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ASYMPTOTIC POWER AND INDEPENDENCE OF

CERTAIN CIASSES OF TESTS ON CATEGORICAL DATAl

by

Ferl Louis Diamond

INTRODUCTION

Although many papers on the analysis of categorical data have
eappeared since Karl Pearson ZflE;72 introduced the chi-square test
criterion in 1900, only a few which have been published recently con-
sider the approach that is followed here. Barnard /17 and E. S.
Pearson ZT13;7 introduce this epproach for the simple 2 x 2 table.
Mitra [ 77, Roy and Mitre [ 187 end Ogawa [ 11 7 extend it to more
general cases.

This approach has two primary features. The first is that
one is careful to distinguish between the case in which the sample is
assumed to be drawn from e single multinomiael population and the case
in which the sample is assumed to be drawn from several independent
multinemial populations. In the first case all marginal totals of the
resulting teble of data are stochastic variates. In the second case

some marginals ere fixed by the manner in which the sample is drawn

1 This research was supported by the United States Air Force through

the Air Force Office of Scientific Research of the Air Research and
Development Command, under Contract No. AF 18(600)-83. Reproduction
in whole or in part is permitted for any purpose of the United States
Goverament.

2 The numbers in square brackets refer to the bibliography listed at

the end of the paper.
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while the rest are stochastic variates. A third case in which all the
marginal totals are fixed will not be considered here.

The second important feature 1s the careful definition of the
hypothesis to be tested and its alternative. This is essential to the
mathematical derivation of the test statistic and its null and non-null
limiting distributions and is certainly necessary for any meéningful
discussion of the results of a specific analysis of experimental data.

Two properties of the various types of tests which are appro-
priate to the two sampling situations described above will be con-
sidered in this report. These are (1) the asymptotic power of the test
and (2) the necessary and sufficient conditions for the asymptotic in«
dependence in probability of two tests of & given type.

The mathematical methods used here are essentially extensions
of those introduced by Cramer [5 /. These methods have also been used
by Mitra [ 7/ and Ogave /11 7 in extending Cramer's results on the
existence of unique consistent estimates and limiting distributions in
the null cese. In addition, Mitra has derived the limiting non-null
dietribution for two of the cases considered here.

In relation to the theorems presented in this paper, these
previous results may be summarized briefly as follows:

Cramer 275;7 proves the existence of a unigue con-
sistent estimate and gives the limiting distribution in
the null case of theorem 1 of this paper.

Mitra [°7 7 proves the existence of a unique con-

sistent estimate for theorems 2 and 3 and gives the
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limiting distribution in the null case for theorems 2,

3 and 6, He also derives the limiting power functions

of theorems 1 and 3 and the independence condition of

section L.b,

Ogawe ZT11;7 repeats Cramer's theorem (theorem 1)

in greater detail, proves the existence of & unique

consistent estimate for theorems 2, 3 and 4 and finds

the limiting null distribution for theorems 2, 3, k,

6 and 8 and the special cases in sections 4.5 and 5.5.

Wald [ 20_7 derives the large sample distribution of the likeli-
hood ratio under a hypothesis and alternative which are identical in
form to those considered in this paper. Considering Cramer's statement
( [57, p. 426) that the modified chi-squsre minimum method is identi-
cal with the maximum likelihood method, it seems that we might apply
Wald's results to the chi-square tests considered here and thereby ar-
rive at the same results.

Cochran /[~ 2 7 states that this can be done. However, Wald's
results are derived under very strong assumptions, These assumptions
are difficult to verify under the theorems as stated in this paper and
some points of Wald's very difficult proof are not clear.

Cbchran [2 7 describes the asymptotic power function of the
simple goodness of fit test, which is not considered here. Mitra ZT 7;7
derives the asymptotic power functions of the tests given in theorems
1 and 5 of this paper. Both follow Pitmen's /15 7/ definition of limit-
ing pover for a consistent test and this definition will be followed

here,
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The notion of asymptotic independence in probability of two chi-
square tests is introduced by Mitra Zf7;7'and he derived e necessary
and sufficient condition for the asymptotic independence in probability
of two tests of the type considered in Chapter IV of this paper.

For each of the tests considered here it has been shown that
~ under the hypothesis the test statistic asymptotically follows the chi-
square distribution. Here it is shown that under the alternative each
test statistic asymptotically follows the non-central chi-square dis-
tribution with a certain non-centrality parameter. For completeness
each theorem is stated so as to include the previous results and it will
be shown that these results on the null distributions are special cases
of the results derived here for the non-null distributions. In addi-
tion, & necessary and sufficient condition for the asymptotic indeperd-
ence in probability of two tests under the respsctive null hypotheses
is derived for each type of test under consideration.

In Chapter I a single-multinomial semple is defined as one having

S 8

n s
a distribution of the form nt! )( pJ'j /T njl, where Zi Py =1 and
J=1 J=

321 n.j = n, and a product-multinomial sample is defined as one having a

ij
distribution of the form 17T;Zrhio Zg-p /'7( niJ t 7/, where JE Py = 1
s

and Jfl nij =1, for i = 1,...,r. The types of tests to be considered
are described and definitions of asymptotic power and asymptotic inde-
pendence are given. A method of finding confidence limits for the non-

centrality parsmeter of & non~-central chi-sguare distribution is derived.



In Chapter II, given & single-multinomial sample, we consider
the test of a hypothesis of the form H : Py = Py (el,...,et) for
J=1,.0.58 (t < 8-1) subject to £, (91""’Qt) =0form=1l,.ce,u<t
where Py (gl""’gt) and £ (Ql,...,Gt) are known functions of the un-
known parameters 91,...,et defined over the whole space of the 6, and
have certain propérties (described in Chapter L) which are supposed to
hold over a non-degenerate open interval ifl in the t-dimensional space
of the Qk. We suppose that the alternative is of the form Hg: pjn =

]
pJ(Ol,...,Qt)-c-dJ /\/o subject to £ (©5++2,6,) = O vhere 351 dy =0

but not all 4, = 0O, and where Pin # Py (075 +0+,6,) subject to

J
£ (Ol""’gt) = 0 for any (8;,...,0,) in (7). 1In order to obtain the
asymptotic power it is necessary to consider a simple alternative of

_ o (¢] 0 Oy _
the form H : Pyn = Py (615000,8.) + c1J / /B subject to fm(el,...,et) 0
where (Oi,...,QZ) is supposed to be the unknown true parasmeter point in
O)

under Ho.

It is shown that, under Hn’ the test statistic follows, in the
limit, the non-central chi-square distribution with s-l-t+u degrees of
freedom and a certain non-centrality parameter. A necessary and suffi-
cient condition for the asymptotic independence in probability of two
such tests under the respective null hypotheses is derived. Several
specific examples of such tests are given.

In Chapter III, given a product-multinomial sample, we consider
the test of a hypothesis of the form HO: Pyy = Pyy (Ql,...,Gt) for
i=1,.0,rand §=1,.00,8 (t < Ts-r) subject to £ (Ql,...,Qt) =0

form = 1,,..,u < t where Pyy (gl"°"gt) and £ (91,...,Qt) are known
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functions of the unknown parameters Ol"“’gt defined over the whole
space of the Qk and have certain properties (described in Chapter I)
which are supposed to hold over a non-degenerate open interval Lfl in
the t-dimensional space of the Qk. We suppose that the alternative is
%o = !
of the form HX: Pign = Pij (Ql""’gt) + diJ /\/n subject to
]

£ (gl""’gt) = 0 where in d,;=0for i =1,...,r but not all

J
dij = 0, and where P4 jn # Py (Ql,...,Qt) subject to f (Ol,...,Qt) =0
for any (91""’Qt) in ("). In order to obtain the asymptotic power

it is necessary to consider a simple alternative of the form

. _ o 0 o oy _
H Pign = Py (gl""’gt) + di.j / Vb subject to £ (91""’91:) 0

where (9:,...,9:) 1s supposed to be the unknown true parameter point
in (7) under H,.

It is shown that, under Hn’ the test statistic follows, in the
limit, the non-central chi-square distribution with rs-r-t+u degrees
of freedom and a certain non-centrality parameter. A necessary and suf-
ficient condition for the asymptotic independence in probability of two
such tests under the respective null hypotheses is derived. Several
specific examples are given.

In Chapter IV ve are given a single-multinomial sample and that
Py = By (91,...,9t) for J = 1,...,8 (t < s-1) where Py (Gl,...,Qt) are
known functions of the unknown parameters Gl,...,Qt defined over the
whole space of the Qk and have certain properties (described in Chapter
I) vhich are supposed to hold over a non-degenerate open interval L’l

in the t-dimensional space of the Qk. We consider the test of a

hypothesis of the form H: £, (91,.0.,9t) = 0form= 1l,...,u <t where
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£ (Ql,...,Gt) are known functions of the unknown parameters ol,...,et
defined over the whole space of the Qk and have certain properties
(described in Chapter I) which are supposed to hold over ijg We sup-
pose that the alternative is of the form B2 £(015000,6,) = <, /n
where not all = 0. In order to obtain the asymptotic power it is
necessary to consider & simple alternative of the form Hn: fm(Qg,...,Q:)
=cp /\/o where (92,...,92) is supposed to be the unknown true parameter
point in Lfl.

It is shown that, under Hn’ the test statistic follows, in the
limit, the non-central chi-square distribution with u degrees of freedom
end a certain non-centrality pearameter. A necessary and sufficient con-
dition for the asymptotic independence in probability of two such tests
under the respective null hypotheses is derived., It is shown that the
test of a hypothesis of the form H : fm(pl,...,ps) = 0, m.= 1,.00u<s-1,
is a special case and a specific exsmple is given.

In Chapter V we are given a product-multinomial sample and that
Piy = Pyy (Gl,...,Qt) for 1 = 1,.esyr and § = 1,...,s (t < rs-r) where
piJ (Ql"“’gt) are known functions of the unknown parameters Ql""’gt
defined over the whole space of the Ok and have certain properties
(descrived in Chapter I) which are supposed to hold over a non~degenerate
open interval _C)_ in the t-dimensional space of the Qk. We consider the
test of a hypothesis of the form H:f (Ql,...,gt) =0form=1,...,u<t
where fm(gl""’gt) are known functions of the unknown parameters
Ql,...,Qt defined over the whole space of the Qk and have certain proper-

ties (described in Chapter I) which are supposed to hold over Lf). We
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suppose that the alternative is of the form BX: fm(gl""’gt) =c, /o
where not all Cp = O. In order to obtain the asymptotic power it is
necessary to consider a simple alternative of the form Hn: fm(Gg,...,Gz)
=cp /\/E'vhere (Qg,...,gg) is supposed to be the unknown true parameter
point in L:l.

It is shown that under Hn the test statistic follows, in the
limit, the non-central chi-square distribution with u degrees of free-
dom and a certain non-centrality parameter. A necessary and sufficient
condition for the asymptotic independence in probability of two such
tests under the respective null hypotheses is derived. It is shown
that the test of a hypothesis of the form Hb: fm(pll""’pls""’prl’"”I%s)
=0, m=1,..4,u < rs-r is a special case and two specific examples are
given.

The bibliography at the end of the paper does not include all
papers on the analysis of categorical data but only those which are re-
ferred to in the text or which were used by the author in the prepara-
tion of this report. In this sense the bibliography is incomplete and

should be supplemented by those given at the end of Cochran's papers

([27, [37)-
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NOTATION

As far as possible the following notation and convention will
be used, all departures being clearly indicated at the proper places.

Capital letters will denote matrices, small letters under-
scored will denote column vectors and row vectors if they are primed.
The transpose of a matrix A is denoted by a prime, A', To indicate
ite structure a matrix M with p rows and g columns will sometimes be
written as M (pxg) or p%q' Matrices formed by adjoining 2 or more
matrices will be denoted (M : P) and dimensions will some%imes be indi-
cated as r (M : P).

s

d.f. denotes degrees of freedom.

N/{u, 0) denotes a random varisble having the normal distri-
bution with mean u ahd standard deviation 0.

N(g, L) denotes a random variable having the multivariate
normal distribution with mean vector u and variance-covariance matrix
Z.

Where there are multiple subscripts as in Pijk’ a zero in

place of a subscript indicates the result of summation over that sub-
¢ .

