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Abstra
tWe present a family of spatio-temporal models whi
h are geared to provide time-forwardpredi
tions in environmental appli
ations where data is spatially sparse but temporally ri
h.That is measurements are made at few spatial lo
ations (stations), but at many regular timeintervals. When predi
tions in the time dire
tion is the purpose of the analysis, then spatial-stationarity assumptions whi
h are 
ommonly used in spatial modeling, are not ne
essary.The family of models proposed does not make su
h assumptions and 
onsists in a ve
torautoregressive (VAR) spe
i�
ation, where there are as many time series as stations. How-ever, by taking into a

ount the spatial dependen
e stru
ture, a model building strategy isintrodu
ed, whi
h borrows its simpli
ity from the Box-Jenkins strategy for univariate autore-gressive (AR) models for time series. As for AR models, model building may be performedeither by displaying sample partial 
orrelation fun
tions, or by minimizing an information
riterion. Two environmental data sets are studied. In parti
ular, we �nd eviden
e thata parametri
 modeling of the spatio-temporal 
orrelation fun
tion is not appropriate be-
ause it rests on too strong assumptions. Moreover, we propose to 
ompare model sele
tionstrategies with an out-of-sample validation method based on re
ursive predi
tion errors.Keywords: A

umulated predi
tion errors; Spatio-temporal 
orrelation; Partial 
orrela-tion; Ve
tor autoregression.�Department of Statisti
s, Ume�a University, S-90187 Ume�a, Sweden. E-mail: xavier.deluna�stat.umu.seyDepartment of Statisti
s, North Carolina State University, Box 8203, Raleigh, NC 27695-8203, USA. E-mail:genton�stat.n
su.edu

1



1 Introdu
tionIn this arti
le we present a model building strategy designed to work within a family of ve
torautoregressive models for time series being re
orded at spe
i�
 spatial lo
ations. The method-ology has been developed with environmental appli
ations in mind where measurements on avariable are made at regular time intervals and at several stations lo
ated within a spe
i�
 area.More spe
i�
ally, we fo
us on situations were measurements are available at a few stations �thespatio-temporal data is sparse in spa
e but ri
h in time. We put the dis
ussion into 
on
reteform with two examples treated previously in the literature.The �rst data set that we 
onsider 
onsists in average daily wind speeds measured at 11synopti
 meteorologi
al stations lo
ated in Ireland during the period 1961-78, making up for6,570 observations per lo
ation. Gneiting (2002) used this data set to illustrate the la
k ofrealism implied by the separability assumption, where the 
orrelation fun
tion is written asa produ
t of a purely spatial 
orrelation fun
tion and a purely temporal 
orrelation fun
tion.Modeling dire
tly the spa
e-time 
orrelation by an appropriate parametri
 family of fun
tionsis inspired from the geostatisti
al tradition where spatial dependen
es are of main interest.Su
h models make strong spatial stationarity assumptions: typi
ally isotropy is assumed wherespatial 
orrelations are a fun
tion only of the distan
e between stations. When spatio-temporal
orrelation fun
tions are 
onsidered, an isotropy-like assumption is typi
ally made, where therelative lo
ation of the stations is again 
onsidered as irrelevant; see, e.g., Mardia and Goodall(1993), Host, Omre, and Switzer (1995). These spatial stationarity assumptions are mainlyappropriate for data sets ri
h in spa
e (so that they 
an be 
he
ked) and when the purposeis to obtain predi
tions at spatial lo
ations where there are no measurements available. Inorder to apply the geostatisti
al approa
h to environmental spa
e-time data, many e�orts havebeen made resulting in the introdu
tion of transformations a
hieving spatial stationarity (e.g.,Guttorp, Meiring, and Sampson, 1994) or by 
onstru
ting 
exible enough 
ovarian
e models,e.g., by allowing non-separable 
ovarian
e fun
tions, see Gneiting (2002). A geostatisti
alinspired analysis for spatio-temporal data whi
h does not make neither spatial stationarity norseparability assumptions was re
ently proposed by Stroud, M�uller, and Sans�o (2001). Theirapproa
h is 
exible but is relevant for data whi
h is ri
h both in time and in spa
e.A spatio-temporal data set with measurements available only at a few stations was analyzedin Tonellato (2001). Carbon monoxide atmospheri
 
on
entrations were observed at four sta-tions lo
ated in the 
ity of Veni
e. For ea
h station 300 hourly re
ords made in September 19952



are available. The purpose of Tonellato's analysis was to provide fore
asts based only on pastobservations made at the di�erent lo
ations. This was a
hieved with a multivariate time seriesstate spa
e model together with the Bayesian inferential paradigm. Tonellato's model assumesisotropy. This was avoided with the Kalman �lter proposed in Wikle and Cressie (1999).When data sets are sparse in spa
e, multivariate time series models are indeed most 
exi-ble to provide time-forward predi
tions taking into a

