
ABSTRACT

RICHARDSON, JOSEPH (JOEY) BRICKEY. Quantitative Viscoelasticity Estimation from Displacements
Tracked On-Axis to Acoustic Radiation Force Excitations in Kelvin-Voigt Materials. (Under the
direction of Caterina Gallippi).

This work documents the initial development of Quantitative Viscoelastic Response (QVisR)

ultrasound, a novel method of on-axis elastography that estimates the isotropic Kelvin-Voigt

model Young’s elastic and viscous moduli directly from normalized VisR displacement shapes.

Chapter 3 validates QVisR in simulations and then shows a small amount of transfer learning

is needed to estimate in scanner acquired phantom data, suggesting a simulation and scanner

domain mismatch. Chapter 4 discusses a series of experiments to calibrate the simulations and

scanner acquisitions. Chapter 5 evaluates the optimal simulation push sequence and feature

representation for training QVisR models on a new transducer. The best model from Chapter 5

was then used to evaluate the calibration steps of Chapter 4 quantitatively. Primary conclusions

and a list of suggestions for future work are list at the end.



© Copyright 2026 by Joseph (Joey) Brickey Richardson

All Rights Reserved



Quantitative Viscoelasticity Estimation from Displacements
Tracked On-Axis to Acoustic Radiation Force Excitations in Kelvin-Voigt Materials

by
Joseph (Joey) Brickey Richardson

A dissertation submitted to the Graduate Faculty of
North Carolina State University

in partial fulfillment of the
requirements for the degree of

Doctor of Philosophy

Electrical Engineering

Raleigh, North Carolina
2026

APPROVED BY:

Mark Palmeri Gianmarco Pinton

Nitin Sharma Greg Bottomley

Caterina Gallippi
Chair of Advisory Committee



DEDICATION

To my loving mother, who encourages me to be elastic in life, tells me to just "flow with the go"

when I’m feeling viscous, and taught me things can either happen or not with a 50/50 chance

so I shouldn’t stress too hard, I give you my first citation [1]. Thank you for all your time. My

friends are good too. I appreciate my support network.

ii



ACKNOWLEDGEMENTS

I’d like to thank my advisor, Dr. Caterina Gallippi for her guidance, patience, and motivation for

me to try things and explore ideas. Whenever I was too far in the weeds or feeling completely

stuck, I was never more than a 30 minute away from some course correction. I’m grateful

for the opportunities provided to me in the lab. To my dissertation committee, Drs. Mark

Palmeri, Gianmarco Pinton, Nitin Sharma, and Greg Bottomley, thank you for your courses

taught, knowledge shared, research discussions, and interest in my work while serving on my

committee.

Thank you to my past and present lab mates who have always kept the lab a good environ-

ment. We’ve had some interesting years and many quality white board sessions. I look forward

to crossing paths in the future.

I would also like to thank UNC Research Computing and NCSU/BME IT, in particular from

Sandeep Sarangi and Eugene Yamamura. Your support greatly facilitated the thousands of wall

hours spent running simulations and remote access to the computer cluster that enabled this

work.

iii



TABLE OF CONTENTS

Dedication . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ii

Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .vii

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .viii

Authorship Statement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .xvi

Chapter 1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

Chapter 2 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.1 Qualitative, Semi-Quantitative, and Quantitative Imaging . . . . . . . . . . . . . . . . 6
2.2 Ultrasound Sonography Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.2.1 Image Acquisition and Processing . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.2.2 Acoustic Wave Propagation in Soft Tissues . . . . . . . . . . . . . . . . . . . . . . 10

2.3 Ultrasound Elastography Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.3.1 Tissue Mechanical Properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.3.1.1 Elastic Materials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.3.1.2 Viscoelastic Materials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.3.2 Displacement Tracking . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
2.3.3 Sonoelasticity, Transient, and Passive Elastography . . . . . . . . . . . . . . . . 24
2.3.4 Quasi-Static Strain Elastography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.3.5 Acoustic Radiation Force (ARF) Elastography . . . . . . . . . . . . . . . . . . . . 25

2.3.5.1 Acoustic Radiation Force Physics . . . . . . . . . . . . . . . . . . . . . . 25
2.3.5.2 ARF-based Excitation Sequences . . . . . . . . . . . . . . . . . . . . . . 27
2.3.5.3 Off-axis vs On-Axis Tracking . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.4 On-axis ARF-Based Elastography Techniques . . . . . . . . . . . . . . . . . . . . . . . . . 29
2.4.1 Acoustic Radiation Force Impulse (ARFI) . . . . . . . . . . . . . . . . . . . . . . . 30
2.4.2 Vibro-acoustography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
2.4.3 Harmonic Motion Imaging (HMI) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
2.4.4 Kinetic Acoustic Vitreoretial Examination (KAVE) . . . . . . . . . . . . . . . . . 34
2.4.5 Monitored Steady-State Excitation and Recovery (MSSER) . . . . . . . . . . . 36
2.4.6 Acoustic Radiation Force-Induced Creep Recovery (ARFICR) . . . . . . . . . 37
2.4.7 Double Pro�le Interaction (DoPIo) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
2.4.8 Viscoelastic Response (VisR) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

2.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

Chapter 3 Quantitative Viscoelastic Response Ultrasound . . . . . . . . . . . . . . . . . . . . 48
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
3.2 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

3.2.1 Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

iv



3.2.1.1 Homogeneous Dataset . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
3.2.1.2 Heterogeneous Dataset . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.2.2 Scanner Acquisitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
3.2.2.1 Phantom Acquisitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
3.2.2.2 Clinical Acquisitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
3.2.2.3 Scanner Processing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.2.3 Semi-quantitative Viscoelastic Response (VisR) Model Fit Procedure . . . 57
3.2.4 Quantitative Viscoelastic Response (QVisR) Machine Learning Model

Training and Evaluation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
3.2.4.1 Preprocessing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
3.2.4.2 Model Selection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
3.2.4.3 Fine-Tuning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

3.2.5 Performance Metrics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
3.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
3.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

3.4.1 Phantom Acquisitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
3.4.2 Clinical Acquisitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
3.4.3 QVisR Outcomes and Study Limitations . . . . . . . . . . . . . . . . . . . . . . . . 73

3.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

Chapter 4 Simulation and Acquisition Calibration . . . . . . . . . . . . . . . . . . . . . . . . . 79
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80
4.2 Calibration Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

4.2.1 Simulation Convergence Study . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
4.2.2 Scanner Acquisition Axial Offset Calibration . . . . . . . . . . . . . . . . . . . . . 82
4.2.3 Scanner Acquisition T PRF and ARF Droop Measurement . . . . . . . . . . . . 83
4.2.4 Phantom Matched Simulation and Acquisition Database . . . . . . . . . . . 86

4.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
4.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98
4.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

Chapter 5 Simulation QVisR Optimization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .108
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109
5.2 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

5.2.1 Material Simulation Datasets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110
5.2.2 State-Space Mass Spring Damper (MSD) Model Parameterizations . . . . 111
5.2.3 QVisR Model Training . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

5.2.3.1 Preprocessing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114
5.2.3.2 Model Selection with Nested Cross Validation . . . . . . . . . . . . 115

5.2.4 Multivariate Linear Mixed Modeling Performance Evaluation . . . . . . . . 116
5.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
5.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

5.4.1 Optimal Feature Representation and Excitation Sequencing . . . . . . . . . 132
5.4.2 Multi-variate Linear Mixed Model Outcomes . . . . . . . . . . . . . . . . . . . . 134
5.4.3 Limitations and Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

v



5.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137
5.6 Chapter Appendix Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

Chapter 6 Conclusions and Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .146

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .152

vi



LIST OF TABLES

Table 2.1 Isotropic elastic material constants relationships . . . . . . . . . . . . . . . . . . 18

Table 3.1 ARF Excitation and Tracking Parameters for Simulations and Phantom
Acquisitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

Table 3.2 Simulation Parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
Table 3.3 CIRS phantom gCNR values for varying ROI patch sizes . . . . . . . . . . . . . 67

Table 4.1 Simulation Parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

Table 5.1 ARF Excitation and Tracking Parameters for Simulations and Phantom
Acquisitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

vii



LIST OF FIGURES

Figure 2.1 Transmit (Tx) and receive (Rx) focused beamforming across an aperture. 8
Figure 2.2 Point spread function of a focused transmit with a 25 mm focal depth.

All axes are in millimeters. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
Figure 2.3 Images of a heterogeneous elastic tissue mimicking phantom where

the inclusion region has a higher elastic modulus (is stiffer) than the
background material. The elastic contrast is not visible in the B-Mode
image whereas the inclusion is clearly visible in the peak displacement
image. Smoothing was applied with a 1 x 1 mm median �lter and depth
normalization was applied across the background region in the black
rectangle. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

Figure 2.4 Kelvin-Voigt Viscoelastic Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
Figure 2.5 Asymptotic to steady-state nature of Kelvin-Voigt materials based multi-

ples of the material time constant. The creep recovery contains the same
information as the creep recovery for Kelvin-Voigt materials but not for
any other viscoelastic rheological models. . . . . . . . . . . . . . . . . . . . . . . 22

Figure 2.6 Additive White Gaussian (AWG) noise added to RF lines before displace-
ment tracking and the resulting displacement pro�le noise. . . . . . . . . . 23

Figure 2.7 Example single push ARF displacement pro�les of a 10 µm bead tracked
with a confocal optical and ultrasound acoustic experiment setup. Ul-
trasound displacement underestimation can be seen most prominently
during the peak of the excitation. The time window with the most dis-
placement underestimation corresponds with the lowest correlation
coef�cient of the displacement estimation algorithm applied to subse-
quent track RF lines. Reprinted from [2] (Copyright ©2013 IEEE). . . . . . . 30

Figure 2.8 ARFI displacements pro�les, images, and data cubes. . . . . . . . . . . . . . . 32
Figure 2.9 MSSER excitation and tracking sequence diagram aligned with sam-

ple creep and creep recovery pro�les in an excised pig muscle. Tracked
samples shown alongside the analytic solution �t. Note that the timing
diagram only roughly aligns with the total excitation period and that
there was actually a push pulse between every tracked sample. Displace-
ments are shown to vary in peak amplitude with the number of cycles in
the push pulses. Reprinted from [3] (Copyright ©2008 IEEE). . . . . . . . . . 38

Figure 2.10 ARFICR steps diagram. A, B, and C show the geometry of the acquisition,
the creep shear strain pro�le measured on-axis at lateral location x0,
and the shear wave propagation measured off-axis at the other labeled
locations. ARFICR converts the creep shear strain in B to the relative
complex moduli in D through Eq. 2.32. Shear wave propagation in C
is used to estimate the center frequency shear wave phase velocity in
E. The complex shear modulus G � (! ) is then computed from the rela-
tive complex modulus and the estimate of the applied force amplitude.
Reprinted from [4] (Copyright ©2018 IEEE). . . . . . . . . . . . . . . . . . . . . . 39

viii



Figure 2.11 DoPIo conceptual diagram. An applied ARF push creates a volumetric
displacement that results in scatterer shearing following the intensity
pro�le of the ARF push PSF. Scatterer shearing is tracked with both a
narrow and a wide PSF resulting in variable averaging that changes the
displacement underestimation. The intersection of the two tracked pro-
�les then is related to the scatterer shearing rate and thus the material
shear elasticity. Reprinted from [5] under the creative commons license
CC BY-NC-SA 4.0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

Figure 2.12 Mass spring damper (MSD) model, VisR push sequence, and representa-
tive Kelvin-Voigt material FEM simulation displacement pro�les with a
VisR double push excitation. Reprinted from [6] (Copyright ©2013 IEEE). 43

Figure 2.13 VisR relative elasticity (RE), peak displacement (PD), and relative vis-
cosity (RV) with depth correction (DC) and elasticity / omega correction
(EC) in simulated Kelvin-Voigt materials with a spherical heterogeneous
inclusion. The shear elastic moduli of (inclusion, background) were (20,
10), (10, 10), and (10, 20) kPa, and the shear viscous moduli of (inclusion
and background) were (1.2 1.2), (1.2 0.4), and (1.2, 0.4) Pa.s, in the mate-
rials 1, 2, and 3, respectively. White contour represent the true inclusion
boundary. Reprinted from [7] (Copyright ©2020 IEEE). . . . . . . . . . . . . . 46

Figure 3.1 Simulated VisR displacement pro�les before (top row) and after (bottom
row) max normalization as elasticity (a,e), viscosity (b,f), focal depth
(c,g), and axial depth (d,h) vary. When not varying, the following �xed
parameters were used: elasticity = 36.67 kPa, viscosity= 2.34 Pa.s, focal
depth = 25 mm, axial depth = 25 mm, SNR = 40 dB. Note that the green
displacements in each subplot have equivalent parameters. Time axis
vertical tick markers are 0-4 ms. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

Figure 3.2 Elasticity (a) and viscosity (b) RMSE grouped by train and test simulation
datasets for each cross-validation training run. RMSEs displayed are over
samples in the test sets (color) with an SNR of 50 dB. Square marker
points represent the subset of Test Hom and TestMix with parameter ranges
�ltered to match Train Het ranges (e.g., TestHom elasticities greater than
36.67 kPa were removed since 36.67 kPa is the max elasticity in Train Het ). 62

Figure 3.3 Elasticity (top row) and viscosity (bottom row) RMSE grouped by distance
from displacement axial depth to ARF push focal depth with varying
elasticity (left column), viscosity (middle column), and focal depth (right
column). Points and shading represent the mean � max and min RMSE
over the 11 cross-validation Train Mix models. RMSEs were calculated over
all seed realizations with an SNR of 50dB in the Test Hom dataset. . . . . . . 63

Figure 3.4 Elasticity (top row) and viscosity (bottom row) RMSE grouped by SNR for
varying elasticity (�rst column), viscosity (second column), focal depth
(third column), and scatterer realization (fourth column). Points and
shading represent the mean � max and min RMSE over the 11 cross-
validation Train Mix models. RMSEs calculated over all samples in the
TestMix set except those greater than 20mm below the focus. . . . . . . . . . 64

ix



Figure 3.5 Point-wise axial estimates of elasticity (top row) and viscosity (bottom
row) for heterogeneous and homogeneous simulation samples. Four
heterogeneous inclusion viscoelasticity combinations (colors) are shown
for each inclusion center lateral offset (a-d and f-i). The homogeneous
sample matched the background viscoelasticity of the heterogeneous
samples (e, j). Estimates (solid lines) are plotted over true (dashed lines)
elasticities and viscosities. Each sample was drawn from a random seed
realization in the Test Mix set and have a �xed focal depth of 25 mm and 40
dB SNR. Estimate results are plotted with a � 1 mm sliding axial median
�lter. Estimates shown for the Train Mix cross-validation model with the
lowest TestMix RMSE. True moduli values follow the shape contour of the
heterogeneous inclusion diagram in the bottom right corner (e.g., a and
f are the center of the inclusion and d and i are outside the inclusion so
the material is homogeneous over the whole axial range). . . . . . . . . . . . 65

Figure 3.6 Calibrated cylindrical step phantom bmode-segmented true elasticity
reference (1st row) compared with VisR MSD model �t relative elasticity
(2nd row) and QVisR estimated elasticities before (3rd row) and after
(4th row) �ne-tuning. Each column is a different inclusion type with
varying inclusion elasticity and a �xed background elasticity (calibrated
inclusion and background elasticities marked on the elasticity colorbar).
The segmentation mask inclusion boundary is overlaid in transparent
white on the estimate images to mark the outer extent of the inclusion.
Overlaid statistics were calculated using 2 mm square image patches in
the center of the inclusion and to the right of the inclusion. . . . . . . . . . 66

Figure 3.7 B-Mode, VisR peak displacement, VisR MSD relative elasticity and rel-
ative viscosity, and QVisR elastic and viscous moduli estimates on in
vivo gastrocnemius (left) and rectus femoris (right) muscles of boys with
Duchenne Muscular Dystrophy. QVisR estimates are shown for the simu-
lation trained model (3rd row) and the phantom �ne-tuned model (4th
row). Acquisitions had 20mm (left) and 17mm (right) ARF push focal
depths and estimates are displayed with a 2D median �lter with � 1 x 0.5
mm kernel (axial x lateral) on the image overlays. . . . . . . . . . . . . . . . . . 77