= or n
k=1 Pijk

However, n__ = n,

v s
script. Thus pijo = i0 = E niJ’ 00

X2 is used to denote the test statistic which is calculated
from the Cate when a chi-square test is to be performed.

—;—> denotes convergence in probability.



‘ | Chapter I

) BASIC PROBLEMS, PRINCIPLES, AND DEFINITIONS

' 1.1 Sampling Schemes

In the statistical analysis of categorical data the probability
model upon which the analysis is based is entirely dependent upon the
menner in which the sample is drawn. Roy and Mitra /18 7/ state:

"It is clear that a p-variate body of data arranged
in a q-way classification will formally look likes
a (prq)-dimensional conteingency table, but a dis-
tinction can be made between a 'variate! and a
'way of classification,' in that along the direc-
tion of a 'variate' the marginal frequencies are
supposed to be stochastic variates while along a
'way of classification' the marginal frequencies
are supposed to be fixed."

i Consider the case in which the sample is drawn with replace-
. ment or the sample is large, but small in relation to the size of the
population.

A single-multiromial sample may be formally described as

follows:

(1.1.1) Let the possible results of a certain random experiment E be
divided into s mutually exclusive groups and suppose that the
probability of obtaining a result belonging to the j-th group

is PJ > c2

> 0. Let n'j denote the number of results belong-
ing to the Jj-th group which occur in a sequence of n repeti-

8
tions of E, so that X

1 nJ = n. That is, a sample with a
_ J=
« . distribution of the form
: . [} nj
T'—_;.rlpj s
- ' -
D14 ot

=

® -



I 8 S

. where L p,=1 and I n,=n,
J=1 J J=1 lj

In this case we shall say that 'j' is a variaté and if 'J!
itself is a multiple subscript, say Jl 32 sse Jk, ve shall
say that 'j' is multivariate.

A product-multinomial sample may be formally described as

follows:

(1.1.2) Suppose that there are r mutually independent random experi-
ments El’ ey Er and_the possible outcomes in each experiment
are divided into s mutually exclusive groups. Let the proba-

- bility of obtaining a result belonging to the Jj-th group of

, Ei be Pia > c2 > 0. Let nid denote the number of results
. belonging to the j-th group in B0 repetitions of Ei 50 that
g 8 )
‘ jEl nij n, 9 and let Zl j0 = B* That is, a sample with

a distribution of the form

r n, ' n, 14
D14 s T(P ’
i=1 TT ,
8 8
where 351 pij = 1 and 351 n1J =10, for i = 1,.40,r. In

this case we shall say that 'j' is a variate (single or
multi-, according as 'Jj' is a single or a multiple sub-
script) and 'i' is a way of classification (single or

- multi-, according as 'i' is a single or multiple subscript).
Although the single-multinomial sample is a special case of

the product-multinomial semple (i.e., when r = 1), for the purposes of



this paper it is convenient to define the two separately. As given
here the single-multinomial seems to refer only to one-way tables and
the product-multinomial to two-way tables. However, there is nothing
to preﬁent the subscript i1 or the subscript j, or both, from repre-
senting multiple subscripts. Indeed, the product-multinomial sample
can be expressed in complete generality as follows:

Let 1 = 1,1, .0, 1u and § = 3132 o jv, where

172

i) € (rl)1213 e (a subset of 1, 2, .o, r, depending on the sub-

script set izi5 ces iu), i, e (r

). 3 0.0, i € (r )
271, eee iu _ u-1 u-1 1u

3

and iu = 1,2,..,,ru, and wvhere Jl = 1,2,...,81,...,;]v = 1’2"'°’8v'
With this sempling scheme each independent multinomial sample,

denoted by the subscripts 1112 vee iu’ could be an element of a compli-

cated analysis of variance design (e.g., factorial or partially bal-

anced incomplete block) and there would be ng 1 0.4e0 observations
N 1'.. u [ X )

for the (il...iu)-th elemenE,of the design. Each observation would be
classified into one of thegzg-sk cells of a v-way table, and the data
from the entire experiment could be presented in a (utv)-way table
vith 'holes' in it, the number and location of these 'holes' depending
upon the experimental design.

In order to avoid undue complication of the notation only the
simpler descriptions, (1.l.1) and (1.1.2), will be considered. Subse-

quent theorems can easily be extended to the more complicated case by

use of multiple subscripts as above.



If the sampling is without replacement from a finite population
we have a hypergeometric or product of hypergeomeﬁric distributions ac-
cording as all dimensions represent 'varilates' or some represent 'vari-
ates' and some represent 'ways of classification'. However, in order
. to develop tests of hypotheses, it is necessary that we restrict our-
selves to the multinomial distribution, and this may be regarded as an

A
approximation to the hypergeometric distribution.

1.2 Asymptotic Power

Each of the tests presented in the following chapters is a chi-
square test, and since this is a consistent test it would not be fruit-
ful to find the power in the usual sense in that it would not provide
a comperison between the powers of two rival tests. However, following
the definition given by Pitman 1715;7, it is possible to find the asym-
ptotic power. This definitionrrequires that the alternative depend
upon the sample size in the sense that as the sample size increases the
alternative gets closer and closer to the hypothesisf It will be shown
that this type of alternative provides us with a comparison between the
large sample powers of different rival comsistent tests. It will be
shown that the asymptotic power in each case follows the non-central
chi-square distribution with a certain non-centrality parameter which

depends upon the sampling scheme,-the hypothesis and the alternative.

1.5 Hypotheses and Alternatives for Single-Multinomial Samples

In order to define appropriate hypotheses and alternatives

for single-multinomial samples the following definitions are needed:



(1.3.1) Suppose we are given s functions pl(Ql,...,Q_), pa(Ql,...,Qt),
cooy ps(gl,...,@t), of ¥ < -1 unknown perarsters 9,,...,8, such
) that, for all points of a non-degenerate open interval ifl in
the t-dimensional space of the 8, tke pj(g) vhere Q' = (Ql"°”gt)

satisfy the following conditions:

8
() E By = 1.

2> 0 for all 4.

(8) y(8) 2 ¢
(c) Every PJ(E) has continuous first and second order

derivates with respect to the Qk'

{3 p
(2) The matrix (t J 3 where j = l,.e0,8 and
39
‘ k= l,‘.l’t iS Of rank to

(1.3.2) Suppose»we are glven u < t real-velued funciionms, fl(g)"“"fu(g)’
of ©)5«4.,6, such that, for every point of (7),
(e) every fm(g) has continuovs first and second order

2rivetives with respect to the Qk, and

df
(f) the matrix (B-—Q-;:) where m = 1,...,u and

k=1,¢40,t is of rank u.
(1.3.3) Let 8> vhere ¢! = (Qﬁ,...,@%), be a point of ().

; For single-multinomial samples the following types of hypotheses

and alternatives will be considered:



(105.’4') HO: p,j = pd(g) for J = l,.‘.,SO

Ma

d =0butnotalldj=0

H¥*: = Q) +d n wher

%i Py = Py(8) + @, /\/& vhere &Yy

and where Pin # pj(g) for any 6 in (7).
In order to obtain the asymptotic power it is necessary to consider the
simple slternative ‘

H: 1 p.j(eo) + d,j /\/o where 6, is supposed to be the un-

known true parameter point in _(:l under Hoo

(1.3.5) H: Py = pJ(_G_) for j = 1,...,8 subject to fm(_O_) = 0 for

m = 1, L ] .,u.

8

HX: B, = pJ(_O_) + d,j /\/n subject to fm(Q) = O where J-El dj =0

but not all d,j = 0 and where Pin # pj(_Q_) for any © in (7).
In order to obtain the asymptotic power it is necessary to consider the
simple alternative

H : Pyn = pj(—go) + d,j /+/n subject to fm(go) = 0 where

—Qo is supposed to be the unknown true parameter point in

(@]

under Ho .

(1.3.6) It is given that Py = pd(g) for j = l,.04,8.

H: fm(_Q_) =0form=1,..q,u.

BY: £ (8) = ¢, /+/h where not ell c, = 0.
In order to obtain the asymptotic power it is necessary to consider the
simple a‘lternative

H : fm(-g-o ) = <, /«/b where Eo is supposed to be the unknown

true parameter point in (7).



1.4 Hypotheses and Alternetives for Product-Multinomial Samples

In order to define appropriate hypotheses and alternatives for

product-multinomial samples the following definitions are needed:

(1.4.1) Suppose we are given rs functions PiJ(Gl""’gt) where
1=1,serand J=1,.04p58, of ¢ < rs-r unknown parame-
ters Gl,...,Ot such that, for all points of a non-

degenerate open intervsal ifl in the t-dimensional space

of the Q , the pid(g) where @' (01,...,et) satisfy the

following conditions:

8
(a) Jfl Pid(g) =1for i=1,...,r.

2

(v) pij(g) 2 ¢ > 0 for all i and J.

(c) Every pij(g) has continuous first and second

order derivatives with respect to the Qk.

) Pyy
(d) The matrix 35 s where i1 = 1,.,.,r,

J=1lyee.y8 and k = 1,...,t, is of rank t.
Note that the pij are to be arranged lexicographically (i.e.,

P11 P1p2 cots Prgi Poys Ppps cees Ppgi oe 5 Prys Prps cess Byg) and

ko]
the matrix S 1J has rs rows and t columns.

(1.4.2) suppose we are given u < t functions fl(g),...,fu(g) as in
(1.3.2).

(1.4.3) Let 8, be as in (1.3.3).



For product-multinomial samples the following types of hypo-

theses and alternatives will be considered:

(1.4.4) B Py = pij(_o_) for 1 = 1l,seeyr and J = 1,...,8.

B¥: Py = pAij(g) + di,j /\/n where ,jgl di,j = 0 for

i =1,.e0,r but not all di,j = 0 and where P4 4n # pij(g)

for any @ in (7).
In order to obtain the asymptotic power it is necessary to consider the
simple alternative

H : Pign = pij(-g-o) + di.j /\/n where 6, 1is supposed to

be the unknown true parameter point in () under H .
(1.4,5) H : Py
to fm(g)
BY: Pijn = pij(_Q_) + dij /b subject to fm_(g) =0

8
where 351 dij = 0for 1= 1;.s.,r but not all di,j = 0 and

where Pin ¥ pij(g) for any 9 in (7).

= pij(g) for 1 = 1,.esyr and J = 1,...,8 subject

Oform= 1,.44,u.

In order to obtain the asymptotic power it is necessary to consider the
simple albernative

H : Pign = pij(go) + d,j /\/i subject to fm(go) = 0

where _90 is supposed to be the unknown true parameter

point in (7)

under HO .

(1.4.6) 1t is given that Py = pij(g) for i = 1,...,r and
J= l,ooo,S.
H : fm(_q) = 0form=1,...,u.

BX: £ (0) = c /+/o where not all c_ = 0.



In order to obtain the asymptotic power it is necessary to consider the
simple alternative
. B:£.(8) =cy /\/n where 8, is supposed to be the

unknown true parameter point in (7).

1.5 Asymptotic Independence

In some situations it may be of interest to determine whether
or not two tests are independent. A particular hypothesis Ho with an

2

associated X~ may be the intersection of several hypotheses

2

HOl’ H02’ sssy With associated Xl, Xg, «sey and it may happen that

x%= %2 + xg + vus, 8nd that X3, xg, <., are independently distributed.
However, the additivity is not in the usual algebraic sense but is only
. in probability and asymptotically as n —> oo, and the independence is
: also in the asymptotic sense (Mitra ZT 7;7 )e A necessary and suf-
ficient condition for such independence and additivity will be devéloped
subsequently and for that purpose the following theorem due to Ogawa

[ 9 7 will be referred to:

(1.5.1) If Ql and Q2 are the gymmetric matrices of two heomogsneous
quadratic forms in m variates which are Jointly distributed
as N(g, L), a necessary and sufficient condition for the in-

dependence in probability of the two forms is that

Q12Q2=00

1.6 Limiting Processes

v In the chapters that follow a limiting process will be used

.‘ vhich, for single-multinomial semples, may be stated as "in the limit
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as n —> " and for product-multinomial samples may be stated as "in
n

the limit as n —> oo subject to _%2 being held fixed for i = 1,...,r."

