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Periodic Correlation in Stratospheric Ozone Data

Absetract. A fifty-year time series of monthly stratospheric ozone readings from Arosa, Switzer-
land is analyzed. The time series exhibits the properties of a periodically correlated (PC) random se-
quence with annual periodicities. Spectral properties of PC random sequences are reviewed and a test
to detect periodic correlation is presented. An ARMA model with periodically varying coefficients
(PARMA) is fit to the data in two stages. First, a periodic autoregressive model (PAR) is fit to the
data. This fit yields residuals that are stationary, but non-white. Next, a stationary ARMA model is
fit to the residuals and the two models are combined to produce a larger model for the data. The com-
bined model is shown to be a PARMA model and yields residuals that have the correlation properties

of white noise.

Keywords: Periodic correlation, spectral analysis, coherence statistic, ARMA model, PARMA

model, Yule-Walker estimation.

1. INTRODUCTION

Many real valued random sequences show nonstationarity in the form of periodic correlation.
A random sequence {X, } with finite second moments is called periodically correlated (PC) with period

T if p(n) = E[X,] and C(m,n) = Cov(X ,, X,,) are periodic with period T
p(n+T)=p(n) and C(m+T,n+T)=C(m,n). (1.1)

To avoid ambiguity, the period T is taken as the smallest positive integer such that (1.1) holds. When
T =1, {X,} is covariance stationary and will be referred to as stationary for short. One can always
assume that p(n) =0 by examining {X "= ;A(n)}; in practice, the periodic sample mean is subtracted

from the data.



This paper is concerned with modeling the correlation structure of stratospheric ozone data. A
model is developed for a data set, plotted in Figure 1, that contains 50 years of monthly observations
from Arosa, Switzerland. The development of adequate models for ozone data is important in the pre-
diction of future values and in the analysis of possible trends (Hill et al.,, 1986). A natural choice for
the period is T = 12; this choice will be statistically justified by a test presented in Section 3. Figures
2a and 2b, which plot the monthly sample mean and standard deviation of the data set in Dobson

units, clearly indicate that the data are nonstationary.

Section 2 briefly reviews frequency domain theory for PC random sequences. Section 3 dis-
cusses spectral estimation and presents a test for detecting the presence of periodic correlation. Section
4 introduces a class of models for PC random sequences and discusses estimation of model parameters.
In Section 5, these ideas are applied in the development of a model for the Arosa data. The goodness

of model fit is evaluated by examining the correlation properties of its residuals. Section 6 summarizes

the paper.

2. FREQUENCY DOMAIN THEORY

Suppose {X .} is PC with period T. The frequency domain approach to the study of PC time
series is based on the fact that {X,} is harmonizable in the sense of Loéve (1978, §37.4); that is, {X,}

has the spectral representation
2x . A
X, = J e'"rdZ(2), (2.1)
]

where {Z()), 0 < A < 27} is a mean zero complex valued random process. The second order structure

of {Z()), 0 < A < 27} is described by the complex valued bivariate signed measure R with increments

R(dA,dAy) = E[dZ(A)AZ(0)],  (Apg) € [0,2m)x{0,27). (2.2)



If {X,} is stationary, then Z()) has orthogonal increments: E[dZ(),)dZ(};)] =0 if A, # ),. In this
case, R is supported on the main diagonal A, = A,. If {X,} is PC with period T, then Z()) has period-
ically correlated increments: E[dZ(,\l)tTZ_m] = 0 unless A\, = A, +%’;’5 for some k€ {0, £1, ...,
+(T -1)} (Gladyshev, 1961). In this case, R is supported on the 2T —1 parallel diagonal lines
Ay = +2§.15, k=0,+1,... ,. £ (T — 1) restricted to the bifrequency square [0,21'))((0,2#). Figure 3

graphically describes this support set.

Let {X,} be PC with period T and let G(d)) be the differential of R along the diagonal line

A=A+
Gy(d)) = E[dZ(A)dZ(A + V)], A €[0,27), ¥ € (—2m,27), (2.3)

where A+ ¢ is taken modulo 2% if necessary. The main diagonal component of R has the same
interpretation as the spectrum of a stationary sequence: Ggy(dA) = R(dA,dA) = E[ [dZ(}) |2] We
assume that G, has the density Gy(dA) = go(A)dA. Then the remaining components also have densi-
ties: Gy(d)) = g,(A)dA (Hurd and Bloomfield, 1992). The periodic diagonal nature of the support set
of R (see Figure 3) implies that g,(A) =0 unless ¢ € {0, :l:%f-, :i:%-’f—, c e, :!:3(1#}. A test to

detect periodic correlation based on this principle is discussed in Section 3.

