TG 4 T T 41 e e e

»-~

ON ESTIMATING THE MEAN ORDINATE OF A CONTINUOUS
FUNCTION OVER A SPECIFIED INTERVAL

Walter Scott Overton

Ihstitute of Statistics
Mimeogreph Series 390

April 1964



ON ESTIMATING THE MEAN ORDINATE OF A CONTINUOUS
FUNCTION OVER A SPECIFIED INTERVAL

by

WALTER SCOTT OVERTON

A thesis submitted to the Graduate Faculty
' ~ of North Carolina State '
of the University of North Carolins at Raleigh
in partial fulfillment of the
requirements for the Degree of
Doctor of Philosophy

DEPARTMENT OF EXPERIMENTAL STATISTICS

RALEIGH
1964

APPROVED BY ADVISORY COMMITTEE

Chalrman




ABS'I‘RAC'I' |
OVERTON, WALTER SCOTT. On Estimating the Meen Ordinate of & Con-
tinuous'm'ction over & Specified Intervel. (Under the direction of
ALVA Lﬁmox FINKNER) . _ ,

In many real sampling problems, estimation of the mean ordinate
can be interpreted aB the estimation of the area, M, between a con-
tinuous function y(r) and the T a;cié, over some interval im T, say
[o s¥]. In the present dissertation, conventional methods of esti- '
mating mean ordinste are evaluated under this interpretation by the
methods of nnmei'ig:al analysis. Rellance is placed on Weierstx_'ass’
Approximation Theérem, as a consequgnée‘ of which the continuous
function y(r) is treated as a pqunomiai of arbitrarily ;iigh degree.

, Specifi;: cases are gtudied as polynomisls 'ofrprescribed degree.

:‘I'he general spproach is ehown to have utility, and ‘a number of
qseful, specific results are obtained. In particular, t}ae classical
qu;adr'ature. formilae (and designs based on them) are shown to be very
useful. An estimator of M is described, based on the integral of the
;e_a.ét squares fitted polynomlal over the interval of inmterest, and
quadratﬁre formlae are déveloped _from orthogonal polynomials for _the |
caseé in which »6’b,serva’cions are equally spaced in 7.

_ _QOnﬁ'enyiopal methods of estimating veriance of the ¢onvention§l
estimators of systemstic sampling are exemined by the methods of
numerical analyéis, Modifications are suggested, and & iorocedtire‘
proposed for comstruction of urblsased estimators of variance of the
mean of a systjezpatic random sample, given restrictiops p;i.aced on the

degree of the polynomisl. In the more general problem of estimsting



variances of quad.rature ~estimators, supplementary observations appear
to be the most useful source of infozmation. Severa; Problems remain
urzso:l‘.vedr :Ln the use of residuals from the least squares fitted polys
nomiels for this purpose. , 7
In generel s qﬁadrature estimators of mean ordimte are consi&era‘bly
more accurate than the conventional estimators (usually the observed
,mean) of sempling over an in‘berval in time or space. Classical quad-
ra’cure formulae (e.g_. » Gaussian and Tchebysheff) are very accurate
for a small num'ber of observations, and the least squares quadratures
seem ideally suited to larger n and polynomials of uncertain degree.
The Newton-Cotes and Centric formulae will be valusble when obser-

vations must be equally spaced and vhen n is small.
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Chapter 1. INTRODUCTION

e 1.1 Orientation

'SyStematic. sampling is an'enigma of sampling theory and practice. Tt
is widely récognized as an efficient and convenient method of sampling from
-} sequence} or function in time or space, under a wide variety ofkconditio.ns 3
vet less efficient or less conv_enienﬁ methods are freque‘ntiy advocated in
its stead. The ofteﬁ;fealized galn in precision is through an increase of
infprmation (in the sense of .variability) within the sample, resulting in
a decrease in the variation between possible samples. VYet when such a gdin
is achiéved, varience estimators vased ‘oh the sath;.e second moment have a
positive bias that :increases-as the p_recision of systematic sampling in-
creases, An important source of information is the order of the obser-
vation; yet this has seldom been considered in estimation of precision,
and almost never in estimation of the mean ordinate.

A flurry of interest in the theory of systemtic sampling was high';-
lighted by important papers by Medow and Madow (19hk), Cochran (1946),
Yates (1949) and Quenouille (1949). Subsequently, other problem are'é,s
in sampling occupied 4mpst of the interest of those who inight have wo'rked
on the pfpblem, 'and' little of real importance has .been doné in somét_hing
like ten years. Iven though several theoretical questions have ;emairied
unansvered, systematic sam;pling is widely used among practicing statis.—
ticians s particularly wizen estimates of precision are not required. This
use is ev.’:".denc'e- of faith in the technique, despite the lack of theoretical

respectability.
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The present stimulus came from problems in Field Ecology. DNot only
does systematic sampling appeal to the intultion of the Field Ecologist
from the standpoint of precision and utility of results, but in many
cases there is no other practical sampling scheme., In making airplane
counts of_breeding waterfowl, or deer track counts, or dove call counts
or a vegetation study, to name only a few of meny examples, it is clear-
ly impractical to travel long distances to get to a "random" plot.‘ One
might as well count while traveling or measure at intervals while travei-_
ing. It has occasionally been advocated that a random set of plots be
set up, and then a shortest route selected for travel to cover all plots.
This has two practical disadvantages in that 1) seldom is it possible
to accﬁrately locate random points or plots in a forest or marsh, and
2) one is not getting maximum information from the sampling scheme. Alw
sé, many of the measurements are a function of time as well as space, so
that spatial randomization is only a partial solution.

The germ of the présent approach to the problem was.planted when
the writer was introduced to Simpson’s Rule in a course in basic cal-
culus. Prior to that time, he had used graphical or simple arithmetical
methods of computing the area under a curve of observations taken in
time or space, and numerical integration was obviously a better way to
do the same thing. Since then, a number of simple'applications of
Simpson’s Rule have been made, most of which were in measurement of

fishing pressure through periodic counts of fisherﬁen; Field appli-
cation seems satisfactory.

The use of Simpson’s Rule, or other quadrature formulae, involves
taking measurements of the system (funétion) at prescribed points along

the abscissa (time or space). These measurements represent the ordinate
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at the "sample" points. The quedrature formila then computes the area
underl a polynomial of preécribed degree passing through the observed
ordinates. In the simpler formulae, the observations are spaced at
equal intervéls » 8o that there 1s & close relationship with systematic
(equal. iﬁterval) sampliﬁg;, and so that the formulae can be used with
S£andard sys*benﬁ‘bic semples. The more complex formulae involve non-
equidistantly spaced observations, end allow exact fit to polﬁ:.omials
of higher degree from the same nuwmber of measurements. The latter can
be considered to be systematilc samples of a more general kind.

In comparing estimates o‘btainéd from these quadrature methods with
the cér;ventj.onal estimators associated with sampling a function in time
or space, it was natural to define the latter in terms of area under the
curve. This device was considered briefly by Yates (1949) and also by
Aitken (1959)_ and Moran (1950), 'bhough.most of the .iitera%ure is in
terms of the mean ordinate., This must be considered a statistical habit,
as ares under the curve is often of real interest.

7 Although 'bheré .is g simple functional relationship betweén grea and
mean ordinate, so that there is no mathematical differemce in estimating
one or the other, there is nevertheless a distinct advantege in framing
the problem in terms of area under the ci:r'\fe R e\‘ren vwhen mean ordinate

is of priﬁary interest. "Area uilder the curve" immediately evokes an
image of the curve and the end points of the interval of interest, with
the obs‘erva'bionsr superimposed in plece along the time or space axis.

With this pigt@e in mind s, 1t is na'buré,l to estimate area under the curve
b'y' fitting a function to the observation, and integrating this functiqn;

However, when one considers estimators of the mean of a universe from
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which a sample is taken, one almost automatAically thinks in terms of the
first moment of the sampling distribution, and the structure of the
gample in relation to the universe (when such structure existe) is ove_re
looked. |

The ‘main body of sampling theory is in terms of discrete sampling
-units;, and most sampling thought is oriented in this direction. However,
many observations and measurements ere "ingtantaneous", representing a
point rather than an interval in the cont‘inuous sample space. Many others,
properly Qefined, have the statistical characteristics of an "in.s*bane
taneous" measurement, and may be interpreted as an ordinate to a curve
or surface. Vhile it vis true that any real world sampling scheme must
employ discrete units of time or spece in describing the sample, there
is nevertheless distinet utility in the evaluation of the sampling .pro-
cess on the continuous scale. |

Further, the main bedy of sampling theory deals primerily, with
comple'bely geners)l urbiased estimation, with no assumptions regazﬁing the
nature of the systems »or function being sampled. It must be consideredb
another hebit of Sampling that such assump‘cions are not commonplace.
Statistics has long since made its peace with restrictions of this kind
in othe‘rr areas, viz., Design of Experiments.
| mat sys'tematie sempling , 88 here treated, is a special case of
time eeries is immediately apparent, and it is necessary to justify the
fact 'thefc a traditional time series approach was not made. The primary
reason is that meny of the systems of immediate interest aremore properly
interpreted as functions than as stochastic processes and these were

studied first. A logical next step would be the extension of these
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results to the stochastic case. In this respect, it can be noted that
this extension would add a third objective, that of estimating the mean
value of the prdcess over a specified interval, to the two classical ob-
jectives of time series analysis, pfédiction and description éf the pro-
cess., |

In the present dissertation, four conventional estimators of mean
ordinate are expressed and evaluated as aréa (M) under a segment of
curve. The mean squere exrors of the estimators, 8(ﬁ - M)2, are devel=-
oped and'campared. Estimators of the squared error of a particular sample

are developed in special cases., Several quadrature formulae are sum-

marized, and theilr mean square errors developed. These formulae are

compared with one another; and with the conventional estimators. Com=

parisons are made in the one stage and the-twp stage sampling situations.
Dqé to the-iﬁportaﬁce of small samples in meny applications, pri-

mary attention is given.to'chaiacteristics of small samples, particularly

with respect to the quadrature methods.

1.2 The Problem
1.2,1 The Problem |
,Ehé problem considered in this thesis is outlined as follows. From
& set of observations of a contimious non-negative function y(r), de-
fined on the closed interval [0, w], w > 0, it is desired to estimate
the area, M, between the function and the T-axis on the interval [0, w].
That is, the parameter of interest is

v
M= [ y(r)ar .
o
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Such a funetion can be uniformly approximated to any degree of ac-
curacy by a polynomiasl of sufficiently high degree , in accordance with
Weirstrass’ Approximetion Theorem (see for exemple, Simmons, 1963,

p. 154, or Kopal, 1955, p.vl9). ;
If 'y(r) is & continuous resl function defined on the closed inter-

val [0, w] ,'for every € > 0 there exists & polynomial of degree m,
’ m
: 1
Pm(T)=ZAiT , such that
-7 i=0 '

|Pm('r) - y(7)| < € for all T in [0, w] .
It follows that, I

W
IM - J' Pm(T)dT' < we
o

so that by an appropriate choice of €, & polynomial Pm' can be chosen
such that |
o |
M- [ P y(r)ar| = x|
e
can be made arbitrarily small.

On the basis of this result, y(r) shall be treated as a polynomial
of (in'general) relétively high degree. Howevei' , it should be empha-
sized that the only general restrictions placed on y(r) are those im- |
posed by the above theorem. _

Now, if there are n known (observed) values {y(ti)} of y(r) at n
completely arbitrary distinct values {t;}of 1, 0< t,

i
sible to uniquely describe a polynomial P of degree n-l, such thet

<w, it 1s pos=

P(ti) = y(ti) for {ti}. That is, for any set {ti} there exists a set

of coefficients {w }, =W '== w, such that
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and such that R = 0 if y(T) cen be expressed exactly by & power poly-

Wiy(ti) =M~ R

nomisl of degree < n, and where M  and R ere functions of {t,} .

1.2.2 Conventiona; Methods

Conventional methods of estimating mean ordinate
uo= M |
are evaluated by use of the above theorem and its mathematical conse~
quences, and by this method, esfimators of variance of these conveﬁ-
tional estimators are also developed and evaluated.

Further, this method is employed, in the form.of the classical
ideaskof numerical integration, in development of estimators of M, or
mean ordina‘be , and evaluation of these estimators. Specifically, numer-
ical integration formulae are considered when y(T) is observed with error.
To this end, it is specified that |
| | oy =y(ty) e | |
where &e, =0, 8 = ¢ anl g6, =0, 1 #J. This specification

will be maintained throughout the dissertation.

7 1.3 Review of Literature

1.35.1 One Dimension

Ihé key papers in which the theory of Systematic Sa:‘nplingr in one
dimension is investigated are Madow and Madow (1944), Cochran (1946),

Yates (1949) and Medow (1949). This theory is well sumarized by

* Cochren (1953).
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Yates (19%9) is the author of the major paper of the one dimensional
case, in which he examined systematic sampling theoretically and empir.-r-“
ically. He considered & number of varlance estimatolrs, several of which
are par’cielly evaluated in the present dissertation. In addi’cion, he
considered the systematic sample est:i_mator as area under the curve, but
did not follow up the idea. Yates departed from the conventional mean
observation estimator in his "end correction for linear trend ," which

is here shown to be a simple gquadrature method.

1.3.2 Two Dimensions

Systema'tic sampling in two dimensions has been theoretn.cally studied
by Q,uenouille (1950) and Des (1950) and exemined empirically by Osborne ‘
(1942), 'l\ailne"ﬁ(1959)‘, Haynes (1948) anil others. (Osborne’s methods
were actually one dimensional, although applied to & two dimensional
problem.) The paper by Quenouille (1950) was eviden'bly stimulated by
Yates’ (191+9) paper, and extends the one dimensional ideas of Oochran
(1946) and Yates to the two dimensionel case. The paper by Das (1950)
is very close in scope to that of Quenouille (1950) but not as complete.

AEhlpirical studies by Osborme (19h42) and Haynes (1948) indicated
that sizea‘ele geins in precision could be obtained from systema'tic sam-
pling in some natural populations. The study by Milne (1958) gave some-
what opposing results, in that he found the mean square among observa-'
tions in a centric systematic sample to closely approximate the “random" '

mean square, Implying little gain in precision over a random sample.

The crux of the matter , a8 is known from the theory, is that the error

of the systematic sample, in any given population, or functi-en, is
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dependent on the chosen sampling interval. Thus, for a systematic sample
to be self-evaluating, it is necessary that inferences about the fungtion
be made from fhe sample. This is the general épproach of Yates (1949),

and many of the present reéults are extensions of his.

1.5.3 DNumerical Integration

The cbnnectién between systematic sampling and numerical integration
wes cesually mentioned by Yates (1949) and earlier implied by Altken
(1939). Moran (1950) wes stimulated by Yates’ (1949) peper to write on
the subjeét of "Numerical Integration by Systematic Sampling,” but no
one seems fo havévconsidéréd the possibility of using the established
results of nmumerical integration to obtain more precise estimators. The
lone exception is the forementioned "end-correction" of Yates (1949),
which is in‘fea;ity a first degree guadrature formule (Section 4.6),
although he does not identify 1t as such. B

However, in rereading Yates (1949) and Cochran (1955 and 1946)
after'campleting”the present thesis, one has the strbng feeling that both
authors knew many of the present results, or at least would not be very

surprised by them. » .

1.3.4 Numerical Analysis

Several mmerical analysis texts were studied in development of
the resuits of this dissertation. The mostryaluabie-to this study is
considered to be Kopal (1955); althbugh Rierdan (1958),_Whitaker and
Robinson (1944), Kunz (1957), Guest (1961) and Booth (1955), all con-
iributed to the results. Pertinent resulfs.invnumerical aﬁalysis ére

given in Section 1.k,
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o 1.4 A Summary of the Mathematics
A summary of the mathemstics with useful identities and the develop-

ment of general results follows.

1.k.1 Finite pifferences

Define: = y(a+h) - y(a)

= =B = y(a4eh) - 2y(a+h) + y(a)

kel kel
=S~ Aa

95,>h" Q’DT‘D 20

(1.1)
and E y(a) = y(ath)

¥ y(a) = y(aseh)

B y(a) = y(atn) . | (1.2)
Then = (E-1)y(a)

& (8-1)Py(a) = (P-2E41)y(a)

QJDU' SDDI\) 97

= (B-1)"y(a) . o (1.3)

1.4.2 Expansion by Difference Operators

By the operators A and E, it is possible to derive many of the
useful relationships. For example, if it is desired to expand :y'(a+th)

in differences about y(a),

B’ y(a) = y(a+th)
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a. If t dis an integer, the expansion has t+i terns,
(2] .2 t -
y(a+th) = y(a) + th, + 'ba' B+ eee 4 (1.4)

b. If t is a fraction, the expansion is an infinite series,

2l o SEFLR Y .
y(a-x-th) =y(a) + 1A, +-—2-;-A R k B+ eees (1.5)

vhere t[k] m , and vwhere (1.5) is known as the

Gregory-Newton Interpolation Formila.

1.4.3 The Correspondence of Difference and Derivé.tive Expansions
The a,nélogy between (1.5) and Teylor’s expansion is immedietely

a;bparen‘b'. It y is analyt:.c, then, by Taylor’s expansion,

(2) |
y(adtn) = y(a) + tn v (a) + (th) S . @)
In order to facilitate the menipulation of fchese infinite series, 'de"fine s

1 2 1 .3 ’
»Qfl=(Da’§T'Da’ -BT—Da’ eer)

where Di = y<k> (a.)

=(a, A2, A,
(% 2y % 3¢ )

Xk k=1 k 1

.where & =28 - 4
%1 = (¢, L2131

-
= (b, t 4,0

and H = 'h




Then (1.5) can be expressed as

N ,
y(a+th) = y(a) + Al (1.7)
and (1.6) as,
y(atth) = y(a) + D! H , - (1.8)
Thus, D! Ht =AU .