ount spatio-temporal dependen
ies. Weintrodu
e in this paper a modeling approa
h whi
h avoids making any spatial stationarity as-sumptions. We use ve
tor autoregressive (VAR) models, and propose a model building strategywhi
h borrows its simpli
ity from the widely applied model sele
tion methods used for autore-gressive (AR) models for univariate time series (Box and Jenkins, 1976). For AR models, thesele
tion problem is 
ru
ially simpli�ed be
ause of the natural nestedness of the models: timelags for the time series are introdu
ed in the model sequentially and only p + 1 models needto be visited, where p is the maximum time lag. In a general ve
tor autoregressive model, thisnesting does not exist, but 
an be retrieved by 
onsidering a spa
e-time hierar
hy whi
h is oftenalmost as natural as the purely temporal hierar
hy.The arti
le is set up as follows. Se
tion 2 des
ribes the ve
tor autoregressive models witha spatial stru
ture. The theory related to the inferen
e on the parameters is available inthe literature for general VAR models. The ne
essary stationarity assumptions are des
ribed.Cru
ially, spatial stationarity is not a ne
essary assumption and a di�erent model 
an be builtfor ea
h station. Temporal trends present in the data 
an be estimated and/or removed in a
lassi
al manner. The model building strategy that we then introdu
e is the main originality ofthis paper, and is essential sin
e it makes the VAR family of models relatively simple and naturalto use for the environmental appli
ations of interest. Our modeling approa
h is also appliedon the Veni
ian 
arbon monoxide data in Se
tion 2. In Se
tion 3, we perform a 
orrelationanalysis on the Irish wind data set whi
h allows us to investigate isotropy and spatio-temporal
orrelation symmetry assumptions. Our analysis indi
ates that the latter assumption is notful�lled for this appli
ation. We also show the 
exibility of our models 
ompared to the dire
tmodeling of the spa
e-time 
orrelation fun
tion. Both modeling approa
hes are useful whenused on the appropriate type of data. In Se
tion 4 we fo
us on predi
tive performan
e anduse an out-of-sample validation te
hnique to 
ompare di�erent modeling strategies, both on theVeni
ian 
arbon monoxide and the Irish wind data. The arti
le is 
on
luded with a dis
ussionin Se
tion 5. 3



2 Ve
tor autoregressive models with spatial stru
tureThe models developed in this se
tion are spe
i�
ally designed for the analysis of spatio-temporaldata sets with the purpose of providing time-forward predi
tions at given spatial lo
ations. Ouraim is to provide predi
tions based on a minimum of assumptions.2.1 Time-stationary modelsWe assume that observations z(si; t) are made at si; i = 1; : : : ; N lo
ations (stations) andt = 1; : : : ; T times. A predi
tive model for zt = (z(s1; t); : : : ; z(sN ; t))0 iszt � � = pXi=1 Ri(zt�i � �) + "t; (1)where � = (�(s1); : : : ; �(sN ))0 is a ve
tor of spatial e�e
ts (spatial trend), Ri, i = 1; : : : ; p, areunknown N � N parameter matri
es, and "t is an N -dimensional white noise or innovationpro
ess, that is, E("t) = 0, E("t"0t) = �", and E("t"0u) = 0 for u 6= t. This model is appropriateon
e temporal trends have been removed, see the dis
ussion in the next se
tion.The model (1) is a ve
tor autoregressive (VAR) model 
ommonly used in multivariate timeseries analysis (e.g., L�utkepohl, 1991; Pe~na, Tiao, and Tsay, 2001). When zt is univariate(only one time series is observed) then (1) is simply 
alled an autoregressive (AR) model. Thedeterministi
 dynami
 system de�ned by (1) where the error term "t is dropped �also 
alledskeleton of the model�, is said to be stable if its reverse 
hara
teristi
 polynomial has no rootsin and on the 
omplex unit 
ir
le, i.e.det(I �R1x� : : :�Rpxp) 6= 0; for x 2 C ; jxj � 1: (2)The stability property ensures that the iteration of the dynami
 system yields a 
onvergingpath towards a 
onstant. Stability is an important property sin
e it implies time-stationarityof the sto
hasti
 pro
ess (e.g., L�utkepohl, 1991; Pe~na et al., 2001), i.e., E(zt) = �, for all t, andCov(zt;zt�� ) = �z(�), i.e. is a fun
tion of � only, for all t and � = 0; 1; 2; : : :. The 
ovarian
ematrix �z(�) 
an then be 
omputed from the parameter matri
es R1; : : : ; Rp and �". Forinstan
e, when p = 1, we have ve
(�z(0)) = (IN2 � R1 
 R1)�1ve
(�") and �z(�) = R�1�z(0),where ve
(�) denotes the operator ve
torizing a matrix.Estimation of the parameters in model (1) 
an be 
arried out with maximum likelihood (ifdistributional assumptions are made), with least squares or with moments estimators (Yule-Walker type). The theory related to su
h estimators is exposed in L�utkepohl (1991, Chap.4