There is a relationship between the correlation structure of {X,} and the spectra g (A): set
B(n,7) = Cov(X,,,X, , ). For each fixed 7, B(n,) is a periodic function in n with period T. Thus,

B(n,t) has the Fourier representation
T-1 /T 4
B(n,7) = E By(r)e*™*" T, (2.4)
k=0

Hurd (1989) shows that By (7) is related to g_,. /T(’\) by



2x .
Byr) = [ Vg pr(ar (23)

The symmetry relationship g,,(A) = g_,(A+¢) follows from (2.3); hence, it is sufficient to
consider g,(A) for ¢ € [0,27) only. The main diagonal spectrum, go(}), like the spectrum of a station-
ary sequence, is real valued and nonnegative. In general, the other spectra are complex valued, but

satisfy the Cauchy-Schwarz inequality
| 94(A) 12 < 9o(N)go(A + ¥). (2.6)

3. FREQUENCY DOMAIN ESTIMATION

Suppose {X,, X,, ..., Xy} is a sample from a mean zero PC time series with period 7. To
avoid complexities later, assume that the data record contains d full years, that is, assume d = N/T is
an integer. The discrete Fourier transform of the data sample is defined at the Fourier frequency

Aj=2rj/N by

Foin) = L NX sin-1A; L N
w( f)“m Y Xe (i=0,1,...,N=1). (3.1)

n=1

The bifrequency periodogram is computed at each Fourier frequency pair (A,A.) in [0,27)x[0,27) via
1k

r(A;0) = In( )T 0)- (3.2)

In the context of spectral estimation from a data sequence of length N, let g;(-) be shorthand notation
for g,\h( )= 92rh/N(’ »he{o, £1,..., £(N-1)}. An estimate of 9r(A;) 18 Go(X;) =r(A; 45 4 p)

Assuming only that the density g;(A) exists, one can show that §,()) is asymptotically unbiased:



Jim_ EG,(0)] = 9,() (3.3)

(Hurd and Bloomfield, 1992). However, as with stationary spectral estimation, §,()) is not a con-
sistent estimator of g,()); consistency is obtained by smoothing g,(A). Hurd and Bloomfield (1992)
show that if {X,} is a Gaussian time series, then a consistent estimate of g,()) is obtained if the

smoothing bandwidth by, satisfies b, = 0 and Nby; — 0o as N = oo.

An M point one-sided uniform smoothing of gj(A ;) is

1 M-1 1 M-1
Gn,m(3j) =37 Zf""‘“m) =47 Z_:OIN(A i +mINCG 4 htm) (3.4)

We recommend a centered smoothing for estimating the density g,()); however, our interest lies with
finding correlations in the discrete Fourier transform; hence, the computationally convenient one-sided
smoothing in (3.4) will be used in the ensuing coherence calculations. The discrete Fourier transform is

extended in the usual periodic manner of

IN(AN 4 5) =1IN(A)) (3.5)

when a frequency of 27 or more is encountered in (3.4).

A test for detecting periodic correlation in {X,} against the stationary nuil hypothesis was
recently presented by Hurd and Gerr (1991). A variant of this test will be used in our numerical work
that follows. The test is based upon the following fact: if {X,} is stationary, then g,(A) =0 for all
h#0; if {X,} is PC with period T, then g,(A) =0 except when h is an integer multiple of d = N/T.

The idea is made more precise by defining



2
M-1

|9h, () |2 m2=:01 NG+ m NG h s m)

To. Vi M1 M = ’
o,M\*j/90, M\ i+ h EO|IN(/\j+m)I2 ZolfN('\j+h+m)|
m=

m=

|78, M(3)) |2 = (3.6)

The quantity | v pr(A;) | 2 is called Goodman’s squared coherence statistic (Goodman, 1965) and takes

values in the interval [0,1] only. The squared coherence statistic is symmetric about the line A; = Ay:

|7h,M('\j)|2 = |7-h,M(’\j+h)|2v (3.7

in view of which it is sufficient to consider |y, pr(A;) | 2 for h > 0. Note that o, M(};) is real valued

To detect periodic correlation in {X,_}, Goodman’s squared coherence statistic is computed for
allhe{l, 2,..., N—1} and A; such that 0 < A; < 2x. When a frequency of 2x or more is encoun-
tered in the computations, (3.5) is used. Next, the percentage of squared coherence statistics exceeding
a preset thieshold is computed along each diagonal line h > 1. The exceedance percentage is plotted
against the diagonal line index h. If {X,} is PC with period T, then the ezceedance percentage should
be small whenever h is not a multiple of d and should be large for some h’s that are multiples of d.
Thus, this diagonal ezceedance percentage plot should reveal large values at some multiples of d. If

{X,} is stationary, no large values should appear in the diagonal exceedance percentage plot.

