ABSTRACT

Robert Hochberg. Minimum Linear Arrangement of Trees. (Under the direction of Professor
Matthias Stallmann.)

In the minimum linear arrangement problem one is given a graph, and wishes
to assign distinct integers to the vertices of the graph so that the sum of the differences
(in absolute value) across the edges of the graph is minimized. This problem is known to
be NP-complete for the class of all graphs, but polynomial for special classes of graphs,
one of which is the class of trees. For trees on n vertices, algorithms of time complexity
O(n??) and O(n'®) were given by Shiloach in 1979 and Chung in 1983 respectively, with no
improvement since then. In this thesis, we present a linear-time algorithm for finding the
optimal embedding among those embeddings which have no “crossings,” and we describe
a C++ implementation of that algorithm as well as Shiloach’s algorithm which we make

available to the research community.
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Chapter 1

Introduction

Given a graph G = (V, E), a linear arrangement 7 of G is a bijection 7 : V —

{1,2,...,n}, where n = |V|. The cost of a linear arrangement 7 is given by the sum
C[ﬂ'v G] = E(U,,U)EE‘T‘-(U) - 7T(U)|7

and a minimum linear arrangement m of G is a linear arrangement which minimizes this
sum.

For the class of all graphs, the problem of finding a minimum linear arrangement
was shown in 1976 by Garey et al. [4] to be NP-complete. In that same year, Goldberg and
Klipker [5] gave an O(n3) algorithm that solved the problem when G is a tree. Shiloach
[8] improved this bound to O(n??) in 1979, and Chung [2] further improved it in 1983 to

O(n?) for any X satisfying \ > }ggg = 1.585.... There seems to have been no further

reduction in the time complexity. Recently, Shahrokhi et al. [7] showed that an algorithm
for minimum linear arrangement could be used to find the bipartite crossing number of
trees, thus showing that an O(n?) algorithm also exists for that problem.

The present work makes the following contributions to the study of this problem:
In chapter 2, we discuss the problem of embedding trees “on one page,” and give a linear
time algorithm for this restricted problem. This is an improvement, for the case of trees, of a
1988 result of Frederickson and Hambrusch [3] which gives an optimal one-page embedding
of any outperplanar graph in time O(n?). In chapter 3, we give an implementation of
this one-page algorithm as well as an implementation of Shiloach’s (optimal) embedding
algorithm in the form of a library of functions ready for use by researchers. We implement

Shiloach’s algorithm rather than Chung’s because it is conceptually simpler, and because



Figure 1.1: The subtrees of a tree mod a vertex

our purpose for implementing an optimal algorithm was simply for comparative analysis

with our linear-time algorithm.

1.1 Notation

We follow the notation used by Shiloach in [8]. Let v, be some vertex of a tree
T, and consider the subtrees generated by deleting v,. Each of them is called a subtree of
T mod vy, and for each of these subtrees T; there is a vertex v; € T; such that the edge
(vi,vy) € T. The vertex v; is called the root of T; mod v.. We denote by n; the number of
vertices in the tree T;. See figure 1.1.

In what follows, we will tend to use the phrase “embedding” instead of “linear ar-
rangement.” Hence we will speak of optimal embeddings and one-page embeddings, rather
than optimal or one-page linear arrangements. The terms are, for our purposes, synony-

mous.



Chapter 2

One-Page Embeddings

Let T be a tree and suppose we wish to find an embedding 7 such that all the
edges of T' can be drawn on one side of the number line without any pair of edges crossing.
See figure 2.1. Such embeddings are called “one-page” embeddings and are a special case
of “book embeddings” [1].

More rigorously, we can define 7 to be a one-page embedding if there do not exist
four vertices a,u,b,v € T such that (a,b) and (u,v) are edges in T, and 7(a) < 7(u) <
m(b) < m(v). The following characterization is more useful for our purposes, and is easily

shown to be equivalent to the definition given above.

