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1. INTRODUCTION

The purpose of our research is to investigate the asymptotic fluctuation
behavior of sums of weakly dependent random variables, such as lacunary
trigonometric, mixing, and Gaussian. !le present here a brief exposition of
the results obtained and a detailed sketch of the method leading to these
results. A complete presentation is given in Philipp and Stout (1974).

In essence, {xn} are weakly dependent if

E | E(x ,xn)l + 9

X

as k> e for each n21 ., DIy asymptotic fluctuation behavior, we mean
results such as the law of the iterated logarithm, Strassen’s functional law
of the iterated logarithm, . -the upper and lower class refinement of the
law of the iterated loga.ithm, and Chung'’s upper and lower class result for

the maxima of partial sums.
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We obtain these results by first establishing almost sure invariance
principles. The idea of an almost sure invariance principle is due to
Strassen (1964, 1965). Strassen proves, among other things, that a martingale
with finite variances is with prohbability one close to Brownian motion on
[0,9) in a sense rade precise in fection 3. The asymptotic fluctuation
behavior of Brownian motion has, of course, been thoroughly investigated. In
particular, the upper and lower class refinement of the law of the iterated
logarithm is known, as well as the functional form of the law of the iterated
logarithm [Strassen, (1964)] and the upper and lower class refinement for the
maximum of Brownian motion up to time t [Jain and Taylor, (1973)1. Thus, if
the approximation of the martingale to Zrownian motion given by the almost
sure invariance principle is sufficiently close, then all the above fluctuation
results for Brownian motion also hold for the martincale.

If we are able to approximate sufficiently closely sums of weakly depen-
dent random variables by a martingale, we can then conclude, in view of the
above remarks, that these sums are close to Brownian rotion with probability
1 . Consequently, the fluctuation results for Brownian motion will continue
to hold for the weakly dependent random variables under consideration.

Let us be more specific about this last point. Let {Xn} be a sequence
of random variables, centered at expectations with finite (2 + §) moments.

Put
(1.1) s, =8(t) =} . X

Suppose



linm var[n 2 Sn] = 02 > 0

exists and is positive so that without loss of generality we can and do assume

02 =1 . Our goal is to prove for a large class of weakly dependent random

variables the basic almost sure invariance principle

>
1.2) S(t) - ¥(t)« t a.s.
for some n > 0 . (We use the Vinogradov symbol << instead of big 0 .)

Here X(t) 1is standard Brownian motion on [0,») and n > 0 depends on the
sequence {xn} considered. Such a result immediately translates almost sure
fluctuation results from {X(t)} to {S(t)} and hence to {Sn} . Indeed,
suppose we have an arbitrary sequence {xn} such that its ""bookkeeping
function™ {S(t)} satisfies (1.2). Then the following four theorems are

straightforward consequences of known results for Rrownian motion.

THEOREM A: Let {xn}:=1 be any sequence of random variables satisfying (1.2).

Let ¢(t) be a positive, nondecreasing real-valued¢ function. Then
1
P{Sn > n2 ¢(n) i.0.} =0 or 1

according as
J 2 exp(- § o2 (0))at
1

converges or diverges.
This result follows from Kolmogorov's test for Brownian motion. For the

details of the proof see for example Jain, Jogdeo, and Stout (1974).



A

Using a recent result on the maximum of Brownian motion due to Jain and

Taylor (1972) we get (again, for the details see Jain, Jogdeo, and Stout (1974)).
THEOREM B: Let {xn} and ¢(t) be as in Theorem A. Put

M = max 15.]
n i

1<i<n

Then

NP

PIM_ < n o lm) i.0.1 =0 or 1

according as

)
Jl 9—£El-exp(-8w-2 ¢2(u))du

converges or diverges.
Next, let C[0,1] be the space of all real-valued continuous functions
h(t) , te [0,1] , with the supremum norm | In]] = SUP e r<l lh(t)| . Let

K « C[0,1] be the set of absolutely continuous functions with h(?y =0,

1 2
J (ht(t))%dt <1 . Let
0

(1.3) s (t) =sS(mt) = f,_ . X .