To determine the preset squared coherence threshold, the distribution of | v, as(3;)| 2 must be
known under the null hypothesis that {X,} is stationary. The squared coherence distribution is known

explicitly only for the case where { X} is mean zero Gaussian white noise and h # 0:

Pllyam)12>2z]=1-aM1, 0<z<y, (3.8)



(Goodman, 1965). One can justify the beta type distribution in (3.8) as an asymptotic distribution of
the squared coherence statistic under a wide variety of departures of {X_} from both normality and
white noise. This robustness essentially follows from the asymptotic normality of Ix(2;) (see Brock-
well and Davis, 1987, §10.3) and the uncorrelated nature of I'n(};) and Tn(X) when A, # A, A
simulation study by Hurd and Lund (1991) has shown that the distribution in (3.8) is very robust
against departures from bot.h normality and white noise even for small values of N. Hence, the
threshold 1—(.05)”1-‘T provides an approximate 95% degree of statistical confidence. See Hurd and

Gerr (1991) for remarks on the selection of M.

Figure 4 displays the diagonal exceedance percentage plot of the Arosa data with the periodic
sample mean removed and M = 8. The plot clearly indicates a large exceedance percentage at h = 50
indicating that d = 50, or equivalently, that T' = 12. The squared coherence statistic exceeds the 95%
threshold of .348 at 41.0% of the frequencies along the line A = 50, much larger than the approximate
5% expected under the null hypothesis of stationarity. When (3.5) is used, the diagonal exceedance
percentage plot is symmetric about A = 300; thus, one need o.nly plot the exceeding percentage for

1< h < 300.
4. MODELS FOR PERIODICALLY CORRELATED RANDOM SEQUENCES

PARMA Models

Periodic correlation can be introduced into an ARMA model when the coefficients of the model
are allowed to vary periodically with time. This leads us to the class of periodic autoregressive moving

average (PARMA) models.

For clarity, the notation of Vecchia (1985a) is adopted and {X;} is indexed by year and
season: X, 7 ., refers to the time series during the vth season of year n > 0. The total number of

seasons per year is T and the seasonal index v satisfies 1 < v < T. The random sequence {X,} is said



to follow a PARMA model if

p(v) q(v)
XaT +u -kE_:lm(v)X..:r -k = g_:oak(")fnr ru—k (4.1)

where {¢;} is mean zero white noise with Var(¢;) = 1. The coefficients ¢, () and 6;(v), and the orders

p(v) and ¢() can vary with the season and are extended periodically in the variable v to all integers.

Some ARMA difference equations do not have stationary solutions; likewise, (4.1) may not
have a solution that is PC with period T. Necessary and sufficient conditions guaranteeing the
existence of a solution to (4.1) that is PC with period T, to our knowledge, have not yet been found.
When {X;} is blocked into “yearly” vectors of dimension T, an ARMA difference equation for the
yearly vectors can be derived. Stationarity results for multivariate ARMA sequences can be used to
produce sufficient conditions guaranteeing the existence of a solution to (4.1) that is PC with period T'.

The reader is referred to Vecchia (1985a) for more details.

Model 4.1 has a total of T+ 3 {{ p(v) + q(v)} parameters. In the analysis of the Arosa data,

the simple first order periodic autoregressive PAR(1) model

XnT+v=¢(V)XnT+u-—l+”(”)€nT+u (4°2)

is used. Here, {¢;} is mean zero white noise with Var(¢;) =1. Model 4.2 has p(v) =1, ¢q(v) =0,
é,(v) = é(v), 85(v) = a(v), and a total of 2T parameters. A special case of model 4.2 with a constant

#(v) = ¢ was used to analyze ozone data by Reinsel and Tiao (1987).

Suppose { X} is a PC random sequence with period T'. For notation, let

1.7 =EX 7  Xor4v-,1=Bv,~7) (20 and v=12,...,T) (4.3)



be the correlation function for season v. The PC nature of {X;} causes one to extend v,(r) period-

ically: 7,74 ,(7) =7,(7). Also, v,(—7) for 7 > 0 is evaluated with v,(—7)= 7, , (7).

Theorem 1 establishes the correlation properties of model 4.2; the proof is in the appendix. A

product over an empty set of indices is interpreted as unity in parts () and (c).

