ABSTRACT

MANRING, COLE ARTHUR. Development of Neural Thermal Scattering (NeTS) Modules for
Reactor MultiPhysics ApplicationgUnder the directioof Dr. Ayman |. Hawalr).

In all current and proposetliclearreactor designdriven by thermal fissionthe space
time distribution of fission events is inherently dictated by interactions between neutrons, the
mediators of the fission chain reaction, and the ambient material environment, mostly comprised
of fuel, moderator, control, reflector, and structural subdomains. During a single fission event, 2
3 neutrons are Oborndé fast (i.e., having high
quickly thermalize (i.e., lose energy) to ultimately establisistilution in thermal equilibrium
with the surrounding atoms. Upon reaching such energi@1-0.1e\) , t he neutronods
wavelength (~ 43 A) approaches the order of interatomic spacing in condensed matter states, and,
as a result, acquiresgreatly enhanced sensitivity to tsteucturaldynamics of these states. This
sensitivity can be described by the matedi@pendentdistribution function over energy

momentum phase space, known as the thermal scattering law (TS(J 01 . Such interactions

(and their relation to the fission ratenderscorehe importance of accurate thermal neutron
interaction data in the reactor design process.

Over recent decades, thermal neutron scattering data has been gdoerateariety of
nuclear materiaJausing a combination of atomistic simulation and theoattheutron scattering
methods Many of these datasets a®red and disseminatéad the form of Evaluated Nuclear
Data Files (ENDF), where the designation, File 7, is reserved for thermal neutron interaction data.
While past efforts to incorporate thiatd into reactor design calculationsy@aroven effectivein
many cases, a new emphasis on nphiysics capabilitiehighlightsseveral shortcomings. Most

notably,currentevaluations exist only for a relatively small, discrete subset of relevant ogerati



temperatures, whiléypically ignoring otherconditional (or compositionallependencies (e.g.,
pressure). This has led many reactor physics practitioners to implement various interpolation
based schemes and other reduorter fitting techniquesn close proximityto the neutronics
calculation Despite thesedvancementssuch approaches suffer from inherent limitations in
accuracy, scalability, and memory efficiency.

As the need for improvement is clear, a new approach is warranted that will allovréor
realistic multiphysics capabilities. To this end, a novel application of machine learning in nuclear
data representation wawestigated and demonstratétsing opersource deep learning libraries,

a neural network wadesignedo represent the TSfor hydrogenin light water The resulting
modelembeds @ompactmultivariate {.e., momentum exchange, energy exchang@perature)
distribution hypersurfacento a bounded input phase space, enabling rapid, high accuracy
prediction for reactor physics applications.

Corresponding accuracy levessiow roughly an order of magnitude reduction in the
percentdeviation from reference data comparedattpacentmetiods, bringing thenedian and
maximum deviations closer to0.1%and~ 1%, respectively The modelsizealso alleviate the
storage burdemequiring roughly 200 kB of memory which is at least one to two orders of
magnitude less than othapproachesTheseneural thermal scattering (NeTS) modulgsresent
a departure frondiscrete, static evaluationgnstead shifting towards continuous, dynamic
evaluations provided over a range of operating conditions. Expansion of the NeTS phase space to
other paramets of interest (e.g.porosity, burnup, pressyrés also highly possibjeand the
implementation of the implied ethe-fly capability may enable a systematic change in the way

nuclear data ismployedn the design and simulation of nuclear systems.
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CHAPTER 1 Introduction
1.1 Motivation

1.1.10verview

Despitecontinual shifts in geopolitical influences and public opinion regarding nuclear
energy,its track record ofeliable, baseload power delivery remains an important selling point,
particularly in light of current emission reductionperatives [1]. More broadly, m addition to
stated policy goals surrounding emissions, strategic sujwagtivesanda call forinternational
leadershipn technologcal innovationunderscore a competitivie.S. energy sectof2]. Federal
funding of nuclear energy continues todyariority, however with just undes1 billion requested
i n the Depar t(bCER020 cohgressioralrbgdygaidmosal3].

Globally, nuclear energy use is widespread, witighly 440 power reactors prouig
about 10% ot h e welactlicty@arsd 220 research reactors prangloutlets for personnel
training, isotope production, and scientific discov@iy Countries such as France and the United
States derive around 71% and 20%their electricity respectivelyfrom nuclear powerOther
countries, like India and China, currently derive 3% and 5% of their paoegpectivelyfrom
nuclear energgndare plannindor significant capacity increases in the near futOngtside of the
civilian sector, nuclear power has become a mainstestical marine propulsion applicatief
the worldés | argest navi emweredvdulbnanies andoamgaft i s e
carriers. Additional use cases receiving increased attention include microreactors to support
remote military installations and nuclear thermal rockets (NTRS) to support manned missions to
Mars[5]. In eachof these endeavors, the push for advanced nuclear technaotogvedentyelying

oncreative innovation to design safer, more efficient reactors.



1.1.2Advanced Reactor Development

Design and prototygwork on secalled Generation IV thermal reactdnas increased
considerably in recent years, centering around improvements in efficiency, safety, utility, and
proliferation resistancis]. These research efforts are planned to materialize in a meaningful way
over the next dexde In addition to programaimed at the nuclear sector, broader initiatives, such
as the DOHunded Exascale Computing Project, are already playing a role in the development of

Small Modular Reactors (SMRBig. 1.1 [7].
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Fig. 1.1. First SMR design to gainNuclear Regulatory Commission (NRC) approval.



Under t he p r o pdieectived the EeatMR gpplicatsorpings national
laboratory and university collaboratdaogether tadvanekey neutronics and computational fluid
dynamics (CFD) codéds achieve unprecedented performance levels ongexdration computer
hardware.These improvements are intended to providediative, highfidelity simulations of
advanced reactor systems that will accelerate the@aweint procesdlany of these adaptations
incorporate GPtenabled software versions alongside stdtthe-art algorithms focused on
speed, memory efficiency, apthysical accuracy.

Oneapparent priority, related tohysical fidelity, centers around -ohe-fly temperature
dependence of continuous energy nuclear data. While efficient implemerdatsoich datas
critical, sotoo s its accuracy. This assertion lds true in any nuclegrowersystem Several of
the most promising Gen IV reactor types, namely the Advanced High Temperature Reactor
(AHTR), the Supercritical Wate€ooled Reactor (SCWR), and the Very High Temperature
Reactor (VHTR), depend heavily oretmteractions of low energy (i.e., thermal, ~ 0.01 to 0.1 eV)
neutrons, specificallyOther popularized design concepts, including the aforementioned SMR and
the microreactor, also depend on the mateacific dynamic nature of these interactions. The
accurataedescription of this dependence, which is encapsulated in the thermal scattering law (TSL),
and its transferal intoulti-physics simulations tharedict system transient behavior are therefore

paramount.

1.1.3 Reaction Rates

Amidst the wider categaes of nuclear reactions, which include decay, emission, fusion,
spallation,and othersthe subsebf reactions involving neutrons is particularly relevant to the

operation ofnmuclear reactorsAmong thesescattering and fissioare co@pendenphenomena



having a strong influence on power production in the ctine.overall balance of neutrons in the

system iglictatedby these and other processes (Fig).1.

Del ay

Neutron Fi ssipn

Leakage,
e

Fig. 12. Neutron life cycle highlighting predominant production and removal mechanisms.

Before proceeding, it is useful to establish some notion of a cross section, which is
proportional tothe probability of any particular reaction pathway occurrikd¢hile deferring a
more indepth discussion to a later section, the classical intuitioncodss section expressed in

terms of an interaction area is appropriate to establish the correct relationship. That is, a larger



cross section corresponds to a larger probability of intera¢iech of the balancing channels can
now bequantified in termf relatively straightforward rate equations of the form

Y L, 0« b (1.1)
where'Y is the reaction rate for channbin units of time', , is the microscopic cross section
for channel x in units of length0 is the atomic numbedensity in units of atoms per lengtla
is the neutron flux in units of neutrons per lerfgbler unit time, andy is the domain volume in
units of lengtA. Realistically, the situation is a bit more complicat€iven in less simplistic

terms, the rean rate equation with its major dependencies can be given as
Y oY , BOAY ) BRY D B YQ B8 (1.2)

Here, the spatial dependends captures both continuous, inmaaterial changes and discrete
gradations of different components makiup the core domain. The temporal degree of freedom
o, reflects among other thingghe accumulatedstructural shifts across length scateser the
operation periodWhile it shares a time dependence, temperatifrene of the most important
parameters in reactsafety andperation, is also included and will be revisited in later sections.
Combining the scattering and fission processes with an understandingctibmerates
illustrates (Fig. B) the role of thermal neutron interactiomgntiored in the previous sectiom
this example, autrons born around 2 MeNpidly downscattetowardsthermal energies around
0.1 eV, where the U235 fission cross sectionnslatively largeThis assumes, of course, that these
neutrons do not leak out of the system and that they are not absorbed outside of fHeefuel.
repetition of this process portrayed by tt@dependence in Fig. 2Lfurther demonstrates the

importance bscatteringnteractions
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Fig. 1.3. Comparison of the ENDF/B-VII.1 U -235 total fission cross section from the NNDC
database with a representative neutron flux spectrum for ¥ HTR [8].

1.2 Thermal Neutron Scattering Data

1.2.1Formats and Implementation

The nuclear data community plays a pivotal role in providing the broader nuclear
technologysectomwith interaction data that is as accurate, standardized, and practiedli(EB&).
14). Collective efforts have, over time, shaped the nature of curf@mhatting and

implementation standards.
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Fig. 14. Nucleardata pipeline highlighting the role of the nuclear data community.

As shown abovethe nuclear data community capitalizes on twmsiderable advances in
experimental, theoretical, and computational nuclear phyatshave taken placaver recent
decades, ultimately delivering an essential component to those on the technology application side.
After many years of individual laboratories arbitrarily establishing, utilizing, and
maintaining isolated data repositorigke Evaluated Nuclear Data File (ENDF) format was
formalized in the summer of 196t Brookhaven National Laboratory (BN[9]. Today, the
ENDF6 format[10] continues to serve the original goal of consolidation and standardiZa&on.
its requirements, thermal scattering data is stored for specific temperatures vddsigated
file, material file 7 (MF=7), or File .7The data in this file is further categorized by reaction type,
where MT=2 and MT=4 refer to elastic and inelastic reactions, respectively. Aside from thermal
neutron scattering interactions, the ENBFormatcomprisesa host of other reaction typasth
accompanyingtorageoptions
Despite its relative success over the yeiess ENDF6 format is not the final paradigm in
nuclear datatorage and disseminatidRecent developments of a newer format, @emneraked
Nuclear Database Structure (GNDS), seek to move beyond the inherent limitations of the old

framework[11]. As a result, anore comprehensive and flexible arrayfaimatting possibilities



are slatedo emergeThe BENDF-6 format will remain the de facto standard, however, until GNDS
(or some other projeci3 fully developedand widely adopted.
Once the TSL data is generatédcan be used toompute the double differential cross

section,

Qu 137, vy PRy Yoo N oy - e L LB oy v T o M
X .@9 omN 1 EON WO 0 VE VEGD € ‘00e VE OO wE G (1.3)

where' is the scattering cosine in the laboratory frame, @d the secondary neutron energy.

The details relating the TSL to the double differential cross section are addressed in the following
chapter.In Monte Carlo neutronics codes, this information is customarily transformed into a
distributionfrom which aphysically constrained subset is sampled to determine the outcome of

individual scattering events.

1.2.2Notable Disadvantages

At present, thermal neutron scattering data is evaluated over a predefined range ef energy
momentum space fa list of roughly 520 temperatures. While the resulting dataset provides a
reasonable representation of the scattering process for incoming neutron energies below ~ 5 eV at
a given temperature, the inherent simulation limitations are appaReatworld reactor
temperature are characterized by kinetic energy transitions at the atomic level, hardly discrete at
the scale of 2, 50, or 100 K increments common in current evaluatibfweover, operational
variations in material microstructure (e.g., burnup), pressure, systaposition, etg.are notably
absent inexisting TSL packages, leaving reactor miptiysics codes without @mprehensive,
physically realistignput set. If these shortcomings are addressed, further extensiom o0 6 mat er i
conti nuumé e iaen poeosity ay alley weightepercera rareyealso possible. Such

densely featured TSL representations could potentially enhance reactor design and simulation

8



efforts However, the present form of nuclear data evaluations is incapable of repredssting t

additional complexity.