Figure 3.8 Normalized VisR displacement pro�les from gastrocnemius (left) and
rectus femoris (right) muscle regions of interest. Shading shows the min
and max displacement over a 0.5 mm axial kernel. Legend labels 1 and 2
correspond to regions 1 and 2 in each Fig. 3.7 muscle. . . . . . . . . . . . . . . 78

Figure 4.1 Scanner acquired CIRS phantom and FEM simulation displacement
images showing the differences in displacements along the axial and
slow time dimensions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

x



Figure 4.2 CIRS point target phantom diagram and scanner acquired B-Mode image
of point targets in top left corner of phantom diagram. The axial point
targets should be at 10, 20, and 30 mm from the diagram but appear
several millimeters lower in the B-mode. This offset only occurs in the
of�ine processed data and not on the real-time visual display on the
scanner monitor. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

Figure 4.3 Experimental setup of measuring a thin nylon wire suspended in a water
bath. The nylon string is held by a 3D printed device attached to a motion
stage used to position the wire target relative to the ultrasound transducer.
The image on the right shows the of�ine processed scanner B-Mode
image of the nylon string positioned 35 mm from the surface of the
transducer. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

Figure 4.4 ARF push pulse (left) and track pulse (right) voltage traces (units of mV)
segmented from a hydrophone acquisition of a VisR double push se-
quence. Orange dots are the start of the rising edge of the target pulse
and yellow dots are the start of the rising edge of the subsequent pulse. . 85

Figure 4.5 ARF push pulse (left) and track pulse (right) voltage traces (units of mV)
segmented from a hydrophone acquisition of a VisR double push se-
quence. Orange dots are the start of the rising edge of the target pulse
and yellow dots are the start of the rising edge of the subsequent pulse. . 86

Figure 4.6 Push pulse timing for 3 push and both 4 tracks between each push (left)
and 6 tracks between each push (right). . . . . . . . . . . . . . . . . . . . . . . . . 87

Figure 4.7 Simulation displacement pro�les for varying grid sizes. Subplots show
differences with increasing elasticity across the columns and increasing
viscosity down the rows. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

Figure 4.8 Simulation displacement pro�les for varying grid sizes where the elas-
ticity is 100 kPa and the viscosity is 0.01 Pa.s. Subplots show differences
with increasing F# across the columns and increasing focal depth down
the rows. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

Figure 4.9 Simulation time as a function of grid size and elasticity. Error bars show
variance in simulation time due to viscosity, focal depth, and F / #. . . . . . 91

Figure 4.10 Series of B-Mode images of the 10, 20, and 30 mm point targets in a CIRS
point target phantom showing the focal depth and F / # dependence of
the scanner axial offset. The red cross hairs indicate the middle of the
0.5 axial mm x 0.5 lateral mm kernel indicating the peak intensity region
of the B-Mode. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

Figure 4.11 Surface plots of the axial offset correction factor functions �t to scanner
acquired phantom and water bath data. . . . . . . . . . . . . . . . . . . . . . . . . 93

Figure 4.12 Difference between material responses when a double-push sequence
was simulated with and without the scanner power supply droop scaling
during the application of the ARF loads. . . . . . . . . . . . . . . . . . . . . . . . . 93

Figure 4.13 Normalized difference between material responses when a double-push
sequence was simulated with and without the scanner power supply
droop scaling during the application of the ARF loads. . . . . . . . . . . . . . 94

xi



Figure 4.14 Normalized percent difference images and displacement pro�les using
the constant T PRF and variable hydrophone measured variable T PRF in
materials with varying elasticity and 15 mm focal depth. First row shows
the sample to sample difference despite the timing offset. Second row
shows the difference after interpolating the constant T PRF time axis to the
variable T PRF time axis, corresponding to the green displacement pro�le. 95

Figure 4.15 Normalized percent difference images and displacement pro�les using
the constant T PRF and variable hydrophone measured variable T PRF in
materials with varying viscosity and 35 mm focal depth. First row shows
the sample to sample difference despite the timing offset. Second row
shows the difference after interpolating the constant T PRF time axis to the
variable T PRF time axis, corresponding to the green displacement pro�le. 96

Figure 4.16 Root mean square error between displacements in the focal region of
simulations and acquisitions with matched material properties before
and after applying the water bath measured axial offset correction and
2nd order motion �ltering. Results shown for multiple focal depths. . . . 97

Figure 4.17 Simulation and acquisition displacements before and after applying the
axial offset and motion �lters. RMSE is measured as the error between
simulation and and acquisitions up to the 2 / 3 recovery point of the
acquisition, indicated by the colored vertical lines. Note that the motion
�lter was �t to the tail end of the acquisition displacements but only data
up to the end of the simulation time was plotted. . . . . . . . . . . . . . . . . . 98

Figure 4.18 Axial offset, motion �ltered acquisitions paired with simulation that had
the lowest RMSE up to the acquisition 2 / 3 recovery point. Parameters for
the simulation are shown in the top right of each subplot. Acquisitions
were at 50% power. Note that the motion �lter was �t to the tail end of the
acquisition displacements but only data up to the end of the simulation
time was plotted. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

Figure 4.19 Axial offset, motion �ltered acquisitions paired with simulation that had
the lowest RMSE up to the acquisition 2 / 3 recovery point. Parameters for
the simulation are shown in the top right of each subplot. Acquisitions
were at 70% power. Note that the motion �lter was �t to the tail end of the
acquisition displacements but only data up to the end of the simulation
time was plotted. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

Figure 4.20 QVisR elasticity and viscosity RMSE on simulations with and without
the hydrophone measured T PRF timing applied to the FEM and Field II
tracking (ultratrack) portions of the simulation pipeline. QVisR models
trained using simulations from Chapter 5 with a matching 2 push, 6 track
between ARF excitation sequence. Note the increase in range on the
y-axes with increasing focal depth. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

Figure 4.21 QVisR elasticity and viscosity RMSE in CIRS elasticity phantom acqui-
sitions with and without application of the axial offset correction and
motion �ltering. QVisR models trained using simulations from Chapter 5
with a matching 2 push, 6 track between ARF excitation sequence. Note
the increase in range on the y-axes with increasing focal depth. . . . . . . 102

xii



Figure 4.22 Peak normalized VisR displacements in the homogeneous background
of a CIRS elasticity phantom at different scanner power levels. . . . . . . . 104

Figure 4.23 Variation in �rst peak height of normalized VisR displacement pro�les
as a function of acquisition percent power level, F / #, motion �lter poly-
nomial �t order, and ARF push focal depth. Error bars show the standard
deviation over a 1mm kernel at the focus for 3 repeat acquisitions in
different locations of the background material. . . . . . . . . . . . . . . . . . . . 104

Figure 4.24 Variation in �rst peak height of normalized VisR displacement pro�les
with an ARF push F / # of 1.5 as a function of acquisition percent power
level, CIRS phantom, motion �lter polynomial �t order, and ARF push
focal depth. Error bars show the standard deviation over a 1mm kernel at
the focus for 3 repeat acquisitions in different locations of the background
material. The cylindrical phantom elasticity was 17 kPa and the spherical
phantom elasticity was 28 kPa. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

Figure 4.25 Plot of the aperture size in number of transducer elements based on the
imaging depth and F / # for the Siemens 9L4 transducer. . . . . . . . . . . . . 105

Figure 5.1 Diagram of the methods steps for Chapter 5. The step 1 panel shows 4
simulated displacements with a varying (N Push, NTrack) excitation. The
excitations were applied at the same focal depth, in a single viscoelastic
material, etc. so all variation in shape is due to the different excitations.
Shading indicates the variation due to the random scatterer realizations.
Step 2 shows the different feature groups used to train QVisR neural
network models. There are unique models trained for each combination
of feature groups and (N Push, NTrack) pairs. The step 3 panel shows the
equation and variables used in �tting the MVLMM to determine how
the features from all types of QVisR models trained contribute to the
viscoelasticity estimation error distribution. . . . . . . . . . . . . . . . . . . . . . 118

Figure 5.2 Elasticity and viscosity root mean square error (RMSE) for each QVisR
model test set (grouped test scatterer realization seed, (N Push, NTrack) pair,
and feature group). Dashed markers show the mean RMSE. . . . . . . . . . . 119

Figure 5.3 Empirical QVisR elasticity and viscosity absolute error histograms of the
probability density strati�ed by feature groups. Top row shows the un-
processed error distribution and the bottom row shows the distributions
after log transformation and z-scoring to standardize the variables for
the multivariate mixed linear modeling. . . . . . . . . . . . . . . . . . . . . . . . . 120

Figure 5.4 Violin plots of the z-scored elasticity (left) and viscosity (right) absolute
error distributions as functions of the underlying true material elasticity
(top row) and viscosity (bottom row). . . . . . . . . . . . . . . . . . . . . . . . . . . 121

xiii



Figure 5.5 Fixed-effect coef�cients for acquisition covariates estimated from the
multivariate linear mixed-effects model. Posterior mean coef�cients
and 95% highest-density intervals are shown for z-scored focal depth,
signal-to-noise ratio (SNR), axial offset, and log(fval), for elasticity (left)
and viscosity (right) absolute error outcomes. Coef�cients represent
the conditional change in absolute error per one-standard-deviation
increase in each covariate, with all other predictors held at their reference
levels. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

Figure 5.6 Feature-group main effects and interactions estimated from the multi-
variate linear mixed-effects model. The top row shows mean �xed-effect
coef�cients and 95% highest-density intervals for each feature group.
The bottom row shows the corresponding interaction effects between
feature group and increasing elasticity / viscosity (color). Coef�cients rep-
resent the conditional change in absolute error associated with each
feature group and its interaction with viscoelasticity, relative to baseline
QVisR models trained on the displacement feature group with a (1 push,
0 tracks between) excitation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

Figure 5.7 (NPush, NTrack) pair main effects and interactions estimated from the multi-
variate linear mixed-effects model. The top row shows mean �xed-effect
coef�cients and 95% highest-density intervals for each (N Push, NTrack) pair.
The bottom row shows the corresponding interaction effects between
(NPush, NTrack) pair and increasing elasticity / viscosity (color). Coef�cients
represent the conditional change in absolute error associated with each
(NPush, NTrack) pair and its interaction with viscoelasticity, relative to base-
line QVisR models trained on the displacement feature group with a (1
push, 0 tracks between) excitation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

Figure 5.8 Empirical mean QVisR and multivariate linear mixed-effects model elas-
ticity (left) and viscosity (right) absolute error distributions. Results are
conditioned on each viscoelasticity, feature group, and the (1 push, 0
tracks between) excitation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

Figure 5.9 Empirical mean QVisR and multivariate linear mixed-effects model elas-
ticity (left) and viscosity (right) absolute error distributions. Results are
conditioned on each viscoelasticity, feature group, and the (2 push, 3
tracks between) excitation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

Figure 5.10 Empirical mean QVisR and multivariate linear mixed-effects model elas-
ticity (left) and viscosity (right) absolute error distributions. Results are
conditioned on each viscoelasticity, feature group, and the (4 push, 9
tracks between) excitation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

Figure 5.11 Posterior coef�cient estimates (mean over MCMC sampler chains and
draws) of the standard deviations, covariance matrices, and correlations
of the random effects and residuals as well as the posterior predictive
residual correlation coef�cient of the multi-variate mixed linear model
�t to QVisR error distributions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

xiv



Figure 5.12 Empirical mean QVisR and multivariate linear mixed-effects model elas-
ticity (left) and viscosity (right) absolute error distributions. Results are
conditioned on each viscoelasticity, feature group, and the (2 push, 6
tracks between) excitation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

Figure 5.13 Empirical mean QVisR and multivariate linear mixed-effects model elas-
ticity (left) and viscosity (right) absolute error distributions. Results are
conditioned on each viscoelasticity, feature group, and the (2 push, 9
tracks between) excitation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

Figure 5.14 Empirical mean QVisR and multivariate linear mixed-effects model elas-
ticity (left) and viscosity (right) absolute error distributions. Results are
conditioned on each viscoelasticity, feature group, and the (3 push, 3
tracks between) excitation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

Figure 5.15 Empirical mean QVisR and multivariate linear mixed-effects model elas-
ticity (left) and viscosity (right) absolute error distributions. Results are
conditioned on each viscoelasticity, feature group, and the (3 push, 6
tracks between) excitation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

Figure 5.16 Empirical mean QVisR and multivariate linear mixed-effects model elas-
ticity (left) and viscosity (right) absolute error distributions. Results are
conditioned on each viscoelasticity, feature group, and the (3 push, 9
tracks between) excitation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

Figure 5.17 Empirical mean QVisR and multivariate linear mixed-effects model elas-
ticity (left) and viscosity (right) absolute error distributions. Results are
conditioned on each viscoelasticity, feature group, and the (4 push, 3
tracks between) excitation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

Figure 5.18 Empirical mean QVisR and multivariate linear mixed-effects model elas-
ticity (left) and viscosity (right) absolute error distributions. Results are
conditioned on each viscoelasticity, feature group, and the (4 push, 6
tracks between) excitation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

xv



AUTHORSHIP STATEMENT

Contributions of Joey Richardson and coauthors are listed below for each chapter.

Chapter 1

1. Joey Richardson: Sole author of Chapter 1.

Chapter 2

1. Joey Richardson: Literature review and primary author.

2. Dr. Caterina Gallippi: Editing and revisions, outlining suggestions.

3. Dr. Mark Palmeri: Editing and revisions.

4. Dr. Greg Bottomley: Editing and revisions.

5. Dr. Gianmarco Pinton: Editing and revisions.

6. Dr. Nitin Sharma: Editing and revisions.

Chapter 3

1. Joey Richardson: Simulation of heterogeneous dataset, collection of phantom acquisi-

tions, preprocessing of all datasets for machine learning, neural network model training

and evaluation, transfer learning ideation and execution, automation of simulation

framework, literature review and drafting of manuscript. Full manuscript originally pub-

lished as [8] ©2024 IEEE. Reprinted, with permission, from Richardson, Moore, and

Gallippi, Quantitative Viscoelastic Response (QVisR): Direct Estimation of Viscoelasticity

With Neural Networks , IEEE Transactions on Ultrasonics, Ferroelectrics, and Frequency

Control, 07 / 2024.

2. Dr. Christopher Moore: Simulation of homogeneous dataset, creation of prototype mod-

els, and collection of clinical acquisitions.

xvi



3. Dr. Caterina Gallippi: Guidance on experiment design, editing and revisions, consistent

advice/ input on all aspects of project.

4. Dr. Mark Palmeri: Original implementation of simulation framework, discussions of

methodology.

Chapter 4

1. Joey Richardson: All simulations and scanner acquisition programming and execution,

study ideation, all drafting and primary writing.

2. Dr. Caterina Gallippi: Guidance on experiment design, editing and revisions, consistent

advice/ input on all aspects of project.

3. Dr. Mark Palmeri: Discussions of calibration results.

4. Dr. Greg Bottomley: Editing.

5. Dr. Gianmarco Pinton: Course instructor related to simulation convergence concepts.

6. Dr. Gabriela Torres: Discussions of Siemens scanner technology and calibration results.

Chapter 5

1. Joey Richardson: Derivations and code implementation of state space models, simulation

study design and execution, multivariate mixed linear model analysis and interpretation,

all drafting and primary writing.

2. Lucas Gillette: Assisted with conversion of state space code from Python to C ++ for use

on the computer cluster.

3. Aidan Armstrong: Discussions and editing related to the multivariate mixed linear mod-

eling.

4. Dr. Caterina Gallippi: Guidance on experiment design, editing and revisions, consistent

advice/ input on all aspects of project.

xvii



5. Dr. Mark Palmeri: Discussion of simulation experiment design and machine learning

model results.