For convenience this process will be denoted by the phrase "in the

limit" in both cases.

1.7 Degrees of Freedom

In the theorems that follow, the number of degrees of freedom
associated with each type of test becomes readily apparent. However,
in a given practical situation, there is a simpler method of deter-
mining the number of degrees of freedom.

If we define the model as the sampling scheme and any addi-
tional restrictions on the pj's or pij's before the test, it is seen
that the number of degrees of freedom equal the number of independent
paraqeters under the model less the number of independent parameters
under the hypothesis. Thus, fhe number of degrees of freedom might
8180 be considered to be the same as the number of independent parsme-
ters under the alternative,

For the types of hypotheses and alternatives given in sections

1.3 and 1.4 we may construct the following table:

Hypothesis Number of Independent Parameters
and Under H,

Alternative Under Model Under H, (a.t.)
1.3.4 s-1 - t s-l-t
1.3.5 s=-1 t-u g-l-t+u
1.3.6 t teu u
1.b4.4 rs-r t. rs-r-t
1.4.5 rs-r t-u rs-r-t+u
1.4.6 t t-u u
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1.8 Confidence Limits for Non-Centrality Parameters

In this thesis we are concerned with test statistics, xg say,
vhich have the property X2 -v'w --> 0 where w' = (wl,...,w ) with m
being equal to the number of degrees of freedom associated with the
test statistic and where the w, are independent N(O, 1) under the
hypothesis Ho and are independent N(d 19 1) under the alternative H .
Then Xﬁ is asymptotically distributed under Ho ag a chi-square variste
with m 4.f. and under Hn a8 a non-central chli-square variate with nm
d.f. and a non-centrality parameter A = d'd vwhere 4' = (dl""’dm)’

Let xg be the tabulated 100(1-0)4 point of the chi-square dis-

tribution with m d4,f. Then

Pr[ww<x ’H]-l- and

2
! . t - - -

(e -2y -2 X B 71 -a
By a theorem due to Roy /16 7,

% <8y - ) <X |5 7=1-0
for all a subject to a'a = 1 where a' = (al,...,am). Therefore,

Considering the inequality on the right, if a'd is meximized
/2 .
with respect to a, it is seen that [d'd]l < aiw + X where e, is

the value of & that maximizes a'd. By Schwarz's inequality -

sjw < [ajey 77 [uw 777 ana stuce age) = 1,
[aa 7P < fuw 7P 4 x,
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In the inequality on the left, maximizing a'w with respect to
/2
a, ve get [E'E]l - X, < ajd where a, is the value of & that mexi-

mizes a'w. By Schwarz's inequality -
030 < L2y, 77 [0'a T/ ana since aga, = 1,
L T - x, < [aa 7P
Thus, with probability > 1 -~ a
Lww TP % < [aa PP < fow 7+ %,

However, 4'd = 4 and Xg -v'v -p—> 0. Therefore, in the limit, with

probability > 1 - q,
1

/2
Xy = %y KOS <X+ X,



Chapter II

CONTINGENCY-LIKE TESTS FOR SINGLE-MULTINOMIAL SAMPLES

2.1 Introduction

"For single-multinomiai samples, tests of hypotheses of types
(1.3.4) and (1.3.5) are referred to as ‘contingency-like' tests since
they include a11>the usual so~called contingency tests on samples in
which all the marginal totals are stochastic variables, However, many
more tests of these types maé‘be constructed and the theorems presented
in this chapter for such tests give a test statistic and its null and
non-null distributions.

Two theorems are presented. The first is preliminary in nature,
in that the type of test it covers would seldom if ever be used in
practice, but is necessary for the development of future theorems. The
‘second theorem covers the contingency-like tests for single-multinomial
samples that are most likely to arise in practice, In addition a neces-
sary and sufficient condition is deﬁeloped for the asymptotic independf
ence in probability of two tests of the type covered by theorem 2.

Finally, several examples of specific tests are given,

2.2 Theorem 1

Given a single-multinomiel sample (1,1.1) and s functionms
Pj(g) of t unknown parameters ©;5¢00,0, 88 in (1.3.1), consider the
hypothesis

Hb: Py = pj(g) for J = 1,.4.,8

and the alternative
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BX: Pyp = pJ(_G_) + dJ / Vo vhere ng dj = 0 but
not all dJ = 0 and where Pin # pj(g) for any 9
in (7).
In order to obtain the asymptotic power we consider the simple alterna-
tive |
H : Pip = pJ(-g-o) + c't.j /\/d where 8, is supposed
to be the unknown true parameter point in ifl
under H,. (Notice however that H  itself does
not specify 20')
Then (1) the equations
; nd-npj(_g_) . 3 pJ(_G,)

= 0, k=1,.00,t,
J=1 pd(g) d .

(2.2.1)

for minimizing chi-square in the modified sense (Cramer 175;7 )} have
exactly one system of solutions'g’ = (81,..,,gt) such that §'-€>‘§b
in probability as n —> o, where 8, is the unknown true parameter
point in (7) under H  and is the point in terms of which the con-
vergence in probability is set up, and (2) the statistic

AN

: s 8 (n,-np.(8))
(2.2.2) XF e 5 o
J=1 np,(8)

is, in the limit, distributed under Ho as a central chi-square variate
with s-l1-t d.f. and under Hn as & non-centrsl chi-square variate with

s-1-t d.f. and a non-centrality parameter

(2.2.3) A=a'/T-aan) A 7,
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dJ. ds
where a' = ) seey mm— ) s
Bx1 Vo N/

. - _1._(3.33.
sxt \/Sg agko

3 p, 3 py
where — is — evaluated at the point _9_0 .
39, 36
Q
Proof

Part (1) has been proved by Cremer /5 /. Part (2) has been

proved by Mitra /7 7 but the proof is repeated here for completeness.
A
ny - np,(e)

f"f‘ ’
np gt Q)

y' = (yl’""ys)’

Lat ydz j=l,...,s »

0
ﬂj - an

]
|1}

s Jd= 1ly.04y8, and

0
np-
pJ

X' = (x), ...,xs).

It is seen that X2 = z'z.

Cremer [5 7 shows that y - [T - A(A'A)" T A' 7x 3> O under
Ho and following the identical line of proof it can be shown (see ap-
pendix) that the same result holds under Hn' Since I - .A.(A'I-‘x)":L Al

is idempotent,
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(2.2.4) ¥ - /1 - a(ara)™t ar 7x 5> 0

Cramer also shows that under Ho x 1is asymptotically

N(Q, I ~ pp') where p' = (\Agf, cony \/pg o It is easily seen that

under H x is asymptotically N(d, I - pp').

Let 1' = 5' L where L

= (p : Ly : Ly )s such that L is
sXs T

t s-1-t
orthogonal end L L! = A(A'A)'a'. Then w, = O with probability one

and Vo eee,W  are asymptotically independent N(O,1) under Ho and under
Hn are asymptotically independent normal with common variance unity
and means given by E(w') = 4'L,

Thus, in the limit

X2

x'/1-1,11 7%,

x'[pp' + LLY 7 %,

2
t+2 see F Vg

]
=
+

Therefore, in the limit, X2 is distributed under Ho as a central

chi-square variate with s-t-1 d4.f, and under Hn as a non-central chi-

square variate with s-t-1 d.f. and & non-centrality parameter

= at 1
A=4d L2 L2 4 .
8
But d'p= X 4, = 0 and we may put
a=a'frpp'+ L3734,

/1 - A(A'A)'lA'jg.
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2.3 Some Remarks on Theorem 1

A
The convergence in probability (9 —> EB) in part (1) of theorem
1l may be formally expressed as

n
. E nt J -
Lim A SJ( Py (_90) 1

z; nét

no matter where 90 is in £fl. It is seen that the equations (2.2.1)
and their solution do not depend upon 90 although this is the point in
terms of which the convergence in probability is set up. This point
is called the unknown true parameter point and is the reference point
upon which the asymptotic power is based.

It should be noted that the possibility of zero degrees of
freedom has not been excluded in theorem 1. In this case it is seen
that Xelasymptotically equals zero and that the chi-square distribu-~
tion with zero d.f. is singular with all the probability concentrated
at the origin. Although this degenerate case is of no practical use
in itself, it muet be included because of the use of X2 in theorems ©
and 6, In these theorems the possibility that the d.f. associated
with X2 ie zero cannot be excluded and, indeed, this is always the case
in the special case of theorem 6 considered in section 4.5.

Although we are interested in testing a composite hypothesis
Ho against a composite alternative Hz in theorem 1, it is necesgary to
consider a simplé alternative in order to obtain the asymptotic power.
It should be realized that we are dealing with three spaces: the (s-1)-

dimensional sample space, the (s-l)-dimensional space of the pj's, and
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the interval Lfl in the t-dimensional space of the Qk's. The hypothesis P

forms a t-dimensional surface in the space of the pj's.

Corresponding to a specific point 90 in if) we have a point 2?

on the t-dimensional hypothesis surface in the space of the pj's. We

reject, at a level of significance o, the hypothesis that p = go it

(n;-np,(8))°
(2.5.1) X2 = 3 nj-nPJ,(\‘
S N ()

> &g(s-l-ﬁ)

where Xg(s-l-t) is the tabulated 100(1 - a)% point of the chi-square
distribution with s-1-t d.f., and accept it otherwise. g are the modi-
fied chi-square minimum estimates subject to'Hb of 6. Notice that the
domain (2.3.1) is determined independently of the unknown true parame-
ter point 90' Thus we have a partition of the sample space into two
portions defined by (2.3.1) and the opposite inequality.

The composite alternative Hg is expressed in terms of deviation
from the hypothesis surface in the space of the pJ's and the simple al-
ternative ie expressed in terms of deviation from a given point on the
hypothesis surface. This hypothesis surface may be considered to be s

mapping from (7)

to the space of the pJ's and since there is some true
value of the probabilities if Ho is true there is implied a true
parameter point in ifl. This point is assumed to be go and the true
probabilities under Ho are PJ(EB)‘ Under the simple alternative Hn the
true values of the probabi;ities are supposed to be ?J(Eb) + dj / yh

with the dj's being a specific set of deviation parameters where
8
Iz da
J=1"J
any 0 in (7).

= 0 but not all d, = 0 and vhere pJ(Eb) + 4, /B # pj(g) for
(
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Under Ho we have the domain of rejection given by (2.3.1) which

implies that

no matter where 9 may be in (7).
Under Hn’ to obtein the asymptotic power we have to compute

_ 2. .2 -
Lim  Pr/X" >% | B 7 or
n —> co

L |
“LE”Z R R

=1 ¢
2 J=1
X2 X

This, however, turns out to be dependent not only on the dj's
but also on go'

This situation is not unique to this type of test. With
Student's t-test we may test a composite hypcthesis against a compo-
site alternative but we can find the power for some assumed simple
alternative only since the non-central t-distribution depends upon
the unknown true values of p and 0.

This discussion will be seen to appiy in essence to the more

complex theorems that follofv.

2.4 Theorem 2
Given a single-multinomial sample (1.l.1), s functions pj(g)

of t unknown parameters ©,,...,6, 88 in (1.3,1) and u functions fm(_G_)
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as in (1.3.2), consider the hypothesis
HO: Py =7pj(§) for j=1,...,8 subject to fm(g) =

form=1,...,u,
and the alternative

Et: Pin = pJ(g) + dJ /B subject to'fm(g) =

s
where ‘Zl dj = 0 but not all d = 0 and where Py % P; (8)
J'-'-'

for any © in (7).
In order to obtain the asymptotic power we consider the simple altern-
ative

H:p

N = py(8,) + a, /\/A subject to £ (8) =

Jn
where g is supposed to be the unknown true perameter

point in i_l under Ho'

Then (1) the equations

s n.-np.(0) 3 p.(9) u ) fm(G)
(2.4.1) r A 4= LTI, Ay = = 0,
=1 p,(e) d 8 =l T3 e,

K=1,.00t, £ (8) = 0, m=1,...,u,

for minimizing chi-squere in the modified sensze subaect to H have
A

exactly one system of solutions @' = (61,...,6 ), A (xl,...,xu)
A

such that g —_> 90 in probability as n —> oo, and (2) the statistic

A

A\ 2

2 8 (n‘j-an(g))
(2.L.2) Xe = Z v
J=1 @
an{g)

is, in the limit, distributed under H0 as a central chi-square variate

with s-l-tﬁu d,f. and under Hn &s a non-centcral chi-square variate
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with s-1-t+u d.f. and a non-centrality parameter

-1
(2.k.3) ' o= a' /T - A (85A,) 8 T 4,
1 o ¥
where A, 2 | — ] , with p*j* being pj(G) expressed
sx’t_:ﬁ \ /pg 3 an o

in terms of the t-u independent Qk and Gk,, are the t-u independent Qk.

