | .88167-5
4o .10801+1 | .17782-5 | .15241-5 .11123+1} .18018-5| .14567-5
L3 <3079k .8T426-6 | .92196-5 . 30794 .8Th26-6 | .92196-5
Ly . 75139 .87k26-6 | .15485-5 . 75139 8Th26-6 | .15485-5
L5 L91871-5 | .T2745-6 ||  .35299+1| .91386-5 | .73340-6

«35538+1



TABLE IV-B

Error in 6, a; and b from Mixed Approximation

Pop. ?o Error ?o Error ?o Error
in © in a inb

1 -3,109 +0.601 +7.164

2 -0.702 +0.312 +1.733

3 ~5.202 -0.055 +11,217

N -0.138 +0.098 +0.3Th

5 +1.909 +0.543 -3.186

6 0.000 0.000 0,000

7 +0.217 +0.160 -0.273

8 +0.,322 +0.150 -0.488

9 -1.899 -0.029 +3.880
10 0.000 0.000 0.000
11 © 0.000 0.000 0.000
12 0.000 0.000 0.000
13 0.000 0.000 0.000
14 -0.125 +0.014 +0.269
15 0.000 0.000 0.000
16 -0.029 -0.032 +0.014
17 -3,013 -5.686 +0.253
18 0.000 0.000 0.000
19 0.000 0.000 0.000
20 0.000 0.000 0.000
21 0.000 0.000 0.000
22 0.000 0.000 0.000
23 0.000 0.000 0.000
2L 0.000 0.000 0.000
25 -6.883 +2779 +18.542
26 +1.030 +3,290 +1.197
27 +2,70% +3.52h -1.857
28 0.000 0.000 0.000
29 +1.119 +2.301 +0.055
30 +0.888 +1.367 -0.410
31 -1.820 -2.517 +1.126
32 0.000 0.000 0.000
33 0.000 0.000 0.000
3L 0.000 0.000 0.000
35 -18.585 -19.450 +21.522
36 -10.256 -11.496 +9.898
37 0.000 0.000 0.000
38 -1.170 -1.395 +0.956
39 | -2.657 -0.545 +h, 96k
o | 0.000 0.000 0.000
41 -0.475 -0.550 +0. 404
he -2.877 _=1.310 +4.627
43 0.000 0.000 0.000
nn 0.000 0.000 0.000
L5 +0.677 +0.531 -0.811
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TABLE V-B
Optimal Valués of the Variances and Expected Semple Size
for Pairs of Census Bureau Classes

Pop. Vi‘ V?, i 6 Y, 6l Y, =P,

1 i 3,83%3,216.1 264,063.97 |} 3,833,216 | 264,06k || 6.9457817

2 3,83%3,216.0 121,855.91 i 121,856 || 7.1206693
3 3,833,216.1 52,927.986 M 52,928 |l 7.0700847
N 3,833,216.2 17,247,979 " 77,248l 7.202649L
5 3,833,216.2 310,016.24 " 310,016 || 7.0959422