Fact 1 An embedding m is a one-page embedding if and only if there do not exist four
vertices a,u,b,v € T with vertex-disjoint paths Py from a to b and Ps from w to v, and

m(a) < m(u) < w(b) < 7(v).

Since this restricts the number of embeddings we are able to consider, we expect
that the minimum cost over one-page embeddings could be greater than that over all em-
beddings. In fact, the tree shown in Figure 2.1 is such an example: The two embeddings
shown are optimal with respect to allowing crossings and disallowing crossings, yet they
differ in cost by 1.

On the other hand, we give in this chapter a linear time algorithm for finding an
optimal, one-page embedding of a tree. This is in contrast to the best-known algorithm for
general embeddings, which is of time complexity O(n'¢). The author believes that a linear

time algorithm for the general problem is possible.
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Figure 2.1: The same tree embedded with and without crossings
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Figure 2.2: The proof of Lemma 2.

2.1 Some Observations and Theorems

Throughout this chapter we will assume that our tree has n vertices. Let T" be a
tree, let v, be a vertex of T', and let 11,75, ... be the subtrees of T" mod v,. Suppose 7 is
an optimal, one-page embedding of T'. We call a vertex v visible from the top if there are

no edges (u,w) € T such that m(u) < 7(v) < w(w).

Lemma 2 If vertex v, is visible from the top, then each subtree T; mod v, occupies a single

interval of integers. That is, 7(T;) = {s,s+ 1,...,t} for some integers s < t.

Proof. Suppose to the contrary that there exist three vertices u,v,w with 7(u) < w(v) <

m(w) such that u,w € T; but v ¢ T;. We distinguish two cases (see figure 2.2):
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Figure 2.3: The proof of Lemma 3.

case 1 (u) < m(vy) < m(w). Since u and w are in the same subtree mod v, there must be
a path from u to w which does not include v,. Let u = z1,z9,...,zr = w be such a path,
and let j be the least index such that m(x;) > 7(vs). Clearly j > 1. But then the edge
(xj—1,x;) gives a contradiction to our assumption that v, was visible from the top.

case 2 m(v,) < m(u) or m(vy) > w(w). We assume without loss of generality that m(v.) <
m(u). Again, since u and w are in the same subtree mod v,, there must be a path P;
between them which lies entirely inside T;. If v is in a different subtree, then there must be
a path P, from v, to v which is entirely disjoint from P;. But then by Fact 1, we have a
contradiction to 7 being a one-page embedding. O

We can say a little bit more about subtrees occupying intervals.

Lemma 3 Let v, be a vertexr of T, not necessarily visible from the top, and suppose
Ty, Ts, ..., Ty are subtrees of T mod v, with roots vi,vs, ..., vk, such that w(v.) < 7(vy) <
m(vg) < .-+ < w(vg). Then each of the subtrees T1,Ts,...,Ty_1 occupies a consecutive

interval of integers. (See figure 2.3)

Proof.  The proof is almost the same as for Lemma 2. First note that the edge (v, vy)
precludes case 1 in that proof from occurring for any subtree other than Tj. That is, if
some subtree T; for i < 1 < k — 1 contained a vertex v to the left of v, then by Fact 1,
the quadruple of vertices v, vy, v;, v would yield a crossing in our embedding. Thus case 2

must obtain, and it is resolved here the same way it is resolved for Lemma 2.
Lemma 4 The vertices v =7"'(1) and w = 7' (n) have degree 1 in T.

Proof. Suppose not. Then, since v is visible from the top, we can find two subtrees
Ty and Ty mod v with 7(T1) = {2,3,...,i} and 7(T) = {i + 1,i 4+ 2,...,j}. But then we
can create a new embedding 7’ which has lower cost, contradicting the optimality of w. We

do this by “flipping” the tree T3 across to the other side of v. (see figure 2.4) Indeed, define
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Figure 2.4: Proof of Lemma 4. We can flip subtree 77 to the other side of v to obtain an
embedding with lower total cost
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All the lengths within each subtree remain the same, as do all the distances from
v to the roots of the subtrees, except for the distance from v to the root of T5. This length
is decreased by ¢ — 1. This completes the proof for v. The proof for w is the same. O
The path between v and w in the Lemma above is called the basic path of the
embedding, and is guaranteed to be monotone since the embedding has no crossings. The
vertices on this basic path are exactly those vertices which are visible from the top. Lemma