3) and Pe~na et al. (2001, Chap. 14), therefore it is not reprodu
ed here. It is, however,worth mentioning that robust estimation of the parameters may be obtained by using robustestimators of moments (Ma and Genton, 2000) together with Yule-Walker estimating equationsas it was proposed in de Luna and Genton (2002). Estimation of the parameters 
an be 
arriedout for all stations simultaneously or station-wise in an equivalent manner. However, modelbuilding must be performed separately for ea
h station, see Se
tion 2.3.An important property of the presented models is that they do not assume any spatialstationarity, for instan
e that spatial 
orrelations depend only on the distan
e between stations(isotropy). Su
h assumptions have often been made in the spatio-temporal literature, for in-stan
e to develop spa
e-time ARMAX models (Pfeifer and Deuts
h, 1980; Sto�er, 1986). Forthe appli
ations of interest in this paper, spatial-stationarity is an over-restri
tive assumptionwhi
h is, moreover, diÆ
ult to 
he
k in pra
ti
e.2.2 Spatio-temporal trendsIn the univariate time series literature two types of trends are usually 
onsidered, deterministi
trends �typi
ally fun
tions of time� and sto
hasti
 trends, see, e.g., Dagum and Dagum (1988)and referen
es therein. Deterministi
 trends 
an often be removed by di�eren
ing with rd,the 
lassi
al time series di�eren
e operator of order d. For instan
e, we have rz(si; t) =z(si; t)� z(si; t� 1);r2z(si; t) = (z(si; t)� z(si; t� 1))� (z(si; t� 1)� z(si; t� 2)); and so on.Model (1) 
an, therefore, be used after very general types of spatio-temporal trends have beenremoved. For instan
e, a natural deterministi
 trend spe
i�
ation is the following:z(s; t) = �+ g(s; t) + y(s; t);where y(s; t) is a time stationary pro
ess. Let us now take di�eren
es in time:rz(s; t) = g(s; t) � g(s; t� 1) +ry(s; t)where ry(s; t) is a time stationary pro
ess by de�nition. Thus, rz(s; t) 
an be modeled by (1)if �(s) = g(s; t)� g(s; t� 1) is a fun
tion of s only. This, we believe, will happen most often inpra
ti
e, at least approximately. Indeed, it will happen as soon as g(s; t) is a polynomial fun
tionin t with 
oeÆ
ients possibly fun
tion of s. A simple example, for whi
h a di�eren
e of orderone will suÆ
e is: g(s; t) = 
1(s) + 
2(s)t. In other words, di�eren
ing eliminates deterministi
polynomial time trends intera
ting with a spatial trend. Any spatio-temporal trend g(s; t) whi
his well approximated by a polynomial fun
tion in t 
an be, at least approximately, handled by5



time di�eren
ing. Moreover, the pro
ess y(s; t) above 
ould be thought of as having a sto
hasti
trend, for instan
e, z(s; t) may be an integrated (in time) pro
ess.In the spatial dimension, di�eren
ing has also been suggested in order to remove trends, seee.g. the intrinsi
 random fun
tions of order k, IRF-k, proposed by Matheron (1973). However,they 
an be used only if the spatial stations are lo
ated on a regular grid, whi
h is seldom the
ase in pra
ti
e.Periodi
 time trends or 
y
les may also be ta
kled by taking di�eren
es. For instan
e,observations taken monthly will typi
ally have to be stationarized with the seasonal di�eren
eoperator r12z(s; t) = z(s; t) � z(s; t � 12). When other variables are observed at the samelo
ations and times, these may also be used to model trends by regressing on them.Another popular approa
h 
onsists in modeling a deterministi
 trend with a weighted sumof known basis fun
tions, where the weights are typi
ally estimated by regression. For example,periodi
 fun
tions 
an be used to a

ount for seasonal e�e
ts along the time axis and polynomials
an be used to model smooth variations in spa
e. Further dis
ussions 
an be found in the reviewarti
le by Kyriakidis and Journel (1999).2.3 Model building and 
he
kingAlthough the model presented in Se
tion 2.1 is essentially a VAR model, the spatial stru
tureof the data is informative and, in parti
ular, the parameter matri
es Ri's will typi
ally have aspe
i�
 stru
ture.We, therefore, introdu
e a model building strategy to identify zeroes in the Ri's matri
esof model (1). The N rows of these matri
es 
orrespond to the N lo
ations at whi
h timeseries are observed. These N stations must be modeled separately if no spatial-stationarityassumption is to be made. For ea
h station s, we have a 
ovariate sele
tion problem, where,for the response z(s; t), the available predi
tors are the time-lagged values at all stations, i.e.z(si; t� j), i = 1; : : : ; N and j = 1; : : :. This would be a 
omplex model sele
tion problem if alllagged values at all stations had to be 
onsidered as potential predi
tors, sin
e then the numberof potential models would rapidly explode with the number of stations and the time frequen
y.However, by taking into a

ount the spatio-temporal stru
ture, it be
omes possible to de�ne anordering with whi
h to sequentially introdu
e the predi
tors in the model for z(s; t). Su
h anordering is used in univariate time series models where for explaining xt (a variable observedat time t) the lag one variable xt�1 is 
onsidered �rst, then the lag two xt�2, and so forth.6
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Figure 1: A s
hemati
 representation of the ordering of the stations (3).In the spatio-temporal 
ontext we propose to use a natural ordering de�ned as follows. Toexplain z(s; t), 
onsider predi
tors in the following orderz(s; t � 1); z(s(1); t � 1); z(s(2); t � 1); : : : ; z(s(N � 1); t� 1); z(s; t � 2); z(s(1); t � 2); : : : (3)where s(1); s(2); : : : ; s(N � 1) is an ordering of the stations, for instan
e, in as
ending orderwith respe
t to their distan
e (using a given metri
) to s. This ordering of the stations, andthereby the 
ovariates, is most 
learly explained graphi
ally, see Figure 1. Other orderings
an be 
onsidered as well, for instan
e orderings motivated by physi
al knowledge about theunderlying pro
ess, see the Irish wind speed appli
ation in Se
tion 3.The fa
t that predi
tors 
an be entered in the model sequentially simpli�es the model build-ing stage and several strategies may be followed to know how many of these predi
tors shouldbe used. A popular te
hnique in time series modeling is to look at partial auto
orrelations.For the spatio-temporal models under 
onsideration and with a given ordering of the predi
torswe 
an straightforwardly generalize this time series te
hnique by looking at partial 
orrelationalong the ordering of predi
tors. For three random variables x, z and y, the latter possiblyve
tor valued, the partial 
orrelation of x and z given y is de�ned asCorr(x; zjy) = Corr(x� P (xjy); z � P (zjy));7