Define another type of bookkeeping functions fn(t) = fn(t,m) by
1

(1.4) £ (t) = (2n log log n) 2 sty .

THEOREM C: Let (x_}_

n=1 be a sequence of random variables satisfying (1.2).

Then with probability 1 the sequence of functions {fn(t)} defined by (1.4) is



relatively compact in the topology of uniform convergence and has ! as its
derived set.
Indeed, by (1.2) and (1.3),

—]2'--n %—n
Sn(t) - ¥(nt) « (nt) « n a.s.

uniformly in 9 <t <1 . V'rite cn(t) = X(nt) . Then, of course,
1
§~n
(1.5) s, - ¢/l «n a.s., n>0.
Consequently,
1
2y e . -Nn
(n log log n) ||un - gnli‘« n .

Theorem C follows now from Strassen’s (1964) Theorem 1 which states that the

conclusion of Theorem C holds for the sequence
1

{(2n log log n) 2 £ (t) , n2 3} .

€imilarly, (1.2) implies distribution type invariance principles.

THEQOREM D: Let {xn}:=1 be a sequence of random variables satisfying (1.2).

Then
1

n 25 (t) + W(t)
n
in distribution where 4(t) is standard Brownian wotion on [0,11 and Sn(t)

is defined by (1.4).

Indeed, (1.5) implies that
1

2
n (Sn - ;n) + 0
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R
in probability. =Z2ut n 2 cn has the same distribution as {¥(t) , D <t < 1}
for n 21 and the result follows (see e.g. Billingsley (1968) ». 25).
Both Theorems T and D have a large number of corollaries spelled out in
detail in Strassen’'s paper (1964) and Billingsley‘s book (1963).

In addition to the stationary case, several applications are made to the

nonstationary case vhere

lim n-1 g S: =c#0

fails. Then our goal is still to prove the basic relation (1.2), where the

definition of {S(t)} is modified appropriately:

n
S(t)=z x, for 52=ES§51;<52

k=l N
Theorems A-D continue to hold, provided the statements are also modified

appropriately.

In Theorem A replace
1

P{Sp > n2 ¢(n) i.o.} =0 or 1

2, . .
P{Sn > s ¢(sn) i.o.} =0 or 1

Similarly, in Theorem P, replace
1

PO < n® ¢ 1m) i.0.} =0 or 1

by
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p -1, 2, .
< =
{Mn s, ¢ (sn) i.0.} =0 or 1.
In Theorems C and © redefine
Sn(t) = S(sn t) ,0<st<1.

In Theorem C, replace (1.3) by
1

_ 2 2,72
fn(t) = (2 Sy log log sn) Sn(t)

The modifications in the proof of Theorem C are obvious. In Theorem D replace
1

2
n Sn(t) by s

1 <
s (1)

For all cases of weakly dependent random variables that we consider the
conclusions of Theorems A, B and C are new. The conclusion of Theorem D,
however, is new only in certain cases.

It will be clear that the present method is rather general and is thus
applicable to many situations other than those considered in this monograph.

We will give an outline of our method in Section 3.

2. STATEMENT OF RESULTS

Let {n,, k 2 1} be a lacunary sequence of real numbers, i.e.
nk+1/nk 2q>1 and let {ak} be another sequence of real numbers. Put
2 _ 1 Z 2
=5 ]
T2 ksN g
Suppose that AN + o and that there exists a constant 6 with 0 < ¢ <1

such that
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2.1) a, << A]];-G

We consider trigonometric series

)) A, cos 21 mw + B3 sin 27 nw = ) a, cos 2m my (w + By)

N

where for reasons of convenience we put Bk =0. For t 20 put
S(t) = z a, cos 21 n,w if Az <t <A
L X k N S ‘

Then we have the following theoren.

THEOREM 1: Without changing the distribution of the process {5(t), t 2 0}
we can redefine the process {S5(t), t 2 0} on a richer probability space
together with 3rownian motion {X(t), t = 0} such that

l-cG

S(t) - X(t) « t2 a.s.

for each ¢ < 1/16.
Condition (2.1) can quite likely be replaced bty a weaker one, say

ak'« Akllog Ak . It is also quite likely that the zap condition could be
1

réléied to nk+i/nk 21 + Cx k 2 with ¢ e Perhaps, one could also
combine these two:possible 'generalizations.