Proof

Part (1) has been proved by Mitra /7 7 and by Ogswa /il 7.

Part (2) will be proved here.
A
A
-np . (8
ng an(__),
vV an(Q)

el ¢4 FRTR L OF

Let y?_)' = J = 1,...,3’ and

Mitra end Ogawa show that y* - [I-A*(A;A*)':LA;J'_{ -13-> 0
under Ho and in a menner similar to that of theorem 1 it can be shown
gs;ae appendix) that the same is true under Hn. It follows that
(244 % -2 [T - a0 AL T x => 0

Under H x is asymptotically N(0, I - pp') and under H x is

asymptotically N(4, I - pp').

Let w*' = x'L* where L* = (p : L¥ : L% )s such that L¥
- 8X8 1 thu  s-l-t+u
is orthogonal and LiLY' = A*(A,,'FA*)']'A" - Then w¥ = O with probability
one and w*a(' gees ,vr’s* are asymptotically independent N(0O,1) under Ho and

under Hn are asymptotically independent normsl wlth common variance

unity and means given by E(w¥') = d'L¥,
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Thus, in the limit,

2
X = x' [T - 111" 7 5,

x'[pp' + 144" 7 %,

= W*2

2
*
fowa ¥ et Vg

Therefore, in the limit, Xi is distributed under H, as & centrsal

chi~-square vsriate with s-1-t+u 4.f. and under Hn a8 a non-central chi-

square variate with s-l-t+u d.f. and a noh-centrality paremeter

¥ = 4! .
o = 41 LELE' 4.

8
But 4'p = jza dj'= 0 ard we may put

D%

a'[pp' + 1418 7 8,

ar/T - A, lala,) 7L 7 4.

2.5 Asymptotic Independence of Tests

Suppose we have two tests of the type in theorem 2 to be made

on the same data. Denote the two hypotheses by HOl and H02 where
HO]-:PJ = p1J (gll,o.o,eltl) for J = l,o.o,s,
subject to £, (gll""’gltl) =0form =1,...,u,
Hypt Py = Ppy (921,...,th2) for jJ= 1,...,8,
subject to f2m2 (921”‘°’92t2) = 0form, = 1,...,u,

end where u, < ty5 u, < t, and (t1 + t2) - (ul + u2) < 8.
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Define A,, (sxtl-ul) and A,, (sxte- é) for H,, and H,, respec-

tively as in theorem 2 and let the test statistic for each test be

Xi* and.xg*, defined as in theorem 2.

Then, when both H., and H., hold,

o1 02
X - x' [T - A, (a1,A,,) A 7x—=>0, and
1 = 1% V1 e *d 2 p ’

X

n

-1
-x'/[1 - Ag*(Aé*Ae*) Aé*].’.‘. ';> o.

. 2 2
By the theorem in section 1.5, when HOl and HOE are true, Xl* and X,

are, in the limit, independent in probability if and only if
-1 -1
[1- Ayu(Bluhoy) A 7 [T -pp* 7 [T - Apy(Ahhny) Aé*_7= 0.
But E'Al* = 0 and QPAE* = 0. '
Therefore, a necessary and sufficient condition for the asymptotic in-

. o s 2 2
dependence in probability of Xl* and X2* when HOl and H02 are true is

that

-1 . — "l —
[T - Al*(Ai*Al*) A:'L*_/ [T - Ae*(Aé*Ae*) Aé*]‘ ;' .

2.6 Examples of Specific Tests

Here are some specific tests given for two-way and thrée-way
tables in which all dimensions are 'variates' (Roy and Mitra 1718;7 Yo
For two-way tables the dimensions are demoted by 'i! and 'j' and for
three-way tables by 'i', *j' and 'k'. 1In each example the hypothesis,
elternative, test statistic, degrees of freedom and non-centrality

parameter are listed.

(2.6.1) Two-way: hypothesis of independence between 'i! and L L

HO: pij = piopoj for i = 1,.0uyr and Jj = 1,...,8.



(2.6.2)

2k

d
. = 0 .0 ij =
Hn- piJ PiOPOJ + \—/f- where 123 dij 0.
Ho and Hn subject to § Pio = 1l and ? poj =1,
2
o . - nionoj )
Xe =5 1J " nn L
1J i0 0]
n
d'fu = (I‘-l)(s-l).
. 1 o o) 2
A=L = (diJ - pojdio - piodoj) *
1d p; p
io0%0j
aﬁj
Ifdio=doj=o’ A=i>3 5o *
piopo.j

Three-way: Hypothesis of conditional independence between 'i!?

and 'J' for fixed 'k'.

i Py P
Hoz pijk = Aok ok for 1 = 1,.0uyr, J=1,,0.y8 and k = lyeee,t.
Pook
o _o
< d
. -~ _iokojk ijk -
Hn. pijk 5 + vﬁ' where 1§% dijk 0.
Pook
Ho and H subject to f Piok = § poJk = Dok and E Pooic = 1.
: 2
(nijk " B0k gk )
n
NI ook i
1k 13 ok 3k

n
ook

dof. = (r-1)(s-1)t.



2
G] - 1q:‘.oona Jonook )
Xe = 5 ijk n2
13k nioonogpnook
2
n

dofe =18t o v -85 -t + 2,

1 o
A= I da, .. -
idk po po po ( ijk Po
io0*0jo" ook
It 4 =4 = 4 =0

O

jopookdioo'pioopookdojo'pioo

A=

z
ik

)

]

dE

ijk

Q
Pi00

0
poJo

O

pbok

]

26

0 2
poJodook) °



Chapter III

CONT INGENCY-LIKE TESTS FOR PRODUCT-MULTINOMIAL SAMPLES

3.1 Introduction

For product-multinomial samples, tests of hypotheses of types
(1.4.4) and (1.4.5) are referred to as "contingency-like tests" since
they include all the usual so-called contingency tests for samples in
vwhich some of the marginals are stochastic variates and others are
fixed by the sampling scheme. As in the single-multinomial case,
many more tests of these types may be constructed and the theorems
in this chapter give a test statistic and its null and non-null
agsymptotic distributions.

Two theorems are presented. As in Chapter II, the first is
of a preliminary nature while the second theorem covers those tests
that are most likely to be useful in practice. A necessary and suf-

‘ficient condition for asymptotic independence in probability of two

tests is derived. Several examples of specific tests are given.

3.2 Theorem 3

Given a product-multinomial sample (1.1.2) and rs functions
pij(g) of t unknown parasmeters €,...,8, as in (1.hk.1), consider the
hypothesis

H: Py = pij(g) for 1 = l,.e.,r and J = 1,...,8

and the alternative

8
HE: Pyjp = pij(g) + dij N vhere 551 dij =0

but not all dij = 0 for i = 1,..s,r and where

Py 4n # pij(g) for any 0 in (7).,
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In order to obtain the asymptotic power we consider the simple alterna-

tive

H Psjn = pi,j(-g-o) + did/\/ﬁ where § is supposed

to be the unknown true parameter point in Lfl under H .
Then (1) the equations

(3.2.1) é ; nij-niopi;j(g) 9 Pij(E)

. = 0, k=1 eoayt
1=1 J—l pij(g) a ok 3 2 | g

for minimizing chi-square in the modified sense subJject to Hb have
A A A A

exactly one system of solutions 9' = (Ol,...,gt) such that @ —> @

in probability as n —> subject to the ratios nio/h being held

fixed, and (2) the statistic

A2
(3.2.2) 2 = E- (ny yny,p4 4(9))

i=1 j=1 A
J By Py 5(9)

is, in the limit, distributed under Ho as a central chi-square variate
with rs-r-t d.f. and under Hn as & non-central chi-square variate with

rs-r-t d.f, and a non-centrality parameter

(3.23) a=4'/1 - B(B'B)'ls'j 4,

d /n
where g = —.;""j' “"jﬁ f) i= l,&..’r and j = l;ooo,s
Texl o n
..i'j
(lexicographically),

pi.j = Pi‘j(go): a'nd
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d Py 9 Py
where — is evaluated at the point _90 .
39 36,

Proof
Part (1) has been proved by Mitre [ 77 and Ogava 117, part
(2) has been proved by Mitra but the proof is repeated here for com-

pleteness.

A

n, s-n, D, ,(8)
Let y, , =~ 40P
V P1oP13(®)

= (yll’ REFFSPEEL ISR -,yrs);

s 1=1,.00prand j =1,,..,8,

_ By 5 P10P1 5(8)

1j
B10P1 5(85)

x s 1= ly,seyrand jJ=1,...,8, and

f =
x (xll’""xls’""xrl"“’xrs)'

Ogawa /11 7 shows that y - /I - B(B'B) 1B'J X -;-> O under H  and
in a menner similar to that of theorem 1 it can be shown (see appendix)

that the same is true under Hn‘ Thus

(3.2.4) x* = x' /1 - 3(8'B) B 7 x = o.

Ogawa also shows that under Ho X 1s asymptotically N(_C_), I - PP')
and under Hn' it is easily seen that X is asymptotically N(g_, I - PP'),

where



@ ”

P = . . . )
rsxr

) 0"1/131

0 o...\/p‘o"

Let w' = x'L where L = (P : Lyt L, ) rs such that
. A rsxrs r t rs-r-t

. L is orthogonal and I,L] = B(B'B)~1B'. Then Wiy eeo,W equal zero
with probability one and Wpp12ee sV, are asymptotically distributed
under H  as independent N(O, 1) variates and under H o &8 independent
normal variates with common veriance unity and means given by E(y_ ') = 4a'L.

Thus, in the limit,

2
X" =x/[T - L1y 7%
= x'[PP' + Lol} 7 x,
- 2 2 ' 2
S e TV Ve T et Vg s
2 " 2
. =wr+'t+l+ -on"'wrso

Therefore, in the limit, X2 is distributed under B o 88 2 central
. chi-square variaste with rs-r-t d.f. and under H , @8 @ non-central chi-

square variate with rs-r-t d.f. and a non-centrality parameter



31

n n
But 4'P = ([—=2 285 oo /-{2 ?drd)= (Oy+es,0)

and we may put

A=4'[PP'+ LL) 74,
=d4'/1 - B(B'B)'ls'_] .

3.3 Theorem 4

Given & product-multinomial sample (1.1.2), rs functions pid(g)
of t unknown parameters 91,...,9t es in (1.4,1) and u functions fm(g)
as in (1.4.2), consider the hypothesis

HO: piJ = pij(g) for i = 1,.e.,r and § = 1,...,8

subJject to fm(g) =0form=1,.,.,u,

and the alternative

B¥: Py = pi,‘j(g) + diJ / /b subject to fm(g) =0

8
where Jfl diJ = 0 but not all diJ = 0for i=1,.,4,r

and where P # Pij(g) for any © in (7).
In order to obtain the asymptotic power we consider the simple alterna-
tive

Hyt Dygy = pid(go) +a, / /B subject to fm('_eo) =0

where 90 is supposed to be the unknown true parameter

point in (7) under By,

Then (1) the equations



r s - d ,.(8) u d £_(9)
(3.3.1) 5§ Py PPy y(0) pis'8 w'
1J)=1 pij(:g.) *3 gk + mEl )\m r——gk =0,

k = 1,0..,t, fm(g) = O, n = 1,0’6’11,

for minimizing chi-square in the modified sense subject to Hb have
A A

A A A A
exactly one system of solutions é' = (61""’°t)’ A= (Ql,...,gu)

A
such that @ —> EB in probability as n —> o subject to the ratios
nio/h being held fixed and (2) the statistic

( (R) )2
r s n, -0, p,.(O
(3.3.2) xg - 121 le i “io 136
nyoP; 5(8)

is, in the limit, distributed under Ho as a central chi-square variate
with rs-r-t+u 4.f. and under Bn as a non-central chi-square variate

with rs-r-t+u 4.f. and a non-centrality parameter

(5.3.3) &% =a'/T - B,(8}B,) B, 7 4,

o p*

1 io iJ

where B, = / ' with p*_ being p.,(0) ex-
rext-u \/paj n d On 1 4
°

pressed in terms of the t-u independent Qk and Qk" are the t-u inde-
pendent Qk.
Proof

Part (1) has been proved by Ogawa [ 11 /. Part (2) will be
proved here,

A
B, 4704Py 4(9)

i niopij(é)

a'nd Z*' = (y.ili 'OU’yEs, ...’y;l’.‘.,y;s).

i= 1,.:;,1‘, J = 1, csey8,

Let y?d =
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Ogawa shows that y - /I - B, (B!B,) 1]3,"_7 x -;-> O under H_ and
in a menner similar to that of theorem 1 it can be shown (see appendix)

that the same is true under Hn' It follovws ﬁhat
2 t T -1 1
(3.3.4) Xe = x'/T - B,(BLB,) "B} 7 x 3> 0
Under B, x is asymptotically N(0, I - PP') and under B, x is

esymptotically N(d4, I - PP').