where Corr(x; z) denotes the 
orrelation between x and z, and P (xjy) is the best linear predi
torof x given y. This partial 
orrelation has the property that it is equal to zero when x and zare independent 
onditional on y.Renaming the sequen
e (3) as followsx1 = z(s; t � 1); x2 = z(s(1); t � 1); : : : ; xN = z(s(N � 1); t� 1);xN+1 = z(s; t � 2); xN+2 = z(s(1); t � 2); : : : ; x2N = z(s(N � 1); t � 2);: : : ;we 
an de�ne a partial 
orrelation fun
tion (PCF) for station s as�s(h) = Corr(z(s; t); xhjx1; : : : ; xh�1):The usefulness of the PCF for model sele
tion is now 
lari�ed. Let us de�ne h1 to be su
h that�s(h1) 6= 0 and �s(h) = 0 for h1 < h � N . Similarly, a value hi 
an be de�ned for ea
h time lag i,su
h that �s(hi) 6= 0 and �s(h) = 0 for hi < h � iN . The orders hi's 
an be identi�ed by lookingat the sample partial 
orrelation fun
tion �̂s(h) = [Corr(z(s; t) � P̂ (z(s; t)jx1; : : : ; xh�1); xh �P̂ (xhjx1; : : : ; xh�1)). An approximate test for �s(h) = 0 is obtained by noting that, under jointnormality of the variables, �̂s(h)p(n� h)=(1 � �̂s(h)2) is t-distributed with n � h degrees offreedom, where n denotes the sample size utilized; see, e.g., Krzanowski (1988, Se
. 14.4). Thenormality assumption is fairly natural when linear models are utilized. This test statisti
s 
anbe used to derive 
on�den
e intervals for �s(h) = 0, see Se
tion 2.4. We propose the followingstrategy. Identifi
ation strategyStep 0: Choose one of the observed sites, s.Step 1: Identify h1 by looking at the sample PCF �̂s(h), h = 1; : : : ; N .Step 2: Identify h2 by looking at the sample PCF �̂s(h), h = N+1; : : : ; 2N when xh1+1; : : : ; xNhave been put to zero sin
e they have been shown to be unhelpful in explaining z(s; t) inthe previous step.Step 3: Identify h3 by looking at the sample PCF �̂s(h), h = 2N+1; : : : ; 3N when xh1+1; : : : ; xNand xh2+1; : : : ; x2N have been put to zero sin
e they have been shown to be unhelpful inexplaining z(s; t) in the previous steps. 8



Step 4: Step 3 is repeated in a similar manner for all ne
essary time lags in order to identifyh4, h5, et
.Step 5: Repeat the previous steps for all observed sites.The deletion of uninteresting predi
tors at ea
h time lag improves on the eÆ
ien
y by avoidingthe estimation of zero 
oeÆ
ients. However, this pro
edure does not avoid the estimation ofall zero 
oeÆ
ients, sin
e, for instan
e, the predi
tors in
luded at later stages may put to zero
oeÆ
ients that were not so when 
onsidering partial models. This problemati
 is, however, alsopresent in the identi�
ation of the order of linear AR models. For su
h models, all parametersare estimated up to a given time-lag by 
onvention. This is 
onvenient sin
e it avoids 
hasingzero 
oeÆ
ients by using a sequen
e of t-tests on the 
oeÆ
ients.An alternative to the use of the PCF is the use of an automati
 model sele
tion 
riterionin ea
h step of the identi�
ation strategy. AIC (Akaike information 
riterion, Akaike, 1974)or BIC (Bayesian information 
riterion, S
hwarz, 1978) may be used, the former being usuallypreferred for predi
tive purposes.Finally, model 
he
king is 
ommonly done by looking at residuals for signs of deviationfrom model assumptions. A feature that 
an be 
ontrolled for is, for instan
e, whether they are
orrelated in time.2.4 Carbone monoxide in Veni
eThe data set available has T = 300 hourly observations of atmospheri
 