6. Dr. Greg Bottomley: Editing and suggestions for state space modeling.

7. Dr. Nitin Sharma: Suggestions for state space modeling.

Chapter 6

1. Joey Richardson: Sole author for Chapter 6.

Use of generative arti�cial intelligence: No generative arti�cial intelligence was used to

write this dissertation.

xviii



CHAPTER

1

INTRODUCTION
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Tissue elasticity and viscosity offer valuable insights into the development, progression,

and reduction of clinical pathologies. Elasticity, historically assessed qualitatively with manual

palpation, plays a pivotal role in the identi�cation and monitoring of common pathologies

such as �brotic processes, a hallmark of diseases such as liver cirrhosis and pulmonary �brosis

[9]. Fibrosis is the development of �brous connective tissue that replaces normal parenchymal

tissue, often during the process of wound healing. This connective tissue build-up in often

stiffer than the surrounding tissue allowing the monitoring of �brosis progression through the

measurement of elasticity. Viscosity, which re�ects the resistance to �ow or time-dependent

deformation, is commonly linked with in�ammatory processes [10]. In�ammation leads to

an in�ux of immune cells into tissue which leads to an increase in material density making

the tissue more resistant to �ow and deformation. The in�ammatory process can also lead to

edema, a type of tissue swelling due to excess �uid content, which can present as an increase

in viscosity as the tissue becomes more gel-like [11]. Although semi-quantitative measures

of relative elasticity / viscosity can be valuable clinically, quantitative estimation of the mate-

rial property facilitates correlation with diagnostic staging, measurement of change in cross-

sectional / longitudinal studies, and comparison of methodology and system manufacturers

[12, 13].

Ultrasound elastography is a promising modality for the real-time, non-invasive, clinically

accessible imaging of tissue mechanical properties. The earliest method, strain elastography

[14], assesses tissue stiffness based on the degree of deformation induced by manual compres-

sion, creating operator dependence, or external forces, which requires external equipment.

Strain elastography inversion methods are often dependent on boundary conditions that can

be dif�cult to measure in vivo . Following strain elastography, transient methods were developed

to measure the speed of shear waves, which can be related to mechanical property, induced

by an external mechanical impulse [15]. Transient elastography methods provided improve-

ments over strain elastography since shearing is a local wave phenomenon and is thus not as

dependent on boundary conditions; however, an external mechanical vibration source was still
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necessary, reducing clinical use. This equipment requirement was later relaxed with the advent

of acoustic radiation force impulse (ARFI) imaging [16]. ARFI utilizes focused continuous wave

excitations generated by an ultrasound transducer to remotely displace tissue through a non-

linear momentum transfer. Soon after the development of ARFI, ultrasound beam sequences

designed to both generate acoustic radiation force impulses and track resulting shear waves

were introduced to remotely measure shear wave speed without external equipment. This

technique, shear wave speed (SWS) or shear wave elasticity imaging (SWEI) [17], has been

adopted clinically for the measurement of elasticity in liver, a relatively homogeneous tissue,

and spawned a whole �eld of research development over the last 20 years.

ARF-based elastography methods can broadly be categorized as off-axis or on-axis depend-

ing on whether primary measurement is the shear wave displacement off-axis to the ARF push

or the displacement and recovery on-axis to the ARF excitation. Off-axis methods generally

are able to relate the shear wave characteristics to quantitative material property estimates;

however, monitoring the shear wave progression assumes homogeneity over the propagation

region, are sensitive to distortions caused by shear wave re�ections, and are limited to depths

where a measurable shear wave can be generated [18, 19]. In contrast, elastography methods

that use data tracked on-axis to the applied ARF excitation offer higher resolution images

with localized estimates of material property; however, the existing methods are either semi-

quantitative due to their dependence on the unknown ARF excitation magnitude [7, 20], are

challenging to implement clinically due the necessity for extra equipment and precise setup

[21, 22], only estimate the material elasticity [5, 23], or require an off-axis method to calibrate

measurements [3, 4].

The purpose of this work is to develop a method of quantitative, on-axis viscoelastic material

property estimation that could be deployed on a clinical ultrasound scanner. Chapter 2 reviews

the concept of material viscoelasticity and discusses the most relevant existing methods of

ultrasound elastography. Chapter 3 introduces Quantitative Viscoelastic Response (QVisR)

ultrasound, a novel method of estimating material viscoelasticity on-axis displacement shapes

3



using a neural network. Speci�cally, the combination of a consistent transducer con�guration

to standardize the ARF point spread function geometry and normalizing the tracked displace-

ments to remove the confounding unknown applied force amplitude effects convert the on-axis

displacements to quantitative shape information that can be used as the input to a machine

learning model. QVisR networks were trained on a large collection of displacement simula-

tions; however, adaption to scanner-acquired data requires transfer learning to calibrate the

networks. Chapter 4 documents a series of steps to calibrate the VisR simulation and scanner

acquisition methods. Chapter 5 expands on the methodology of training QVisR models through

a systematic comparison of alternative material excitation sequences and neural network

input feature representations, including forming a link between the semi-quantitative property

of conventional VisR RE / RV features and the quantitative features used for QVisR training.

A summary of the primary conclusions of this thesis and discussion of future work is then

presented in Chapter 6.
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2.1 Qualitative, Semi-Quantitative, and Quantitative Imaging

In the context of imaging, the distinction between qualitative, semi-quantitative, and quan-

titative pixel values is worth de�ning explicitly. Particular care must be taken to understand

the difference between semi-quantitative and quantitative results because some comparison

operations (like subtraction and division) work on any digital image data, are valid in all cases

for quantitative data, but are only valid in speci�c cases for semi-quantitative data [12, 24].

• Qualitative images only encode relative contrast without any de�ned scale. In elastogra-

phy, a stiffness image would be considered qualitative. Pixels in one region of an image

could be colored to indicate they are stiffer than other regions; however, there is no real

calibration for how much stiffer one region is to another so no quantitative compar-

isons can be made. For example, Additionally, the stiffness values in one image have

no relationship to stiffness values in another image. In elastography, qualitative images

are often formed by downgrading a semi-quantitative image (for example, turning a

semi-quantitative peak displacement image into a "stiff" to "soft" scale).

• Semi-quantitative images encode relative contrast with a monotonic scale; however,

they are often de�ned in relation to some unknown proportionality factor. A common

example in elastography is an ARFI peak displacement image. In an isotropic elastic

media, peak displacement images encode the elasticity relative to the unknown applied

force. In regions where the force can be assumed constant or under conditions where the

force pro�le can be normalized, the semi-quantitative ratio of values in two locations

can be calculated because the unknown force would cancel out. These ratio values could

then reasonably be compared between images; however, the actual pixel values or, for

example, the difference between pixel values, can only be compared within the same

image.

• Quantitative images are directly tied to some physical unit, like the material elastic

modulus. These images can be freely compared.
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This classi�cation can be further confounded by dynamic range transformations, which

are commonly applied in imaging. For example, in typical ultrasound imaging, the dynamic

range of received echos can vary by 80-120 dB, which is far beyond what displays can show

and humans can perceive linearly. It is therefore common to apply log compression before

displaying an image; however, the contrast of a lesion measured before and after the compres-

sion would be different. Modern research has provided metrics, like the generalized contrast to

noise ratio (gCNR) [25], that are invariant to certain classes of dynamic range transformations;

however, adoption of these metrics and understanding of the problem is an active area of

research [26, 27].

2.2 Ultrasound Sonography Overview

Ultrasound sonography uses high frequency, non-ionizing acoustic waves, generally between

1-15 MHz, to create images of tissue structure. Ultrasound imaging is typically performed using

a transducer with an array of piezoelectric elements that can be individually controlled to

either transmit or receive ultrasonic radio frequency (RF) waves. Acoustic waves propagate

spherically from each transmit element as governed by Huygen's principle. Further information

about ultrasound imaging fundamentals can be found in Szabo's comprehensive textbook [28].

2.2.1 Image Acquisition and Processing

Image acquisition is composed of a series of discrete transmit / receive (Tx/ Rx) events where an

acoustic pulse is transmitted into tissue and then the resulting echoes are recorded across the

receive aperture of the transducer. These transmit pulses can be either focused or unfocused

(plane wave); however, the following descriptions primarily discuss focused image acquisition

and processing as they are the primary acquisition method for this thesis.

Focusing is implemented by selecting an aperture, a subset of all the transducer elements,

and applying time delays so that the acoustic waves constructively interfere at a desired focal
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Figure 2.1: Transmit (Tx) and receive (Rx) focused beamforming across an aperture.

depth, generally between 10-80 mm into the tissue (axial dimension). The F-number (F / #) is

the ratio of the focal depth z f to the effective aperture width D:

F =# =
z f

D
. (2.1)

For a �xed focal depth, increasing the aperture size (smaller F#) creates a more tightly

focused beam with a narrower lateral extent and higher peak intensity, whereas decreasing

the aperture size (larger F#) results in a broader beam with an extended depth of �eld and

lower peak intensity. The majority of the acoustic energy is focused into a main lobe; however,

side lobes (caused by �nite apertures) and grating lobes (a type of spatial aliasing when the

transducer element spacing is greater than a half-wavelength) introduce artifacts in the imaging

process. The beam can be further shaped by applying apodization, which is an element-wise

weighting, across the aperture. Apodization functions control the relative energy of the beam

main lobe to the side and grating lobes in a trade-off with the main lobe width.

The received signals are often delay-and-sum beamformed where time delays are applied

to each signal before summing across the aperture to form a superposition of the echoes from

a speci�c spatial location. As shown in Fig. 2.2, the point spread function (PSF), de�ned by the

combination of the transmit and receive beamforming, describes the spatial impulse response

of the imaging system to a point-like scatterer. The extent of the PSF in each direction (axial -

away from the transducer, lateral - parallel to the transducer elements, elevational - perpen-

dicular to the transducer elements) determine the ideal imaging system spatial resolution
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volume, de�ned as the minimum separation between two scatterers that can be independently

localized as different features. The axial resolution can be approximated with the formula

1=2 � PulseLength where the pulse length is the product of the wavelength ( � ) and the number

of cycles in the pulse. The excitation pulse duration for typical imaging sequences is less than

2 µs, depending on the transducer center frequency and fractional bandwidth. The lateral

and elevational resolutions are approximated by the formula z�
D = � � F=#. A typical modern

ultrasound system has a resolution volume of approximately (0.1-0.5 mm axially) x (0.5-1.5

mm laterally) x (1-5 mm elevationally).

Figure 2.2: Point spread function of a focused transmit with a 25 mm focal depth. All axes are
in millimeters.

The time axis of the Tx / Rx beamformed RF signal, commonly referred to as "fast time",

corresponds to the elapsed time between transmission and reception of the echoes, also

referred as "time of �ight". By assuming a speed of sound over the propagation region of tissue,

fast time is converted to axial depth, enabling localization of structures along the beam axis. This
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1D signal as a function of axial depth is called an RF line. Further processing through envelope

detection and dynamic range compression converts the RF line to an amplitude line (A-line),

which encodes echo intensity as a function of axial depth. Conventional focused ultrasound

images are 2D brightness-mode (B-mode) images are generated by acquiring successive A-lines

at different lateral positions across the aperture. Assuming a speed of sound of 1540 m / s and a

focal depth of 40 mm, the round trip time of �ight is tRT = 2z
c = 2(0.04)

1540 � 52 � s so A-lines could be

physically be acquired at a maximum pulse repetition frequency (PRF) of PRFmax � 1
tRT

� 19.2

kHz. A typical ultrasound imaging system with a PRF of 10 kHz could then acquire 100 focused

A-lines across the lateral extent in t frame = N
PRF = 10 ms giving an approximate B-mode frame

rate of 100 fps. This secondary time axis of successive frame acquisitions is referred to as "slow

time" and is used in ultrasound modalities such as Doppler imaging and elastography where

the tissue dynamics are estimated from temporal variations between frames.

2.2.2 Acoustic Wave Propagation in Soft Tissues

The transmitted acoustic waves travel as compressional (longitudinal) pressure waves, where

the particle motion occurs parallel to the direction of wave propagation, carrying both energy

and momentum. As these waves travel through tissue, acoustic energy is redistributed through

absorption, re�ection, scattering, geometric spreading, mode conversion (from longitudinal

to shear or guided waves), and nonlinear effects [18, 28].

Acoustic absorption occurs through irreversible viscous, thermal, and relaxation processes

within tissue that convert the mechanical work of cyclic compression into heat. In soft biological

tissues, viscous losses dominate acoustic absorption due to their complex microstructure. At

the space-time scales of acoustic wave propagation (MHz waves = µs changes in pressure, µm

deformations), biological tissues behave as a poroelastic solid skeletal structure with �uid �lling

the gaps. At these spatial scales, the poroelastic solid is composed of the extracellular matrix

(collagen, elastin, etc.), individual cells, and structural macromolecules, while the interstitial

�uid component is primarily water. Pressure oscillations then cause relative motion between
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the �uid and solid structures, which results in shear stresses and friction that convert the

acoustic energy to heat [29].

Re�ections and scattering arise from different spatial scales of acoustic impedance hetero-

geneity, where acoustic impedance is de�ned as the product of the material speed of sound

and density. Re�ections occur at larger scales where there is a relatively smooth boundary

of material change, such as the interface between soft tissue and bone, producing a strong,

specular echo. Scattering occurs at smaller scales when there are sub-resolution (relative to

the ultrasound PSF) changes in impedance that create diffuse echoes with varying phase. The

echoes backscattered to the transducer sum coherently within the imaging system coherence

length to create speckle, the grainy pattern visible in B-mode images after envelope detection.

With a resolution cell, if there are a fairly large number of diffuse scatterers (at least 10) that

produce echoes with uniformly distributed phase, the envelope statistics of ultrasound speckle

follow a Rayleigh distribution with a signal-to-noise ratio (SNR) of 1.91 and the speckle pattern

is entirely determined by the transducer geometry, excitation wavelength, and distances to

the scattering region [30]. Other distributions (i.e., Rician, Nakagami, homodyned K) have

been studied to model speckle as these assumptions relax from dominant scatterers and larger

scale structure in the resolution cell [31, 32]. In practice, an acoustic attenuation coef�cient is

de�ned as the cumulative reduction in wave amplitude with distance and incorporates both

energy losses through absorption and energy redistribution through scattering [33]. Acous-

tic attenuation if often modeled with either a linear or power law frequency dependence

[34, 35, 36].

2.3 Ultrasound Elastography Overview

Ultrasound sonography utilizes beamforming of backscattered acoustic waves to form images

that primarily re�ect variations in acoustic impedance, providing high resolution anatomi-

cal information but limited information about the tissue mechanical properties. Ultrasound
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elastography aims to image these mechanical property differences more directly through the

general framework of 1) applying a load to the material, 2) tracking the deformation or mo-

tion ultrasonically, and 3) estimating mechanical property through inversion of a constitutive

relationship or estimation of related parameters. In addition to the fundamental ultrasound

imaging parameters discussed thus far, ultrasound elastography introduces parameters re-

lated to load generation, ultrasonic tracking, and material property modeling that change the

sensitivity of the image to different mechanical property contrasts as well as the quality of

the mechanical property estimates. Elastography methods can be broadly categorized into

groups based on how the tissue deformation is generated and measured, including passive and

transient wave approaches, quasi-static strain methods, and techniques based on localized

internal excitation by an applied acoustic radiation force (ARF) push [18, 37]. Figure 2.3 shows

the difference in contrast achievable with elastography as compared to traditional B-mode

imaging in a medium that has an inclusion that is softer than the background material.

Figure 2.3: Images of a heterogeneous elastic tissue mimicking phantom where the inclusion
region has a higher elastic modulus (is stiffer) than the background material. The elastic
contrast is not visible in the B-Mode image whereas the inclusion is clearly visible in the
peak displacement image. Smoothing was applied with a 1 x 1 mm median �lter and depth
normalization was applied across the background region in the black rectangle.
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2.3.1 Tissue Mechanical Properties

Mechanical properties of soft tissues have long been recognized as clinically relevant, with

changes in property often correlating with pathology such as �brosis, in�ammation, and

malignancy [38, 39]. As described in Section 2.2.2, soft tissues behave as �uids at ultrasonic

frequencies (100s of kHz to 10s of MHz), where only longitudinal (compressive) pressure

waves can propagate and shearing is quickly dampened by the �uid viscosity. Elastography

techniques induce mechanical shearing through lower frequency indentation (0.1-1000 Hz,

either applied externally or internally) creating an elastodynamic response, which can generate

shear waves depending on the excitation method. In this frequency range, soft tissues are

nonlinear viscoelastic materials meaning their mechanical properties depend both on the

material deformation and deformation rate, where deformation rate introduces a frequency

dependence. This section reviews the core principles, equations, and assumptions of elastic

and viscoelastic materials used in elastography in an attempt to leave readers with a more

intuitive understanding of the ideas behind the (often complex....) parameters and math.