Let w*' = x'L* where L¥ = (P : ¥ L ) rs such
rsxrs r teu rs-r-t+u

that L* is orthogonal and L{L{' = B*(B;B*)'lB'. Then wi,...,w; equal
zero with probability one and w;+l,...,w;s are asymptotically distri-
buted under H, as independent N(O,1) variates and under H, as inde-
rendent normal variates with common variance unity and means given by
E(w*') = d'L¥.

Thus, in the limit,
Xe = x' [T - 114" 7 5,

- x[er 1y 7%,

= 2 2 *2 *2
wi + oo + wg oty t oo W
= 2 2
Hepawl T e W

Therefore, in the limit, Xi is distributed under Ho a8 a central chi-
square variaste with rs-r-t+u d4.f. and under Hn as & non-central chi-

square variate with rg-r-t+u 4.f. and a non-centrality parameter

But 4'P = (0,...,0) and we may put
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aemar[oe 1y 74,

= a'/1 - B,(88,) By 7 4.

3.4 Asymptotic Independence of Tests .

Suppose we have two hypotheses

Hy ¢ Pyy = pliJ(gll""’gltl) for i = 1,...,r and
J=1,.4.,8 subject to flml(gll”"’gltl) = 0

for m, = 1yeeiyuy, and Hyp' Py = p213(921""’92t2)
for i = 1,...yr 8nd j = 1,...,8 subject to
f2m2(gll""’gltl) = 0 for my = 1,...,u,, vhere u, < t,,

uy < t, and (tl + te) - (ul + u2) < rs-r.

Let Xi* and Xg* be the test statistics for HOl and H02 respec-
tively and define Bl* and BE* for HOl and HOQ respectively as in
theorem 4. Then in a manner exactly analogous to that of section 2.5
it can be shown that a necessary and sufficient condition for the
asymptotic independence in probability of Xi* and XS* when HOl and

HOE are true 1s that

[1 -Bl*(Bi*Bl*)'lBi* 7L I-Bpy (BAyBoy ) 'lBé* 7 = PpP',

3.5 Examples of Specific Tests

Some specific tests are given here for two-way and three-way
tables in which some dimensions represent 'variates' and others repre-
sent ‘'ways of classification' (Roy and Mitra 1718;7 ). As in section

2.6, '1' and 'j' or 'i', 'J' and 'k' denote the dimensions. In each
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. example the hypothesis, alternative, test statistic, degrees of freedom

and non-centrality parameter are listed.

(3.5.1) Two-way; 'i' a 'way of classification' and 'j' a 'variate';

hypothesis that for any J, pij is independent of 'i',

B, Pyg = Yy (say) for i = 1,..e,r and J = 1,...,s.

d

. = o 1 — 3
B:: piJ q*J + ;ZEQ where ? dij = 0fori=1l,...,r.

Ho and Hn subject to ? q*J =1,

(n - niono.j) 2
X2 =z 1J 2 :
id 210704
. n
. dofl = (r‘l)(s-l)
n 1 n
io 2 io
2 T, e mm—— * - = Z Som——— d L)
A 5 E qij (diJ d*g) where d*J 2 = 13

(3.5.2) Three-way; 'i' a 'wey of classification' and 'j' and 'k'
'veriates'; hypothesis of independence betwesn 'j* and 'k!
for each *it.

Hb: pijk = piJopiok Tor 1 = 1l,e00yry J=1,.4.,5 and

k = 1’ ...’t'

d

. = 40 .0 ik =
B¢ Pigk = PijoPiok * V3 vhere & Qi =0

< fori=l,o-o,ro
Ho and Hh subJject to ? pi‘_,° = 1 and % Piok © 1l

for i= l,oou,r.



(3.5.3)

n n 2
(n Mo 1ok>

ijk n
X2 = ¥ e ioo .
ijk ijo iok
nioo

d.f. = r(s-1)(t-1).

n
_ “io00 1 0 o) 2
as= i)j:k 5o o (P 0%k Prordi go) 0
Pj 30P10k
2
n d
= - _ ioo ijk
I diJo 440k = O 4= i?k n " o o °
P; 30P10k

Three-way; 'i' a 'way of classification' and 'j' and 'k!
‘varistes'; hypothesis that pijk is independent of 'i' for

all j and k.

H: Pijk = U 5 (say) for 41 = 1,...,7, J = 1,...,8 and

k = l,'ll’tl

d
. = q° ik - -
H pi'jk = q*Jk + Where Z diJk = OfOI‘ i= l,c..,r-

n' \/ﬁ Jk

Ho and Hn subject to J_)i q*Jk =1,

2
( 0 . Cioo"ogk )
x2 = ¥ iakn N n
iJk f00" 0k
n

d.f. = (r-1)(st-1).

nioo 1

A= %
ik

36

2
. (dijk'd*Jk) where d*Jk § = dijk .
W gk



(3.5.4) Three-way; 'i' and 'J? 'ways of classification' and ‘'k' s

(3 '5 '5)

'variate'; hypothesis that for any i L p1Jk is independent
of ‘'it,

H: Pygic = gk (say) for 1 = 1,4e.,7y J = 1y.0e,8

and k = l, ouo,to
d

. = o° ijk _ .
H: P; 3 q*jk + = vhere E dijk = 0for i=1,.us,r

and J = 1,...,8.

Ho and Hn subject to E q*jk =1for J= l,o..,s:

2
(n 4 30703k )
i3k ~
X2 = L ! nojo R
ijk 4 jo"o 5k
noJo

d.f. = (r-1) s (t-1).

n n
ijo 1 2 ijo
A= ¥ o oo (d,, -4,. ) where d =z s PR
0 iJk "*jk * 3k n ijk
1)k n o J J _ J 1 Bo30 J

Three-way; 'i' and 'J' 'ways of classification' and 'k' a
'variate'; hypothesis that for‘any *it, Pijk is independent
of ',
H: Pigk = Yynk (say) for i = l,ee0yry J = 1,.44,s

and k = 1,,..,t.
d

3 _ .0 ijk _ _
H: pijk = Qg t T}ﬁ- where E dijk =0 for i=1,...,r

and j=1,...,s.

Ho and H subject to E Uwe = L for 1 =1,...,r,



(3.5.6)

2
(nidk _ nigoniok )
x2 = ¥ . ioo | .
ijk nijoniok
nioo

d.f. = r(s-1)(t-1).

n 2
ijo 1
A= ‘?k = .= (diJk'di*k) »
1d Qi
n
- ijo
where di*k § nioo diJk'

Three-way; 'i' and 'j! 'wvays of classification' and 'k' a
'variate'; hypothesis that for any k, piJk is independent
of 'ij'.

e}
and k = 1,ooo,to

H : Py = Loy (say) for i = 1,,0u,r, § = 1,000,8

a
H:p = g% + LI yere 5 g =Q0fori=1 r and
1k T Lesy itk seets

n’ VG

' J = l,ooo,So

Hb and Hn sub ject to E QUegye = 1,

: 2
(ni K - ni,jonook )
VI J — 1 .
ik iJjo ook
)

d.f. = (rs-1)(t-1).

ijo 1 2 -
e "ot Gagcten) vhere dyy =3 =B,
Lyt

A=

38



Chapter IV

ANALOGUES TO NORMAL UNIVARTATE AND MULTIVARIATE ANALYSIS
OV VARIANCE TESTS FOR SINGLE-MULTINOMIAL SAMPLES

4.1 Introduction

For single-multinomial samples tests of hypotheses of the type
given in (1.3.6) are called analogous to normal univariate and multi-
variate analysis of variance tests since we are given that the basic
perameters (the pJ's) are known functions of a smaller number of un-
known parameters (the Qk's) and we wish to test the hypothesis that
some given function of this smaller number of unknown parameters is
equal to zero. Few examples of this type of test have been used thus
far in the analysis of categorical data, but one application is given
here and others can be found.

Two theorems on this type of test are given, the first pre;
liminary and the second very genmeral in nature. The speclal case
which is given 1s most applicable in practice and the example of a
specific test which is included fits this special case. Here, as
in the previous chapters, a necessary and sufficient condition for

the asymptotic independencé in probability of two tests is developed.

4.2 Theorem 5
Given a single-multinomial sample (1.1.1) and & functions
pj(g) of t unknown parameters 91,...,et as in (1.3.1), suppose it is

also given that pJ = pj(g) for j = 1,.4sy8. Consider the hypothesis

and the alternative
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Byt @, =hy, + ¢, /o= g;, (say) where not all

€y = O and where §! = (eg,...,o°, e° ,...,Q:) is the

u’ Tutl

unknovn true parameter point in (7).

A
Let O be the unique consistent solution of the equations given

2

by (2.2.1) and let X° be the corresponding test statistic given by

(2.2.2)
A
Let © be the unique consistent solution of the formal equations,
sub ject to Ho’
. + =
ng pJ(g) d gk k'sl Ak' 3 Qk >

(4.2.1)

k=100t G, =B, k' = 1,...,1,

and let Xi be the corresponding test statistic as given by (2.3.2).

38,
Note that 3—5;— = 1 or 0 according as k' = k or k'  k and hence

(4.2.1) may be reduced to t-u equations in CIEPRTRL -

Then X§ = Xi - X2 is in the limit, independent of X2 in proba-
bility and distributed under Ho as a central chi-square variate with
u d.f. and under Hn as a non-central chi-square variate with u d.f.

and a non-centrality parameter.

-1
(b.2.2) A= _c_'Ai[I - Aa(AéAE) Aé]Aig_,
where | ct = (cl,...,cu),
1 [ 9P,
Al = . -7"'—_0, s“- ] J ='l,00.’s and k' = l,:..,u’ &l’ld
sxu VP %

(o)



by

dp

8Xt-y "

S

Proof
Define yJ(;j = 1ly..4,8), Y y"j, e, ¥; @nd x as in theorems 1 |
and 2. Cremer [ 5_/ has shown that, in the limit, the equations (2.2.1)

may be written

t 8 dp dp s n.-np /dp
5 _eP 1 J J = 5 d_J J
e % F1gS ( % ) S % omi \%%) 7
o f's) o

m= l’..‘,tl

In matrix form, this becomes

A'A(o - s} =\E1 A'X yhere 4 = [Al : A2_7 s.

sxt u t-u

Similarly, in the limit, the equations

(k.2.1) may be written

dp dp
: 1 J J
Z (h,-e) 5 L
k'=1 k! k? 3= p(; ( %) gk' 0 Qm"
o o
t ( ) 8 1/ 9 Py d Py
+ z - e " Z
L =1 ]\ 3G g
°
0
8 n_ -np dp
= J—z-l J OJ a g'jn ’ m" = LH-l, -o.’t,
np‘j i .

and in matrix notation become



Ay (B - 90) + AzAN(8, - &) ‘Jlﬁ Alox

where B! = (bj,.eush ), 8] = (By,400,0,) and 83 = (8, 1,+4456,).