6 |13,833,216.0 409, 344,00 " 409,34 Il 7,8149409

7 || 3,833,216.2 166,720.14 N 166,720 7.3619005

8 | 3,833,216.2 239,872.36 " 239,872 || 8.1739817

9 264,064.00 121,855.99 264,064 121,856 i 1.6846590
10 || 26kL,06%.00 52,928.053 " 52,928 1.2238279
11 || 264,061.28 77,247.999 " 77,2481l 1.4133090
12 ] 264,064 .01 310,016.00 " 310,0161] 1.7182228
13 || 264,063.87 409, 344.00 " 409, 3k4L [l 1.9084878
14 264,064 .03 166,718.15 " 166, 720]ll 3.4502560
15 264 ,064.0% 239,872.19 u 239,872 |l 2.4256281
16 30,144,263 | 3,833,216.2 30,144 | 3,833,216 6.9380231
17 30,14k,020 | 26k4,063.97 " 26k ,064 | 1.0445214
18 30,143,871 121,856.00 " 121,856 0.6703054
19 30,143.978 | 52,928.000 " 52,928][ 0.2183175 ]
20 L 30,144 .000 77,248,001 " 77,248(] 0.4050873
21 | 30, 144.000 310,016.00 " 310,016{] 0.70906TT
22 30,144,000 %09, 344,00 " 409,344 ] 0.9010662
23 5,705.110 | 166,720.00 " 166, 720{| 3.3582320
2k 30,143,948 | 239,872.00 " 239,872/ 1.4068194
25 121,856.00 52,927.955|] 121,856 52,928[] 0. 7874769
26 121,856.00 77,248,052 " 77,2481 0.9351167
27 121,855.99 310,016.00 u 310,016 1.1915595
28 121,856.00 409,344 .00 " 409,344 [l 1.5488872
29 121,855.82 166,720.00 " 166,720(f 3.5332655
30 121,855.96 239,872.00 n 239,872{1 1.8679661
31 52,928,015 77,248,001 52,928 77,2481} 0.4656822
32 52,928.043 310,016.00 " 310,016|} 0. 7937072
33 52,928.001 | 409,344.00 " 409,344 |} 1.0777170
34 52,927.999 166,T720.00 " 166,720|f 3.5468236
35 52,928,015 239,872.01 " 239,872{] 1.5450134
36 77,248.071 |  310,016.00 77,248 |  310,016|] 0.7691561
37 77,248.000 |  409,344.00 " 409,34k || 1.2618518
38 77,248.006 166,720.00 " 166, T20(1 3.7137998
39 77,248,002 239,872.01 " 239,872]{ 1.7732813
L0 310,016.01 L.09,3LL4 .00 310,016 | *09,34%]{ 1.5658322
b1 ’ 310,016.00 | 166,719.68 " 166, 7201 3.8079726
4o 310,016,00 239,871.83 u 239,872{1 2.0611893 |
L3 | 409,344.00 166,720.00 409,344 166,720]] 4.23714Th
W || 209,3u4.00 | 239,872.00 . 239,872|| 2.2845830
|l 166,719.97 239,872.00 166,720 " 45208524
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TABLE VI-B
Error in the Varlances Expressed as Percentage of the Specifications
?o Error ?o Error
Pop. in V in V,
1 2__|
1 .326097-05 ~.118343-04
2 . 000000 - . 729280-0k4
3 - 32609705 -.258311-0k
N .652194-05 -.265480-04
5 .652194-05 . 768610-04
6 .000000 . 000000
7 .652194-05 . 843480-04
8 . 652194-05 .149819-03
9 000000 - .4 8084k-05
10 . 000000 . 996342-0k4
11 -.102958-02 -.126419-05
12 .295856-05 . 126002-05
13 - 473370-0k .000000
14 .118343-0L -.111175-02
15 . 1183430l . 773525-04
16 .872278-03 .652194-05
17 .672229-04 -.118343-0k
18 - Lp8Llh5-03 .160281-05
19 -.737022-04 . 922539~06
20 .161983-05 .126419-05
21 - . 809914 -06 .126002-05
22 .809914-06 .000000
23 -.810738+02 .000000
oL -.170892-0% ~.162847-05
25 .801405-06 -, 848736-0k4
26 . 000000 .670021~-0k
27 -.104183-04 .126002-05
28 . 000000 .000000
29 - . 150665-03 .117150-05
30 -.3125L9-0k4 . 000000
31 276762-0L .126419-05
32 .821059-04 .000000
33 .184508-05 000000
3L - . 276762-05 .117150-05
35 .285987-0L 2427105
3% . 922860-0k -.126002-05
37 .0000C0 .000000
38 . 158515-05 -.117150-05
39 .252838-05 24L2T1-05
Lo . 25800305 .000000
L1 «.126002-05 -.193298-03
Lo - .126002~05 -.708386-04
L3 .000000 .000000
Ly . 000000 -.814236-06
L5 -.164010-0k4 -,162847-05
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APPENDIX C
Computer Program in the GAT Language