Therefore, if there is a transformation matrix, A, such that

| HD, =A'A , (1.9)
th | At =t 0)

Now, from (1.10), the 2™ row of A is the set of coefficients, s(n,k),
n

=Zs(n,k)tk ,

k=) - :

. such that
fn]

whére the s(n,k) are known as Stirling Numbers'of_the First Kind. These
nunbers sre tsbled (e.g., Riordan, 1958, p. 48), or may be generated by
the recursion fonmuia, »

_ "s(n+l,k) = s(n,k-i) :-nS(n,k) . (1.11)
It follows directly that the nﬁh row of A-l is the set of coefficients,v

S(n,k), such that

. n _
2 "Z S(n,x)+L¥]
=]

and where the S(n,k) are known as Stirling Numbers of the Second Kind.

These are also tabled by Riordan (1958, p. 48).

1.h.h Useful Integrals of Functions of t,

i 1
Define Eo.a‘f Eodt
_ o)



Then

and the 158

where

so, j‘ ty,36 =

Then the ,@k

and the fk°P

13

Fx
it
O
d.*
&

To = (3-,_0 'Eo)(ﬁo - Eo)'
= (g - m) (8 - 5"
T: = AT At

1 1
J; ngt = A{J; Tod’c} At

1
element of j‘ T dt is

o -

=
| ot

O
Q

[ £y 40t = [ ('bi-pi)(t'j-;pd?dt,

i 1
%*‘Jltd”m ’
o] .

i1 I e
Th 4+l (L) (9HL) TFL) (J+L) (A+3+L)  °

element of T: is

k 4 ,
=) ) sty

J=l i=i
1

element of I T:fdt s
o .

13)8{4,1)slk
t ok 2 Z §i+15'{j+l§(i+'j+ll)

- J=l
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1.4.5 Useful Integrals of Functions of t,

1 1.2
Define 33‘:3 =[ (t"é‘), (t"'é’) s oooo]

t dt
g 4

!Ecz

d, L

| T = (& = Bo)(Eem 1)
th T .
Then the 1j " element of [ T dt is,
. o .

1 1 1 1
1, 14 1,1 1
J;%ijdt - j; (s-2)"Mat - jc‘) (t=5) at { (t-—e-?jdt

& T T &
= m;;m&rﬂ—'y. Gy ) , iand ) even

1 . Lyik)
T (2) , i and j odd

0 ,  1+3 odd

1.4.6 Definition of G

— -

* ¥ 1
£ =% ital/2
= 1 t t
| AT !tsl/eA =ACA
, ,th |
8o that the ij  element of C is

e;y = L1/ ] [(1/2) etd]

1.4.7 Useful Constant Matrices
Some useful constant matrices can be written from the preceding

paragraphs (J.'.l{j'.li-, 1.4.5, 1.4.6).



. X [N T
B B =
, —: ..J
with 15" element = Ty IR
2. A = -l ]
;1 1 Y
2 3 1
-6 11 ) 1
2k =50 35  -10 1
L 3 L
3, 1) at = | 1/12 0 -1/120 ..f
° 0 1/180 -1/120
-1/120  -1/120 23/1480
. y o
b, Jmat =| 1/12 0 1/80 ...
° 0 1/180 0
1/80 0 _1/hl+8'.

15

(1.12)

(1.13)

(1.14)

(1.15)



5, Q= Po 0 0
0 1/14k 1/96
0 1/96 1/64
0 11/960 11/640
6. fg-)f- _0, 0 0
0 1/1hk ~1/96
0 -1/96 1/64
0 T3/2860  =73/1920

and where g* = C C?
Where .c_’ &= (02“-1/12, -1/8, -11/80, ;.C) A'
;- (0’ “1/32, 1/8, "75/2)'1'03 .Ql)

1.4.8 Differences of lag n

Oues
11/960;;
11/640

121/61100'.'

O‘. .. ..
75/5880:. . '.
~13/1920..
5329/57600

-
——

16

(1'.16)

(2.17)

(14.18)

From the definition of Aa. , it follows that a difference of lag n

nba=-1

is defined as, éa = £ A= g | gt
1= .

Thus, &o = Bl
n
= (;L +4a) -1 |
: ngn-lz 2 n
| =nAo,+. Y Ao+...+Ao
A2 = ()

nE2n-2En+i

(1.19)

(1‘.20)
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= — QnA +‘2£1ig}%i‘lA2 + as e +A2n
o} 2! o o
-[2nA +-23-1-(9;-3=)-A2+...+2An]+l
‘ (o} 2% 5] °
(recalling that the 1 appearing in the last term of the sum is the

identity operator),

and, in genereal,

AT - (& -1) |
o Dpten  ZEEE o e

1.4.9 Distinction Between the Symbolic Squaring and the Arithmetic

_ngaring QOperation

A notational difficulty is encountered in using finite differ-
ences in quadratic terms, in that confusion easily occurs betwéen the
synmbolic squaring operation and the arithmetic squaring operation.

To illustrate, the second difference of lag 1 has been defined,

£ = 3(a) - 2y(etn) + y(aten)

whereas the square of the first difference of lag 1 is
(&) = [y(atn) - y(a)T°
= [y(a)P - 2 y(a)y(ssn) + [y(e-n)T®
This point is mede at thie time because the follownng paragraph,
1. h.lo, deals with the arlthmetic analog of the symbolic operatlon
treated in paragraph, 1 4,8, However, this distinction must be main-
tained throughout and the arithmetic power of any difference oper-

ator will be demoted by brackets, &s (Ah)



1.4.10 Identities

able.

1 (AR (E 8
i=0

18

: In this paregraph are developed several identities helpful in com-
paring expressions arising'later, particularly in Chapter 5. These
identities have not been developed in gemeral, but rather under the

restriction thaet A? = 0. A more general development would seem desir=-

= nzg (,)° - fﬁ%ﬁ:}l (28)2 . (1.22)
Proof';
Gz af - vf@f  as e aag)2
o &8, @) e o S
L-Ali_le. e e (An_l§2 |
k Then, if & = 0, )
(AP - 1! p(AO)E o (a ) ... AO(AO-I-(n—l)Aa)—l 1
' 7_ u ?J-(A_L—AE) (Al)e... Al(Al+(.n-2)A2,)
in-l(% _y~(n-1)4) oo An_fl)2
n=1

i=0
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2

' vhere, G = A | Ao[1 2 4+ e -l-_"(n-l)]
rafe+ ..+ (n-2)1
+ 4 [=(n-1) = (n-2) ... -1]
S (4 -4.) [1+2+ .+ (1))

e (A - )2+ (n-2)1

.{[A(%g)' A(éz;_) ] [n/a:] , N even
+

or O, n odd

- - (8 j (a-1) (a-1) (n)
, 2

+ (n-3) (2=3)(n)
| 2

+ {n/z,_ n even
\

0, nodd

nfe
a - (AE)2 g- (21:—1)2‘ s, n even
T kel

T (a-1)/2
(B2 2 @f, noa
“kal
Therefore, G = -_rf_ (n2 - 1) (A?)2 , n odd or even,
2. A=A L+ (1.23)
y TS T .=
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(Ai)2 = (A ) + 2AA 1+ (A) (1.2%)
1 (n.2
6 = {iz 8 +3 ()&} - @)
2 o1y (2B, 2 n(a-llptl | n'2
(B)” = (53 {i’;o(Ai) » Rlacplont) (82 | }
(1.26),
n-2 n-2 '
s (A ) = (n-»l) z (A ) { n-1) (n+l (A ) + A2 5 Ai }
i=o , i=o
| N (T.27).
Iet X, = 1,1=0,2,4 ... |
0, 1 =1, 35 55 e
Then
n-2 n-1 ‘ ‘ '
X = 32'- R g— A?'} , D even. (1.28)
i=0 i=o '

n=-2 2 n~1 n-1
n 2 2 N2 202
[z XiAi] = E{ifo(Ai) - A iioAi'E(n -1 (&) }

i=0
(1.29)

1.5 Notation and Definitions

_ W
M= [ y(r)ar

) o , A

= area under the function betwee:n 0 and w.
poawMw = ‘mesn ordinate over the imterval [0 ,w]
y(r) is a contimuous non-negative function of T.
y; = v(r;) or

= ',Y(‘Ti)-'l- €, depending on the context.

M, = Estimator of M based on a simple random sample of size n
over an interval of length w = hn.
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6. M., = Estimator of M based on a stratified rendom sample, one

sample at random in each of n strata of length h.

7. M = Estimator of M based on a systematic random sample, first ob-
servation taken at random between o and h, and other n-l at
intervals of h.

8. M., = Estimator of M based on a centric systematic sample, obser-
vations taken at centers of n panels of length h.

’ P
9. V(M)= Mean square error of the Estimator, M.

"= Mean square successive difference of lag 1. (3.8)

romm

"= Mean square successive difference of lag 4.

)
12, 8% = Linear conmbination of mean square successive differences of
different lag.

15. -'62(Q) = Mean square successive difference between successive quad-
. ratures along an interval.

14, E = 1. The squared mean altermate difference 3.21, or
2. The symbolic operator, E = A + 1, 1.k4.1.

15, 4 = y(&-i'h) - y(a), the first difference of y(a). It is usually
understood that differences are over intervals of h, so that
they are expressed in terms of the index,

& =¥, - ¥y the first difference of y, = y_('ri)

ok kel k-1 th .,
16. o =AY - Ai » the k™ difference of y, .

l7ﬁ- Ay =y, =¥, =y [(1m)n] - y{in]

18, A = (4, 57 &, %‘fAZ, vor), L.k3
19. DI; i y§_ ) - y(k) (-ri), the k2 derivative of y, = y(rri)

1.2 1 .
Q_!-Da, '5"'."])2, ooo)’ 10}']".3

20, D! = (Da’
21. s(n,k) & Stirling numbers of the first kind, 1.k.3

22, S(n,k) = . Stirling numbers of 'bhe second kind, 1.4, 3
23, 8] & t4/(t-n)!



&

o, t =m1l. a uniform random varisble (0,1) or,
2. a sample value of 7

25, ~ U(0,h) means: distributed as Uniform rendom variable on the
interval [0 , hl.

26, f£(t) = probability density function of t.
27. 6‘; = expectation over €

28. &, = expectation over t

t
29, & indicates summation over i
. i A _\';
3. = indicates summation over all i in the sample.
ies

51‘. tl= (%, 'ba, kt5,v...)

2. 8 —[(tu- b/e), (t - h/a) )]

33. p!=e(e)) = (h/2 u /5, / sevas)

3h, p! =e(sl) = [o, 3(}1/2) , 0, %(hke)”,....]
= o ]

&2 E

2

&,
| i 2
35. T o=(t-p(-p

36. T, = (j_:_c - p_c)(j_:_c - Ec)', equation (1.15) .
37, Quw.. T , O = AAT

o ~,
Cl t =hf2
C = . BSome cons’can'b or c.oefflclen‘c apparent by context.

38.

61 (b, (2] [3],....), 1.4.3
59. T = (5 - E:j) (£ - 1), equation (1.1%)
b, p¥ - et



-

l}l'

L"5 .
4k,
s,
L6,
)4'7.

kg,

50.

51

52 .
53.
5,4'-

Q‘f; = 8 quadrature formule of n observation. Superscripts N, C,

G, T indicate Newton-Cotes, Centric, Gaussian, and Tcheby-
cheff,

Qﬁ n = a quadrature formule formed by successive application of

5 :
& basic formula requiring k observations to a total of n ob=-
servations.

Qn(t) = & quadrature formula of degree n, in which observations
are equally spaced, with a yandom start.

B%(n) is defined by formmla (4.26).

P(:r) is & polynomial in 7 of ar'bifrary degree.

RaM~Q, the remainder of & quadrature formula.

W = (wl, WE,...,Wn) the set of weights in a quadrature formula.
x 1s used in two ways,

1. As a dummy varisble, x = (0, 1), in a nuwber of sum~
mation formulee inmvolving sub-sequences defineble by
such & variable. ~

2. As a synonym for ht in the section involving results in
terms of orthogonal polynomials. This definition applies
to these immediately following.

Xta (1,55 ,000.)

X = rl xl 1%.7
oLk

= matrix of orthogonal polynomisls, as given, for example, by
Anderson and Housemen (1942). See paragraph 4.8.2.

A, is the orthogonalyzing trensformation, defined in paragraph
~7 4.8.2,

L= (D™ =0 (551 00!

k is used in a number of ways as & constant. Definition in any
one section will be apparent from context.

23
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Chapter 2. CONVENTIONAL ESTIMATGRS FOR SAMPLING OVER AN INTERVAL

2.1 Imbroduction

The four conventional methods of sempling over an interval

(simple random, stratified random, systemetic with random start and

2k

éentric systematic) are all conventionally used with the same estimator

of mean ordinste, a simple meen of the observed ordinates. The dif-

ferent ﬁroperbies of the various schemes are due entirely to the dif-

ferent methods of selecting the ebscissae at which the ordinate is to

be observed or measured. In the present chepter, the eéxpression for

estimated aréa under the curve is developed for each of the sampling
schemes in terms of the generalized funétion expansion.

The fynction considered is y('r)' s and the o't;serVation ¥, made at
the ‘iﬁh velue of T is,

v, =v(m) +¢ - (2.1)
As the contribution of € to the estimaste and to the variance of the
estimate is additive, the terms involving € will be dropped from the
cievelopment of the general expressions, and» reintroduced in Section V
27.7, when comp&'risons' are mede.

Tn the following sec'ti_on ,,2+2}, the basic expressions are de-
veloped for 'Ia single sample pbint'selected et random over "bhe inter=-
val [0, h]‘. In subsequent seétions of Cha;éter 2, the results of
Section 2.2 are expanded for n > 1 to the various sampling schemes of
interéé‘c o§er the interval [0, w], where w = nh, The panels of

length h and ‘the results of Section 2.2 relatjfng to them, are in
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reality the bvilding blocks for subsequent results. In addi‘bion, all

results are e:mressed in terms of differences d.efined over the pa.nels

of length h.

2.2 The Simple Random Sample, n = 1
2.2.,1 The Difference Ebgpans:.og of Sa.mple Results

In sampling from the interval (0, h), 1t is naturel to let -
t ~ U(0, h). However, in using the Gregory—l\Tevbon formila, as well
as in subsequent development , it is adirantageous to let t~ u(0,1).
A lit'ble awkwardness in phrasing the problem is more then compensated
by later sim;plificat:.on.
Thergfore , let a velue of T, ht, be selected at random between O and

h, i.e.5 t~U(0,1), and let y & y(ht) .

N
Define M»a? y(r) dr = h J% y(th)at (2.2)
. Q. o}
M, = hy. .(2'.5)

| : 1 1
Then e(er) = g(er)f(t)dt -I(lmr)dt
L . - 0. .
' 1
=h [y(ht)at =M.

Recall that by the Gregory-Newton formula, y(O + th) can be expanded
‘sbout y(0) in terms of differences, where the differences are defined

over 'bhé in;berval h.

t(t=1) .2 t[k] k

y(t) = y(0) + BA F SEpe Ayt oees kT A0 F e

= 7(0) + 71 (2.4)

2
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%
where L)'= (t,6(t=1); eos, t[k],...),

en Ll 2
é{; = (AO, 'é‘!" AO,'.».. o'),

end ) = y(h) - y(0).
— ; 1 . '
Then Ms=h £ y(th)_dt‘ =n [y(O) r et '8, :I

* %
- - ]
(4, = M) =n(g) - e£)a

(3, - 102 = heéSTz_Ao , (2.5)
where T: =(§: - 63:)(_1_::: - 6;@::)?
] and. | ’ ( ) et(er - M)2
= ipleTs (2.6)

2.2.2 Expansion by Central Differences

It is possible to expréss the results of paragraph 2.2.1 in terms
of central differences of intervel h. That is, let
3k h.
a, =y(& - yG

Al = (4, —%—A2 Jeel), ete.

Some of the results of expansion in central differences are given in
Section 1.k, bt the expansion of 'bhe preceding paregraph is far more

useful, and Iittle use will be made of the central difference ex;_oansion.

2.2.5 Expansion by Taylor’s Formla

If the function v(¥) is analytic, and therefore can be expanded
in Taylors series, it is possible to express the estimator apd its

varience in terms of derivatives of y(th) in a manner analegous to that



| o2t
of Paragraph 2.2.1. In fact, these results can be obtained by means
of an identic_a; development from the Taylor expansion, or by means of
the transformation relatlonships. dévelop_ed in Section l'.’+_.' The results
are sumearized here. In terms of expansion sbout the initial ordinate,
1M =8ly(0) + £ HD], (2.7)
where £ = (6, t°, ....) -

= [y(l)(oj: y_(i)"(g)' s .'-'r- ] ;

el

4@ 4

and Hs= h

Then, (1Mr M) heD!HT 1D (2.8)
, - - t
wher:a , T, = (3;_o et )(:c_o et ),
t ~ U(0,1)
. -
and v(lmr) & 6_b(er - M)
. . .
’ e
=h99H eT HD - (2.9)
This is also easlly expressed in terms of expansion about the central
ordinate, y(B) -
—c

M, =h [y®) + & 5D, (2.10)

where £ = [(t -%—), (¢ -%—)2, ees ]
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exd D! = [y(l)(h/a‘),»-y ,fgishge) s e ] .

Then (er - M)2

2 o ‘
= _I_JC-H‘J.‘C}E_QQ , (2.11)
vhere T, = (g, - 5,) (5 - £%)"
2 |
and, v_(lmr) = I _]_D?H eT HD, . (2.12)
2.5 The Simple Random Sémple, n>1

2.3.1 Generslization of Section 2.2

Generalization of the results of Section 2.2 to the estima?ce of
area under y from measurements at n random values of t, follows from
the results of that section. ILet n values of t be selected at random,

£~ U(O,’l); end let vy = y(wti) , ww=nh. Then
M, =h)y, (2.13)

is an estimate of

W 1
M= [ y(tt)ast = v [y(wt)dt,
. o . .