As a solution of equations (2.2.1) we have, in the limit,

A 1 ,, .11
8-8, =% )T a,

and as a solution of equations (4.2.1) we have, in the limit ’

A
A

oy . 1 -1 - o
(8 - &) " (AAo) "AZx - (A3A5) A%, (B - ).
Cremer /5 7 has shovn that
A
Y- [x- 8 A(® -90)_7-;-> 0, or
-1
- - 1 1} — .
. y-[1 AAB) A Tx 2> 0
Similarly,
A
) )
- [x- \/EAl(.t.‘. -8) - \/EAQ(.O.Q - 92)_7?> 0, or
- LT a7 37 (x4 ae) 3> 0
We can choose a matrix X such that

C = AK, vhere C = /¢, : C, 7's,
u t=u

R O u

K= » vhere R and S are non-singular, and such
Q@ 8 t-u
u t-d

that CiC, = O (Ogawa [10_/ ). Then C, = AR + AxQ, Cy = AS, and
AJAR+ AMQ =0 (t-uxu). Since K is non-singular we may find its

inverse

<



43

u t-u

1A =crl. c,8™! Qr™ end Ay = ces'l. Thus, in the

Then A = CK~
limit,

ok ke Yooty kYo 7 x,

I~
]
'3

c(c'c)'lc'_7:_c

"3

-1 o )L
C,(ciCy)C] - Cy(che,) ey 7 x, and

>

“1,.,-1 -1y-1,,-1
Co8 (8" ciC8T) 8 ey T -

"4
U
"3

[x+ (clR"1 - ces'lQR‘l)_c_] ,

=[1
s[I

Let w=M'x wvhere M= /p : M, : t M 8
- - [-]: ul b:gu s-é-l-7

-1 -1 -1, -1
Co(CiCa) ey 7 2 + (R - ¢8R ™) 7,

-1 -1
CalCae,) ey 7 x + CR e

such that M is orthogonal and where

2'=(\/§§:---, \EE):

-1
MM} = ¢, (CC,) ey, and

_ -1
gty = Co(06p) ey -

Since x is asymptotically N(O, I - PR'),s Wy = 0 with probability

one and W,,...,W  are asymptotically independent N(0, 1),

X = Mlﬂl + M232 + MBEB’ vhere



E' = (wa,ooo’wu"_l), Eé =

y_é = (wt”_e,...,ws).

Then, in the limit,

Z= (1 - MM - MM (M

(Wappr e vesipyy

) and

+MW +M3_5),

=lel+Mw 3_3-M - Mo¥a,
= M}E}’ and
-1
= - L
¥* = (I - MME)(Mywy + Mjwy + Maws) + C.R™e,
-1
= Myw, + Mw +M5E5-Mw + CiR "¢,
-1
=Mly_1+ Mﬁ5+ c R C.
Therefore,
X2 - VMM, —> 0 or X2 - wiw, —> 0, and
-3"3"33 p ¥3us p
- [wmiw, + winie Rl + o' Yo w
-1"1"1-1 © =171V = = 1I"1-1

T UMM +

11

1

-1 -
l L Nt t
3M3C lR c+ c'R' °C 1M5_113

1 1
+ 'R' ! —"> 0.

But, CiM; = (c]C )1/2(0

ciM, =cic (c 172,

11 l)

)'1/20 = (c

l/QM'M

M3 = 0, and

= (C )1/2 ; where the square root of a

symmetric positive definite matrix is defined as in Ogawa, [ 10_7.

Thus

[w W, + 2c'R"'l(C'C )

+9_’R' C'CR c+ww

171 =3-3

1/2

5

L
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Finally, in the limit, we have that

2_.2 2. <1, n (12
Xy = X%g = X7 = wiw, + 2¢'R (clcl) L2}
- -1
t
+ ¢'R CiClR <,

_ 12 -1 ¢ 1/? -1

= [uy+ Ce R T [y v o e 7,

= v'v (say) where vt = (vl,...,vu).

Since x2 - wlw, —> 0 and X2 does not involve w it 1s seen

that xg is asymptotically independent of X2.

Since ¥y is asymptotically N(Q, I), Vv is asymptotically normal
with mean vector (Cicl)l/ER'lg and variance-covariance matrix I(uxu).

Under Ho, c=0, and xﬁ is, in the limit, distributed as a
central chi-square variate with u 4.f.

Under Hn’ Xg is, in the limit, distributed as e non-central

chi-square variate with u d.f. and a non-centrality parameter

-1 -1
'
A= c'R' 7(CiCy)Re

-1 -
1] t
But R ClclR

1 R'"

1 -1
(R'A] + Q'AL)(AR+ AQ)R™™ ,

(a3 + R*"eag)(a, + a7,

-1 -1 -1 -1
' ' ' 1At ' '
AlAl + AlAEQR + R' "Q AEAl + R' "Q AéAEQR 3

-1 -1 -1
t 1 ' t - t
AlAl + AlAEQR + R' "Q AéAl R! Q'AeAl,

-1
AlA, + AJAQRT,

-1
= AjA;) - AJA(AZAL) A, .

Therefore, A =c'Aj/T - Ay(AJAS)T7A% 7 Ajc.
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4.3 Theorem 6

Given a single-multinomial sample (1.l.1), s functions pd(g) of
t unknown parameters 01,...,0t as in (1.3.1) and u functions fm,(g) as
in (1.3.2), suppose it is also given that Py = pJ(g) for j=1,...,8.
Consider the hypothesis

HO: fm|(g) 0 for m. = 1,0..,11,
and the alternative

Bf: £.(8) =c,, /B where not all ¢y = 0.

In order to obtain the asymptotic power we consider the simple alterna-
tive

Byt £0.(8) = ¢ /B where S, 1s supposed to be

the unknown true perameter point in (7).

Let § be the unique consistent solution of equations (2.2.1)
and let x2 be the corresponding test statistic defined as in (2.2.2).

Let g be the unique consistent solution of the equations (2.4.1)
and let Xs be the corresponding test statistic defined as in (2.4.2).

Then Xg = Xi - X2 is, in the limit, independent of X2 in proba-
bility and distributed under H° as a central chi-square variate with u
d.f. and under Hh as & non-central chi-square variate with u d.f. and

& non-centrality parameter

-1 -1 -1
A=c'FIAL[T - A (AL0,) Ay 7 AFc,

where c' = (cl,...,cu),
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A 2 (2
1= ’
s jgg 36,
_ o
1 o p%
A* = J )
'sx?:ﬁ \/p_g C G

(o)

and where Qk' denotes the u Qk made dependent under Ho’ Qk,, denotes the
t-u Qk independent under Ho and p-s is p J(g) expressed in terms of the

t-u independent Ok under Ho. For convenience of notation we may assume s

without loss of generality, that k' = 1,c005u and k" = utl,...,t.

Proof

d°F
. nm'
Denote by F = /] il : Izeuj u the matrix E—-——gk ) where
- o

of ' 9 f,

Fl = (3-—9—19— and F2 = [ 3—52— "+ Since renk (F) = U, we may as-
kl
' o] o

sume without loss of generality that !Fll # 0. Define £ (9) = LI
for m" = wl,.,.,t so that fm(_e_) where m = 1,.,.,t are continuously
differentiable and the jacobian of the transformetion from @' = ( 91 seee ’Qt)
to (fl(g)""’ft(g)) at 6 1is given by IFll'l.

By a well known theorem on the inversion of a transformation
(Courant /™4 7, p. 152) it is seen that, in a neighborhood @ of 8,

the system of equations &y = fm(g) form = 1,...,t has a unique inverse

e

e = gk(al,...,at) for k = 1,..,,t,

and if a.; = fm(ei,...,e»:), then in a neighborhood ¢ of _a_o' = (az, ...,ag)
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1
l.
the inverse functions g, possess continuous first and second order deriv-

atives and the first order derivatives sre given by

) d 8, dea, -1
F-B,-n_l = W forkandm-—- l’ooc,to

Put pj(gl’.’.’gt) = p‘j(gl(-a-)"""gt(i)) = qj(al’ "')at)
for J = 1,..”5.
Mitra /7 7/ proves that the equations

nd-nq‘j d q'j

s
,351 QJ 'aam = Oform=1,...,t

A
have a unigue solution & such that g —_— _a_._° in probability as n —> oo
A A
and that @ = g(a) is asymptotically a solution of the equations (2.2.1).

Mitra also proves that the equations

8 n,-ng, dgq u da,

r A3, _Jd, & 220
J=1 qJ F2) 8, m'=1 Por 3 &, ’
m = l,..-,t’ am, = 0’ m' = 1,..-,11,

. A A ALA A
bave a unique solution &' = [9 al /1, where 8y = (8,,150008y),
u t-u

k o!
such that a'—> /[0 : 3 _/ in probability as n —> o and that

H A
A
= ;g_(_a,:) is asymptotically a solution of the equations (2.4,1).

Thus, it is seen that the problem of testing the hypothesis

H: fm,(g) = O formally reduces to that of testing

o: ‘n? = 0 for m' = l,oaa,u

1
where Eo = (ag,.” ,ag) 1s now the true parameter point with respect

‘ to the new frame of reference a,,... s8y -
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d4a
Define D = [Dl H D2 _7 s where Dl = ...:!'... (B..ai.
VA3 \ © %n

u t-u

l,ooo,u, and D » m" = u+l,...,t. Then
qd m"

by theorem 5, we have that x = X - X is, in the limit, independent
of X2 in probability and distributed under HB as a central chi-square
variate with u d.f, and under Hn as & non-central chi-square variate

with u d.f. and a non-centrality parameter
A= c'D'[I - De(Dene) l13&,_713 c.

tet A = Zthl : A, :7 s where A, is defined as before and

d teu
A 1 ép" Itiss‘ that A = D 25y
= — . een j = .
2 \/53 30, 34,
o] .

vhere m; k = 1,..0,t, or [A, 1A, T8 =
u t-u

] d 8 o &
(7). () |-

sszl : D, 7 . 3 3
u t-u am" ] a'mn "
- 7o) (7)) | o
Q 0
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Inverting this, we get

P P -

[Dy 2D, 7= [8, : 8,7 - ’

i 0 I
F;l -Fil . Py
= [7 A7
0 I
or D, = A.F - and D - A.F lF However, from a theorem on
1l 1I"1 2 = 1'1 ’

Jacobians due to Roy [ 17 _7,
- . 3 pr
A* = \/—':6 ( jn ) ?
Py k o

: <ap3) (Bpj>(afm,>’l (Bfm,>
= 3 Q" - Q' gl ] ?
.,/pg 3% ) 1 1/ \ %% A\ % L\ %)

. J

Ay - AFIFp,

= D2.

Therefore the non-centrality parameter may be expressed as
A—c’F' /’I A(A'A) JAF c.

L.4 Asymptotic Independence of Tests

Suppose we have two hypotheses of the type considered in

theorem 6:

Hy flmi(gl"“’gt) = 0 where m) = 1,,..,u;, and

HOQ: famé(gl,ooo,gt) = 0 where mé = 1,.-0,‘12

with u, + u

1t up st
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2 2
Let X01 and X02 be the test statistics for HOl and H02 respec-

1 op
tively and define A =] === ( 3—941) » Define A, for each

sxt \/53 k

o
hypothesis and let this be denoted by Al* and Ae* for HOl and 302 respec-
tively.

When HOl is true

2 -1 -1
Xo = X' [A(A'A) A' - Al-x-(Ai*Al*) A]':’"J-}E -IT> %

and when Ho2 is true
X2 - x'(A(A'A)'lA* - A (A} )~2a /x—>0
o2~ % onBopfny) A5y [ X .

Then, by the theorem in section 1.5, in the limit, when HOl and

Hoe are true, xgl and X(2)2 are independent in probability if and only if
A(ata) A - A, (A )~tar I '
LA = Ay (AdA 1*.7'['22_7'
~1
[AAA) A - A, (ALAL )AL, 7 = 0.
But p'A = 0, E'Al* = 0 and B'Ae* = 0, and the condition becbmes
LAATR) AT - A (A1) AL, /AR A - & (aha,,) s, 7= 0
1x\A1afd ) Bya /L palinaBay) Ay ’

By simple algebraic manipulation, this condition may be shown
to be identicael to a necessary and sufficient condition derived by

Mitra /77 7. That is

-1 -1 -1
LA (ALA1) AL 7 [1-8,(A2,A5,) Ay /=1 - A(A'A) A",
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L.,5 A Special Case

Of particular interest, and perhaps widest applicability, is the
case in which, for a single-multinomial semple, we wish to test a
hypothesis of the form fm(pl""’ps) =0form=1,...,u<s-l.