Theorenm 1 can be considered as a refinement of M. Weiss's (1959) law of
the iterated logarithm under the restriction (2.1). Also 2illingsley’s
functional central limit theorem for lacunary trigonometric series should be

mentioned in this context. (Billingsley (1967)).
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Finally, it should be remarked that Theorem 1 includes the unweighted
case a, = 1 . In this special case, a much simpler proof can be given.
Recently and independently from the authors Rerkes (1974b) obtained a sirilar
result in the unweighted case, making more stringent assumptions on the

sequence {nk} .
Given a stochastic sequence {xn, nz1}, let FZ denote the o-field

generated by x_, x v Xy s (1 £a<b<w) and F: the ¢g-field

a a+l’ °

generated by x_, X Then the sequence 1is said to be ¢-mixing if

m’> “m+l’

there exists a sequence {¢(n)} of real numbers with ¢(n) + C such that for

00

t
> >
each t21,n20, Ae Fl’ B e Ft+n we have

(2.2) [P(aB) - P(A)P(B)| s ¢(n) P(A)

We assume that

[

©o

(2.3) I o' <=
n=1

This is easily seen to imply the existence of the lirit

2 . -1
o = llmn+°° n E{Z

}2
k<n &
We assume throughout that 02 > 0 , the case 02 = 0 being a degenerate one.

Hence we assume without loss of generality that
(2.4) c” =1

Let
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Then we obtain the following almost sure invariance principle.

THEOREM 2: Let {xn, n > 1} be a stationary sequence, centered at expectations

and satisfying (2.2), (2.3), and (2.4). Suppose that for some & > 0

E|X1|2+6 < o

Then, without changing the distribution of {S(t), t = 0} , we can redefine
the process {S(t), t 2 C} on a richer probability space together with
standard Brownian motion {X(t), t 2 0} such that

%—5/(12+66)+Y

S(t) - ¥(t)x t a.s.
for each y > 0 .

REMARK: If Hleq° < o then the exponent reduces to %-+ Y .
Theorem 2 contains one of Reznik's (1968) theorems as a special case.

Independently from the authors, Berkes (1974a) establishes a similar result

under stronger hypotheses.

. . 246
It might be interesting to remark that if, instead of Elxll < w

only the finiteness of the second moments is assumed then the conclusion

of Theorem 2 has to be weazkened to

BOf =

S{t) - X(t) = o((t log log t) ) a.s.

This result is due to Heyde and Scott (1973).
At the relatively minor cost of strengthening the assumption (2.3) and a
more complicated proof, Theorem 2 can be considerably generalized. This is

done in the next four theorems. Before stating these four theorems, we nake
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some preparatory remarks.
Let {En} be a sequence of random variables. Let £ be a measurable
mapping from the space of doubly infinite sequences (... 50 _1 505505 veo) oOFf

real numbers into the reals. Put
(2.5) n. = f(--- ’gn-l’gn’gm-l’ °-~) » B 2 1

Instead of ¢-mixing we shall assume that the gn’s satisfy what we call a
retarded strong mixing condition. Denote, as usual, by Fz the o-field

generated by the En’s {a <n<b) . We shall assurme that

(2.6) |P(2B) - P(A)P(B)| < a(n t™5)

for all A e F; and all B € F:+n . FHere «k 1is a nonnegative constant,
depending only on the exponent of the moments of the nn’s and a(s)

converges monotonically to zero at a certain rate. The case k = 0 gives the
so-called strong mixing condition introduced by M. Rosenblatt (1956).

Conditions of the foerm (2.6) occur in the metric theory of Diophantine
approximation (see for example SzHisz (1963) or Philipp (1971), p. 48).