(o001) 55 IS THE HIGHEST STATEMENT NUMBER
(0002) DIMENSION ¢(115) D(100,2,10) I(45) J(45) K(20) N
(0003) X(90, 15, 12) ¥(85, 15, 7) 2Z(140)
(0003) 1 READ

(oook) 2, I0, 1,1,7,

(0005) 2 KIO= 0

(0006) 38, 10, 1,1,75,

(o00T7) X(10 + 11) = 0.0

(0008) 38  ¥(1I0 + 6) = 0.0

(0009) C6 = 0.

(0010) c7 = O.

(0011) Ch = K10 #* K10 * C2

(0012) C5 = K10 * K10 * C3

(0013) 11, I0, 1, 1, KO,

(oo1k) ch = ¢k + D(10, 1)

(015) c5 = ¢5 + D(I0, 2)

(0016) G0 T 3 IF D(I0, 1) V O.

(0017) Kll1 = 7

(0018) GO TO 10

(0019) 3 GO TO 4 IF D(IO, 2) V O.

(0020) K1 = 6

(0021) GO TO 10

(0022) 4 Go 70 8 IF D(I0, 1) W D2

(0023) GO To 8 IF D(IO0, 2) W D&

(0024) GO TO 6 IF D(I0, 1) W D1

(0025) GO TO 5 IF D(I0, 2) W D3

(0026) K11 = 1

(0027) GO TO 9

(0028) 5 Kil =2



(0029)
(0030)
(0031)
(0032)
(0033)
(0o3k)
(0035)
(0036)
(0037)
(0038)
(0039)
( OOlLO)
(ook1)
(ook2)
(00k3)
(o0kk)
(ook5)
(ook6)
(00LT)
(0048)
(ook9)
+ (0050)
(0051)
(0052)
(0053)
(oo5k)
(0055)
(0056}
(0057)
(0058)
(0059)
(0060)
(0061)
(0062)
(0063)

10

11

13

15
16

17

GO T0 9 7

GO TO 7 IF D(I0, 2) W D3
Kil = 3

GO TO 9

Kil = 4

GO TO 9

Kll = 5

KK11 = KK11 + 1

X(K11, KK11) = D(IO, 1)
Y(K11, XKK11) = D(I0, 2)
II0 = KX11

GO TO 11

CK11 = CK11 + D(I0, K11 - 5)P.5
KK11 = KK11 + 1

JIO = K11
TCO

Cl1 = CO

Ki2 =0

K13 = 0

D9 =C5 / Ch
Kik = 13

Ki5 = 0

13, I0, 1, 1, k4,
XI0 = O.

YIO = O.

0 =1

GO TO 16 IF KIO U O
15, Jo, 1, 1, 15,

XI0 = XIO + X(I0, JO)
YIO = YIO + Y(I0, JO)

I0 = I0 + 1
GOTO 1k IF TOR 4
TC1

0 =1

X6 = 0.



(006k)
(0065)
(0066)
(0067)
(0068)
(0069)
(0070)
(0071)
(0072)
(0073)
(ooTk)
(0075)
(0076)
(0077)
(0078)
(0079)
(0080)
(0081)
(0082)
(0083)
(oo84)
(0085)
(0086)
(0087)
(0088)
(0089)
(0090)
(0091)
(0092)
(0093)
(009k)
(0095)
(0096)
(0097)
(0098)