2.3.1.1 Elastic Materials

The most simple elastography modeling assumes a linearly elastic, isotropic, nearly incom-

pressible material where the strains are small enough to apply in�nitesimal strain theory.

Linear elastic materials displace linearly in response to applied forces and instantaneously

displace/ recover as the external force is applied and removed. Purely elastic materials are

lossless i.e., all energy used to displace the material is stored as potential energy and then

completely recovered when the material returns to the original shape. The total displacement =

rigid body displacement + deformation and the majority of elastography methods assume no

rigid body displacement so the terms displacement and deformation are equivalent. Hooke's

law is the constitutive equation for linear elastic materials, which is illustrated by a lumped

parameter spring model with a single degree of freedom as:
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F (t ) = k x (t ) , (2.2)

where F [N or kg � m=s2] is the force generated by displacing a spring with stiffness k [N=m] a

distance x [m]. The spring stiffness measures the resistance to displacement from an applied

force or the amount of force required to move the end of a spring a length x with the other side

�xed. The 3D continuum version of Hooke's law expresses the stress [N=m2 = Pa] (force per

unit area) to the dimensionless strain (deformation over a length scale) as:

� i j = ci j k l � k l , (2.3)

where � is the stress tensor, � is the strain tensor, and c is an 81 coef�cient elasticity tensor. This

most general tensor representation relates the stress and strain tensors for an in�nitesimal cube

of elastic material. The stress and strain tensors contain both the linear (normal) stresses / strains

as well as the shear stresses/ strains acting in each direction on each face of the material. The

symmetry of this formulation of variables couples the 81 coef�cient elasticity tensor so that only

21 variables (elastic moduli) are independent. The assumption of isotropy, which states that

the material properties are the same in every direction, reduces the number of independent

elastic moduli to 2:

� i j = �� kk � i j + 2�� i j or

� = � t r (� )I + 2�� , (2.4)

where � and � are known as the 1st and 2nd Lamé parameters. There are many useful elastic

constants that can be de�ned from manipulation of Eq. 2.4 and by rearranging the Lamé

parameters (see Table 2.1). The 2nd Lamé parameter is equal to the shear elastic modulus for

elastic solids, which is the resistance of a material �xed at the base with a lateral stress applied
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to the top face (think of sliding the top card in a deck). The Young's elastic modulus (E) linearly

relates the material strain due to a uniaxial stress, the slope of the linear stress / strain curve.

In a continuum, a uniaxial stress creates deformation both along the stress axial and in the

lateral axes. A common practical example is as a rubber band is pulled at its two ends (uniaxial

stress), the band will both stretch in the same direction and compress in the lateral directions.

The amount of lateral deformation per unit of axial stretch is de�ned as the Poisson's ratio

(� ) elastic constant (not a modulus - relates strain to strain not stress to strain). Assuming a

uniaxial stress along the z axis (�nite � z z , � y y = � x x = 0), causing a uniaxial strain, Eq. 2.4

becomes:

� z z = � (� z z � �� z z � �� z z) + 2�� z z

� z z = [ � (1 � 2� ) + 2� ]� z z

� z z = E� z z or E =
� kk

� kk
, (2.5)

where k is one of x, y, or z. Elastography methods almost always apply the small-strain approxi-

mation where strain magnitudes are small (less than 0.1-1%), displacement gradients are small,

and there is negligible rotation. Intuitively, this approximation means that the particle displace-

ments in a material continuum are much smaller than any relevant length scale so that the local

material properties are basically unchanged by the deformation (no �ow of material between

in�nitesimal cubes). Mathematically, it is a linearization that makes Lagrangian and Eulerian

descriptions of the deformation �eld equivalent resulting in the following strain / displacement

relationship:

" i j =
1

2

�
@u i

@x j
+

@u j

@xi

�

or

� =
1

2

�
r u + (r u)T

�
. (2.6)
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The full 3D elastic wave equation is then derived by substituting Eq. 2.4 and 2.6 into the

stress equation of motion (Eq. 2.7), which comes from the balance of linear momentum in a

continuum:

� ü = r � � , u(x, t ) 2 R3 (2.7)

� ü = (� + � )r (r � u) + � r 2u , (2.8)

where � is the density. The isotropic linear elastic wave equation supports simultaneous prop-

agation of irrotational (or pressure / compressional waves, P-waves) and solenoidal (or shear

wave/ S-wave) waves that can convert and couple only at boundaries and inhomogeneities.

It can then be Helmholtz decomposed into separate wave equations that model each type of

propagation. As materials move in shear, there is no volume change so the dilatation is zero

(r � u = 0) which transforms Eq. 2.8 into the shear wave equation:

� ü = � r 2u or

ü = c 2
s r 2u where cs =

v
t �

�
, (2.9)

where cs is the shear wave speed, � is the shear modulus, and � is the density. A similar wave

equation and expression for the compressional wave speed ( cp) can be found by using the

property that plane pressure waves are irrotational ( r � u = 0):

cp =

v
t � + 2�

�
=

v
t E(1 � � )

� (1+ � )(1 � 2� )
=

v
u
t K + 4

3 �

�
, (2.10)

where � is the density, E is the Young's modulus, and K is the bulk modulus, which is the material

resistance to uniform compression from all directions. The transformations in Eq. 2.10 come

from Table 2.1. The density of soft tissue is often approximated as the density of water (1000
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kg=m3) so estimates of the shear modulus can be obtained by measuring the shear wave speed.

Soft tissues generally have much higher bulk moduli (1-2 GPa) than shear moduli ( < 100 kPa)

resulting in much faster compressional wave speed (1400-1600 m / s) than the shear wave speed

(1-10 m/ s). The Poisson's ratio in terms of bulk (K) and shear moduli ( � ) in Table 2.1 approaches

0.5 if K >> � , meaning soft tissue materials are nearly incompressible with Poisson's ratios

between 0.49 and 0.5. In a nearly incompressible material, the shear modulus expressed in

terms of the Young's modulus and Poisson's ratio can be simpli�ed as � = G = E=2(1+ � ) � E=3

so estimates of the material stiffness can be obtained from the shear modulus and vice versa.

The solution to these wave equations of a disturbance traveling in the +x direction is given

by a monochromatic (single frequency) plane wave in complex exponential notation:

u (x ) = Ae� i (k x � ! t ) where c =
!

k
, (2.11)

where u (x ) is the displacement, A is the wave amplitude, k is the wavenumber, ! is the angular

frequency, and c is the wave speed. The equation c = !
k is the dispersion relationship which

de�nes the wave speed as a function of frequency. For all solutions (plane, spherical, cylindrical

waves, etc.) to the elastic wave equation in a homogeneous in�nite elastic continuum, the

dispersion relationship is linear so the plane wave solution is non-dispersive. The equations

for the phase and group velocity of a wave packet are:

cpha s e =
!

k
cg r o up =

d !

d k
, (2.12)

which are both equal to c given a linear dispersion relationship. This means that wave packets

will propagate with are frequency components staying in phase and the group pulse shape (en-

velope) is preserved. In cases where the media is bounded, the math becomes a boundary-value

problem and can have solutions in the form of guided wave modes (eigen-solutions) which

can have frequency-dependent phase velocities even in a purely elastic continuum (structural

dispersion). A common application of a geometric constraint to elastography problems is
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modeling thin or layered structures like skin or arterial walls as a plate, resulting in guided

mode (Lamb waves) solutions that are dispersive [40].

Table 2.1: Isotropic elastic material constants relationships

(� , � ) (E , � ) (E , � ) (K , � )

� � � (2� � E)
E� 3�

E �
(1+ � )(1� 2� ) K � 2

3 �

� � � E
2(1+� ) �

K � + 2
3 � � E

3(3� � E)
E

3(1� 2� ) K

E � (3� +2� )
� + � E E 9K �

3K +�

� �
2(� + � )

E � 2�
2� � 3K � 2�

6K +2�

2.3.1.2 Viscoelastic Materials

Friction is a macroscopic approximation of the transfer of organized mechanical energy from

motion into disorganized internal energy (heat) in the form of molecular collisions, bond

stretching, etc. making it a dissipative (irreversible, lossy) process. This thermodynamic process

is rate dependent because it requires both a �nite amount of time and depends on how fast

energy is transferred. Viscosity quanti�es this dissipative process by relating strain rate to

viscous stresses, representing a resistance to �ow in �uids [41]. In solids, viscous dissipation

can come from different mechanisms based on the spatial and temporal scales of interrogation.

Viscous effects in soft tissues are most frequently modeled by one of the following formulations:

• Viscoelastic: models internal friction associated with delayed microstructural rearrange-

ment (creep) and relaxation processes

• Poroelastic: attributes viscous effects to �uid �ow through a solid elastic matrix

• Elastic-Viscoelastic or Poro-Viscoelastic: �uid �ow through a viscoelastic matrix
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The differences in assumptions of spatio-temporal scale involved in picking a formulation

for elastography of soft tissues make comparison and validation of viscous property mea-

surement dif�cult [42, 43]. Viscous properties are generally much more dependent on states

variables like temperature and pressure than elastic properties, which are often assumed to

be constant for material property estimation in elastography adding another source of error.

Nevertheless, research shows that viscosity may be a relevant biomarker so considerable effort

has resulted in many methods to estimate viscosity with ultrasound. This section reviews the

common viscoelastic models used in elastography; however, more information about various

other modeling types can be found in [18, 41, 43, 44].

The primary difference between purely elastic materials and viscoelastic materials is vis-

coelastic materials have a time-dependent stress / strain constitutive relationship. Intuitively,

as a wave propagates through a viscoelastic continuum, the viscous friction results in a phase

lag such that the strain lags the applied stress between 0� � 90� , as required by causality. The

magnitude of this phase lag depends on frequency because viscous stresses are proportional

to strain rate, causing higher frequency deformations to have greater resistive forces per cycle.

Since the viscous effect is dissipative, there is also a frequency-dependent attenuation, which

results in viscoelastic dispersion as the different frequency waves are delayed and attenuated.

Note that the viscoelastic attenuation is different than the acoustic attenuation coef�cient de-

scribed in Section 2.2.2. The general frequency domain constitutive relationship for a isotropic

viscoelastic continuum is given by:

�̂ i j (! ) = � � (! )�̂ kk (! )� i j + 2� � (! )�̂ i j (! ) , (2.13)

where � � (! ) and � � (! ) are the complex Lamé parameters relating the Fourier transformed

stress and strain. So long as the continuum is still isotropic (and now additionally assuming

that the Poisson's ratio is constant and real), the elastic material constant relationships in Table
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2.1 all apply. Assuming the Poisson's ratio is close to 0.5 (nearly incompressible), the complex

Young's modulus is still related to the complex shear modulus via E � (! ) = 3G � (! ). The complex

Young's modulus can be generally written as:

E � (! ) =
� kk (! )

� kk (! )
= E 0(! ) + i E 00(! ) , (2.14)

where E 0(! ) is the known as the storage modulus (reversible elastic portion) and E 00(! ) is

the loss modulus (irreversible viscous dissipation). Note that the other moduli can also be

represented similarly (e.g., complex shear modulus into a shear storage and shear loss modulus).

The loss tangent can then be de�ned, which represents the amount of energy dissipated to the

energy stored per cycle:

tan(� (! )) =
E 00(! )

E 0(! )
=

G00(! )

G0(! )
, (2.15)

where � (! ) is the frequency-dependent phase angle between the stress and strain. A full 3D

linear viscoelastic wave equation can be de�ned, similar to Eq. 2.8, and then decomposed into

shear and compressional components. The frequency domain shear wave equation is then:

� �! 2u = � � (! )r 2u (2.16)

with the plane wave solution of

û (x , ! ) = U0e � i k � (! )x where k � (! ) = k (! ) � i � (! )

û (x , ! ) = U0e � � (! )x e � i k (! )x , (2.17)

where k � (! ) is the complex wavenumber and � (! ) is the frequency-dependent attenuation.

Substituting the plane wave solution in Eq. 2.17 into the shear wave equation (Eq. 2.16) yields
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the viscoelastic shear-wave dispersion relation (Eq. 2.18) which can be used to de�ne the

frequency-dependent attenuation and shear wave phase velocity in terms of the shear storage

and loss moduli, which are common formulations used in elastography:

k � (! ) =

v
t �! 2

� � (! )
. (2.18)

cs,pha s e(! ) =
!

k (! )
=

!

Ref k � (! )g
=

v
t 2jG � (! )j2

� (G0(! ) + jG � (! )j)
(2.19)

� (! ) = Im f k � (! )g=

v
t �! 2(jG � (! )j � G0(! ))

2jG � (! )j2
, (2.20)

where jG � (! )j2 = (G0)2 + (G00)2. For intuition, Eq. 2.19 and Eq. 2.20 can be rewritten in terms of

loss tangent, which leads to approximation formula that show the shear wave speed is primarily

dependent on the storage modulus and the attenuation scales linearly with the loss tangent,

so the speed is primarily elastic and the attenuation is more sensitive to viscosity.

Two important time domain properties of viscoelastic materials are the creep response and

stress relaxation. The creep response describes the gradual approach to an asymptotic peak

strain with a constant applied stress. When the constant applied stress is removed, the gradual

reversal is called creep recovery. The stress relaxation is the tendency of internal stresses to

relax over time if the material is held with a constant strain.

The viscoelastic properties discussed so far are all independent of a speci�c rheological

model and hold true for all linear viscoelastic models. The Kelvin-Voigt viscoelastic rheological

model, depicted as an elastic spring and a viscous dashpot in parallel, is shown in Figure 2.4.

The normalized creep response for Kelvin-Voigt materials is shown in Fig. 2.5. Note that the

storage modulus for the Kelvin-Voigt viscoelastic constitutive model is frequency-independent

and is the only viscoelastic material model where this is the case, making it often the most simple

model to work with. Picking a rheological model is a form of dimensionality reduction that

makes it easier to model materials over particular frequency bands, although some methods
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Time-domain constitutive equation

� (t ) = E " (t ) + � �" (t ) (2.21)

Frequency-domain representation

� (! ) = E� (! ) + i !�� (! ) (2.22)

E � (! ) =
� (! )

� (! )
= E + i !� (2.23)

Figure 2.4: Kelvin-Voigt Viscoelastic Model

attempt to characterize the generalized material properties [41].

Figure 2.5: Asymptotic to steady-state nature of Kelvin-Voigt materials based multiples of
the material time constant. The creep recovery contains the same information as the creep
recovery for Kelvin-Voigt materials but not for any other viscoelastic rheological models.

2.3.2 Displacement Tracking

Elastography techniques estimate the strain and displacement of materials using tracking algo-

rithms that exploit different information collected by ultrasonic sequencing. These algorithms
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can be broadly grouped based on whether they use the raw RF signals or envelope-detected

data and whether they use 1D, 2D, or 3D data. RF-based approaches (Kasai [45], Loupas [46],

Normalized Cross-Correlation - NCC [47]) retain the transmit carrier phase information and

are sensitive to small axial motion but consequently are more susceptible to phase wrapping

and decorrelation. RF signal decorrelation is a combination of large displacements relative to

speckle size (coherence length), high strain gradients, out-of-plane motion, low signal-to-noise

ratio (SNR), and changes in imaging PSF geometry. Decorrelation manifests as an increase in

displacement estimator variance (jitter), which is fundamentally limited for unbiased estima-

tors to a minimum of about 0.1-1 µm by the Cramer-Rao lower bound [48]:

jitter �

v
u
t 3

2f 3
c � 2T (B3 + 12B)

•
1

� 2

•
1+

1

SN R2

‹
� 1

˜
, (2.24)

where B is the transducer fractional bandwidth, fc is the center frequency of the track lines,

T is the correlation kernel size, and � is the correlation coef�cient between the reference

and tracked RF segments. Figure 2.6 shows how noise on the RF data turns into noise on the

tracked displacements. Envelope-based methods (NCC / block matching, optical �ow based

approaches [49]) all estimate displacement by matching speckle intensity patterns from the

demodulated received signals, which provides a degree of robustness to tracking large motion

and facilitates multi-dimensional motion estimation [50, 51].

