ABSTRACT

AL-ASHHAB, SAMER SHAFIQ. The role of sh-Lie algebras in Lagrangian
field theory. (Under the direction of Ron Fulp.)

The purpose of this dissertation is to study strongly homotopy Lie al-
gebras (sh-Lie algebras) and their applications with primary emphasis on
applications to field theory. Strongly homotopy Lie algebras are defined
on graded vector spaces. They generally consist of an infinite sequence of
mappings [y, ls, I3, - - -, which satisfy certain identities. We show that, in the
presence of appropriate hypotheses, there always exists a simplified sh-Lie
algebra structure with [, = 0 for n > 3. This is a special case which has
occured in several applications. While it is known that sh-Lie algebras arise
in field theory as a homological resolution of a Poisson bracket defined on the
space of local functionals, we show how these sh-Lie algebras transform in
the event of canonical transformations on the space of local functionals. Ad-
ditionally, it is shown how a group which acts via canonical transformations
transforms the sh-Lie structure and eventually leads to reduction theorems.
Two kinds of reduction are obtained corresponding to two different kinds of
group action and, in each case it is shown how to obtain an induced sh-Lie
algebra on a corresponding reduced graded vector space. Several applications

of the theory are considered as well.
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Chapter 1

Introduction

Strongly homotopy Lie algebras (sh-Lie algebras/structures) have recently
been the focus of study in mathematics [6, 15, 16]. Their applications have
appeared in mathematics [21], in mathematical physics [6, 12], and in physics
[24]. In many applications, a simplified sh-Lie algebra structure has appeared
where the only nonzero mappings were the lower order mappings on lower
degrees, i.e., the lower order mappings were trivial on higher degrees. In
Chapter 2 we show that, from the algebraic standpoint, one can always
choose such a simplified structure in the presence of suitable hypotheses.
Also included in Chapter 2: a presentation of sh-Lie algebras, their basic
definition, and the main results relating to them that will be needed in this
dissertation.

In Chapter 3 we focus on the application of sh-Lie structures to La-
grangian field theory. We extend the study by finding how these structures

relate to canonical transformations of local functionals of the theory. One can



then consider ideas of reduction which arise when a Lie group acts via canon-
ical transformations on the space of local functionals. We leave reduction for

Chapters 4 and 5.

1.1 Strongly homotopy Lie algebras and La-
grangian field theory

Recall that the dynamical “equations of motion” of a Lagrangian field theory
are usually derived from a variational principle of “least action”. Given a

Lagrangian L, the action of L is the functional S defined by

S(6) = /M L(("6) () Volu

where M is a manifold, ¢ may be either a vector-valued function or a section
of a vector bundle E over M, j"¢ is the prolongation of ¢ to J"E, L is a
real-valued function on some finite jet bundle J"E, and Vol), is a volume on
M. More generally, if 7: E — M is a vector bundle and 7> : J*FE — M is
the corresponding prolongation of F, then a smooth function P : J°E — R
is called a local function on E provided that for some positive integer n there
is a smooth function P, : J"E — R such that P = P, o w, where 7, is the
projection of J*°FE onto J"E. Thus all Lagrangians are local functions on an
appropriate bundle. To say that P is a local functional on E means that P
is a mapping from a subspace of compactly supported sections of £ — M

into R such that
Po) = [ (Poro)a)Voly

for some local function P and for all such sections ¢ of E.
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In imitation of Hamiltonian mechanics one postulates the existence of a
“Poisson bracket” on the space F of local functionals and then uses it to
develop a Hamiltonian theory of fields. This bracket is assumed to satisfy
the Jacobi identity and so defines a Lie algebra structure on F. On the
other hand there is no obvious commutative multiplication of such function-
als and consequently F is not a Poisson algebra. This is such a well-known
development that we may refer to standard monographs on the subject. In
particular we call attention to [11] and [20] for classical expositions, and to

[13] for a quantum field theoretic development.

It was shown in [6] that a Poisson bracket on the space of local functionals
induces an sh-Lie structure on a part of the variational bicomplex which we
refer to as the “de Rham complex” on J*FE. This sh-Lie structure is given
by three mappings l1, lo, I3 defined on this complex. The mapping [, is skew-
symmetric and linear, and it may be regarded as defining a “bracket” but
one which generally fails to satisfy the Jacobi identity. In fact, [y satisfies

the Jacobi identity if I3 = 0.

Recall that, [19], if M is a Poisson manifold one says that a mapping
from M to itself is a canonical transformation if, and only if, it preserves the
Poisson bracket defined on C*°(M). The space of local functionals is not a
Poisson algebra and so there is no underlying Poisson manifold. The bracket
[ is defined on the space of “top” forms of the “de Rham complex” which
can be identified with the space of local functions on J*FE. This space is a

commutative algebra under pointwise multiplication, but I, does not satisfy



the Jacobi identity and so again one does not have a Poisson manifold.

The questions dealt with in this dissertation relate more to the mathemat-
ical structures induced by Poisson brackets on the space of local functionals
rather than to specific methods of solving dynamical field equations. More-
over, we have restricted our attention to a class of theories in which the
Poisson bracket is induced by a tensor w which is scalar-valued rather than
differential-operator valued. Once we understand this restricted case more
fully we hope to extend these results to a larger class of theories for which w

is differential-operator valued.

Eventually, we also intend to expand our scope to include fermionic the-
ories such as those in [13]. Indeed, the sh-Lie formalism is particularly well-
suited to interact with super-field theories such as those needed to describe
the Batalin-Vilkovisky approach to BRST cohomology. Once anti-fields are
introduced, our vector bundle F can be modified in such a manner that both
the bosonic fields studied here and the fermionic (anti-)fields become sec-
tions of the new bundle. In this context the Batalin-Vilkovisky anti-bracket
is none other than our Poisson bracket of local functionals with appropriate
grading. Thus we expect the modifications of this work to the latter case to
be minimal. In fact, this work is motivated by both the classical field theories
such as those described in [20] and the super-fields developed in [13]. This
approach has proven its worth in investigations such as those found in [7]

and [8].



Chapter 2

Strongly homotopy Lie algebras

In section 2.1 we present the general structure of sh-Lie algebras, then in
section 2.2 we show that when one is given a mapping I, with appropri-
ate properties, one can choose a simplified structure. Three examples are
presented in section 2.3, two of which have appeared in two different applica-
tions. Finally, in section 2.4 we show how one may obtain an sh-Lie structure
on a chain complex from another sh-Lie structure defined on another chain
complex when there is a chain map between them. We will deal with the
subject of sh-Lie structures on reduced complexes and their application to

Lagrangian field theory in later chapters.

2.1 The general structure

Let X, be a graded vector space with a differential (lowering the degree by
1) {1, and where X,, = 0 for n < 0. Let H, be the homology complex of the

complex X,. We assume that H,, = 0 for n > 0, while Hy is generally non-



trivial. We also assume the existence of maps n : X,, — H,, A\ : H, — X,

and s : X,, — X,, .1 such that
Aon—1x, =ljos+sol. (2.1)

Notice that (2.1) simplifies to Aon — 1x, = [; o s in degree 0, and —1x, =
[y o s+ sol; in degree > 0. In this situation, n : X, — H, is a chain map
with homotopy inverse A : H, — X,;i.e., noA =1y, and Aon ~ 1y, via the
chain homotopy s : X, — X, which satisfies equation (2.1). The following is

the formal definition of sh-Lie structures (see [6]):

Definition An sh-Lie structure on a graded vector space X, is a collection
of linear, skew-symmetric maps [y, : ®k X, — X, of degree k — 2 that satisfy

the relation

Yoo D @Y G0y o) Tom) = 0,

t+j=n+1 unsh(i,n—1)

where 1 <4, .

Notice that in this definition e(o) is the Koszul sign which depends on the
permutation o as well as on the degree of the elements x1, z3, - - - , z,, (& minus
sign is introduced whenever two consecutive odd elements are permuted, see
[15]). Also observe that it is convenient in this context to suppress some of
the notation and assume the summands are over the appropriate unshuffles
with their corresponding signs (e.g. if n = 3 one writes l1l3 + lols + I3l; = 0).

We assume the existence of a linear skew-symmetric map l~2 Xy ® Xo —
X satisfying conditions (i) and (ii) below so that an sh-Lie structure exists.

The following theorem was proved in [6]:
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Theorem 2.1 A skew-symmetric linear map l~2 : Xo®Xg — X that satisfies
conditions (i) and (ii) below extends to an sh-Lie structure on the graded
space X,;

(1) la(c,by) = by

(i) > (=1)7ha(la(Cor), Co@)s Corz) = bs

o€unsh(2,1)
where ¢, ¢y, o, c3 are cycles and by, by, by are boundaries in X.

Corollary 2.2 The existence of a skew-symmetric linear map Iy Xo®Xy —
Xy that satisfies conditions (i) and (ii) as in Theorem 2.1 is equivalent to the

existence of an sh-Lie structure on the graded space X,.

Proof In the above definition of sh-Lie structures, let n = 2 and z; €
Xo, 1o € X;. It is easy to see then that I : Xo® Xq — X satisfies condition
(7). Now, in the same definition, let n = 3 and x, 29,23 € Xo. This will
show that [y : Xo ® Xy — X, satisfies condition (i7). This establishes the

required I, from a given sh-Lie structure. |

In fact the existence of a map I satisfying the hypotheses of Theorem 2.1
is equivalent to the existence of a Lie bracket on Hy. We quote the following

from [6]:

Lemma 2.3 The existence of a skew-symmetric linear map lh: Xo® Xo —
Xy that satisfies condition (i) is equivalent to the existence of a skew-symmetric

linear map [-,-] - Hy ® Hy — Hy.

In [6] a bracket [-, -] which is induced by I, satisfies Lemma 2.3. There, it

was shown that:



Lemma 2.4 Assume that Iy : Xo @ Xo — X, satisfies condition (i). Then

the induced bracket on Hy is a Lie bracket if and only if I satisfies condition

Remark Although the way the two lemmas above are formulated does
not completely show the aforementioned equivalence, the existence of a Lie
bracket on Hy induces a map l, which satisfies conditions (i) and (i7) of The-
orem 2.1 in the strong sense of having 0 on the right-hand side (for both
conditions). However, this is a case we are not interested in. The two pre-

ceding lemmas will be needed in later chapters.

2.2 The simplified structure

While Theorem 2.1 guarantees the existence of an sh-Lie structure on the
graded vector space X,, we show that, under the same conditions, one can
always choose an sh-Lie structure such that

1. Il = 0 in degree > 1.

2. I3 =0 in degree > 0.

3.1, =0,n> 3.

Remark Markl has observed (see [6]) that such an sh-Lie structure exists in
the case that ly(c,b) = 0 for each cycle ¢ and boundary b. This observation
of Markl was proved by Barnich in [5]. However the case we are considering

here is more general.

We find it convenient in what follows to refer to the image of a combina-

tion of maps by the combination itself: for example [5l; would stand for the
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image of the map [5/; acting on some element in the appropriate space as the
context implies (i.e. [lol; stands for lyly(z, ® ;) = l2(lyzy, @ x4 + (—1)P2, ®
hzy) =lb(lix,®zy)+(—1)Pl(x,® Lz, for z, € X, and z, € X|)). Izl would
stand for the three unshuffles of the composite l5l5, again acting on an element
in the approprite space (where we skip writing the element it’s acting on, e.g.,
loly = Ly (xe@xy@2f) = la(la(xo, xp), ) — 2 (la(0, 24), x4) +12(la(2h, 25), o)
for zo @z ® () € Xo ® Xo ® Xp) ...etc. Let’s also quote the following from

6] as it is needed in our proof:

Lemma 2.5 (i) lsl; is a boundary.
(71) lsls + 131y is a boundary.