on
entration (mi-
rograms per 
ubi
 meter) of 
arbon monoxide (CO) re
orded in September 1995 at N = 4monitoring stations lo
ated in Mestre (Veni
e, Italy). This data set has been analyzed byTonellato (2001) in a Bayesian dynami
 linear model framework.Our methodology is parti
ularly well suited for this appli
ation for several reasons. First,Italian law requires publi
 authorities to produ
e short-term fore
asts of air pollutant 
on
en-trations at lo
ations where monitoring stations are present, that is, spatial interpolation is notof prime interest. Se
ond, our model does not make spatial stationarity assumptions by mod-eling ea
h station separately, in 
ontrast with Tonellato (2001) who used a spatial stationaryisotropi
 exponential 
orrelation fun
tion. Su
h assumptions are arbitrary be
ause with onlyfour stations it is not possible to assess their validity. Moreover, wind speed and dire
tion 
anbe expe
ted to in
uen
e air pollutant 
on
entrations in a nonstationary and anisotropi
 way.9
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Table 1: Univariate autoregressive models identi�ed with BIC for the time series observed onea
h station. The maximum lag allowed for with BIC was 30. Parameters are estimated withleast squares. The models are written in matrix form as a VAR(2) model to fa
ilitate the
omparison with the VAR model with spatial stru
ture identi�ed in Table 2. The residual
orrelation matrix assumes that the time series are independent of ea
h other.R̂1 R̂2 �̂"0BBBBBB� 0:64 0 0 00 0:67 0 00 0 0:48 00 0 0 0:53 1CCCCCCA 0BBBBBB� 0 0 0 00 0 0 00 0 0:19 00 0 0 0:17 1CCCCCCA 0BBBBBB� 0:13 0 0 00 0:11 0 00 0 0:22 00 0 0 0:13 1CCCCCCATable 2: The VAR(2) model identi�ed for the CO data with BIC. The maximum temporal lagwas �xed at six be
ause of the results in Table 1. Parameters in model (1) are estimated withleast squares. The residuals 
ovarian
e matrix is the 
lassi
al varian
e estimator.R̂1 R̂2 �̂"0BBBBBB� 0:59 0 0 0:160 0:67 0 00:14 0:15 0:32 0:250 0 0 0:53 1CCCCCCA 0BBBBBB� 0 0 0 00 0 0 00 0 0:15 00 0 0 0:17 1CCCCCCA 0BBBBBB� 0:13 0:01 0:03 0:030:01 0:11 0:03 0:010:03 0:03 0:20 0:040:03 0:01 0:04 0:13 1CCCCCCAThere are a few missing values in the data set. Following Tonellato (2001), they are repla
edby the mean of the values at the same station and hour over the sample period. The data isplotted in Figure 2 a

ording to the four di�erent lo
ations as depi
ted in Figure 3. We takethe logarithm of the observations, thereby stabilizing the varian
e. Stations 2 and 4 are lo
atedalong streets with high intensity of traÆ
, whereas station 1 is lo
ated in a garden and station3 in a pedestrian area. Therefore, there are di�eren
es in CO levels among the stations. Thisspatial trend is readily in
luded in our models sin
e ea
h station is allowed to have its own level,� in model (1). Time trends must, on the other hand, be a

ounted for previous to �tting thetime-stationary model (1). We follow Tonellato (2001) and estimate a trend for ea
h stationby regressing on a family of daily harmoni
s. We then subtra
t these temporal trends from thedata.As a ben
hmark we perform �rst an analysis ignoring the spatial stru
ture of the data set.11



That is, the four time series are analyzed separately, by �tting an autoregressive model to ea
hof them. Using the Bayesian information 
riterion we obtain the models des
ribed in Table 1.The univariate time series approa
h ignores the spatial dependen
e stru
ture. We, therefore,apply the model building strategy des
ribed in the previous se
tion, where the station ordering(3) is de�ned by 
onsidering as
ending distan
es, see Figure 3. We start by looking at thepartial 
orrelations to explore the existing dependen
es. Plots of these 
orrelations are givenin Figure 4 for station 3 as illustration, as a fun
tion of the ordered stations, along with 95%
on�den
e intervals for �s(h) = 0 (horizontal lines). We see that all the partial 
orrelation attime lag one are signi�
ant ex
ept for station 2, and that for time lag two, only the partial
orrelation 
orresponding to station 2 is strongly signi�
ant. The partial 
orrelations at timelag three are not signi�
ant.The model sele
tion may be performed automati
ally and we use the algorithm des
ribedin the previous se
tion asso
iated to the BIC 
riterion. The models obtained are des
ribed inTable 2. For instan
e, for station 3 the model identi�ed 
orresponds to the partial 
orrelationpattern observed in Figure 4 at time t� 1 and t� 3, but di�ers slightly at time t� 2.Tables 1 and 2 
an be 
ompared dire
tly. The model sele
tion strategy we use identi�esspatio-temporal dependen
ies as relevant for time-forward fore
asting sin
e the 
oeÆ
ient ma-tri
es Ri's are not diagonal. Note, however, that for stations 2 and 4 a univariate time seriesmodel is sele
ted. The latter are lo
ated along streets with high intensity traÆ
. Results in Ta-ble 2 are in this respe
t reasonable sin
e the stations with high level of pollution are in
uentialfor those with low levels. Identi�
ation strategies are further evaluated in Se
tion 4.1
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Figure 4: The PCF for the station 3 up to time t� 3.
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3 Spatio-temporal 
orrelation analysisIn this se
tion, we aim at showing the 
exibility of our approa
h in modeling the 
orrelationstru
ture of the Irish wind data set of Haslett and Raftery (1989). The data 
onsist of dailyaverages of wind speeds re
orded at N = 11 synopti
 meteorologi
al stations in Ireland be-tween 1961 and 1978. A map of the lo
ations of the stations 
an be found in Haslett andRaftery (1989). Predi
tions of wind speeds may be useful for various reasons. An example isthe produ
tion of renewable energies, see Alexiadis, Dokopoulos, and Sahsamanoglou (1999).(a) (b)
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Figure 5: Spatial 
orrelation as a fun
tion of distan
e (in meters) for the Irish wind dataset(open 
ir
les: from �tted VAR(3); pluses: empiri
al) at various temporal lags: (a) � = 0; (b)� = 1; (
) � = 2; (d) � = 3. The solid 
urve is the stationary 
orrelation fun
tion �tted byGneiting (2002). 13