Figure 2.6: Additive White Gaussian (AWG) noise added to RF lines before displacement
tracking and the resulting displacement pro�le noise.
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2.3.3 Sonoelasticity, Transient, and Passive Elastography

The �rst implementation of any technique to image the mechanical properties of tissues was

sonoelastography, where color Doppler ultrasound was used to track the amplitude of continu-

ous low-frequency shear waves (between 40 and 1000 Hz) generated by an external vibrator. In

regions where a stiff inclusion was surround by softer tissue, sonoelastography measurements

would show a decrease in amplitude [52]. As the tracking methods became more sophisticated,

the full shear wave was able to be imaged ultrasonically through time which could then be used

to estimate the tissue elasticity. These methods are known as transient elastography because

they track the transient propagation of the shear wave generated by an external vibrator [15, 53].

Although the external, low-frequency vibration produces relatively large amplitude shear waves

that are easy to track and propagate deep into tissue, the requirement of an external device or

specialized equipment make these methods hard to adopt clinically [18].

Passive elastography methods similarly track shear wave �elds; however, they measure

the random and reverberant waves generated by physiological processes, such as cardiac

motion, vascular pulsation, or respiration. These techniques use correlational and spectral

methods to estimate wave speed from ambient motion, often assuming reciprocity or statistical

symmetry between the motion and the transducer, which is then converted to mechanical

properties. Although these methods don't require any external equipment, they lack any control

over the excitation timing, frequency content, and direction which complicates interpretation

and reduces reliability [54, 55, 56, 57]. More generally, all shear wave-based methods assume

mechanical homogeneity over the tracking region, reducing their spatial localization of me-

chanical property changes, and are prone to motion artifacts due to the long acquisition time

while the shear waves propagate.
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2.3.4 Quasi-Static Strain Elastography

Rather than tracking propagating shear waves, quasi-static strain elastography methods mea-

sure the deformation �eld caused by slow varying external compression. In these methods,

tissue is generally deformed quasi-statically (relative to the mechanical response time) through

manual probe compression and ultrasound imaging is used to track the resulting displacement

�eld, which is then differentiated to yield strain. Under idealized assumptions of small strain,

linear elasticity, and approximately uniform stress, local strain is inversely related to tissue

stiffness [14, 58]. Regions that deform less under compression are interpreted as stiffer than

surrounding tissue, producing relative stiffness contrast that is analogous to manual palpation.

Inversion of a constitutive relationship to estimate material property is challenging with these

methods because the solution is highly dependent on boundary conditions and often ill-posed

due to their transducer operator dependence [59]. Modern research into regularization of the

model inversion [60] and robotic control of the compression with motion and force sensors

[61] have improved solutions; however, these methods introduce additional computational

complexity and dependence on external equipment that slow clinical adoption. Additionally,

out-of-plane motion and decorrelation can degrade displacement tracking accuracy and the

deformation magnitude decreases with depth, making measurement in deep tissue dif�cult.

2.3.5 Acoustic Radiation Force (ARF) Elastography

2.3.5.1 Acoustic Radiation Force Physics

Radiation forces are produced in all forms of wave motion. Acoustic radiation force (ARF) is

caused by changes in the density of acoustic energy and momentum during wave propagation,

as �rst documented by Lord Rayleigh [62]. The four dominant mechanisms of acoustic radiation

force are [63]:

A Acoustic energy dissipation during propagation from absorption and diffuse scattering

B Re�ections and scattering from structural boundaries or inclusions
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C Standing wave spatial energy variations

D Heterogeneity of acoustic properties (speed of sound and density)

The primary mechanism utilized in elastography is A-ARF, although all forms will be present

to some degree in realistic tissue environments to create the net radiation force. B-ARF is used

in vibro-acoustography [21, 64] and harmonic motion imaging (HMI) [65, 66] and is also the

primary ARF measured by radiation force balance experiments [67, 68, 69]. C-ARF is widely

used in micro�uidic and cell biology experiments through the "acoustic tweezer" technology

[70, 71]; however, it doesn't produce forces that create ultrasonically measurable displacements

in tissue environments. B-ARF and D-ARF both occur at structural boundaries and have no

dependence on acoustic attenuation (non-dissipative). The relative contributions of A-ARF, B-

ARF, and D-ARF depend on the ultrasonic pulse duration - a longer pulse duration insoni�es a

larger region of tissue leading to more acoustic energy dissipation and A-ARF. For microsecond

pulses used in B-mode imaging (as described in Section 2.2), A-ARF is negligible and D-ARF is

the main contributor to the net force [63]; however, these forces caused by microsecond tone

bursts also do not create ultrasonically measurable displacements in tissue environments.

Under the assumptions of of planar, monochromatic, dissipative wave propagation in

the region of excitation and modeling tissue as a viscous �uid at ultrasonic frequencies, the

acoustic radiation force can be calculated with

F =
2� I

c
, (2.25)

where F is the force per unit volume, � is the acoustic attenuation, I is the time-averaged

intensity of the acoustic wave, and c is the tissue speed of sound [72, 73]. This approximation

generally underestimates the true radiation force magnitude because it is a second order

approximation that neglects harmonics and other higher order effects that can contribute

signi�cantly to absorption [74, 75]. Since the applied force magnitude is related to the time-

averaged intensity, pulses as short as those used for A-lines (generally less than 2 µs) will
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produce a radiation force, although the force magnitude is not great enough to generate

displacement measurable with ultrasound. In a linearly viscoelastic material, the total applied

stress is equal to the sum total of individual stresses by the Boltzmann superposition principle

[41]; therefore, as long as the ARF forces are applied impulsively (much faster than the material

time constant), they either be applied as a pulse train or a continuous excitation. Note that the

linearity assumption for viscoelasticity is different than the non-linearity of the pressure wave

propagation momentum transfer that produces radiation force.

By using transmit focusing and scaling the transducer voltage or changing the total applied

push duration, ARF loads can be applied with force magnitudes on the order of dynes inducing

a tissue dynamic displacement response of 1-20 micrometers on a millisecond time scale. ARF

excitations create a non-uniform stress distribution beneath PSF based on the variations in local

intensity, resulting in scatterer shearing. The excitation and relaxation of this stress distribution

on neighboring scatterers generate an elastodynamic shear wave that propagates outward

from the ARF excitation with frequency ranging from 10-1000 Hz. Mathematically modeling,

simulating, and measuring the various types of nonlinear effects and energy exchanges that

create acoustic radiation force is still an active area of research [63, 69, 73, 76].

2.3.5.2 ARF-based Excitation Sequences

ARF excitation (push) sequences can be classi�ed as impulsive, step-like, or sinusoidal / harmonic

(sometimes also called dynamic), depending on relationship between the excitation duration

or modulation period and the characteristic material response time of the tissues [69, 77]. For

soft tissues, the excitation needs to be longer than roughly 1 ms to elicit step-like material

responses. These sequences can often be readily implemented on commercial ultrasound

scanners, facilitating clinical application; however, the sequences must meet regulatory safe

diagnostic use limitations through compliance of metrics such as the mechanical index (MI),

which indicates the chance of acoustic cavitation, and the thermal index (TI) [78, 79]. These

exposimetry metrics are generally measured through a series of experiments with hydrophones
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submerged in a water bath, radiation force balances, and tissue-mimicking phantoms or ex vivo

samples [80]. From a practical standpoint, ARF-based elastography methods enable localized

tissue mechanical property estimation at depths of 1-6 cm making them a valuable �eld of

clinical research [18, 19].

2.3.5.3 Off-axis vs On-Axis Tracking

ARF-based elastography methods are further classi�ed by whether the ARF-induced shear wave

is tracked outside of the region of excitation (off-axis) or local deformation is ultrasonically

tracked in the region of the ARF excitation (on-axis) [18, 19, 81]. The original and most simple

implementation of an off-axis method, called Shear Wave Elasticity Imaging (SWEI), relates

the shear wave group velocity directly to shear elastic modulus [16, 17]. Research into off-axis

elastography methods have led to many creative innovations in excitation sequencing and

tracking including:

• Supersonic Shearwave Imaging (SSI) - high SNR measurements of a cylindrical shear

wave front induced by rapid transmission of multiple ARF pushes axially and tracked

with high frame rate plane wave imaging [82]

• Shearwave Dispersion Ultrasound Vibrometry (SDUV) - tracking of frequency dependent

shear wave phase velocities (viscoelastic dispersion) generated by either 1) multiple ARF

pushes that are amplitude modulated (AM) to produce monochromatic waves of varying

frequencies or 2) a repeated ARF tonebursts, which are effectively a square wave pulse

train with a set duty cycle, that excite shear waves with strong harmonic content at the

desired frequencies [83, 84]

• Single Track Location SWEI (STL-SWEI) - tracking in a single location and applying

ARF pushes in multiple locations to reduce speckle bias caused by tracking in different

locations [85, 86]

• Group Shear Wave Speed (G-SWS) - viscoelastic dispersion characterization through use
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of a lookup table based on the group shear wave particle displacement, velocity, and

acceleration signals [87]

Off-axis elastography has also been a hot application of deep learning methods due to the

standardization of methods and data accessibility [88]. Recent methods have used Physics-

Informed Neural Networks (PINNs), which incorporate the wave physics into the loss function,

to estimate material property [89, 90, 91]. Although most off-axis methods are able to provide

quantitative estimates of mechanical property, they also assume material homogeneity over the

region where the shear wave is measured, which can span millimeters to centimeters, effectively

averaging over any local pathological variations. In contrast, on-axis methods provide much

higher spatial localization, with a resolution that can approach the size of the ARF excitation

PSF; however, most methods only provide semi-quantitative measures of material property

since they are dependent on the local radiation force amplitude and beam geometry, which are

generally unknown at depth due to attenuation and aberration. Additionally, off-axis methods

are more prone to artifacts from wave re�ections at material boundaries [19, 81].

2.4 On-axis ARF-Based Elastography Techniques

This section provides a review of key developments in on-axis elastography. All techniques use

some form of radiation force excitation and track motion in the region of excitation.

A core challenge of on-axis elastography is that the true material displacement is never fully

measured when the tracking is done ultrasonically. In the focal zone, the lateral and elevational

extents of a focused ultrasound PSF have a Gaussian pro�le in the ideal case, which is distorted

in the presence of aberration. For the ARF excitation, the non-uniform force distribution

results in scatterer shearing following the contour of the PSF intensity. During tracking, the

scatterer shearing is spatially averaged resulting in displacement underestimation [92], as

shown in Fig. 2.7. The percent of the true maximum displacement tracked varies between

50-75%, where increasing the ARF push F# and the tracking frequency have the greatest positive
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Figure 2.7: Example single push ARF displacement pro�les of a 10 µm bead tracked with a
confocal optical and ultrasound acoustic experiment setup. Ultrasound displacement underes-
timation can be seen most prominently during the peak of the excitation. The time window with
the most displacement underestimation corresponds with the lowest correlation coef�cient of
the displacement estimation algorithm applied to subsequent track RF lines. Reprinted from
[2] (Copyright ©2013 IEEE).

impact [2, 93]. On-axis methods can also be distorted by physiological motion artifacts, where

longer sequences that produce a viscoelastic creep displacement or harmonic motion are more

prone distortions. A number of motion correction algorithms have been developed to �lter out

artifacts [94].

2.4.1 Acoustic Radiation Force Impulse (ARFI)

ARFI imaging uses a sequence composed of an impulsive ARF excitation followed by a sequence

of 40-100 A-line tracking pulses used to monitor the displacement recovery pro�le. The push

pulse used for ARFI is generally a continuous excitation between 50-100 µs long to excite
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the tissue with a very narrowband force at the transducer center frequency. A windowed

displacement tracking algorithm, like Normalized Cross-Correlation (NCC), estimates the local

displacement between subsequent A-lines with a moving kernel to create a 2D (axial x time)

displacement image. A typical ARFI acquisition repeats this sequence 30-50 times at different

lateral locations to form an (lateral x axial x time) ARFI data set [16, 20], as shown in Fig. 2.8. In

practice, 2-3 A-lines are also transmitted before the ARF push so that a 1D linear or parabolic

motion �lter can be �t across the time axis to reduce artifacts from physiological motion or

movement of the transducer [94].

Under the assumption of uniform acoustic attenuation, taking the maximum along the

time axis creates a peak displacement image (lateral x axial) that re�ects the stiffness of the

material. The peak displacement metric is semi-quantitative because it depends on the un-

known applied force amplitude. Other metrics derived from the displacement include the

time-to-peak and the recovery time, which have been mapped to quantitative estimates of the

shear elastic modulus and were shown to be invariant to linearly frequency-dependent acous-

tic attenuation [95]. On-axis displacement information is often quite noisy so the resulting

parametric images are sometimes smoothed with a median or low pass �lter to reduce artifacts

at the cost of resolution. The peak displacement varies with the applied force amplitude over

depth so depth correction algorithms can be applied if there is a suf�ciently mechanically

homogeneous background region across the axial extent. Recent work has parameterized the

jitter magnitude of ARFI displacements via the variance of the acceleration pro�le, where the

softer/ less viscous materials will have a lower SNR / decorrelate more; however, this parameter

is also semi-quantitative and hasn't been linked directly to viscoelasticity [96].

2.4.2 Vibro-acoustography

Vibro-acoustography, initially developed around the same time as early ARFI implementations,

excites the material sinusoidally using two separate transducers aligned to focus in the same

region [21, 64, 97]. By transmitting a continuous wave with each transducer at different frequen-
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Figure 2.8: ARFI displacements pro�les, images, and data cubes.

cies (f1 and f2, each between 2-5 MHz), the focal interference creates a modulated excitation at

the frequency difference ( � f = j f1 � f2j, typically 10-70 kHz). The tissue vibration then radiates

out a compressional wave at the � f frequency, which is measured by an external hydrophone

or microphone. The amplitude of the hydrophone-measured waveform is then proportional to

the tissue viscoelasticity, assuming the methods for applying the force stay consistent. This

excitation and measurement process can then be repeated for each spatial volume to create a

speckle-free (no ultrasonic tracking) relative material contrast image [21]. The high sensitivity

to mechanical contrast and narrowband excitation make vibroacoustography a good candi-

date for precise inverse modeling to quantitatively estimate the material parameters; however,

the requirement of coupled viscoelastic structural and �uid acoustic modeling and strong

dependence of the radiated acoustic signal on material boundaries challenge wider adoption

[98, 99]. Vibro-acoustography has been studied with many array con�gurations, including two

conventional linear array transducers [100] and a confocal transducer (�xed focus, concentric,

two element annular array) [101]; however, to our knowledge, no vibro-acoustography methods

can be implemented in a clinical setting without external hardware.
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2.4.3 Harmonic Motion Imaging (HMI)

Similar to vibro-acoustography, HMI also excites the tissue sinusoidally; however, the exci-

tation is is generated by amplitude modulated ARF pushes rather than through modulation

interference [65]. Most HMI studies use a single element focused ultrasound (FUS) transducer

controlled by two function generators, one operating at the carrier ultrasonic frequency (3-6

MHz) and the second operating at the modulation frequency (5-500 Hz) [22]. This amplitude

modulated (AM) continuous wave generates a 10-1000 Hz sinusoidally oscillating displace-

ment �eld at the focus (double the frequency of the modulation since the ARF amplitude is

proportional to intensity which varies with the square of the pressure). Axial harmonic displace-

ments are then tracked ultrasonically in the region of excitation with a confocal phased array

transducer. The harmonic displacement is then used alongside a measurement of the applied

AM waveform to estimate the real part of the complex wavenumber and the loss tangent, which

are then converted to the storage and loss moduli. The harmonic motion signal is used to

directly estimate the real part of the wavenumber with

�
d

d x
a r g (F T (u (x , t ))) = �

d

d x
a r g (U0e � � (! )x e � i k (! )x )

=
d

d x
k (! )x

= k (! ) . (2.26)

The loss tangent angle � (! ) can then be directly measured by time-aligning the excitation

waveform with the displacement waveform and measuring the phase offset [66]. In this sense,

HMI is a quantitative model-free on-axis viscoelasticity estimation technique because it can

directly estimate the storage and loss modulus without assuming a speci�c rheological model;

however, clinical implementation is dif�cult because of the requirement of non-standard

hardware. HMI has also been demonstrated more recently on a single transducer (ST-HMI)

using ARF pushes with varying duration (30-60 µs) interleaved with tracking pulses [102, 103];
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however, these implementations have only been able to estimate the peak-to-peak displace-

ment (P2PD), which is a semi-quantitative primarily elastic parameter. ST-HMI is not able to

accurately estimate the loss tangent because the precise phase information of the harmonic

excitation is not known when performed with discrete ARF pushes with varying push duration

(more broadband harmonic motion, can't make a causal zero-phase bandpass �lter, etc.).