18

19

20
2l

22

23

96

X7 =
GO TO 19 IF KIOU 0
X5 = (XI0 / KIO # C1 * C1 + YIO / KIO)P.5
X6 = X6 + XI0 / %5
X7 = X7 + YI0 / XB
I0 = I0 + 1
GOTO I8 IF IOR L
GOTO2L IFK5 UO
20, I0, 1, 1, 15,
GO TO 20 IF X(5, I0) U 0.0
= (X(5, I0) * C1 * C1 + Y(5, I0))P.5
X6 = X6 + X(5, 1I0) / %5
X7 = X7 + ¥(5, 10) / %5
KO = KO
X6 = CL * X6 + C6
CKik = D9 * X6 / X7
c(xik +51) = C1 - CKi4
GO TO 29 IF AC(K14 + 51) Q 0.001 * DO
GO TO 26 IFKI5 U 1

1]

C63 = C6L
GO TO 25 IF C(K1k + 51) * c(Kik + 50) Q O.
Ki6 =K1k / 3

ZJ, Seb, L+l M
22, 10, 8, 1, 11,
XI0 = 0.
23, 10, 0, 1, 2,
X8 = X8 + c(xik -:710)
X9 = X9 + C(Kik ~ IO) * c(x14 - I0)
X10 = X10 + C{K14 - I0) * C(Kik - IO + 51)
X11 = X11 + C(X14 - 10 + 51)
= (X10 - X8 * X11 / 3.) / (X9 - X8 * X8 / 3.)
GO T0 55 IF Y6 U 0.0
Y5 =X11 /3. - Y6 * X8 / 3.
CKlk = -Y5 / Y6
C(K14 +51) = C1 - CKik



(0099)
(0100)
(0101)
(0102)
(0103)
(0104)
(0105)
(0106)
(0107)
(0108)
(0109)
(0110)
(o111)
(0112)
(0113)
(o11k)
(0115)
(0116)
(0117)
(0118)
(0119)
(0120)
(0121)
(0122)
(0123)
(o124)
(0125)
(0126)
(0127)
(0128)
(0129)
(0130)
(0131)
(0132)
(0133)

24

25

27
28

29

30

31

32

33
3k

Cl = CKik 9f
Kih = K1 + 1

GO TO 55 IF K1k V 62

GO TO 43 TFKI3 U 1

GO TO 17

GO TO 24 IF A(CL - C(X1k - 2)) V DO

Ki5 = 1

CKik = (C1 + c(K14 - 2)) * 0.5

Ki6 =0

GO TO 2k

K6 = Ki6 + 1

GO TO 29 TF K16 V 3

27.9 IO: l) l: 5:

GO TO 28 IF ¢{K1k + 51) * C(Ki4 - IO + 51) Q O.
CKl4 = 0.5 % (C1L + C(K14 - I0 - 1))

GO TO 24

GO TO 30 IFKI9 U 2
C8 = X6 / Ch

Cc8 = C8 * C8

9 = C8 / (c1 * C1)
GO TO 31

C9 = X7 / C5

€9 = C9 ¥ C9

C8 = C1 % C1L * C9
KiT =0

I0=1

GOTO 39 IFKI2U 1

GO TO 47 IF K12 U 2

2I0 = (¢8 * D(I0, 1) + C9 * D(I0, 2))P.5
GO TO 37 IF ZIO @ 1.0

ZIO = 1.0

K17 = K17 + 1

Ch = Ck - D(IO, 1)

5 =C5 - D(I0, 2)

GO TO 35 IF JIOV 5



(0134)
(0135)
(0136)
(0137)
(0138)
(0139)
(01k0)
(01k41)
(0142)
(0143)
(0144)
(0145)
(0146)
(0147)
(0148)
(0149)
(0150)
(0151)
(0152)
(0153)
(0154)
(0155)
(0156)
(0157)
(0158)
(0159)
(0160)
(0161)
(o162)
(0163)
(016k4)
(0165)
(0166)
(0167)
(0168)

35
36

37

39

4o

4
Lo

b3

X(J10, ITIO) = O.

Y(JI0, II0) = 0.