1 : 0

1
and €M, = hj; Zyif(t)d‘c = {y(wt)dt
- .
7 As in the previous section, Mr can be expressed in terms of & series

expansion in differences,
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M, -hZ[y(O)-&-t& Foeee 1 &k+...],
- wy(0) +nhdg ) thy . (2.14)
2 * é |
U -.M)." S{Mr - w(y(o) - @é 6_130)]
[y (Yl -]
a3 (L -] [16 ], -

(M, ) = nh? @' eT A (2‘.15)

| where & ﬂy(w) - Y(O)

2 2 2 Central Di:t‘ferences and Derivatlves

It is also possible to derive analagous expans:xons in terms of the
central ordinate and in terms of derivatives. However, the only one
of interest is,

i, = wy(0) + hZ(wb D+ wetin"‘ fa) | (2.16)

o -0 =T Tk, - o] [ Dt - 28]
aipg) ) ) (e eny(e - e B,

ety -0« [ ) ong +0 15,

V(Mr) =~ Dy’ eT HD | (2.17)

where _HV = W 'wa 0
o {'“R
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2.4 The Stratified Random Sample, One Observation per Stratum

2, 1#.1 Ge'nera;L Results

Let an interval of. length w be divided into n sub-intervals 4of.

length b, and let n values of & be selected at random, t, ~ u(0,1),

{t} 8'(1‘40, .bl’ s tn_l) .

n-1
Define M = Z (an + 1t,) (2.18)
leo
= Z(er)i :
Then EM XM:L’
n=l
Now M, = Z [y(:l.h) + Ay o EL ek iAl + ]
- L *

L
th(ih)_-i-h Z Al

ma G-t [ cemid ]
- Qfmf(-t* - 5 i)]2 | (2.19)
n-l : ,
- 2[2( i—i) + ; g =&t i)(-o,] ESE:{])_ éj]
Then V(M ) -hZ[A' e*r ] + 0 (2.20)
n-~1 | ‘
= ZV(er)i :

Cimg o
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2.4.2 ‘Derivatives

Expression in tem's of D, follows directly from earlier results.

=4
(v - M)e a b [ZQ&H(Ei - &ﬁi) ] ? | (2'.2‘1')
and Cov(,) = hEZ[QiH e mom_)i] v -(2,.22)
| | | n-l A
= 2v(lmr) i
i=o

2.5 Systematic Sample, with Random Start

2.5.1 7 Genera-l_ Results

Let an interval of length w be divided into n panelsrof length h,

and let a value of t, t ~ U(0,1), be selected. Then define,

n=1 ‘
Msr = th(ih + ht) . (2.23)
i=0 )
Then, e Msr =M,

Now M_ =h [y(ih)+tA PR Ak+...],
sr 4 5T i :

2
so thet (M - )7 =1 [ £ A1t} - es)) |
=1 (2T () (2.24)

and v(iasr) she(z_éi'.) ET:(Z‘éi) . (2.25)

2.5.2 Derivetives

Again, expression in terms of Qi folllows @irectly from earlier

results (M

2
- 1w . 2[2: D} (b - &t )]A | (2.26)



" 2 o o Y
v ) =h (’*'9_1) H et H(D,) .

2.6 The Systematic Centric Ssmple

2.6.1 Geners) Results

32
(2.27)

Let an interval of length w be divided into n panels of length h,

L3

This is, then, a special case of Msr’ with t =

and define,

nm]

-
Yo = th(ih +3)

i=o

can be written down directly from 2.5.

(M

= ha[(i-éﬁ’.) T (“éi?]t 1

s M) - [M»sr(%) B M]a '

- S

and V(Msc)a :

2
LI

2.6.2 Derivetives and Central Differences ’

It follows that V(M ) cen slso be written, .

QT

V(Ms c

) =12 gy, ]

.
=12 [ Gy, o T

-ha_

R NG AL

(2800 /o), (2914-1/2)]
Tt

1
"G=-2-

m—)ﬂ.+l/2?]t

g-J:-
2

+l/2? ] .

o

2

2

2

7(2.28)

L and the results

(2.29)

(2.30)

(2.31)

(2.32)
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2.7 Comparison of the Conventional Sampling Schemes

2.7.1 Introduction

A general compa.rison of the sampling schemes, based on the results
of this chapter, is not possible. In fact, direct comparisqn is posei=-
ble .‘orﬂ:y for the case A2 = 0; that is, when the function is a poly-
nomial of first degree. When higher differences are non-zero, i‘c is
necessary to define classes of functions for which one or the other
sampling scheme -is best. This point is not ihvestigated in depth, but
rather only illustrated. For purpose of comparison, the contribution l

of measurement error to the variasnce of M is re-introduced.

2.7,2 Comparison when £ =0

From the preceding sections and 1.4.7, the variances of the con-

ventional estimators obtained by the four sampling schemes are,

v, | £ =0) =’ [ f% 22 + 02:]

é 2[%@)24-02]

2
(CPSERS -nhe_%% +o‘2]
2 1 ]
> 2 nlA >
v £=o0) wm? [ BO 4 ]

v(u | £ = o) w2l o +,o?] .

=

Thus, it is seen that MSc is best for all values of - 02 and A , al-
1‘:hou.gh the adventage decreases as 02 increasingly dominates (A)a . It

.\\ ‘ R o . = -
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15 also geen that, of the three randomized schemes, the order of pre-
cision is Mst s Mér and Mr and again the difference decreases s 02 in-

creases.

2.7.3 Comparison when A3 £ Q.

To illustrate the comparison of the sampling schemes when e ;‘ 0,

A3 = 0, cons:.der, for example, Mst and Msr

5— - - R

v, | &= o)=h Z[A,-—r ] 1 ° B Y-
o 1 |l A
-]FO-J_ =¥

-

12 { ']:1'2' ;_'.(AJ.:)2 + -7%-5 z(a?)a + nd” }

2{lz:(A) + 755 = (08P +na}

2

and v _
3 - N 2 1 .22 2}
Vi |8 = 0) =n® {5 ()° 45 (24)F 4 mo
| 21 2. P ,22. 2
- {-JE (Mi) + TEE(A )<+ nd } .
From Tdentity 1, pearagraph 1.4.10, this becomes

, 2 .
V(MsrlA5 = 0) e { = z(A ) :r—?_- ( ." 6)(A ) + nce} '
ﬂius,

Tla =0 Ly [ L (a4 720(A 2 + n (2.33)
2 \2:3)
VOt |4 = 0) Losa)? ‘-‘-‘5—-———-—)—(“ = )R 4 P
: : LT3y 720
I L oon 2 a2 -
> @ M) + 0 | eor a1 22 40, n> 1
(e +d
B
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- It is seen, therefore, that the advantege of stratified random
sampling over s&qtematic random sampling 1s less vhenAA? # 0 than when
A? = 0, Further, for any givenrz(AQ? andVA?_(i.g.,vfor any given
polynomiel of degree 2 and a specified interval), it is possible to
solver(2.33) for a reglon, in n, within which s&stematic sampling is

' advantégeoué over stratified random sampling.

2.7.4 Summery

o It would fhen seem that the space defined by all possible inter-
vals of length w on power polynomiasls of arbltrery degree is separated
iqto regions within which any one of the’sampling schemes 1s better,:
equal to, or worse then any other of the sampling schemes considered,
as ;egards precision of estimate. For any given polynomial‘apd inter-
vel, it would.seem.possible to select the sampling scheme which is best,
but it does not seem possible to satisfactorily describe the regions
of superiority iﬁ general. However, it may be possible to define
regions of superiority for classes of functions. |

It will be shown later (Chapter 4) that when one is given a spe-
cific pqunomial and interval, one is sble to improve on any of the
samplingAplansftreated in this chapter, so it seems unnecessary to

pursue further the present line of investigation.
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Chapter 3. ESTIMATION OF ERROR OF SYSTEMATIC SAMPLING
| 3.1 Introduction |
Several estimators of error of estimate of the systematic sample
have been proposed. In the present chapter, these are expanded and
evaluated in the notational framework developed in the preceding
chapter; In eddition, & general method of constructing estimators of
fhe varianée is proposed, and séveral examples given., Attention is
confined to the syétematic samples, random and centrié.
The model considered is, again,
vy =y(ryd) + ¢ 5 : (3.1)
2

vhere y(t) is a continuous function of T and ¢ = 0, ec® & F and

Eeiej =0, i # .

3.2 Quantities to be Estimated
3+2,1 General Expressions

' V(Msrlti = se(Msr - M)2

= 12(58)) To(22,) + nhavcav (3.2)
() = e v(u |t) = 5t8;(Ms - W)P
= n(zy) e (3y) + o (.5)
Vi) = O W%,y

- 2(sal) *(za) + mPSP (5.4)
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3.2.2 Special Cases
Let & = o.

Ve, |20 = 0; t) =1 [m (t - 2) + (ttej 3)] + h ae, (55)

v, | X =0) &h [l;(m) + 720 (m)2]+nha2

(BT e [ 1 680wt

(3.6)
2.2
v(MsclA_o)=h[-—3(zA)]+nh ,
2,2 22 '
= 2[5% (22) ] + 1Pt . (3.7)
3.3 Standard Estimators of V(Msr), with Extensions
3.3,1 Mean Square Successive Differemce (Von Neumann, 1941)
' n=2 ,
. 2 1 2
Define 8" = 7o) Z (Vy4t41 = Vi) (3.8)
i=o
By the expansion developed earlier,
I L2l e,
s = Z{(yi+ly)+t(i+l &) 2'(1+1 A)"'"'}*‘U
2(n l) ‘
- k+1 2
2"('1'1717 {A w1 4 B A } + ¢ (3.9)
im0
n-2 '
2 1 \ [ Ay f2] 2
and €88 = zroo Z{éi e, [ L [1, 2t, 3644, L] + d

3t[?]

- é.(.lll___f)Z{Ae ® A _i} + P (3.10)
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vhere the i,j-@-” element of &th is ,

1-1 j-1
Gttij =8, 1j is(:.-l—l k) s(J-l,,G) t £
k=l 4=l
(i-1,k)s(j-1,4
® i‘jz Zs - k+z+i) )'
Thus nel :
15(5|A_=.o).==--(--—)Z[i,zi 1 1 A s
: 1 W3 (12
25
{née(A) +Z:AA2 + 3 g (A e+ P (3:12)
( 1) 31 ’
wl :
- %{nz () + RB2L2PY 4 £, (3.12)
and &(8|A = 0) ==—-I]§ }:(A) v o
i=0
2@2 + C)’2 . v (5-13)
2 .

From (3.6) and (3.13) it is seen that 8% is an unblased. estimator of

V(g ), letting & = 0, only if

1
= == . (3.1%)

This follows since, when =0,

n=2 5
s (4 )2 = (n-1)(8) ,
i=o

n-1
and ' ( = A, ) 3512(1\)2
i=o -
Thus, n1'1282 ‘is unbiased only when n = 6, and is negatively biased when

n > 6, given that 2= o.
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3.3.2 The Mean Square Successive Difference of Leag 4

The mean square successive difference of lag £, 4 an integer, is

defined as

» n=4-1 , .
2 1 2
8 = oy Z(yi+t+,6 - yi-}-t) :
i=0 :
g8t = —(-—1 Z[& +t&2+m]2+2, (5.15)
z | 2 n_’z) i : i ces g . .

Let A}S 0, and the expression (3.15) becomes
2 1 2 2 1,522, 2 |
(S|P = 0) iy ) [(B,)° +b, A2+ 3 (ADT]+ £, (3a6)

and &(silae 0) = 27%1—_7) 24, +

= £+ (3.17)
2 _
Example : 4 = n & nd 8ol
le: Let n =24, and 2 0., Then set 75 = 5~ and solve,

L =/ZEE =2, s, nhesg is an urbiased estimator of
2 _ |
VM | n =24 A" =0) .

It follows that the expectation of the average of k such estimators,

Gi » with different £ and given A2 = 0, will be of the form,
. ‘ k )
2 1 2/ 2 2
e(dg)= 3¢ 121 zi(A) +d . (3.18)

Thus an entire femily of unbissed estimators of v(rixsrlzs2 = 0) is de-

fined by (3.18), subject to the restriction,
: k
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More generally, cpnsider an estimator of the form,
. . . . 4
8 = a8, +8,8, (3.19)

where 8y + aé = ]

and where 3(521‘A? =0) = kl(A)2 - o
2

62 AEO)-kQ(A) +

Then, it 1s possible to choose &y and &, such' that

e(f|2 = 0) ma(a)® + &£

Let 8 -as +a282

£rom (5.17), K = %—, k, =2

and from (3.6), @ = n/12 .

 Thus, choose &, = :;" k:% = (n-6 -n—i'g- (3.20)

E (n-21k) 2)'1"‘1'1
<“"6>6 g
(&) = B+ P .

3:3.3 Ihe Sguared Mean Alternate Difference

The squared mean alternate difference was defined by Yates ‘(19148)

as;

1, RN '
E=f (T = Yope * Voue = 000 = Ypeaae) 2 (5.21)

vhere n is an even integer.



| | b1
- n_2 ) . .
1 1, i =0, 2,...
. ':ﬂlus, E = { +-b i} 0, i =l, 3,.0-

n“‘2 2 2
eEs—{zx(A+tq+.n)}+c

e(E|A-o)=-{(zx )+ (zExA)(zzxA)+3(2x )2}

i=0
e
1l o 5,2 2.2 2 '
=E{zM) S BGP -2y P (3.22)

and  e(E]2f = 0) =—{zxAi}2+a
N =3a) + F . (3.23)
Henée; nhé e(8|f = 0) = mn® [%(A) + 02]
| . (v | £ =0) +H9ill§$é£ )

and E is positively bissed for all n if A= = O.

3 3 4 Variations of E

Two variations of E are suggested. The first is modified from

Yotes (1949), k-1

d see = )2 2 (3.2}-1-)

S}
B " &= Z(Vo+1m+t " Vleimet V(441 )mit 1

i=0
where km = n,
Thus Ek is the average of the k squared quantities, defined by

application of E to the k successive sets of m = n/k cbservations. '
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For example, if n = 8 ,

o
l .
o= {[yt BRATE R 5’5+t] + [ylwt " Vst * Vg4p - y7+'b] } y

It is seen that a limiting form of E.k’ n? is the mean square

2
alternate difference
| 2 _1\" 2 i
£ L)n i, (3.5)
(8522 = 0) = £(n)2 4 &
a 2 _

and, in general,

2(E|a% = 0) = 2 (@)% + & . (5.26)

A second variation of E is the squared mean successive difference,

n~-2 o
2
E =z ( z4..) (3.27)
s 2 {0 i+t |
8(E |A = o) a Lr_l_‘.'&)_. (A) o+ 0' (3_28)
and it is seen that E is a limiting form of 82 > 4 mn -1, since
n-2 ( )
A v =Vl .
jmp 1T n=l+t t

3.3.5 Cochran’s Quadratic Estimators

Cochran (1953, p. 180) proposes an estimator based on an average

of sQuared second differences. Following is a modification of Cochran’s
estimator,

2 - 1. o - ,
% = E(H-Q)i (Vi = Bpg4p + Visost) s (3.29)
imo A

o
z
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n=3
. 2
'e(ai) = 31%1'-—27 Z{Aﬁ + ’oAg + } . (3.30)
Then e(E|f=0)adF, (3.31)
, , ne
And e(&|0 = 0) = g 5 ()% + &P
imo
=58P 4 F . (3.32)

It is immediately apparent that the coefficient of (Ae)2 in (3.32) can
be modified by menipulation of the lag, &s in paragraph 3.3.2, or by
squaring sums of second differences as in 3.3.4, so that it is possi-
ble to define a famiiy of estimators based on squared second differ=-

ences. For example, let

E - O (3.33) |
e(s | =0) = & | ‘
3(5%|A? =0) = SEﬁE)E () + F ; (3;5#)

3.3.6 Summary

‘A1l of the conventional estimators are related and can be con-
sideredAto lie in the séme general family of estimators, generated by |
linear combinations of squares of linear combinations of sample differ-
ences. An urbissed estimator of V(MErlég = 0) is developed for all n,
but a more general unbiased estimator of V(MS¥IAP'E 0) was not ob-
tained. | |

A general comparison of782 and E is of interest. In particuler,

it was noted that the bias of E is always greater than O if = 0, so
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that there exist situstions (e.g., n = 6, 22 = 0) in vhich & is
"hetter" then E. Yates (1948) demonstreted that when a;ppliéd. to the
autoregressive function, E was consisténtly smaller than 82 s but
larger than V.: ‘I’c ‘is concluded thet neither has a consistent supe-
riority. (It should be noted that in Yates’ study, E was modified by
an end Vcrorrléction.)