As a side note, the term "harmonic" in the context of HMI refers to mechanical simple

harmonic motion, but both the excitation and resulting displacement are single frequency

and don't create measurable harmonics in the frequency dimension. This means a full charac-

terization requires repeating the excitation and measurement process at each frequency and

location, resulting in 10s-100s of times more local radiation force deposition than a typical im-

pulsive ARFI acquisition (depending on the number of frequencies and length of the harmonic

excitation).

2.4.4 Kinetic Acoustic Vitreoretial Examination (KAVE)

KAVE was the �rst method to induce a viscoelastic creep response with ultrasound [104]. The

excitation sequence consisted of up 10,000 consecutive focused A-line pulses (less than 2

µs each) at a 5+ kHz PRF that had a higher power level than typical A-lines to form B-Mode

images. Since the application of force was much smaller than the material response time, the

aggregate loading effect on the phantom materials was approximately a step excitation through

Boltzmann superposition. Additionally, since the pulses were standard A-lines, tracking could

be simultaneously performed with the pulses used to displace the material; however, they only

used samples from 100 pulses to track displacement. The initial implementation �t consecutive

creep response displacement samples from tissue mimicking phantoms to the analytic step

solution of the Kelvin-Voigt model:
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KV Model: F (t ) = k x (t ) + c
d

d t
x (t )

Excitation: F (t ) = AH (t )

Solution: x (t ) =
1

k r
(e � k r N � t =cr � e � k r t =cr ) , (2.27)

where H(t) is the heaviside step function, k r = k =A and cr = c=A are the relative elasticity

and relative viscosity parameters, N is the displacement sample number, and � t is the time

between consecutive samples. These relative parameters are semi-quantitative due to their

normalization by the unknown applied force amplitude A. In a follow-up paper [105], they �t

similar data to the analytic solution of a mass spring damper model under a step excitation:

MSD Model: F (t ) = k x (t ) + c
d

d t
x (t ) + m

d 2

d t 2
x (t )

Excitation: F (t ) = AH (t )

Solution: x (t ) = S
•
1+

� � C

2C
e(� � � C )! t �

� + C

2C
e(� � +C)! t

˜
where C =

p
� 2 � 1 , (2.28)

where � is the damping ratio, ! is the natural frequency, and S is the gain. These parameters

can be written in terms of the model coef�cients as

! =

v
t k

m
� =

c

2
p

mk
S =

A

k
� =

c

k
=

2�

!
,

where k is the spring stiffness, c is the damping coef�cient, m is the mass, A is the applied force

amplitude, and � is the material time constant. They note that � , ! , and � are all "force free"

parameters, in other words, they don't contain the unknown applied force amplitude coef�-

cient. Phantom lesion contrast images were shown for each KAVE �t parameter in each study;

however, there was no external validation of the viscoelastic properties beyond correlation

with the phantom formulation. KAVE was later extended into sonorheometry to measure blood
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hemostasis [106, 107, 108].

2.4.5 Monitored Steady-State Excitation and Recovery (MSSER)

MSSER uses interleaved pushing and tracking A-lines followed by a series of tracking A-lines

after the last push pulse to track the full creep and creep recovery response [3]. The push

pulses used vary in duration between 6 and 12 cycles at 4.21 MHz (1.4-2.9 µs), which effectively

creates ARF forces between a baseline and double the applied force assuming the applied force

is linearly proportional to intensity (Eq. 2.25). The study exploits the fact that Kelvin-Voigt

materials approach a steady-state displacement ( xs s) after roughly 5 � (see Fig. 2.5) to develop

an elasticity calibration curve in phantom materials. The solution of a Kelvin-Voigt material

loaded with a step function is given by

x (t ) = xs s(1 � e � t
� ) where xs s =

A

k
, (2.29)

where A is the step function applied force amplitude, k is the stiffness, and � = c=k is the

time constant (ratio of damping to stiffness). This lumped parameter form relating force and

displacement can be converted to the continuum form relating stress and strain through

measurement of length scales, which then relates the steady-state strain to elastic modulus (E).

The study then estimates the material elastic modulus in phantom materials by 1) estimating

the axial, lateral, and elevational length scales from a simulation PSF (L ax, Llat , Lele), 2) measuring

the attenuation coef�cient ( � ), speed of sound (c p), and intensity (I) of each varying pulse

duration ARF push with a hydrophone, 3) measuring the steady-state creep response ( xs s)

of phantoms with each varying pulse duration, 4) estimating the true elastic modulus with a

dynamic mechanical analyzer (DMA) and SWEI elastography, 5) developing a correction factor

(C) derived from the slope of the MSSER estimated elastic modulus and the DMA estimated

elastic modulus. This process is shown below in Eq. 2.30; however, it can also be shown that this

process is effectively just relating the ratio in intensity difference over steady-state displacement
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difference to the DMA ground truth by grouping all constants into the correction factor:

EM SSE R= C
� �

� �
= C

� (jF jLa x )

� ( xs s
La x

)
= C

� I

� xs s
. (2.30)

The DMA, SWEI, and MSSER elastic moduli estimates are then compared and showed

agreement within � 2 kPa in phantoms. Separate measurements were made in porcine muscle;

however, these measurements vary by as much as 60 kPa when including the extents of the

error bars so they may not be very reliable. MSSER creep curves in the phantom and muscle

were also �t to Eq. 2.29 and the SWEI elastic modulus measurements were used alongside the

estimated length scale and hydrophone-measured constants to estimate the applied force

amplitude; however, only a qualitative assessment of the creep curve �t coef�cients and the

force amplitude were performed. We can therefore conclude that MSSER was able to estimate

the elastic modulus quantitatively in phantoms; however, all other measurements in the study

are semi-quantitative.

2.4.6 Acoustic Radiation Force-Induced Creep Recovery (ARFICR)

ARFICR uses ARF pushes to create a creep response and then uses ultrasound plane wave

coherent compounding to track the creep recovery [4]. This method is dense and involves

multiple measurements with several key assumptions. At a high level, ARFICR estimates the

generalized relative shear storage and shear loss moduli (generalized meaning no rheological

model, relative meaning dependent on the applied force amplitude) and then calibrate the

measurements by estimating the applied force amplitude using a combination of the viscoelas-

tic dispersion relationship (Eq. 2.18), a shear wave velocity estimate, and the relative moduli.

The authors are also able to estimate the loss tangent directly from the creep information

without force calibration. The best description of the theory is found in [109]; however, the

most recent paper [4] also builds off of two conference proceedings [110, 111] and analytic

results from [112].
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Figure 2.9: MSSER excitation and tracking sequence diagram aligned with sample creep and
creep recovery pro�les in an excised pig muscle. Tracked samples shown alongside the analytic
solution �t. Note that the timing diagram only roughly aligns with the total excitation period
and that there was actually a push pulse between every tracked sample. Displacements are
shown to vary in peak amplitude with the number of cycles in the push pulses. Reprinted from
[3] (Copyright ©2008 IEEE).

First, they estimate the generalized relative storage and loss moduli with a few steps and

assumptions. The complex shear modulus related to the creep compliance J(t) through:

G � (! ) =
1

i ! F T [J(t )]
, (2.31)

where FT is the Fourier transform. Assuming the material is linear, the creep compliance is

related to the to the shear strain by J(t ) = � 
 (t ) where A = 1=� is the unknown applied force

and 
 (t ) is the shear strain therefore the relative complex shear modulus R� (! ) and loss tangent

can be written as
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Figure 2.10: ARFICR steps diagram. A, B, and C show the geometry of the acquisition, the creep
shear strain pro�le measured on-axis at lateral location x0, and the shear wave propagation
measured off-axis at the other labeled locations. ARFICR converts the creep shear strain in B
to the relative complex moduli in D through Eq. 2.32. Shear wave propagation in C is used to
estimate the center frequency shear wave phase velocity in E. The complex shear modulus
G � (! ) is then computed from the relative complex modulus and the estimate of the applied
force amplitude. Reprinted from [4] (Copyright ©2018 IEEE).

G � (! ) =
1

� i ! F T [
 (t )]
=

1

�
R� (! ) (2.32)

tan(� (! )) =
Im [G � (! )]

Re[G � (! )]
=

Rl (! )

Rs(! )
, (2.33)

where Rs(! ) and Rl (! ) are the relative shear storage and shear loss moduli. They then measure

the shear strain which is equal to


 (t ) � 
 z x (t ) =
@u z

@x
+

@u x

@z
, (2.34)

where u is the ultrasound measured displacement. This assumes that elevational shear stress

is negligible, which becomes more valid as the elevational PSF becomes much wider than the

lateral PSF (which happens as F/ # decreases, they use F/ 2 so the PSF is fairly asymmetric).
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They also show in [111] that the 2nd term is negligible compared to the 1st term so they only

require the axial displacement u z and some sort of spatial scale in the lateral direction for the

derivative. They used plane wave coherent compounding with 3 very small angles [� 1� ,0� ,1� ] to

maximize frame rate and axial resolution for displacement tracking [53]. The methods between

papers diverge at this point with the following differences and assumptions:

A Creep displacement is induced with a continuous 500 µs push, creep recovery displace-

ment is tracked after the push, and then shear strain estimated from creep recovery

[4, 111].

B Creep is induced with a pulsed sequence interleaved with separate tracking pulses (similar

to MSSER) and both creep and creep recovery are tracked. In [110], creep recovery is used

to estimate shear strain whereas [109] uses creep to estimate shear strain.

The creep and creep recovery only contain the same information for Kelvin-Voigt viscoelas-

tic materials, so only the method in [109] is model-free. All simulations used a Kelvin-Voigt

model so the impact of this assumption has not been studied.

The second step of their methodology calibrates the estimates of the relative complex shear

moduli by estimating the applied force 1=� using a measurement of the off-axis shear wave

phase velocity at the center frequency. Only the center frequency is used for calibration because

it has the highest energy; however, this calibration could potentially be performed over a wider

frequency range in the future. This step uses linear viscoelastic dispersion relationship with

the following simpli�cations

G � (! ) = �
! 2

(k � (! ))2

� = �
! 2

C � (! )(k � (! ))2

= �
c 2

s (! c )

Rs(! c )
, (2.35)
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where � is the density (assumed to be 1000 kg=m3), cs is the shear wave speed, Rs is the relative

storage modulus, and ! c is the shear wave center frequency. Line 1 to 2 is substituting in Eq.

2.32 and line 2 to 3 is derived in the appendix of [4] (assumes Rs(! c ) >> Rl (! c ) which they

report was a factor of 5-8 in phantoms).

ARFICR is quantitative in all cases and a promising methodology overall. Although it is not

purely an on-axis method due to the shear wave calibration, the creep response is still measured

on-axis and the sequence uses a single transducer. It has been validated in homogeneous

phantom and ex vivo tests; however, the impact of elevational shear strain and the Kelvin-Voigt

model assumption when estimating shear strain from the creep recovery pro�le have not been

studied.

2.4.7 Double Pro�le Interaction (DoPIo)

DoPIo uses the same type of excitation as ARFI but tracks the displacement with two different

F/ #s. The F/ # modulates the lateral resolution which changes the averaging of scatterer shearing

under the PSF. Using both a narrow and a wide track results in displacement pro�les with

different peaks and recovery slopes. The time intersect of the two different pro�les re�ects

the rate of scatterer shearing which is directly related shear wave speed; however, due to

displacement underestimation, precise modeling the PSF averaging is dif�cult. DoPIo time

intersects in a database of shear elastic material responses were �t to the following model:

G =
�

t 2
in t

, (2.36)

where G is the true elastic modulus, t i n t is the time intersect of the two F / # tracked displacement

pro�les, and � is the linear �t coef�cient. An inverse square transform was done since t i n t /

1=cs and c 2
s = G=� where cs is the shear wave speed and � is the density. DoPIo has been

validated in simulation, elastic phantoms, and is part of ongoing clinical trials [5, 113, 114].

The elastic moduli estimates from DoPIo are quantitative and all displacement information is
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tracked on-axis to the applied force; however, no studies have been performed to link DoPIo to

viscoelasticity.

Figure 2.11: DoPIo conceptual diagram. An applied ARF push creates a volumetric displace-
ment that results in scatterer shearing following the intensity pro�le of the ARF push PSF.
Scatterer shearing is tracked with both a narrow and a wide PSF resulting in variable averaging
that changes the displacement underestimation. The intersection of the two tracked pro�les
then is related to the scatterer shearing rate and thus the material shear elasticity. Reprinted
from [5] under the creative commons license CC BY-NC-SA 4.0.

2.4.8 Viscoelastic Response (VisR)

VisR uses a double-push impulsive excitation sequence to approximate characteristics of a

viscoelastic creep response. The ARF excitations and tracking sequence mirror the methods

of ARFI (50-100 µs ARF pushes, A-line on-axis tracking) where the number of tracks between

the pushes and the number of tracks after the second push are both sequence control param-

eters. The second push is applied after partial recovery of the initial displacement so VisR is

hypothesized to contain creep information in the peak to peak difference of the two pushes.

For Kelvin-Voigt materials, the recovery pro�le also should contain creep information [6, 115].

VisR was originally presented as Multi-Push ARF (MP-ARF) and used a metric called the

marginal peak displacement (MPD) to measure the difference between the two peaks, derived
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Figure 2.12: Mass spring damper (MSD) model, VisR push sequence, and representative
Kelvin-Voigt material FEM simulation displacement pro�les with a VisR double push excitation.
Reprinted from [6] (Copyright ©2013 IEEE).

using the Kelvin-Voigt solution to two box functions of width t AR F:

M P D =
P D2 � D

P D1
, (2.37)

where PD1 and PD2 are the consecutive peak displacements and D is the last tracked displace-

ment before the second ARF excitation [116]. This metric was originally considered qualitative

using the logic that the peak displacement measurements depend on the unknown applied

force amplitude, similar to work done in ARFI research; however, we consider MPD quantitative

in the context of this dissertation because the MPD is invariant to scaling the displacement

magnitude (i.e., normalizing the MP-ARF displacement curve to the second peak, which is

always greater than or equal to the �rst peak, yields the same MPD metric as the unnormalized

curve). This metric was then updated to estimate the Kelvin-Voigt model time constant as

� =
� t AR F

l n (M P D )
=

c

k
, (2.38)

where c and k are the damping and stiffness coef�cients of the Kelvin-Voigt model [6, 117].

Future iterations of VisR added a �t to the mass spring damper (MSD) model, similar to KAVE,

43



and derivation of relative elasticity and viscosity parameters:

MSD Model: F (t ) = k x (t ) + c
d

d t
x (t ) + m

d 2

d t 2
x (t )

Excitation: F (t ) = A[Bo x(t ,0,t AR F) + Bo x(t , t AR F + tT r a c k s ,2t AR F + tT r a c k s)]

where Bo x(t , t s t a r t , t e nd ) = H (t � t s t a r t ) � H (t � t e nd )
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where m, c, k, and A are the mass, damping coef�cient, stiffness, and applied force amplitude

of the mass spring damper model, which can also be written in terms of � (damping ratio), !

(natural frequency), S (gain), and � (time constant) as well as the relative elasticity (RE) and

relative viscosity (RV) and H(t) is the Heaviside step function. All parameters that contain A are

semi-quantitative and the parameters that don't are quantitative parameters. The quantitative

parameters are independent of the amplitude of the push and MSD is linear so all independent

of the peak displacement (scale-invariant) so we call these "shape" parameters.

VisR� calculated with MPD (Eq. 2.38) has been compared for a single push excitation and

double push excitation against � values estimated with MSSER and SDUV with good agreement

[6]. Since the MSD is a lumped parameter single degree of freedom model, the coef�cients

related to material property only represent the true material property in particular situations

(e.g., the stiffness constant is equal to the elastic modulus). The following parameter validation

experiments have been done with the MSD model:

A � values were estimated from the Kelvin-Voigt (KV) model and the MSD model in FEM

simulations with point load excitations and no ultrasonic displacement tracking (i.e.,

used the direct FEM displacement output at a single node) where the material density

varied from 0.05-1 g / cm3. The KV model � equaled the true � when there was no density

and the MSD model � equaled the true � regardless of density [115].
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B MSD � in FEM simulations with a volumetric F / 1.5 applied ARF push with a 25 mm

focal depth were shown to overestimate true � . Displacements were again from a single

node of the FEM simulation without ultrasonic displacement tracking. An empirical error

correction function was derived by to map the MSD � and ! coef�cients to the true � .