(i1i) More generally ( Z (=1)U=DL1) is a boundary.
itj=nt1,j>1

To begin with the proof we define [, inductively by
lg = —S§0 lgll

(this is just —slsly, i.e., s acts on the image of lyl;) where we begin with

Iy = [2 in degree 0, and recall that s satisfies
Aon—1x, =1los

in degree 0, and

—1x, =lijos+soly

in degree > 0 (see equation (2.1)). One checks that if l3/; is in degree 0 then

l1<—8l2l1) = lgll — Ao n(lgll) = lgll,

where (Ao n)(laly) = 0 since Iyl is a boundary. While if l5l; is in degree > 0
then
ll(—Slzll> = lzll + Sl1<1211) = lgll,

9



where [1(I3l) = 0 since l3l; is a boundary. So we have a well-defined structure
map [y satisfying l;ly = Iyl (notice that [y is also a chain map!). Now we
show that [, as defined above is zero in degree > 1.

First consider I on X7 ® X;: take an element r1 @z} € X;®X;. We have
lo(zy @) = —=s{lo(lhzy @ ) — 1 @ L1x)) }. But lo(lizy @ 2)) = lo(21 @ [12)),

since by definition

lg(lll’l [ l'/l) = —Slgll(llxl X l’/l) = —Slgall'l X llfl/’,l),
and

lQ(ZEl ® llx'l) = —8[2[1(371 ® llx’l) = —Slg(llxl (%9 ll.CEll)

So ls = 0 on X; ® X;. Now consider Iy on X3 ® Xg: take z9 @ g € X9 ® X.
Then ly(x2 ® x9) = —sla(l1xe @ ), but lo(lizs ® xo) = —slali(l122 ® x) =
—sl3(0) = 0. So l; =0 on Xy ® X.

Proceeding by induction one then shows that I, = 0 on X,, ® X, for n > 3:
lo(zy, ® x0) = —slaly (T, @ x9) = —sla(l1, @ 29) = —s(0) = 0. On the other
hand consider Iy on X, ® X, > 1,m > 1t lay(2, @) = —sloly (2, @x,) =
—sly(lyxy @ Ty + (—1)"x,, @ lizy,) = —s(0) = 0. This way one has I, = 0 in

degree > 1. Now consider the map [3. Define
l3 = solyls,
in degree 0 and then inductively by
I3 = so (loly + 131h),
in degree > 0. One checks that in degree 0

—lllg = —118(l2l2> = lzlg — ()\ @) 7])([2[2) = lQlQ,

10



where (A on)(loly) = 0 since lyl; is a boundary. While in degree > 0 we have
—lllg = —l1<8<12l2 + lgll) = lng + l3l1 + S{ll (lQlQ + lgll)} = lglg + lgll,

where l4(lols + 1311) = 0 since lyls + 317 is a boundary. So we have a well-
defined structure map I3 satisfying lyl3 + I3l; + lsly = 0.

Now consider I3 on X; ® Xy ® Xo: take an element z; ® z¢y ® zj, €
X1 ® Xy ® Xy. By definition we have:
(loly + I3l (21 ® 2o @ ) =
—slaly (la(z1, x0), z4) + slaly(la(la(x1, (), o) — slali(la(la(xo, (), 1)
+5{la(lo(liw1, o), ) — la(la(liwy, ), mo) + L2 (l2((20, ), hw1) } =
—sla(la(lyxy, x0), xy) + sla(la(lo(lizy, x5), o) — sla(la(la(z0, 2p), l121)
+sla(la(lizy, o), x4) — sla(la(lyzy, xy), o) + sla(l2((zo, x), lizy) = 0.
So I3 = s{(lala + I3l1)} = s(0) =0 on X; ® Xy ® Xp.

One can then proceed by induction to find that I3 = 0 in degree > 1. Take
for example x; ® 2] ® zo in X7 @ X7 ® Xy, then l3(z1 ® 2} ® x9) = s(laly +
I3h)) (21 @) ®@x0) = s{la(lo(z1,2)), x0) — la(la(z1, 20), ) + la(la (2], 20), 1) +
ls(lhry @) @ xo) + 13(xy @ L1y ® 29)} = 0, since I3 and Iy are zero in degrees

1 and 2 respectively. Now consider the map ls. Define
ly = so(lgly — lol3),
in degree 0, and then inductively by
ly = so(lsly — laly — l4ly),

in degree > 0. As before one can easily check that [, is a well-defined map
that satisfies the corresponding sh-Lie relation at this step of the construction

(1e lll4 — l4l1 -+ lglg — l2l3 = O)

11



Consider the value of Iy on zy ® z; ® x5 ® z) € Xo ® Xo ® Xy ®

Xo. We find it convenient in the following calculation to use the identity

" "

Ls(la (o, ¥0), w0, w0 ) = (slala) (Lo, 46), 40, 4o') = s{l2(l2(l2(%0, %0), %0)- w0') —
la(l2(l2(y0, o) w0 )» w6) + La(l2(y, %0'), 2(Yo, ¥o)) }, for yo, Yo, yo, ¥5' € Xo. By
definition /4 is the value of s on:
l(l2(z0, 20), 24, 24 ) — l3(l2(20, 25), %0, 25') + l3(l2(20, 27), 20, 20) +
l(l2(20, 20), o, 24') — l3(l2(20, 20", 2o, ) + l3(l2(ag, 24'), w0, 25) —

la(l3(z0, 20, 20), 24') + l2(l3(20, 20, 20), 25) — L2(ls3(20, 24, 24'), 20) +

(
b(l3(x

0,20, 24 ), To) =

s{la(lo(l2(o, 25), 75), 20') —la(l2(l2 (20, 20), 24), 2) +a (2 (2, ), L2 (2o, ) ) } =
s{la(l2(l2(zo, 25), ), 24 ) —lo(la (L2 (20, 25), ), 20 )2 (lo (2, '), L2 (20, 7)) }+
s{la(l2(l2(z0, 27'), 25), 25) —la(la(l2 (20, 23"), 25), 20 )+ a(l2 (2, 27), o (w0, ) }+
s{la2(lo(l2(g, 25), o), 2g') —la(l2(l2(2, 25), 24 ), o) +la(l2 (%o, x4), Lo (2, 7)) } =
s{la(l2(l2(x, 24", w0), wg) —la(la (L2 (2, 24"), 75), o)+ 12 (l2 (w0, 27), b2 (wh, ) }+
s{la(l2(l2(g, x('), o), o) —la(l2(l2(2, 24'), 25), xo)+12(l2(w0, 20), 2 (2, 7))} +
s{la(luls(wo, x5, 24), 24") — La(luls(wo, 20, 20), 5) + l2(lls (o, G, x('), 75) —

ba(lils (g, x5, 24'), 2o ) } =
slo{(laly + ll3) (xg, 2y, ), 20} — sla{ (lala + Lils) (xo, 2, 20), 4 ++
slof{(laly + U113) (o, 2y, xy), wy } — slo{(lala + l113) (x4, 20, 20'), o }+
La(la(xg, 24'), l2(w0, 27)) + l2(l2(wo, 75), Lo (2, 7)) — la(l2(2, 1), l2(20, 25)) —
la(lz(xo, 20), 2 (g, 24')) + La(l2 (20, 20), l2(0, 247)) + L2 (L2 (w0, 2(), Lo (2, 2()) =
0 since lyly 41113 = 0 in degree 0 and [, is skew-symmetric. So we have Iy, = 0
in degree 0.

Further l; is inductively found to be zero in higher degrees since I, = 0

and I3 = 0 in degrees > 1 and > 0 respectively. Next we inductively define

12



for n > 4,

l=s0() (=10 V1),

3,7>1

in degree 0, and

h=so( > (=10,

i+j=n+1,j>1

in degree > 0. (Again these are well-defined maps for the sh-Lie structure.)
The combination of maps (the l;’s within the s) in degree 0, and then induc-
tively in degree > 0, leads to 0 so that one has [,, = 0 for n > 4 (Notice that
for 5 in degree 0 one encounters l3l3, the inside I3 raises the degree from 0

to 1 so that the combination is 0). Summarizing:

Theorem 2.6 Given a graded space X, and a skew-symmetric linear map
Iy : Xo® Xy — X that satisfies conditions (i) and (i), there exists an sh-Lie
structure on X, such that

1. Iy =0 in degree > 1.

2. l3 =0 in degree > 0.

3. 1,=0,n> 3.

Corollary 2.7 Under the same hypotheses as in Theorem 2.6 there exists

an sh-Lie structure on the graded space
e 00— X 5 X B X

where X1, Xo, 1 : X1 — Xo, and .,k > 1 are as above, but with Xy = kerly

and the inclusion i : Xo — Xj.

13



2.3 Examples

We will primarily consider three examples. The first of these fits perfectly
into our discussion. It first appeared in [21] where the authors determined
an sh-Lie structure on a Courant algebroid. For convenience we recall the

definition of a Courant algebroid.

Definition A Courant algebroid is a vector bundle £ — M equipped with
a nondegenerate symmetric bilinear form < -,- > on the bundle, a skew-
symmetric bracket [-,-] on T'(E), and a bundle map p : E — T'M such that
the following properties are satisfied:

1. For any ey, eq9,e3 € I'(E), J(e1, e, e3) = DT (eq, €2, €3);

2. for any ey, ey € I'(E), pleq, ea] = [pe1, peal;

3. for any ey, e € I'(E) and f € C*(M), [ey, fea] = fler, ea] +(pler) flea— <
e1,ea > Df;

4. poD =0;

5. for any e, hy,hy € T'(E), p(e) < hi,hy >=<[e,h1] +D < e,hy >, hy >
+ < hi,le,ho] + D < e, hy >>;

where

J(e1, e, e3) = [[e1, ea], e3] + [[ea, €3], e1] + [[es, e1], ea],

and T'(eq, eq, €3) is the function on the base space M defined by

T(617 €2, 63) = < [617 62]7 €3 > +Cp

Wl =

(c.p. here denotes the cyclic permutations of the e;’s) and D : C*(M) —
['(E) is defined such that the following identity holds

<Df,e>= %p(e)f.

14



For more details on Courant algebroids we refer the reader to [21] and the

references therein.

Example Let E be a Courant algebroid over a manifold M, and consider

the sequence

. 50— kerD 5 C®(M) 2 TI'(E)

where i : kerD — C°°(M) is the inclusion, and one assumes that X, =
I'(E),X; = C®(M), and X, = kerD. Define Iy(ey1, e3) = [e1, €5] (this is just I
in degree 0). It was shown in [21] that [, satisfies condition (i) as in Theorem
2.1, whereas condition (i¢) from the same Theorem follows from the the first
axiom in the definition above, yielding an sh-Lie structure. The authors [21]

have also shown that the sh-Lie structure has the explicit formulas

la(eq, €2) = le1, e2] in degree 0
la(e, f) = <eDf> indegreel
ly = 0 in degree > 1
l3(e1,e9,e3) = —T(eq,ea,e3) in degree 0

l3 = 0 in degree > (
Iy = 0 for n > 3.

What is interesting about this example is that the only nonzero maps are the
same ones as in Theorem 2.6 and Corollary 2.7. In addition notice that the
structure of this complex is similar to the “simplified” complex that appears

in Corollary 2.7. |

Remark In this example it is not generally true that l~2(c, b) = 0 for an

arbitrary cycle ¢ and arbitrary boundary b. Thus it is not a consequence of

15



the Markl-Barnich Theorem. On the other hand Zg(c, b) is a boundary and

so falls within the scope of our Theorem.

Our next example comes from Lagrangian field theory. In particular, it
relates to Poisson brackets of local functionals where the sh-Lie structure
exists on a “de Rham complex” as in [6]. We refer the reader to [6] and the
references therein for more details regarding this subject. In fact the next
chapters will shed some light on this subject along with canonical transfor-

mations of local functionals.