However, the question of superiority among the standard variance
estimators is of little importence. Direct comparison can be made
only in the case of specified polynomials, for many of which (if not
all) unbiased estimates of variance can be constructed. Even so, in
most such cases it will be better to modify the estimates of M to take
adventage of the specified model, than to utilize this knowledge in im-~
proving the estimates of error. For this reason, this line of dixves-
tigation will ﬁot be continued, although it 1s of considersble inter-

est.
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, - Chapter 4, QUADRATURE DESIGNS
 The term "quadrature designs" is used ‘to designate sampling de-
sigpé thet yleld the exact area (definite integral) ’of pdlyno;nials of
specified degree, if measurement error is zero. The term is derived
from the "quadrature formilae” , appropriate to numerical integration
of the polynomials, given the observation nﬁade in gccordance with the
designs. |
4.1 Introduction

b.1.1 The Form of Quedratures

Appj,ica’bion of quadrature, or numerical integration, methods to
‘the general continuous function is dependent on the power polymmia;!.
approximation to that fupctibn > @8 were the .results of earlier chapters.
As before , this approximation is justified byA Weierstrass! Theorem.
In the pz;esent chapter, attentién is given to improved .eséimatgg of
ares under the curve. Reference is made to Xunz(1954,Ch.T), Kopal

(1955,6n.7), Wiitaker ana.Roﬁinson(whh,'cnq)tam Daniel1(1940).
 According to Weierstrass' Theorem (see 1.2), the continuous
function y(T) can be represented,

y(r) =B (7) + x(7) (k1)
where P _,(T) is a power polynomial in T of degree m'. Thus,

b
Maf Pm,('r)d'r +r, (4.2)

a
vhere r can be made arbitrarily small by eppropriate cholce of Pm, .

T
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Throughout this chapter, it is assumed that Pm' is so chosen that r can
be igmréd. That is, y(T) is treated as a power pol'ynbmial of arbi=-
trary degree. | . ' |

Quadrature formulae are of the general form,

Q, -Zwiy(ti) ) (4.3)

where the W, and t, are selected so as to make

i i
b
Qm - £Pm(7)d7 ’ (&.4)

for some m < m!.

4.1.2 Types of Quadratures _
A gi*e_a.t' many spelcii'ic Quadrature.férmulae have been described, of
which several are of par}tic.:ular interest and will be considered here.
1. Let all of the 2n constants in (4.3) be utilizéd. in specifying
the definite integral of B (r). These are called Geussian

Formulae.

2. Let'the t, be selected for convenience, and the W, utllized in

i i
specifying the definite integral of Pm('r). A specigl class of

formulee in which the intervals between the t 1 are equal will
be cons:l.déred here. These include the New'toﬁ-Co?bes Forzmulae

and the Centric Formulse.
3. Ilet the Wi be selected for convenience, and the 'bi wtilized

in specifying the definite integral of Pm(-r) . Vhen the W,

‘are equal, the cless of formulee 1s nemed after Tchebychef?.
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4,1.3 Some Genera} Results .

" When the n sample values of T are arbitrary, say {'bl, Ty eees 'bn} s

then, by Legrange’s interpolation formula (Kunz, 1957, p. 89),
v n .
p,a(r) #) ay(m) () (h5)
7 =7 , . .

vhere, if as('r.) is a perticuler value of a'i(-r) s

o) = ot )l - t)
(ts - ti)'"(té - ts_i)(ts -"bs_l'l)...("bs - tn)('r - ts)
(4.6)
From (4.5), b n o
o Q, =] B _;(r)ar -Zwiy(ti) (%.7)
- 8 - im - -
where
b
W, = ai('r-)d-r . (4.8)
a ,
Further,
* M=Q+R
. ,
- vwhere R = j' (7 - tl)('r " ti.;)"'('r - tn) y(n)(g)d'r ' (4.9)
a ~ = nt ' o S

lt_.2 The Newton=Cotes Quadratures

4.2,1 The Weights snd Their Derivetion
Let"i_t be desired to integrate Pﬁ_l(T) over the range (O ,%), vhere
w/n-l = b, end let {t,} = {0, b, 2h, eve, W}. Numerical integration

formilee for this case will be designated, @) .



Then, let ,
' umT =% s
i
so that (4.5) can be rewritten,
Nel
pa(a) =) ag(@y(e) (4.20)
: 7 im0
(_l)n.-l-su['n] '
where a,s(u) = TS TTEs) (%.11)
N w o _ ne=l
Thus, Q, = J; Pnfl('r)d:r = 1«.{ P, (u)du
n=1 : : :
-) wrls) (4.12)
, im0
o=l ' ,
vhere W, -.h {aﬁ(u)du . (4.13)
Similarly,
' el ‘
R = i J ui’f‘_? 7™ (¢)au . (3.14)

(For a general treatment of remainder terms, see Section h.7)
A nurber of formulae belonging to this group are in conmﬁn use,
ineluding the Trapezoidal Rule, Simpsoné Rule and the Three-Eighths

Rule. These ave all defined by the basic formula

‘n=1 :
Y aB) A y(t,) , where A, mA_
S AR AV 1 ™ Snedel 2
© imo '

with appropriate coefficients of the formulae up to n = 7 given in

Teble 4.1. A more complete teble (to n = 21) is given by Kopal (1955,

p. 536), in a slightly different form.
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Teble 4.1 Coefficients of y(ti) in Newton-Cotes
Quadreatiure Formulae

n Ay A A A c
2 1 - ' 2
3 1 4 3
4 3 9 8
5 1k 6k ol » L5
6 95 375 250 288
7

41 216 o7 272 140

4.2.2 Use of Two or More Conventional Newton-Cotes Formulae in Coiibi-

nation

It is cormon in practice to construct gquadrature formulae by
lineax coﬁbination'of other formulae. Of particular interest is the
practice of'construcfing formulae for a large number of ordinates by
successive application of simple formulae to sections of the range.

For example, if n = 21, it is possible to partition £he 20 panels in-
fo, (1) ten sets of two panels each, to each set of which is applied
Simpsons rule, (ii) five sets of fou? panels each, to each set of which
ie applied the rule for n = 5, or, (i11) four sets of three panéls éach,
and four sets of two penels each, to eéch set of which is applied the
appropriate formula.

The remainder term of such & constructed formule is comstructed
accofding to Property T, paregraph 4.7.1. That is, linear combinations
of NéwtonFCotes Formulae of degree m have remainders of degree m
with numérical coefficients which are linear combinations of the nu-

merical coefficients of the remainders of the compbnent'formulae.
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4.3 Gaussien Quad:ba‘bur'esA

_ The Gaussian Foﬁulae are the most general and powerful of the
quadrature formilee, as all 2n constants on the right side of (»4.3)
are selected so as to specify the definite intégral of Pm('r). Wi'bh
en cpnstan‘bs s it is possible to completely specify the ‘definite in'be;
~ gral of & polynomial of degree én - 1, A sketch of one approach to
the derivation of these formilae fo:t.'Lows.A (See Kopel, 1955, pe 352
and Whiteker and Robinson, 194k, p. 159.) |

Given B, ,(r) defined over the interval [0,v] end n distinct
arbitrary velues {t 41 in the inmterval, it is possible to uniquely
specify & polynomial, Fn_l(-r) , such that Fn_i(t ) = Paﬁ-l(ti) for all

t, € {ti}. Further, (v) can be written,

Fon-1

P, (1) mE_ (1) + (7 = )1 = £)ei(r = 406, (1) o (415)

Hence,
W w
J‘Pan_l(q-)dr = J‘Fn_l(w)dr )
o . o
iz Jr = 6)0r = t)enelr = £ J0_y(mar =0, (4.26)

It turns out that the {ti} satisfying (4.16) are the roots of the
Legendre polynomial of degree n, sultebly transformed. from the range
(-1, 1) into the range (0,w). Given the velues of {ti} , the coef-
ficients, W;, are obtained by formule (4.8).

Kopal, (1955 ,  D. 523) gives Goussian Q,ﬁadrature Formulae for n = 2
to n = 16, The coefficlents and appropriate u{ti} for the first few

are given below, in somewhat differenmt form.



Teble 4.2 Coefficients of y(t,)
rature Formulae, n 5 2, +e0, 6.
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and, values of {t }, Gaussian Quad.-

n A Ay A tl/ v ta/w t3/w

2 1/2 (1 - -33'-

3 5/18 L/9 %(1 - % .50000

b 17395 .32607 06943 33001

5 .11846 23931 28444 .0k691 23077 . 50000

6 .08566 (18038  .23396 .03376 16940 .38069

: . n .

men o = ZA ;) (4.17)
- d=l
wheré Ai An—-i -;-l

4.4 Tehebycheff Quadratures

The third conven’cibnal type of quedrature of particular interest

is that named after Tchebycheff. In this family of formulae, it is

‘specified that all weight coefficients be equal, and that the {’bi} be

selected so as to specify the definite integral of a polynomial of the

highest possible degree. Referemce is made to Kopal (1955, ». 7).

Salient features are:

i, Degree of the formulee is n, by definition.

(Actually, degree

is (n) or (n+l), whichever is odd. ) Only n-1 of the weight coef-

fic:.en‘bs are arbitrary (equal to ‘the other) , leaving n+l constants

on the right side of (4.3) to be utilized in specifying the def-

inite integral of interest.
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11. Tchebycheff Quadratures exist only forn &2,...,7,9. For
n>9, no in’cegral velue of n exists for which all roots of
the Tche‘bycheff polynomials are reé,l.
Thus, Tchebycheff Quadratures can be completely sun:&narized in a

brief Teble, modified from Kopel.

Table 4.3 Values of {ti} for Tehebycheff Quadrature Formulae.

n tl/w ’oe/w t5/w ty/w t5/w

2 21132

5 RIS - 50000

i 10267 L0620

5 .7085'75 31273 . 50000

6 .06688 2887k .36668

7 .05807 23517 .3380k4 .50000

9 Lokl 19949 23562 | L1605 .50000

: n
Then, Qg a% Zy(ti) (4.18)

1wl

an.d- ti oYW - tn—i'!'l .

L,5 Centric Quadratures
In séveral of the texts studied, e.g., Wnltaker end Robinson(19hk,
P-. 155) men'tioh is made of Quadi-a-ture Fozmulae based.' on ordimteé— in
the ceﬁtér of the panels of in'bagré:bion, where panels are of equal
length, as in the Newton-Cotes Quadratures. Héwever , ‘these formmlae

were not found in the literaturve, nor was a name associated with them.
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As the formulae are vdvire'ctly applicable to the observations obtained
frbm a Centric Systematic Semple, Section 2.6 ; they are of particular
intere;st here, and fortunately can be derived through use of method-
ology already esteblished. The name used refers to the sémpling
scheme to which the foxmq_ae apply.
From (4.3) and (4.4), let

Qg = i]iy(fbi) =}7 Pn('r)d'r (l#‘.’lQ)
. o

i=l

where t; = 21 - 1)h

2

2

h=w/hn.
Thus, from 4.1.3,
- .
W ’,(E a(r)ar , (4.20)

where a ('r) is defined by (4.6).

‘.'Ehen, let u = (T - %) , 80 that as before,
T h

o (u) = utlgyss (.21)
(s=1)? (n-s) (u—s+l)

n-1/2
and, W, =h { 8 (u)du
- /2

(_1) n=-s u[ n]

(S-l)'(n—S)' f (u-s+1) du (k.22)

= 1 (n,5)u | (4.23)
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where as(u) apt(n,s) [ 1 7, C(k2k)
u
;n-l
n-1/2 : ,
and u = - ; m 1 dus= Rn-l/e) --21- ]
" An A ] 2 ,
% Ha - 52 - X- -;-)2 (1.25)
o 1, Lyn 1, lyn
e [FR - -ECE)

Tt is seen, then, thet b(n,s) is the vector of coefficients obtained

By the algebraic e@ansic;n ’of u-[n] B multiplied by (=1 n"':S* .
- (u-s+l) ° g=l)s(n=8)

Further, one can write,

BY(n) = [b'(n,1)] (hl.26)
b*(n,2)

:b;_,'(n,n)
L B

s0 that' the vec’cor of coefficients for the Centric Quadi'a-ture Formula
can be expréssed,

W = hB'(4) » . (k.27)

Expression (4.27) is perticulerly helpful, as B'(n) is constant
for all formula,é of n equeally spaced abséissa-e » and.' in order to derive

constants for a particular range of integration, it is necessary only
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to evaluate u and the product of B' and u. A Table of Centric Qued-

rature formilae follows. Numerical values of Bn), n =2, 3; «.., 8,
are given in the Appendix. , o

Teble kb Coefficients of y(t,) for Centric Gusdreture Formulse.

n A1A2 A.), Ay o

2 1 ' ) "1
3 3 2 3/8

b 13 1 < 152

5 275 100 Loz 5/1152
6 2223 1251 2286 | 1/1920
T 14.25300 I.ol%6 2.83600 -1.26733 1
(1) (173,215) (6174)  (392,049)  (-175,196) (1/138,240)
8 1.22000 29485 1.95011 L5330k 1

n
Q = ke Z Ay(ty) Ay = An—i-l;l
el

4,6 Quadrature Formulae in Systematic Sampling with Random Stert

4.6.1 General Development

As in Section 2.5 select & value of t at random, i.e., t ~ U(0,1),
and let {t,} = {th, th +h, ..., th + h(n - 1)}. Following the results
of Section 4.5, it is possible to write, 7

W

NORNENOLL - ) W (8)(,) (4.26)

n-t '
vhere W (t) = hJ; a_(u)au .



Hence, from -(LL.27)
W(t) = nB¥(n)u(t)

where B'(n) is defined as before, (4.26), and

- n=t '
ut(t) = J. [l: u, 112: ceny un-l du.
=t

Then let-

R (t) -f B (t)ar = Q(t) '.
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(4.29)

(4.30)

Therefore, it is possible to apply numerical integration methods

to data collected by systematic sample with random stert. Whether

this is in general an advantageous scheme cannot be here stated, as

an attempt to evaluate R(t) was unsuccessful.

It is shown in Pare-

graph 4.6.L4 that in a pai'ticular case, ER(t) is not identically zero,

so it can be stated that the procedure does not provide unbiased

estimators, in general.

4,6.2 ‘The Special Case, n = 2

From (4.29), letting h = 1,
W(t) = B(2)u(t)

2«%
vhere u'(t) = _f [1,u] du,
o=t

\r
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Thus,

ot

4.6.3 The Case, n > 2

Iet £ 20, h =1, n>2, end consider systematic sempling with &

random stert. The integral over the range (0, n) can be seperated in-
to three :l.'ntegr_éls, (0, t+1/2), (t+1/2, n =~ -Z- +1t), (0~ g- 4+ t, n).
The middle of these cen, under the assumption R 0, be'represented

‘by the Centric Quadrature formula of degree 1,
n-1
C
Q = Zy(ti) J
which 1s simply a sum of formulae of the type, Q,Jc_ .

~ Also, a quadrature formula of degree 1 for the sum of the two end
j.ntegrals » in terms of the two end observations, can be constructed by

the method outlined in paragraph 4.1.3.

L a n
Wl-%z‘—_-_gn{g('r-tﬁ)d'r +{(T-tn»)&7} »

gt (- e fir -]

vhere & mt + 1/2
'bin-3/2+t
-

Y

t mn=-1+t.
n
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Thus,

s Be=1/2)] (531

W(t) =

H Beee . H

_n(t - 1/2)

ne-l |

is & set of weights for a gquadrature formula of degrée Ll vhen t is
selected at random. This will be recognized as the continuous ana-
logue to Cochren’s (1953, p. 172) end corrections. Also, the result
of Paragraph 4.62 is obtained by setting n =2,

It will be noted that other "emd corrections” can be devised as
quadi'ature formulae of degree 1 by the simpie expedient of modifying
the segments of the integral. Also, it will be noted that one can,
in general ,7 cqn'struct: "end corrections" as quadrature formulae of
higher degree, and that the process .is a direct application of the
general process of gbonstx_'uction of quadrature formulse for systematic

samples with a random start as developed in Paragraph 4.6.1.

L,6.4 Properties of Ql(t)

Some properties of & t[Q:L(t) - M1, Ql(t) defined as in paragraph

4,6.3 are of interest.

%[Ql(t) = Z[atigwiy(ti)) - Mi]

vhere [ et;(Wiy(ti) ) - M ] =0, i=2,3 ...,n~-1,
i _ ‘ .

$0, i=1,n.
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Henée,
v&t[oq_(t) - M] = (== ) {J‘ (t, 1/2)y(~bl)dtl -njrfl(tn - 1/2)y(tn')dt5} '-

(k.32)

An interesting interpretation of (4.32) is,

t[Q’l(t) "M] = (o1 ) {n] 4)1(’°) ""] M [4’ (v) 31}
o | | (4.33)
where ¢1(t) 1s the mean of a random varisble t,, O < fl <1, _with
density function y(tl) /M:L , and ¢n(t), is the mean of & random veriable

tyn=1<t < n, with density function y(tn)/Mn . It is seen by

n’
inspection that 8t[Q1(t) - M] = 0 only for sPeéial_ cases, and that,
in geng—:_ral,Ql(t_) 1s a biased estimator. Another useful expression for
the bias of Q,l(’c) follows the methods of Chapter 2, where again
t ~ U(0,1),

&, [Ql(t) - M] = ( [A: ~ Al 1] e t(t - 1/2) T(4.34)
(6 - 1)( - 1)

tD{J (t = 1/2)
- . -

n=2 . ., Ne2 > n=2 s "

’ : N BN - U [l 1
(—‘n_-) Z Ae -J;. z A. =t 2 A. see ( - "“)
n-1l [im 1’ 2] ) i’ 50 1=0 + ]A ) 5
1

Iz -1

11

(-5

-2 o L

: | : Z A, 1 n=l
e[Ql(t)-MlAlfs o]-- z?-l-) 1.221 - 5 2A2+__EA3

1=
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. In comparison, Vusing for estimator the quadrature formula of degreé 1 »
6riginally d.esignated as Ms o’ the bies of ﬁhe centric systematic V'Sample .

is, from (1.18), A

(8, - ua' = O) = [.%.' 2, & ]

oau—'

n=1 :
L 2, n>
= -=F LA +
BEE A TS

=5e o) -uatso].