Different correction functions were �t for 25 mm and 30 mm displacement measure-

ment axial depths [115]. The correction function was additionally applied in a phantom

displacements of a 10 µm bead from ARF pushes with F / 1.5 and F/ 3. Bead displacements

were tracked with a confocal optical imaging system rather than ultrasound. The F / 1.5

simulation-derived correction function aligned the � values for both F / #s; however, the

true � was not measured with external validation (see [118] Chapter 8).

C Ultrasonic displacement tracking was added to simulations from experiment B with

an F/ 1.5 tracking con�guration to model displacement underestimation. The MSD �

still overestimated � . The volumetric push correction function from experiment B over

corrected the � values so a new set of corrections were �t to map the ultrasonically tracked

MSD � and ! to the true material � [115]. The volumetric ARF and ultrasonically tracked

MSD � correction functions were not validated against external measurements of true �

in scanner acquired experimental data.

D Simulations with volumetric ARF excitation and ultrasonic displacement tracking were

�t to the MSD model and parameters were converted to RE / RV. Two different correction

functions are derived based on the following observations: 1) Elasticity Correction (EC):

RV varies linearly with the natural frequency (proportional to elasticity) ! =
p

k =m / E

and 2) Depth Correction (DC): RE / RV are at a minimum at the push focal depth and

increase proportional to the applied force magnitude relative to the peak. Correction

functions derived in simulation are applied to simulations with viscoelastic inclusions.

Correction functions also derived in homogeneous background of viscoelastic inclusion

phantoms and ex vivo liver samples with contrast comparison images and point estimate

45



correlations between VisR RE/ RV and SDUV moduli estimates [7]; however, the corrected

RE/ RV parameters were still considered semi-quantitative.

Figure 2.13: VisR relative elasticity (RE), peak displacement (PD), and relative viscosity (RV)
with depth correction (DC) and elasticity / omega correction (EC) in simulated Kelvin-Voigt
materials with a spherical heterogeneous inclusion. The shear elastic moduli of (inclusion,
background) were (20, 10), (10, 10), and (10, 20) kPa, and the shear viscous moduli of (inclusion
and background) were (1.2 1.2), (1.2 0.4), and (1.2, 0.4) Pa.s, in the materials 1, 2, and 3, respec-
tively. White contour represent the true inclusion boundary. Reprinted from [7] (Copyright
©2020 IEEE).
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2.5 Summary

To date, no quantitative method exists to simultaneously estimate the elastic and viscous

moduli using localized ARF excitations with displacement measurements made on-axis to

the applied force and without the requirement of any external hardware. VisR double push

sequences have been shown to contain information related to the creep response of Kelvin-Voigt

viscoelastic materials; however, attempts to characterize the material properties have resulted

in a quantitative parameter � that cannot separate elasticity and viscosity and RE / RV which

have only been shown to be semi-quantitative due to the unknown applied force amplitude.

VisR sequences apply less total radiation force than comparable methods that induce a full

creep curve, reducing the local tissue heating negative bioeffect, and also track the resulting

displacement recovery over a shorter time period, minimizing the displacement estimation

noise caused by physiological motion. VisR study correction functions have shown that the

dependence of the measured displacement pro�le on the focal con�guration (push and track

F/ #, push focal depth, etc.) that affect both the geometry of the applied force PSF and the

amount of displacement underestimation can be corrected for with functions that map the MSD

model coef�cients to the true FEM material � time constant. The following chapter is about the

developments of Quantitative Viscoelastic Response (QVisR) ultrasound which uses a neural

network to approximate a function from simulated VisR displacement pro�les to the elastic and

viscous moduli. Simulations were performed with a �xed focal con�guration to have the neural

network correct for the effects of the volumetric ARF push and displacement underestimation.

The focal depth of the simulations was included as an input feature along with the axial depth

and displacement pro�le to allow the model to work for any depth. Displacement pro�les were

normalized to remove the effects of the unknown applied force amplitude.
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CHAPTER

3

QUANTITATIVE VISCOELASTIC RESPONSE

ULTRASOUND

This chapter is reprinted from [8] ©2024 IEEE. Reprinted, with permission from Richardson,

Moore, and Gallippi, Quantitative Viscoelastic Response (QVisR): Direct Estimation of Viscoelas-

ticity With Neural Networks , IEEE Transactions on Ultrasonics, Ferroelectrics, and Frequency

Control, 07 / 2024. The manuscript is included in its entirety with minor revisions for consistency

with this thesis. The work is a summary and extension of 3 publications in the Proceedings

of the IEEE International Ultrasonics Symposium (IUS) [119, 120, 121]. The manuscript was

coauthored by Christopher Moore and Caterina Gallippi.
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3.1 Introduction

Tissue characterization is studied to identify measurable properties that can be correlated

to clinical outcomes [122]. Considerable effort has been spent developing quantitative, as

opposed to qualitative and semi-quantitative, metrics of characterization because they are

better suited for cross-sectional and longitudinal clinical studies [12, 13]. Tissue viscoelasticity

is a quantitative parameter with an intuitive link to clinical outcomes since many pathologies

present measurable changes in mechanical property (e.g., �brosis, in�ammation, etc.) [38, 77,

123].

The sub�eld of ultrasound elastography attempts to measure changes in tissue viscoelas-

ticity. The majority of elastography methods involve tracking the physical displacement of

speckle-generating scatterers constituting the interrogated tissue. The magnitude and / or rate

of displacement is then associated to mechanical property through model-based or data-driven

approaches [18, 124]. Physical displacement of tissue is generated through external indentation

or vibration, passive stresses such as breathing, or application of acoustic radiation force (ARF).

Reduction to clinical practice can be challenging for techniques that use external indentation

or vibration due to the need for extra equipment and / or non-standardized application of

stress [58]. Passive stress methods generally require boundary condition measurements or

mathematical models that are often unknown for in vivo imaging contexts [125].

Most elastography techniques using ARF pushes track shear wave propagation off-axis

laterally of the applied ARF push. These methods typically relate shear wave measurements

(phase or group velocity, dispersion, etc.) to tissue mechanical property [18, 19, 83, 126]. Shear

wave based methods generally assume mechanical property homogeneity over the wave propa-

gation region. This assumption reduces the resolution of shear wave based methods compared

to on-axis methods and can result in spatial averaging of mechanical property estimation if

heterogeneities exist. Shear waves are also prone to re�ection off out-of-plane targets, such

as bone or connective tissue, which can distort the measured wave properties. Additionally,

shear wave based methods are depth limited since the ARF pushes need to generate enough
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displacement to support shear wave propagation over a measurable distance [18, 19].

Our lab developed Viscoelastic Response (VisR) ultrasound to evaluate the viscoelastic

properties of tissue by approximating a creep response [6]. VisR uses a colocalized, double-push

ARF excitation to minimize acquisition time when compared with similar methods (KAVE [105],

MSSR[3]). Additionally, VisR tracks the induced displacements on-axis with the ARF excitations

to avoid the aforementioned challenges of methods that monitor shear-wave propagation. VisR

displacements can be �t to a 1D mass-spring-damper model with �t parameters rearranged

to derive semi-quantitative measures of elasticity and viscosity (RE = Relative Elasticity and

RV= Relative Viscosity) [115] relative to the applied force amplitude, which can be assumed

constant over a small, local region [19, 127]. Additional corrections have been studied to improve

comparisons of RE and RV over a wider region of interest in an image [7, 128, 129]; however, all

VisR sequence derived viscoelasticity measures have been semi-quantitative.

Model-based elastography approaches become more ill-posed when a model parameter or

boundary condition is unknown / immeasurable, such as the applied force amplitude for VisR.

Data driven statistical approaches, such as neural networks, often require large sets of labeled

data for training that, ideally, represent all data variations present in the �nal test application

of the network. Although experimental and clinical elastography datasets are usually small,

large simulation datasets can be generated to capture variations in displacement pro�les

due to imaging con�guration (focal depth, transducer parameters, etc.) and tissue property

(viscoelasticity, attenuation, etc.).

In this study, we regress multi-layer perceptron neural networks on simulated, ultrasoni-

cally tracked VisR displacement time series to jointly estimate elastic and viscous moduli. The

predicted moduli are direct estimates of the underlying mechanical properties coining the

term Quantitative Viscoelastic Response (QVisR) ultrasound. This work is an extension of meth-

ods, results, and discussion presented in [119, 120], and [121]. In [119], we evaluated bagged

trees regressors models against neural network architectures on mechanically homogeneous

simulations without noise and concluded that neural networks provide lower test set error. In
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[120], we varied the added noise levels in homogeneous materials to test QVisR performance

degradation. In [121], we trained QVisR on both homogeneous and heterogeneous simulations

with noise and evaluated QVisR generalizability by estimating the elasticity scans acquired in a

CIRS elastic tissue-mimicking phantom. This manuscript includes extended analysis of QVisR

results in homogeneous and heterogeneous simulations with noise, provides metrics related

to model evaluation in CIRS phantom, and shows both simulation-trained and phantom �ne-

tuned QVisR estimates in the muscles of boys with Duchenne muscular dystrophy not present

in any previous work. We also provide comparisons of QVisR with conventional VisR RE and

RV semi-quantitative images in the phantom and clinical examples to show the bene�ts of

quantitative viscoelasticity estimation.

3.2 Methods

3.2.1 Simulations

Mechanically homogeneous and heterogeneous viscoelastic materials interrogated through a

VisR beam sequence were simulated using methods adapted from Palmeri et al [130]. Fixed

ARF excitation and tracking parameters across all simulations are listed in Table 3.1. Major

material and �nite element parameters shared by all simulations and unique to the homo-

geneous and heterogeneous simulations are shown in Table 3.2. For each set of simulations,

on-axis displacement through time data was paired with the respective axial depth, focal depth,

elasticity, and viscosity of the simulation and then saved for further processing. Viscoelastic

material properties were chosen to represent realistic ranges found in soft tissues [77, 123] for

all simulations.

3.2.1.1 Homogeneous Dataset

A Siemens VF7-3 transducer (Siemens Healthineers, Issaquah, WA) was parameterized to be

modeled with Field II [131]. Transducer point spread functions (PSFs) for ARF excitations and
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Table 3.1: ARF Excitation and Tracking Parameters for Simulations and Phantom Acquisitions

Name Value

Beam Sequence Parameters

Transducer VF7-3

Elevational Lens Focus (mm) 37.5

Sampling Frequency (MHz) 40

ARF Center Frequency (MHz) 4.21

ARF Duration ( µs, cycles) 70, 300

ARF F/ # 3.0

Tracking Center Frequency (MHz) 6.15

Tracking Tx F/ # 3.0

Tracking Rx F/ #* 0.75

Tracking Tx Focus (mm) 20

Tracking PRF (kHz) 10

Normalized Cross Correlation Parameters

Kernel Length (wavelengths, µm) 3, 751

Search Window ( µm) 50

* Aperture growth and dynamic Rx focusing enabled
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Table 3.2: Simulation Parameters

Name Value

All Simulations

Material Model Kelvin-Maxwell

Poisson's Ratio 0.499

Speed of Sound (m/ s) 1540

Acoustic Attenuation (dB / cm/ MHz) 1.0

Density (kg / m3) 1.0

Homogeneous Simulations Only

Elasticity (kPa) 5-100 step 10.56

Viscosity (Pa.s) 0.01-7.01 step 0.78

Focal Depth (mm) 15, 17, 20, 23, 25, 27, 30, 32, 35,
38, 40

Heterogeneous Simulations Only

Inclusion Elasticity (kPa) 15.56, 22, 28, 36.67

Inclusion Viscosity (Pa.s) 0.01, 1.57, 2.6, 3.9

Background Elasticity (kPa) 26.11

Background Viscosity (Pa.s) 2.34

Focal Depth (mm) 15-35 step 5

Inclusion Diameter (mm) 10

Inclusion Depth (mm) 25

Inclusion Lateral Offset (mm) 0, 2.5, 4, 7
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Figure 3.1: Simulated VisR displacement pro�les before (top row) and after (bottom row) max
normalization as elasticity (a,e), viscosity (b,f), focal depth (c,g), and axial depth (d,h) vary.
When not varying, the following �xed parameters were used: elasticity = 36.67 kPa, viscosity
= 2.34 Pa.s, focal depth = 25 mm, axial depth = 25 mm, SNR = 40 dB. Note that the green
displacements in each subplot have equivalent parameters. Time axis vertical tick markers are
0-4 ms.

tracks were modeled using the beam sequence parameters in Table 3.1 and material properties

in Table 3.2. ARF excitation PSFs were calculated for each of the 11 focal depths enumerated in

Table 3.2.

A rectangular �nite element mesh was de�ned using LS-DYNA (Ansys Inc., Canonsburg,

PA) with 280,440 elements of volume 250 µm3 spanning a 1 x 1 x 4 cm (lateral x elevation

x axial) region with axial quarter symmetry. Simulated ARF PSF intensities were converted

to body forces and mapped to nodes on the mesh. LS-DYNA material �les were created on

a grid of 10 elasticities (5-100 kPa in 10.56 kPa steps) and 10 viscosities (0.01-7.01 Pa.s in

0.78 Pa.s steps) for a total of 100 material combinations. Each material was de�ned with the

Kelvin-Maxwell Viscoelastic material model, a Poisson's Ratio of 0.499, and an equivalent

elastic perfectly matched layer (PML). Finite element simulations were performed for every

material combination and focal depth. Each simulation applied nodal forces with a VisR beam

sequence and evaluated the resulting nodal displacements through time by solving the dynamic

equations of motion between nodes. The simulations were carried out over 4.36 ms with a
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control time step of 1 µs, a sampling period of 25 µs, and two successive 70µs (300 cycle) ARF

pushes applied at 5 µs and 442 µs respectively. Finite element hourglassing control type (ihq)

of 4 and hourglassing coef�cient (qh) of 0.10 were set for all elements in the mesh.

Nodal displacements for each time step were translated to scatterer displacements in

5 uniform scattering phantoms with randomly generated initial scatterer positions and 11

scatterers per resolution cell. Scatterers were tracked in Field II with the previously generated

track PSFs in each phantom with a pulse repetition frequency (PRF) of 10 kHz. White Gaussian

noise from 30-50 dB signal-to-noise ratio (SNR) was added in steps of 10 dB to the received RF

data before scatterer displacement was estimated with 1D axial normalized cross correlation

(3� kernel, 50� m search window) [47] generating 1559 displacement through time pro�les from

10-40 mm axially. Each displacement pro�le was treated as an independent sample resulting in

34,298,000 simulated displacement pro�les (focal depths x elasticities x viscosities x scatterer

realizations x SNRs x axial depths).

3.2.1.2 Heterogeneous Dataset

Heterogeneous simulations were carried out in a similar manner to the homogeneous simula-

tions aside from the focal depths and material properties. Beginning with the �nite element

mesh formed for the homogeneous simulations, a 10mm diameter spherical inclusion was

placed with centroid at an axial depth of 25mm. LS-DYNA material �les were generated on a

grid of 4 inclusion elasticities (15.56, 22, 28, 36.67 kPa), 4 inclusion viscosities (0.01, 1.57, 2.6,

3.9 Pa.s), and a single background viscoelasticity (26.11 kPa elasticity, 2.34 Pa.s viscosity). The

background viscoelasticity was selected to match a set of homogeneous simulations, and the

inclusion viscoelasticities were varied around the background values to provide both lower

and higher contrast sets of simulations. The ARF excitation PSFs were calculated at 5 focal

depths (15-35 mm in 5 mm steps) to interrogate the medium above, below, within, and at the

boundary of the inclusion. Additionally, ARF excitations were applied at 4 lateral offsets from

the center of the inclusion (0, 2.5, 4, 7 mm) to model the effects of pushing closer to the lateral
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inclusion boundary and, in the extreme case of a 7 mm lateral offset, pushing outside of the

inclusion. In total, the heterogeneous dataset consisted of 9,977,600 simulated displacement

pro�les (focal depths x inclusion elasticities x inclusion viscosities x scatterer realizations x

SNRs x axial depths x lateral offsets).