1.2.3Previous Approaches

Numerousnethodologies have been employed in addressing the missing temperature issue
in particular. The requirement of temperatures other than those included in the original evaluation
warrants astrategyto accuratelyestimate these valuethereby avoidinghe storage of large
amounts of dateRegardless of the selected approach, each must adaeesstimation location
and technique The estimation location can practically be at one of temees: the TSL data
itself, the TSkderived samplingor secondarydistributions, or the cross sections. The estimation
technique typicallyinvolves either interpolating between known reference pointittorg an
analytical functiorto the reference data for later inference &sethermore, eacmethodrequires
(at sme point in the procep3 SL files with sizegTable 1.1)on the order ~ 10 MBi.e., those

containingmultiple temperatures over a reasonably sized enarggnentum evaluation grid)

Table 11 Select LEIP Labs TSL filesizes.

Material # of Temperatures File 7 Size [MB]
Crystalline Graphite 10 8.5
H in H0 17 38.5
Liin FLiBe 9 17.5
Uin UN 8 7.1
Be in BeO 8 7.3




Considering common neutron moderators)e oapproach takes advantage of the
approximately linear temperature dependence of the Détalker factor, a key componeirt
most TSL calculatioms, splitting the TSL into strongly and weakly dependent tefh2$. This
methodof interpolating between adjacent reference TSL vakiagpliedo graphiteand hydrogen
in light water. Anothermethod applied to the same aderatorsuses various basis function
expansiongo capture the temperature dependence in the-deded distributions ultimately
requiring roughly 0.5 MB of storage space per mat¢tid). Both of these techniques exhibited
roughly similar results on respective evaluation datasets, with average deviations on the order ~
1% and maximum deviations on the order ~ 10% (e.gl0%).Others have applied function
specific interpolation schemeSome suclexample utilize linear interpolation focross section
and angular distributiodatg while switching to a reciprocal laimterpolationfor the secondary

energyspectrunm14, 15, 16]

1.3An Alternative Approach

1.3.1Artificial Neural Networks

As the name implies, artificial neural networks (ANNSs) were originally abstracted from the
biological neural networké living beings[17]. Deep neural networks (DNN#$) particular
containing multiple layers of connected namus, have become the most successhdchine
learning ML) techniquein addressing some of the most challenging applications (e.g., facial
recognition, natural language processing (NLPhis notable performance is attributatieheir
inherent abilityto uncovercomplex, nonlineamput/output [/O) relationshipswvhile benefitting
heavily fromadditional datf18]. Moreover, practitioners and researchers in the field have adopted

and developed a host of different frameworks (e.g., Tensor®lyPyTorch[20], Keras[21])
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with which they can address these problems. Many of these platforms are open source, allowing
for a large degree of collaboration amateyelopersin addition to an ample set of toat®veral
architectures have become mainstays indibep learning@dL) communty: basic feedforward

neural networks (FNNs) or multilayer perceptrons (MLPs), convolutional neural networks
(CNNs), and recurrent neural networks (RNNs). While FINg. 1.5)are useful in a variety of
classification and regression tasks, CNNs and RNfégsganerally more adept at addressing

problems with gridike (e.g., images) and sequential (e.g., time series) inputs, respectively.

Fig. 15. Representative fully -connect FNN architecture with input, hidden, and output
layers.

Given the success of these architectanedother sophisticatedffshoots,many believe
that the problem of supervised learningwh er e t he ML model I s, traine

is largely solved. Many advanced architectures are also being developed and utilized in the fields
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of gamirg, robotics, and finance,among others. Some of thedesignsinclude generative
adversarial networks (GANgR?2], variational autoencoders (VAE$23], and deep residual
networks €.g.,ResNet DenseNét[24, 25, 26] Beyond these examples, there are many more
architectures to choose from, and the number is growing rapidly.
ANNs commonly rely on a series of connected lay&owing aninput layer column
vector @), each containing a set of individual neurevith associated weighty) and bias §
matricesdefiningalayerwiseaffine function, "Q The input layer transforationis thengiven by
MO A B (1.4)
Speci al Afactivationod functi ons anondinea mappinged t o
capabilities that help distinguish ANNs from other data fitting techniques. There are many
different types of activation function®ig. 1.6)to choose from: rectified linear unit (ReLU),
sigmoid, tanh, softplus, softmax, etc., and eahits own properties and relevant use cadss.
first hidden layeoutput,"Q can now be defined in terms of the activation funct@mandQas
HOIATEEONOIA! Qo A ©8 (1.5
Between the input and output layers of the network, hidden layers are generally added
based on the desired fitting capacity. The number of neurons in the input and output layers depends
on the number of input features and output type, respectively, \uRileumber of neurons in the
hidden layers is again related to model capadbityhis picture successive layer outputs depend
on previous outputs according to
M Q0w 00 o h (1.6)
where "Qdenotes the layer indexMore advanced architectures combine these foundational
elements, along with other adaptatioagy(, recurrent loops, convolution layers, dropout layers,

pooling layers, skip connectigngo solve a wide range of problems.
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3+ |— ReLU (x) = max(0,x)
—— Sigmoid(x) = 1/(1+€")

—— Tanh(x) = (€-e™)/(e"+&”)
—— Softplus(x) = In(1+€)

Output

Fig. 1.6. Common activation functions used in DNNs to enable nonlinear feature learning.

Once the model architecture is selected and the data is ready for training, the optimization
algorithm (optimizer) and objective (loss) function are choSetection of hyperparameters, or
fixed valuegcharacteristics of the modeling process that domage during training, also occurs
at this stageThe optimizer, which updates the weights and biases during training, is a very
important factor in model performance, as it determines the course the parameters take through
loss space towards some minimuggion.Selecting a proper loss function is also very important
to model performance. The loss functisaerves as the judging metric during training and is
generally minimized to obtain acceptable results. Among many others, such as trentmss

lossfor classification tasks, mean squared error (MEg. (@.7)) is usefulin many regression
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applications, whered, w, and 0 represent the prediction, labéle(, exact targetdatg, and

number of samples, respectively.

DYO0 - w (1.7)

One of the earliest and most intuitive applications for NNs came in the approximation of
mathematical function27]. The universal approximation theorem states that a NN with a single
hidden layer comprised of a finiteimber of neurons with an appropriate activation function can
approximate a continuous function on a subsetdihmensional relacoordinate space (i.€R") to
arbitrary precisioi28]. Two of the more popular activation furarts used for this purpose are the
sigmoid and tanh functions. A simple way to conceptualize the idea of approximating functions
with NNs is the use dfcaledstep functiongor rectanglesyvith learned weights. Clearly, adding
more step functions would érease the accuracy of the approximation. However, an optimal
approach to this type of problem involves wus

functions, and this is what is done in practice.

1.3.2 Representation via Deep Learning

The problem of developing aimple,accurateT SL representation scheme is essentially a
problem of uniqueness. Each TSL is dependent not only on mégeeabut also on surrounding
conditions. Irthis sensgthe TSL is like a fingerprint, containing ridgersd valleys corresponding
to available exchange channels in enargymentum spacé&he addition of temperature, or some
other relevant parameter, further increases the difficulty, resulting in a fel@iose, multivariate
hypersurfaceUnfortunately, thex are ndractableanalytical finctionscapable of representing all

TSL forms, despite the ability of some to provide rough approximatiohs realization calls for
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a method withgreater flexibility or fitting capacity While there are many potentialyable ML
techniques to address thidallenge few, if any, seem to naturally fit the requirements for
accuracy, scalability, and memory efficienay well as DNNsThe advantages in these areas,
combined with a plethora of possible network architectymesjidea good chance of success in
this task.

The use oDNNSs to represent the TSL forgRig. 1.7)involves a closed design loop, where
arbitrary amounts of input data areed$o train and evaluate the network in a supervised learning
fashion.This is a highly advantageous situation that is quite distinct from other supervised learning

applications where input data is difficult to come by or plagued with errors.

OQut put
ssion

Fig. 1.7. Neural thermal scattering (NeTS) modules in context of the broader artificial
intelligence (Al) landscape.

The resulting neural thermal scattering (NeTS) mqdcbenprised of a structutteset of many
weights and biases, embodies the TSL, arabie to generate a uniqii&L prediction for each

unigueinput

15



1.4Implications and Objectives

The successful implementation of the NeTS concepates several potential use cases
within the nuclear data and reactor physics communileshe data side, NeTS modules would
provide an efficient means of storing large amounts of thermal scattering inforrwaiteogiven
material Instead of storin@ set of 10 or so discrete temperature evaluations, a NeTS module could
storea continuous range of temperatureésactitioners could then use NeTS modules to generate
TSL data for any number of arbitrary temperatusghin this domain Taken a step funer, a
NeTS module might conceivably be used to store TSL dataa combinedtemperature and
material continuunm(e.g., a range of porosity value3hese possibilities might also imply an
inclusion for such an instrument in future nuclear data formatsh®©reactor physics side, NeTS
modules would enable accurate-tbe-fly sampling of the TSL space for relevant simulation
conditions. This could prove particularly useful in mipltiysics design applications.

Theaim of this workis twofold. The firstaspect involves demonstrating the utility of the
NeTS conceptin generalas it relates to the aforementioned possibilities. The second involves
achieving statef-the-art performance in TSL representation accuracy, wdie maintaining a
minimal memoryfootprint on the order ~ 1 MB (or lessgomparedto ~ 10 MB for current
evaluations (containingnuch fewer temperaturesMore $ecifically, this means striving for
average and maximum prediction deviations on the order ~ 0.1 and ~ 1%, respectivgigsad op
to many previous methodgith average and maximuuteviationson the order ~ 1% and 10%,
respectivelyThis endeavor should, in any case, serve to inform the comnafimityovel approach

to a particular problemwith potentially advantageous applications.
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CHAPTER 2 The Thermal Scattering Law
2.1 Physical Interpretation

2.1.1 Thermalization

As fissionborn neutrons with kinetic energies in the MeV range thermalize (i.e., lose
energy) i nside a nucl ear reactor, t hey) pass
characterized predominantly by the scattering lengths of the target kacleiany materialshe
probability of scattering in this energy range, usually spanning eV to keV, is virtually independent
of the incoming neutron energy (i.e., the cross section is essentially flat). However, after some
number of collisions (typicallyery few for lighter target nuclei), the neutrons have slowed down
to the sukeV range, where a comparatively dramatic energy dependence emerges. In some cases
(e.g., U238), this dependence appears eaflier, at lower energiesh a resonance regiqrig.

2.1) with many peaks corresponding to discrete energy level transitions inside the nucleus.

As the neutrons approach the (thermal) energy range of surrounding nuclei (e85 ~
eV at 300 K), the scattering cross section indicates various fedtutbe vibrational/phonon
density of states (DOS), which depict the available energy modes in a given naateérian be
computed using advanced atomistic modelieghniqueg29]. At this juncture, the quantum
mechanical iterpretation of neutrons as matter waves describes how the neutron de Broglie
wavelengthand energynear the scale of interatomic spaciaigd binding/excitation energies,
respectivelyjn the scattering medium, resulting irt@ambination of structural cohence effects
and asensitivity to the motion of ambient atomic spectegentually,both up (whereneutrons
gain energy from the surroundimgvironment)and down scattering become possibéhile a
combination ofsuchinteractionsexistsat any given time in a population of thermal neutrons,

detailed balance ensures a statistically constant exchange of particle states.
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Neutrons(perhaps in other settingthat reach even lower energies (i.supthermal
neutrons)undergo yet anotheegime change where theaicattering dynamics are dictated by the
Ohotter 6 s urQomsequedtly, nhg crass seatis adopts an inverse relationship with
neutron velocity, illustratingé 1 / v 6 b e B.H.Vhesercold(n€uirogs can be usefuhany
applications (e.g., measuring small diffusion coefficients for atoms in solid crystals or for
molecules in liquids)Evidently, low energy neutrons provide an indispensable tool for probing

many aspects of material structure and dynamics.

—— C-elemental -

10* ——— U-238
S0 Resomance E
I5 1iv ni! | :
S e '
o 10°% ;
7)) ]
0
e 4
Y i ;

10° / —

Potential Scattering

10*
104 10? 1¢° 10° 104 10° 10°

IncidentEnergy (eV)

Fig. 2.1. U-238 (ed) and C-elemental plack) total cross sectiongfinite temperature) from
the NNDC ENDF database with approximate energy regimes.
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2.1.2The Weighting Function

As statedpreviously,energy and momentum transitions on the scale of atomic structural
dynamics are characteristic of the thermal neutron scattgrnocess.The TSL, acting as a
distribution function over the transition spasecommonly stored and expredses a function of

the unitless variable®r momentum( ) andenergyi(),

0 O ¢ Vo®

§ 2.1

| R (2.9
0 O

[ =g 2.2

where O is the incident neutron energ® is the secondaryfinal) neutron energy; is the
scattering cosine in the laboratory frardés the scatterer to neutron mass ratits temperature,
andQi s Boltzmann6és constant .