4 is just a special case of a more general theorem:

Lemma 5 Ifv is a vertex of T, then in any optimal embedding m, the number of subtrees
mod v which lie to the left of v is within 1 of the number of subtrees which lie to the right
of v. (We note that this implies equality if v is of even degree.)

Proof.  Suppose not. Then we use the same idea as we did in the proof of Lemma 4.
Suppose that there are more subtrees to the right of v than to the left (in which case there
must be at least two subtrees to the right) and that 73 is that subtree on the right of v
which is closest to v, that is, contains the integer 7(v) + 1. (See figure 2.5) By Lemma 3,
the vertices of T7 occupy a single interval of integers. If we flip 17 over to the other side
of v, then the only edges which change length are those which connect v to the root of a

subtree mod v other than 77. Those edges going to a subtree on the right will decrease
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Figure 2.5: Proof of Lemma 5. In an optimal embedding, vertices should have the same
number of subtrees on each side

by |V (T1)|, while those edges going to the left will increase by the same length. But by
assumption, the number that decrease in length is greater than the number that increase
in length, contradicting the optimality of . a

Given a vertex v which is visible from the top, we know that its subtrees must
occupy consecutive intervals of integers, and that there must be the same number of them
(within 1) embedded on each side of v. We now determine the order in which these subtrees

must be embedded in an optimal embedding.

Lemma 6 Let w be an optimal one-page embedding of a tree T, and let v, be a vertex on
the basic path. Let T1,T5, ..., Ty, be the subtrees of T mod v, with n1 > no > -+ > ny.

Then we may assume that the vertex vy, and its subtrees are embedded in the order

(Tl,Tg,...,Tk,v*,kal,...,T@TQ) ka‘ 1 odd
(Tl,Tg, N ,Tk_l,”u*,Tk, N ,T4,T2) ifk 18 even,

that is, there is an embedding of T in the form given which is an optimal embedding.

Proof. We prove the claim by modifying the embedding 7 in several steps to obtain an
embedding of the form desired. We also show that each step does not increase the cost of
the embedding. We distinguish steps of two types:

Type A Suppose 1 < i < j <k, and that T; and T} are two subtrees which are adjacent
to one another in the embedding, with T; closer than Tj to v.. (See figure 2.6a.) Then we
may swap the order of those two subtrees, keeping all other vertices in the same relative
positions. The only edges that change lengths under this step are (v, v;) which increases in
length by n;, and (v, v;) which decreases in length by n;. But since ¢ < j, we have n; > n;,

and we have not increased the cost of the embedding. In fact, we will have decreased the
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Figure 2.6: Proof of Lemma 6. Two ways to rearrange the order of the subtrees without
increasing the total cost

cost of the embedding if n; is strictly less than n;. (This last fact is used in the proof of
Lemma 7 below.)
Type B Suppose T; and T; are two subtrees which lie on the left and right sides of v,
respectively, such that the number of subtrees that lie to the left of T; is the same as the
number of subtrees that lie to the right of T;. Suppose there are k such subtrees on each
side. (See figure 2.6b.) Then we may switch and flip these two subtrees, keeping all other
vertices in the same relative positions. The sum of the costs of edges (v., v;) and (v, v;) will
remain unchanged, since the number of vertices between the two subtrees did not change.
The only other edges which will change lengths are the edges e; = (v, v;) as vy ranges over
the roots of the trees to the left of 7; and to the right of T}. If v; lies to the left of T}, then
the edge e; will change length by (n; —n;). If v lies to the right of T}, the edge e; will
change length by (n; — n;). These changes exactly cancel out.