Thus , b:.a,s;-vrise » ‘the advantage of the end. corrected" systematic.ran-
dom sample estimator :Ls open to gquestion, as this bias is twice 'bhat
of the centric systema'bic sample estimator, when ALF = 0, and both
. e_ﬁzrstrﬁngtors”ai-e_ quadrgtureri‘omrzlae of degree 1. A gene;-a;‘cpmparison
of these ‘two 'biases was not accomplished, and comparison of varilances

will be d.eferred. to the chapter (5) dealing with general comparison

of quadrature des igns.

h- 7 Remainder Terms in Quadrature Formulae
It :I.s generally ;possible to evaluate the remainder. of a quadra'bure
formula. This subject is treated in some depth by Kunz (1957, para-
graph 7.10"e{nd 7.11) ahyziw.dr.‘py Danieil (1940). Some properties of re-
meinder terms are sumarized here, and terms are developed for the

formulee of interest.



61
Define
: W _
re(r) = [P(r)ar - Q(r)
: .0 . .
where Q is any quedrature formulea, and P(r) is a polynomial of

arbitrary degree.

4h,7.1 Per'_hinentvPropertiv_e‘s of Quadrature Remainders

1. A quadreture formila is said to be of degree m if
R® 0, k <m
" ;4 0, k>m 7

2, A quadrature formula is said to be gimplex, degree m, if,

given that Dm"'l ié continuous in the range of integration,

' RP = 0 implies D’;”l =0,

vhere § is in the range of in'begrati_o-n.

5. The reﬁginder term of a simplex formula, Q, of degree m,

: éan be obtained by
RP = Rxm-mDmfbl (4-55)
4, The re.mainder term of & simplex formula, Q, of degree m, in
vhich the ebscissae are equally spaced, cen be obtained by:
me_1l e tm+i] | '
RP(t) = n D, . [u du (4.36)
L) T 1 ‘ '
5. The sign of & quedrature formula is said to be the sign of the

coefficient s C, in the remainder term,
RP = CD?H'
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6. The sum of simplex formulee of degree m, all of which ere of

the same sign, is also a simplex formula 6f degree m,

7. The remeinder of such a sum of simplex formulee is given by

R ach_D?"'l | | | (437)

'whers; _'bhe C are the cqefficients of t_he remaind.er te:_:'m.s of

i
~ the composite formmlae, and § 1s in the range of the new

formule.

4,7.2 Properties of the Formulae Here Used

i. The Newton-lCo’ces formilae are all simplex (kunz, p. 143) .
Further s the degree of the Newton=Cotes formulae is elther
n=-21o0rmn, and is always oé.d. |

il. At least some of the Guassian formulee are simplex, Daniell
(19%0), although proof that all are simplex was not found.
Further, Kopal (1955, p. 351) gives the remainder of the .
Geussian Formule in the form (L35), which follows the simplex

property. All are of degree (2n - 1).

iii. Nothing wes ifound_ regarding the simplex na'ture of Tchebycheff
formulee. The remeinder term given by Kopal (1955, p. 119),
is also of the form (4.35). All are of degree n or n + 1,

. whichever is odd.

iv. It is proven that the Centric formulee are simplex for n even,

but proof for n odd was not found. Degree is always odd, either
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norn~1, as in the Newton-Cotes formulae. It is assumed
that all are simplex and that the remainder can be obtained

by either (4.35) or (4.36).

71+.7.3 Remainder of Interest

Remainders of inﬁerest are sumerized in Teble 4.5. A general
coment oy the remainder terms is in oxc.i.er;_ They do not provide com-
parison for any spec_ﬁt.fic function or interval, but rather for some
"average" over all intervels and functions. In a specific case, an
"inferior" design, as evaluated by the remainder term, may actually
be superior by virtue of the particular velue of § fulfilling the

mean value theorem.



Table 4.5 First terms in the expension of remainders of the basilc
quadrature formulee., These can also be interpreted as
"average" remainders under the mean value theorem

6L

Quadrature D2 wo* 3w D0 woo ot
Formula n 2110° 110" 6110" 810°  10110°
Newton-Cotes: 2 | =16.6667 " ” "
3 -8.3333
4 =3 TO3T
Q 5 -3.7202
6 -2.0952
T -2.5536
8 =1.5772
Centric: 1 8.3333
2 2.08%3
3 3.2407
4 1.6764
Qg 5 2.6546
6 1.5946
7 - 2.5875
8 L2311
Tchebycheffs 2 5..5556
3 2.0833
L 2.6L455
o 5 13434
6 1.9841
T 1.1293
9 1.0767
Gaussian: 2 5.5556
' 3 3.57L4
¢ L 2.2676 |
' 5 1.4316
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4. 7.4 Relationships for Repeated Sempling

The following relationships are useful in converting the remainders
Qf'bés_ic formulae into general remainder terms for repeated appli-

cationr of the seme formula ,alopg an interval.

A ]}.{et Rk be the remaind.err term for the basir_: formula of k obser=-

vations and R, be the combined remsinder term, such that

R/Dm+l ZEId/m'l'l ,
@ere%-Ch ZDm'EL )

which can ”be rewritten,
m-l-e ml

Rki = C W D§1 ‘.
ihen; AF T w 3?/1«:; ¢, = cl/km .
end if h =w*/k-l s é,s in the Newton-Cotes formulae, then
o c = cl/(k-l)m*e
It follows thet if h.= w/n, vhere v = nw/k is the length of the new

composite interval,
R /ng+l chhmw

- fou™e
-(—,;)( =) e (4.38)

= (-f-;)m'l G'awm"'2 (4.39)
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n=l %
Bl W, a8 in Newton-Cotes formulee,
then one need iny substitute (n—l) end (k-1) for n and k in formule

(4.38) and (4.39).

Similerly, if h = w/n-l, where W = =~

4.7.27 Remainders in Terms of A

By the general :eiatigship 'betweenrDi and Ai » one can write the

expréssion for the remainder of a formule of degree n,

R = ™ m+lm<m”1 (4.40)
| ‘ (m+l) o S
(vher R g i
where RX' - is defined over the standardized interval, i.c., B = 1)
and letting A% = 0, as ’
‘ m+1 e+l
R, = RXm (k1)
mifl :

Note here that ls necessary to require Am+2 = 0. Otherwise, § satis=

fying the mean velue, A?ﬂ » may lie outside the interval of interest.

)-l-__.7.67 The Truncated Difference Expansion of R

- An ide:_rﬁ:iéal resu_it is also obta,inedehen one expands R in terms

of differenées and truncates the expansion. To illustrate , Tecall

that .
n=2 n=2 . n=2 n-2 n=-2
1\ 1V e, 1
neal)w +d) n b)) £+dr) 4 - m?raw ZA B,
- imo ia0 i=0 i=0
| koo
vhere the k™ term is 1—5‘- Zs(k,;a) [ tlat .
Cgml °
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Then, successive application of the prisz_nbidal formulae s Qg, to the
n « 1 panels of a sample of n observation yields a quadrature formula
of the form,

on *2 {2 b
QE, a&h 5 Yy +yl+y2+...+y =l

vhich can be expanded in terms of differences,

n=-2

-2 ’ ) .
XN R 1 :
Doy - {ifoyi YEEAT (b.42)
N 1 1 5
s, R(Q ) =n{ -G 4o -l ) (4.43)
Then, let & = 0, 4
_ o |
< N -h BF 2 “h(n-l) 2
so that R(Qa,n) ' —l-é- ii)Ai ot -—si:l-—é—l FANN

Recall (Paragraph .u.7.1;) that
Nl

R(Q? )-ZRIE\I:L hrn-l Dg

(n-1) ,2 5_ o
5 N if A O.

L.7.7 An Exemple: = Successive A;ppl:.ca'blon of Smpson’ s Rule

Qg;n’%{yo'*'hyl*aya + oees +1+y 2 +:y' 1} (h L)

1.2 3 I R
I’l{z:yi 122& +"Em mm +9OZA o..}o

n=2

R(Q,5 n) a-hz: {IFS( :L)A;* -%}(%-%‘-)A?_+... }

n=2

='=-h2 {—8— i

Y.

Sy I
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Then, let ’ = 0, so that

R(Q5 2 - =0 I

which is identical to the expression obtained fram Peragreph L. 7 L,
(n-1)/2 5
- h’(n~-1) b

R(%, ZREJ 2(90) 2

4.7.8 Second Expmple
-Consider the difference expansion of R(Q,g n) » the remainder of the
2

third degree Centric formula, applied succeésiveiy to sets of 5 obser-

vations, where n is the total mmber of observations.
C _h :
% =5 {Wh/a * 5 jp + Hoy o }
2 .
1l 2 {
=h {th(i+l/2) g Ah/z} (k. 46)
i= .

where Aas-{Z[A Az-i-gAg-%A?_]-l-%{g}.

Expanding and collecting terms in (4.46), and subtracting from the

expansion of M, one obtains,
2

R(%) {m +Z2 0.} (4.47)
i-o . ’

and
n=1

R’(Q%’E)‘ =-§%§‘{7ﬂg+%}-§i P (R Y:)
o = S

It is of interest that, from (4.46),
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c_.C ,h,2
@ | %G =3 *tE e
S0 that R(Qg) = R(Qg’s) -3 £ /2 . /

!

4.8 Derivation of and:ature Formulae by Least Squeres.

It is readily apparent that one can obtein en estimate of the area

»

. uqder & curve of specified degree by integrating the fitted least
squaresvpolynpmiél over the interval QfAinterest. Further, if this
procedqré is applied to the observations tgken in accordance with a
basic qgadratqre design, then the result will be identical to the re-
sults of the guadrature formulae, by the uniqueness of the power series

expansion.

h.8.l) General Considerations

' . Consider the epplication of the least squares quadrature to n .
dbsgrvations, where n is greater than the degree of the qpadrature k.
ThenQ if y(T) can‘bebrepresented exécﬁly over the interval by & poly-

hpmia;_of degree k, and there is no measurement error, then K2

degree
quadratures applied to consecutive sets of observatiqns (répeated
applicayions) Williyie;d a result identical to that of a'kth degree

. least sqnareé polynomial ofer the interval.

It mEgsurement error ig present, and the degree of the funption is

. k, then each of the sub-gstimates_, ﬁi, will be an integral of an indi-
Yidual estimate ofrthe pblynomial. If the.polynomial is truly constent
over the entire interval, then the léastrsquares polynomial fittedipver

all n observations constitutes a "good" average of the possible esti-

mates.
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| | w
I 'bhe _po;Lynomial changes between the sections of the interval to
which the\bavsic formulae are applied, then the above result does not
hold, _ in general. In fac'b s apprecisble changes in "l:h_e polynomial ne-
ce_ssitaterstratifigétiqn at the points of change, whether least squeres
or quadrature methods are used. The replicated application of quad=

ratures in the next chapter f£it this situation.

4.8,2 Orthogonsl Polynomials ' |
Use of or‘chogoh_al pol;mpm:l:als in deriving least squares quadrature
formi;;l,a.e wher} ordinates are equally spaced allows use of existing
tebles (g.g., Anderson and Houseman, 1942), with a great saving of
lebor. Iet - '
U= [ Hmax
= [ xtaxp
vhere Y = .}_C_'Q_J.-l- €
I=XB+e
=g+ g
where E'= X'Q )\
and QA is the orthqgonaiiziﬁg transformation.
men, B = (g7
These enti’cies can be defined variously, 'l:hough’ for the present
app]_.ication, use is faciliated by defining the X varigble to have mean

zero, so that, from Anderson and Houseman (1942),
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ne-l
g& |1 o -5
1 0
1
L.

and A = 1
N
Ao

N

3§n2-12§n2-22
560

and the necessary ) and £ are tebulated.

Then, M -J' ggé_*d £

= [ xtdx | {or(ean™ } X

In (4.49), the term in curly brackets is. fixed by n and the degree

0 L3R 2 2N ‘

15n1*;250n2-l+o7

1008

(4.49)

of ‘the :I:‘ornmiae, end the term in square brackets is Vde’_cermined. by the

interval of integration.

brackets when n & 3:

To illustrate, consider the term in curly




1 0 -8/2|[1 T 1/3 = 1 2
1 o || 1 1/2 -l 0 1
1| 3 160 1 2 1

1 0o 2[5 5 15| (0 1 o |

1 0 -i/e 0 1/2 = |-1/2 0 -1/2
3 1/6  -2/6 1/6 1/ -1 1/2 |

— e

- L . -

Then, in (4.49), the term in square brackets, centric sample, is

| _Zi [1x 2 | ax =30, 9/ ].

Hence, Qg -[5, 0, 9/&] 0o 1 o
| -1z 0 -/2| X
1/2 -1 1/2

- [g , _g, %] Y, as before.
Similarly, to obtain ng, one integrates,
l - ) . 2 v -
J;[l,"x,xa]dx-[e,o,s] ,
from waich, ng a[ 2, 0, %] 0 1 o

<1/2 0 «1/2]| X
1/2 -1 1/2

-[ 1/3, /3, 1/3 ] ¥, also as before.
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4.8.3 Ceses of Particular Interest

e orthogonal polynomisl method is of perticular interest in ob-
tainipg quadr#tp:;e; fo_x-:;nﬁ.ae in special cases of equally spaced ordi=
nates, but mﬁfsymetriéa;ly‘ placed limits of integration. In ad~-
dition, the procedure is quite usef‘ul when one desires & quadrature
o:f‘ » say, kth degree, fit to n equally spaced observetions. To illus-
trate, consider a third degree Centric quaedreture £it to 5 obser=
vations, so thé.t the term in ¢ﬁrly brackets is, (since the considered

integral is symmetrical, the cubic terms can be omitted}):

1 o0 = |[a 1T 1/5 N ;ﬂ

1 0 1 | 1/10 2«1 0 1 2

1 1 1/1k |1 2 -1 -é Qi 2

o 1r O, ]
1/5 0 -1/7 1 1 1 1 1

= 0 1/10 0 2 < 0 1 2 -

0 0 1/1k 2 =1 2 -1 2
e I O -

-

/35 ;é/as s 12/ /55 ]
= -1/5 71/10 0 1/10 1/5
1/7 -1/14 -1/7 ~1/1k 1/7

and the term in square brackets is
5/2 ‘ ' . '
j [1, %, @ ]axa[50, %]
=-5/2

[ -, 269, 2%, 169, - Lk lz. (50

9
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Chapter 5. OOMPARISON OF QUADRATURE DESIGNS AND THE CONVENTTONAL
ESTIMATORS OF SYSTEMATIC SAMPLING | '

5.1 Imtroduction

Several diffiqu:ties are encountered in making a general comparison
of vériange (mean square error) of the considered formulee. If one
compares thc_:ée "ba%sicr formulae of fixed number of ob_sem’cions > then
'_t_:he degree veries, and the R2 are not directly comparable. If one com-
pares formilae of fixed degree, -then the nu:tnber of observations , and
cost, veries. Also, designs requiringvungqually spaced abscissae may-
be considg:pedrmpre costly than those of equal spacing. Lastly, the
case of tmr-;st_age sampling _compiica-‘bes the comparison of variance of

a :fg.xed. guadrature design with that of conventional systematic random

sampling.

2' L.l The Genera.l Expression of Mean Square Error of a Quadrature

Design

s before » the model is

| vy mylny) + e |
vhere y(r) is a continuous function of v and &e = 0, 8@_2 -, and

8ei€j = E), all i % J. Then Q is any quadrature formula of degree m,

n - n

Q -Zwiyi =M~-R +Zwi€i .
L=l fml
It follows that . ‘
2 2.2 '
e @-02 e+ L) e, (5.2)
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in the case of a fixed design, and
va(t) =8, [ Q(t) - M] =2 Ko(t) + aaetZwi(t) (5.2)

in the case of a randomized design. For brevity, the €’s will be

‘dropped from most of the subsequent development, but should be "under=-

stood" to be present.

5.1.2 "Types" of Comparisons

In order to put the first part of the problem in perspective, con-

sider comparisons under the following conditions:

i. ™ 20 , but D" # O, where m is the degree of the formulae being
compéi'ed.'

1. D" 4o, but 0™ = 0. In tuis case, the bias term (-R) in-

volves the product of & known constant and (D*™), which is &lso

a constant over the interval.

111, D # 0. Here one 'can meke “average n comparisons, in the sense .
of the mean value, D?H' s or specific comparisons, but not gener- '

al. ones. -

Under (1), the variance of formulae of degree m invoives only the
term 0'2 B sé %ha‘b comparisons are readily ﬁade among all such formulae‘.
(ﬂ?lle additiopal problem of unequal numbers of observations is dis-
cussed later.) |

Note, however » that all formulee of degree m' > m are also comw
pareble to those of degree m, as they also imfolvé only thé terms in
02. Thus, glven 'bhaf o™ L = 0, selections of the appropriate formula

should be from all of degree m and greater.
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Under (11), comparison of formulee of degree u'> m 1s cbserved in
the jﬁreced:t.'ng pareagraph. Consider comparison of two formulee of degree

mand m + 1, having V, and V,, respectively.

17" 2
VJ_S__V2
. 2 2
if le+slc _<_ch.

Now, under (11), R = CD?‘*J', so thet one can meke an exact comparison
if one can specify the ratio Dmﬂ/ & , as follows:

V.

13V,

if CDm+l/02+a <a, .
y o TH =%
Such comparisons will be considered in terms of specific formulee in
a later section. 4 » _ 7
Und.err_(‘ii:r!.-) » 1t has been shown that one can develop the general
seri?g expg:_asibn of the remainder terms. Such an expression may be
qn’:f_in‘”cezfesfc, but_ its utility mey be questioned. To illustrate, let

two formlee of degree m be compared, and let,

= ! b(m-l-l)
g

R
: !
: v galmHL) \
o | and R m2 ] ,_GQ ZA ‘
where 4, and -'?’-E are vectors of constants
ang sa@) o [l
: pAe
Z‘Am+5
3

Then, for any given ,_e,_l and &2 and a giveri ‘2(_3_(m+l) » one can determine

ﬁhether Rl or RE is smaller. However, & general comparison is .«
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impossible since for a fixed &1 and ,g,_e , the choice be’cween'Rl and R2

will depend on “Ehe choice of z_é(n+l), i.e., on the specified function
and intérval of interest.