Example let £ — M be a vector bundle where the base space M is an n-
dimensional manifold and let J*°E be the infinite jet bundle of E. Consider

the complex
Q0,0(JOOE) N QI,O(JOOE) BN Qn—l,O(JooE> N Qn’O(JOOE)

with a differential dy which in local coordinates takes the form dy = dz'D;,
i.e. if @ = ayda’ then dya = D;adz® A dx!. Here D; is the total derivative

defined on the algebra of local functions on J*FE. It is defined by D; =
0

— 4 ut,—
oxt i ous

a and multi-index J). In this case I, was defined in [6] by

(we assume the summation convention, i.e., the sum is over all

L(Pr,Qv) = w(E(P),E(Q)r = " (ByQ)E, Py (22)

where Pv, Qv € Q™°(J*E) and E is the Euler-Lagrange operator with com-

ponents
oP )
dug”

The bilinear mapping w is a skew-symmetric total differential operator with

Ea(P) = (_D)I(

the w™’s as its components (see [6] for more details). It was shown in [6]
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that I, satisfies conditions (i) and (ii) as in Theorem 2.1. In fact I, satisfies
condition (7) in a strong sense (with 0 on the right-hand side of the equation).
Markl noted in [6] and Barnich proved in [5] that with this strong condition
the higher order maps can be chosen to be zero (the result in Theorem 2.6 is
yet stronger since it does not require that the right-hand side of (i) be zero,

only that it be a boundary). Here is a summary of the structure

ly(Pv, Qu) = w(E(P),E(Q))r in degree 0

lo = 0 in degree > (
Is(Pv,Qu, Rv) is nonzero in degree 0

l3 = 0 in degree > 0
Ly = 0 forn>3. |

Our last example is within the context of symplectic manifolds, where we
refer the reader to [1]. We include details in this example on how the sh-Lie
structure maps are obtained. Notice that in this example the strong version
of condition (i) of Theorem 2.1 does not hold in general, but our weaker

hypothesis does hold.
Example Consider the following sequence
0> RS QM) L QLM) —o,

where Q°(M) is the set of smooth real-valued functions on the symplectic
manifold (M,w) and QL (M) is the set of closed one forms on M. We take
Xo = QL(M), X, = QY(M) and X, = R. The differential for this complex
islhh =i:R — QM), and l; = d : Q°(M) — QL(M), where i is the

inclusion mapping and d is the differential operator. We then define a linear
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skew-symmetric map I on Xy ® X by

(o ® B) = {a, B},

where {.,.} is a Poisson bracket on Q'(M) (e.g. see definition 3.3.7 in [1]).
Notice that I, satisfies the two conditions needed to guarantee the existence
of an sh-Lie algebra (Theorem 2.1) and that it does not satisfy the strong
condition of Barnich and Markl.

Now to extend Iy, first take an element in X; ® Xo say f @ 3, then
LIL(f®B) = b(df ®B) = {df,3}. Now notice that h = Lgsf + ¢ =

—ix,; B+ Lg# [ +ix,igrw + ¢ € X1, where ¢ € R is a constant, satisfies

Li(h) = d(—ix,B+ Lgsf +ix,igsw +c)
= —dix, —ix,dB+dLgs f + d(ix,igew)
= —Lx,f+ Lg#df 4 d(ix,igrw)
= {df, 5},

where w is the symplectic 2-form on M. So if we take ¢ = 0 we get lo(f ®
B) = Lg#f. Then I, would be defined on Xy ® X; by skew-symmetry. To
proceed take an element in X; ® X; say f ® g, and notice that lol; (f ® g) =
Lldf @ g— f®dg) = Ly#g — (—Lgg#f) = Lx,9 + Lx,[ = 0. Hence I,
on X; ® X is zero. Now take an element in Xy, ® Xy say k£ ® 3, then
Lli(k® B) = lo(k ® B+ 0) = Lgzk = 0 since k is a constant function.
Therefore Iy is zero on X, ® Xy. By skew-symmetry [, will also be zero on
Xo® X,

Next we turn to [3. Take an element in Xg ® Xo ® X, say a ® 0 ® 7.
Then lsls maps it into {{a, 5}, 7} — {{a, v}, 8} + {{5, 7}, a} which is 0 (the
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Jacobi identity), so we have I3 = 0 on Xy ® Xy ® Xy. Now take f@ f® v €
X1 &® XO &® Xo. Under lQlQ + lgll it is mapped to

(L f,7) = lo(Lox f, B) + ({87}, [) + 0 =
L’Y#Lﬁ#f — Lﬁ#L’Y#f — L{ﬁ;y}#f =

L{ﬁﬁ}#f - L{/Bﬁ}#f = 0.

So l3 is zero on X7 ® Xy ® Xy. Utilizing skew-symmetry we have I3 = 0 in
degree 1. On higher degrees I3 is trivially zero since X, = 0 for n > 2, and

furthermore [,, = 0 for n > 3. To summarize

lo(o, ) = {a,B} in degree 0
lo(f,8) = Lg#f in degree 1l

lo = 0 in degree > 1
Ly = 0 forn>2. |

2.4 Chain maps and induced sh-Lie structures

Suppose that f: X, — Y, is a (~degree chain map between two exact chain
complexes (X,,dx) and (Yi,dy). Specifically, we assume that Hp(X) =
Hy(Y)=0for k>0, Hy(X) and Hy(Y") are generally non-trivial, and X,, = 0
for n < 0. Notice that since f is a chain map we have dy o f = f o dx.
Also suppose that f is onto, and that there exists an sh-Lie structure on
X,. Observe that, by Corollary 2.2, this sh-Lie structure yields a mapping

lo : Xo® Xg — X, that satisfies the same hypotheses as in Theorem 2.1. We

assume that the following mapping, l}, is well-defined on Yy ® Yj:

b (Yo, y1) = ba(f(x0), f(21)) == fla(w0,21))
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where yo,y1 € Yy and xg, 21 € X3 with yo = f(z0),y1 = f(x1). Notice that
ZQ is skew-symmetric and linear since l~2 is. Now let 4o € Yy and y; € Y] be
arbitrary with yo = f(x0),y1 = f(x1) for some z¢ € Xy and z; € X;, then

~ ~

LYo, dyyr) = L(f(%o),dy f(z1))
(

since l~2 satisfies condition (7) of Theorem 2.1 and for some z, € X;. This
shows that I, satisfies the same condition (i) of Theorem 2.1. On the other

hand if yo,y1,y2 € Yo are arbitrary with yo = f(z0),y1 = f(x1),y2 = f(x2)

for some xg, x1, x5 € Xy, then
> bl (o0 o) Uo) = D bo(la(F (o), F(Ton)), F(To@))
= f(z Iy (I3 (o (0), To (1)), To2))

= fldxw3) = dy f(x3)

(where the sum is over the unshuffles (2,1) with the corresponding permuta-
tion sign (—1)7) since I, satisfies condition (ii) of Theorem 2.1 and for some

z3 € X;. This shows that ZQ satisfies the same condition. Therefore we have:

Theorem 2.8 Suppose that f : X, — Y, is a 0-degree chain map between
exact chain complexes, and that there exists an sh-Lie structure on X,. If
there exists a well-defined mapping I, as above, then this mapping ly extends

to an sh-Lie structure on Y,.
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This concludes our discussion of abstract sh-Lie structures. Our focus
throughout the remainder of the dissertation is on applications to field the-

ories.
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Chapter 3

Canonical transformations of

local functionals

In this chapter we consider canonical transformations of local functionals
and their relation to existing sh-Lie structures. This will set the stage for
applying ideas of reduction which we leave for the next two chapters. Recall
that a transformation on the space of local functionals is canonical if and
only if it preserves the Poisson bracket.

We further say that an automorphism of the bundle E is canonical if
and only if its induced transformation on the space of local functionals F
is canonical. (Observe that the space of local functionals is not a Poisson
algebra and so there is no underlying Poisson manifold.)

After presenting background material in section 3.1, we find conditions for
the induced transformations on the space of local functionals to be canonical.
Eventually, in the last section of this chapter, we show how these induced

canonical transformations relate to the existing sh-Lie structure maps.
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3.1 Background material

We introduce some of the terminology and concepts that are used in this
chapter as well as in later chapters, in addition to some of the simpler results
that will be needed. Our exposition and notation closely follows that in
[6]. First let £ — M be a vector bundle where the base space M is an
n-dimensional manifold and let J*°FE be the infinite jet bundle of E. The
restriction of the infinite jet bundle over an appropriate open set U C M is

trivial with fiber an infinite dimensional vector space VV*°. The bundle
7 J¥Ey=UxV>® —=U
then has induced coordinates given by

t ,a ,a ,a
(VA T Ve B

We use multi-index notation and the summation convention throughout the
dissertation. If j*°¢ is the section of J*°FE induced by a section ¢ of the
bundle F, then u® o 7*°¢ = u® o ¢ and

ug 0 j°¢ = (0, 0;,...0;, ) (u” 0 j°¢)

where 7 is the order of the symmetric multi-index I = {iy, s, ..., i, }, with the
convention that, for r = 0, there are no derivatives. For more details see [2]
and [18].

Let Locg denote the algebra of local functions where a local function
on J®F is defined to be the pull-back of a smooth function on some finite
jet bundle JPE via the projection from J*FE to JPE. Let Loc}, denote the
subalgebra of Locg such that P € LocY, if, and only if, (j*¢)* P has compact
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support for all ¢ € I'E with compact support, where I'EZ denotes the set of
sections of the bundle £ — M. The de Rham complex of differential forms
Q*(J®E,d) on J*FE possesses a differential ideal, the ideal C' of contact
forms 6 which satisfy (j*°¢)*0 = 0 for all sections ¢ with compact support.
This ideal is generated by the contact one-forms, which in local coordinates
assume the form 0% = du% — uf,dz’. Contact one-forms of order 0 satisfy
(7'¢)*(9) = 0. In local coordinates, contact forms of order zero assume the
form 0% = du® — uldx’.

Using the contact forms, we see that the complex Q*(J*FE, d) splits as
a bicomplex Q™*(J*E) (though the finite level complexes Q*(JPE) do not),
where Q™*(J>*F) denotes the space of differential forms on J*FE with r
horizontal components and s vertical components. The bigrading is described
by writing a differential p-form a = af , (05 Adz?) as an element of Q™*(J*E),

with p =7+ s, and
da' = da"™ A A da' 07 =05 A ... A0

Now let C, denote the set of contact one-forms of order zero. In local
coordinates contact one-forms of order zero can be written as 0 = du® —
uf.dr*. Notice that both Cy and Q™" = Q™!(J*E) are modules over Locg.
Let Qg’l denote the subspace of Q™! which is locally generated by the forms
{(0* N d"x)} over Locg. We assume the existence of a mapping, w, from
Q' x Q0! to Locg, such that w is a skew-symmetric module homomorphism
in each variable separately. In local coordinates let w® = w(6% A v, 0° A v),
where v is a volume form on M (notice that in local coordinates v takes the
form v = fd"x = fdax' A dz? A ... A da™ for some function f: U — R and U

is a subset of M on which the z*’s are defined).
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We will assume throughout the dissertation that w satisfies the conditions
that make our Poisson bracket, which will be defined soon, satisfy the Jacobi
identity.

. 0 . 0
Define the operator D; (total derivative) by D; = pye + u 50t (recall
x! uG
we assume the summation convention, i.e., the sum is over all ¢ and multi-

index .J), and recall that the Euler-Lagrange operator maps Q™%(J*F) into
Q™1(J*FE) and is defined by

E(Pv) =E.(P)(0* Av)

where P € Locg,v is a volume form on the base manifold M, and the

components E,(P) are given by
OP

a
ouy

E.(P) = (=D):i(5=)-

For simplicity of notation we may use E(P) for E(Pr). We will also use D;

fo and E,(P) for (—D)I(%) so that E(P) = E,(P)(6* Av)

I oo + ﬁfJa—a%
in the (z#,u*) coordinate system.

Let QM(J*E) be the subspace of Q" (J*E), for (k,1) # (n,0), such that
a € QFY(J*®E) if, and only if, (j%°¢)*a has compact support for all ¢ € TE
with compact support, and let Q7%(J*F) be the subspace of Q"(J>*F)
such that Pv € Q°(J*E) if, and only if, (j%°¢)*(Pv) and (7%°¢)*E,(P)
have compact support for all ¢ € I'E with compact support and for all a.

