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A NOTE ON TRUNCATION AND SUFFICIENT STATISTICS

' by Walter L. Smith
University of North Carolina

1. Introduction. Generalising earlier observations by Fisher and Hotelling,

Tukey'(;) showed that if a family of distributions admits a set of sufflclent
statistics, then the family obtained by truncation to a fixed set, or by a
fixed selection, also admits the same set of sufficlent statistics (this wqrﬂ-
ing is Tukey!s; we give a precise mathematical statement later). Tukey's proof
assumed the relevant family of probability measures to be dominated by a fixed
measure function and made use of the factorization theorem concerning sufficient
statistics in this case., In the present short note we shall first reprove
Tukeyts result without’assuming donination (and, henze, without appealing to
the factorization theorem). Then we shall show that, under gemeral conditions,
if a sufficient statistic has one or more of the properties of completeness,
bounded completeness, or minimality, before truancation, then it preserves such
after truancation.

The treatment is on the lines of the abstract discusaion of sufficient sta-

tistics given by Halmos and Savage (g). We shall assume familiarity with the
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results given in this latter paper. For definitions of completeness, bounded
completeness, and minimality, and for a discussion of the significance of these

concepts we refer to Lehmann and Scheffé (3).

2. On P-Truncation. Let X be an abstract space of elements x and let t}
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be a (Borel) field of subsets of X. We write {ug, 8 € ( } for a family of
probability measures on (X, :}x), where_g.l is an abstract parasmeter space.
The statistic t(x) is a mapping of X onto enother abstract space T, and we sup-
pose for simplicity, with no loss of generality, that T is precisely the range

’ {t(x):xex} . IfB C Twewritet 1 = {x:t(x)eB} for the

1. This research was supported in part by the United States Air Force through
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origin of B. The class of all B € T such that t7'B € B'x is written 31:5
it is easy to show that B't is a (Borel) field.

We shall write 8 ° for expectation based on kge If £(x) is any ( 'Efx)-
measurable function such that 8 elf(x)[ < 0o, for all @ in some set _K < (),
we shall say f(x) is ]\_-integrable. If £(x) is j_-_)_-integrable , the conditional

expectation 8 e(:f'(x) |t) is given by the Radon-Nikodym derivative

-1
dv,t
e
(1) 8 (£x)|t) = ——- ,
e 1
au .t
e
where the measure Yo is defined by,
(2) dvgy = £(x) dug -

For a proof of this assertion, see (2). Note that the derivative in (1) is
arbitrary on a set of uet'l - measure zero. If it transpires that for each
_(_—_)_-integrable f(x) the conditional expectation 8 Q(f(x) |t) may be taken as
independent of © € (~), then t is sufficient for {ue ;ee (M},

Suppose that $(x) is a non-negative _(.—l-integrable function; define
) 4= {G : é’be g (x) > 0} ; and define a new family {pg ; O ¢ _("l¢} of

probability measures on (X, B*X) by the equation
g (x)
(3) duy = 8 =7 du
e

We call { ug ; 6 ¢ _C’l¢} the P-truncation of {pg ; 0 ¢ '(_._)_} . When f(x) is

g 3

the characteristic function of some set A € '33: then @-truncation corresponds to
truncation to a fixed set, in the usual sense. When #(x) is bounded above it is

easy to see that it may be assumed to be bounded above by unity, and then
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f-truncation corresponds to what Tukey (1) has called fixed selection. However,
#(x) may not be bounded above.

We sométimes write, for brevity, iug} for {ue; Qe j___)_} ; {ug}

p. - : : -

for {ue, = e_(_l¢} ; and {ue}’é for {;&G, Gej__)_yj} .

We shall also write 8 g f‘or expectations based on pg; and if £(x) is any
( 'B/X)-measurable function such that gg]f(xﬂ < 00, for all © in some set

N\ < _(_—_)_, we shall say f(x) is N—integrable. If a statement is followed

by an expression like/ "J1) 7, where JY] represents a family of probability mea-
sures, this will mean that the statement is false, at most, on a set of probabi-

lity zero for each measure of ‘3’]‘3 « In this connection let us notice that,

since {“g }Q' dominstes {ug} , Wwe can always replace / {p.e}¢ T vy
vy [” {ug Y I r {ugt'l}ﬂ Ty [ {ug t} 7 .

Lemma. If f£(x) is (" ¢-1n1:egra.ble then @(x) £(x) is _C_lgs-integrable.