We now prove the theorem as follows. First apply steps of type A on each side of
vx to move the subtrees of greatest size, including 77, to the “outside,” furthest away from
vs. Then apply a step of type B, if necessary, so that T} ends up in its proper place. To get
T5 to its proper position, first make sure that it is on the right side of v, by applying a step
of type B, if necessary. Note that this will not affect the position of T}. Then we apply any

necessary steps of type A so that T5 moves to the outside position on the right side. Again,



we will not affect the position of 77. We note that if there are several trees of sizes nq or
ng then we may be doing some steps that switch subtrees of the same size, just because of
the way we indexed our trees. Proceeding in this fashion, we can sequentially move each
T; to its predicted position without increasing the cost of the embedding, yielding another
optimal embedding of the predicted type. a

We next prove a partial converse of Lemma 6 which we need in order to prove that

the central vertex, discussed in the next section, lies on the basic path.

Lemma 7 Let v, be a vertex of degreee d > 1 on the basic path of an optimal one-page
embedding, and let
Uy,Us, ..., Us, v, Usy1,...,Uy

be the order in which its subtrees are embedded. Then for each i,1 <1 < d,
\Us| <|Uh| and |Ui| < |Uql.

Proof.  Suppose not. Then there is some subtree U; such that either |U;| > |Uj| or
|U;| > |Uyg|. Let us suppose without loss of generality that |U;| > |Uy|. Then there are two
cases, as shown in Figure 2.7:

case 1 Uj; lies to the left of v,. Then we swap the two subtrees, leaving all other subtrees
in their same relative positions. Let L = |Us| + |Us| + --- 4+ |U;—1| and denote by v; the
root of subtree U; mod v,. Then (v, v1) will decrease in length by L + |U;| and (v, v;) will
increase in length by L+ |Uy|, for a net decrease in cost. Additionally, the edges (v, v;) for
2 < j <i—1 will decrease in length by |U;| — |U1|. This overall decrease in cost contradicts
the optimality of the original embedding.

case 2 U; lies to the right of v,. Then we swap and flip the two subtrees, and in the same

fashion as in Case 1, the total overall cost would decrease, again contradicting optimality.O

2.2 The Central Vertex

A central vertex ¢ of an n-vertex tree T' is a vertex such that all of the subtrees of
T mod c have size at most n/2. We note that this is different from what is commonly called
a center of a tree, which is a vertex v that minimizes max,ecr d(v,u). It is a well-known
theorem that every tree has exactly one or two centers. It turns out that every tree also has

exactly one or two central vertices, though they need not be the same as the center(s). We
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Figure 2.7: The proof of Lemma 7

follow Shiloach [8] in calling them “central vertices.” Shiloach proves that every tree has a
central vertex. We give our own proof below, because it anticipates some of the ideas used
in the next theorem. We will also prove that a tree has no more than two centers. First,
let us introduce some new notation.

For every pair of vertices u, v for which (u,v) is an edge of T', define s(u,v) to be
the number of vertices in the subtree of T" mod u which contains v. For example, in Figure

2.8, s(u,v) = 3, and s(v,u) = 7. We note the following:
for any edge(u,v) € T, s(u,v)+ s(v,u) = n (2.1)
for any vertex u € T, 37, yer S(u,v) = n—1 (2.2)
Lemma 8 Fuvery tree has a central vertex.

Proof. Select any vertex v of T'. If vy is a central vertex, we are done. Otherwise, there

is some edge (vi,v2) (in fact, exactly one) for which s(vi,v2) > n/2. Then s(ve,v1) =
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Figure 2.8: An example of subtree sizes: s(u,v) =3 and s(v,u) =7

n—s(v1,vy) < n/2. Is vg a central vertex? If so, we are done. If not, then we can find some
edge (vg,v3) for which s(vg,v3) > n/2 and s(vs,vy) < n/2 . Is v a central vertex? If so,
we are done. If not, then let us continue in this fashion, generating a sequence vy, vo, vs, . ..
of vertices. This sequence forms a path in the tree, since v; # v;11 and the tree is acyclic.
Clearly it cannot continue until it reaches a leaf, because then s(v;,vi41) =1 < n/2. So the
process must terminate at some vertex v for which no edge (v, w) has s(v,w) > n/2, and v

is a central vertex of our tree. O
Lemma 9 No tree has more than two central vertices.