GO TO 36

CJIO = CJIO - D(IO, JIO - 5)P.5
KJIO = KJIO - 1

GOTO MW IFKI2U 1

GOTOS51 IFKI2U 2

I0 = 10 + 1

GO TO 32 IF IO R KO

GOTO 2 IPKITU O

Ki2g = 1

GO TO 12

GO TO 40 IF ZIO U 1.0

ZI0 = (C8 * D(I0, 1) + C9 * D(I0, 2))P.5
GO TO 33 IF ZIO W 1.0

I0=I0 +1

GO TO 39 IF IO R KO

GOTO 41 IFP KITU O

GO TO 12 IF K13 U O

D9 =C5/ C4
Kb = 13
Ki5 = 0
GO TO 43 i

GOTO55 IFKI3U 1
TC1 TC8 TC9 TKiL

Ki3 = 1
Ki5 = 0
Kih = 13
Kl2 = 2
X6 = 0.
X7 =C7

)"'5) IO) l) lJ 5)

GO TO 45 IF XKIO U O

45, Jo, 1, 1, 15,

GO T0 45 IF X(I0, JO) U 0.0
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(0169)
(0170)
(0171)
(o172)
(0173)
(o17h)
(0175)
(0176)
(0177)
(01718)
(0179)
(0180)
(0181)
(0182)
(0183)
(0184)
(0185)
(0186)
(0187)
(0188)
(0189)
(0190)
(o191)
(0192)
(0193)
(o19%)
(0195)
(0196)
(0197)
(0198)
(0199)
(0200)
(0o201)
(0202)
(0203)

b5

L7

X5 = (C1 #C1 * X(10, Jo) + Y(IO, J0))P.5
X6 = X6 + X(I0, JO) / X5
X7 = X7 + ¥(10, JO) / %5

KO = KO
GO TO 21
K18 = 0

51, I0, 1, 1, KO,

- z{10 + K0) = (C8 * D(I0, 1) + C9 * D(IO, 2))P.5

L8

k9
50
51

52

53

GO TO 48 IF 2(I0 + K0) Q 1.0
Z(I0 + K0) = 1.0

GO TO 51 IF 2IO U 1.0

GO TO 3k

GO TO 51 IF ZIO Q 1.0

K18 = K18 + 1

Ck = C4 + D(I0, 1)

C5 = €5 + D(I0, 2)

GO TO 49 IF JIO V 5

X(J10, II0) = D(I0, 1)
Y(J10, II0) = D(I0, 2)

GO TO 50

CJIO = CJIO + D(I0, JIO - 5)P.5
KJIO = KJIO + 1

ZI0 = Z(I0 + KO)

GO TO 52 IF KIT W 1

GOTO 52 IPKIBW 1

GO TO 53
Ki2 =1

K15 = 0

Kik = 13

D9 =C5 / Ck
GO TO 43

X0 = 0.

YO = 0.

C10 = 0.

54, T0, 1, 1, KO,
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(c20k)
(0205)
(0206)
(020T7)
(0208)
(0209)
(0210)
(0211)
(0212)
(0213)
(o21k)
(0215)
(0216)
(0217)
(0218)
(0219)

54

55

100
GO TO 54 TP ZIO U O.

X0 = X0 + D(I0, 1) / 210 - D(I0, 1)
YO = Y0 + D(10, 2) / 210 - D(I0, 2)
C10 = C10 + ZIO

Z{(I0 + 2 * K0O) = 1. / ZIO

TI0 TZI0 TD(I0, 1) TD(I0, 2) TZ(IO + 2 * KO) TJIO
TXO TYO TC1 TC8 TC9 TKI4 TC10
D5 = X0 - K10 # K10 * C2

D6 = YO - K10 * K10 * C3

D7 = D5 / (K10 * X10 * C2)

D8 = D6 / (K10 * K10 #* C3)

™5 ... D8

GO TO 1

TK14 TC13 ... C113

GO TO 1

END



[

47

L3
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