Finally, we shall make no stationarity assumptions. As is customary, we shall -

assume that n, can be closely approximated by

3
on = E(”n | F;}jz)

With this notation we have the following theorem:

THEOREM 3: Let {gn} be a sequence of random variables and let N, be

defined by (2.5). Ye shall assume of the function f and the sequence {ﬁn}
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that

Suppose that there exists constants 0 < 3§ <2 and C > 0 such that

Eln |7*° < ¢
and
@7 1 = gl 30 = € - 277/
for all =, =1,2,3,... . Moreover, suvpose that
B n)% =N+ ot 30

n<y M

as N -+ o . Finally, assume that {En} satisfies a retarded strong mixing

condition of the fornm (2.6) with
k = §/(11 + 48)

and

(2.3) als) « s 168(1+2/8)

Define a continuous parameter process {S(t), t 2 0} by setting
S(t) =) n_.
nst B
Then, without changing the distribution of {S(t), t = 8} we can redefine the

process {S5(t), t = 0} on a richer probability space together with standard
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Brownian motion {X(t), t = 0} such that

1
'Q--C@
S(t) - ¥(t) «<t a.s, as t > o

for each ¢ < 1/583 ,

Fxcept for the rates of decay in (2.7) and (2.8),Theorem 3 contains in
the stationary case almost all previcus results in this direction. For
example, it contains Reznik'’s (1968) and Iosifescu's (1968) theorems on the lav
of the iterated lozarithm for stationary ¢-mixing random variables except for
the convergence rates in (2.7) and (2.8). The same comment holds for Reznik's
(1968) law of the iterated logarithm for strong mixing sequences. Notice that
in this latter case we only assume a uniform bound on the (2 + §) moments of
N, - Reznik either assumes uniform bounds on the nn’s themselves or on the
(4 + §) moments.

Theorem 3 also contains recent upper and lower class results of Jain,
Jogdeo and Stout (1974) on functionals of a ffarkov process satisfying
Doeblin's condition. Independently of the authors, Berkes (1374a) establishes

a result which is essentially the same as Theorem 3 for the special case that

Again, except for the rates of convergence in (2.7) and (2.8), Theorem 3
also implies a result of Davydov (1970). iloreover, it even implies a non-
trivial, though rather weak, remainder term in the central limit theorem for
strongly mixing stationary sequences.

Although strict stationarity was not assumed in Theorem 3, restrictions

consistent with stationarity on the growth of the variance of the partial
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sums of the random variables were imposed. In the same vein we assumed that
the (2 + §) moments of the random variables were uniformly bounded. In the
next two theorems we relax these restrictions. Yowever, for the sake of
simplicity we shall restrict ourselves to sequences of random variables
satisfying a strong mixing condition without introducing the retardation of
Theorem 3.

For the next two theorems let {x } be a sequence of random variables

centered at expectations and with finite (2 + §) moments where
(2.9) 0<6=< 2.
Suppose that

v k)
(2.10) s, = E X +> o
N n<N n
as N - o and that

< s

2+4 ps
n

(2.11) max, E|x

k< kl

for some 0 < p <1 . loreover, suppose that {xp} satisfies a strong
mixing condition with

(2.12) a(k) < x~30001+2/8)
That is

[P(a3) - P(AIP(B)| < a(n)

for all A e Fi and all B e F:+n . Here, as usual Fz , denotes the o-

field generated by {xn,a <n<b}.
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1ith this notation we have the following two theorems.

THEOREM 4: Let {xn} be a sequence of random variables satisfying (2.9),

(2.10), and (2.12). Suppose that there is a constant C such that

E

I?+6 <

Let F be an arbitrary monotonically increasing function. Suppose that

W+N |
(2.13) Hx |],.« < F(&)
Zn=M+l n''2+§
whenever
M+N 2
(2.14) E(] x ) <A
n=p+l O

for some A . In other words suppose that the left-hand side of (2.13) does
not exceed F evaluated at the left-hand side of (2.14).

Define

y x_ for s2 <t < s
n

S(t) = <s .
k<N N N+1

Then, without changing the distribution of {S(t), t'2 0} we can
redefine {S(t), t > 0} on a richer probability space together with standard
Brownian motion {X(t), t = 0} such that
l-c<S

S(t) - X(t) « t2 a.s. .«

for each ¢ < 1/588.
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THEOREM 5: Let {xn} be a sequence of random variables satisfying (2.9) -

(2.12) with p < %-. Let o be a constant with

pc £ 1/10 .