Following Haslett and Raftery (1989) and Gneiting (2002), we take a square root trans-formation to stabilize the varian
e over stations and time periods, and subtra
t an estimatedseasonal e�e
t and spatially varying mean from the data. The data set initially in
luded oneadditional station, but it was omitted be
ause its spatial 
orrelation stru
ture with respe
t tothe other stations was not 
onsistent with the stationarity assumptions (see Haslett and Raftery,1989). Our analysis below indi
ates that some spatial stationarity assumptions are still beingviolated by the remaining stations.Gneiting (2002) provided eviden
e that the assumption of full symmetry of the spatio-temporal 
orrelation stru
ture is not realisti
, be
ause wind patterns are predominantly westerlyover Ireland. We in
orporate this physi
al information about general wind dire
tions in ourmodel by de�ning a spe
ial ordering of the stations. Spe
i�
ally, for ea
h station s, we de�nean ordering of the stations to the west of s in as
ending order of distan
es, followed by thestations to the east of s. This ordering re
e
ts the pattern of Irish winds to blow mainly fromwest to east. Note that this ordering does not imply any assumption of stationarity or evenisotropy, but helps in improving the sele
tion of a model. An inappropriate ordering wouldonly imply that fewer 
oeÆ
ients in the matri
es Ri of model (1) would be identi�ed as zeros,thereby implying larger predi
tion errors (see Se
tion 4.2).Next, we �t our model (1) to the modi�ed data above. We use the BIC model sele
tion
riterion to identify a model for ea
h station separately. The maximum temporal lag allowed forwas three to make our results 
omparable to those in Gneiting (2002), and be
ause univariateAR analyses of the di�erent time series 
on�rmed that higher temporal lags were not ne
essary.The resulting model is a VAR(3), where ea
h matrix R1, R2, and R3 is of dimension 11 � 11.The 
ovarian
e matrix �" is estimated from the residuals of the model and yields estimatesof the matri
es �z(�), � = 0; 1; 2; 3, from straightforward formulae, see L�utkepohl (1991, p.23-24). The estimated spatial 
orrelation matri
es 
orresponding to �z(�) from our model areplotted in Figure 5 as open 
ir
les for � = 0; 1; 2; 3. The empiri
al spatial 
orrelations areplotted as pluses along with the �tted stationary 
orrelation fun
tions (solid 
urve) proposedby Gneiting (2002). The estimated 
orrelation from our model (open 
ir
les) are very 
lose tothe empiri
al 
orrelations (pluses), indi
ating that the spatial VAR(3) model 
an 
apture the
orrelation stru
ture well. Although the �tted stationary 
orrelation fun
tion summarizes the
orrelation stru
ture rather well at the temporal lag � = 0 (Figure 5, panel (a)), this is less soat higher lags (Figure 5, panel (b)-(d)). 14
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Figure 6: Panels (a)-(
): Spatial 
orrelation (open 
ir
les: �tted VAR(3); pluses: empiri
al)as a fun
tion of distan
e (in meters) for the Irish wind dataset at temporal lag � = 0, for thedire
tions WE (a), NS (b), and SW-NE (
). Panels (d)-(f): Spatial 
orrelation from the �ttedVAR(3) model at temporal lag � = 1, for the dire
tions WE, NS, and SW-NE (
losed 
ir
les inpanels (d), (e) and (f) respe
tively) and EW, SN, and NE-SW dire
tions (open 
ir
les in panels(d), (e) and (f) respe
tively). In the right-hand-side panels empiri
al 
orrelations are omittedfor readability. The solid 
urve is the stationary 
orrelation fun
tion �tted by Gneiting (2002).15



We investigate next the assumptions of isotropy and full symmetry of the 
orrelation stru
-ture of the Irish wind data. For this purpose, we 
onsider three main dire
tions: horizontalwest-east (WE), verti
al north-south (NS), and diagonal (SW-NE). The panels (a)-(
) in Figure6 depi
t the spatial 
orrelation at temporal lag � = 0 in the WE, NS, and SW-NE dire
tionsrespe
tively. Open 
ir
les indi
ate the 
orrelations from our �tted model VAR(3), pluses indi-
ate empiri
al 
orrelations, and the solid 
urve is Gneiting's (2002) �t. We 
an see that the�tted 
orrelation fun
tion (solid line) represents the 
orrelation stru
ture rather well in ea
h ofthe three dire
tions. Thus, the assumption of isotropy at temporal lag � = 0 seems adequate.The panels (d)-(f) in Figure 6 depi
t the spatial 
orrelation from our �tted VAR(3) modelat temporal lag � = 1 in the WE, NS, and SW-NE dire
tions (
losed 
ir
les) and EW, SN, andNE-SW dire
tions (open 
ir
les) respe
tively. We 
an see that although the 
orrelations arerather symmetri
 in the NS and SN dire
tion (panel (e)), there are strong asymmetries in theWE and EW dire
tion and in the SW-NE and NE-SW dire
tion. This asymmetri
 behavior,whi
h is 
aught by the VAR(3) spe
i�
ation, 
annot be modeled by a single 
orrelation fun
tion(solid line).4 Predi
tion performan
e analysisIn Se
tion 2 we have proposed a strategy to identify a spatio-temporal model. Model sele
tionstrategies are seldom unique and it is ne
essary to evaluate them. The availability of di�erentmodel sele
tion strategies may be due to the availability of di�erent 
lasses of models. Even fora given family of models, di�erent model strategies may be available, whi
h are optimal underdi�erent 
ir
umstan
es; see de Luna and Skouras (2003). In the latter paper, a frameworkwas advo
ated to 
ompare model sele
tion strategies through out-of-sample validation based onre
ursive predi
tion errors. This 
an be adapted to the spatio-temporal data studied herein. Fora given station lo
ated at s, a model sele
tion strategy 
an be evaluated with the a