Alternatively,momentumgll ) and energyd] ) exchange can lexpressed in terms of the
difference betweerthe incoming and outgoingheutron wavevectors I, i.e., the scattering

wavevector) and frequencies) respectivelyNow,| andf are given by

aoll

| ci‘) TQUY (23)
J .

X 29

wherel is the mass of the scatter&éhe link between these relations and Egs. (2.1) and (2.2) are
readily derived from the free particle energfya neutronQ, in terms of its massy , and

wavevector, k,

o0 —38 (2.9
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The relationships in Egs. (2.3) and (2.4) facilitate the useful comparison between the TSL,

Y| fi , and dynamic structure facté¥,IR , which are proportionally equivaleatcording to

Y| H QYOYIh 8 (2.6)

In this work, TSL refers more specifically Y] i Y, which includesemperature dependence.
However, in general, other dependencies are also po§isijey| i FY8 ).

Importantly, the TSL acts askand of weighting functiorduring the integrationver angle
and energyof the double differential cross section in Eq. (1.3). This yields a total cross section

mirroring the various idiosyncrasies of the underlyigf Y. In Figs. 2.2 and 2.3, examples

are provided for two liquid materials, heavy paraffinit and HiBe molten salt, respectively,

illustrating the notion of uniqueness.

10
10°
10°
10°

S(@,b)
108

Fig. 22. TSL for hydrogen in heavy paraffinic oil at 293 K.
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The many features present in the hydrogen TSL are indicative tdltively strong and
directional intramoleculafcovalent in this casd)onds. However, the pronounced magnituale
low| X values is indicative of liquids more broadijhe TSL for lithium in FiBe molten salt

differs in feature complexity in that isrggominantly smooth. This is a direct result of

nondirectionallargely ionic)bondsthat are weak relative to the thermal enarfithe melt.

S(a,b)

10° 1091012
10

a 10

10°
10°

Fig. 23. TSL for Li in FLiBe molten saltat 773 K.
It is clear fom these examplethat the integrated cross section, appropriately weighted

during the integration processhisavily dependerdn the shape of the TSL distribution. Spanning

a largearray of possible energy and momentum exchanges, this distribistimlicative ofan
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even larger domaimmneultimatelyreflecting the uniquematerial dynamicpresenfor a range of

conditions.

2.2 Theoretical Formulation

2.2.1Thermal Neutron Scattering in the Schrédinger Picture

While typical scattering theory expositisinclude a discussion adlastic processes, the
application focusof this work, namelythat of neutron thermalization in liquid28, precludes
sucha discussion on both theoreticahd practical grounds. Theoretically, there is no elastic
scattering idiquids,as t he s e mo d e guasialastic chaneepelatectahd rionzery
drift in the center of mass (COM) of fluid constituents (i.e., diffusive motiotherwise sharp
(i.e., resembling a delta functiomsatteing signals, such as those observed in solid elastic
interactions, are broadenby this motionin a manner akin to the Doppler effetactically, the
encapsulation of the TSL as a compact description of energy and momentum exidggeiger
with the prevously conveyed importance of thermalizat{oelated to fission rate dynamics and
reactor contrgl necessitata specificattention to inelastic scatteripgocesses

Inelastic scattering fromnaensemble of particleke those commonly found in condsed
matter systemghaving many internal degrees of freedois framed aroundh conservative
exchange ofjuantumstates betweethe incident particle and thetargetnuclei In practice, a
portionof theseexchanges is experimentally accessible throughrtbasurement of the scattered
neutronflux, « , at some detector locatiardistancé awayfor thesolid anglem The differential
cross sectiowith dimensions of aregiven in terms of the incident flux, , is then expressed as

Q, | e iﬁ—l'%lfbﬁ 5
'QT] [ ° (‘) (7)

22



where —and%drefer to the proper angles in spherical coordinddese, tte ratio betweertheflux
scattered into an aré@,0 i ‘Qm, and thancident flux provide an intuitive interpretationf the

cross section as the interaction area presented by the scétteneiclear size dimensions are on

the order of femtometsi(fm), these areas are typically expressed in barns (equai’foctd).

The aboveratio also incorporates all information related to the state exchange rate, which is the
subject of the following evelopmerd adapted fron§30]. Naturally, if a particular energy loss is

considered, the double difential cross section, given by

Q, . o iREOR .
— Sl 2.9
A %eae * 0

reflects the portion of the incident flux scattered @tpaboutmhaving secondary energiesAro s

about%.g8his expression can be integrated to obtairtdted scattered cross sectign,

, : = %@A %8 (2.9
Before considering the problem statement in quantum mechanical termsséfigto
establish the notion of particles (e.g., neutrons) as matter waves, where the trajeatdoies
represented byime-dependentvave packet(Fig. 2.4) This spatial envelopmesthemeprovides
an informativepicture of waveparticle duality and is also related to the Heisenberg uncertainty
principle The wave packef o, can be expressed in terms oplanewave localized by an

enveloping functiomQQ,

[ oo Mi_ joXoXo) [0} 0] (2.10
C

wherg "Q is the dispersion relation farfree particlgwhich can beleduced froniq. (2.5)). If

"QQ is allowed to take the form of a Gaussian,
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p T —
N0 —— Q Q h (2.1D)

where the first and second factors are related to normalization amdtidlephase, respectively,

and®, Q, and3'Q are the central positiorgentral wavevector, andorrespondingange of

wavevectors, respectivelgto 11, theinitial spatial widthof the packetzw , is given by

. P PP
= —— 2.1
3w T 30Q c&'Qs (2.12

Reordered, this is the minimum solution to the Heisaphacertainty relation,

3200 3E 58 (2.13

I ' I
—— Wave Packet (t=0)
0.2 . —— Wave Packet (some t>0) |+

“1. - - - Gaussian Envelope (t=0)
n - - - Gaussian Envelope (some t>0)

Amplitude (arb.)

0 10 20 30 40
Position (arb.)

Fig. 24. RepresentativeGaussian wave packet evolution in time.
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As the wave packet propagates, fugiaredwidth of the densitys «fd s, evolvesin

timeas
809 o Q.
' oh (2.19
a a
and consideng the initial range of wavevectors gives
23°Q 3 . .
" 6 =5 30 oh (2.19
a a

wherer] and0 are the momentum and velocity magnitudes, respectiaelgda is the particle
mass This demonstrates how the wave functi@m, alternatively, a group of classical particles)
spreads out in spaeéth time, due to the initialangeof velocities.Notably, the magnitude of the
spread over time periods of interest to scattering experimentsxdbegceed the dimensions of
common measurement apparatuses.

At this stage it is important to note that in any introductory quantum scattering

derivations, the stationary Schrodinger equation,

0] o
0. 3 oI 61 06ih (2.16
ca

whereOis the Hamiltoniang is the Laplacianw is the potential function, andl and’O are the
eigenfunctions and corresponding eigenvalues of the Hamiltonian, respeciiEs a
satisfactorystartingpoint. This is due, in part, to the tinmedependence of the dispersion relation
at times sulfficiently before (i.€0, H) and after (i.e.0 Hb) the scattering evenitg.,0 TI).

In most practical cases, these conditibn& for the measuement ofthe incident and scattered
fluxes. This conclusion then permitdhe avoidance of thewave packet formulism, athe

correspondingolutionis also time independent
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In orderto proceed witlthe problem at handpecifically,that of determinin@ solution b
the combined system &ke particle probeneutrons anthound,target nuclgian augmented form

of Eq. (2.16)s required. hisform can be expressed as
2 - . L
O oY c—d& 60ihY wihYdéihyh (2.17

where’O is the total energy of the combined system &ds the target HamiltonianThe
eigenfunctionsd i RY , and the interaction potential coupling the probe to the taigefiY , are
identical in purpose to those in Eq. (2.16), but here they dependpamate probe and target
coordinate systems, represented fand 'Y (i.e., the collective set of target nuclear coordinates)
respectivelyAs the target system contains many internal degrees of freedom, transitions between
guantum states facilitate irgsttic scattering of the probe particl&se nature of these transitions,
as will be shown, ultimately characterize the scattering process, leading to the rdaferadent
focus of this work (i.eY| i RY).
Now, the path to solution can begiwitht he noti on of ,whichGWlébe nds f

used to constructantegral fornsolution toEq.(2.17) that is amenable to the iteration techniques
of perturbation theoryinterpreting the right side oEqg. (2.17) as a forcing term,

"QiRY wihY o6 inYh (2.18
the linear operatoi), for the combined system in the absence of the scattering potgiva,in
terms of the Hamiltoniari© , andthe corresponding eigenvalu®, (which is equivalent t®
in this case)

Oh 'O "Oh (2.19

acts on the 'Grhk éMY&yieldingthepdint souncs,

00O ih sYAY 1 1 iaed 'Y 'Yah (2.20
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from which"Qi RY can be builtBuilding the potential function from Eq. (2.20) illustrates the

potenti al 6s damyet stated,avhiah &rthermmplicdtes the importancedi states

in a dynamical sens&@ he Gr e e n@dss Uihuim$adgargas a solution to the previous

equationunderliesits uniqueness in relation tp particularly as an inverse opaat'O, where

O 1R Yy 1Y 5P 1 five  1RY'O1 fives (2.21)

After somealgebraic manipulation and contour integratio) e Gr e e n &@wenbyunct i on

S G Q 2 s
"Oif syiiy —— %o Y% Y ———h (2.22
c“o I 1@

where%. andQ represent the target eigenfunction for statend the scattered wave number,

respectively.n this picture,’O is represented by a superposition of spherical wavkgh are

only meaningful forQ T, weighted by theppropriatdarget state nors

Defining the originally soughgvesol uti on

6ihRY o iRY Qi QYO ih sYRY "Qi dYah (2.23
which carreadly be shown to satisfy the original equation by applying
06 1RY 06 ihRY Q1 Qw00 ih SYHY Qi dYe
(2.29
QiQ¥i iad Y YLQidYe "QiRYh
whereo 1hY is the unperturbed solutioBubstituting in the definition 6fxesults in a solution,

0, that references itself,

6iRY o 1RY Q1 QYO 1h SYRY  id8Yad | dYah (2.29

which, for repeated sefubstitutionJeads to the Born series,
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~

61RY o6 iRY Qi Q¥Oa®d | hY
(2.26
Q1 Q¥xeQi Q¥Oasdeamaabi¥ex Eh
where"Oaandoxazorrespond t60 1 $YRY andw i dYee respectively (similarly fofOseaad
waaf the coupled interaction between the probe and target isweak relative tahe target
stat es, tithin tllefpertarbed wavekfiinction can be ignoreds Tutlines the (first)

Born approximationwhich is generally appropriate for low energy neutrons away from resgnance

resulting inthe truncated sersg

6 iRy 6 iRy Q1 Q¥ | hY 8 (2.27
Plugging in the Greenbés function and the
6 i RY

6 1RY
(2.28
d ] lQ:) I~ Y N\t Z D D s, Vv 4% [ o) 3
—— %o 'Y Qi Q¥ Y Q 2018 ° %o Yee
T )

in the asymptotic limit (i.ei, © Ho, sufficiently far from the interactignwhereQ and %o (%o)
are the initial probe wavevector atiee initial (final) target state, respectivelyhen, expressing

the perturbedi.e., scatteredjomponento , in terms of the scattering vectdir, yields

5 & Q ° ‘ .
0 ihy e Foo 00— Qi1 Q-° Pbo 0600 (229
.[H MC“O l
which can be used to construct the scadéux, ¢ , via
\ 0 rz y , rz
o i — 0N 0 Oh 06 h (2.30
ca Q
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whereo, in this case, refers to the correction term in Eq. (2E28luationof the above expression
gives

204 ¢ . .
b l -5 C— %o h‘Q (J\)%oh‘Q (2-3])
ca i o)

in the case where the target state is altened substitution into Eq. (2.7@sulsin the differential

cross sectioffor scattering into a single channel (i.e., final state)

~
v

2 G < 2 %0 NQ 0 %ohQ 8 (2.)
QT] o 5 o 5 TQ (00] 00 .

Ifw o ;o Istaken to be the probabililensitytransition rate in

2 © o ho g 2.3
E\’] o) ﬁ fo) ° ( " '3)
it takes the form,
® o [o % % hQ 0 %NQ " Q h (2.39
where
. a .
" Q O—‘Q (2.395
is the density of final states.hi s r esul t i s k nownsreadly interpretedi 6 s

in terms oftransition probability from the initial statéphQ , to the final state %. hQ ,