Proof. Let ¢ be a central vertex of the tree, and consider any path ¢ = 1, z2, ... starting
from ¢. Suppose s(c,v) < n/2 (strict inequality) for all v adjacent to ¢. Then we have
s(z1,x2) < n/2 which implies s(z2,z1) > n/2 by (2.1), and so x3 is not a center. But then
s(z2,x3) < n/2 by (2.2), which implies s(z3,z2) > n/2, and so z3 is not a center, and so
on. This proves that no other vertex in T can be a center. But what if there is some vertex
v such that s(c,v) = n/2 (there can be at most one by 2.2). Then s(v,c) = n/2, and for
all other edges (v, w), s(v,w) < n/2, again by 2.2. Thus v is another center, but the only
other center. O

We now come to the theorem which shows why centers are relevant to the present

problem.
Theorem 10 In any optimal embedding 7 of T, all centers of T must lie on the basic path.

Proof. Let z1,z2,...,z; be the basic path. By Lemma 4, s(zj,z2) = n — 1 and
s$(zg_1,xx) = 1. Thus we can define i as the least index such that s(z;,z;+1) < n/2.

But then s(z;—1,z;) > n/2 which implies s(z;, z;—1) < n/2. We can show that z; is a center
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by showing that all other edges (x;,v) out of x; satisfy s(z;,v) < n/2. But this follows
directly from Lemma 7 and the inequalities just mentioned.

What if 7" has two centers? Then z; will have one edge (z;,v) such that s(z;,v) =
n/2. By Lemma 7, this will be edge (z;,x;+1), with s(z;+1,2;) = n/2, making x;;1 the

other center, also on the basic path. O

2.3 Anchored Trees

Our algorithm for finding an optimal, one-page embedding begins by embedding
a central vertex c of the graph, and then embedding its subtrees according to Lemmas 5
and 6. A small bit of care must be taken, however, when embedding these subtrees. This is
because the edge between ¢ and the root of a subtree mod c has a length that depends on the
embedding of that subtree, and this length contributes to the overall cost of the embedding.
We are thus led to consider embeddings of left-anchored trees and right-anchored trees,
defined as follows: A left-anchored tree is a tree with a distinguished vertex v, and an
extra edge that joins v, to a vertex which liesto the left of the embedding. Right-anchored
trees are defined symmetrically. The next two theorems describe optimal embeddings of
left-anchored trees. They are analogous to Lemmas 5 and 6 for non-anchored trees. The

theorems for right-anchored trees are symmetric.

Lemma 11 If 7 is a left-anchored embedding of T with anchor vy, then the number of
subtrees that lie to the right of v, is either the same as or one more than the number of

subtreees that lie to the left of vs.

Proof. The proof is essentially the same as the proof of Lemma 5, taking into consideration

the “anchor edge,” which also contributes to the cost of the embedding.

Lemma 12 Let w be an optimal one-page embedding of a left-anchored tree T with anchor
vy. Let T, To, ..., Ty, be the subtrees of T mod v, with nqy > ng > --- > nyg. Then we may

assume that the vertex vy, and it subtrees are embedded in the order

(TQ,T4,...,T;€,1,U*,T]€,...,Tg,Tl) ka 18 odd
(To, Ty, ..., Ty, Tho—1, ..., T5,T1) if k is even;

that is, there is an embedding of T in the form given which is an optimal embedding.
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Figure 2.9: Proof of Lemma 12. Two ways to rearrange the order of the subtrees without
increasing the total cost