Suppose that uniformly in M = 1,2, ...

M+N

M+N
(2.15) ) . llxn'|2+5 <«< {E(zn=M

o
x )2]
n=M+ 1 n

as N -+ o , Then the conclusion of Theorem 4 renains valid for each

+

c < 1/1232 .

REMARKS: Conditions (2.13), (2.14), and (2.15) are of a similar structure as
the Ljapounov condition for the central limit theorem for sequences of inde-
pendent random variables.

Except for the rate of decay of a(k) , Theorem 5 contains a result of
Philipp (1969) as a special case. This result of Philipp's is, to the best of

our knowledge, so far the only law of the iterated logarithm for

sequences of random variables satisfying a mixing condition where morents are

not assumed to be uniformly bounded.

We can considerably relax the retarded mixing condition in the special

case where 0, = £ in (2.5). In other words let {En}:=1 be a sequence of

n
random variables, centered at expectations and with uniformly bounded fifth

moments. Suppose that

(2.16) B £)? = ns o)

n<N

Let k be a positive constant. Ve shall assume that

(2.17) |P(aB) - P(AP(B)] s a(n t™)
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t+n

tan Here afs) converges monotonically to

for all A e F; and all B ¢ F
zero. Ye call sequences {En} satisfying (2.17) retarded weakly mixing.
This condition is less restrictive than the concept of (*)-mixing, introduced
by Blum, Hanson and Koopmans (1963) because of the retardation factor t <
and because we do not require that the right-hand side of (2.17) contains the
factor P(A) P(B) . Of course, (2.17) is also less restrictive than what we
called in (2.6) a retarded strong mixing condition since we require less con-

cerning the future of the process {£ } .

Moreover, we assume that for all i < j <m<n

1/
(2.18) |E(gigjgmgn) - E(giaj)e(smsn)l s {a((m - 3)J K)} )

Of course, if we would assume (2.6), instead of (2.17), this estimate would

immediately follow from a well-known lemma of Ibragimov (1962).

THEOREM 6: Let {En} be a sequence of random variables, centered at expec-
tations, with uniformly bounded fifth moments, and satisfying (2.16), (2.17),

and (2.18) with

k = 2/19
and
-168-2

a(s) € s

Then, without changing the distribution of {S(t), t = 0} , we can redefine

the process {S(t), t 20} on a richer probability space together with
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standard Brownian motion {X(t) , t = 0}k such that
1

‘2—-71
5(t) - X(t) < t a.s.
for each n < 1/294 .

Let {xn} denote a Gaussian sequence centered at expectations. Theorems
A - D are well-known for the case of stationary uncorrelated (that is, inde-
pendent identically distributed) X, - As a matter of fact, for this special
case relation (1.2) is rather trivial to prove.

Fere we consider Gaussian sequences whose n-th partial sums have variances
close to n and that have covariances converging to zero as the distance
between indices approaches infinity. In this more general setting the proof
of (1.2) is far from being trivial.

We assume that uniformly in m

m+n
(2.19) E(Zk=m+1 xk)Z - 02 n + o(nl—e)
for some € > 0 and some constant 02 > 0, excluding- ' the degenerate case

g = 0 . Hence without loss of generality we assume
(2.20) - =1.

Moreover, we assume that uniformly in n

2

(2.21) E(xm xm+n) =p(m, m+ n)<«<n ~ .

Since by (2.19) the variances Exz are uniformly bounded, condition (2.21) is

3

less restrictive than the requirement that the correlations converge to zero
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at the given rate.

THEOREM 7: Without changing the distribution of {S(t), t 2 0} , we can
redefine the process {3({t), t = 0} on a richer probability space together
with standard Brownian motion {X(t), t 2 0} such that

1

§*ﬂ
() - () «< t” a.s.

for each n < min(1/690, 4¢/15)

COROLLARY: Let {xn} be a stationary Gaussian sequence, centered at expec-

tations and with covariances
F(x.x_) << n?
1"n
The conclusion of Theoren 7 holds with

1
c@t) - X(e) < t2 %0 4.5,

NI&-—-

Similar results are obtained for functionals of certain Markov processes

and for the, Shannon-McMillan-Breimann theorem in_information theory.