Theorem 1  Suppose {X;} has bounded second moments and satisfies the assumptions of model 4.2.
(a) Then {X;} is PC with period T if |#(1)6(2) . . . ¢(T)| < 1.
() If |6(1)8(2) . . . 6(T)| <1, then
v v 2 T T
Var(X,p4,) = ) o*(b) ( 11 ¢(1))’+1#-;{ Y o) ( 11 ¢(l))’}
k=1 l=k+1 - k=1 I=k+1
where r, = ¢(1)p(2) . . . ¢(v) forv=1,2,...
=1

(e) If |16(1)2) . .. &(T)| < 1, then y,(r) = ( II ¢(u—z))Var(XnT to—r)

1=0
forr>0andv=1,2,...,T. |

Now consider model 4.2 with a mean zero, unit variance, stationary error sequence {¢;}.

Theorem 2 establishes two properties of this model. Again, the proof can be found in the appendix.

Theorem 2  Suppose {X;} has bounded second moments and satisfies the assumptions of model 4.2
ezcept that {¢;} is a mean zero, unit variance, stationary random sequence.
(a) Then {X;} is PC with period T if |$(1)¢(2) . .. ¢(T)| < 1.
p q
(b) If {¢;} follows the stationary ARMA equation ¢, — Z Vi =k = E Brwn — k,
k=1 k=0
where {w;} is mean zero white noise and By = 1, then {X,} follows the PARMA model 4.1 with

P(V) =p+ 1; q(u) =gq; ek(u) = ﬂka(y)’ 1 < k <gq; ¢1(y) = ¢( )+ ‘)8/0(11))

_dw—k+1 —o(v)1,9(v - p)
0u) = o0 i - B 2 <k 64000 = B
and the same white noise sequence {w;}. 8]



Part (b) of Theorem 2 suggests building models for PC data sets in stages: first, determine a
simple PAR model that leaves stationary residuals. Next, fit a stationary ARMA model to the
residuals. Finally, combine the models with equations similar to those found in part (b) of Theorem 2.

This procedure is illustrated with the Arosa data in Section 5.

Parameter Estimation for Model {.2

An algorithm to compute approximate maximum likelihood parameter estimates for the
general PARMA model is in Vecchia (1985b); Yule-Walker moment estimates for the general PAR
model are computed in Vecchia (1985a). For the Arosa data, it will be sufficient to estimate

parameters for the PAR(1) model 4.2.

Yule-Walker moment estimators for model 4.2 are obtained by equating sample correlations to

theoretical correlations. Multiply (4.2) by X7, , jfor j =0, 1 and take expectations to obtain

7,(0) = é(v)y, (1) + 0’2(1/) and  v,(1) = é(v)v, _1(0). (4.4)

The relationship E[X, 7, , _ a7 4, = o(v)l(o)(j) used in the derivation of (4.4) is easily justified
from the causal relationship (A.5) established in the appendix during the proof of Theorem 1. A

moment estimator of v (J) is

d-1
e =§ Zox,,“,,x,,“,,_j w=1,2...,T), (4.5)
n=

where d = N/T is the number of years of data and X; =0 for i <0. The Yule-Walker parameter

estimates are obtained from (4.4) by substituting ¥,(j) in for v,(j):

)=z FO=R,0-30R0  G=L2...T. @9

10



Recall that ¥,(j) is interpreted periodically in the variable ». The Yule-Walker estimates are easy to
compute and have many desirable properties. Troutman (1979) has shown that #%(v) >0 and
| #(1)8(2) . . . #(T)| <1 when the data is seasonally non-constant. Hence, the fitted model is PC
with period T. Pagano (1978) has shown that the Yule-Walker parameter estimates are asymptotically

most efficient when the error sequence {¢;} is normally distributed.

Approximate maximum likelihood parameter estimates can also be obtained for model 4.2
under the assumption of a normally distributed error sequence {¢;}. The approximation arises by
setting X; = 0. For notation, let € = {¢;, €5, . . . , €5}’ and X= {Xy X5 ..., Xy}, One can use

the governing difference equation (4.2) to obtain
AX =¥¢, (4.7)

where I is a NxN diagonal matrix with £, 7, .74, = o(v)forn=0,1,...,d-landv=1,2,.
.., T, and A is an invertible NxN unit diagonal matrix whose only other nonzero entries are
ApT 4onT4+v-1= —d@)forn=0,1,...,d-1;v=1,2,...,T;and nT +v > 2. Thus, X has

an N-variate normal distribution with mean zero and covariance matrix 4 ~1%(4 ~1).