However, it would seem generally admissaeble to choose, in the first
place, & design of sufficient degree to account for all terms in the
expansion known or assumed to be of apprecisble magnitude. In geﬁeral,
it will be considered that the primery problem posed by (iii) is deter-
mination of the minimum degree which will allow acceﬁta'ble approxi- :

metion, so that all comparisons, as such, will be of type (ii).

5:.1.5 The Relative Value of Two Formulee of Degree m

The relative "value" of two formilae of degree m can be directly
evaluated in terms of mean square error (V) if the two formlae involve
the same "cost." Cost differential may oceur if one sampling scheme is
more difficult to execute than another or if the numbers of obser-
vations are different for the two formilae. It would be impossible to
define a generally appliceble cost function for, say Tchebycheff quad-
ratures as cqmpared to Centric, as such a function involves a subje_c-
tive element peculia.f to & particular application. For this reason,
no attention is here g_iven ‘to this problem. The problem of unequal
numbers of observations is more generally defined, and /is considered.
Comparisons can be mede inciependen’c of the cost function in n by the
expedient of evaluating composi‘be formulae, such that two composites
constructed from basic formilae of unequal numbers of obServa«‘:iohs,

" have the same to’caa.,‘ number of observations.
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5.2 _Comparison of Quadrature Designs

5.2.1 Comparison of E-

In comparison of R? of two composite formulae of degree m, each of
L
the type, w = kw/n, (see Paragraph 4.T.4), where C,, is the appropriate

constant defined by C, in formula (4.38) for the remainder in the

1
- numerator, and C,, is the comparable constant for the remalnder in the

denominator, and where the k’s are also defined as in (4.38),

2 2

S -

Rz k0

so that one or the other of the composite formulae has a constant ad-

» constant for all n, (5.4)

ventege so far as the Bias term 1s concerned. This can then be treated
as a characteristic advantage for that basic formula.
However, if one of the formulse beingrcompared, (say the first) is

a Newton-Cotes, having the relationship, . (k-1) w/(n=1),

2
2 m41
then : fg:g = (k2)(n l)m+1?11 D (5.5)
Rz- (kl-l)(n) 012

Thus, for tvb gspecific formulae, with specified cll’ 012, kl and k2’
one can solve (5.5) for n', such that the Newton-Cotes formule is

superior for all n > n', and inferior for all n < n'. It is noted that

2 .
if ( C11 ) ‘< 1, then the Newton-Cotes formula is always inferior.
-1 : ,

12
A more satisfactory comparison of Newton-Cotes formulae to other

fqrmulae canjbe méde from the coefficientsAof R? in Teble 5.1. For any

n, it is possible'to directly compare formulae by multiplying the
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tabled Numerical Coefficient of the Newton-Cotes formulae by
E%T 2(m+1), where (m+l) is the exponent of D in the constant term
of R.

Note that comparison of two Newton-Cotes R’s also yields a con-

stént,
2

e, L Uty
o, 2

2

: (5.6)

5.2.2 Comparison of Coefficients of o

In comparison of coefficients of 02, one can again consider the
coefficient for composite formulee of equal n. Let C(n) be the coef-
ficient of o= in a composite formula of n dbservaticné,'and ¢(k) the
coefficient of the basic formula. Thus, if composite formulae are of
the type such that any observation (ordinate) is used in only one appli-

cation of the basic formulae,

k
o) = ¥ ) W (5.7)
1::2121 1 N
X
o) )W
isl 7 |
erd nC(n)/w = KC(K)AF (5.8)

That is, the coefficient of wgog/n'ié the same as the coefficiemt of
ggoa/k. This reletionship (5.8) holds for all formulae considered,
except for the Newton-Cotes formulae, for vhich the following expres-

sion is appropriate
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k=2
¢(n)/;2 = 2w2 + (n-f-‘%)ZW?_ + &-(%_%l Tf
iw) B
kel o
= (n‘l) ZWQ + -(——)'ekfik Wi .
e o |
-1

- o n 2(n=k) - }
sewce 0(a)/,2 = ey { )+ AL (5.9)
' ’ ‘ 1m0

‘It'is seen,iﬁeréfore, that the coefficient of wgog/n is constant
in n, for all permissible n, for any given formula except those of the
ybwtonfCotes type. The reader is referfed to Table 5.1 for & stumary

of these terms.,

5.2,5‘ Exemples of Cog@a?ison anR?

To illusfrate the general procedure dfrcomparison of remainders
(or squered rempinders) in series form, recall

i. from Paragraph l.4.4, the remsinder of the first degree formula,

' Cc
Mo ™ Q1,n

n=l
R =-n[Eaae-g) ] g
| n=lL ” ] :
mh DA 0
ill)_‘i 1/12 .
| -1/8 | (5.10)

T3/240




ii. from Paragraph 4.7.6, the remsinder of the first degree

formula, an
2

ne=2

N '
R(G,n) *hEAH

lw=o

81

(5.11)

iii. from Parsgraph 4.7.8, the remsinder of the 3rd degree formula

.
L5

5,1

ne=l

M% )--hzg

i-o

:(5.12)

iv. from Paragraph 4,77, the remainder of the third degree formula,

N

%0

=2

R(QI%T;#) &h 2 A

Ldo

i

-2/15

0

0
-0

11/12

O

(5.13)

It ‘would ~appear superficially that detailed compalrson of the two

Centric formulae, (5.,10) and (5.12), with the Newton-Cotes formulae

(5.11) and (5.13), is readily accomplished, end that one need only
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specify 24, .

fact that "_bh_e:_cé are n panels of integration, and terms in the sumatlon,

However, there are several difficulties, all due to the

for the Centric formulae, but only n - 1 for the Newton-Cotes formulae.
Thus , »hhg-vw/n_ for Centric and h = W/;a-l for Newton-Cotes. Further, the
differences in the formulee are defined over the respec.'bive interval,
It is possible, by the methods developed earlier (Se_ctionrl.h) and
variéus;l._y‘ used, to express _}:Qi, as defiﬁed for, sgy, Newtoﬁ-coteé'for-
mulee in terms of z_él ' d.e:_E‘ined' for Centric fom:_léé ’ by which devices
one could meke detailed comparisons of the formulaé. However, suc_:h
modifications are 'very :invplved,var.t' best, and it would ‘seem thafb the
only _pracfbigal comparison of Newt‘on-Co-bes and Cen’cricl quadratures of
dégree greater then 1 is limited 'l;o 'bherfirst term ,i‘nr the remainder.
As earlier indicated, _thj.s can be interpreted either as an exactrcom-
pa.:isgp u.nd.grr the assumption that higher .differ‘eﬁces are zero or ‘as' an
"ayer_agef' comperison in the sense of conventional remainder terms
evoking the ‘mean value theorem. Vhen modification is mede fqr_nm:ﬂoerr
of terms in *he qunation and the length of ‘che panels of :.ntegra:bion,

(5 10), (5.11), (5.12) and (5.13) become:

we - e 2

K ‘ ‘
R K=0)ametf a =1 5.1k
(Qa’n‘ , ) 12 12'§n41?2 (5-14)
R(Q,g; A2 = o? - o 8 2‘;:12' D (5.15)
N 1,5 w4 -w5 L _
R(Q K e Q) =« A = y D 5.16
( 5’“‘ ) ) 180(n-l) (5-16)

Rv(Qg;n|A5 =0) = é%‘lh - :l“z-[; D (5.17)

640n
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It is seen, then, that in comparing formulee of this ‘type, in which _
éeries_expansion of the remainder term is relatively eésily obtained,
it is stilllexpedient to resort to thevconyentional form of the re-
maipder in order to meke & proper comperison. Therefore, developmept
of the series expansion of the remainders will not be necessary, and
the method of Paregraph 4.T.k is used to obtein the coefficlents of

B in Teble 5.1.

5.2.4 Vniscuss;pn of Coeffigients of_qg in Formulee of Interest
Fpliqwing thévgeneral congiderations of 5.1.2 and the developments

of 5.1.5, comparisons of the coefficieht of wgog/n are of i%terest.
Reference is made to Teble 5.1 and to equations (5.7) and (5.9). It
is seen that meny of the formulee have‘coefficients‘iﬁflated no more
than‘lﬁi over the minimum, 1. In particular one notices that Qg, Qﬁ,
Qg,AQg, and:Qﬁ (in eddition to the Tehebycheff formulae which have co-
efficien@s ofll,rby définition) are good in ﬁhis respect., |

_ Also,vit is noted that the Centric formulaeAareréonsiderably better
thanfthe Néwton-dotes formulae for small n and 3?@ and. 5th degree for-
mulae, but the 7th degree Centric formuls is epprecisbly poorer, rel-
atively., Surprisingly, the Gaussian formulae hold up well for those

considered.

5.2.5 Discussion of R in Formulge of Interest

With regerd to the remainder terms, (Tsble 5.1), the Geussian and
Ebhebycheff formidae hold up well, so that if theréris no penalty assoc-

iated with unequal abscissae, the Gaussian and Tchebycheff fbxmulae are
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decidedly best, at least for formilee of degree T or less. In the
formulae' of evenly spaced abscissae, 1t is seen that no general supe-

riority of one type or another exists.

5.2.6 _ C{en_eral Comments on Comparison_of Mean Square Error

From the two preceding paragraphs, end Teble 5.1, it can be sum-
merized thet for a given ratio, o™ +l/a2 » and & given cost functlon in
n and in the cohfiguration of ebscissae, one can select the formulee
of degree m which is "best." However, : gexreral superiorities do not
exist unless one places restrii;tions on the cost function.

Further, the irregularity of the coefficients in Teble 5.1, 1 .e.,
the sbsence of clear-cut trends, leads one to wonder if there exist
certain formilee, higher than those g:onsidered s whichv will have dei-
sirveble prp;per'bies, This éould. beAexamined by & computer compilation
of thg pertimnt coefi‘icients of formulae to arbitrary degree, and such

& compilation would appear desireble.

5.2.7T Placing Restrictions on Dm

It would be most helpful in choosing the "pest" formile if it were
possible to infer the magnitude of~.,zD?+l/c from & known (or assumed)
}‘._‘.D?/cz , or at least to be able to evaluate theszelative megnitude o:f:‘
_tlie successive terms in the exp»a.nsipn of R. However, this does not

seem possible, short of specifying the functlon.

5.3 Some Specific Comparisons of Mean Square Error
Consid.er the conventional systematic sampling es’cimators, M sc - Ql,
M . and 8lso the end-corrected systematic sample with random sta,rt Q,l(t)
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P g_.g".l The General Inferiority of Q (t)
It was shown earlier ‘that:
1. Bias of M_, was half that of QJ(t), when A)+ = 0,
2, Coefficien‘c of d /n inM  end M _ is 1. |
3. Coefficlent of 62/n in variance of Q,l(_t) is (14 _ n \.
(" )
6(n-1)

It is apparent that Ms c is always better than Ql(t) » and that Qg is
better than Ql('b) for some n and some I)e/cr2 . Further, if p* = 0, &
nurber of higher degree formulse are better then Ql(t.) , at least for
some n. In short, there doesn’fb seem much jus’cifica’cion for the end-
correction formule, Ql(t) s although some of the other formulae of this
type may have better characteristics.
The case of two stage sampling will be treated later (Sec'tion 5 Ly,
. and it will be demonstrated tha.'b in repea'bed sampling the rendomized
designs achieve superiority over the fixed designs vhen replication is
sufficiently great and 027> 0. This result may provide a Justification
for the end-corrected sys’c.ema’c;ic‘ repdom sample s as the end-correctioﬁs
can be used to advantage if one has éystema’cic_ random semples for a
nunber of occasions, and then wishes to estimate the valueé for indi-

vidual occasions.

2._5_. Further Com;pa:cz.son of M to Msr

_ VComparison of M, vith M__, Ql(t), and other higher order Quad-

rature formilae can be made by mse of the results of Sections 2.7, 4.7
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end. the earlier part of Chapter 3. To illﬁs'bra‘be another aspect of
comparison of expanded error terms, in cases in which the coefficients
of 02 are equel, consider,
i)

vQt_|& = 0) =

; |

(& ] P
: 2

V0o, |2 = 0) = Frgy (€)% + P

Ten,  VQL_|& = 0) < V(MSC]A5 = 0) as

f.’i‘é'_)i <1/eho , £ 4o, (5‘.18)
1'12 ( A2)2
and never if Ae = 0, »
 From (5,18) it is seen that the necessary condition (under A5 0)
for Msr ’cgbe f'better" than M_, is for the constant second difference
’;i_a 'be»l§ times the abso}.ﬁte average first difference.; This implies
symmetry of 'l;h_e function gbout the mid-point ofr'_the' interval, and con;-
»stitute‘s a potential rule of thunb in appliéa’cion,
o Similer comparisons between Msr_am Ms o are possible whep higher
differences are assumed £ 0, but little will be accomialished. The
regions of su;perigrity are more cqmplgx » and there is little hqre of
i:inding_working rules., Similarly, comparison of MS, - and higher degree
quadrature formlae would be z:'ed.undan’c s since the _me’chods and ideas
have been developed previously. |
5elt _Compérisons_ under Two Stage Sainpliﬁg
When the designs here cpnsideredr are applied at the sveqo:rv:d,_st_age

of a two stage sampling scheme, the comparisons between randomized
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‘ ‘designs and fixed des;tgns are affected, a‘ltl‘iough conxpariéons among
fixed designs arve mot. Since the only randomized design still under
consideration is Mé?,»and comparisén among fixed designs has already
been treated, the present treatment will be restricted to a comparison

of Msr and M,3 e under two stage sampling.

5.4.1 The Two General Cases

Ewo' "oases™ are recognized in the two stage sampling problem.

i, Repeated sémpling is over different "realizatipns" of the same
functionAand. interval. The %;j are identical for all i; that
is, c_:dngtant for sar.mpled‘occasions or locations (pr:imar.y' sem~
pling un;ﬁ;s). Only the "mgasurement" error, €, éhanges from
;jeal;za,fbionf to realj.zation, and the € are assumed independently

and identically distributed, with mean zero.

i1. Repeated sampling is over different "realizations” of the same
generating process, so that z:éi 3 can be different on aby dis=-
' ’ci_mt ocqasion or loca:pion (prj_mg.ryr samplj.ngr unit). Measure=

ment error also exists, subject to the restrictions under 1.

5.4.2 Case i
Consider an Universe of r*PSU’s, of which r are selected at rendom

with equal probebility. Then define
. . r

Yer. ﬂ’?"ZMsri ’
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vhere Msr 1 is the conventional systematic random sample estimafor ap=-
plied to the ith PSU, where t, the random starting point, is selected
independently for the sampled PSU’s, and vhere,

v, ) =M1 ® [ zareden 4 aa}
ori (-5-) { L ST By + 0y .
Also, define,

nw rn, , the totel mmber of cbservations

W o r!wi , the total "length"of the Universe.
- , _

_ 3 2
Then, V(Msr.) = (:':Ic:"’.') ZV(MSI‘:I.)
i=l -

r
2
s w2 * nho
| —é'z{zéf{jeTo Byy t T
T

Then, under the restriction of case i,

2
e e ng_
v, ) = () {zéqamczéj +B2 1 (5.29)
Similerly, define ,
'\
Mo ™ TZMsci ’
B
| Wl v
s~ [ ] :
vhere V(M  ,) = (ni) {z‘éij QBN + 10 } .
Then under the restriction of CaseA i,
v(u )-(Y-)ere{ﬁs' & 2 Lol }  (5.20)
5C. n o S i I s S ' )

Thus, if one assumes that A3 =0, A2 % 0, (referring to the iden-

tities 1.1k, 1.17) then V(Msr) < V(Msc) vhen
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r> W) 1l 4/5 ;

Thet is, the superiority of M , 1s reduced as the number of sampled
i’SU’ 8 increases , and for su;_f'ficien’cly large r, Msr beconmes superior.
Agein, however, 7 3 /A2 must be specified for an explicit eveluation,

end. choice of d.eéign. ,

5.4,3 Case ii
Consider i'ealizations of a proceSé such that a polynomial of the
same degree is appropriate for the realization characterizing each PSU,
but such that coefficients are subject to change. Then if one samplés

each PSU in accordance with schemes yielding, say Msc énd Msr » then
the centric systematic sample will have the same over-all variance as
if the error were simple measurement error, and the function were the
sum of the reaiizations. That is, vhen r = r1?, |
e+

295'_3,, T3y, + P /n , (5.21)

whereas the error of Msr , when an independent random start is chosen

*
¥,

for each PSU, is

‘.);(Msr;) 2 Z[ m'a o "'iJ ] + P/ (5"22)

\ Tal
(Expression (5.22) follows directly from (2.20), as the sempling scheme

reduces to stratified sampling, with systematic randém;sampling within
strata.) ,
Formalee (5.21) and (5.22) can be compared, letting AB, = 0, 22 #0,

and specifying that A2 is not 'necessarily the seme for a:Ll realizations.



Then, V(Msr.) < %;(Msc.) as

G T R R L | (5.23)
2 "30° o 24 ’
%
2

Thus, the variance of the A™’s end the A’s, in addition to the relative
zhagnitude oi‘ :A:L-/Aa s influence the choice of sgmpling schemes, in case
1i.. (The texrm A is here used to signify% y .) The larger the among
realization variance of Aa and Z, ‘the laréer the ,vallla.e of r required

to meke Msr superior to MS c* Ag in Case 1, 1t is of gréater interest
to consider a semple of PSU’s then to include all in the sample. The

two-stage sample variances of the two schemes under Case ii are devel=-

oped below. o
V(Msrt.) -8 { %ﬁﬂéri B M}
: ies
- : (%*)2 [ e {%ZMi - M/r'}a +& {Z (Msri - Mi)}a]
ies ies
(5.24)

since expectation of cross products is zero. The lest term is the
expression for V(Msr) given by (5.22), and the first is the veriance of

the estimted mean of the M

> based on the r sample Mi .