3. DESCRIPTION OF THE MFTHCD

. 2+8
Let {xn}:=1 be a weakly Aependert sequence with Ex =0 and lenl

uniformly bounded. Fere & > 0 1is fixed. For ease of explanation suppose

that

(3.1) 1imn+m var(n Sn) =g >0 .
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Recall that Sn was defined in (1.1) as the n-th partial sum. Without loss
of generality we assume that 02 =1 . As already explained in Section 1 our
goal is to establish the fundamental relation (1.2) for various weakly depen-
dent sequences of random variables. The proof of (1.2) is accomplished in two
main steps. In Section 3.1 we describe the first step and in Section 3.2 the

second step.

3.1. The first step consists of approximating {Sn} by a martingale. The
following simple lemma concerning such approximations of sums of arbitrary

random variables by martingales is useful.

LEMMA T1: Let {yj};=1 be an arbitrary sequence of random variables and let

{L;}

3 ;=0 be a nondecreasing sequence of o-fields such that yi is Lj'

measurable. (Here LO denotes the trivial o-field.) Suppose that the series

[+ ]

3.2 EiE(y. . |L:)] < = a.s.
(3.2) Zk=o LICARER]
for each j 21 . Then for each j 21

y. =Y., +u, -u,

i 3 3 i+l

o 3 - -
where {Yj,Lj}j_1 is a martingale difference sequence and

2]

u, = Ty, L .
JJ Zk_.:o (yj‘fkl J-l)

Indeed, the desired martingale difference seauence is given by

(-]

Y5 = Zk=o (FOlty) - Bl ) 521,
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thus proving the*lemma.. '

The idea for this lemma can be traced hack at least to Statuljevigius
(1969) and Cordin (1969). Both authors gave a martineale representation of
certain strict sense stationary sequences, Gordin ir terms of unitary operators
on Hilbert space.

The significance of the lemma obviously lies in the fact that the partial
sums of any sequence of random variables satisfying (3.2) equal a martingale
plus a telescoping sum which under certain restrictions can he discarded.
liowever, in most cases Lerma 1 turns out to he a rather weak tool when applied
directly to the given sequence of random variatles. It only then gains in
strength when combined with another essential ingrsdient of the method which
we describe now.

e define new random variables yi which are sums of progressively
larger blocks of the civen X, - Furtﬁer, we sometimes have to construct sums
z. of blocks of the given X, smaller than the corresponding blocks definine
the y. . As a typical examnle, consider the construction of the blocks

J
required for the analysis of the Gaussian random variables of Theoren €.

There we define the yi and the Zj inductively by adding [j7/J] and

3/8
s

For example Yy = Xys Zp % X9 Yo = Xgy 2y = Xy, Yz T X * Xgs 2o = Xy

p]

1 consecutive X respectively, leaving no caps between the blocks.

8’
= + X,n t - The z. are defined in such a way that the

Yg T Xo T X9 T Xy j 7 y

provide enough separation between consecutive yjfs so that (3.2) holds for

each j =21 . For then, by Lerma 1, .

.= Y, +u., - u
y iTY
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where {Yj,Lj} is a martingale Jdifference sequence and Lj is the o-field

generated by Y ,Yj . Moreover, and essential to the subsequent

1,
analysis, the separation that the zj are providing between consecutive

yj’s is so large that even

(3.3) u, =} E(yj+k|Lj_1)
is small compared to yj for large j . For then
(3.4) y. = Y,

for large j . Llastly, since the blocks defining the zj are much smaller
than the blocks defining yj ,» we have

M M

(3.5) z Y. = z (y. + z.) a.s.

j=1 J j=1 J J
for large M . In other words the zj can be discarded without affecting the
almost sure hehaviour of the partisl sums SN . 0f course, we are deliberately

vague when saying that uj is small compared with yj , etc.
In the construction of the yj and zj there is a trade-off involved:
If the blocks defining the zj are too small, (3.2) and (3.4) will fail to
hold. However, if these blocks are too large, then (3.5) will fail to hold.
That ié, the zj’s could not be neglected in the subsequent analysis.
Assuming that the blocks have been chosen so that (3.2), (3.4),and (3.53)
arc satisfied, we then concentrate on the sums

Y.
jsm I
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in the renainder of the discussion. lowever, consideration of these sums will
produce fluctuation results only for a certain subsequence of the sequence
{SN} of partial sums. Fortunately, it is relatively easy to break into the
blocks defining the yj’s and thus recover the desired fluctuation results
for {SN} , provided that the blocks defining the yj’s are not chosen too
large.