Let L(f( ; &",:Z) denote the approximate likelihood function evaluated at the data vector X when
the parameter vectors are ¢ = (#(1), #(2), . .., &(T)) and & = (o(1), 0(2), . . ., 6(T)) respectively.
Using det(A) = 1 and the form of the multivariate normal probability density function, one obtains

L(X; $,6) = (27) = N/{det(s2)} - V/ 2exp{ -1 (a%yz- 2(AJZ’)}. (4.8)

Taking the logarithm of (4.8) and using the form of X produces

11



2
d-1

T —-é(v
~ log{ £(X; ¢,a)}—~los(27r)+d2los{v(u) P Z_II(X"“” . )X"T*"")-(4.9)

o(v)

Explicitly minimizing (4.9) via differentiation produces the maximum likelihood estimates

o) = A;’"(l ()0) and  #(v) = 7,(0) - 6(»)5,(1) v=12...,T) (4.10)

which are the same as the Yule-Walker estimates. One advantage with the maximum likelihood
approach occurs when restrictions exist between the parameters, for example, suppose ¢(v) = ¢y + ¢, V.
Then it is not clear how to modify the moment estimates in (4.5) while, one could always minimize the
negative log likelihood in (4.9) numerically over the variables of interest. This issue will surface again

in Section 5 when the total number of parameters modeling the Arosa data set is reduced.

To evaluate the exact likelihood function, the covariance matrix of X must be computed ex-
plicitly. In principle, this covariance matrix can be obtained from parts (b) and (c) of Theorem 1; in
practice, one would still have to invert the NxN covariance matrfix to evaluate the approximate
negative log likelihood function in (4.8). We note that this drawback is completely bypassed with the

approximation X, = 0.

5. MODEL DEVELOPMENT FOR THE AROSA DATA

Figure 5 plots the model 4.2 parameter estimates for the mean subtracted Arosa data as
computed with (4.6) and\or (4.10). An approximate negative log likelihood of 2408.535 was obtained.
This 24-parameter model will be called the full model. Figure 5 shows that both $(u) and &(v) vary
from month to month, with &(») following an approximate sinusoidal shape. To evaluate the fit of the

full model, the residuals

z XnT+u—¢(”)XnT+u—l
nT+u U(V)

(5.1)

12



with & = X,/G(1) are examined. If the full model fit is good, the residuals should have correlation

properties similar to those of white noise.

Figure 6 displays the diagonal exceedance percentage plot of the residuals with M =8. The
plot shows that the large exceedance percentage in Figure 4 at h = 50 has been removed; this provides
statistical evidence that the residuals are from a stationary sequence. Figure 7 plots gy(A), the
unsmoothed periodogram of these residuals. The periodogram has a U-shaped feature indicating that
the residuals may not be white noise. To test this hypothesis statistically, the portmanteau test (see
Brockwell and Davis, 1987, pg. 300) is applied to the residuals over the first 25 lags. The test statistic
for the Portmanteau test is NV times the sum of the square of the residual’s sample correlation function
over the first 25 lags. Under the null hypothesis that the residuals are white noise, one anticipates a
small test statistic. In this case, the value of the portmanteau test statistic was 68.823 which produces
a p-value of 5.75x10 ~® when compared to a chi-squared random variable with 25 degrees of freedom
(the approximate null hypothesis distribution). . Thus, there is statistical evidence that the full model
has removed the periodic correlation in the data and that the error terms belong to a stationary, but

non-white random sequence.

One can attempt to reduce the total number of parameters in the full model by parametrizing

#(v) and o(v) as a short Fourier series (Jones and Brelsford, 1967). Parametrize ¢(v) and o(v) via

#(v) = al{l +aye WT‘%—))} ov) = a4{1 +age M)} (5.2)

The a;’s for this six-parameter reduced model can be selected by minimizing the approximate negative
log likelihood in (4.9). This was numerically performed and produced &; =.314+.042, &, =.282 +
169, a; = —2.001 £ 1.207, a, = 230.797 £ 14.141, & = .788 £.020, ag = 1.792 £+.160, and an approx-

imate negative log likelihood of 2419.790. Uncertainties are one standard error and were calculated

13



from an approximation to the observed information matrix. The estimates of ¢(v) and o(v) for the

six-parameter reduced model are plotted in Figure 5.