We are interested in the complex
0— QXJ®E) — QM (J®E) — .- — Q" YO(J¥E) — QO(J®E)

with the differential dy defined by dy = da'D;, ie., if @« = aydz’ then
dga = D;ordx’ A dz’. Notice that this complex is exact when the vector

bundle £ — M is trivial (e.g. see [9]).
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Now let F be the space of local functionals where P € F if, and only if,
P = / Pv for some P € Loc%, and define a Poisson bracket on F by
M

(P.9}(0) = [ (B(P). B(Q) o joln

M
where ¢ € I'E, v is a volume form on M, P = / Pv, Q = / Qv, and
M M
P,Q € Loc%. Using local coordinates (x#,u%) on J*E, observe that for
¢ € I'E such that the support of ¢ lies in the domain 2 of some chart x of
M, one has
(P.Q)0) = [ (WPEPIEQ)] 06 0x ) ) ()

where 7!

is the inverse of x = (z*).

We assume that w satisfies the necessary conditions for the above bracket
to satisfy the Jacobi identity, e.g. see [20]. Notice that it follows from the
identity (7.11) of [20] that the bracket satisfies the Jacobi identity if the skew-

symmetric matriz {w®} is a Poisson tensor in the sense that:

Ow® owbe ow
WCd + wad + wbd

Oud Oud oud

where {u®} are coordinates on the fiber of the trivial bundle E. This condition

ca

=0 (3.1)

is met in the case of the Poisson sigma model, which we include later in
Chapter 4, and more generally for any trivial vector bundle with a Poisson
structure on its fibers.

The functions P and ) in our definition of the Poisson bracket of lo-
cal functionals are representatives of P and Q respectively, since gener-
ally these are not unique. In fact F ~ H!(J®E), where H!(J®FE) =
QrO(J>*E)/(imdy (Q°(J*FE)) and imdy is the image of the differential
dpy.
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Let ¢ : E — FE be an automorphism, sending fibers to fibers, and let
Uy M — M be the induced diffeomorphism of M. Notice that v induces

an automorphism 7 : J*E — J*FE where

(7)) (p) = 5 (¢ 0 d o U ) (¥us(p)),

for all ¢ € I'E and all p in the domain of ¢. In these coordinates the indepen-
dent variables transform via z# = ¥, (z"). Local coordinate representatives
of ¥y and j°°¢ may be described in terms of charts (€, z) and (Q, %) of M,
and induced charts ((7°°)~1(Q), (#*,u%)) and ((7>)~1(Q), (z#,1%)) of J=E.

Remark We will also use ju for 7.

Remark In the chapters on reduction we will consider (left) Lie group ac-
tions on £ and their induced (left) actions on J*°E. Such actions are defined

by group homomorphisms from the group into the group of automorphisms

of F.

oy 1 1 . . .
Definition w: Q)" x Q" — Locg is covariant with respect to an automor-

phism ¢ : E — FE of the above form if, and only if

w((7)"0, (j7)"0") = (detonr) (j™¢)" (w(6,0)),
for all 6,0 € Q' (J®E).

Observe that
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(J0)0" = (5°U)"(da® — asdit)

= d(@® o0 %) — (@ 0 V) 0 )

oy, (’M%dub _ el

g g 4,
oxV T oub <81:” + oub w,)(J )“ oz v
oY g .y OYg g
= dr’ + —Zdu’ — ——=dz¥ — dx”
oxV T oub b oxV v oub U@t
o .
= auf (du® — ubdz")
O
N aube

where we have assumed that 9%, = u o ¢y and J is the Jacobian matrix of

the transformation ¥ = ¢}, (x*).

Lemma 3.1 The following are equivalent

() (06, (76)'0) = (detins) G0)* ((6,), for all 0.6/ € O (J~E).
(i) 3" 0 o = (detain ) 2L IV

Proof Notice that

detyn (j¥)" (w(E(P), E(Q)) = (detyn)w(E(P), E(Q)) o jib
= deth[w(éa Av, 0% A I/)Ea(P>Eb(Q)] o J1
= detghnr (0% 0 j1)) (Ea(P) 0 j1))(Eb(Q) © 1))

and that

G0) (B(P) = ()" (Bu(P)(F A 0)
= (Ba(P) 0 1) E (dotiing) (6 A ).

uc
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Now

a b
S((G0)B(P), ) BQ) = (detun)? I8

w0 Av, 0% Av)

s Yl ~
= (et P TESLE (R, (P) o ju)

(Ey(Q) 0 jib).
Hence w((j9)*E(P), (j4)'E(Q)) = (detar) (j¥)" (w(E(P), E(Q)) for all P, Q

a b
in Locg if, and only if, (0 o ji) = (deth)a;if aaigw“l. |
u

(Ba(P) 0 j00)(Ey(Q) © j¥)

3.2 Automorphisms preserving the Poisson
structure

Let L : J*°E — R be a Lagrangian in Locp (generally we will assume
that any element of Locg is a Lagrangian). Let L = L o (z#,u%)~! and let
L = Lo (&, a%)". Then, in local coordinates, L is related to L by the
equation

(Lo ji)det(J]) =L,
where ji) = (¥, %) o (x#,u$)~" and J is the Jacobian matrix of the transfor-
mation ¢ = Z¥o(z*)~'. With abuse of notation we may assume coordinates

and charts are the same and write 2" = ¢, (z#). For simplicity, we have also

assumed that 1), is orientation-preserving. In this case the functional

L= / Ld"7
a

is the transformed form of the functional

ﬁ:/ﬁd”x
Q
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where L and L are related as above, Q is the domain of integration and €
is the transformed domain under ji (see [20] pp.249-250). Notice that both
of these are local coordinate expressions of the equation £ = / Lv, for
appropriately restricted charts. Now suppose that 1 is an automOIMphism of
E, 71 its induced automorphism on J*FE, and v, its induced (orientation-

preserving) diffeomorphism on M. Also suppose that L and L are two La-

grangians related by the equation (L o jip)det(1;) = L. We have:

Lemma 3.2 Let P be a Lagrangian as above, then

Wh(B(Projw). (32

. e By
Proof First notice that E,q (L) = det(ar) (;25 (Ege(L)oj1) (see [20] pp.250).

But (L o jip)det(n;) = L. The identity 3.2 follows by letting P = L. Notice

Eo((P o jy)det(¢n)) = det(¢n)

that this is justified since L is arbitrary in the sense that given any L' there ex-
ists an L derived from a Lagrangian L as above such that (L' ojv)det(vhp) =

L since 71 is an automorphism. |

Let Q/AJ denote the mapping representing the induced action of the auto-
morphism on sections of E, i.e., ¥ : I'E — I'E where 1)(¢) = ¢ o ¢o Y3 and
¢ is a section of E. This induces a mapping on the space of local functionals

given by

(Pov)(¢) = Pogody)
[Poj(ogoyy)v

[P o jipojpoy )y

I
TSI e

[P o ji o jol(detin)v,
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where
P@) = [ (Pojow.
M
and ¢ is a section of F.
We find conditions on those automorphisms of the space of local function-

als under which the Poisson structure is preserved.

Recall that {P, Q} = / w(E(P),E(Q))v, and hence
M

(P.Q}(0) = /M W(E(P).E(Q)) o jlv (3.3)
Now
{Po,Qod}(¢) = ({P,Q} o)) (9) (3.4)

is equivalent to
/M[w(E((P o jip)detiprr), E((Q o jep)detapy)) o jolv =
| 1EP).B@) o 0 o joddetuny

but since this latter equation holds for all sections ¢ of E it is equivalent to

w(E((P o jy)detyn), E(Q o j¥)detyy)) = (w(E(P), E(Q)) o j¥)detyy

up to a divergence. The last equation is equivalent to

WPEy((Q 0 ji)detonr) Ea((P o jip)detipns) = ([0 Ey(Q)E4(P)] 0 jib)detins

up to a divergence, or (Lemma 3.2)

o d o, ~ .
ety L SV (B,(Q) 0 ) (BL(P) 0 ju) =

(@™ 0 1) (Ep(Q) 0 j1)(Ea(P) o ju)(detehnr)
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up to a divergence. Finally, since the last equation is true for all P and @ it

is equivalent to
cd 8%%3 %
ouc Jud

which is equivalent to the covariance of w. (Notice that if the last equality

D™ 0 jip = (detthp)w

does not hold then by some choice of P and () the equations above will not

hold up to a divergence.) We have established the following:

Theorem 3.3 Let v : E — E be an automorphism of E sending fibers to
fibers, and let ¥ : F — F be the induced mapping defined by V(P) =P o 1&
(noting that P o 1& is defined as above) where 1@ : I'E — I'E s given by
g&(gb) =1 ogor)y,. Then WU is canonical in the sense that

{W(P),¥(Q)} = ¥({P,Q})
for all P, Q € F iff w is covariant with respect to 1.

Definition An automorphism ¢ of E' is canonical provided the induced map-

ping ¥ : F — F is canonical (in the sense of the preceding Theorem).

Example Consider M = R, E = R x R?, and let

0 1
-1 0

Consider the action ¢, : E — E defined by 9,(z,u',v?) = (z,g - (u',u?))
for some g € SO(2). It can easily be shown that w is covariant with respect
to 1, and hence the induced action is canonical. As an illustration let g be

the counter-clockwise rotation by 90° (so that gu' = w? and gu? = —ul'),

and let P = / P(u')dr and Q = / Q(u*)dx for real-valued differentiable
R R
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functions P and Q. Then VU (P) = /RP( Ydz, ¥ (Q / Q(—u')dz and
(WP, ¥(Q)} = - | Pty

On the other hand {P, Q} = — /RP’(ul)Q'(UQ)d:E so that W({P, Q}) =
- [ Pt 0
The following will be needed in our subsequent work.
Proposition 3.4 dy((j¥)*n) = (j¥)*(dgn) for n € Q™Y m arbitrary.

Proof Let n = a;dz! where each a; : J°E — R. We assume that the a;’s

depend on the transformed variables (77, 4% ). Then

du((j¥)" () = du((aroj)d(@’ o v))

B ooy . 8(@01&) dag
0

(Gt o i) ;1”;(

B Oay Jday . aﬂDK aﬁ/’?{

= {(—ij) (# otp) + ( uKOW) ( o T Ui 8u‘}>

dz'} A d(3! o))

Ol
oxt

o jib) +

Yt A d(3 o))

_ {(8041 ) (aoél}]{ . ) (agff(—l-u%@g:f;)(‘]l);}
d(@’ o) Nd(3" 0 1))

0 I

@
= (Ggtodu)+ (Gt o0) - (i 0 0)

d(z7 o) Ad(3! o w)

= {(Dyr) o UM o) Ad(E 0 0) = ()" (d(0),
where we have assumed that jy% = @ o jyb and J is the Jacobian matrix of

the transformation ¥ = ¢, (z*) as before. |}
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3.3 The effect of a canonical automorphism
on the structure maps of the sh-Lie alge-
bra

In this section we utilize the complex

0— QY(J®E) - QYJ®E) — - — QM (J>E)

which we require to be exact. It is known that this is true when the bundle
E — M is trivial. One can define an sh-Lie algebra on this “de Rham
complex” by first defining a skew-symmetric linear mapping I, on - (recall

Theorem 2.1). We may define such a mapping on Q™° by
(P, Qu) = w"E,(P)Ey(Q)v = w(E(P), E(Q))v. (3.5)

Recall that for each automorphism ¢ we have (j9)*(Pr) = (Pojv)(detiys)v.

Therefore
()" (Pr), (j1)"(Qu)) = (j)" (l(Pr, Qv))

for all P, € Locg, if and only if

Wy ((Q o jib)detibnr)Eo((P o jib)detibnr) = (0 Ey(Q)Eq(P)) o ji](detibar)

for all P, € Locg, which by Lemma 3.2 is equivalent to

2 097 0y
oub Ou®

(@ 0 j) (Ep(Q) 0 j1b)(Eq(P) o j1)(detebyy).