In this case, we are given that Py = PyseeesPy y =Py 3 and

P, = l- Py = eee - Pg_y* The hypothesis is

H: fm(pl,...,ps) =0form=1,...,u< s-},
and the alternative is

H: fm(pl,...,ps) =c, /yn where not all c, = 0.
Here the solution of the equations (2.2.1) is

A
Ay o & (ngup)°
pj = o for j=1,¢s.y8 and X~ = § —x— = 0.
=l  np
' J
The equations (2.4.1) may be written
g n,-np dp u o ¥
z Bt ) Y 3——2 = 0,
J=1 PJ Pr m=1 BOPR

k = l, o.-’S'l, f;(pl,""ps-l) = 0, m = l,oo n,u,
where fx is fm expressed in terms of the s-1 independent parameters

P1s» Pps +eey Py ;e Then the equations (2.&.1) reduce to

n,-np, n_-np u 9o f df
J J 8 s m m =
P, P +m§l }‘m(apé 59) %

J ] 5

J = l,-.o,s-l, fm(pl,ooo,ps) = 0, m = l’ooo,u,
8
X p, = 1,
=1 Y

A
A
These equations have a unique consistent solution pJ and ve may form
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A

A2
2 - ; (nj-npj)
* - Y e [ 3
J=1 np,

It is seen in this case that

2 2
XS o= Xy .

We can assume, without loss of generality, that Pyse+.sP, are

made dependent under Ho and pu+l""’ps-l remain independent under Ho.

Then
- —
\/—-.1—3- 0 ... ©
2
» L] L] u
= 1l
Al o 0...——

C) s-l-u

I S T S I
NN JEJ
1
— 0 ... 0
Vi
andAa = : : :
sxs~l-u . . i
0 O ¢ v o
R Ve
s - amanlk ..

g-l-u
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Note that A1 and A2 are fixed for all hypotheses of this type.

d of of
F. = n =( n - L form
1 (3 pkc)o o Ppt va Ps )o ‘

o % 9 f df
m m m

o

l’-'.,u and k' = 1,.0‘,“,

and

l,.se5u and

k" = u*l, uc.,s-lv

Then A, = A2 - AlFilFa and we may form the non-centrality parameter A.

4.6 A Specific Example

As a specific example of the preceding special case consider the

hypothesis that Py =Py = ee0 =D vhere u < s-1.

utl
Then the hypothesis is

H:p

o' Pp Py = O0form=1,..,,u<s-1,

and the alternative is
Bt By = Dyq = ¢y / Vb where not all ¢y = 0.

The modified chi-square minimum equationg subject to Ho are

n, - np, n, - np,
- + 7\1 = 0,
pl Pg
n, - np, ng - np,
- + An = 0,
Pu Py
Bar1” PPy Bg - 0P
- - Kl ~ e = }\‘u = 0,
Pu+1 Pg
Parp” PPy By - DR
- = O’



B e o o

s-1 = "Pg3 Bg = Py o
- = 0,
Pg.1 Py
Pp " Py = O
Py - Pyl 0,

pl+ -oo+ps = 1,
The solution of these equations is

+ ve e + n

A - . A - oy w1
Py = ver ® Py n{u+l) ’
A n A n
A ut2 A B
pu+2= n ) 00y ps=-;,and
2
i (n i n, + eee + Dol )
xﬁ = Xi =z ! n. + u*l; n
=l 17 " Pl
utl

A, and A, are as in section 4.5,

-1 0 . & @ O
} "'1 0 * o o 0
Fl = I(uxu) and F2 = . . . .
uxs-l-u v '
A "l 0 L 2NN T OJ



L .
Ve
1
— o .
Vi
1
Ay = — o .
sxs-u-l \/1:‘;1
0 o .
Ll L
24 V'

po L m=1 B Wl ‘p=3
wk
u 1 u
It X ¢ =0 A= z
m=] T ’ m=1

(o]
Pl

’ e 0
. L] 0
.. 0
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Thus, Xg is, in the limit, distributed under Ho as a central

chi-square variate with u d.f. and under Hn as non-central chi-square

variate with u d.f. and a non-centrality parameter given by A above.



Chapter Vv

ANALOGUES TO NORMAL UNIVARIATE AND MULTIVARIATE ANALYSIS
OF VARIANCE TESTS FOR FRODUCT-MULTINOMIAL SAMPLES

5.1 Introduction

For product-multinomial samples, tests of hypotheses of the
type given in (1.4.6) are called analogous to normal univariate and
multivariate analysis of variance tests for the same reasons as given
in section 4.1, As in the previous chapter few examples of this type
of test are found in practice, but two applications are given here.
Because we are here dealing with the case where some marginals are
'variates' and some are 'ways of classification,' this situation most
closely approximates the kind of sampling scheme found in normasl analysis
of variance. Here we have the advantage that we need not be restricted
to linear models and linear hypotheses.

Two theorems are given, the first being preliminary and the
second very general. A special case is given which seems to be most
applicable in practice and two examples of specific tests in this
special case are included. In addition, a necessary and sufficient
condition for the asymptotic independence in probability of two tests

is developed.

5.2 Theorem 7

Given a product-multinomial sample (1,1.2) and re functions
Pia(ﬁ) of t unknown parameters 1540456, 88 in (1.k.1), suppose it
is also given that Pyy = pij(§> for i = 1,.00yr and J = 1,...,8.

Consider the hypothesis



58

@ Byt @ = b,y k' = 1,...,u<t,

and the alternative

0

an Qk. = hk' + Cxt /\/ﬁ = O (say) where not all
0 o 0 0

Cxr = O and where @' = (91,...,9u, gu+l”"’gt) is

supposed to be the unknown true parameter point in f'_)_

A
Let © be the unique consistent solution of the equations given

by (3.2.1) and let X2

be the corresponding test statistic.
A .
Let _Q be the unique consistent solution of the equations,

subJject to Ho »

r s n,,-n p.(0) Jp, . (6) u 3 e,
iJ "io¥i)'=~ ijt= k
(5.2.1) X I . + I S ° 0
- k = 1,oco’t’ gk' = hk', k' = l,..o,u,
. and let xi be the corresponding test statistic.

Then Xg = Xs - X2 is, in the limit, independent of X2 in proba-

bility end distributed under H , 88 & central chi-square variate with u
d.f. and under Hn as a non~-central chi-square variate with u d4.f. and

& non-centrality parameter
= -1
A= _c_'BiZ I- BE(BéBE) B} / Bic

vhere c' = (cl,...,cu),

fn dp
- 1 io iJj =
Bl ~ (a gk:) where k' = 1,...,u,
Irsxu ind

0
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, n op
B = 1 1o 1 and where k" = utl,...,t.
e __ 0 n 0 On
rext-u Pij o
Proof

Define Yig0 Yo y-’{d, ¥, Xy 5 and x as in theorems 3 and 4, In
& manner analogous to that of theorem 5, Ogawa [ 11 _7 has shown that

the equations (3.2.1) become, in the limit,
B'B(S - 9.) = 7— B'x

vhere B = /] B, : sz. Similarly the equations (5.2.1) become, in the
limit,

- 90) '-"'—,.—_B'X

BB, (b - €7) + BLB,(8, - € 7 B

Where _h-‘ = (hl, ooo,hu), gi = (gl’ o",gu) and Eé = (Qu_’_l,.oc,gt)d

As a solution of equations (3.2.1) we have, in the limit,

A
® -

=2 (8'B)"1Bx
ﬁ =
and as a solution of equations (5.2.1), in the limit,

(g - &) =\-/_— (B28,) 'B3x - (318,) BB, (0 - ).

Ogewa /711 7/ has shown that y - [x - \/-B(Q -8) 7—> 0,
ory- /1 -B(8'B)8 7x <> 0. similerly,

A
¥ - [x- ‘/531(.13 - 93_) - \ﬁBg(gg ".92).7"5> 0,

-1
or - [T - By(BB,) "B} 7 (x + Byc) 7> ©-
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We can £ind & matrix K such that C = BK where C = /¢, : C, 7 rs

R O} u 4 t-u
and K = » vhere R and 8 are non-singular and such that
Q@ S| t-u
u t-u
! =
CiC, = 0.

Then, as in theorem 5,

¥ - [1-cy(cie))7e] - chlehe,) cy 7% p> 0, and
v - [1-c.he) ey 7x -cr e = 0
< 2v'eve 24 =~ " < p *

Let w = M'x where M = [P : Mpoi My M, _] rs, where P
r u t-u  rs-r-t

is defined as in theorem 3, such that M is orthogonal,

_ -1
MM} = ¢, (cic,) ey, and

-1
MM} = € (Cae,) e

Since x is asymptotically N(O, I - PP), Wisees,W, equal zero

with probability one and w r+1? * e 9V are asymptotically independent

N(0, 1). Thus x = MW, + Mow, + MBEB’ vhere w! = (wﬁ_l,...,w”u),

! = 5 =
wa (wz'-l-u+1""""r+t) and 35 (wm-t-s-l’“"wrs)'
Then, as in theorem 5,

Yy - MBEB -I-;> 0 and

-1
y* - Mly_l - M5"v_73 - ClR < —p—> 0, and therefore

2 1 co—
X 17_523 p> 0 and
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2 -1 1/2
Xy = 33-‘13 - Wi¥; - 2¢'R! (Cicl) ¥y
-1 -1
- oiR? 1 —
[ ClclR c P> o.

Thus, in the limit,

2 _ .2 2 12.-1 o'
Xg = X = X" = [+ (CiC,) R 7

o
[w.+ (clc )l/QR'ch
-1 171 - ’
=v'y (say)where v' = (vl,...,vu) .

2 ey s 2 .

Since X~ - 33315 p> 0 while Xo does not involve 33’ it is seen
that X:‘; is asymptotically independent of X2 in probability whether Ho
or Hn is true,

1/2p-1,

It is seen that v is asymptotically N/_(C'C ) c; I/,
But under Ho, c =0,

Thus, under Ho’ Xg is, in the limit, distributed as a central
chi-square variate with u d.f., and under H o 88 & non-central chi-square

variate with u d.f. and a non-centrality parameter A = c 'R"l(CiCl)R'l

But, as in theorem 5,

-1 1 )
R'7H(C30,)R™ = BIB! - BIB,(BB,) 113531 .

Therefore, A=c'Bi/T - Be(BéBa)'lBé_7 B,c .

5.5 Theorem 8

Given a product-multinomial sample (1.1.2), rs functions Py J(_Q_)
of t unknown parameters 50456, a8 in (1.h.1) and u functions £1(8)
as in (1.4.2), suppose it is also given that Pyy = pi-j(g) for

i=1,.e0yrand J = 1,...,8. Consider the hypothesis



Hy: L ,(8) = 0form'=1,...,u,
and the alternative
BY : £,(8) = c , /vh vhere not all ¢, = 0.
In order to obtain the asymptotic power we consider the simple alterna-
tive
By £,.(8,) = ¢, /i vhere ©, is supposed to be
the unknown true parameter point in (7).
A
Let 8 be the unique consistent solution of equations (3.2.1)
and let x2 be the corresponding test statistic defined as in (3.2.2).
A
A
Let © be the unigue consistent solution of the equations (3.3.1)
and let Xi be the corresponding test statistic defined as in (3.3.2).
Then X2 = %2 - % 16, in the limit, independent of X2 in proba-
bility and distributed under Ho as & chi-square variate with u d.f. and

under Hn as & non-central chi-square variate with u d.f. and a non-

centrality pesrameter
a=c'F By [T - B,(B1B,) "By 7 ByF e

where ¢! = (cl,...,cu),

uxu

n dp
5 -2 io | 13) , snd
0

= 36
rsxu \JPig ° k!