%0 NQ 0 %NQ 8 (2.39
Taking energy conservation into account, whtre incoming and outgoing neutron
energiesOandCeerespectively, and the initial and final target sta@&ndO , respectivelyare
related by
0O O O ©*h (2.3
Eg. (2.8) can be rewritten as
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Q. . ’ AN

e T P 000‘7 '000‘7 | |
, "%eea 5 O NO %hQw%hQ 7 O 0O

h (2.39

wheren ‘O aretheoccupation weightsf thediscretetarget states in a thermodynamic ensemble

given by thecanonicalpartition function,

ho 2o (2.39
w
where
@) Q 8 (2.40

This expressiofEg. (2.38))is known as the master equation of scattering, which is based on the
Born approximation.
The interaction potential, largely ignored until now, carekgressed as a form factor

the’Q scatterefof U total scatterers)
o Qi a Q °h (2.41)

which, when substituted into Eq. (2.38)er some manipulatiotyields

4 ’?’Q

— n — NnoO O %Q° % 1 O O
%ee 2 Q

SUARLE I ; 2.42)

where'Y is the coordinate of th@ scattererAt this point, a suitable form fab I can be found

to be

“9 ..
@ qd—(bh (2.43
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where® refers to theexperimentally measurabeattering length of th& scattererNotably,

this is the Fourietransform of threlatively simpl¢ Fermi pseudgotential,
® i ——w i h (2.49

whichis intentionally constructed as a spherically symmetric, short range potential that results in
the correct form fow Il . Using this result, thdouble differential cross section can be expressed

as

,Qn (0] F]O TQ ~ ~
akue T 0O ®% Q2 % 1 99 ©O O h (249

whered] represents the energy transferred to the taifgeincorporate the delta function more
concisely, its expression as a Fourier transform allows the use of the time progression operator,
‘Q 12, within the expectation nornBreaking apart the square magnitid® a double sum

applying the time operatoand summing over finadhrgetstategyives

2o B RO &8 Q0%Q ° Q° % Q h (249
; A o 7 m .
MA %ae Qc¢“o :

providingan expression tha completelycharacterized by the targetstem
If amacroscopic sample size is considered (i.e., a sample comprised of a greé inany
nuclei) as in the typical casalong with thebservation that th&cattering lengthareuncorrelated

(i.e., randorty distributed with respect tdhe nuclarcoordinatesthecds term can be interpreted
statistically according to threlationship betweeland@For distnct values (i.e’Q "G the®ds
term is expressed asaverage

OF © BHEO HASO BO & VLG EE GO § WD (247
while the same term for self values (i’®, "@eis similarly expressed as
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OB © DHEOC BHEO 06 O WOVt DA E ¢ GO § WD (249
Now, Eg. (2.46) can belivided into two terms, one covering the coherent (i.e.udiog all
combinations oftand @ethat is, the self and distinct ternegntributionsand the other covering
the incoherent (i.e., only including the self combinatiocm)tributions Taking the ensemble

average (i.e., ovat O ), these componentssumethefollowing forms,

,Q ” ” TQ p

R T Too ﬁ Qe ° 0° O h (2.49
and
Q?}A s r_%clo Qe ° Q° O h (2.50
where,  is given by
\ T GOh (2.51)
and, is given by
, ™ w0 ao 8 (2.52

Expressing the total double differential cross seatioierms of theappropriatedynamic

structure fact,

Y IR c“io Qe ° Q° M
h

¢

(2.53

and

Q80 ° Q° & h (2.59

gives
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Q ., 0
P2y vy o8 (2.56)
QA Yo Q

This relation can be provided in th#ernative form,

Q, Q .
3 hy % N M “Y ” “Y h (2 '5@
QA %ax” Q
by recognizing that
Y Y "Yh (2.57)

where"Y (equal to'Y ) and"Y are the self and distinct scattering functions, and that the bound
cross section, , is defined as
" " , 8 (2.58

In evaluating Eq. (2.56), the term is often assumed to be a negligible correction to the
0 b as éY i(on"¥).6This approximation, known as the incoherent approximation, is regularly
applied to solid, polycrystalline materialnd(in the case of this work on light watsith ,,
p& v ybarnsand, Y ® xparns[31]) applies even more do liquids as any coherence in
liquids is heavily damped beyond some relatively small correlation vdligmeringmacroscopic
correlations in the hydrodynamic regime&his is a direct result of the amorphpdgnamicnature
of fluid materialsFinally, the double differential cross section can be expraaseums of the

relevant TSL (i.e.S| i RY) via Eq. @.6),

Q, .0 . i ' L
— — —Y| B RAY8 (2.59

The next section discusses th8L in real space (i.e.,id) and how it is described by the

dynamics of the target constituents.
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2.2.2 The Van HovePicture

The link between real space and inverse space (ife., ), as it relates to the TSh the
Van Hove formalism[32], can be partially illuminated by definingn extensiveintermediate

scattering functiofrom Eq. .53:

Ol o Q ° Q° & (2.60

h
This immediatelyallows the iterpretation of the dynamic structure factor as the Fourier transform

in time of the intermediate scattering function,

"YIlh c“io Qo Q 8 (2.6])

Similarly, Ol 5 can beFourier transforradin spaceo obtainthe pair correlation function,
"0i o o AroldQ °h (2.62
which can be expressed in terms of the gemencberdensityoperator for a system of particles,
"1 71 Yo h (2.63

as
Oif G i A& e ifm” @0
(2.64

QD il YTI] ilea'Yo®

This expression associates the probabilityfimding a target scatterer at tinteat i aavith the

position of a target scatterer (could be the same scatterghe self interadon) at timed Tt at
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iae 1. Intuitively, the division of Olfd and "Oihd into self and distinct components, as
demonstrated in Eqg. (2.57), applies naturally, providing useful connections between correlated
motion in real space and state transitionsnwverse spacelThe pair correlation function,of
examplegvaluated ab 1tand split into self and distinct contributiogives

Oifm Oihlm Oifm 11 Qi h (2.69
wherethe delta function term is related to incoherent elastic scattering (orejasscscattering
in the case of liquids) an®@i is the static pair distribution functiof@nalogous to the static

structure factor,YIl ), which isassociated witlsoherentlastic scattering.

The direct connection betwedrilA  and™Oi i can now be summarized by

"YIIR c“io Qi Q& ° 0ims (2.66)

It is important to note thaasthetarget scatterer positions are representdddigenberg operatqrs
Yo Q IryqQ 2R (2.67)
the functionsOi lo and Ol arein generatomplex, while'Yllh s reatvalued(necessarily
per its use in the expression for the double differential cross sedttm)maginary components
in the pair correlation and intermediate scattering functions serve to capture relevant quantum
characteristics of the underlying systdrarthermorejf the commutation restrictions 6vi 0 are

removed, the realalued, classical analogues @i and"Olfd can be obtained, where the

classicabpair correlation function is now expressed as

"0 i 1 Y Yo G (2.69
h
which corresponds to the probability of finding a particle (e.g., a target scatterer) at dirhe

given that another particle (or the same particle) was at the origin ab time Ultimately, these
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relations betweefYllh , Ol , and’Oi B render valuable means of interpreting experiments
in terms of computational and/or theoretical resultsjag versa, in a predictive mann&ome of

thesemethod will be discussed ilatersections.

2.2.3Detailed Balance and Moment Rules

The definition ofthermodynamic equilibriunfin a target system for examplensureshe

reversibility of microstate transitionkeading to anathematicaéxpressiorconveying a balance
of opposing processes

NOOOOO /HODODOOOA (2.69
whereO andO represent the initial and final target states, respectively, as in Eqg. (2.37), and
and0 are the state and state transitiababilities respectivelyAs a result, the energy exchange
coupling between probe and target can be described using Ef), (2.3

NODODOO Qe NO 0 CG® Oh (2.70
whereO andCealso retain their original definitionéssociating the state transition probabilities
with the appropriateTSLs and substituting the Boltzmann factdfeom Eq. (2.39))in for the

correspondig state probabilities gives thietailed balance relation,

J
YIR Q9 Y IR Q@ Y IRy 9 Y IR B @7

wherehere] mandthe positive side ofYrefers to downscatterin@nd vice versa)n terms of

dimensionlesgquantities this expressiorassumes the following forrnfor spatially invariant

systems

Y| R Q Yhi 8 (2.72
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Alternatively, relating the TSLs in the previous equation backthe upscattering

probability (an arbitrarychoice here relative to the downscattering probabijlily) { , the

distribution,
d¢————— Th (2.73

is obtainedusing

Ca
Ca

P8 (2.74
Theleft side of Eq. (2.73) is known as the logit (or-odds) functior(Fig. 2.5) which haghenet

zeroof | owd property,

(A) D
5 Qd® (2.75

Qw ae
W
whereq in this case, refers o on the intervalip . This feature isinother way of expressing

precisely what is implied in the detailbdlance relation

6 T T T T T T T T

— Logit(R,)| 1

0.0 0.2 0.4 0.6 0.8 1.0

Pup

Fig. 25. The logit function expressed in terms of the upscattering probability.
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In this figure, large positive values ¢f are associated with high values(f , whereas large
negative values ¢f are associated with low valuestof .

The principle of detailed balance is related more fundamentally to the intermediate
scattering functionhavingthe symmetry propertgonnecting the real and complex time damsa
[30],

Olfo 0 I 6 Q3w 8 (2.7

Substituting this relation into Eq. (2.61) yields

P e e D
VIR o5 QoOlf 6 0ex, ©

c% Q& Il (2.77)

J

J
Q C“io Qo A Q Q Y Ih1 h
giving a result equivalent to Eq. (2.71n practice however the TSL istypically given in
symmetric form (e.g., in ENDF Fileahd in this workover dimensionlesgariables

Y IR QYR Y |ht 8 (2.79
The classical TSLby comparisonis inherentlysymmetric.
As isthe case for most distributions, the momentdvdfi  provide meaningful insight

into its unigue characteristics. The momedhtmselves are given by

Y IR "YIR o Qo h (2.79
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where"Y is the & @moment of the scattering functioand are related to the intermediate

scattering function by

T

Y IR 3 ol 8 (2.80)

)
0

—n

Using thisrelation to obtain the zeroth momefolr incoherent scatteringives the extensive
relation,

Y IR Yl ‘Ollm Oh (2.8)
which is necessarilyunity in the intensive casélternatively, the zeroth moment for the total

scattering law is
Y Iih YR Qo] ‘Ol Yl h (2.82

the static structure factor
The first moment for the total scattering laan@the self scattering law, as it is zero for

the distinct compaent)is found to be
Y IR “YIh o Qo 00 Il h (2.83

whereO is the recoil energy of the scatterer given by

all .

‘ 2.8
o | G h (2.84

whered is the mass of the recoil scatterEhis relationship can also be expresseensively in

terms of dimensionless variablesing Eq. 2.3),

~

Y| h YR T Qr |8 (2.89
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Interestingy, neither the zeroth nor the first moment departhe dynamic structure of therget

system.

2.3 Computational Pathways

The theoretial developments in previous sections enable a wide variety of interpretations
and applications. Predictive simulation, that is, the use of computational methods and theory to
obtain a sufficiently accurate virtual representation of realifgrguably)chief among theniThe
ability to forgo timely and/or expensive experiments while maintaining high fidelity allows for
more rapid iteration angreater flexibility over the design and operation tifeles.

Overrecent decadesyb maincomputationahpproachesue and green pathwayshig.

2.6) for calculating the TSlhave been demonstrated for dozens of mateoialaterest in the
nuclear communityA third (red pathway in Fig. 2.6)as also been utilized, albeit less oftfr
nudear data purposesputside of these options, other possibilities exist that pnaye useful in
the future The remainder of this section will address some of the details surroundfirgtttieee
approaches.

