DETECTION AND REMEDIATION OF STAGNATION IN THE NELDER-MEAD
ALGORITHM USING A SUFFICIENT DECREASE CONDITION  *

C. T. KELLEY

Abstract. The Nelder-Mead algorithm can stagnate and converge to @ptimal point, even for very simple
problems. In this note we propose a test for sufficient deeredich, if passed for the entire iteration, will guarantee
convergence of the Nelder-Mead iteration to a stationaiptpbthe objective function is smooth. Failure of this
condition is an indicator of potential stagnation. As a rdyneve propose a new step, which we call an oriented
restart, which reinitializes the simplex to a smaller onthwirthogonal edges which contains an approximate steepest
descent step from the current best point. We also give seshitt apply when the objective function is a low-
amplitude perturbation of a smooth function. We illustrate results with some numerical examples.
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1. Introduction. In this paper we consider the Nelder-Mead, [14], direct search algo-

rithm for the unconstrained minimization of a possibly nonconvexwen discontinuous
function f. The problemis

(1.1) min f(z).
zERN
As in [9], we also consider objective functions that are small pertusbhatof smooth and
easy to minimize functions.
The Nelder-Mead algorithm maintains a simplex of approximations tgpéimal point.

We assume throughout that the verti({ezg}f;g] are sorted according to the objective func-
tion values
1.2) flay) < flaz) < ... < fansa).

We will refer to z;; as the best vertex andy,; as the worst. The algorithm attempts to
change the worst vertexy 1 to a new point of the form

z(0) = (14 90)T — dznp1

wherez is the centroid of the convex hull dfr; } Y

_ 1IN
r = ﬁ27:11‘l

A typical sequence, [12], of candidate valuesfas
{57’7 567 5067 576} = {17 27 1/27 71/2}

corresponding to the reflection, expansion, outside contraction reitki contraction steps
of the Nelder-Mead iteration. In general we require that

-1 <6 <0< e <6y < 6.

*Version of July 22, 1997. This research was supported byoNatiScience Foundation grant #DMS-9321938.
 North Carolina State University, Center for Research ireSific Computation and Department of Mathemat-
ics, Box 8205, Raleigh, N. C. 27695-8205, USA,mKel | ey@csu. edu).
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Algorithm nel der is a formal description of the iteration, with a termination conditén
small differences in the function values at the vertices. The input isnikielisimplex, the
objective, and a tolerance for termination based on the difference betweessthemiol worst
values.

ALGORITHM 1.1.nel der (S, f, 1)

1. Sort the vertices &f so that(1.2)holds.
2. Whilef(zni1) — flz1) > 7
(&) Computer and f,, = f(z(d,)).
(b) Reflect: If f(z1) < f. < f(zn), replacez 41 with z(4,) and go to to
step 2g.
(c) ExpandIf f. < f(x1) then computd, = f(x(5.)). If f. < f. replacer
with z (4, ), otherwise replace v, with z(4,). Go to to step 2g.
(d) Outside Contraction: If f(zn) < fr < f(zn41) computef, = f(z(dye))-
If f. < f.replacez 1 with z(d,.) and go to step 2g, otherwise go to step 2f.
(e) Inside Contraction: If f, > f(zny1) computef., = f(z(d)). If fo <
f(zn41) replacezy . with z(d;.) and go to step 2g, otherwise go to step 2f.
(f) Shrink For2 <i < N + 1: setx; = z1 — (x; — x1)/2; computef (x;).
(g) Sort: Sort the vertices af so that(1.2) holds.

The sort step is not precisely defined by Algoritmal der . One could simply use a
sort from one’s computing environment, or specify a sort algorithith @& tie-breaking rule.
Our results only require that each simplex satisfy (1.2), so we canidll4] and accept any
sort. One specific tie-breaking rule was proposed in [12].

As one can see from the algorithm fifz(9)) > f(z,+1) for all four possibilities(d =
1,2,+1/2), then the simplex is reduced in size, keeping only the vertewith the lowest
objective function value. This last scenario, the shrink step, is raréhenahalysis we present
will assume that shrinks do not occur.

We regard the simplex, and not just the best point, as the state @éthation. If a shrink
step is not taken, then the worst vertex is replaced with the new, betigexythe vertices
are resorted, and the average objective function value

(1.3) f= > fay)

has been decreased.

Unlike the pattern search algorithms, [4], [7], [10], [18], [19]at maintain the shape of
the simplex, or the hybrid algorithm from [20], the Nelder-Meadoaithm can stagnate and
converge to a non-optimal point, [13], [8], [23], [12], [24],@vfor very simple, smooth, and
convex objective functions. Our results and analysis are simplextedemd assume, even if
f is discontinuous or nonsmooth, an underlying smooth structifeembjective that, while
not present in the general case, is present in many applications.