By the above arguments, noting (3.4), the proof of the fundamental rela-
tion (1.2) is reduced by the first step of the method to proving a correspon-

ding almost sure invariance principle for the martingale

(3.6) Ty,
jem I

3.2. The second step of the method is the approxiration of the martingale

(3.6) in an appropriate manner by Prownian rotion. This is accomplished by
neans of a martingale version of the Skorokhod representation theorem (see

Strassen (1965), Theorem 4.3). ‘nplication of this representation theoren

provides (on a new probability space possibly) stopping times {Tj} for

Brownian motion {X(t)} such that

(3.7) Yoox.=x(] T.) a.s.,
jsm I j<m )
2
7 : = F
(2.8) E(leLj_l) E(leLj_l) a.s. ,
and

(3.9) E T? <<F|Yj|2p
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for each p>1 .
Let MN denote the index of the yj or Zj which contains XN and let
[t] denote, as usual, the greatest integer not exceeding t . In order to

exploit (3.7) we establish a strong law of large numbers for the Ti in the

fornm
(3.10) ] T.=N +O(N1‘n1) a.s.
o1 J
J
where Ny > 0 . For then we obtain for each n, < %ﬂl , omitting some calcu-

lations and using (3.10),

My . 1-n4
[T T = XN+ O[N ]

j=1
.
] 2 2
(3.11) = X(N) + OfN
rln
= ¥(t) + o[t 2} a.s.
for N<t<N+ 1. Thus if we set
M
[t]
S*(t) = ) Y.
j=1 I
we obtain, using (3.7) and (3.11),
1
27"
(3.12) S*¥(t) - X(t) «< t a.s.

as t > o,
Now we are almost done since, in view of (3.4), the reduction to the mar-

tingale case described in Section 3.1 results in the estinate
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S(t) - §*(t) = ] x - 9*(t)
n<t
(3.13)
= .- Y.)<<t™ 7 .S.
. (yJ J) a.s
for some Ny > 0 . Ve combine (3.12) and (3.13) and get
2
S(t) - ¥(t) <t a.5.

for some n > 0 , which is the desired fundamental relation (1.2). This
completes the second step of the method.
How can we get (3.10) which is, as we just have seen, the key to estab-

lishing the fundamental relation (1.2)? Consider the decomposition

MN MN

I T, -N=7F er - E(leL._l))

j=1 I j=1 J
(3.14) + ZMN FEAIL, ) - YY)
) j=1 4 j j“l j

My
+ Z Y

j=1

- N.

e BN

Fere we have used (3.8). Ue first establish a strone law of large numbters for

)
the YE in the form

"N

2 1-n,
(3.15) ] Y. =N+ O[N '] a.s.
j=1
for some n, >0 . This takes care of the third sum on the right-hand side of
2
(3.14). As a by-preduct of the proof of (3.15) we obtain a bound on E|Y,| +S
1 J
t L, . . 2 H . ) ' 1+_2_6
which, in view of (3.9), yields a bound on E T, . Using these two bounds

J
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and a standard martingale convergence theorem it is not difficult to show that
the first two sums on the right-hand side of (3.14) are <« Nl-nS almost
surely, proving (3.10). (In general, Tj is not measurable with respect to
L. . But this is only a technicality which we shall not worry about at this
point.)

For general martingales, (3.15) does not hold. But using .(3.14) it follows

that it- is enough to prove.

MN 2 l-n6
(3.16) ) y: =N+ C[N ] a.s.
j=1
for some g >0 . In view of the weak dependence of the yj’s , relation

(3.16) might appear to be straight-forward. Put typically, proving (3.16)

provides the most difficulty.
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