The generation of the TSL beginsdpecifying relevant material characteristics. This often
includesinformation regarding atom typés.g., mass, chargahdmolecularstructure(or crystal
structure for most solidsPnce the system description is complete (purple box in Fig. 2.6), it mus
then be paired with simulationmode(black box in Fig. 2.6)Having these items as inputs, the
first pathway (blue) can be outlined for crystalline solilsllowing a series ofstatic, sel
consistent convergen@alculationsof the electronic structure vieny density functional theory
(DFT) code (e.g., VASH33]) that provides an approximate solution to the Schrodinger equation

for the givermanybody systenfi34], quantum-accurat€dHellmannFeynmanjorces are then used
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todefinee f f ecti ve &éspringd constant s [3b](dsingcadest h e
such aPHONON][36] or Phonopy[37]), where the symmetry and periodicity of the system can
be exploitedto solve a set of coupled equations itsrnormal modesThis process eventually

yields the phonon DQSvhich is a fundamental input into nuclear data codeHikeSSH
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Fig. 26. Prominent TSL computation pathways for crystalline solids(blue) and amorphous
materials (e.g., liquids, green)as well as the direct method (red)FT is Fourier transform.
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In the classical molecular dynamics (CMRpproach (greenwhich is applicable to any
materia) theforcesare evaluated for a given classical potential function at each timestep, and the
system is allowed to respond and evolve accordingly over many timé¢gtepg codes such as
LAMMPS [38]). As this method is employed in this wonkiore detailsare reserved for the
following chapter.The resulting velocity information for eaqfY§ atom 0 0, is readily
converted into the velocity autocorrelation function (VAGH)0 , in the normalized fornfsuch

thatd T p),

IO)

o o o
Wwo Moo

=y

(2.8

where the brackets denote averages oveataths andime origins,0 . This expression can be
rewritten after noting that the denominator is related to the average kineticyenef@ , at
thermal equilibrium (i.ep O DU j¢ 0 Q"Y ¢, whered is mass and is velocity),

as

60 ——=D 0o WO 0@ (2.87)
The resulting engeble and time origin averages particle velocities correlated over a range of

time delaygseveal the unique oscillatory behavior for a given systéaw, the DOS (i.e, 1 )

is given by the Fourier transforai the VACFover the time domain,

" ] wWQ 6 oh (2.89

which reduces to a cosine transform due to the time symmetrycof In general, the Fourier
transform of the position autocorrelation function (PACF) yields similar dynamicstsbslow

convergencan some case@elative to the VACF]39] renders the problem less tractable.
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The direct médtod (red)also involves an MD simulatioand applies to any material of
interest but the choices of force and position type (i.e., quantum or classical) are not restricted to
classical. Quantum accurate forces can be obtained via DFT methods, and tilne guespecting
detailed balancepll b can be computed from theajectoriessimulated within a path integral
based formulism, such as Ring Polymer MD (RPM4)] or Centroid MD CMD) [41]. This
direct trajectory approach, when compared to the previous two pathways, has the advantage of
bypassing the nuclear data code processing stage, where certain approxirsatemsscussed

in previous andollowing sectiors) are generally made.
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CHAPTER 3 Liquid TSL Evaluation in FLASSH
3.1 Diffusive Behavior in Liquids

3.1.1 Typesand Time Scales

The study of diffusive behavior in liquid systems covers a broad range of materials and
phenomena, to say the le§42]. In the following description, some of the most important types
of liquid diffusion are discusseftiom a physical point of viewrelevanttheoretical descriptian
arethe subject of subsequent sectiommjt this account is by no means exhaustugthermoe,
the scope of materials is limited tioat of simple atomic and moleculdtuids. The aim of this
section, regardless of the specifics, is to highlight relevant physical process that are (mostly)
unique to liquids and thatform the TSL structure thas the subject of this work.

For the sake oflescription diffusive phenomena can be dividalbngtwo domains The
first is the time domain, in which the separation of short, intermediate, and long time regimes can
be made The second involves definingation in terms of themolecular COM, where the
evolution of the COM in time is viewed separately frparticle motion relative to the COM.
Obvioudy, simple atomic fluids will exhibit no such motion relative to the atomic C@dtthey
are one in the sameéljhe exactime scaleghat are relevant here is not necessaxdparentlt is
therefore beneficial testablish reasonable bounds basedimiting behavios (Fig. 3.1) Over
long times(i.e.,large0), diffusive motion approaches somethlogselyakin to terminal velocity
in free fall where frictionaleffects( f ul | y Oat thiy poihtyarp reodetr lessn balance
with macroscopic thermodynamic influencasd constituen{e.g., moleculartraversal spas
multiple constituent lengthQuantitatively, this corresponds to ~ 1 ns'{&) for large, complex
molecular fluids and ~ 1 ps (0s) for simple liquidsFor timesmeaningfullybeyond ~ 1 ns,

continuumbased descriptions (i.e., hydrodynas)ibecome more aft3].
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Fig. 31. Relevant diffusion time scales for simple(green) and complex (blue) molecular
liquids bounded by shortt i me (éefl) arel rigtime hydrodynamic (purple) regimes.

Over short timesfor 0~ 1 fs (10% s), particle dynamics take place in a volume that is a
smallfraction of the interatomic spacintn this regime, particle motion is effectively free (i.e.,
acting as ifnot bound bya potential) but only until a short tim&ater when thesurroundhgs are
delt. @he large range of time between the stated boundérees the intermediate regign)
stretching over 6 orders of magnitude, contains many different types of diffusive behavior, some
of which are discussed belowotably, it is this region that lacks comprehensive theoretical
understanding in addition twarboringlarge spaces of unexplored dynamics.

The majority of these phenomera, mentioned previously, can be categorized in terms of
the molecular COMDiffusion in purely atomic fluids (e.g., liquid argoran be similarly

described, albeit only relative to an-bdy COM relating two or more particlds. molecular
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fluids, motion relative tgor even over aminutespan of) the COM(which may also be (slightly

off-body) can take many forms, where a portioayhe classified as intramolecul@re., within
molecules)while the resmay be classified as intermoleculére., between moleculesyome of

these diffusion typeare vibrabry in nature,including symmetric and asymmetric bostretch
modes(2-body), anglebend modeg3-body), as well as dihedral and impropmeodes (4body)

(Fig. 3.2) Other daborate librationa{i.e., oscillatory movement about the equilibrionrentatior)

dynamics are possibles anolecular size increase&ccordingly, rotational behavior about the

COM is alsoprevalentSuch motion is wuswually characteri ze
over shorter time scales), which is indicative of the many impeding effects charaetérist

present in condensed matter flui@milar tothat ofintramolecular vibrational modes, hindered

rotation of the whole molecule camhibit periodicbehavior

| < i
o 1) d

Fig. 32. Representativepair (a) inter-atomic/molecular interaction with bond (b), angle (c),
dihedral (d), and improper (e) intramolecular interactions involving two atom types (black
and red).

Mobility of the COM itself (beyond the molecular spaencompasses a quantitively
distinct set of possibilities relative to the mobility about the COM. In general, motion occurring
about the molecular COM is characterized by shorter time (i.e., havingrhigdgguencies

(energies)) and length scales (i.e., on the order of intramolecular separation), while motion of the
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COM is characterized by longer time (i.e., having lower frequencies (energies)) and length scales
(i.e., on the order of intermolecular spagor greater)At sufficiently long timesthe COM motion
is more easily separablefrom the highenergy diffusion componentd-ere, significant
conformational transitions fdonger, chainlike moleculesand otation of the molecular COM
(about somether COMN) arepossible Perhaps more importantliranslational drift in the COM
positionover longer distances (i.e., macroscopic diffusion) is presehis regime

As a pertinent examplerig. 3.3 illustrates a subset slperimposedranslational
rotational, and vibrationahechanisms spanning different time and length scales for {afer
Such mechanismaresignificantlyinfluenced by the presence of hydrogen bondingre on this

in a later section)

Fig. 33. A subset of dominant irplane diffusive dynamics for water (H7 red, O 1 black)

over different time and length scales: bond stretchinglight green), angle bending (purple),
hindered molecular rotation (light blue), intermolecular vibration (yellow), molecular

translation (dark green), cluster rotation about a COM (dark blue), and cluster translation
(black).
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Importantly,this subsebnly includesin-plane motion Realistically, oubf-plane modes
are also presentnithe other two spatial dimensions. On the issues of complexity and
interpretability, al/l of the aforementioned d
(i.e.,energyspace) where strong and weak coupling can exist to further obfuscatehbevite
separate diffusn mechanisms. In practice, useful investigatafnthese complexities can be

performed using simulation approaches.

3.12 Asymptotic Limits and Difficulties

In the preceding section, limiting bounds were discussed in tertheiofassociatetime
scales. This section addresses th&mme limits in their analytic formsvhile also providing
additional qualitativelescriptionsTo aid the discussion, the meajuared displacement (MSD),
given by

0Y® 0oYo Ym G (3.1)
where'Y is atomic position anthe brackets denote the ensemble avemageall 0 atoms is
provided as direct linkto the range of diffusion processéisshould also be noted thidte choice
of time originis arbitrary (i.e.,not fixed ato ). This information is easily extracted from
computersimulations.

At short timegqseediscussiorin previous sectionthe MSDbehavior is well established
[45] and holds for both solids and liquidsserting the free trajectory, which can be expressed as

YO Ym 0 Tmoh (3.2
whereu is the particle velocityinto Eq. (3.1)yieldsthe MSD for free particles,

DYO 6 ®WnNEO @ nodO & n@Gs (3.3
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Recognizing thafd 1t Ois related to the average kinetic energy (as in Eqg. (2.B@) (3.3) can

be rewritten as

oQ"Y.

0"YO o = oh (3.9

relatingwhat is known as the free gas limit to@adratic function in time.

At long times frequent interactiongor collisions)between patrticles prevent such a rapid
increase in the MSDI he time dependence is linear instead, giving rise to the asymptotic form of
the MSDin three dimensions

0 "0 g0 @O0 6 h (3.5
whereQis the macroscopic seffiffusion coefficient with units of lengttper unit timeandd is
given by

o Y. (3.6
Here,'Y is the characteristic length of the confinifmy gyration)volume before the particle
approaches the asymptotic regime (Fig. 3.4).

The linear relationshim Eq. (3.5) can in fact be gleaned fremivingFi ck 6s second

of diffusionin one dimension

1o ’o;—d)"ﬁ (3.7)

T o
whered is the concentration with units of particles per unit lengtie resulting solution takes

Gaussiarform for a point source located at the origin (iaedelta function)46],

6 oo p_Q —8 (3.9
" Oo

Specifically, the denominator in the exponentisirelated to the second moment (i.e., variance,

, )ofd oo, where
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100 ¢, ©, ¢Oo YO 4 oh (3.9
linking the solution in Eq. (3.8) to the time linearity in Eq. (3.B).this case, the delta function
source which can be constructed using the limit of a Gaussian distribution as its variance

approaches zero, evolves in the reverse direction, spreadtimg time.

MS Dy

|l nter medi
- Relatively complex

Y behaviors dominate the
diffusion process

Asymptotic

v

A
v

Ti noe
Fig. 34. Qualitative mean squared displacement behavior over time (with exaggerate|d )

divided into three separate regimesthe free gas limit (« <4 J.), an intermediate region
(- |- »<«¢ 1. .)Fharacterized bya relatively complex superposition opphenomena, and

the asymptotic diffusiondomain (<« 4. )

Relative to the limiting regimes on either side of Fig. 8ich are well understooith
most cases (certain liquid environments can result in anomalous beda})pthe intermediate
time region(with an exaggeratet befitting a highly viscous fluidpresents the greatest hurdle
to theoretical descriptimand general interpretabilitin this region, multiple mechanisms, such as
those portrayed in Fig. 3.3, contribute to the overall diffusive signal, \eagingin character
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from material to materialAs a result, there are no universatlgscriptive analytical forms
connecting the full time rangélowever numerous exact and approximate relations have been
developed to describe liquids under specific assumpi& €19} some of which are given inté&x
sectiors. Future advancements in this area will be aided by computational simulatltok,can
elucidatedynamics and correlations that are otherwise inaccessblavell as increasingly

sophisticate@xperimental capabilities.

3.1.3 Investigation via Neutron Scattering Experiments

Experimentaheutron scattering techniques typically involve a measurement of the double
differential scattering cross section (e.g., E259). This necessarily links the experimental
results to the TSLTo obtain sub a measuremertdf inelastic scattering in liquigdsmultiple
components (e.g., source, monochromataltimator,chopper, sample, analyzing crystal, detector
array) arecombinedo generate, filter, and direct a monoenergetic pulse train of neutrons towards
asample (i.e., targegnd to detect those scattered neuti@mg. 3.5) This process requires, at a
minimum, expensive equipment that must be calibrated and operated by teseadthersThe
challenge ofinterpreting the results of the experiment i¢ easy either. Instrument resolution,
finite sample size, background signal, and the sample container each serve to complicate the
experimental outcome. Further corrections maestmade to account for multiple scattering and
selfshielding events, where a neutron scatters multiple times before exiting the sample towards
the detector and where a scattered neutron that would otherwise reach the detector is either
scattered away obaorbed, respectiveliWotably, the majority of these hurdles are nonexistent in

the simulation approacf29]. Detailed discussions of thegand the following)measurement
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topics can be found elsewhg&], and while demanding, experimental methods are an important

part of the discovery and validation process.