Twice the difference between the approximate negative log likelihoods of the full model and the
six-parameter reduced model is 22.51. This produces a p-value of .210 when compared to a chi-squared
random variable with 18 degrees of freedom; hence, we prefer the six-parameter reduced model over the
24-parameter full model. The parameter estimates for the six-parameter reduced model and their
standard errors indicate that a, may not be significantly different from zero. Hence, let us parametrize

#(v) and o(v) with

dV)=¢,  oFv)= a4{1 + age EL"I‘T"Q)} (5.3)

This model will be called the four-parameter reduced model. The approximate maximum likelihood
estimates of the parameters in (5.3) and their approximate standard errors are é = .293 +.038, a, =
231.579 + 14.603, &g = 0.787 +.031, and ag = 1.786 £.160. The four-parameter reduced model pro-
duced an approximate negative log likelihood of 2421.057. Twice the difference between the approx-
imate negative log likelihoods of the six-parameter reduced model and the four-parameter reduced
model is 2.534. This pr(;duces a p-value of .282 when compared to a chi-squared random variable with
two degrees of freedom; hence, we prefer the four-parameter reduced model over the six-parameter

reduced model. The estimates of ¢(v) and o(v) for the four-parameter reduced model are plotted in

Figure 5.

Figure 8 presents the diagonal exceedance percentage plot of the residuals for the four-
parameter reduced model with M = 8. Again, the large exceedance percentage at h = 50 is absent.
Figure 9 plots gy(A), the unsmoothed periodogram of the four-parameter reduced model’s residuals.
This periodogram displays the same U-shaped feature encountered with the full model’s residuals.

Applying the portmanteau test to these residuals over the first 25 lags produces a test statistic of

14



67.756. The p-value of this test is 8.25x10 6. Thus, there is statistical evidence that the four-

parameter reduced model’s residuals are stationary, but not white noise.

The full model and the four-parameter reduced model both produced stationary, non-white
residuals. We proceed with the four-parameter reduced model because of its fewer total parameters.
As suggested in Section 4, a stationary ARMA model is fit to the residuals of the four-parameter
reduced model. The optimal ARMA model for these residuals as selected by both the AIC and BIC

criterions (Brockwell and Davis, 1987) is the ARMA(2,1) model
G181 — Y 2 =W+ By (5.4)

The maximum likelihood estimates of the parameters in (5.4) are ¥; = .644 +.080, 7, = .206 +.042,
and ﬁl = —.738 +£.077. The estimated white noise variance of {w;} is 0.943. The model fitted in (5.4)
yields E[??] = 1.0004 which is roughly consistent with the model 4.2 assumption that E[¢?] =1. The
ARMA model in (5.4) and the PAR(1) four-parameter reduced model can be combined with part (b) of
Theorem 2 to produce a PARMA model with the seasonal orders p(v) = 3 and ¢(v) = 1. We omit the

listing of the PARMA model’s coefficients.

As a final check, the residuals of the combined PARMA model are analyzed. These residuals

are computed recursively via

pv) atv)
XoT 4o —kZ 6(V)X T 40~k —kE 0 (V)onT 40—k
=1 =1

& = = = y 5.5
nT +v 00(11) ( )

where X; =0 and &; = 0 for i < 0.

Figure 11 displays the diagonal exceedance percentage plot of the combined model’s residuals
when M =8. The plot shows no large exceedance percentages; hence, the combined model has

removed the periodic correlation in the data. Figure 12 plots §o(A), the unsmoothed periodogram of

15



the combined model’s residuals. This periodogram does not appear to deviate sharply from a white
spectrum. Applying the portmanteau test over the first 25 lags to the combined model’s residuals
produces a test statistic of 22.728. The p-value of this test is .593. Thus, there is statistical evidence
that the combined model’s residuals are white noise. Hence, the combined model appears to fit the

data well.

At this point, a few remarks are in order. First, one can check that | $(1)é(2) ... &(T) | < 1
for both the full and the four-parameter reduced models. Part (a) of Theorem 2 allows us to infer that

the combined fitted PARMA model is PC with period T'.

The second remark concerns a drawback of the staged model building procedure. The
approximate negative log likelihood in (4.9) was derived under the assumption of an uncorrelated error
sequence {¢;}. When {¢;} is stationary, the approximation in (4.9) may not be as accurate as in the
case where {¢;} is uncorrelated. One can derive an analogous likelihood for (4.9) that includes the
covariance structure of {¢;}, but the calculation is very cumbersome. Since the model fit diagnostics

gave no indication of any inconsistencies, this calculation will not be performed.

6. SUMMARY

A PARMA model was developed for a data set containing 50 years of monthly stratospheric
ozone readings. The data set tested positive for periodic correlation with a period of 12 months. A
model for the data was built up in two stages: a PAR(1) model was first fit to the mean adjusted
data. The number of parameters in the PAR(1) model was reduced by expressing the seasonal
parameters as a short Fourier series. The PAR(1) model fit yielded residuals that were stationary, but
non-white. Next, a stationary ARMA model was fit to the residuals of the PAR(1) model. Finally,
the PAR(1) model and the ARMA model were combined to produce a PARMA model for the data.