W (detiar) (Ba(Q) 0 j1b)(Be(P) 0 jib) =
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The last equation is true for all P,Q) € Locg, so it is equivalent to

a DUl OVl

~ab .
o iy = (et )t EZLE

which in turn is equivalent to the covariance of w. Now consider l3 in degree

0. We have

L((0) (Pv), (G8)"(Qu), (o) (Rv)) = sll(((j) (Py), (79)"(Qv)), ()"
()]
= s[la((j9)" (la(Pr, Qv)), (j¥)"*(Rv))]
= s[(j¥)" (la(la(Pv,Qv), Rv))]
= s[—(jo)"(Lls(Pv, Qu, Rv))]
= s[=L((j¥) l:(Pr,Qu, Rv))]

since in this case l; = dpy so it commutes with the pull-back (Proposition

3.4). Proceeding using the identity
—solyj=1+4+1l0s
the above becomes (1 + 13 o s)[(j¥)*(I3(Pv, Qu, Rv))] =
()" (5(Pv, Qu, Rv)) + 1y o s[(ju)* (ls(Py, Qu, Rv))].

So l3((j)*(Pv), (jU)*(Qv), (¥)*(Rv)) = (j¥)*(I3(Pv,Quv, Rv)) up to an ex-

act form. We have shown:

Theorem 3.5 Let ¢ : E — E be an automorphism of E sending fibers to
fibers, and let 32 : J®E — J®FE be its induced automorphism on J*E.
Then

L((9) e, (j4)'8) = (%) (l2(a, 9))
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for all a, 8 € QO(J®E) iff w is covariant with respect to 1. Moreover we

then have
ls((GY) a, (G¥)° 8, (G¥)) = () Is(e, B,7) + 1 (9),
for all o, 3,y € Q*°(J>®E), and for some § € Q" *°(J>F).

Recall that 5 and I3 are zero in higher degrees, and so are the higher

order maps for this case of field theory as in the second example of Chapter

2.
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Chapter 4

Reduction I : The base

manifold preserved

In this chapter we consider the action of a Lie group G on the bundle E
such that the induced action on the base manifold M is the identity. We
assume that the induced transformations on the space of local functionals
are canonical for all g € G. We then show how one obtains an (induced)
sh-Lie structure on a corresponding reduced space when Q0 is exact (recall
that QY is exact if the bundle £ — M is trivial). A brief discussion of
functional invariance is also included.

We apply the ideas of canonical transformations and reduction to a Pois-
son sigma model which appears at the end of this chapter. Poisson sigma
models have proven to be of interest in many areas of physics. In particular
they have been used to describe certain two-dimensional theories of gravity by
Ikeda [14], topological field theories by Schaller and Strobl [23], and to obtain

a path integral proof of Kontsevich’s theorem on deformation quantization
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by Catanneo and Felder [10]. These are but a sample of the many authors

who have made important contributions relating to these model theories.

4.1 Reduction and the existence of an sh-Lie
structure on a reduced graded space

Let M be a manifold, ' — M a vector bundle, and J*°FE the infinite jet bun-
dle of E. Let G be a Lie group acting on E via automorphisms (as in Chapter
3) and hence inducing an action of G on J*E. We assume the induced action
@&g on I'E' is canonical with respect to the Poisson bracket of local functionals
for all ¢ € G. Notice that G acts via canonical tranformations on the space

of local functionals if and only if for every ji,

()" fry (19)" f2) = ()" (la(f1, f2)),

where I, is defined on the vector space Q°(J*E) as in the Chapter 3 (in
- 1
fact l(f1, f2) = SW(E(f1), E(f2)) — w(E(f2), E(1))] by the skew-symmetry

of w, see also equation 3.5).

Definition Given an automorphism v of the bundle E, a differential form
a € QP(J®E) is i-invariant if, and only if, (j)*a = a. If G acts on E via
automorphisms ¢, : E — E,g € G, then « is G-invariant if, and only if, it

is ¢g-invariant for all g € G.

Let QZ’I(J *F) denote the space of all ¢-invariant forms on J*°E which are
in QF(J®E), and let Q' (J®F) denote the space of all G-invariant forms
in QF(J>®E).

One also needs the following:
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Definition Assume that G acts on E such that J*FE/G has a manifold
structure and the projection map 7 : J*FE — J*E/G is smooth. Then
QM9(J*E/G) is the subspace of k-forms a € Q¥(J*FE/G) such that m*a €
QISO(J"OE), and Q°(J*E/Q) is the reduced graded space of the graded space
Q:9(J*E) with respect to G.

Remark In this chapter we use m for the canonical projection map 7 :
J*®E — J®FE/G, not as the generic mapping 7 we use in other chapters as

the bundle mapping from F to M.

Recall that in this chapter we assume that the map 1), representing the
transformation of the independent variables (¥ = %, (z#)) is the identity
for all g € G. So acting on an element of Q¥?(J*E) gives an element of the
same space and the reduction to Q3°(J*FE/G) makes sense.

Our assumption will also enable us to define a differential on the reduced
graded space, and it will insure that the space Q9(J*E) does not collapse
to zero upon reduction (due to a reduction in the number of independent
variables so that any n-form in Q™°(J*E/G) would be trivial) which is

desired so that the induced sh-Lie structure would not necessarily be trivial.

Proposition 4.1 If 1y, is the identity map, then 7 : QFO(J*E/G) —
QLY (J>®E) is onto.

Proof Notice that if ), is the identity map one can choose coordinates
{z'} on J*FE/G such that 7*z" = z',i = 1,2,--- ,n (where by an abuse
of notation we denote by z' both coordinates on M and J*E/G) are the

coordinates on M. Now let frdz! € Q5°(J®F) be arbitrary where I is
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a multi-index with |I| = k. Then for every I, f; is a smooth G-invariant
function on J*FE. Thus there exist smooth functions oy on J*FE /G such
that f; = ayon for all I. Now 7*(ardx!) = (ay o w)da! = frda!. The result
follows. |

Observe that if « € Q¥0(J*E/G) and m*a = aodr = 0 then o = 0 since

dm is onto. So we have:

Corollary 4.2 If ¥, is the identity map, then we have an isomorphism

™ QFO(J®E/G) — QEY(J7E).

In this setting it can be shown that Q5%(J°FE/G) is a complex with a
differential dy : Q™O(J®E/G) — QUtL0(J*E/G) defined by

dgh = (7)Y (dg (7*h)).

This is well-defined since dy(7*h) is invariant under the group action which
follows from the fact that 7*h is invariant under the group action so that
(jibg)* (dpr(m*h)) = dpr((j1bg)* (n*R)) = dp(7*R). Also notice that dyody = 0
easily follows from dy o dyg = 0. So d g 1s a well-defined differential.
Reduction hypothesis: Assume that every invariant dg-exact form is the
horizontal differential of an invariant form. This hypothesis will guarantee
that the reduced graded space with the differential dy is ezact. Subsequently
we will determine sufficient conditions which will insure that this is true.
This assumption will also yield the two conditions, (i) and (ii) below,

that are needed to obtain the sh-Lie structure on the reduced graded space.

Lemma 4.3 Suppose that Q°(J*E) is exact. If for every dg-ezact form
a € QZ’O(JOOE) there exists v € Qg_l’o(JooE) such that o = dy~y, then the

reduced graded space is exact.
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Proof Suppose that dp3 = 0, then W*(CZHB) = 0 and by the definition of dj
this implies that d (7*3) = 0. Now exactness of 2 implies that 7*3 = dy~y
for some 7, and « can be chosen so that it is invariant by assumption since
dgy is, so ¥ = w7 for some 7. By the definition of dy then dy(7*r) =

7*(dy7) so that 76 = 7*(dy7) or
™8 —dyT) =0
from which § — dyt = 0, and therefore g = dyr. (Observe that ™™ =

§odm =0 implies that 6 = 0 for § € Q¥ (J*E/G) since dr is onto.) |}

Remark We have used the simplified notation Q5° for Q*0(J>F).

Corollary 4.4 Under the same hypotheses as in the preceding lemma, the

subcomplex of G-invariant forms, QEO(JOOE), 1S exact.

Now we proceed to find a mapping on the reduced space Q*0(J*E/QG)
analogous to and induced by I, on the space QO(J*E). Define I, by

Lb(f1, f2) = (7°) M (Ia(7" f1, 7" f2))

where fi, fo € Q"0(J®E/G). Notice that this is well-defined since I (7* f, 7*h)

is invariant under the group action by the following calculation
(g) (" f,7°h) = La((j3bg)* (7" f), (jtbg) " (7"h)) = bo(m* f, 7 h),

and the map (7*)~! exists by Corollary 4.2.
Skew-symmetry and linearity of I, follow from the skew-symmetry and

linearity of l,. Furthermore [, satisfies
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(i) ly(dgky, h) = dgk,,
(i) o (Vb foqy fo)s fom) = duks,

o€unsh(2,1)

where k; € QU 10(J>*E/G) while h, f1, f2, f3 € Q¥ (J*E/G), and for some
ko, ks € QU 10(J>®E/G). Subsequently we will suppress some of the notation
and assume the summands are over the appropriate unshuffles with their
corresponding Signs.

To verify (i) notice that
7 (lo(diki, b)) = lo(m*(dgky), 7*h)
= ZQ(dH(ﬂ-*kl),ﬂ-*h)
- dHK27

for some K, € Q' 19(J*°E). But by our assumption K, can be chosen
to be invariant under the group action since dyKs is, i.e., Ky = w*ky for
some ky € QU LO(J®E/G), and then dyK, = dy(n*ky) = n*(dgky) by
the definition of dy. This implies that Iy(dgki, h) = duks. (Recall that
m*a = aodr = 0 implies that o = 0 for a € QM(J*E/G) since dr is onto.)

While to verify (i7), notice that
7O bala(fowy o) fo@) = D ol for), T fo): T fos)
= dHK37
where the sum is over the unshuffles (2,1) with the corresponding permutation
sign, and for some K3 € QU 1M0(J*®E) and all fi, fo, f3 € QW(J*E/Q).
Again K3 can be chosen to be invariant under the group action since dg K3 is,

i.e., K3 = 7k for some k3 € Q" 19 (J*E/G), and then dy K3 = dg(n*ks) =
W*((JZHkg) by the definition of dy. This verifies (17).
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We have shown (see Lemmas 2.3, 2.4 and Theorem 2.1):

Theorem 4.5 Suppose that Q00 is exact. Then there exists a skew-symmetric
bilinear bracket on Ho(dy) x Ho(dy) that satisfies the Jacobi identity, where
we use Hy(dy) for H(Q0(J®E/G),dy). This bracket is induced by the

map .

Theorem 4.6 If Q0 is exact then the skew-symmetric linear map Iy as
defined above on the space Q"°(J*E/G) extends to an sh Lie structure on
the graded space Q°(J*E/G).

4.2 Exactness of the reduced graded vector
space

In this section we find sufficient conditions under which our reduction hy-
pothesis in the last section holds. Thus we consider the question: If «v is in the
reduced space QF(J*E/G) and da = 0, then is a = dy 3 for some 3?7 Sup-
pose dga = 0 for a € Q*0(J®E/QG), then dy(7*a) = 0 so that m*a = dyy
for some v € QFLO(J*F) since Q°(J*FE) is exact. Notice that dyy is
invariant under the group action (since dgy = 7*«) so dgy = ji; (duy) for
all g € G. But since dy commutes with ji7 by Proposition 3.4, we have
duy = du(jiyy) for all g € G. So

v = jyy + duTy,

where 7, € Qf20(J*F) depends on g. Consider 7' = v + dgA for some
fixed A € Q¥ 29(J*®F) and notice that dyy' = dyy = 7*a. Now v =
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Y +dgA = jiiy + duTy + dgA so that jiiy =+ —dpTy — dgA, and hence
JUsy = jsy+ivs(duA) = v —duty—duA+jP; (dgA). But if 4" is invariant
under the group action then we must have —dgA — dy7y + ji; (dgA) = 0,
or

dH(jw;A —A— Tg) = 0,

(recall that dy commutes with ji7 by Proposition 3.4) so that (ji; A—A—7,)
must be ezact. In this case, let # be such that v/ = #*3, and notice that
ﬂ*((fHB) = dyy = 7 so that dy3 = a. Observe that 7, depends on g and
~v whereas A depends on 7.

Thus the existence of a A € QF20(J*E) for every a € QM (J*E/G)
(as above) such that (jyyA — A —75) is ezact for all g € G, is a necessary
and sufficient condition for the exactness of the reduced graded space.