Proof. We prove the claim by modifying the embedding 7 in several steps to obtain an
embedding of the form desired, just as in the proof of Lemma 6. Steps of type A are the
same, and steps of type B are only slightly different. See Figure 2.9.
Type A If T; and T} are two subtrees which are embedded adjacent to one another, with
T; closer than T} to vy, but n; > n; then we may swap the order of those two subtrees,
keeping all other vertices in the same relative positions. Cost will not increase, as shown in
the proof of Lemma 6.
Type B Suppose T; and T; are two subtrees which lie on the left and right sides of v,
respectively, such that the number of subtrees that lie to the left of T; is one less than the
number of subtrees that lie to the right of T;. (See figure 2.9b.) Then we may switch and
flip these two subtrees, keeping all other vertices in the same relative positions. The proof
that the cost will not increase is the same as in Lemma 6, with the anchor edge playing
the role of the k’th subtree edge. The rest of the proof proceeds exactly as in the proof of
Lemma 6. |
The following theorem summarizes all that has been said in the preceeding lemmas,

and completely characterizes optimal one-page embeddings of trees.
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Theorem 13 (Main Theorem) Let w be an optimal embedding of a tree T with central
verter ¢ and subtrees T, ..., T, mod c, with ny > ng > -+ > ng as usual. Then we may

make the following assumptions about 7:
1. ¢ must be on the basic path
2. The subtrees mod ¢ lie as described in Lemma 6
3.  Fach subtree mod c is embedded as described in Lemma 12

Proof All that needs special proof is part 3. To that end we note that the embedding of
each subtree mod c is in fact an anchored embedding. If any of these are not embedded
as described in Lemma 12, then we can modify that subtree’s embedding to obtain an

embedding of the desired type without increasing the cost. O

2.4 The Algorithm

We now give an algorithm for finding an optimal one-page embedding of a tree
T in time linear in n, the number of vertices of T. Here is the big picture; we give the

implementation details below.

1. Locate a central vertex
2. Embed that central vertex
3. Embed each vertex adjacent to the central vertex

4. Recursively embed each subtree mod the central vertex

2.4.1 Locate a central vertex

To locate a central vertex, we first compute s(u,v) and s(v,u) for all edges (u,v)
of T. We do this by selecting an arbitrary vertex of 7', and doing a depth-first-search from

that vertex. During the DFS, whenever u is the parent of v, we use the relation

s(u,v) =1+ Z s(v,w).
edges (v, w)
wFE U

to find s(u,v), and then use

s(v,u) =n — s(u,v)

to find s(v,u).
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get_subtree_sizes

procedure get_subtree_sizes
Set n = number of vertices of T’
Set s(u,v) = 0 for all edges (u,v)
root <— some vertex of T
for each vertex w adjacent to root
get_subtree_size_dfs(root, w)

end

function get_subtree_sizes_dfs(parent,v)
returnvalue = 0
for each vertex w adjacent to v (other than parent)
returnvalue += get_subtree_sizes_dfs(v, w)
s(parent,v) = returnvalue + 1
s(v, parent) = n — s(parent,v)
return returnvalue + 1

end

To find the central vertex, we use the algorithm given in the proof of Lemma 8,
which takes time O(n). The time complexity of get_subtree sizes is the same as for a DFS,

which is O(n).

2.4.2 Embed the central vertex

To get the placement of the central vertex, ¢, we use Lemma 6, and simply take
w(c) =n1+nz+---+n;+ 1, where [ is either k or k — 1, whichever is odd.

Note that before computing this quantity, we perform a bucket sort on the edge
lists at each vertex according to subtree size. That this can be done for the entire graph in
linear time was shown by Yao in 1975 [9]. Thus the loop that computes the sum above can

be done in time proportional to the degree of c.
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Figure 2.10: The “before” information is the sum of the sizes of the subtrees under the
anchor edge

2.4.3 Embed each vertex adjacent to the central vertex

In order to embed these vertices, we need to calculate the before value b(v) of each

vertex v of T. If T1,T5, ..., T}, are the subtrees of T" mod v, with nq; > ng > --- > ny, then
b(v) = Z ;.
i odd
3<i<k

Indeed, b(v) gives the number of vertices that come before the anchor in an embed-
ding of the subtree, and is the additional number of nodes that the anchor edge must cross.
To see that its value is as given by the equation above, note that we begin our embeddings
from a central vertex of the tree, and therefore all anchor edges will point back toward the
central vertex. So for any node (other than the central vertex) the anchor edge will go to
T1, that is, the largest subtree of that node, and by Lemma 12, the rest of the subtrees will
embed in the order shown.