3.2.2 Scanner Acquisitions

3.2.2.1 Phantom Acquisitions

Imaging of a CIRS Cylindrical Elasticity QA Phantom (CIRS, Norfolk, VA) was performed with a

Siemens Acuson Antares scanner and a VF7-3 linear array transducer (Siemens Healthineers,

Issaquah, WA). Custom VisR beam sequences were created through the Axius Direct Ultrasound

Research Interface (URI) allowing access to the raw radio frequency data. The imaging sequence

executed a raster scan focused B-Mode acquisition followed by a VisR sequence at each of

40 lateral locations evenly spaced over 20mm for 2D VisR imaging. The VisR sequences used

the beam sequence parameters listed in Table 3.1 and consisted of 2 reference tracks, 2 ARF

excitations, 4 tracks between the ARF excitations, and 40 tracks after the second ARF excitation.

The imaging sequence was applied to the transverse cross-section of the 30 mm deep

cylindrical inclusions forming 2D images with circular inclusions. Data was acquired for each

inclusion type (4 inclusion elasticities) and the largest 3 circular cross-section diameters (6.49,

10.41, 16.67 mm) at 3 focal depths (25, 30, 35 mm). Each acquisition was repeated twice;

however, only the �rst acquisition was used unless an error occurred in the data collection

routine. True elastic modulus measurements calibrated by CIRS were reported as follows:

Background (26 kPa), Type 1 Inclusion (6.5 kPa), Type 2 Inclusion (15.3 kPa), Type 3 Inclusion

(49 kPa), and Type 4 Inclusion (88 kPa).
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3.2.2.2 Clinical Acquisitions

Samples from a previously acquired clinical dataset were processed similarly to those from the

CIRS phantom. The clinical data set included VisR data acquired in the lower limb muscles

of male patients, aged 5 to 10 years, with Duchenne muscular dystrophy and in age-match

control boys with no known neuromuscular disorders. Data acquisitions were performed using

the same scanner, transducer, and sequencing as listed in the phantom acquisitions section. All

acquisition procedures were approved by the Institutional Review Board (IRB) of the University

of North Carolina at Chapel Hill. Further information on the collection and composition of

this dataset are reported in [129].

3.2.2.3 Scanner Processing

Raw acquisition data from the scanners was transferred to workstations for custom process-

ing. B-mode images were created through the absolute value of the log-compressed, Hilbert-

transformed RF data. VisR displacements were estimated with 1D axial normalized cross

correlation with parameters listed in Table 3.1. A linear motion �lter was applied to each dis-

placement to remove any low-frequency bulk displacements from the acquisition process

[132]. For each phantom acquisition, on-axis displacement through time data were paired

with the respective axial depth, focal depth, calibrated elasticity, and assumed viscosity and

saved for use in model �tting. Clinical acquisitions were similarly saved aside from pairing

with the true elasticity and viscosity, which is unknown. The clinical acquisition system SNR is

estimated to be roughly 40dB given that the muscle tissue were echogenic, stationary through

the acquisition cycle, and did not contain any large structures with blood �ow.

3.2.3 Semi-quantitative Viscoelastic Response (VisR) Model Fit Procedure

Ultrasonically tracked VisR displacements are �t to a mass-spring-damper (MSD) 2nd order

non-homogeneous differential equation [7, 115]. The MSD model is equivalent to a Kelvin-
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Voigt viscoelastic model with the addition of an acceleration term with mass coef�cient which

captures some of the complex inertial effects of tissue deformation induced by transient ARF

pushes. The base form of the MSD model is as follows:

m z̈(t ) + c �z(t ) + k z (t ) = Au(t ) , (3.1)

where m [Kg] is the mass, c [Nm -1s] is the damper viscosity, k [Nm -1] is the spring stiffness, A

[N] is the applied force magnitude, z(t) [m] is the time-dependent axial displacement, and u(t)

is the time-dependent applied VisR force pro�le. The VisR force pro�le can be modeled as a

series of time-delayed ARF pushes through the following equation:

u (t , t AR F, t s) = H (t ) � H (t � t AR F) + H (t � t AR F � t s) � H (t � 2t AR F � t s) , (3.2)

where H denotes a heaviside step function, t ARF [s] is the ARF push duration, and t s [s] is the time

between the two ARF pushes. This equation generates two square impulses that approximate

the applied forcing function of a double-push VisR beam sequence. Combining 3.1 and 3.2

and rearranging coef�cients leads to the following form:

z̈ (t ) + ! 2� �z (t ) + ! 2z(t ) = S! 2[H (t ) � H (t � t AR F) (3.3)

+H (t � t AR F � t s) � H (t � 2t AR F � t s)] , (3.4)

where w [s-1] is the natural frequency, t [s] is the material relaxation time constant, and S [m] is

the system static sensitivity. These coef�cients are de�ned as follows:

! =

v
t k

m
� =

c

k
S =

A

k
. (3.5)

An analytic expression for z(t) in equation 3.4 is found in the Laplace domain. Non-linear

optimization (Nelder-Mead algorithm) is then used to estimate the coef�cients ( w, t , and
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S) that minimize the difference between the analytic displacement z(t) and ultrasonically

tracked displacement measurements. Once the �t procedure is complete, the coef�cients are

rearranged into the semi-quantitative estimates of elasticity and viscosity, Relative Elasticity

(RE,[m -1]) and Relative Viscosity (RV, [m -1s]), respectively:

R E =
1

S
=

k

A
RV =

�

S
=

c

A
. (3.6)

These parameters are considered semi-quantitative measures of elasticity and viscosity

because each is estimated relative to the unknown applied force amplitude, A. Considering

A varies over axial depth due to the focusing effects of the applied ARF push point-spread-

function, a depth-compensation factor is applied to RE and RV. Additionally, since �tting

displacements to a series of 1D MSD models does not capture the complex system inertia

that develops in an actual tissue environment, a simulation-derived elasticity compensation

factor is applied to the RV estimates. Brie�y, in a continuum environment, the displacement

recovery measured on-axis to the ARF push is due to both the viscoelastic recovery effects of

the media as well as the spatially averaged measure of viscoelastic shearing effect [92]. The

shearing effect is measured as an arti�cially prolonged displacement recovery, which results in

an overestimation of viscosity when using the 1D MSD model. Further details for the derivation

and application of the depth and elasticity compensation factors are documented in [7].

3.2.4 Quantitative Viscoelastic Response (QVisR) Machine Learning Model

Training and Evaluation

3.2.4.1 Preprocessing

Max normalization was applied to each displacement pro�le to remove amplitude differences

caused primarily by the unknown applied force distribution (Figure 3.1). Min-max normaliza-

tion over the respective global parameter range was used for axial depth, focal depth, elasticity,

and viscosity to homogenize the data scales from 0 to 1. The focal depth variable refers to the
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ARF push focus and the axial depth is the displacement estimation kernel location. Displace-

ments were concatenated with the associated axial depth and focal depth of each pro�le to

create the model inputs, and elasticity and viscosity were grouped as the outputs. Dataset

generation for each acquisition type is described in greater detail below:

Simulation datasets were grouped into homogeneous simulations only (Train Hom , TestHom ),

heterogeneous simulations only (Train Het , TestHet ), and a mixture of the two (Train Mix , TestMix ).

The primary difference between the training / validation and testing sets for simulations was the

random scatterer realization since this variable would model noisy differences in the posterior

distribution of the viscoelasticity estimates. Samples from each dataset were assigned a draw

probability to balance classes during training. For example, the background samples of the

Train Het dataset were assigned a lower draw probability than the inclusion samples because the

background for all heterogeneous simulations was the same viscoelastic material combination,

whereas the inclusion material combinations varied. Validation sets were generated as 350,000

sample random splits from the training sets using the aforementioned draw probabilities. To

account for different training set sizes for the Train Hom , Train Het , and Train Mix datasets, an epoch

was de�ned as a random weighted draw of 2 million total samples, e.g. an epoch of Train Hom

draws 2 million homogeneous samples and an epoch of Train Mix draws 1 million homogeneous

samples and 1 million heterogeneous samples.

Phantom images were cropped axially to only include data between 22 and 38 mm to

reduce oversampling of the single background elasticity. Phantom displacements were linearly

interpolated to match the simulation time grid so that model inputs were the same length (43

samples).

3.2.4.2 Model Selection

A Bayesian hyperparameter search was executed for each of the training datasets to minimize

the combined Huber loss of the elasticity and viscosity estimates on the validation sets [133].

Huber loss acts as L2, or Mean Square Error, loss within a delta range and L1, or Mean Absolute

60



Error, outside of this range, providing regularization. Given the elasticities and viscosities were

min-max normalized between 0 and 1, the delta range was set to 1, so the Huber loss acted

as L2 when the summed estimate errors were within normalization ranges and L1 otherwise.

Additionally, combining losses with this normalization equally weights penalties for elasticity

and viscosity estimates. This search found similar optimal hyperparameters for each training

dataset, and so the Train Mix parameters were used for all cross-validation runs to standardize

training. Using the random weighted sampling procedure described above, 11 cross-validation

runs were performed for each train dataset resulting in 33 trained models.

For each cross-validation training run, a fully-connected, feed-forward, multi-layer per-

ceptron neural network model was trained for 150 epochs with an ADAM optimizer [134], a

learning rate � of 0.0037, �rst moment � 1 of 0.9, second moment � 2 of 0.999, a batch size of

4096 samples, and early stopping. The model consisted of four hidden layers with the following

neuron count connecting each layer: 128, 256, 256, 128, 64. The concatenated displacements,

axial depth, and focal depth had an input size of 45, and jointly estimating elasticity and viscos-

ity gives an output size of 2. Hidden layer neurons used Tanh activation functions and Softplus

activation was used on the 2 output neurons to constrain the model to positive elastic and

viscous moduli predictions. Model performance results are reported as the root mean square

error.

3.2.4.3 Fine-Tuning

Using model weights trained with simulated data, �ne-tuning was performed by lowering

the learning rate to 0.0001 and further training for 5 epochs on the phantom displacements.

Early stopping was employed while monitoring the combined Huber loss on simulation and

phantom displacement estimates on the validation sets. The �ne-tuning training set contained

phantom acquisitions from the 10.41 mm and 16.67 mm cross-sectional diameter inclusions

with 25 mm and 35 mm focal depths. Performance was tested on the 6.49 mm cross-sectional

diameter inclusion with a 30 mm focal depth.
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3.2.5 Performance Metrics

Quantitative elasticity and viscosity estimations using QVisR are evaluated with the quantitative

Root Mean Square Error (RMSE) metric [135]. Given the large sample sizes and approximately

normal error distributions, RMSE is appropriate to give an average estimate of the error in

the correct unit of the estimate (kPa for elasticity, Pa.s for viscosity). When comparing semi-

quantitative estimates of elasticity and viscosity (VisR RE and RV) to each other and to the

quantitative estimates, the semi-quantitative metric, Generalized Contrast to Noise Ratio

(gCNR), is used [25]. This metric allows comparison of the ability to delineate the contrast

between image patches independently of any dynamic range transformations to the data.

3.3 Results

Figure 3.2: Elasticity (a) and viscosity (b) RMSE grouped by train and test simulation datasets
for each cross-validation training run. RMSEs displayed are over samples in the test sets (color)
with an SNR of 50 dB. Square marker points represent the subset of Test Hom and TestMix with
parameter ranges �ltered to match Train Het ranges (e.g., TestHom elasticities greater than 36.67
kPa were removed since 36.67 kPa is the max elasticity in Train Het ).

Fig. 3.2 shows QVisR elasticity (panel a) and viscosity (panel b) estimation RMSE for each

train and test material subset pairing cross-validation run. Neural networks are poor at extrap-

olation [136], so results for the Train Het models were �ltered to exclude estimates on Test Hom
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Figure 3.3: Elasticity (top row) and viscosity (bottom row) RMSE grouped by distance from
displacement axial depth to ARF push focal depth with varying elasticity (left column), viscosity
(middle column), and focal depth (right column). Points and shading represent the mean �
max and min RMSE over the 11 cross-validation Train Mix models. RMSEs were calculated over
all seed realizations with an SNR of 50dB in the Test Hom dataset.

samples that were outside of the simulated heterogeneous dataset parameter ranges (�ltered

subset RMSEs represented by square markers in Fig. 3.2).

Fig. 3.3 depicts QVisR TrainMix model RMSEs on the TestHom dataset grouped by axial dis-

tance to the focal depth. Due to displacement pro�les being measured only from 10-40mm,

some focal depths within the distance to focal depth ranges (colors) have sparse data as illus-

trated by truncated lines in Fig. 3.3c and 3.3f. Results are shown with varying test set elasticity,

viscosity, and focal depth.

Fig. 3.4 compares QVisR TrainMix model RMSEs on the TestMix set when grouped by SNR.

Results are shown with varying test set elasticity, viscosity, focal depth, and scatterer realization.

At 20 dB system SNR, the estimate RMSEs are no longer viable representing a lower limit of

noise where QVisR is no longer a good estimator. Signi�cant spiked decreases in RMSE for

lower SNRs (� 30 dB) at elastic moduli of 22 kPa and 28 kPa as well as viscous modulus of 2.34
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Figure 3.4: Elasticity (top row) and viscosity (bottom row) RMSE grouped by SNR for varying
elasticity (�rst column), viscosity (second column), focal depth (third column), and scatterer
realization (fourth column). Points and shading represent the mean � max and min RMSE over
the 11 cross-validation Train Mix models. RMSEs calculated over all samples in the Test Mix set
except those greater than 20mm below the focus.

Pa.s indicate moduli that are present only in the heterogeneous dataset. Similar alternating

spikes in the focal depth subplots are also caused by these moduli since the RMSE at each focal

depth is averaging over all elasticities and viscosities and the lower RMSE spikes occur at the

focal depths in the heterogeneous dataset.

Fig. 3.5 shows the point-wise axial QVisR estimates of elasticity and viscosity in heteroge-

neous inclusion simulations. Results are shown for heterogeneous materials with the following

inclusion elastic and viscous moduli pairs: (15.56 kPa, 0.01 Pa.s), (15.56 kPa, 3.90 Pa.s), (36.66

kPa, 0.01 Pa.s), and (36.66 kPa, 3.90 Pa.s). The heterogeneous material background was held

constant with 26.11 kPa elastic modulus and 2.34 Pa.s viscous modulus. Heterogeneous mate-

rial axial estimation results are shown at 4 lateral offsets from the inclusion center (0 mm, 2.5

mm, 4.0 mm, and 7.0 mm). The 7.0 mm lateral offset measurements are completely outside the

inclusion boundary so the material is homogeneous over the axial extent (Fig. 3.5 d, i). Results
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Figure 3.5: Point-wise axial estimates of elasticity (top row) and viscosity (bottom row) for
heterogeneous and homogeneous simulation samples. Four heterogeneous inclusion viscoelas-
ticity combinations (colors) are shown for each inclusion center lateral offset (a-d and f-i). The
homogeneous sample matched the background viscoelasticity of the heterogeneous samples
(e, j). Estimates (solid lines) are plotted over true (dashed lines) elasticities and viscosities. Each
sample was drawn from a random seed realization in the Test Mix set and have a �xed focal
depth of 25 mm and 40 dB SNR. Estimate results are plotted with a � 1 mm sliding axial median
�lter. Estimates shown for the Train Mix cross-validation model with the lowest Test Mix RMSE.
True moduli values follow the shape contour of the heterogeneous inclusion diagram in the
bottom right corner (e.g., a and f are the center of the inclusion and d and i are outside the
inclusion so the material is homogeneous over the whole axial range).

in a separate homogeneous simulation matching the heterogeneous simulation background

viscoelasticity are also plotted (Fig. 3.5 e, j).

Fig. 3.6 shows the VisR MSD relative elasticity as well as both simulation-trained and phan-
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Figure 3.6: Calibrated cylindrical step phantom bmode-segmented true elasticity reference
(1st row) compared with VisR MSD model �t relative elasticity (2nd row) and QVisR estimated
elasticities before (3rd row) and after (4th row) �ne-tuning. Each column is a different inclusion
type with varying inclusion elasticity and a �xed background elasticity (calibrated inclusion and
background elasticities marked on the elasticity colorbar). The segmentation mask inclusion
boundary is overlaid in transparent white on the estimate images to mark the outer extent
of the inclusion. Overlaid statistics were calculated using 2 mm square image patches in the
center of the inclusion and to the right of the inclusion.
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