We find the above criterion too general and rather complicated, and
find it useful to consider a special case. Suppose that G is compact and
let @ € QF0(J*E) be a closed form that is invariant under the group ac-

tion. By exactness of Q*° there exists a 3 such that dy3 = a. Observe that
du(jv;B) = jvi(duf) = jlsa = afor all g € G. So

/GdH(j¢;ﬁ)dg = /Gadg = a/Gdg =a-vl(G) =

assuming that vol(G) = 1. Now let
5= [ vy
a

and notice that dy/} = / di(j38)dg = a, and juj(5) = / J¥n(j¢g0)dg =
G G
/G(j¢2h5)d(gh) = /3. So we have:
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Proposition 4.7 If the group G acting (canonically) on E is compact and
QO(J>FE) is exact, then every dg-closed form that is G-invariant is the
horizontal differential of a G-invariant form. Consequently Q*°(J°E/QG) is

exact and admits an (induced) sh-Lie structure.

4.3 The existence of an sh-Lie structure on
the subcomplex of G-invariant forms
In this section we consider the subcomplex of G-invariant forms
S QRO E) 2 0 (J7R) (4.1)

Working with the subcomplex of G-invariant forms is rather interesting. We
shall maintain the same assumptions made earlier in this chapter, in partic-
ular the hypotheses of Lemma 4.3. Recall that throughout this chapter we
require that the mapping 1, representing the tranformation of the indepen-
dent variables be the identity.

In fact, if the base manifold M is one-dimensional these assumptions are
not needed for the subcomplex (4.1) to be exact. However the absence of
these assumptions does not guarantee the existence of an sh-Lie structure.

Recall that by Corollary 4.4 the subcomplex of G-invariant forms (4.1)
is exact, and observe that ly(a, 8) = lo((jib)*a, (j1)*B) = (ji)*lx(ev, §) for
all a,3 € Q°(J®E). So Iy can be restricted to the subspace Q% (J®E).
Now notice that conditions (i) and (i7) that guarantee the existence of an
sh-Lie structure, as stated earlier in this chapter, are readily established (this

sh-Lie structure is just the restriction of the original one to the subcomplex

45



of G-invariant forms). So we have:

Theorem 4.8 Under the same hypotheses as in Lemma 4.3, there exists an

sh-Lie structure on the subcomplex of G-invariant forms QEO(JOOE).

Example Consider M = R, E = R x R?, and let

0 1
-1 0

Consider the action of G = SO(2) on E defined by o,(z,u',u?) = (z,g -
(u',u?)),g € SO(2). As we noticed in the example in Chapter 3, w is co-
variant with respect to 1, and hence the induced action is canonical for all
g € G. Consider a subset of J*E defined by (J*E) = J*E—{u € J*E|u =
(uf,u?) = (0,0),1 =0,1,2,3,--- }, where u} = u',uj = ul,uj =ul,, ..etc.

Notice that at a point in (J*E) u' and u? cannot be zero at the same
time, ul and u? cannot be zero at the same time, and so on. We note that
(JYE) /G =Rx (RT) x (R")x St x (RT)xS* x -, where R" is the set of
all positive real numbers (without the 0). As an illustration let o = u'dz and
notice that (ji,)*a = (cosf)u' + (sin 0)u?, whereas 3 = (1/2)[(u')*+(u?)*dzx
is invariant under the induced action of G and so is v = (1/2)[(ul)?+(u2)?]dx.
As for the sh-Lie structure, first notice that the resolution space is rather
simple:

0 — Locy — QLY(J7E).

One finds that

iQ(de7de) = (E1(P)E2(Q) — E2(P)Eq(Q))d,
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while lr(Pdz, f) = 0 for f € Loc% since lyly(Pdz, f) = lr(li(Pdx), f) +
lo(Pdz,l f) = 0+ lo(Pdx,dy f) = 0, which follows from E;(dgyf) = 0,1 =
1,2. Further l; = 0 in higher degrees. We note that [3 is non-zero in degree
0, but is zero in higher degrees. Let for example P, = u'u?, P, = u'u?, and
Py = (u)?, then lyly( Pydx, Pydzx, Psda) = 4u'ulde = dy(2(u)?), so that we
can choose I3(Pydx, Pydx, P3dr) = —2(ul)?.

The subcomplex of G-invariant forms is exact and so the sh-Lie structure
can be restricted to it. Observe that, for example, I5(3,7) = lo((1/2)[(u!)? +
(u?)?]dx, (1/2)[(ul)? + (u2)?)dz) = (—u'u?, + u?ul,)dz is invariant under the

induced group action of G = SO(2). |

Remark In [17] Kogan and Olver provide a definitive account of invari-
ant Euler-Lagrange equations using moving frames and other tools from dif-
ferential geometry. We note that their invariantization map ¢ in our case
will just map horizontal differentials to themselves (i.e. in local coordi-
nates 1(dz’) = dz'). Consequently the invariant derivatives are the same
as the ordinary derivatives D; = D; (here we are borrowing some of the no-
tation from [17]) whereas the twisted invariant adjoints of D; turn out to
be D;-r = —D;,. Now suppose that I', --- I™ is a fundamental set of differ-
ential invariants (on J*E). Let I',--- , I™ be coordinates on J*E/G such
that I* o = I* k = 1,---,m where 7 is the canonical projection map
m:JYE — J®E/G, and let L be the corresponding Lagrangian defined on
J>®E/G for some (invariant) Lagrangian L = L o 7 defined on J®E. The

invariant Eulerian (in [17]) is defined by

- oL
K K

47



where L indicates the Lagrangian is written in terms of the I %’s. But this

operator &,, in our case, reduces to

Eu(l) = S (-Dhi

A corresponding invariant Eulerian can be defined on J*E/G. To accom-
plish this, first define the “total derivative” Dy, on J*E/G by (DyP) o =
DglI®

Dy (P o) where P is a smooth function on J*E/G. Now let f‘}(
and notice that I o = I = DyI®. Finally, define

El) =32 (~ Di

K=
(0%
I oI%

and observe that £,(L) om = E,(L). The reader should consult [17] for more
details.

4.4 Functional invariance

In this section we consider the implications of invariance on the space of local

functionals. Assume that v is canonical, i.e.,
{(Poi, Qo) ={P,Q} o
for all functionals P, Q.
Definition We say that P is invariant under ¢ if, and only if, P o 1& =P.

Notice that this holds if, and only if

/ (P o jib o jé)detin = / (P o joy
M

M
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for all ¢ € I'E, which in turn holds if (P o ji)detyy, = P. Similarly one says
that P € Loc% is invariant under 1 if, and only if, (P o ji)detyy, = P. Let
JF denote the set of all functionals P such that P o @/A) = P. Observe that

P.Q e Fy={P,Q} € F,

so Fy is a Lie subalgebra of F. Let Loc%(¢)) denote the subset of Loc)

consisting of P € LocY, such that

P = (P o jib)detys.

We note that Loc% (1) is a subspace of LocY, while for automorphisms

such that detiy; = 1, Loc% (1)) is a subalgebra of Loc%.

Proposition 4.9 If Pv € Q"(J®E) is y-invariant for an automorphism
¥, then so is E(Pv).

Proof In local coordinates E(Pv) = E,(P)(6* Av). So

) (EPv)) = (G¥) (Ed(P))([G) (0 Av)

= (Eu4(P)o ]w)(%ﬁ% 0" A (detappr)v)

= (Bu(P) 0 ) G (etiins) (0" A ).

Now, since Pv is t-invariant we have

Pv = (jy)"(Pv)
= () (P)Jv)v
= (P ojy)(detyp)r,
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and therefore (P o ji)detyy, = P. Finally,

E(Pv) = E.(P)0*Av)
= F((Pojp)detyn) (0" Av)
= (etuin) 2B (E,(P) 0 ju) 0 A )
= (Jv)(E(Pv)),

where we have used Lemma 3.2 in the last calculation. |

If G is a Lie group which acts on £ via canonical automorphisms v, for
all g € GG, then we write
Loc%,(G) = ﬂ Loch(v,) , Fa= ﬂ Fop,-
geG geqG
Clearly F¢ is a Lie sub-algebra of F, and if P € Loc%(G), then E(Pv) is
G-invariant.

Notice that if ¢ is a section of the bundle £ — M then j*¢ is a section
of 7> : J*FE — M. Sections of this type are said to be holonomic as they
are induced by sections of £ — M. It is easily shown that not all sections
of m° are holonomic. Observe that m o j*¢ is a section of the bundle 7 :
JYE/G — M since m° = 7 o 7. Similarly we say that a section 7 of 7 is
holonomic if it has the form n = m o j*¢ for some section j*°¢ of 7. Let
I' denote the set of all holonomic sections of 7. Note that I' is not a linear

space over R since 7 is not linear. Indeed J*FE /G is generally not a vector

bundle.

Definition We say that P is a reduced local functional if it is a mapping

from the set I of holonomic sections of the bundle 7 : J*E/G — M into R
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such that

for some smooth mapping P : JXFE /G — R and for every n € I'. We denote
the set of all reduced local functionals by F.

In this definition, when we say that P : J*FE /G — R is smooth we mean

that P o is in Locd,.

Proposition 4.10 There is a bijection = from F onto Fg. The mapping =
is defined as follows: if P is defined by

for some smooth mapping P, then Z(P) = P is defined by
P@) = [ oy (P
M
where P = P o .
The proof of the proposition is straightforward and is omitted.

Remark It follows from the proposition that the set F of reduced local func-

tionals inherits a Lie-structure from that on F¢. In the sequel it is identified

with Fq.
Notice that by Proposition 4.9 the complex
Q00 4, QL0 du, o dm Q10 LN Qo E Qs
induces a subcomplex
I 0 N L = e V)
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This subcomplex is exact up to the term Qz_l’o (and including it, i.e., Hg_l =
0), if we assume that Q%0 is itself exact and that every exact t-invariant
form is the horizontal differential of some t-invariant form. Similarly, the

subcomplex
0,0 du 1,0 du du n—1,0 dg n0 E ~n,1
Qg — O — - — Q7 — Q5 =0 — -

is exact up to the term Q% " (under the same assumptions).

4.5 An example: A Poisson sigma model

A number of authors [10, 14, 23] have investigated a class of physical theories
called Poisson sigma models. These models focus on fields which are defined
on a 2-dimensional manifold ¥ with range in a Poisson manifold M. These
models seem to have first arisen in various theories of 2-dimensional gravity
but have been applied to areas such as topological field theory and in the
reformulation of Kontsevich’s work on deformation quantization [10]. We
consider an application of our results to the version of the Poisson sigma
model presented in the work of Ikeda [14] but we utilize the notation of [6].

Assume that V is a finite-dimensional vector space, say of dimension N
and with basis {T4}, and let {T!} denote the basis of the space V* dual
to V. We assume the existence of a Poisson tensor W on V*. Thus W is a

bivector field
0 0

or, " oty

where, for each A, Ty is identified as a coordinate mapping T4 : V* — R

W =Wagp(

and V is identified with V**. The fact that W is Poisson means that it is a
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tensor and the {W,p} are functions on V* (assumed to be polynomials in

the coordinates {T4} in the present model) such that

ow, oW, ow.
BC | Wap b CA |y, CVAB

Wap oTp Ty Ty

=0

and Wap = —Wpg4. Now V* is a Poisson manifold with

af dg

{fag} = WABG—TA@

for smooth functions f, g defined on V*.

Observe that the Poisson field W is not dependent on the basis used to
represent it. If the components Wyp of W relative to a basis {T4} of V
satisfy the Poisson conditions given above then the components W45 of W
relative to any other basis {Tg} of V will also satisfy these same conditions.
Notice that W = {T4, T} and that if {T 4} is a different basis and {W 45}
are the components of W relative to it then Wy = {T'4, T} as well.