To find where each of the vertices adjacent to the central vertex is embedded we
use a single loop, as shown below. The quantities leftsum and rightsum keep track of
the numbers of vertices so far embedded on each side of the central vertex, for use when

embedding the next subtree.
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Embed the vertices adjacent to the central vertex

procedure embed_one_page(T')
leftsum = rightsum =0
for ¢ = k downto 1
if (i is even)
m(v;) = 7(c) + rightsum + b(v;) + 1;
rightsum = rightsum + n;
embed _one_page_subtree(T;, v;, right)
if (i is odd)
m(v;) = w(c) — leftsum — b(v;) — 1;
leftsum = leftsum + n;
embed_one_page_subtree(T;, v;, left)

end

This loop runs in time O(k), not including the recursive calls in each “if” block.
The parameters“right” and “left” indicate to the subtree procedure the direction in which

the anchor edge goes. We will see in the next section how this parameter is used.

2.4.4 Recursively embed each subtree mod the central vertex

The recursive step uses a loop much like that given above. The difference is that
the loop goes from k to 2, because we don’t embed the “anchor tree,” T7. We must also keep
track of whether our anchors are going to the right or to the left. The quantities rightsum
and leftsum play the same role as in the above algorithm, and the parameter “dir” takes

on the values “left” and “right,” indicating the direction of the anchor edges.
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Embedding subtrees

procedure embed_one_page_subtree(T’, v, dir)
> Suppose T has subtrees T7,...,T with n1 > -+ > ny.
leftsum = rightsum =0
for i = k downto 2
if ( (i is even and dir = right) or (i is odd and dir = left) )
m(v;) = w(v) + rightsum + b(v;) + 1;
rightsum = rightsum + n;
embed_one_page_subtree(71;, v;, right)
if ( (i is even and dir = left) or (i is odd and dir = right) )
mw(v;) = w(v) — leftsum — b(v;) — 1;
leftsum = leftsum + n;
embed _one_page_subtree(T5, v;, left)

end

The time spent at each node (not including the time spent at the descendents of
that node and not including the overhead of doing a DFS) is proportional to the number
of children of that node. So again we can use aggregate analysis to conclude that the total
time complexity, in addition to the “overhead” time complexity of using a DFS, is equal to
the total number of children of all nodes, which is equal to the number of edges, which is
O(n). Performing a DFS on a tree also takes time O(n), so our total time is linear in n.
Since every step of our algorithm had a linear time bound, we conclude that our algorithm

as a whole is linear.
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Chapter 3

Implementation of Optimal

Embedding Algorithms

This chapter briefly describes our implementation of three algorithms that we have

made available as a C++ library. They are get_center(), embed_one_page() and embed|().

3.1 Environment

These functions were written in C++ using the Library of Efficient Data Types
and Algorithms (LEDA) [6]. The work described here is implemented using Release 4.1, one

1 For our purposes, LEDA provides built-in datatypes

of the latest available free releases.
and algorithms for graphs, arrays indexed by the nodes or edges of graphs, sort routines
and lists. Our library functions take LEDA graphs as arguments, so the user must have

LEDA installed on his machine.

3.2 Functions

We now describe three functions that are available to the user, basically in the

form of additional LEDA library routines.