Neutron

Sour
wnoc hr o
\
\
\
\ .
N Analyzincg
\
\\ \
\ —‘————— \\
Samp S~

Fig. 35. Simplified representation of a triple-axis spectrometer (TAS) used irsteady-state
inelastic neutron scattering experiments.

Depending on the desired information, researchers may wish to isolate the incoherent or
coherent components of the TSLChis can be accomplished ligvestigatingsample where
R (to isolate the coherent signal) or |1 (to isolak the incoherent signal).
However,theseare not alwaysrelevant or availableOther schemes involve selective isotopic
inclusion or sampleonfigurationwhere the mean scattering length is intentionally minimized.
Again, computationahaterialsimulationsdiffer with respect to these concerns, insteaaviding
easyaccess to isolated TSL components.

In one relevant configuration, (i.¢he steadystate setup in Fig. 3.5the scattered energy

is (usually)held fixed, allowing for a constalitspace sweef@.he range of accessible kinematic
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combinations isneverthelesdimited according to the following relatioaslapted from Egs. (2.1)

and (22), which are provided in terms of tircomingneutron energyo,

Mo O 17QY .

| ™ T~ h (31Q
0Q"Y
corresponding t6  p (i.e., forward scattering— 71 Jand
O O TRV .
| d T h (3.13)

0QY
corresponding to p (i.e., back scattering— p U Jt Using these expressions, tielowed

region can be visualized as a function of incoming energy (Fig. 3.6).

05 T | T |
Incoming Energy
2e-2eV
—le-2eV
0.0 _
o]
-1.0 . . . .
0 1 2
a
Fig. 36. Kinematically 6 al | owe d 6 »J¥nespacegwen byodurve interiors for a

hydrogentarget atom at 300 K. Incoming energies are given at 1@ed) and 20 (black) meV
(final energies are positive).
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Clearly, higher incoming energies enable a wider exploration of inverse.spitteugh,
practically, there are resolution tradeoffs and motivat{oalsited tospecificliquid phenomenp
leading tathe use of lower incoming energies (closer to or less than thermal engkgiesiterial
simulations do not require the use indifeviwwmalneut r c
domain

Postexperiment it is often useful to compare rédts from liquid scattering experiments
with theoretically derived diffusion model&s a reference pointhe solutionform in Eq. (3.8)
can beemployedto givethe threedimensional, continuum representation of sedf part of the

pair correlation function

0 %I ———=0" 8 (3.12
™ 00

This expression, which {Saussian, can be Fourier transformed ints#igntermediate scattering
function(where the directional dependence is dropped due to isotropy in liquids)

o I Q h (3.13
which is also a Gaussiavhile not exacbver the comiete time rangeassuminghis form of the
intermediate scattering functidor all 0is known as the Gaussian approximafjorginally made
by Vineyard[51]), and it is generallyacceptable in that it is a limiting relatiqeee previous
section)for several analytical modetsatdescribes the majority of the actual scattering [&8Y.
Converting Eq. (3.13) to the inverse time (i.e., frequency) dogeidsthe symmetridorm,

p Ol §

o 8
Y IR : o h (3.19

a Lorentzian function with the full width at half maximum (FWHM) equal@ . This result is
another expression of the asymptotic diffusion limit described in the previotisnsand it is

equally, if not more, insightfuFor example, Eq. (3.14) is portrayed below for several values of
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the diffusion coefficient (Fig. 3.7)llustrating its trend in the limit a®© 1t As the diffusion
coefficient is reduced, the curve (representing the eplastic scattering peak) shrinks further and

further untilit approaches a delta function in the elastic (i.e., solid) limit.

1.4 T T T T T T
1.2} -
— D=1
1.0} ——D=05 _
——D=0.25
>
‘» 0.8} _
[
Q
[
= 06F /\ -
04| -
02} _
0.0 !
-10 -5 0 5 10

Fig. 3.7. Lorentzian function given in terms of arbitrary values of the diffusion coefficient
and the scattering vector g

Due totheinherent constraints of the approximation, this TSL form deviates from reality
for most materials, especially for highHevalues where thEWHM dependence is no longer linear
(Fig. 3.8).Nonethelesdt serves talluminate the relationship between the diffusion process and
the incoming neutron wavevectdn general, the neutron wave packet impinges on the target

system having eitlie small or large characteristic wavelength. The magnitude of this wavelength
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(and thereforghat of the energydd et er mi nes what di ffusive

incomingneutrorNeut rons having very | arge incoming

long-time diffusional motionlnstead, these tend to interact in a more laedlimanner, perhaps
only 6 s e ed singledatommove a near infinitesimal amouriieutrons with small incoming
wavevector s, alternatively, ar e able to
characteristic of macroscopic diffusion. These neutroost also posses®rrespondinglylow

energies.This connection between the neutron wavelengtiydfrequency) and the ability to

accurately measure diffusion processeguirescareful attentionduring experimerdition The

neutron pr ob eto tmulsngth (and time) suates thad are relevant to the diffusion

process under investigatioff. the wavevector is too large, the signal can be hidden within

instrument resolution, and if it is too small, it can appear as background.

i C
| aw
FWHM \

g A more 1
rel ati ol

v

qo

Fig. 38. FWHM relation for the Lorentzian TSL form illustrating a linear dependence in#
alongside a more realistic relationship with a nonlinear dependence.

56

me c h

wa



3.2 The Standard Treatment

3.2.1 Convolution

In many cases, the analytical treatment of the translational motion can be decoupled from
that of thglassumedly uncorrelatedcillatory notion. This is a reasonable approximation in most
cases, particularly when the difference in relative time scales is large, as it is fendogy
asymptotic diffusion and higanergy intramolecular vibration.

Applying this assumption to the particlesajectories amounts to separating the

transl ational o6dri ftdé fr om (thereby resdaripgean effagivees e d
amorphous solidwhereY 3(or often,0) is a displacement relative t6 9,
Yo Y Bd 'Y %68 (3.15
Using this relation, the self intermediate scattering function, which can be expressed (intensively)
using Eg. (2.60),
ol @ ° Q° ] (3.16
where the brackets denotethverage ovell atoms and time origins,, can be rewrittein terms

of the translationalO & and oscillatory component§ &

o) 8 8 o) 8 8

Ol 6 Q O

aQ ° ® 9?2 C'IDQS-QQS 10, (3.17)
0 ®lmmo 838

The general conclusion also holds &mryfinite number 0, of uncorrelated modes,

Ol O3 (3.18
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Interpretingthe Gaussian approximation resfribtm Eq. 3.13, which can be given in
terms of theasymptotiovidth function(relatedto theMSD andscattering law widtf), 7 g0,
0 S 0 Q ¢ h (3.19
along with that of Eq. (3.17)eads to theeparation of th&ull width function(due totheadditivity
of the exponent
Ol Q Q 8 'Q 8 8 (3.20
Theimplications of this relation are twofol#irst, the additivity of the width functions extends to
the respective MSD functions/hich are related to the width functiono , by
DY 06Y 0O ¢ 08 (3.21)
Second the convolution theoremelates the multiplicative intermediate scattering function

components to the convolution of the corresponding TSL f¢B2is

Y IR Y 8Ih Y ®Ilh 1 Q 8 (3.229

Importantly, when'Y 2is expressed in terms of the phonon expangseeAppendix A), the

6 O
convolution of thdirst (i.e., @phonon, elastic) terngiven by 7 'Q ~ , where the exponential

component is the Deby&aller factor A.10), is movedoutside the integral in Eq. (3.22),

06 O

Y IR Y 8lh Q Y 8Ih Y ®&lh 1 Q 8 (3.23

This initial term represents the quasastic behavior, which is scaled by the Deliyaller factor.
As mentionedpreviouslyand shownn Fig. 2.6,the DOS (i.e.;” 7 ) is a fundamental
input into the calculation of thESL. Evaluation of independent components (e.g., the oscillatory

component), therefore, requires the use of the appropriate DOS (i.egrfcgglistribution). The
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separation of the total into its constituent péFig. 3.9)is possible for the same reason as that
givenfor the MSD aboveNow, the totaDOSis expressed as

"1 " ] " gl h (3.29
wherethefollowing normalization property is observedterms of the translational and oscillatory

weights,0 gand0 g respectively,

"1 Q] " gl Q gl Q1 0 g U g p8 (3.29
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Fig. 39. Separationof the total DOS (red) into the translational (blue) and oscillatory (green,
i.e., solidtype) components.
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Similar to Eq. (3.18), the following relations hold forcontributing mods,

" "1 h (3.29

0 ph (3.27

where” and0 are the frequency spectrum and associated weige of the ‘Q&®mode,

respectively.

3.2.2 Theoretical Models

Int his section, the O6divideo3dbeahdtefaegashe as
form (given below)s descrited usinga hybrid modelRelevant use cases and limitations of this
approximation are also discussadddition to its general behavior

In the free gas limit, the self pair correlation function can be egprkin a form analogous

to Eq. (3.12),

(3.29

where

’?‘Q "Y
[ 0 —08 (3.29
i)
Here, the time dependence of the gaussian width is again related to the corresponding MSD (Eq.

(3.4)).Now the associated self intermediate scattering function can be expressed as

0 I Q 8 (3.30

Realistically, the width function fa perfect quantum gas is given by
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QY. 2
cd Ww QY

¢

(3.31)

but the contribution of the second termrésluced at elevated temperasiréransforming Eg.

(3.30) to inverse space gives gwnmetric(i.e., classicalself scattering law in the free gas limit,
Y lh 0 ‘ 8 (3.3
¢l Q \P '

In practice (i.e., for nuclear data evaluation purposes), the asymietricuantumyersion is

usedwith dimensionless units

Y p_
ne* |

Q8 (3.33)

Asimpliedaboveandmentioned previous|ythe Gaussian approximation hold$oththe
short and long time regimes (as defined in Section 3.4nb) works reasonably well for
intermediate timesAny further attempt to describe the entire time domauithin this
approximation requires a more coleywidth function relative to those in Egs. (3.19) and (3.30)
representing asymptotic and free gas diffusion, respectively.

Before introducing one suaxampleit is helpful to define a few relevant parameters that
are often used in diffusive modelsotably, each of these is dimensionlesdlowing for easier
interpretation across use cases. The first vari@lis, perhaps the easiest to define and describe.
It is given by

Oad.

Q Th (3.34)

whereO is the seHdiffusion coefficientanda is the mass of the diffusing entity (typically an
atomof some specified typeThis parameter simply conveys the leinge diffusion behavior.

The second variabl@) is closely related t@and is defined by
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,Or}z
J

@ h (3.35)
where & ® is the effedve (or diffusive) mass. The effective mass for a diffusing atom in a
molecular liquid is typicalllsomewhat greater thahe molecular mass, although it can be much
greater for highly viscous fluids. Another way to interpret effective mass (in the stbgeid
diffusion) is related to the total mass of all entities within a locathpilizedvolume (perhapkke
one characterized by in Fig. 3.4). This concept essentially captures the unique inertial
impediments that a particular entity experienoesr long timesn a givensystem Accordingly,
the parametemis related to the amount of time preceding asymptotic diffusion (analogous to
in Fig. 3.4).Combining these two variables through the relation,

Q o & (3.3)
helps define the translational weight from Eqg. (3.25) as

a

el (3.37)

0 g
which is representative of the relationship discussed abOgég these parameterghe
introduction of another model is simplified.

In his extensive work on liquidSchofieldpushed further intthe Gaussian approximation
after proving its exactne$gr isotropic, quadratic potent&{e.g., harmonic oscillatorgndin the
limit of no binding effects (e.g., ideal gd88]. Hi s and Egel g9 gvedthé=lf appr o
intermediate scattering functigim a form identicato Eq. (3.19) as
Ol Q h (3.3)

where0 0 is the width function(proportional to a correspondifigo ). In this way, the width
function can be separated intscillatory and translati@h components (i.e.) g0 and

0 g 0, respectively), just as in Eqg. (3.20),
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OO U g0 U g0 8 (3.39)
While the oscillatory (or bound) component can be interpreted through the phonon exgassion

mentioned above}he translational (or diffusive) component is assignedisieéulform,

6 0 @ o & ? & h (340)

which has the propdinear time dependence for largand the corredvehaviorfor smallo. The
- term arises from the restriction that 3 - must equal zero (here the self intermediate

scattering function is defined ovérecomplex timedomain as irEq. (2.76). This expression has
the advantage of linking the limiting cases (i.e., tke fyas and asymptotic regimes) in a way that
is analytically simple.