In § 2 we set notation and state a few simple lemmas. In particular we defime-a
plex gradientwhich we use to monitor the performance of the Nelder-Mead iteration and
for our modification of the shrink step. We use those idea$ 3 where we describe our
condition for sufficient decrease (3.1) and show;ifi.1 that if the objective functiorf is
sufficiently smooth, the Nelder-Mead iterates satisfy this sufficient deem@dition, and
the simplex diameters converge to zero in a certain way, then any limit pbihe simplex
vertices is stationary. Our decrease condition is simpler than the o@®jnrgflecting our
interest in high-frequency low amplitude perturbations of smootitfions and in exploiting
the one function evaluation/iteration cost of the Nelder-Mead algargéls aggressively as
safely possible.
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In § 3.2 we propose an alternative to the shrink step that is to be used ®@H8igls to
hold. This new step, which we call amiented restartreinitializes the simplex to a smaller
one with orthogonal edges which contains an approximate steepest descefinbrstepe
current best point.

Throughout the paper we present results that apply when objective daristia low-
amplitude perturbation of a smooth function. Finally§ia we show how a modified Nelder-
Mead algorithm that incorporates our ideas perform on the examples in [13]

2. Notation. In this papet] - || will denote thel? norm or the induced matrix norm. We
consider algorithms that maintain a simplenf potential optima with vertice&z }j.\’jll that
satisfy (1.2).

We letV (or V(S)) denote theV x N matrix of simplex directions

V(S) = (1‘2 —T1,T3 —T1,..., TN41 — -771) = (711: e :UN):
and dianiS) thesimplex diameter

diam(S) = i — il
ms) = _max i ]

We will refer to thel? condition numbek(V) of V' as thesimplex conditionWe letd(f, S)
denote the vector of objective function differences

8(f:8) = (f(z2) = f(z1), flzs) = fz1),.... fl@n4r) = flz1))T.

We will not use the simplex diameter directly in our estimates or allgors. Rather we will
use twooriented lengths

04 (V) =, max [l —ajllando_ (V) = min [l ~a,].

Clearly,
04(5) < diam(S) < 20,.(S5).

DEFINITION 2.1. Let S be a simplex with verticefr; }), ordered so thaf1.2) holds
andV (S) nonsingular. Thesimplex gradienD(f : S) is

D(f:8)=V""s(f:9).

This definition of simplex gradient is motivated by the first ordemeate:
LEMMA 2.2. Let S be a simplex with vertices ordered so tl§at2) holds. LetV f be
Lipschitz continuous in a neighborhood®fvith Lipschitz constarzK". Then

(2.1) IVf(z1) = D(f : S)I| < Ku(V)oy(5)-

Proof. Our smoothness assumptions pand Taylor’s theorem imply that for all <
J<N,

of(x1)

@)= 1@+ 2520 | = pGen) = s + o Vs

< Kluj|? < Ko (5)2
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Hence
16(f +8) = VIV f(z1)]| < Ko (S)*
and hence
IV f(z1) = D(f : )| < K[V "]lo+(8)*.

The conclusion follows from the fact that. (S) < ||[V]|. O
Objective functions of the form

(2.2) f(x) = g(z) + ¢(2),

whereg is to be thought of as a smooth and easy to optimize functionpaadL> a low-
amplitude perturbation arise naturally in applications [2], [3], [S], [16], [17], [21], [22].
Algorithms that use difference approximations to the gradient bhve been proposed for
bound constrained, [16], [9], and unconstrained, [25], problems ag/daaavoid entrapment
in local minima caused by the perturbation. The implicit filtering aidpon algorithm de-
scribed in [9] and [16] also attempts to obtain superlinear convergence teitminal phase

of the iteration if¢(z) — 0 asz tends to the optimal point. Like the pattern search algo-
rithms, these difference methods requi?éV) function evaluations/iteration and therefore
may be much less efficient in the initial phase of the iteration that a exrgdgorithm like
Nelder-Mead that requires on{y(1) evaluation/iteration.

One purpose of this paper is to apply simplicial algorithms that eseff thanO(N)
function evaluations/iteration to problems with such objective fiamst One would hope
that the varying sizes of the simplices during the iteration would &edjid local minima. We
will need to measure the perturbations on each simplex. To that end we fiafansimplex
S

|6lls = esssupeslo(z)]-

The analog of Lemma 2.2 for objective functions that satisfy (2.2) is

LEMMA 2.3. Let S be a simplex with vertices ordered so tljat2) holds. Letf satisfy
(2.2)and letV g be continuously differentiable in a neighborhoodofith Lipschitz constant
2K,. Then, there ig > 0 such that

(2.3) IVg(z1) — D(f : S)|| < Kr(V) <a+(5) N ||€Z5||S>

Proof. Lemma 2.2 (applied tg) implies that
IVg(z1) = D(g : S)|| < Kgk(V)o4(S).
Now, sincel|d(¢ : S)|| < 2v/N||¢||s, anda (V) < ||V,
ID(f:S)=D(g:S)I <V = 8) =g S =Vl : Sl

191l

<oNV2|VT|[llls < 2N2(V) :
74(5)

This completes the proof with = K, + 2N'/2.0
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The constantg in (2.1) and (2.3) depend asiand we will express that dependence as
K = K(S) when needed.