The fields of Tkeda’s model are ordered pairs (1, h) where 1) is a mapping
from the 2-dimensional manifold ¥ into V* and h is a mapping from . into

T ® V. In components
V(@) =val@)T" ,  h(x) = hi(z)(da" @ Ta)

where {z#} are coordinates on . One form of Ikeda’s Lagrangian for 2-

dimensional gravity is
prry A 1 A1 B
L=¢ [huDVwA — §WABhuhu]a
where € is the skew-symmetric Levi-Civita tensor on ¥ such that ¢! = 1 and

Dypa = 0,ba + Wagh?b.
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It is our intent to show how some of our work relates to Ikeda’s model.
To cast this model in our formalism let £ denote the vector bundle over ¥
with total space £ = V* @ [T*X ® V| and with the obvious projection of E
onto . The fields (¢, h) are sections of this bundle.

First we show how to define a Poisson bracket on the relevant space of
local functionals. To accomplish this, we want to construct a mapping w as
in Chapter 3 in such a manner that the Jacobi condition is satisfied.

For this purpose we find it convenient to introduce a positive definite
metric g on V' with its induced metric p* on V*. Moreover we choose {14}
to be an orthonormal basis relative to yu and we define {T?} by T?(v) =
u(v, Ty) for each B and for all v € V. It follows that {7} is a y*-orthonormal
basis of V* and that the basis {74} is dual to {T;z}. Define a tensor W on
V by

W= WAB(% A a%)
where WAB = pACBPWep, and pfQ? = p*(TP,T9) for 1 < P,Q < N.
Thus W is the tensor on V induced by W and the metric .

We reformulate this data in terms of the jet bundle of E. In particular
the tensors W, W induce a bilinear mapping w on the jet bundle which is
used to define a Lie structure on the space of local functionals.

Local coordinates on £ may be denoted (z#,u4,w7) and those on the jet

bundle J*E by (z*,ua,,w ;). Thus if (1, h) is a section of E we have

(¢, h)(p)) = «*(p) ,  wal(¥,h)(p)) = va(p)

and

w, (%, h) () = hy;.
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Clearly, there is a corresponding splitting of the jet coordinates. It follows
that in local coordinates each local function P on J®FE is a function of
(2, uar,wp;). Now the {Wyp} are functions of the coordinates {T4} on
V' and these coordinates are denoted {u4} on the bundle E. Consequently
we can regard the {Wy4p} as being functions on the jet bundle J*FE which
depend polynomially on the coordinates {u4} and are in fact independent of
the coordinates z#,u4 1, wﬁj for |[I| > 1. The function w is required to be
a mapping from Q"' x Q"' into Locg. Observe that there are two types of
contact forms 64,607 on J*E, those which arise from the coordinates {u,}
and those which arise from {wiB }. Since each fiber of E' is a direct sum of
two vector spaces the matrix of components of w is a block diagonal matrix

with two blocks defined by

AB _ AB
wap = Wap and Wi =0, W*7.

Here 4,, is the usual Kronecker delta symbol. In the first block we have
written the indices of w® as lower indices as they represent components

relative to a basis of the dual of V. In the second block it is appropriate to

1,A),(v,B)

write the components w! as wi’VB for similar reasons. Notice that the

matrix of w is skew-symmetric and

ach &,ucA &uAB

+ w +w =0.
up BD dup CD

WAD
8uD

The other components of w satisfy a similar conditon as they too are deter-
mined by the {Wyg}. It follows from this fact and equation (7.11) of [20]
that the bracket of local functionals defined on sections of E by

(P.0}(0) = / WPEL(P)EL(Q)] o ()

by
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satifies the Jacobi identity (also see equation (3.1) and the discussion in
section 3.1).
Ikeda shows that the Euler operators for the Lagrangian L in this model
are given by
EA(L)=¢"R), , E4(L)=¢"Dyia

where

15)%4
A A A BC;B;C
Ry = Ouhiy = O,hiy + 5= hy !y

This suggests that for every local function P we should define

OF ) Py = (-D),(-2E

E(P) = (~D)i(5,—

).

8w£ 7
Consequently, the Poisson bracket assumes the following form:

(P QY h) =
/E wanBAPYEP(Q)] o (6, h)w + / WABER (PYEL(Q)] 0 7, B

Now we characterize the automorphisms of E that induce canonical trans-
formations, relative to the Poisson bracket, on the space of local functionals
F. Recall that in section 3.2 we have referred to such automorphisms as
canonical automorphisms. Suppose that U is a linear automorphism of F,

i.e., assume that there are matrices R,.S which are functions on ¥ such that
V([T @ (da" ® Tg)]) = (RETC) @ (dat ® (SETp)).

We determine conditions which insure that W is a canonical automorphism
of E. According to Lemma 3.1 such an automorphism will be canonical if,

and only if, its components satisfy condition (i7) of the Lemma.
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Observe that W4 =uq40 V¥ = Rguc, \Iff} = w;‘ oV = Sfj‘wf and

A ou
—2 =R | L =550

B
ow?

6uB

Consequently, if the matrices satisfy the conditions
74 C pD A8 CD gAgB
Wap=WepRiRg , W =W""565p

where W 45 are the components of the tensor W relative to a new basis

— —A = :

Ta= MSTc and W Y are the components of the tensor W relative to the
. ==A

dual basis T" = (M~H4TP, then

- i A\ _ T O 4 OV
@ap = w(0a,0p) = Wap = WepRGRE = w(f, HD)W;‘WB'
D

(In the equation above we have dropped the volume form v from the definition

of the components of w for simplicity, see section 3.1.) Similarly, we must

have |
~AB _  (AA By _ 5 TiAB _ CDa\I} 8\115
Wiv = w(@u 0)) =0, W =W 310% 8IUI€) 2

which is the same as
A B
(DA,B _,.CD aqju a\I/V
wy T Ap [e] D
ows awp

Notice that these computations will be consistent if we require that R =

M and S = M~ since M is the matrix transforming the basis {T4} to
{T»}, and since we require that W and W be tensors. Moreover we must
also have that M be orthogonal if we want the transformed basis to remain
p-orthonormal. These remarks give us the conditions required in order that

a linear automorphism be canonical.
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If G is a Lie group and M : G — O(n) is a representation of G by
orthogonal matrices then there is a representation ® of G via canonical au-

tomorphisms of £ = V* @& (T*X ® V) defined by
O(g) ([T & (do* @ Tp)]) = (M(9)eT) @ (da” @ ([M(9) ™5 Tb))-

The fact that ® : G — Aut(F) is a group homomorphism is a consequence

of the fact that M defines a linear left action of G on V via
g-Ta= [M(le]fTB
with a corresponding linear left action of G on V* defined by
g-T4 = M(g)5T".
The following theorem is a consequence of these remarks.

Theorem 4.11 For each orthogonal n X n matriz M there is a canonical
gauge automorphism Wy, of the bundle V* @ (T*X @ V) — 3 which is linear
on fibers of the bundle and which transforms the basis {T* ® (dx* @ Tg)} via

U ([T & (da* @ Tp)]) = (MET?) @ (da” ® (M71)5TD)).

Moreover, if M : G — O(n) is a representation of a Lie group G by orthogo-
nal n X n matrices, then the mapping ® : G — Aut(V* @ (T*X @ V) defined
by ®(g9) = V(g for g € G, is a representation of G by canonical automor-
phisms of V@ (T*X V). It follows that the space of local functionals defined
on sections of the bundle V* & (T*Y. ®@ V) — ¥ admits a reduction as does
the complex {QFO[J*(V* @ (T"E @ V)], k=0,1,2,--- ,n}.
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Remark It is not difficult to show that Ikeda’s Lagrangian given above
is invariant under the action of the Lie group G defined in Theorem 4.11.
This action is not physically significant as one can “freeze out” the gauge
freedom by choosing a basis of V' once for all. It could be interesting to
elevate this global (rigid) symmetry to a local symmetry, thereby introducing
compensating fields. We hope to determine the significance of such fields in

future work.
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Chapter 5

Reduction II : Symmetry

reduction

In this chapter we use the ideas of symmetry reduction as in [3] where the
action of a connected Lie group G on the bundle 7 : E — M is transversal
to the fibers of E. The essence of symmetry reduction, in our context, is
finding a cochain map between two cochain complexes. Specifically, we find
a cochain map between the variational bicomplexes of J*F and J*FE where
E = E/G. In this case the reduced graded vector space is Q0(J®F).

As before, we assume that G acts on E via automorphisms and that it
induces an action of G on J*FE. We also assume the induced action ﬁg on
['E is canonical with respect to the Poisson bracket of local functionals for
all g € G. Recall that G acts via canonical tranformations on the space of

local functionals if, and only if, for every j*,

I((5%%g)* f1, (17°Ug)* f2) = (7%°0y) (Ia(f1, f2)),

60



where I, is defined on the vector space O™0(J*°FE) as in equation 3.5, i.e.,
L(Py, Qv) = wE,(PYE,(Q)r = w(B(P), B(Q))v.

We begin with an introduction of symmetry reduction. Then we show
how one gets an sh-Lie structure on the reduced complex. Finally, in the last
section of this chapter, we discuss how local functionals are reduced in this

context.

5.1 Symmetry reduction

We begin with an introduction of the basic ideas of symmetry reduction and
refer the reader to [3] for more details. Suppose that G is a p-dimensional
Lie group acting on E and inducing an action on M. Also suppose that
the dimension of M is n and that of E' is n +m. We assume that G acts
transversally to the fibers of E, and that it acts projectably on 7 : £ — M,
and regularly and effectively on both F and M with orbits of dimension
q < n. It follows that the quotient spaces £ = E/G and M = M/G are
smooth manifolds of dimensions n +m — ¢ and n — q respectively, and that

the following diagram commutes with all smooth maps.

E B F
T ] l
M 2L

On E one uses local coordinates (z?, u®) and local coordinates (%, y", v®)
adapted to G such that the locally G-invariant sections (as defined below) of
7w B — M are given by v* = f(y"). So, if for example, G = SO(3) acts on
M = R3 - {0} and £ = M x R? then (z,y, z,u!,u?) are coordinates on F
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while

r=x Y=y r:\/m vt =ul vt =4
are coordinates on an open subset of E adapted to G where the last three,
namely (r,v',v?), can serve as coordinates on E.

Let J*E denote the infinite jet bundle of E, and let Q7% (J*E) denote
the subspace of *(J*°F) that consists of the forms that are invariant under
the prolonged action of G.

Let g denote the Lie algebra of GG, and let I' denote the vector space of
infinitesimal generators of the action of G on E. A differential form ~ on
J°°FE is an invariant of the action if £, xvy = 0 for all X € I', and where prX
is the prolongation of X to J*F.

A vector X, at 0 = j®(s)(p) € J®FE, where s is a local section of the

bundle 7 : E — M, is called a total vector at o if

Xo(f) = [(m3)«(Xo)I(f © 7 (s))

for all f: U — R where U is any subset of J*FE containing o, and where
my o J®E — M is the usual projection. We denote the space of all total
vector fields on J*FE by Tot(J>*FE). If X is a vector field on M then totX
denotes the lifting of X to a total vector field on J*FE. Inalocal coorginates

total vectors are spanned by the total derivatives D; = — + uj;—,1¢
Ozt ous
1,2, ,n.

A section s of 71 : E — M (here we use s for sections rather than ¢
which was used in previous chapters) is locally G-invariant if for all ¢ € G

sufficiently close to the identity g - [s(¢7" - p)] = s(p). The jet space of
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G-invariant local sections of E is the bundle Invgy (E) — M defined by

Invg (E) = {0 € J®E|o = j®(s)(p), s is a locally

G-invariant section of E}.

In local coordinates (¢, y", v*) of E adapted to G the locally G-invariant

sections of m : E — M are given by v* = f(y") and therefore

Invg (E) = {0 = (Z)}iij’Uo‘ 02,02 v, v, s, e = 0,08 = 0,02 =0, }.

» Y Yo Yigy Yiry Yrsy

If s: M — FE is a G-invariant local section then there exists a unique

local section of 7 such that

s(mar(p)) = mg(s(p)). (5.1)

This correspondence between G-invariant local sections of 7 and local sec-
tions of 7 induces a projection map I : Invyy(E) — J®E defined by
I1(5%(s)(p)) = 5% (5)(7ar(p)), see [3].