The resulting TSL is then given by

* P
] ¢ & par
v % Po 2, g
f cQ|

I cQl h (3.42)

=10

whereU is the modified Bessel function of the second kiAdditionally, 0 @ © pfwas®
approaches zerandd @ © “7aX) aswapproaches infinityUsing thefollowing relatiors,

Py | I

¢

(3.42)

wheren | (in thiscas@ is nearlyequivalent to the frequency spectruhe associated DOS

1Q . .
oy Dl o Py o
C 1

P
-1 8 (3.43)

Visualizing this form(Fig. 3.10)illustrates the connection between the Schofield model and the

extraction procedure in Fig. 3(See blue translational component)
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Fig. 3.10. Schofield DOS form evaluatedfor arbitrary 3kand ®values.

Now that therelevantanalytic expressions have been discussaking a moment to
comparehe respectivenodelwidth functions(i.e., asymptotic, free gas, and Schofiedhhelp
highlight importantdifferences.The free gas (red, Fig. 3.11) araymptotic (blue, Fig. 3.11)
limits, for example, display characteristic quadrafity. (3.4)) and linear(Egq. @3.9) time
dependence, respectively. Alternatively, the Schofield magdeé(, Fig. 3.11q. (340)) exhibits
a Ohybridoé s heelyequadraticadt shortstimes fafideliogari at long timés.
representativesolid width model (black, Fig. 3.11pr a particular oscillatory frequency, ,
within a physical space given by, having the basic forij#3],

i Qe o0
S A

r O 0 p T o (3.44)

64



displays the expected bound behavior from which these and other diffusive models are easily
distinguishedThis expression also exhibits the required quadratic dependence at short times (see

truncated Taylor serigs
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Fig. 311 Qualitative (i.e., arbitrarily parameterized) width function comparison for the
solid (black), free gas (red), asymptotic (blue), and Schofield (green) models.

As a result of the Schofiel d Eqp¢3digredices accur
(using the proper Bessel function limits) to a Lorentziah fior low| and a Gaussian in for
high| (Fig. 3.12) These, of course, correspond to the asymptotic (i.e.,E)) and free gas
(i.e., Eqg. 8.33)) forms, respectivelywith associated FWHMs given by

0000 g TQlh (3.45)
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which is derived from the width of Eq. (3.14) multiplied by the cosiem factor,Q"Wo

(sometimes used instead of Eq. (2.6)), and

Q|

"Ow 00 C CO &

(3.46)

€
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Fig. 3.12 Schofield diffusion model given for low and high» demonstrating a smooth (and
relatively simple) transition from asymptotic (i.e., Lorentzian) to free (i.e., Gaussian) fors

Due to the simplicity of the Schofield width function (Eq.4(3), the model is most

appropriately applied to simple liquids (e.g., liquid argdiyen sq it has been usedwith
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reasonable successdescribingcertainmolecular fluidge.g., watef54]) and accordingly in this
work, whereit is convolved witha solid-like contribution {ia Eq. 3.22). The model description
begins to break down more severdipwever,for sufficiently complex moleculege.g., large
polymes), particularly in the intermediate regiom such caseghe widh function assumes a
shape similar to that in Fig. 3 hichthenrequires an intermediate forraimilar tothose outlined

by Rousg55] and de Gennd&6],
] O Q
o 00 v P98 (3.47)

whereY is equivaleny definedin Eq. (3.6) It should also be noted thtae Schofield model does
not account for rotational contributions to the diffusive scattering law, specificallyabosging
over longer timescalesThese are present, nonethelesspatecular fluids and can be reflectied
varying degrees the quasklastic peakLastly, there aranany other theoretical descriptions of
diffusive processes that, while out of the scope of this discussion, serve to underscotergpth a

history of deelopment and the opportunity for further exploration.

3.2.3 Alternative Methods

While experimental and theoretical developments have aided in the description of various
kinds of liquid phenomena, the utility of computational simulation arguably holds the greatest
promise in terms of future advancement. Experimental methods haveenatildntages in
establishing ground truth benchmarks but suffer limitations ddegtocoss, long turnaround
times, and accessibility of many interesting material conditiormnong othersLikewise,
theoretical developments are inherently limited in thay seek welllefined, analytical forms

describingthe largest possible portion bfjuid space dynamicsAs for TSLs, the problem of
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uniqueness persists in liquid physics, perhaps rendering all future attempts at a universal
descriptive formfutile. These considerations further emphasize the potential for simulation
methods to elucidate, by statistical means, behavior that defies simple description.

Using the relations in Section 2.2.2 within the scope of the direct method (discussed in
Section 23, Fig. 2.6 allows a high degree of flexibility in isolating dynamical phenomena and
building up correlation functions one atgar some other entitygt a time. This method subsumes,
of course, the ability to dictate material conditions in a-aelitrary maner.Relevant hurdles for
this approach include the accuracy of the simulated physical interactions as dictated by potential
functions or approximations of the equivalent quantum system, as well as the quality of the
statistical sampling procedur€o tha last point, larger system sizes and longer runtimes may be
necessary to fill outhe lower end of # spaceand to remove statistical noise that would
ot herwise obscure the underlying physical 0si

This type of process, despite its advantagas, ot yet seen widespread adoption in the
production of thermal neutron scattering evaluations, but this may change in theNaturally,
as computational capabilities continue to increase alongside the sophistication of simulation
techniques, the dict method will likely become more and more attractive to practitioners and

researcheralike.

3.3FLASSH Overview

3.3.1 General Capabilities

TheFLASSHhuclear dataode[57] wasdevelopedn theLow Energylnteraction Physics
(LEIP) group at the North Carolina State University (NCSU) Department of Nuclear Engineering

from a small collection of Fortran routines for neutron scattering calculatires. time, these
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and many other routingsmve beemmplemente and augmented to provide an aggregatediear
data production pipeling@.e., a suitable alternative to older codes such as N38)Y. The general
structure of the code in its current forshownin Fig. 3.13 illustrates the progress since the project
began in2016.

Mostnuclear data evaluatisareinitializedfrom a graphical user interface (G@lg.,Fig.

3.14) that guides the practitioner through a variety of run set(itngsuser can also configure the
input files manually) Some of these include a list of temperatures, DOS distributions, theoretical
treatments, calculation grid specifications, and tolerance limits. This interactive feature, which
reduces the learning e for less experienced users (eby.including automatic error checks) is
implemented using the opemurce Qt C++ softwarfh9]. Default parameter settings, together
with preloaded crystal structure data for common solidenials andther useful preprocessing
tools serve to minimize the setup time for all users.

The rest of theFLASSHcode (with the exception of certain prend postprocessing
routines, e.g., plotting, written in Pythorg written in Fortran with parllization of certain
components implemented using Openf@B]. The resulting corpysvhich comprises numerous
modulespuses the latest Intel compiler suite and is compatible with Windows and Linux machines.
After the inputs are configured, the calculation proceeds down at least one of two pathways. The
elastic pathway includes modules for coherent and incoherent suatfEhie inelastic pathway,
utilized exclusively in this work, contains modules for liquid physics (i.e., where the convolution
of translational and solid TSL forms takes place, see next seatiohyarious solid treatments
(e.g., incoherent/cubipprox., incoherent/noitubicapprox, and coherent-phonon correction).

As an aside, the cubic approximation assumes directional lattice symmetry in crystalline solids,

69



and the norcubic approximation relaxes this assumption for materials that do not meet this

description.

GUI
Error checks
Automated calc. grid generation
Default run presets
Material input presets
Input preprocessing
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For mat t i FLlesAnEGdid |
ENDE, ACE) R P U ¢ Coher
. C T > 1-Phonon
Calulimlme (
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Fig. 3.13. Simplified schematic of theFLASSH code workflow beginning with the GUI,
proceeding through the inelastic (red) and elastic (blue) calculations, and ending with
integration and postprocessing routines (green). The liquid physics module (used in this
work) is outlined in bold red dashes.
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Following the inelastic/elastic scattering calculations, the results can be integrated to obtain
differential quantities and the total scattering cross sectuput files are subsequently
generated, where they can be formatted in a standardized magneENDF6, ACE) for data

dissemination and/or Monte Carlo simulation and used to visualize results.

.
10 Options One Phonon Configuration

S{a, B) Source | Calculate S(a, B) - Cubic & Incoherent Approximation One Phonon Correction | Da nat apply

Maximum a to Apply

S(a, B) File Import
Polarization Fil I rt
Liquid Physics Schofield ~ elarization Fie il
C |2.6599 | Temperature Configuration
Diffusive Parameters™®
d |':"E'32538 | Mumber of Temperatures 1
Elastic Output Mo elastic Temperature-Dependent DOS? Mo e
a, B Grid Customized w
Te t . 300
Energy Grid Automatic w emperatures (K]
Print Resolution a, B gridding resolution
Asymmetric S5(a, B) Do not print EMDF-6 Format
Differential Cross Section | Do not print v Mumber of Considered Scatterer Elements | |
in Compound 1
Incident Energy (eV) Stoichiometry of Considered Scatterer | 1 |
Elements®
Mumber of Scattering Angles
a, B Grid Scaling Scale with T (grids are T-independent) w Mass (amu) for Each Scatterer™ | 1.007825 |
Free Atom Gy (b) for Each Scatterer™*  |20,43608 |
Calculation Configuration Free Atom O, (b) for Primary Scatterer
Phonon Expansion Order | 100 ENDF TSL Library MAT # | 1 |
Summed S(a, B) Sum to the spedfied phonon order
* Formatted as: ai, az, @z ...
Integral Type Mumerical *0nly the first item will be used in the inelastic caloulation

LEIP LABORATORLIES

OK Cancel

Fig. 3.14. RepresentativeFLASSH GUI configuration for hydrogen in light water at 300 K
illustrating smartdefault pr es et s -awntdd 6maleiyci es.
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While there has been much development activity FIb&®SSHcode(Fig. 3.15)is still in a
nascent stage, having just recently entered a 1.0 vefslmwing several beta versions.
Accordingly, work on the codeontinuesamong a modest number of developamd focuses on

adding and improvingapabilities, usabilityand speed

Project Create FRun Help

FLASSH

Full Law Analysis Scattering System Hub

Do not distribute without explicit permission from Ayman Hawari
(aihawari@ncsu.edu)

LEIP_LABORATORLES

Fig. 315. FLASSH GUI landing page with project folder specification, input file creation,
and run tabs.

3.3.2 Liquid Physics Module

For the purposes of this work (ardaluationgnvolving other fluids), the liquid physics
(LP) module[61] is an important component of the TSL generation prodésesmodule exists, in
its currentform, as a slight modification to the green/orange pathway in Fig. 2.6. The relevant

process additions include the (previously discussed) separation of the DOS, as well as the
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convolution of the resulting solid TSL with an appropriate diffusive modeharrow the focus
of this section, the following discussion will outline the details of the procedure occurring after the
bound TSL component is computed. This is an appropriate demarcation, as all solid material
evaluations terminate at this point. Onlyuid materials require further handling of the TSL
(excluding, of course, the integration proceds)s also important to note that the following
methods are only presented as a single example of the many ways suchas tasémnight be
performed. Methods in the LP module are, therefore, subject to change and evolution, as is the rest
of theFLASSHcode.The current implementation was selected for its practicality, flexibility, and
interpretability.

The basic structure of the LP module is given below in Fig. 3.16 and ingglveral steps.
The firststep, which is to construct a suitable&eonvdution grid, is perhaps the most important,
as it must faithfully represent the chosen diffusive TSL for each upigaue over a wide range
of such values. At loy, the diffusive peak can be quite sharp, requiring very high resolution and
a large nurher of grid points to smoothly capture its form. Alternatively, higialues typically
correspond to much broader peaks, requiring far less points and lower res@e#idfig. 3.12)
Common issues at this stage include not integrating over a largghgnoange (usually centered
at zero), resulting in insufficient integral precision and/or coverage, and using a resolution that is
too large, resulting in a trianguldiffusive peak{which also adversely affects the integral value
see Fig. 3.1y

While the iterative outward search forvalues giving the desired peé#dtail TSL ratio
and the iterative increase in resolution (to some arbitrary precision level) are straightforward, the
starting point for the latter is somewhat more nuanced. Thidthe practitioner wishes to avoid

much wasted time, a decision must be made regarding how the resolution is initially estimated.
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When using analytical TSL forms for the diffusive component, the best estimate is readily
computed from any (reasonably acate) heuristic involving the corresponding FWHR\r some

models (e.g., free gas, asymptotic), this form is exact, requiring virtually no further iteration. In
other, more complex cases, where the model FWHM exhibits transitory behavior (e.g., S¢hofield)

the FWHM forms in the opposing limits (e.g., Eds45) and (3.46)) can be used in tandem.
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Fig. 316. LP module workflow, involving adaptive grid generation, liquid model
parameterization and evaluation, interpolation, convolution, and conversion.
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The LP module makes use of these helpful relations where possible, comparing opposing forms

and using the smaller of the two to initialize the iteration process (e.g., in thefdhse Schofield

model).
A
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Fig. 3.17. Representation of the resolution search process where (starting from an initial
estimate) the resolution is determined arbitrarily in terms of the ratio™y. JfL_ 1. grhis

process compares the actual and interpolated values at the halfwagint between zero and
the first nonzero grid point. Naturally, a lower ratio gives higher accuracy but results in a
finer (larger) grid (and vice versa), which takes more time to convolve.