5 P (ap’{a) ,
* (¢] n agn
\/pij k o_]

rsxt-u
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and where Ok, denotes the u Ok made dependent under Ho » Qk.. denotes the

t-u Qk remaining independent under HO and p*{ P is Py J(_O_) expressed in
terms of the t-u independent Qk under Ho. For convenience of notation
we may assume, without loss of generality, that k' = lyeesyu and

k" = u‘*’l’..o’tn

Proof

Define F = /7 Fy : FQJ as in theorem 6 and let fm,,(Ol,... ,Qt) = O
for m" = w+l,...,t so that the fm(g), vhere m = 1,..,.,t, are continuously
differentiable and the jacobian of the transformation from e = (91, ...,Gt)

‘ -1

to (fl(_e_),...,ft(g)) at 8 1s given by IFll .

As in theorem 6, if we put 8, = fm(g) form = 1,...,t and define
qu(aI""’a‘t) = pié(el,...,et), the problem is reduced to that of test-
ing the hypothesis H,: an =0, for m' = l,...,u; where g, = (ag,...,az)

is now the true parameter point with respect to the nev frame of refer-

ence &,,..058, .
Define 6 = /G, : G, _/ rs, where
u t-u
- 3 -
n q
G = L / o | 1 where m' = 1,.,.,u and
1 o n Pe) am,
rsxu qi,j 0|
- -
n d q,
_ 1 io i} " o_
G?_.. - J_a_ n a am" Where n = u"'l,c.n,tc
rext-u %3 0|

Then, by theorenm 7, Xi = Xi - Xa is, in the limit, independent

of X2 in probability and distributed under Ho as s central chi-square



6l
variste with u d.f. and under Hn a8 a non-central chi-square variate with

u d.f. and & non-centrality paremeter
1
A =c'6i [T - Gy(86,) 776 7 Gyc .

Let B = [ B, : B, _/rs vhere B, is defined as before and

u t-u
n. d p.
B, = | == \/-3'-9- 3—5}-‘1 where k" = wl,...,t. It is seen that

2 [2] nh
k“
VP o

da |

= m =

B"G (3"5;) form&ndk l,.n.,t or
(o]

[By :8,7=/[6 06,7 -

L _
- -
F, Fo
= [Gl : G2_7 . o 1 .
L. .
Inverting, we get
- -1
F, P
[Gl Gy 7= [Bl By / »
0 I
-1 -1
, , FFl S S A
= /B, : B .
18 0 1
-1 -
or G, = B,F;" and G, = B, - BlFllFQ.

However, as in theorem 5,



s o 2 o (3 P’i’g) e 40 (a Pi.i) .
* a " a 11
\/;ig : . o Pij ’ K 0
-1
1 B, 9 pij) d £ (B £
pO n s} Qk' 3 Qk' 6 ek"
V513 ) 0 o

- B.F,

=By - BjF) Fy = Gy,

Therefore the non-centrality parameter may be expressed as
- - -1
a=c® 7B/ - B,(838,) '8y 7 B P .

5.4 Asymptotic Independence of Tests

Suppose we have two hypotheses of the type considered in theorem

8:
By flmi(gl""’gt) = 0 where m} = 1yee0,u;, and
HOQ: famé(gl,o.e’gt) = 0 where mé = l, cco,ue,
with u) + u, S\t‘
Let Xgl and Xge be the test statistics for HOl and 302 respec-
1 %40 3 pij
tively and define gsxt = \7=§= - 3—§;~ . Define B, for
| VPiy 0

301 end H02 and let this be denoted by Bl* and Be* respectively.
In a manner exactly analogous to that of section 4.4 it can be

shown that when HOl and Hy, are true, a necessary and sufficient condi-

2

and X02

tion for the asymptotic independence in probabilitonf X2

o1 is

that
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[TB(B'B)’ls'-Bl*(Bi*Bl*)'lsi*;7ZjB(B'B)‘IB'-32*(Bé*32*)‘13é*;7 = 0 (rsxrs),
oF [T = B1e(B1,B1e) "Biy T/T - Boy(BlyBoy) By 7 = T - B(3'B) p'.

5.5 A Special Case

Of particular interest because of its wide applicability is the
case in which, for s product-multinomial'sample, we wish to test a
hypothesis of the form fm(pll""’pls""’p 12°°sP, s) = 0 for
m=1,.4e,u < rs-r.

In this case we are given that

Py S PpyocemsPygy S Py gend =1 -py - e - py oy

for i =1,...,,r.
The hypothesis is
H:¢f (pll""’pls”"’p 12+, s) =0form=1,...,u, and
the alternative is
H: fm(pll,...,pls,...,p 17°00sPpg) = o /\[~f
Here the solution of the equations (3.2.1) is

A nij

Pij=—'—- fori-‘l’.o-,r andj"’l,o..,s and
%10
r 8 n -

x2 = £ ¥ ( iJ 1opig__
i=1 J=1

iopiJ
The equations (3.3.1) may be written

r n

- *

: 1j " BioPiy O Py . o X
+

1=1

. A 5———
1 pij a Phk m—]_ o

8
z

h = 1,...,1‘,. k = l,..-,S-l,
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f;(pll, ---;Pls_l,-.-,prl,...,prs_l) = 0, ms= l,...,u,
where fﬁ is fm expressed in terms of the rs-r independent parameters

pll""’Pls-l’""prl""’prs-l' Then the equations (3.3.1) reduce

to
19 " ToPiy Mas T oPis, B (3£, 3%y - o
- -~ >
2% : Pig m=l B\ 9Py Op
i = 1,...,1‘, J = l,..o’s-l,
fm(Pll""’plS’ ..o,Prl,..Q,Prs) = O, ms= l,.-o,u,
8
Z p = l, i = 1, e Q,r.
=1 "1
n dp
Define B (rsxrs-r) = - io 3 1 s h=1,.,.,r,
N /po _ n phk
i3 )

k=1,.00y8-1, and let B, (rexu) be the matrix formed by taking the u
columns of B which correspond to the Pk made dependent by Ho and let
B, (rsxrs-r-u) ve the matrix formed by taking the rs-r-u columns of B

vwhich correspond to the Pri left independent by Hb. Define

o £*
F(UXI'S-I') = 8—p§k ) 3 h = l,...,r, k = 1,0:.,8'1, and let Fl(u.xu)
o]

be the matrix formed by teking the u columns of F corresponding to the
Py Wade dependent by H and let F, (uxrs-r-u) be the matrix formed by
taking the rs-r-u columns of F corresponding to the Ppx left independent
by Ho’

Then B, = 32 - BlFilFe and we may form the non-centrality

parameter A.



5.6 Two Specific Examples

" Ag a specific é#amplé of the preceding special case, consider
the situation in which we wish to test whether all r multinomial dis-
tributions are equal.

The hypothesis is

HO: pij - prj =0 for i= l,...,?-l and j = 1,...,8-1,
and the alternative is

H : Pij = Pry = Cyy /Vb for i = 1,.,.,r-1 and

Jd = Lyeee,ys-l,
The dependent (under Hb) parameters are

PraseeesPrgysvessPpgys e nsB1gy0
and the independent (under Ho) parameters are

PryseeesPrgye
The modified chi-square minimum equations subject to Ho are

n -0, p n -n, p
AJ_forid | is  dods o, _ 12 lyeeayr=l, §=1,...,8-1,
iJ is

Bpy - BroPr Urg ~ BpoPrg r-l _

- - Z Aij - 0, j = l’ntc,S'l,

Pry Prs i=1
pi‘-j -~ PrJ = O’ i = 1,...,1‘-1, J = l, 000,8-1,
s

n
o4
n

2
j = l’ooo,s and X2 = X z 1Jn o L
°  i=1 j=1 io"oJ
n

A
The solution of these equations is ﬁij = for i = 1,,..,r and

with (r-1)(s-1) 4.f.
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When B,s By, Fl’ F, and B, are formed as defined in section 5.5,

we find that the non-centrality parameter is

s r-l n r-l n 2
A= 5§ L r 0.2 (Z Lo, )
=1 p° i=l B i) V4= B T
rJ
s-1 8
where ¢, = - El 4y for 1 = 1,.s4,r-1 (i.e., Jfl Cy4 = 0 for

i=1,...,r-1),

Thus Xg is, in the limit, distributed under Hb as a central
chi-square variate with (r-1)(s-1) d.f. and under H as a non-central
chi-square variate with (r-1)(s-1) d.f. and a non-centrality parameter
given by A above.

Note that this hypothesis is really the same as that given in
(3.5.1) and that the test statistic and the degrees of freedom are
identiéal. If the deviation paremeters in the two alternatives are
identified with each other (ciJ = did - er for i = 1,..4.,r-1 and
J=1,.04,8) it cen be shown that the two non-centrality parameters
are identical.

We may also test whether the first (say) wrl < r cut of the r
multinomial distributions are equal. In this case the hypothesis is
H: PiJ " Pl = Ofor 1=1,..e,u<rand j=1,.,.,s-1,

o
and the alternative is

J = 1,000,8'10

J for i = 1.0yl and § = 1,.4.,8 and



T0

N n
Pid = B‘;. for i = u+2,...,r and J = 1,.0.,3-
0
+ + 2
(n - nld see nwld )
wl s ij lon, + u.+n
The test statistic is X2 = & & 0 210
0  i=1 J=1 o T
With u(s-l) d.f-
s~1
If we define Cig = - Jfl Cyy for i = 1,.,..,u
]
(1.e., JZ& 3= Ofor i=1,,,.,u), the non-centrality parameter
is-found to be
u
a=z 2 |3 Mo o2 o (z Mo
. o] — n ij n + sae t N - n ij
FLopggy |12 1o utlo i=1

Note that the first example is a special case of this (when

u=r-l1),



APPENDIX

Cramer's Chi-square Theorem

In Cramer's theorem ( /5 7/, page 426) a probability measure
p(©) where 2'(9) = [pl(g),...,ps(g)_] is hypothesized and this measure
1s assumed to satisfy conditions (a)-(d) of (1.3.1) of this paper. The
main point of Cramer's proof is that if, under the hypothesized proba-
bility measure, we have with a probability which approaches one as

n —> o0
I, <% forall § = 1,,..,s,

vhere w denotes a function of n such that w —> oo as n —> oo while
. we /VB —> 0, ¢ is defined in (1.3.1), (b) and Xy is as in theorem 1,
. then

V' (1) with a probability which approaches one as n —> o

the equations (2.2.1) of the modified chi-square minimum

method have exactly one set of solutions § such that

@ ‘- _Ool < € where 90 is the true parameter point,

and

(2) with a probebility which approaches one as n —> ®

we have

ly- /1 - A(A'A)'lA'jgc_ | <e

where y, x and A are defined as in theorem 1.

A study of Cramer's proof reveals that when conditions (a)-(d)
- of (1.3.1) hold for ény probability measure g(9) (say) and if, under
‘b the measure gf ), with & probability which approaches one &s n —> co

we have
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I X, ]<§ for all j = 1,...,s,

then results (1) and (2) above will follow with the difference that the
convergence in probability is now with respect to the new probability
measure g(@).

Now consider the probability measure B, under H n in theorem 1,
where p! = (pln""’Psn) with Pyn = pd(g) + dJ /i whkere ;2_‘.1 dJ =0
but not all dj = 0. Conditions (a), (c) and (d) of (1.3.1) are obviouely
satisfied and if we take c? = c2/2 then for s;sziciently large n,
Pin > ci > Ofor all J = 1,...,8 and condition (b) is satisfigd.

We observe that for any w > d = max ( ldll,...,lds] ), for any

given J, the statement [nJ - npj(go)[ > w /o implies

[nj - npdn] > min(w-dj, w+d3) Va > (w-d) .

Then, by Techebyscheff's inequality,

7 Pypll-py) Pyn
o [z ] B < e

It follows thet |n - P j(go )| > w A for at least cne value of j with
probability smaller than (v - d)'e § ) n = (v - d)-e, and conversely,
with a probability greater than 1 - (w - tél)"2 we have

In‘j - npj(go)l <wu for all § = 1,...,s.

Since min/p(8.),.+.,p,(0,) 7 > c?, we have %, < ¥ gor a11
with probability greater than 1 - (w--d)"2 and this probability approaches
one as n —> . |

Therefore, (1) and (2) hold under H ,, but the convergence in
probaebility is with respect to o the probability measure under Hn‘

This proof is an amplification of that presented by Mitrs [ 7_7. With

suitable adjustment in notation the same can be shown for theorems 2, 3 and 4,
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