One can describe the correspondence between G-invariant objects on 7 :
E — M and the associated objects on @ : E — M. If s : M — E is G-
invariant then we define s = p(s) to be the unique section of 7 satisfying
5.1.

A G-invariant form o on FE satisfying X_I o« = 0 for all X in I is said to
be G-basic. If a is G-basic then there exists a unique form @ = o(a) on E

such that
a = (7g)"(@).
If f: J°FE — R is a G-invariant function then there is a unique function f :

J*E — R satisfying f(7) = f(0) where T € J°E, 0 € Invy(E) and I(0) =
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7. We let o(f) = f. More generally if o € Qe(J*E) and tot X1 a =0 for
all X in T, then there is a unique @ € Q"*(J®FE) such that

(o) = II*(@)
where ¢ : InvZy(E) — J®FE is the canonical inclusion (see [3]). We let
ola) =a.

Example Suppose that f : J*°FE — R is a G-invariant function expressed

«

in local coordinates adapted to G by f(&%,y", v, v{, v

«
T

[e7

Z],Ua Ua "') then

) Urs?

(%

Q(f)(yravaavgvvgy te ) = f(ii7yravaaovvgvoa07vgsa e )

As an illustration suppose that G = SO(3) acts on M = R? — {0} and that
E =M xR. Let f =y, + uy, + u.,. Using local coordinates (z,y, z,u) on
E and local coordinates adapted to G

T=x g=y r=+22+y> +22 v=u,

x
one calculates (by the chain rule) u, = u; + —u,, uy, = uy + gur, and
r r

x x r? — o?
Ugy = Vzz + —Vgr + _('Um? + _Urr) + Ur—ga
r r r r
2 2
Y Y Y =y
Uyy = Vgg + =Vgr + = (Vg + =Upp) + 0
Yy vy r i 7“( Y r r3
22 N r? — 22
Uzz = 5 Uprp Uy
r2 r3
2 r2 _ o2
Now set vzz = vz = vpz = 0 and vy = vy, = vy = 0 to get ﬁvrr + 3 Uy

2 7,2 2 2

for u,, and y—va + ;yvr for w,, so that o(f) = v, + —v,. |
r r

r3
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Example Let a € Q;’rOG(J *F) be G-invariant and suppose that totX_1 « =
0 for all X in I" then « can be expressed in local coordinates adapted to G
as a = Aj iy, (dy™ Ady™ A --- A dy') where the A, ;,..;. s are G-invariant,
and o(a) = 0(Aiyip-i, ) (dy* Ay A---Ndy'™). 1

Finally, recall that a ¢ multi-vector on M is an alternating tensor of type
(¢,0). Let T'y; be a Lie algebra of vector fields on M, then a g-chain X on
[y is a (non-zero) ¢ multi-vector that can be expressed as X = J(X; A Xa A
-+ N X,), where J is a function on M and X;, Xo,---, X, € I'y.

Now we show how a cochain map between the cochain “de Rham com-
plexes” of E and E may be defined. Recall that I" denotes the vector space of
infinitesimal generators of the action of G on E. One assumes the existence

of a G-invariant g-chain on Tot I’
X = J(totX; AtotXs A--- AtotX),),

where J is a function on J*E and X;, Xy, ---, X, € I', such that the map
ox - U(JPE) — Q- 95(J*E) defined by

0x(7) = (=11 (X1 )

is a dy cochain map between cochain complexes, and such that

E(oxd) = ox(E(9))
for all § € Qg;OG(J"OE). In [3] it was proved that if the action of G on E is

q

free and G is unimodular (i.e. Z Ci, = 0 where the C}.’s are the structure
a=1

constants of g) then the existence of a G-invariant g-chain follows. In fact,

in [3] the existence of such g-chains is studied in detail. Notice that the map

ox is onto but generally not one-to-one.
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Remark The above correspondence p can be restricted to compact-support
subcomplexes as defined earlier in section 3.1, in particular to the first row
of such subcomplexes (the row consisting of purely horizontal forms). If s :
M — E is a G-invariant section of compact support then 5 = o(s) : M — F
is of compact support. If a € Q;’fG(JOOE) satisfies totX_1 a = 0 for all
X in I, and (j*s)*(«) is of compact support for all sections s : M — E
of compact support then for (the unique form) @ = o(a) € Q"°(J*E) we
have: (j°°3)*(@) is of compact support for all sections 5 : M — E of compact

support, ...etc.

Henceforth we will work with the compact-support subcomplexes that
consist of purely horizontal forms, where py serves as a dy cochain map
between these subcomplexes (though some of our conclusions apply to the

more general complexes).

5.2 An sh-Lie structure on the reduced graded
vector space

We assume that (Q°(J®E),dy) and (Q:°(J®FE),dy) are exact. The map
I, on Q™°(J®E) induces a map I, on Q"~4°(J*E) as follows. Define [, :
Qre9(J>E) ® Q- 10(J*E) — Qr~49(J>E) by

ZQ(QXa7 Qxﬁ) = QX(ZQ(Oé,ﬁ))

for all G-invariant a, 8 in Q%(J*FE). Now the question is: Is the map Ly
well-defined?

First recall that the cochain map oy is onto. Now assume that w is
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covariant with respect to the group action of G (i.e. covariant with respect
to 1, for all g € G as in section 3.1) so that by Theorem 3.5 it follows that
if @ and 3 are in Qg;%(JOOE) then so is ly(a, §). Finally, we assume that if
oxa = pxa for any o, o € QZ;%(JOOE) then ZQ(QXCY, oxf) — ZQ(QXO/, oxf) =
oxla(a— o, B) = ox|w(E(a — o), E(8))v] = 0, so that I, is well-defined.
Observe that if the volume form v is G-invariant then I, is given by

~

la(oxa, ox ) = W(E(ox), E(ox )V
where @ : Q)N (J®E) x Q8" (J®E) — Locg is defined by

w(ox7, 0x0) := o(w(v,9)),

for 7, 0 that lie in the image of E in ngG(JOOE). Thus W(E(pxa), E(oxf)) =
(oxE(a), oxE(8)) = olw(E(«a), E(5))]. Here v satisfies (737)* 7 = ox(737) v
where 7 1 J°E — M and 755 : J°E — M are the usual projections of the
corresponding jet bundles.

Skew-symmetry and linearity of I, follow easily from the skew-symmetry
and linearity of I, in addition to the linearity of gx. Furthermore I, satisfies

(i) ly(dyki, h) = dgks,

(i) Y Wh(la(foy fo@): fow) = duks,

ocunsh(2,1)

for all ky € Qu-9"LO(J2E) h, f1, fa, f3 € QP~90(J>®FE) and for some ky, ks €
Qr=a=10(J>*F). Subsequently we will suppress some of the notation and
assume the summands are over the appropriate unshuffles with their corre-
sponding signs.

Notice that (i) follows in the strong sense ls(dyky, h) = 0 since E(dgk, ) =
0. While to verify (ii), let f; = oxF; for i = 1,2,3, and where fi, fo, f3 €
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Qr=a0(J*FE) are arbitrary, and notice that

252(Z2(f0(1)7fa(2))7fa(3)) = QXZiQ(ZQ(FU(l)aFa(2))7F0(3)>
= QX(dHKQ)

= dy(oxKs),

since oy is a dy cochain map. Here K, € Qg;Gl’O(JOOE) and the sum is
over the unshuffles (2,1) with the corresponding permutation sign. We have

shown:

Theorem 5.1 Assume that Q:°(J®E) and Q°(J®E) are exact. Then the
skew-symmetric linear map ly as defined above on the space Q~90(J*F)

extends to an sh-Lie structure on the exact graded space (Q°(J®E), dg).

We have also shown (see Lemmas 2.3 and 2.4):

Theorem 5.2 Assume that Q°(J*FE) and Q°(J°FE) are exact. Then
there exists a skew-symmetric bilinear bracket on Hy x Hy that satisfies the
Jacobi identity. Here Hy = H" 1(Q:°(J®FE),dy), and the bracket is induced
by the map .

In fact, if v is G-invariant with oy (7},;v) = 7,7 then this bracket can be

identified with {P,Q} = /_@(E(P),E(Q))ﬁ, where P = / Pv and Q =
]

M
/ QU represent arbitrary elements of H, and P,Q € Loc%.
M

Example Consider M = R? — {0}, F = M x R?, and let

0O r
—r 0
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where r = /22 + y? + 22 and x, y, 2z are cartesian coordinates on M. Recall
that w defines the map l. Now let G = SO(3) act on E by rotations of the

base manifold M. The Lie algebra of the action has generators
X1 =20y —yoxr, Xo=y0z— 20y, X3=z20x— x0z.

Observe that w is covariant with respect to G. In fact the components of
w are G-invariant in this case. Now notice that X = t(1:0tX1 A totXs) is a
G-invariant 2-chain, and that gy (dz AdyAdz) = r?dr, there v=drNdyNdz
is G-invariant and 7 = r2dr. We conclude that there exists a reduced sh-Lie

structure. Now suppose that

1,2 2 2 1,2
P =u (uy, +u,, +u;,) and Q=uu,

then
l(Pr,Qu) = r[(ul, + up, + u)u' — (u}, + uj, + ul)u’ly,
while
1
QX(PV) = ul(u'r%'r + —Ug)ﬁ ) QX<QV) = UI’LLQE,
T
and

box(Pv),ox(@v)) = 7l(ud, + Tud)u’ — (uly + Sul)ulp

= [(rwg, + 2ul)u’ = (rup, + 2u,)u’7

where we have used ly(ox(Pv), 0x(Qv)) = ox(lo(Pv, Qu)) which was defined
earlier.
Now notice that if, for example, one has
/ Iy(Pv, Qu) = / rl(ul, +ul, +ul)ut — (uy, 4y, + ul,)u’lde Ady Adz
M R3
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and one is interested in sections that are G-invariant, i.e., sections that de-

pend only on r, then the above integral reduces to

[e%e) 2 2 ~
- / P2+ 2at — (uly + 2ub)eldr = dx / oxba(Pr, Q).
0 T T

M
where notice that the 47 is obtained by integrating out the variables which
the fields/sections do not depend on.

More generally, if Pv is G-invariant and one has / Pv then for sections
R3
o

that are G-invariant this integral reduces to 4w / oP)v. I
0

5.3 Reduction of local functionals

As we saw in the previous section the map py defines a correspondence
between local functionals on J*F and local functionals on J*°E. This corre-

spondence is “natural” when one is interested in G-invariant sections. Given

/PV
M

on J®E, where Pv is a G-invariant horizontal n-form, we define its reduced

the functional

functional to be the functional on J*E given by

/M@x(PV)-

Notice that if the action of G does not have a vertical component along the
fibers of m : ' — M, while ¢ is a G-invariant local section of = with support

in Q, ¢ is the section of T : E — M corresponding to ¢, then

|GmorP=v [ =5y ex(rr

Q
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where Q = 737(€2), and V is obtained when integrating out the variables

which ¢ does not depend on (from the left-hand side integral).

Example Consider the Euler equations

86—?—|—u-Vu:—Vp and V-u=0,

where u = (u,v,w) and p are the dependent variables while x = (x,y, 2)
and ¢ are the independent variables. It is known that the SO(3) invariant
solutions are given by u = (a(t)/r?)x where a(t) is a function of ¢, while the
energy is given by the functional £(t) = % /Q lu]?dx where Q is the region
of R? over which the solution is defined (we refer the reader to [4] and [20]
for more details). For an SO(3) invariant solution, (2 is a spherical region
and, the energy reduces to 27 /ﬁ (a(t)?/r*)dr where € is the subset of R

corresponding to ) via the action of SO(3).

Remark In Chapter 4 reduction of local functionals and sh-Lie structures
was studied for the case when the Lie group G acts only on the fibers, i.e.,
when the induced action on the base manifold M is the identity map. In this
Chapter we assumed that the action is transversal to the fibers. One may
consider a general case where one has a combination of these two kinds of
action, involving two different Lie groups. For example, one can consider a
reduction from 7 to 7 under a Lie group action as was done in this Chapter.
Then another reduction on Q%°(J*FE) may be obtained when another Lie

group acts on the fibers of 7T as in Chapter 4.
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