The combined PARMA model was judged to be adequate from an analysis of its residuals.
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APPENDIX
Proof of Theorem 1
Let {17”} be the T dimensional random vector containing the data from the nth year, that is, the vth
component of 17',, is X, p4,forv=1,2...,T. To prove (a), assume that |ry| <1, and note
that it is sufficient to establish the multivariate stationarity of {f’n} (Gladyshev, 1961). From the

governing difference equation of model 4.2, one can show that {}7'"} follows the T dimensional AR(1)

model
Y,=06Y,_,+Z, (A.1)
where @ is a TxT matrix whose only nonzero entries are &, 1 =r, = ¢(1)¢(2) . . . ¢(v) for v =1, 2, .

.., T and {Z o} is T dimensional mean zero white noise whose covariance matrix I' has the form

min(s, j) i j
T, ;=2 ok ( II ¢(1)) ( II ¢(1)) G,j=1,2...,7T). (A.2)
k=1 l=k+41 Il=k+1
Recursing (A.1) provides
i d k el -y
V.- ®Z,_;=rke¥,_,_, for k>0 (A.3)
1=0

when the relationship ok+1 = r’T‘-Q, k > 0 is applied. Define the mean squared norm on the T dimen-

sional random vector V by ||V ||2 = tra.ce(E[f;V"] ) Then (A.3) yields

ko ) )
Po- 3097, | =13 trac SE[ ¥, _, (Vi 4 1%) © (A
i=o

The right hand side of (A.4) goes to zero as k = oo because |rp| <1 and {X,} has bounded second

moments. From this, one obtains the causal mean square representation
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") -
Y,= ) ®Z, _. (A.5)

From (A.5), one can verify that {}7"} is a mean zero T dimensional stationary random sequence with

o0
Y @i +hr(@iy for h>0
7=0
w . . ‘
Y @@ hy forh<o
1=0

E[ ¥, nP0l= (A.6)

This proves (a). Use (A.6) with h =0, ®*+1 = r’f-(b for k > 0, and sum a geometric series to obtain

E[ ¥ P ]=T+ 1_1173'. TV, (A.T)

With (A.2), the diagonal of the matrix on the right hand side of (A.7) can be evaluated as

v v 2 T T
Var(X,r4,)= Zv”(k)( II ¢(1))’+I:23T-{2 ”2(")(, II ¢(1))’ } (A-8)
1

k=1 Il=k+1 k=1 =k+

A product over an empty set of indices is interpreted as unity in (A.8). This proves (5). Recursing

(4.2), using the causal relationship in (A.5), and taking expectations produces

r—1
v,(r) = ( II ¢(u—i))Var(XnT tv-r) (20 and v=12,...,7). (A.9)

1=0
which proves (c). 0

Proof of Theorem 2

Notice that (A.1) and (A.5) still hold, but now {Z“} is a stationary T dimensional random sequence
with the covariance matrix function I'(h) = E[ Z n+ hZ'n ] say. When |rp | <1, Fubini’s Theorem

yields

18



00 .
E[Y, 7, ]1=) ) ®T(h-j+k)(2F). (A.10)
J=0k=0
Hence, {)7"} is a T dimensional stationary random sequence and Gladyshev’s result (Gladyshev, 1961)
stipulates that {X;} is PC with 'period T. This proves (a) and (b) follows from simple algebraic

manipulation. 8]
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Figure 3: Support Set of a PC Random Sequence (2m,27)
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Figure 6: Diagonal Exceedance Percentage Plot of the Full Model's Residuals
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Figure 8: Diagonal Exceedance Percentage Plot of the Four—parameter Reduced Model’s Residuals
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50

T T M T A T T

10

0 50 100 150 200 250
Diagonal Line Index

Figure 11: Main Diagonal Periodogram of the Combined Modsl's Residuals

1.4

300

T T T T L T T T T T T

1.2

1.0

0.8

0.6

0.2

Q A 4l 4 I i I i i n i IM

T.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 2.25 2.50 2.75
Frequency

3.00

3.25



2051

2052

2053
2054

2055

2058

CHAKRAVARTI, LM.: A three—class association scheme on the flags of a finite projective plane

:a- m..%av design defined by the incidence of the flags and the Baer subplanes in PG(2,q%),
Oct. 1090. (2 pages)

CHAKRAVARTI, I.M.: Geometric construction of some families of two-class ind three—clags

association schemes and codes from non—degenerate and degenerate Hermitian varieties, Oct. 1990.