'On the NCSU EOS/Unity system, do add leda.
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3.2.1 The “get_center” function

node get_center(graph &G)

This function works as described in Section 2.2. It first finds all subtree sizes of T, then
chases along some path to find a central vertex, ¢. The central vertex is returned. The

running time is linear in n, the number of vertices of T'.

get_center

function get_center(7)

get_subtree_sizes(T")

v « any vertex of T'

while (v is not a center)
Find e = (v, w) such that s(v,w) > n/2
V= w

end

return v

end

3.2.2 The “embed_one_page” function

int embed_one_page(graph &G, node_array<int> &placement)

This function implements the algorithm described in Section 2.4. All the pseudocode is
given there. Its first argument is a graph, which should be a tree. Its second argument
is a node_array which the algorithm will fill with the embedding. So, if v is some node of
T, then placement|v] will equal 7(v) for some optimal embedding 7. The function runs in

linear time, and returns the total cost of the embedding.

3.2.3 The “embed” function

int embed(graph &G, node_array<int> &placement)

This function works the same way (from the user’s point of view) as embed_one_page(),
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except that it uses Shiloach’s algorithm to return an optimal embedding with or without
crossings. It also returns the cost of the embedding, but does not run in linear time. We first
give a brief description of the ideas behind Shiloach’s algorithm. He calls trees which are
not anchored “free” trees. In the second theorem, we do not include the subtree attached
to the anchor in the list T7,T5, ... of subtrees mod v,.

Shiloach proved the following

Theorem 14 (Free trees) Suppose T is a free tree with central vertex ¢ and subtrees

T1,15,...,1 mod ¢, with n1 > no > ... > ni as usual. Let p be the greatest integer
satisfying
2p+1
ny+ 2 Ny + 2
nop41 > { 5 J+{ *2 theren*:n— ; n;

If no such p exists, then set p = 0. Then T has an optimal embedding in which one of the

following cases holds:
A: w(T) ={1,2,...,n} (Figure 3.1(a)), or
B:  subtrees Ty through To,11 are embedded as shown in Figure 3.1(b).
Note that each subtree occupies a consecutive interval of integers, and

here are no vertices outside the indicated subtrees.
If p =0, then the embedding must be of type A.

Theorem 15 (Anchored trees) Suppose T is anchored from the right with anchor v,
and subtrees T1,Ts, ..., Ty, mod c, with n1 > ng > ... > nyg as usual. Let p be the greatest

integer satisfying

2p
2 «+2
n2p>{n12+ J—i—{n; theren*:n—Zni
i=1

If no such p exists, then set p = 0. Then T has an optimal embedding in which one of the

following cases holds:
A: w(Th) ={1,2,...,m} (Figure 3.1(c)), or
B:  subtrees Ty through T5, are embedded as shown in figure 3.1(d).
Note that each subtree occupies a consecutive interval of integers, and

there are no vertices outside the indicated subtrees.
If p =0, then the embedding must be of type A.

The pseudocode given below mirrors the algorithm given in Shiloach’s paper [8].
We give here only the algorithm for free trees. The algorithm for anchored trees requires

some minor modifications, as indicated by Theorem 15.
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C Pl @) )
T, Vi
(a) Embedding a free tree, Case A.

COHCOH OO

T, Ty v Top Ve Ty Ts Ty

(b) Embedding a free tree, Case B

C Pl O )
T, Vi
(c) Embedding an anchored tree, Case A.

( HH—COCOICH )
T, Ty Ty Ve T Ty T

(d) Embedding an anchored tree, Case B.

Figure 3.1: Shiloach’s Theorems. Parts (a) and (b) apply to Theorem 14, parts (c) and (d)
apply to Theorem 15.



Shiloach’s embedding algorithm for free trees

Find a central vertex c
Find optimal anchored embeddings for 7} and 7' — T7.
Let costA be the cost of a Type A embedding
Find the value of p
ifp=0

The arrangement is of Type A. Stop.
fori=2to2p+1

Find an optimal embedding of T;
Find an optimal embedding of T'— (1%, ..., Top41)
Let costB be the cost of a Type B embedding
if costA < costB

The arrangement is of Type A. Stop.
else

The arrangement is of Type B. Stop.

23
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