That is,

vir ) & 0P () + E) vin, ) (5.25)

vhere %(-I(Msr' ) 1s defined by (5.22).
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However, the comparable expression for V(M e ) involves the cross prod-

e[ -] [Toes - Y ]

ies ies les

vet term,

which mey be interpreted as the covariance of the sum of the sample Mi
and the biag of the Centric systematic estimator over a sample of r
realizations. Also, in the case of the centric designs s

(57':)26 [Z Mooy = M) ]2 |

ies _
' RV-PER
'i',',ﬁ(Msc.) - W@(Msci - Mi)(Mscj - Mj)’ 143,

the second term of which is the coveriance among the realization

biases.

Thus, , : _ ' ,

Van, ) = 0P + E0, ) + [Ee () - B H) u) w)]
- ﬁr.’,;)?(ré- r) &(Msci - 1»11)(Msc'j - MJ)], J ¥ 1. (526)

Since both of the covariance terms in (5.26) can generally bé expected
to be positive, no general effect of samplihg of realizations on the
relative merits of the random and centric designs can be inferwed.

Again, all comparisons require specification of the functions.
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5.4, Generelization of Two-Stage Results

It is apparent that the results of the preceding section can be
generalized to cover all quadrature designs under two-stage sampling.
In particular, generalization follows the form of (5.26), with appro-

priate simplifications in accordence with the nature of the particular

design:
r' r! n
VI-(Q) = ._1'12___ = = é.i * T = 'éij + CW20’2/IJI‘
,r"rne i=l jsl i=l j=1 »
- ' ’ Vﬂ'
+ PV + )7 e [ZM{':'I':I'] [Z(Q‘i -u,) ]
ies - des
- (2")3(z! - x) ) '
e(q, - M;)(ay - M) , (5.27)

r

where Ef is the appropriate matrix for the square of the difference
expansibnvof (@ = M) and C is a functidn of the particular design, as
described in:Téble 5.1. It was earlier shown thafbtruncation of this
expresgion to the first non-zero term is equivalent to utilizing the
conventional remainder term..

It is anticipated that (5.27) will be of value in desigﬁing two
stage samples. 'Mbdificationé in design at the first stage may be jus-
tified when festfictions éan be piéced on the M,. For example, certain

1

knowledge of the M, might lead to_a'systematic selection of PSU’s.
Such designs are not considered here, though it is apparent that the
present results are directly applicabie under stratification at the

first stage.
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Teble 5,1 Components of mean square error, B + P /n, of Quedrature
Brmilae. The general term refers to repeated application of the basic

formulae along an interval. R for the basic formula is easily ob-
tained from the teble of remainders, Teble 4.5,

Coefficient of W 0'2/11 ' . i
8 Llimit Coef'=

Formule Bagic General. n- 00 ficient | Conmon Term
N2 1| % n(en=3)/2(a-1)? 1 2., 7778°

cil% 1 1, .60k | 10-2 w3D2)2
Q, (¢ L/3 14n/6(n=1) ~ 1 f 12

N(3) [1.5000 2n(5n-6){9(n-1)2 , [ ,1.77785

N(%) [1.2500 | 3n(lln-1k)/32(n-1) 1.0313 | 9.0000 2, 5 bo

c(3) |1.0513 1.0313 6.800% | 207%(wp

c(h 1.0069 1.0069 18,4177 (&,nﬁ)

a(2) 1 1 < T90L *

T(3 1 1 2.8476

N(5) |1.437 | n 1.1793:1-1.57283/({@1 21,1793 | 2.3218°

N§6; 1.2277 n21.0666n-1.2842 / n91;21.o666 10, T T4 . D6 2

c(5) |L.258 1.258 : 17.2043 (--3)

c(6 1.0609 1.0609 s 553501 in

G(3 1.0556 1.0556 06778 -

T(k 1 1 L.1l7h2

7(5) 1 , 1 L, 4061

i : 2 b :

N(7) [1.7075 |n(1.h922n-1.6637 /én-l > L hoee | 1.839 8\2

Nfsg 1.2883 n(l.l537n-l.3388;/ n-lg2 1.1537 8.2668b -10"5("9D ) :

c(7) |2.9766 | 2,9766 22,2500 *n

(8 1.4168 1.4168 5.0390

a(k) [1.0926 1.0926 .00208

(6 1 1 1,1106

(7 1 1 ‘ 4,2383

G§5g 1.1176 1.1176

6(6) |1.1353 1.1353

éFormulae designa'éions are of the form @ = N(n), where n refers to the
number of observations in the basic formila, with exception of Ql('b), in
which case the subscript refers to tlie degree. : , '

bSubstitute (n~1) for n in the common term. With the exception of those
indicated by b , all R2ss having the seme common term can be compared
directly, for sll n, by comparison of the coefficient of R, When b
appears by the coefficient, it must (for purposes of cbmparison) be
multiplied by ( ~)2(m+1) , where (m+l) is the power of n in the common

(n
term, nel
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Chapter 6. ESTIMATION OF VARIANCE OF ESTIMATE OF QUADRATURE DESIGNS

6.1 Introduction
Estimstors of the varience (mean square error) of simple quadrature

designs (M; M, end others) were considered in Chapter 3. In the

r’ s
present éhapter, estimators of veriance of.higher degree formulee are

investigated. Results are also extended to the case of two stage sam-

pling.

6.1.1 Orientation

In Chapter 3, it was demonstrated that the difference expansions
of the squared error of the conventional estimators of systematic sam-
pling could be estimated by linear combinations of squares of linear
combinations of differences. Further, it was pointed out that such a
procedure was of dubious value. since the estimator of mean ordinate
should be modified to account for all terms of known significant mag-
'nitude in the remainder. That is, informetion ebout the remainder is
really information about the mean ordinete, and should be used as such
if possibie, rather than as information ebout error of estimate.

It is readily apparent that similar estimators of difference ex=
pansions of variance of quadrature férmulaé can be constructed, if all
of the information has not been used in the quadrature formulae. Sev=
eral cases are considered in the following paragraphs in which such
information remsins availeble., Except where indicated to the contrery,

it is assumed that»the basic formulae contain no unused information.
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6.1.2 Successive Application of Quadratures Along an Inverval

This is the case treated in Chapter 3. Here', interest is in qued-
rature formilae of higher degree. As before, the avaiiable information
lies in contrasts between the individual quedratures comprising the
whole. As use of these éontra.sts in estimating variénce requires ase
sumptions regarding the "degree" of the underlying polynomial, the use

of supplementary observations will be useful.

6.1.3 Application of Quadratures, Case i, Paragreph 5ol 1

This 1s one of the two cases of two-stage sampling tflat were con-
sidered in Chapter 5. Contrasts between PSU’s yield information about
a? , only. As will be seen later, this information is quite useful,
but its use is dependent on the assumption that the polynomial and the
interval is the same. Here supplementary observations are necessary

to obtain any information about R.

6.1.4 Application of Quadratures Case ii, Paragraph 5.k4.1

This is & generalization of the precedi:ﬁg paregreph, in which R is
no lénger constant over PSU’s. Here, contrasts between PSU’s yield
informetion sbout o° and the varistion in R, but not separately. Agein,
it ié necessary to use supplementery observations in order to obtain

any information about the magnitude of R.

6.1.5 Application of Systematic Rendom Sample

The systematic random semple, with conventional estimator, Msr’

provides an exception to the statements of the three preceding para -

graphs regérding limitation of the contrests in estimation of mean
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square error. If the "reaiizations" (PSU’s) sampled are from an in;
finife populatién, the contrasts provide an unbiased estimator of.the
Qariance of the over-all estimate. However, if this population ls
finite, then supplementary observations are necessary in order to con=-

struct an appropriate variance estimator.

6.1.6 Application of Ieast Squares Quadratures

Least sqpareslquadratures also provide.ah‘exception to Paragraphs
6.1.2, 6.1.3 and 6.1.4, as information ebout the variance ls contalned
within the PSU’s. As earlier indicated, the least squares quadrature ..
is also valucble as an "average' of the successive fitted polynomials of
the case in Paragfaph 6.1.2 and may generally be better than that case
(although this was not proven) so that estimation of variance of a
single least squares qyadratufe is of interest.

From the results of Chapter 5, it appears likely that the degree
of the least squeres qpadrature which provides the minimum mean square
error is lower than the degree of the fitted polynomial which,”in the
conventional treatment of polynomials, provides the minimal residual
mean squere. Thus, it must be considered that R, and hence Ty thg ;on-
tribution of bias to the difference between y; end ﬁi (Paragraph 6.2.1),
will not be negligible for the optimal degree with regérds to quad- '
rature. ‘

A moderate amount of effort, with little success, was expended on

the problem of dbtaining an estimetor of variance of the least squares
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quadrature from the residual meen squere. Results are reported in
Section 6.3, It appesrs that direct use of the residual meen square

is not ‘oo damaging

6.2 Supplementary Cbservations
~ Supplementery observations,y, = y(-ri) + €, ‘teken &t random velues
of v within the interval of interest, provide information sbout the
error of quadrature in 'the form of |

& =¥ = F

where §,1s the value of the £itted polynomial implied by the quadrature
formula at the point T 5 i\Tow in the calcwlus of finite differences,
5}'1 can be writbten down in terms of various interpolation formulae.
However, the results of Section 4.8 provide a useful framework in fa-
miliar notation that does not require development of additionsl for-

malee. In use of the notation of orthogonal transforma.tions, recall

that the transformetion is generel, and that the results apply equally

to all quedrature designs. 4

In the subsequent development, it is specified that

o
e =¥lry) =¥y + ¢
A @7', - o
= Cy(ry) - (501 = [F; - e(F)l + ¢

‘ Ll ri L Zi + Gi »
Restrictions on this general expression will be made in the various
paragraphs.

As in Section 4.8 ,' the varieble X is used for the argument of y in

development of general results. The primery justifications for this
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‘change are that re-definition of vectors is simplified, and the range

of X is conveniently manipulated.

6.2.1 Estimation of R

Consider the estimation of R by use of supplementary observations,
vhen it is assumed thet measurement error is ebsent. Then,

e, =1,

i i
and R owd - M
' n
= h J' r(x)ax
. [¢]
vhere r, = r(xi) .
That is, r(x) is the signed difference between the fitted polyfiomial
and the true fumetion at the point x, O < x <n. Now r(x) is ob-
serveble, and if values of r(x) are taken at k randomly chosen values
of X, X = U(0,n), then X

N
R = rhi = %Zr(xi) (6.1)
iml ’
is an urbiased estima‘boi' of R.

6.2.2 The Estimstion of K

Tt will be recognized that
| (uh)%ex® > B - (6.2)

and that (h)’€z® > B® when R > 0, but that &r’

# 0 even though R = 0,
unless y(ﬁc) is of the seame degree as ;(x). Further recall that many

formilae are defined so that R = O even when y(x) is & polynomial of |
(specified) higher degree than 5’* (x), so that the inequality (6.2) may

be great indeed,
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Thus, it 1s desiveble thet an estimator of B be found which will,

in effect, reflect as much as possible of the "hidden precision” due

‘o the form of the design. Considexr _
k o ‘
. nh 22
| % = [ k Zri ] = (R)" . (6.3)
, i=l ' ,

I\Iow % is consistent, so that for large k it 1s a good estimator of
Ra B even though 1t is blased. Consider, then, a modification proposed

by Quenoullle »(1956) s

| X
K= g‘i ) ’chlz (%-1)5. ’ (6.4)
' Fr- R
2 gx__k 2.
vhere &y, = [ k-lzr,j ]
| %

A .
Now the Quenouille estimator is appropriste if (R2 - R2) is expandable
in a power series in J./k, in vwhich case ¥ nhes a bias to order l/k2 s

compared to the bias of /Ré to order 1/k (Quenouille, 1956).

6.2.5 The Estimationof V(M)

Leti the function be aApélynomiaJ, of the same degree (n - 1) as the
pol‘yﬁomialr specified by the formula, so that r(x) = 0, but specify that

measurement error is present. Recall, in this case,

n
Lad N
v(w) =1° > WHo = WHIHG
iml

where the Wi are the weights of the formula.
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Then, the difference between the supplementary observation, y(x) and
the fitted polynomial, at X, is |

e = y - &'
where, in the notation of Section 4.8, one can write
y =z
= 210} (6407 £ Y
where ¥ is the vector of observetions used in the formila and x¥is the
vector [1, x, x ) eees %17 gefined for the value of X chosen for the
supplementery observation.
Then & & 0
2 2
ee” = {1 +x' yxlo
vheve | = QA ('Q,Ef)-:!' AQ = (}539)'1 .
Hence &% = {1 +xWx} " (y - $)° (6.5)
is an unbiased estimator of 02 . |

Further, consider k random values of e. 'I'hen

| Z e Y g } U

and £l ) &) =t ¥ () 51 )\lr(z;_si)} (6

so that unblesed estimators of ' mey be derived by solving (6.6) and |
(6.7) in the manmer of (6.5). The estimator defined by (6.65 ishap-
propria‘ce in the case considered in the present paragraph , but both

(6.6) and (6 7) will be useful in subsequent development.
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6.2.4 The ;Gene:pal Case |

Let' 'bhe'fi't'b_ed polymmiaﬂ. be of lower degree than the function and
measurement error be present. The results of Paragraphe 6.2.2. and
6.2.3 are pertinent. |

As before, _ ei = Yi - &i

mryhet [‘?es’i - f’i]

2 2 ¢ vl P
eey =ry +{1+x yxlo

and, 86‘2%)?' (Zrif + {k + (Za_gd') ¥ (z_;gi)h,?".

Then define

k .
h, = (R Zei)e | (6.8)
isl ) :
P k ’
v, .), = G Zaj)2 (6.9)
R

and after aragraph 6.2.2,

o k . :
* s (k-1) o :
o= xv, - S5 Z(vk__l)i . (6.10)
iml - - )

, k k
Then, &e%;k = ﬁek + {k + (jzl;_ci) ¥ (jZlg_ci) } gni.{h)%a

.k k k
RERENIDEEDICIIE . <o

J
=l

. | |
=Tt {;lj;(’-‘i 1z } 1%__{7 : | -(6.-11) f
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Then, since ‘the k values of x are gselected at random, one can write

e, i mefe ¢ (ex') g (BB

Recall that
V() = B2 + HoWWo

=R + (83:_',)' y (ex)n e

80 that, in expectation over X, %.;k would seem satisfactory. However,
the attempt to construct estimators of the form of (6.5), i.e., in
which the correct coefficients are obtained, conditionsl on X, was
unsuccessful. The problem, then, must be considered only partially

solved, sincé a conditional estimator is patently desirable.

6.2.5 An Alternste Form

The term, (%—3- p ei)g, employed in the preceding paragraph and
. T iml

made up of observed deviations from the fitted curve, can be rewritten,
k

nh 2 nhy2 212

@B Yo = @ {)v- Q) xk)
1=l _

where Zyi is the sum of the supplementaery observatlons,

1

Z_}g_i is the sum of the vectors defined by the chosen supplementary
observations, |

"
end B = yXY = on(ee "J;gg_ , from the n observations comprising

the fofnmla.
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6.2.6 Seperate Estimation of Qomponents of Mean Square Brror 7

Arurs‘efu_fl.»dejvj;ge 1n problems. of ’chié sort is that of estimating the
two components separately, or at least one of them independently of
the other. It is apparent that when 1t is possible to sampl:e,iso as to
obtain clegn.estimates of 02 , it 1s then possible to construct esti-
 mators of the form |

v a ?{2 + Cce

with any desired coefficient C, by linear combination of the estimator
of 02 and the estimator of the preceding paragraphs. Unfor’c_una‘tely B
it is seldom possible in the spplications consid.ered here to obtein
clean estimates of 02. An exception is the situation noted :u.n jol:ha - L

graph 6.1.50

6.3 Diff_‘erences Between Successive Quadratures Along an Interval

o Ai_though the differences between successive quadratures along an
intervel are considered of little general value, except pefhaps in the )
cases discussed in Chapter 3 ,/ it is worthvwhile ’_co briefly exemine one
example in & quadrature :formu_'La of degree 1. Consider, fér éxample s

succéssive application of Simpson’s rule along an interval
n

N ,h N '
%, n B'ixi(yi * Ui Vi)

l=0

vhere x, =1 if i =0, 2, b, 6, .us

=0 , otherwise

n-1

-

me, G o= ) &y @32)

juL
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=3
2 ,
2, N N N \2
let 8°(Q; ) =¢C Z( -Q; )
~ton Q'3‘;1-10. QEJ.

j=

N=g

_ , v 2
=C Z(l - %) [“(vi,,é =¥y) + ¥y - Vi-l)] .
im - ’

Then, choose C, such that when measurement error ié present,
e (@) =06 + & .

By inspection, C must he L s
‘ | I7(n=3)

so that aeeSQ(QE’n) = [-J'_—,_{-(%%T] +ad® .

Then, expanding 6 in terms of A, one obtains,

n=2 5

2 2 '
6 =2xi (8, -8 w6, +a,)] - (6.13)
. ial- -

Then (6.13) can be manipulated by the methods of -Section l.%, de-

pending on the form desired.

7 6.4 Least Square Residuals
As indicated earlier, residuals from least squares polynomials were
examined as ‘& possible estimator of mean square error of quadrature.