(18 pages)

CARLSTEIN, E.: Resampling techniques for stationary time series: Some recent developments,
Oct. 1990. (16 pages)

FAN,J. & MARRON, S.: Best possible constant for bandwidth selection, Oct. 1890, (15 pages)

FAN, )., TRUONG, Y.X. & WANG, Y.: Measurement errors regression: A nonparametric
approach, Oct. 1990. (32 pages)

REN, J.J.: On Hadamard differentiability and M-estimation in linear models, Sept. 1990.
(és ”

SEN, PX. & SENGUPTA, D.: On nrgmmn&cuu of Pitman closeness of some shrinkage
estimators, Dec. 1090. (29 pages)

TRUONG, Y.K. & FAN, J.: Deconvolution problems in time series, Dec. 1990, (18 pages)
HU, T.~C. & FAN, J.: Bias correction and higher order kerne functions, Dec. 1990. (12 pages)

HU, T=C. & WEBER, N.: On the invariance principle for exchangeable random variables,
Jan. 1991, (6 pages)

HU, T~C.: A study on the law of the iterated logarithm for arrays of random variables, Jan. 1991.

(6 pages)
FAN, J.: Design-adaptive nonparametric regression, Feb. 1991. (22 poges)
SEN, P.K.: Some informative aspects of Jackknifing and bootstrapping, Mar. 1991, (25 pages)

HALL,P.,HU, T-C. & MARRON, S.: Improved variable window kernel estimates of probability
densities, Apr. 1991. (12 poges)

vaz. J. w« GIJBELS, L.: Variable Bandwidth and Local Linear Regression Smoothers, Apr. 1991.
pages

ALDERSHOF, B.: Estimation of integrated squared density derivatives, Apr. 1991. (dissertation)

BROOKS, M.: Bandwidth selection methods for kernel estimators of the intensity function of a
nonhomogeneous Poisson process, Apr. 1991, (dissertation)

FAN, J. & GUBELS, L: Local linear smoothers in regression function estimation, May 1991.
(27 pages)

FAN, J. & GUUBELS, I.: Minimax estimation of a bounded squared mean, May 1991. (10 pages)
SIMONS, G. & YAO, Y.~C.: A three color problem, May 1991. (17 pages)
SEN, P.K.: On Pitman empirica! distribution and statistical estimation, May 1091. (20 pages)

2070

20

2072

2073

2074

2075

” Amali
A ety Bankis wa o kR e i L

SLETTEBAUGH, P.: Analysis of curves as data, May 1891. (thesis)

FAN, J., HU, T.-C. & TRUONG, Y.K.: Design adaptive nonparametric function estimation: A
unified approach, July 1991. (25 pages)

ivari i i i iables: Asymptotic
. & MASRY, E.: Multivariate regression estimation with errors~in-varial
wbﬂ_.-m-_%« for .En:.m processes, July 1991. (37 pages)

J1, C. & SEYMOUR, L.: On the selection of Markov randam field texture models, July 1991.

, C.

(£7 pages) o

VOLODIN, N.A., KOTZ, S. & JOENSON, N.L.: Use of moments in distribution theory: A
multivariate case, Aug. 168). (10 pages) ,

LUND, R.: On the seasonal cycle of hurricane frequency, Sept. 1991. (19 pages) -

KO, W.-J.: A sequential clinical trials model for determining the best among Eon treatments

with normal responses, Oct. 1991. (disseriation) .

SMITH,R. & §mm3>z. I.: Estimating the extremal index, Nov. 1891. (S0 pages)

SMITH, R.: Some comments on the relation between statistics and chaos, Nov. 1991. (9 pages)
SINGPURWALLA, N.D. & SMITH, R.L.: Boris Vladimirovich Goedenko, Nov. 1991. (33 pages)

KRISHNAMOORTHY, C.: Statistical analysis of boundaries: A nonparametric approach,

Jan. 1992. (dissertation) ..

SHERMAN, M. & CARLSTEIN, E.: Method of moments estimation: Simple and complicated

settings, Jan. 1992. (11 pages) ,

GHOSH, J.K., SEN, P.K. & MUKERJEE, R.: Second order Pitman closeness and Pitman

admissibility, Feb. 1992. (17 pages) )

JOHENSON, N.L., KOTZ, S. & PEARN, W.L.: Flexible process capability indices, Feb. 1092.

(10 poges) o

i i jon rank scores estima

URECKOVA, J. & SEN, P.KX.: Asymptotic equivalence of regression

meEBpSﬂ in linear Bown—.. Feb. 1992, (15 pages)

SHI, D., SMITH, R.L. & COLES, S.G.: Joint versus marginal estimation for bivariate extremes,
Feb. 1092. (20 pages)

Q§U<>._s." Z&&aw ..E_u EEEE8533::8":-vvmn&ono»?o?croanﬁr&.
Apr. 1092. (6 pages) .