Proof. If @ ¢ L“% )

¢ 16x) )] Blx) e (x) e
*g

{&, s} j £ (x) Ja
*g

{89 §(x) } {(‘;f £ | }

< 00,



. THEOREM. (i) If t is sufficient for {ug; 0 € _C_)_} then t is sufficient for

{pg; Qe _(__l} ; (ii) if t is complete, minimal, for {ue; ee () & then

t is complete, minimal, for {ug; - f—_)_¢} ; and a similar remark applies if

t is boundedly complete provided, in this case, that $(x) is bounded above.

(Notice that we require t to be complete, etc., for the sub-family
{ue; 0 c _g__)_¢} . It is possible that t be complete, etc., for {ue; Qe _2_}

and not so for {ug; Q¢ f')_¢}.)

Proof. We observe first that by (1), (2), and (3), for @ ¢ _(__)_¢ ,

-1
(h) dug K = 8 X) t)
ang v~ &, #lx)

. vhere we may omit the suffix O in gg(¢(x) [t) because t is sufficient for
{ugs 0 ¢ _(_—_)_} .

Let £(x) be any _Clgwintegrable function. Then by the lemma $(x) £(x) is

_fl¢-integrable , and by the sufficiency of t for { Mgs © € _(_-_)_} , and hence for

{MQ; Q¢ L-_)_yj g f.l} , we may write 8{1‘(}:) B(x) It} independent of
Q¢ _(:)_¢ Thus for any A € '2% we have for all @ ¢ f'_)_¢ ,

J‘ & (2(p0) [6)angs™
A

[}

J £(x)p(x)ang

£™a

{8g¢(X)} ;‘jle f(x)dug , by (2.3),

(Es} T E8 it
A

5 &E el B lnang v,
‘ A



by (4). Since the last equation holds for every A € }t we deduce from the

Radon-Nikodym theorem that

(5) 58 ety E@mle) = € s le), [ Jug™ ¢_7

The function @(x) is non-negative on X, from which it follows that

8 (f(x)|t) >0, /7 gugt'l } ¢_7. Write T¢ = 5t : 8 (#=x)|t) > 0% ; then

fort €T - T¢ we have g(¢(X) [t) =0, /7 {ugtnl §¢ /. Thus, if 9 ¢ S._.)_¢ ’

g -1
C[ a ¢t‘l Qy g® ap £t
Ho T gt

dp .t
-1 T-Ty o
- f —&%%{-M aut™ , by (4),
‘SQX (2]
T-T |
= 0.

We have therefore shown that 8 (f(x)|t) >0, /7 {p.g t'l§ _7, end may deduce from

ghuwi - SEHIA, © 1de .

Hence for any _C_)_g-integrable function f£(x) there exists a version of

(5) that

8 g(f(x) |t) which is independent of © € S~l¢' This is enough to prove that t is
sufficient for g ug ; © e‘£f1¢ } .
Next suppose that t is a complete sufficient statistic for { Hgs Q€ .g_-_)_¢} .
To prove that t is complete for zug; o€ .(lgﬂ} we must show that if Vy(t) is
¢ _ -
an arbitrary S'tumeasurable function such that 8 oV (t(x)) = 0 for all © € ( l¢



then ¥(t) =0, /7 § pg gt } _J]. However, if

-1 -
j W(t)dpgt = 0, | alleei_)_¢,
T
it follows from (4) that

f ¥(t) SBEIe) aug t™ = 0, aloe Ly
T

But t is complete for { Mg ¢ .(.—lyj} , and y(t) 8(¢(x) [t) is an ( 3‘1:)"

measurable function of t. Hence
\ - -1
We) G Bl = o, [ gt F T,

Since we have already seen that 8 (B(x)|t) >0, /7 g“@ td z P _7, the proof
thét t is complete for {ug ; ©e f'_)_¢} is thus evident.

When t is boundedly complete we can employ precisely the same argument, assum~
ing both ¥(t) and @(x) to be bounded so as to ensure, as is easily checked, that
v(t) 8 (#(x)[t) is bounded /" é Mg t"l} ¢__7.

Lastly we deal with the minimality question. Suppose that s(x) is any statis-
tic defined on X which is sufficient for { ug ; 9 ¢ f'l¢} .« Write
S = {s(x): X € X} for the abstract space on which s maps X. Then to prove
that t is minimel we must demonstrate the existence of a mapping h of S on T such
that t(x) = h(s(x)), /[~ { ug t'l} . |

Define X¢ = {x: #x) >0 } s and notice that since 8 ¢ __(_’—_)_¢ implies
5 G}6(:!:) > 0 1t also implies pe(X¢) > 0, Plainly, ug(x - X}é) = 0 for all

0 ¢ L—l¢ ; thus it will be enough to prove the relation t(x) = h(s(x)),



[- iug t'll}_f, merely on X¢. To this end, let us define a new statistic

sl(x) = s(x) if X € X¢ ,

= X if xex-x¢.