These residuals can be represented as

s
eigyi-yi 2



‘ 105
where the v, are the observations used in the formule and the Sri the

corresponding point on the fitted polynomiel. It is well known that

n_k)Ze = '1'1}‘13 Zr + P s (6.14)

whe:;:-e i’g i,sr re‘called. that the r 1 gre defined for the fixed cbservation

points of the formule, and may be expressed
* &
r, =8y -8y -

The difference in the ¥

i
ﬁediately apparent: the present remainders are fixed, and those of the

and the r, of the preceding sections is im~

supplementary observations are random., As r(x) should be smaller in
megnitude in the neighborhood of the points of fit, it appears that

2

average rae <&r g

i

However, it was not determined that

-}EZI‘ <8r )

or even that

1

n-k > (5'1{)
although the latter would seem 1:1.1«:e1‘:y. Moderate effort to solie these
questions analytically was unsuccessful, and it i1s suggested that em-
pirical. examina'bion of the latter two inequalities would be quite
valugble,

In spite of these difficulties, it is quite apparent that the resi-

dual mean square is useful in estimeting quadrature variance when the
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;2 are known to be dominated by 02. » In this case, the residual meen
square cen be used as an approximetion to '62, and in conjunction with

supplementary observations to yileld an estimator of V().

o 6.5 Summery

The central theme of the present cha,pte;- is 'l;ha'b supplementai-y
9b_s¢mti°n$_ar¢, necessary iz_l order to estimate quadrature errors in
p_rac;tical‘ situatipns. Many questions, such as allocation in two stage
sampling and the necessary _number of supplementary observations have
not been answej_:'ed , and are left for 'i‘uture investigations. It can be
remarked that this approach to the problem is of particuler interest,
because the designer is forced to explicitly allocate his resources to
the levels of inference, estimates and meesures of uncertalinty. This
allo_cation is implicit in all sampling schemes, but seldom as well

defined as in the presently considered designs.
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Chapter 7. SUMMARY AND CONCLUSIONS
7.1 Introduction

The general problem of sampling & continuous function over a

specified closed interval is considered. The traditional approaches

are: simglg random sampling, stratified random sampling and systematic

random sampling. The last is of particular interest because of prac-

tical considerations in field application. Traditionally, the param-

eter of interest is considered to be the mean ordinate; in the present

treatment, the problem is oriented toward estimation of area under the

curve, and numerical integration methods are investigated.

The cuﬁrent status of Systematic Sampling is summarized nicely in
the words of Cochran (1953, p. 185),

"Systemstic samples are convenient to draw and to execute.

In most of the studies they compared favorably in precision

with stratified random samples. Their disadvantages are

that they may give poor precision wheh unexpected period-

icity is present and that no trustworthy method for estlmating

(varience) from the sample data is knowm."

That is, the gain in precision from systemstic sampling is not
reflected in the conventionsl varience estimators, and the procedure is
occasionally dangerous if the investigator doesnit know his experi-
mentel material. In the present investigation, & moderately successful
attempt was made to:

1) evaluate conventional estimators of mean ordinate eand variance

by methods: of numericel analysis.
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® 2) evaluste classical quadrature formilae &s estimators in
systematic sempling, and further exploit the interpretation
of mesn ordinate as area under the curve.
3) develop estimators of variance of quadrature by the methods
of numerical anelysis. |
L The experimental material was assumed té be a continuous function

over & finite interwval.

7.2 Estimators of Mean Ordinate (Ares Under the Curve)

The estimstors considered were the conventional mean observation,

. a number of classical quedrature formulae, snd the integral p_f; a ‘1e'ast-

_squares polynmomisl. Some of the quadrature formilae utilize equally
spaced sbscissae, while others require unequal spaéing. The quedrature-
' methods epply also to observations taken at random over the interval,
but this case was not treated except as a simple mean. (However, the -
application of least squares quadratures to random observations fol-
lows conventionsl theory.)
l The formulee, ﬁ, for estimating area under the curve are developed
£ and evaluated in Chepters 2 and h; end in Tebles b1, 4.3 and 4.4 are
X presented quadrature formulee for smell n. Considersble _a‘é’cention was
k ‘ given to the problem of choosing & fdrmla (or design) from several
v eligible ones. In general, this choice can be made only if the function
and interval are explicitly specified. The attgmpt ’cb def:_l;ne general
classeé of functions such that one or another formula is best for a

given class was unsuccessful. However, when classes of functions were
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defined in terms of restrictions on the difference expansion (for

exsmple, letting A? 2 0 thereby spec;fying a quadratic function), use-

ful compérisons i1f the formulae were possible.

SomeruSeful conclusions regerding the estimators of mean ordinate

(area under the curve) are:

1)

2)

3)

&)

The unequally spaced quadrature designs (g,g,, Gaussian and
Tehebycheff) are generally superior to the equally spaced
ones, and it is sbundantly clear that these should be used
when practicable (Teble 5.1).

Of the equally spaced designs, the centric designs are gen-
erally best for small n and low degree, with the Newton-Cotes
designs better for high degree and large n. _Selection of

the better.degign in & particular case reqﬁires specification
of ‘the relative magnitude of 02.'

The integral of the least squares polynomial is considered
superior to repeated application of & fixed formula along an
interval of a function, degree of formulee remaining constant.
The least squares quedratures are also quite prectical, as
existing tables of orthogonal polynomials are readily acces-
sible (e.g.; Anderson and Housemsn, 1942) and the methods are
more familisr to statisticiens then are the methods of finite
differences. B

Tt is well known (e.g., Cochran, 1953, p. 170) thet in sam-

pling a function with & linear trend (i.e., 2= 0), the
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6)
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systematic rendom sample is inferior to the stratified random
semple (both with conventional estimetor). In Paragraph
2.7.3 1t is shown that the superiority of the stratified
semple 1s always reduced when £ 40, X = 0, end that for
sufficiently large n, systemstic sampling is superior under
these conditions. |
The comparison of the systematic random sample with the

centric systematic sample (both with convéntional estimator)

" is of interest. Although M, is unblased, and M, 1s not (in

general), M, is urbiased for 2= 0, and 1s in thise gagé
superior to M. Further, when £ # 0, and K=o (i.e., when
the function is quadratic), the constant second difference must
be 16 times tﬁe absolute average first difference for MSr to
be superior to M, (Paragreph 5.3.2). This condition implies
symmetry of the function about the mid-point of the interval
Lo, w]. | |

When two-stage sempling is employed, with simple rendom se-
Jection of r PSU’s (occasions or intervals), and application
of systematic sampling to a continuous function at the second
stege, further comparisons of systematic random and systematic
centfic sampling are of interest (Paragraphs 5.4.2 and 5.4.3).
Tt is shown that the superiority of M, over M. is reduced
@s the number of sampled PSU’s increases,vand is increased
with the incressed variation among the functions character=

1zing the PSU’s.
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7) The end-correction estimator for systematic random sampling,
Q,l('b) , is developed as & first degree quadrature formula in
Paragraph 4.6.3. Tt is shown (Paragraph 4.6.l4) that the bias
of Q,l(t) is exactly double that of M, under the restric-
tion AhL = 0. PFurther, it is apparent from Teble 5.1 that,
under this restriction, & number of higher degree fomulae
are better than Q;(t), at least for some n. Thus, there seems
little justificstion for use of Q(t) in the one-stage san-
pling case (Paragraph 5.3.1). 7 |
Howeve'f s in thé two stége and stratified cases, when
systematic random sampling is édvan'bageous at the second stage
(or within strata) by virﬁue of the accuracy of the over-all
estimator, one may still be interested in.computing estimates
for individusl strata or PSU’s. In this case, the formula
Q,l(t) will be useful, although it is likely that the more

geheral least squares estimator will be more accurate.

7.3 Estimators of Veriance (Mesn Square Error)

It is demonstrated in Chapter 5"tha'b unbiased est:ﬁpa'bors ‘of the
truncated difference expansion of mean square error of quadrature
formulae can be consfructea in the case of repeated application of
formulae along sn interval. It was also pointed out that such esti-
mators involve information sbout the mesn ordinate. One of the more
importent questions for further investigation can then be formulated:
how mich of the information about mean ordinate sﬁould. be used in the

estimator of veriance?
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However, in those situations in which estimators of veriance of
quedrature can be constructed from the differences between successlive
quadraturgs , The least squares Quadra'bures are preferred [see 3),
Paregreph T.2], so that there would seem to be little opportuni{:y to
use the variance estimator based on quadrature differences. Exception
might be made in the case of simple systematic sample estimators [e.ge,
Formuls 3.19 and below, 1)].

:Ehe more important sources of information about mean squere error,
in the one stage sampling case, seem to be a) residuals from least
squares V:E‘it , and b) supplementary observations. .The investigation of
these two sources mist be considered inadéquate for completely satis-
Pactory use of the information although ussble results were obtained
(Chapter 6). Again, both of these sources provide information about
the zﬁean oi‘dinate, and, again, the question ariées regarding the
amount of this information that should go into measurement of ac-
curacy.

Some useful results are:

1, In the case of & systematic random sample, and estimator

Myps 80 unbiased estimator of V(M )]A = 0) is given by-
‘&, ‘the mean square successive difference, & ,ifn = 6
(Paragraph 3.3.1). | _
2

b. the mean square successive difference of lag £, 52 B

- if ﬁ - 6.62 | (Paragraph 3.3.2) .

Co 85 = -rtg-)s + (214--11 6?_, for general n (Paragraph 3.3.2).

2. The squared mean alternate difference, E, (Paregraph 3.3.3)

1s shown to be slways positively biased.
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3. All of the conventional estimators considered are related, and
sre generated by linear combinations of séuares of linear com=
binaiions of samplé differences,

4, An estimator, v, of variance of quadrature is developed
(Paragreph 6.2.4) from supplementery observations. This
estimetor appears to have useful pro?erties.

5. An attempt to evaluate the use of least squares residuals was
unsuccessful, but these residuals are surely useful when it

is known that the r:Q are dominated by F (Section 6.4).

7.4 Suggestions for Further Investigation

T.4.1 Empirical Studies

Several eﬁpirical studies are suggested for problems encountered
that do not appear snalyticslly tractable. These are:
1. A study of least square residuals when the degree of the
fitted curve is less than the true function. (Section 6.4).
2. A study of "characterizing" real populations (fﬁnctions)
in terms of physicel features, such that the characteriZation
can be translated into stetements about the terms in the

power series expeansion of the function.

T.4.2 Examination of Quedrature Formulase

It waé suggested in Paregraph 5.2.6 that the irregularity of the
petterns among coefficiepts of o> and B? (in Table 5.1) suggests thet
there may be higher degree quadrstures withvvery desirable properties.
For this reason, & more complete compilation of formulae wouid appear

warranted.
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In addition, a general extension of quadrature formuilae in.the
rendom systematic’sample.would be desirable. In particular, an ex-
tension of the least'squares‘qpadratures for equally space@ dbserQ
vations would be most valusble, as these would provide formulee for the
raﬁdum systamatic sample, as ﬁell as for other desligns requiring

equally syacéd observetions.

T.4.3 Decision as to Degree of Formula

: Fﬁrther investigaﬁion is needed with regard to the question of
degree of formula required in a particularrcase. This question is
related to the second problem of Paragraph T.k.1, and also to the

further development of least squares quadratures.

7.4, 4 Characteristics of Varisnce Estimators

The only characteristic of the variance estimator receiving
attention in this dissertation is bias. Other features of the dis-
tribution of these estimators are of practical interest and should be

investigated.

7.4,5 Allocation of Resource

Attention was calléd on several occasions to the necessity of
utilizing, in the veriance estimator, part of the informetion regarding
ares under the curve. The general problem of:deciding how much such
informetion should be diverted to estimators of precision is WOrthy

of investigation.
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T.4.6 Sempling in Two Dimensions

Tt is quite desirsble that the results of this investigation

be extended to two dimensions. The cubature formulae of numerical

anelysis provide a direct extension of the presen'l;, results to the two-
dimensional problem, in which mean ordinate is best interpreted as
volume under & surface. It is spparent that this is slso an extension
of conventionsl theory of response surfaces, which theory also

utilizes results of' classical numerical analysis.

7.4,7 Development as & Problem in Time Series ;

It was mentionéd in Section 1.1 that the present problem could
well be considered a problem in Time Series, although the methods of
Conventionsl Time Series were not employed in this dissertation. How-
ever, it seems likely that an aepplication of the models of Time Series

Analysis to the objective of estimation of area under the curve would

‘be rewarding.
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B(2) =

3(3) -

B(k) =

B(5) =

-B(6) =

Values of B(n): Refer to Section 4.5

-; 0 lls | 1 =1
{-o 1 jl 0 1 0o 1
_'1/2 0 0 —re -3 1_ _1 -3/2
0o -0 o |0 -2 1|=]|o0 2
0o 0 1/2d 0 93_ 1 0 =-1/2
_;1/6 | —-6 1 -6 i~ I
1/2 0 6 =5 1
-1/2 0 3 =4 1 )
/61 0 2 -3 1
- “r
L/2k ok =50 35 -0 1
Q1/6 0 -2k 26 -9 1
1/ 0 -12 19 -8 1
-1/6 0 =8 1+ -7 1
1/2kll 0 =6 11 -6 1
P-1/12c> —_-120 27h
1/2h 0 120
-1/12 0 60
1/12 0 ko -
~1/24 0 30
1/120|| o0 2k

L?

119

1 -11/6 1 -1/6—
352 1/
-3/2 2
1/3~1/2 1/6

0

0 -1/2

-225 85

~154 -1k

-107 59

b9
Ly

35

-13
=76 =12
-61 =11

=50 =10




6. B(T) =-1/720 i
| ~1/120
1/48
~1/36 .2(7)
1/48
-1/120
1/720
H -1
720  -1764 162k 735 175 -2l 1
0 -T20 10Lk =580 155 -20 1
0 360 702 =61 137  -19 1
where O -240 508 ‘-572 121 -18 1
M=o 280 396 =307 107 -7 1
0 -Lhk ek -260 95 -6 1
L_O ~120 27h 225 85  -15 1_
7. B(8) = [ 1 ]
T
21 (55— ) 2 (8)
35
-35
21
-7
L l_

120



vhere _

=5040 13068

Z(B)- s

0

0
0
0
0
0
0

5040
2520
1680
1260
1008

8ko

720

~13132
8028
-5274
3796
2952
-2l
2038
1764

6769
510k
3929
3112
2545
21hk
1849
1601

322
295
270
247
226
207
190
175

~=22

=21

L I = = I R

121




344.

345,
346.

347.
348,
849,
350.
351.
352.
853.
854.

355.
3856.
357,
358.
359.
360.
361.
362.
368.

366.
367.
368.
369.

370.
371

372.
378.
374.

NORTH CAROLINA STATE
OF THE UNIVERSITY OF NORTH CAROLINA
AT RALEIGH

INSTITUTE OF STATISTICS

(Mimeo Series available for distribution at cost)

Roberts, Charles D. An asymptotically optimal sequential design for comparing several experimental categories with a
standard or control. 1963.

Novick, M. R. A Bayesian indifference procedure. 1963.

Johnson, N. L. Cumulative sum control charts for the folded normal distribution. 1963,

Potthoff, Richard F. On testing for independence of unbiased coin tosses lumped in groups too small to use x*
Novick, M. R. A Bayesian approach to the analysis of data for clinical trials. 1965.

Sethuraman, J. Some limit distributions connected with fixed interval analysis. 1963.

Sethuraman, J. Fixed interval analysis and fractile analysis. 1963.

Potthoff, Richard F. On the Johnson-Neyman technique and some extensions thereof. 1963.

Smith, Walter L. On the clementary renewal theorem for non-identically distributed variables. 1963.

Naor, P. and Yadin, M. Queueing systems with a removable service stations. 1968.

Page, E. §. On Monte Carlo methods in congestion problems—I, Searching for an optimum in discrete situations. Febru-
ary, 1963,

Page, E. 5. On Monte Carlo methods in congestion problems—II. Simulation of queueing systems. February, 1963.

Page, E. S. Controlling the standard deviation by cusums and warning lines.

Page, E. S. A note on assignment problems. March, 1963.

Bose, R. C. Strongly regular graphs, partial geometries and partially balanced designs. March, 1963.

Bose, R. C. and J. N. Srivastava. On a bound useful in the theory of factorial designs and error correcting codes. 1963.
Mudholkar, G. S. Some contributions to the theory of univariate and multivariate statistical analysis. 1963.

Johnson, N. L. Quota Fulfilment in finite populations. 1963.

O’Fallon, Judith R. Studies in sampling with probabilities depending on size. 19683.

Avi-Itzhak, B. and P. Naor. Multi-purpose service stations in queueing problems. 1963.

. Brosh, I. and P. Naor. On optimal disciplines in priority queueing. 1963.
- Yniguez, A, D’B., R. J. Monroe, and T. D. Wallace. Some estimation problems of a non-linear supply model implied by

a minimum decision rule, 1963.

Dall’Aglio, G. Present value of a renewal process. 1963.

Kotz, S. and J. W. Adams. On a distribution of sum of identically distributed correlated gamma variables. 1963.
Sethuraman, J. On the probability of large deviations of families of sample means. 1963.

Ray, 8. N. Some sequential Bayes procedures for comparing two binomial parameters when observations are taken in
pairs. 1963. :

Shimi, I. N. Inventory problems concerning compound products. 1963.

Heathcote, C. R. A second renewal theorem for nonidentically distributed variables and its application to the theory of
queues. 1968.

Portman, R. M, H. L. Lucas, R. C. Eiston and B. G. Greenberg. Estimation of time, age, and cohort effects. 1968,
Bose, R. C. and J. N. Srivastava. Analysis of irregular factorial fractions. 1963.
Potthoff, R. F. Some Scheffe-Type tests for some Behrens-Fisher type regression problems. 1963