We will denote the vertices of the simpléi at thekth iteration by{«z*}7,. We will
simplify notation by suppressing explicit mention®f in what follows by denoting

VE=v(S*), 6% = 6(f : S¥), K* = K(S*), andD*(f) = D(f : S*).

If V9 is nonsingular the* is nonsingular for alk > 0, [12]. Hence ifVY is nonsingular,
DF(f) is defined for allk.
We assume that our sequence of simplices satisfies
ASSUMPTIONZ2.1.
e V0is nonsingular.
e The vertices satisf{l.2).
e Foreachk, f**' < f*.

Assumption 2.1 is satisfied by the Nelder-Mead sequence if no shrinkatepaken and
the initial simplex directions are linearly independent. Assump®dnneed not be satisfied
by the pattern search methods considered in [19], where only conditiotisecbest value
are enforced. One way to illustrate the difference between pattern search satttboheth-
ods like Nelder-Mead is to note that the pattern search methods requirthéhsimplices
be geometrically similar, so the simplex condition is bounded, andiregnprovement in
the best point. Nelder-Mead demands that the average function valuevimjat no con-
trol is possible on which value is improved, and the simplex camdihumber can become
unbounded.

3. Sufficient Decrease and the Oriented RestartMotivated by conventional line-
search decrease criteria for optimization and nonlinear equations [1]1[g], [L5] we will
ask that the: + 1st iteration satisfy

(3.1) < —al|DFFP

Herea > 0is a small parameter. A typical choice in line-search methods, which we use in
our numerical results, is = 10~%. We propose to use failure of (3.1) as a test for impending
stagnation at a non-minimizer. Clearly,{iff D* f||} does not converge to zero, the Nelder-
Mead sequence is also not converging to a minimizer.

3.1. Convergence ResultsAn immediate consequence of Lemma 2.2, valid for smooth
f,is

THEOREM 3.1. Let a sequence of simplices satisfy Assumption 2.1 and let the assump
tions of Lemma 2.2 hold, with the Lipschitz constaiits uniformly bounded. Then (8.1)
holds for all but finitely many and the product, (S*)x(V*) — 0, then any accumulation
point of the simplices is a critical point gf.

Proof. Assumption 2.1 and (3.1) imply thtn;_,., D* f = 0. Hence (2.1) implies that

lim [|[Vf(@h)]| < lim (K*s(VF)ou () + [ID* ]]) = o.

k—o0 k— o0
Hence, ifz* is any accumulation point of the sequerad } thenV f(z*) = 0. This com-
pletes the proof since, (V*) — 0.0

Note that the conclusion of Theorem 3.1 also holds, [15], if the@afit decrease con-
dition (3.1) is replaced by

(3.2) - < —a(DF ),
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where® is a monotonically increasing function i co) with ®(0) = 0.

The result for the noisy functions that satisfy (2.2) wittsmooth reflects the fact that
the resolution is limited by the size gf In fact, if o, (S*) is much smaller thati¢|| s« , no
information ong can be obtained by evaluatirfgat the vertices o5* and oncer, (S*) is
smaller thar1|gz5||g/k2 no conclusions oi¥g can be drawn.

THEOREM 3.2. Let a sequence of simplices satisfy Assumption 2.1 and let the assump
tions of Lemma 2.3 hold with the Lipschitz constaﬁgé uniformly bounded. Then {8.1)
holds for all but finitely many and that

: K Ky o ollsr Y
(3.3) khﬁrrolo Kk(VF) <U+(S ) + o () = 0,
then any accumulation point of the simplices is a critical poing.of
Proof. Our assumptions, as in the proof of Theorem 3.1 imply af — 0. Lemma2.3
implies that

ol
3.4 D591 < D451+ et(h) (s (54 + L5

and the sequendgk’*} is bounded. Hence, by (3.3)%g — 0 ask — oc. O

3.2. Oriented Restarts. One can monitor a simplex-based iteration to see if (3.1) holds,
however, unlike the case of a gradient-based line-search method, silplging the size of
the simplex (for example, a shrink step in Nelder-Mead) will not remibayproblem. We
propose performing aariented restarwhen (3.1) fails butf**! — f* < 0. This means to

replace the current simplex with verticés; ;lel ordered so that (1.2) holds, with a new
smaller simplex having vertices (before ordering) };V:Jql with y; = x; and

(3.5) yi =y +Bj1ej 1, for2 <j <N +1
whereg; is thekth coordinate vector,

{ o (S¥)sign((D*f)) (D*f)i #0

o_(S*) (D*f)i =0

1
b=
and (D* f), is thelth component ofD* f. If D¥f = 0 we assume that the Nelder-Mead
iteration would have been terminated at iterattomecause of no difference between best and
worst values.