Since s(x) is obviously a one-valued function of sl(x) it follows that sl(x) is
also a sufficient statistic for f:uﬁ ; ©¢ ﬁf)¢ } (by Theorem 6.4 of Bahadur

L 47). Ve write 8, = { sl(x); xeX } and 2‘81 for the (Borel) field of all

subsets B & 8, such that sil Be E}%.

If we set

¥W(x) = CI X € X¢ ,

= 0] ’ X € X - X¢ »

then Y(x) is a non-negative ( E}x)-measurable function on X; and for @ ¢ iﬁl¢ s

8g\v(><) = j' B-(l-ﬂ dug ’
*g
1
= f ) Ggé:(‘})‘) dp«e s by (5))
g

(6)

(Xy4)

It follows from (6) that Y(x) is &Tlg-integrable, and so we may consider the

y-truncation of %jug ; 0 € iﬁl¢ } . We shall employ obvious extensions of our



notation, and observe that by (6), —ng = {O; Q€ —(-—ﬁ) ’ 8 g v(x) > O}

= L"_)_¢. Hence, for all @ ¢ .C).;é ’

(7) d“gw = 0 ;AT x e XXy,
_ _géﬁ% af ,
i} ¢£?f:({!)<¢) & g%(x) dpg 5 by (3) and (6),
8 . e if x € X; o
u@\x'gj' ’ ¢

; P - § -8 .-

Because 8, is sufficient for %pg 3 8¢ ( _)_¢ » and because ( l¢¢ = ( l¢ s

it follows from the first part of our theorem that 81 is also sufficient for the
y-truncation %ugw ; ©¢ _(_‘_)_¢§ . Let f(x) be any .g—_)_‘é-integrable function.

Then we notice that for @ e i-.).;é s by (7) ana (8),

AT Fﬁp - f je(x) lang < oo,
X
¢

i.e., £(x) is _(_—_)_gwnintegrable; and by the sufficiency of g, there must exist
a function g(al) = S‘N(f(x) [..sl) which is independent of © e;_(_-_)_¢, is such

that g(sl(x)) is ( ’3' x)--measura,ble, and is such that for any B € .3‘ and

!
j £(x) ap j als, ()aud¥ .

-1 -1
8 3
1 B B

all 6 ¢ _(_"_)_¢ )



This implies, by (7), that

j t(x) et - f gls, (x)) auf?
-1
X4 () s B . Xy N\ s7° B

and so, by (8), that

(9) J‘ £(x) dn, = j %i’(sl(X))dug

%y 0 silB x¢(\ silB

Finally, define an ( } x)-.measurable function

g*(sl(X)) = é(sl(x)) if &) €5, 1. if x e Xy
= glsy(x)) (= £(x)) if s, e X - Xg
Leew, 4F x € X - Xy
Thus . .
. £(x) dug = 'g‘ :f'(x)d.p,e + J £(x)aug
sil B x¢ N sil B (x-x¢) N s_.'LlB
» »
- gls XNang+ | &(sy(x))any,
Xy 0 1t B (x-Xg) (1 s7'B
by (&9)
- j g (s (x))an,

-1

1 B
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8ince f(x) is an arbitrary _f'lﬂs-integre.ble function, this last equation, being

true for all B ¢ ‘3’3 , shows that 8 is a sufficient statistic for
1

;.“g ;3 8 € _(_—_)_¢ % . But we are given that t is minimal sufficient for
3“9 3 e ( _)_¢ % . Hence there is a mapping h of S, onto T such that

t(x) = h(s,(x)), [ 3 ugt-l % ¢_7. If we nov restrict x to Xj it is evident

that t(x) = h(s(x)), /~ %ug t_lz ] , a8 was to be proved.

REFERENCES

[17 J.W. TUKEY, "Sufficiency, truncation, and selection," Ann., Math. Stat.
Vol. 20 (1949), pp. 309-311.

/727 P. R. BALMOS and L. J. SAVAGE, "Application of the Radon-Nikodym theorem
to the theory of sufficient statistics," Ann. Math. Stat.
Vol. 20 (1949), pp. 225-241,

/73] E.L. LEHMANN and H. SCHEFFE, "Completeness , similar regions and unbiased
estimation, Part I," Sankhya, Vol. 10 (1950), pp. 305-340.

['h__] R. R. BAHADUR, "Sufficiency and statistical decision functions," Ann., Math.
Stat. Vol. 25 (1954), pp. 423-462, —_—