umulatedpredi
tion error 
riterion TXt=M(z(s; t)� ẑt�1(s; t))2; (4)where ẑt�1(s; t) is the predi
tion of z(s; t) obtained by applying the model sele
tion strategyon the sub-sample z1; : : : ;zt�1. That is, a model is 
hosen and �tted to all sub-samples t =M; : : : ; T . The predi
tion errors z(s; t)� ẑt�1(s; t) are also 
alled re
ursive residuals. Other lossfun
tions than the squared predi
tion error may be used. The 
riterion (4) 
an be 
omputed16



Table 3: Root a

umulated mean squared errors (square root of (4) with M = 50) for fourstrategies: AR models 
hosen with BIC and AIC (AR-BIC and AR-AIC respe
tively) andspatio-temporal autoregressions 
hosen with BIC and AIC (SVAR-BIC and SVAR-AIC respe
-tively). The maximum temporal lag allowed for was six. The smallest root a

umulated meansquared errors per station are represented in boldfa
e.strategy AR-BIC SVAR-BIC AR-AIC SVAR-AICStation 1 0.371 0.380 0.371 0.382Station 3 0.480 0.466 0.480 0.494for several model sele
tion strategies, possibly based on di�erent model sets. In de Luna andSkouras (2003, Theorem 1) it was shown that 
hoosing the model strategy minimizing (4) wouldeventually identify the best strategy with probability one.We now apply this out-of-sample framework to the two data sets studied earlier in thispaper. This allows us to evaluate model sele
tion strategies asso
iated to the VAR models andto 
ompare them with a ben
hmark univariate time series modeling.4.1 Carbone monoxide in Veni
eThe 
arbon monoxide data was des
ribed in Se
tion 2.4, where we used BIC to identify aunivariate time series model and a spatio-temporal model. These models need to be evaluatedin order to de
ide whi
h is most appropriate. We evaluate them here together with two othermodel sele
tion strategies. We use both BIC and AIC to sele
t a model within the AR family(univariate time series models) and the VAR family with spatial stru
ture. Only station 1 and3 are 
onsidered be
ause the models in Table 1 and 2 were equivalent for station 2 and 4.From Table 3, we note that BIC provides the best predi
tion performan
e. Moreover,for station 3, the univariate time series model was outperformed by the model with spatialstru
ture found with BIC. On the other hand, for station 1 the univariate time series modelhas lowest a

umulated predi
tion error indi
ating that the spatial stru
ture found with BICmay be super
uous for predi
tive purposes.
17



4.2 Irish windsThe Irish wind data set was des
ribed in Se
tion 3, where stationarity hypotheses were investi-gated. The spatial stru
ture (ordering of the stations) of the VAR models used was de�ned bytaking into a

ount that winds are predominantly westerly over Ireland. The spatial orderingof the stations is part of the model spe
i�
ation and 
an also be investigated with a predi
tionperforman
e analysis. We, therefore, 
onsider here six model identi�
ation strategies based ondi�erent families of models. As in the previous se
tion two strategies based on univariate timeseries models: AR-BIC and AR-AIC. Moreover, AIC and BIC are used to sele
t between twofamilies of VAR models having di�erent spatial stru
ture: the �rst family uses an ordering ofstations (3) de�ned solely on as
ending distan
es between stations (SVAR-BIC and SVAR-AICwith dist. order), while the se
ond family is based on an ordering whi
h takes into a

ountthe information on wind dire
tions as des
ribed in Se
tion 3 (SVAR-BIC and SVAR-AIC withwind order).The root a

umulated mean squared errors (square root of (4)) are presented in Table 4 forthe eleven stations and the six model sele
tion strategies. Two main general 
omments 
an begiven. Firstly, the spatio-temporal models outperform the univariate time series models. More-over, the di�eren
es in predi
tion performan
es between the di�erent spatio-temporal modelingstrategies are mu
h less important than the di�eren
es observed between the spatio-temporalmodeling and the univariate time series strategies. Note, however, that AIC performs betterthan BIC in many 
ases and that the models whose spatial stru
ture takes into a

ount thepredominant wind dire
tion (wind order) has as good or better predi
tion performan
e thanthe models ignoring this physi
al information (dist order) in all but one 
ase (station 3).The out-of-sample predi
tion performan
es summarized in Table 4 may be analyzed inmore detail by displaying the a

umulated predi
tion errors graphi
ally. More pre
isely, fortwo strategies S1 and S2 it is informative to plot the sumsiXt=M �(z(s; t)� ẑt�1(s; t))2 � (z(s; t)� ~zt�1(s; t))2� (5)against i = M; : : : ; T , where ẑt�1 and ~zt�1 are obtained with S1 and S2, respe
tively. Su
h
umulative sums plots allows us to understand whether a strategy whi
h has best root a
-
umulated mean squared error is really performing better re
ursively through time. This isillustrated in Figure 7 where for station 3 (Kilkenny), the best strategy SVAR-AIC(dist order)for this station is 
ompared with the other strategies. These 
omparisons provide strong evi-18