So, before ordering, the new simplex has the same first point addh&be diameter
of the new simplex has not been increased since the diameter of the nelesimat most
o, (S*). Moreover all edge lengths have been reduced. So after reorderiagf+!) <
o_(S*). As for k, after the oriented shrink, but before reorderirgl’) = 1. After reorder-
ing, of course, the best point may no longerhe If the best point is unchangdd*+' = I.
If the best point has been changed, then, up to row permutation and ncaliih by the
scalarto (S*)/2, Vk+1 is given by the upper triangular matrix

1 1 1 1
0 -1 0 0
ZEREE 7L Rk I - |
0 .
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Hence eithel’*+! = I andx(V') = 1 orthel! condition numberig; (V*+1) = ||[VE+1|2 =]}
4. Thel? condition number can be estimated by

RV = VR < (14 VID?,

In any case, the new simplex is well conditioned.

The new orientation of the simplex is intended to compensate foritited stagnation
that was exhibited in [13], in which the best vertex, not a minimizemained unchanged
throughout the entire iteration, the simplices converged to thatueftee expectation is that
once the simplex is small enough, the simplex gradient point ineztibn that approximated
the true gradient and that the restarted simplex would have a newdyest VT he reduction is
the simplex size is, like the reduction in steplength in a line-seathod, should be easier
to satisfy (3.1). While there is nothing special about the factar/a@fin (3.5), there is no
reason to expect that more elaborate line search schemes based on polynorala) sumih
as those presented in [6], would be effective in the context in whichédditkad and related
algorithms are used.

4. Numerical Testing. We show how the detection of stagnation and modification of
the Nelder-Mead algorithm proposed§i perform in the examples from [13]. Hepé = 2
and

Odlz|” +y +y*> <0
flzy) = ‘
Oz +y +y? x> 0.

The examples in [13] consider the parameter sets

(3,6, 400)
(1,60,¢9) =< (2,6,60)
(1,15,10)

The initial simplex was
1= (1,107 2 = (A, A )T, 23 = (0,0)T, wherelr = (1+/33)/8.

With this data, the Nelder-Mead iteration will stagnate at the originictvis not a critical
point for f.

We terminated the iteration when the difference between the best and wocsiofu
values was< 108 or, in the modified algorithm, after three restarts, using this as ddest
stagnation.

We illustrate the behavior of the unmodified Nelder-Mead algorithfrigures 4.1, 4.3,
and 4.5. In all the figures we plot, as functions of the iteration inttexdifference between
the best and worst function values,, the maximum oriented length, the norm of the sim-
plex gradient, and th# condition number of the matrix of simplex directions. In all three
problems stagnation is evident from the behavior of the simplagignts. Note also how the
simplex condition number is growing rapidly.

Two of the examples in [13] are smooth. For the less smooth of thesgt, 6, ¢) =
(2,6,60), the modified form of Nelder-Mead took a single oriented restart al Ttie itera-
tion. For the smoothest example, 6, ¢) = (3, 6,400) the modified form of Nelder-Mead
took a single oriented restart at theth iteration. As one can see from Figures 4.4 and 4.6 the
restart had an immediate effect on the simplex gradient norm and overcantaghatgon.

For the nonsmooth examplér, 6, ¢) = (1,15, 10), in Figure 4.1, the modified algo-
rithm terminated with failure after restarting on tB@th, 31st, and32nd iterations. Since the
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objective is not smooth at the stagnation point, this is the best we>gaett and is far better
that the behavior of the unmaodified algorithm, which stagnates witlharaing of the failure.

All computations reported here were done using MATLAB 4.2c on a SUtkalEnter-
prise 1 running Sun Solaris v2.1.

FIG. 4.1.Unmodified Nelder-Mead, 6, ¢) = (1, 15,10)
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FIG. 4.2.Modified Nelder-Mead(r, 8, ¢) = (1, 15, 10)
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FIG. 4.3.Unmadified Nelder-Mead, 6, ¢) = (2, 6, 60)
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FIG. 4.4.Modified Nelder-Mead(7, 0, ¢) = (2, 6, 60)
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FIG. 4.5.Unmodified Nelder-Meadr, 6, ¢) = (3, 6,400)
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FIG. 4.6.Modified Nelder-Mead(r, 8, ¢) = (3, 6,400)
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