Table 4: Root a

umulated mean squared errors (square root of (4) with M = 1; 000) forsix strategies: AR models 
hosen with BIC and AIC (AR-BIC and AR-AIC respe
tively) andspatio-temporal autoregressions 
hosen with BIC and AIC (SVAR-BIC and SVAR-AIC respe
-tively). For the latter, two di�erent ordering of the stations are examined. One based solely ondistan
es between stations (dist order) and the other taking also into a

ount the dominatingwind dire
tion over Ireland (wind order). The maximum temporal lag allowed for was three,see Se
tion 3. The smallest root a

umulated mean squared errors per station are representedin boldfa
e.Station StrategyAR-BIC AR-AIC SVAR-BIC SVAR-AICdist order wind order dist order wind orderRo
he's Pt. (1) 0.492 0.492 0.474 0.473 0.473 0.473Valentia (2) 0.503 0.503 0.498 0.498 0.499 0.499Kilkenny (3) 0.446 0.446 0.424 0.424 0.423 0.424Shannon (4) 0.461 0.460 0.455 0.454 0.452 0.452Birr (5) 0.481 0.480 0.470 0.470 0.469 0.468Dublin (6) 0.461 0.461 0.445 0.445 0.444 0.444Claremorris (7) 0.488 0.488 0.485 0.485 0.483 0.482Mullingar (8) 0.446 0.445 0.433 0.433 0.433 0.433Clones (9) 0.477 0.477 0.467 0.468 0.467 0.467Belmullet (10) 0.490 0.490 0.491 0.490 0.489 0.489Malin Head (11) 0.499 0.499 0.494 0.492 0.493 0.493
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den
e for the fa
t that the best spatio-temporal strategy performs better than the univariatetime series models. The di�eren
e in performan
e when 
omparing spatio-temporal strategiesto ea
h other is mu
h less 
on
lusive, indi
ating that the di�erent spatio-temporal strategiesprovide similar predi
tion performan
es.The patterns observed in Figure 7 
ould also be observed for the other stations althoughwe do not in
lude the graphs. Notable ex
eptions were that for station 2 and 10, for whi
hunivariate time series and spatio-temporal strategies had similar performan
es. This 
an beexplained by the fa
t that these two stations are lo
ated on the west 
oast. Winds 
omingpredominantly from this dire
tion make these stations fairly independent from winds measuredat stations lo
ated eastwards.
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Figure 7: The graphs plot the di�eren
es in a

umulated squared predi
tion errors (5) betweenthe two model sele
tion strategies (given in titles) for station 3 (Kilkenny). Upward trendsmean that the se
ond strategy is performing better while downward trends show that the �rststrategy is performing better.
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5 Con
lusionIn this paper, we have advo
ated the use of VAR models when the available spatio-temporaldata is ri
h in the time dimension but sparse in the spatial dimension, and when the purpose ofthe analysis is to provide time-forward predi
tions at the spatial lo
ation where histori
al datais available. VAR modeling is well understood and widely applied in many dis
iplines. Ourmain 
ontribution is to propose a model identi�
ation strategy whi
h takes advantage of thespatial lo
ation of the di�erent time series.We believe that the proposed modeling strategy will �nd wide appli
ability in the envi-ronmental s
ien
es where time forward predi
tion and monitoring of spatio-temporal pro
essesis a major a
tivity. This wide appli
ability should be eased by the fa
t that the models andidenti�
ation strategy (whi
h 
an be automated) are both easy to implement and general. Thesimpli
ity in implementation is a 
onsequen
e of the 
onsideration of linear models whi
h arenested with respe
t to a natural spatio-temporal hierar
hy. Splus 
odes are available from theauthors upon request. The generality of the method is implied by treating ea
h spatial lo
a-tion separately in the modeling pro
ess, thereby avoiding restri
tive and often diÆ
ult-to-verifyspatial-stationarity assumptions.We have aimed at showing both the simpli
ity and generality of the method with tworeal data sets. For instan
e, the estimation of temporal trends has been done with harmoni
fun
tions of time. As we mentioned in Se
tion 2.3, our modeling strategy may readily be usedtogether with other trend estimation te
hniques su
h as those using measurements on othervariables when these are available.The modeling framework is, moreover, open to further generalizations, although at the 
ostof its simpli
ity and probably robustness. For instan
e, non-linear autoregressive models maybe entertained. This would be mu
h more diÆ
ult to do in the 
ontext of spatial-stationarypro
esses. State-spa
e representations 
ould also be 
onsidered in a similar setting allowing usto deal optimally with missing observations at 
ertain lo
ations and times.A
knowledgmentsThe authors thank Dennis Boos, Dongseok Choi, and Tilmann Gneiting for helpful 
omments.
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