The remaining steps are much less open to creative interpretatice the convolution
grid is constructed over all values, the chosen diffusive model is parameterized usingahd
‘Qvalues supplied by the user. The parameterized function is then evaluated and stored over the

grid. Before convolution, the pr®usly computed solid TSL is interpolateasing log(y}in(x)
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interpolatior) onto the same convolution gridihe resulting arrays, representing the solid and
liquid TSL components, are convolveédck onto the user griand supplemented by the quasi
elasic term in Eq. 8.23 (i.e., the first term)Before the total TSL is written to output files or
postprocessed in any other way, it is converted to symmetric form.

In general, this approach is amenable to any analytic form of the diffusive TSL. It might
also be readily extended to read irbitrarily generatediffusive TSLs for convolution As
mentioned before, the ability @ccuratelyincorporate liquid behavior into the TSL generation
process is increasingly important and will continue to addphgathe balance point of

computational methods and system fidelity requirements.

3.4 Water Overview

3.4.1 Current Understanding

Water is without a doubt one of the masaturallyintriguing andscientifically perplexing
chemical speciem existencelt s ubi quity in the atmosphere,
surface is equalednly by its importance ithe biological processes tiwing beings.However,
while there is plenty of water on Earth, around 96.&f it is salt water from oceanand nore
than 98% of the fresh water resources are contained in the grounglaaiers,and permanent
snow[62], rendering them difficult or impossible to accémseventhe most advancediations
Ironically, the collection, storage, usandprocessing ofccessiblevater underpins so much of
modern society that its presence is largaken for grantedSuch indifference contrasts sharply
with the hardship felt in the absence of walée historical angbresent day conflicts surrounding
such an invaluable resource serve as perhaps the best ewafl@secelevance to humankinéh

regions where water is plentiful, it is an essential componantirstry (~20% total water use,
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includesmanufacturingand energy productionpgriculture(~ 70%), and domestic activity~
10%) [62]. Furthermore, he largely solardriven hydrological cycle(coupled with complicated
weather patternscontinually redistributeghe watersupplyin a variety of ways. In some cases,
this redistributiorsaveghe lives of plants, animals, and humans alike. In stliteis immensely
destructive Beyond the macroscopic phenomena that guide many of the exj@raspects of
water, the molecular scale harbors subtle coméssthat scientists are still workirdjligently to
uncover.As a comprehensive understanding of water would greadyprogress imumerous
critical domains (e.g., drug design), such discovery (and the understanding that leasues)er
been more important.

Many of theaforementionedomplexties that make water uniqaeeadirectconsequence
of hydrogen bondingFig. 3.18) This type of bond occui@ wate) due to theslectronegativity
difference between the covalently bonded hydrogen and oxaagyaponentsresulting in a polar
molecule (having remarkable solvent characteristiog)h two lone electron pairs that attract
neighboring hydrogen atomis. thisarrangementone 2s orbital and three 2p orbitals ri@xXorm
the sp3 hybridized molecat orbital structurewith four hybrid orbitals (i.e.comprisingtwo
bonded hydrogen atoms and two lone paimmportantly, as theslectron orbitals spread out to
reduce the energy of repulsighehydrogen bond (HBJlirectionalityemergesThis directionality
contributes to mpropgrie®f water 6s atypical

For example, unlike a simple |liquid, water
decreasing temperature. Af@mregion of increasing density with decreasing temperature, water
attains a maximum densityat around 4°C, where further decreases iremperature actually
correspond with lower density valudisiisallowing the solid phase (ice) to float in the ligpitase

[44]. The cause of thigend reversal lies at the balance of the molecular kinetic energy and the HB
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strength. When the kinetic energy is sufficiently low, the HB strength dominates, forcing an
expansion of the molecular structdoeaccommodate directionabnding The HB strength (tens

of kJ/mol attractive, for contextlies in between those of the swralingVan der Waals (vdW)
forces (ones of kJ/mpotan be attractive or repulsivend covalent €4 bonds (hundreds of kd/mol
attractive [44, 63] providinga distinct mix of attractive and repulsive influencgsmeadditional

water properties associated wittydrogen bondingnclude its high(relative to simple liquids)
specific heat capacity, high melting point, higbiling point and its strong cohesieathesion.
There are also at leash dlifferentphaseggeometriespf ice, depending othe temperature and

pressure environment durifgrmation[62].

HB

Fig. 3.18. Hydrogen bond (HB) betweentwo water molecules with onedonor (D) and one
acceptor (A).

Despite thdong list of static properties related to hydrogen bonding, the HBs themselves
are dynamic in naturdlore specifically, water plays host to a thdependat distribution of HB
interactions, wherenolecules typicallyparticipate ir2 to 5 HBY62, 64} The number of HBs per

water molecule fluctuates around 3.5 on average with a mode of 4, often leading to a tetramer
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formation (i.e., a group of four water molecules connected via HB®se formations can also

assume various structures, such as thasanbling a rindFig. 3.19)or cagd44, 65]

R
S

Fig. 319. Water tetramer (i.e., four water molecules bound together by HBsgxhibiting a
ring structure.

The general presencé HBs andthetime-dependence of the HB network in liquid water
also exert a tremendous influence on ketational and vibrationaleatures.As described in
previous sections, these characteristics can span large time and energy scales while having a
measurablesffect on the neutron thermalizationproc®s. er T10&8s of fs, |1 i bra
and the making/breaking of HBs are prevalent. Shorter timeframes (i.e., higher energy modes)
include the intramolecular bending and stretching modes, while longerames (i.e., lower
energy modes) include the collective reorientation of the HB networkp&) &nd macroscopic
diffusion [66].

In addition to the already intricaupling between varioumtra and intermolecular
energy modes, hydrogen bonding further complicates the matter by superimposing -its time
dependence onto tmode spectrum itsell.he bengstretch,and librational modedor example,
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areblue, red, and blushifted, respectivelyas hydrogen bonding increa$é4]. As the degree of
hydrogen bonding fluctuates in time, so do the frequencies of these and other Tinedkse
positions (i.e., frequemes), howeverare not the onlyime-dependenspectum features. The line
widths are also dependent on the HB network dyngnaiceng other phenomena (e.g., mode
coupling, intermolecular vibrations, Fermi resonarié®). A great deal of experimental work
(e.g., using isotopicildition to reduce coupling) has focused on these relationships, exploiting
them as probes to better understand the structure of Waté6] Some of the many unanswered
guestions include which of these modedést for elucidating said structur@nd what is the
specific nature of the vibrational coupling thdersthe separation of spectral componeits.
the latter casesiit more or less delocalizedheren? To help fill in these gapand to supplement
experimental effortsthere has been an increasing degree of reliance on simwafiooaches

While vast, he landscape ofiatersimulationtechniquess readilydividedinto classical
and quantunmethodsBoth approaches have proven effective and coatinumprove with each
passing yearAlthough there is much to be said about each methedptlowing discussion will
limit the description(mostly) to empirical pair potentials and Kof8ham DFT Moving on,
classical modelscan be further separated bynumber of interaction sitestreatment of
intramolecular degrees of freedom (DOQ&)dtreatment opolarizability effects The number of
interaction sites igypically given bythe totalnumber ofon (i.e., H1, H2, Oandoff-atom(e.g.,
the M and lone pair (LP) dummy sites used to improve the charge distridotiatipnsthat have
at least one associated interactatentialterm.

Water models containing anywhere from three to five sitesargnon[62] (Fig. 320),
butthere are also models having site nursloertside this rangell else equal and up to a point,

water models containing more interaction sitesgamerallybetter able to describe real behavior
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than those with les§.he treatment othe intramolecular DOF is either ignored altogether, as in
rigid models, oincludedwithin a flexible model having extra terms for such interactibmsither
case, the decision to include these terms depends on the objective of the sinTilatioediment

of polarizability effectswhich captures electron cloud distortidme tonearby charge centeis,
slightly differentin that it is(usually)either includedmplicitly through adjustments to the static
point chargesr includedexplicitly through the addition of dynamic componemtitaccording to

the needs of thpractitioner This phenomenohas been treated with varied success in different
schemessuch a theDrude oscillator[67] and induced dipole models (e,grholetype [68],

AMOEBA [69]).

H H

Fig. 320. Molecular diagram representing three (red), four (red + green), five (red + blue),
and six (red + green + blue) interaction sitenodels

The simple point charge (SPC) modeéD] and its extended variant SPC[EL] are
examples of popular rigid, three site models that have figesequentlpdaptedo include more
physics (e.g.flexibility [72]). Such is the case for manyodels. Perhaps more than most, the
transferable intermolecular potensél'lP9 have evolved to serve a wide array of reseaases

Available in three, four, five, and six site fornea¢hsuitablynamedrl'IPnP, where n is the number
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of sites)[73, 74, 75, 76, 77, 78, 79TIP modelsalsocome in rigid and flexible version¥here
areeven versioato capture polarizability effect®.§., TIP4ARFQ [77]). While there are many
similarities between the SPC and TIP modp#sticularly TIP3P)some of the relevant differences
include the equilibrium HOH angle, which is assumed to be the tetrahedral(iangl®9.479 in
the SPC case and 104.42° in the TIP card,the point charge values assigned to the H and O
atoms.One member of the TIP family of water potentials will be discussed in greater detail in the
following section

Instead of computing interaction forces/energies direftyn empirical potential
functions Kohn-Sham DFTframesthe problem in terms of an electron densépresentinghe
system of relectrons as a system of n Aimeracting electronsNuclei positions, in turn, are
evolvedwithin the BorrROppenheimer approximatiohe correspondinglectronicHamiltonian
is given by[34]

0 O Y h (3.48)

whereO s the norinteracting component of the kinetic enei@yd™Y is decomposed as

follows:

~ ~. ~ ~. ~
g g g g

Y Y Y Y h (3.49)
with Y representing the Hartree potent{ak., the interaction between the electron and the
ambient electrodensity, 'Y representing the interaction between electrons and nuclelyand
representingll quantum, relectron effectsWhile the first two terms in Eq. (Pfare classical in
nature and known in form, the last term includethexchangei(e.,exchangenteraction between
electrons of the same spiand correlatiori.e.,interaction between electrongth different spiny
effects requiing accurateapproximationn the aggregatdt is important to note that these notions

of exchange andorrelation are quite nuanced in reality and are sometimes subdivided further
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(e.g., into static and dynamic compone@i)l extended to include nonlocal effedtaturally, the
approximationof the exchangeorrelationterm has changedover time and ishte subject of
ongoinginterest

As theDF in DFT impliesthe exchangeorrelation functional isanonicallyexpressed in
terms of t he spati alThelocal densaty reay beetHe oyt souma dens
dependence (i.e., in the loclnsity approximation (LDA) or first and second derivatives of the
electron density can be included through the generalized gradient approximation (G@&#&}and
GGA approachegFig. 3.21) Pushing even furthehybrid functionals supplement the GGA
exchange energwith fractions of the nonlocal Hartrdeock (HF) exchange energihere is also
work on higher order methodsd onthe use oML -based functional80]. Such improvements
are not free of consequence, however, &y thenerally require a meaningful increase in
computationatapacity Nonetheless, they have proven very effective in modéiadpehavior of

water.

Fig. 321 Staircase representing the escalation of theoretical fidelity and computational
demand associated with more realistic quantum material description©FT or better).
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Due to the broad success of the DFT formalism andnitseddedheoretical flexibility,
many simulations of water have incorporaaddnitio forces into the MD framewortk.e., AIMD),
realizing the scientific power of exploiting more accurate dynamdicstaple GGAlevel model
with dispersion corrections, revPHE3 [81, 82, 83] has been used extensiveiythis domain and
to great success, illustrating the benefits of sleical functionalsit has been showmoweverthat
the exact utility of even one of the most popular functionals can be el¥8bgn approaching
guantum truth, it i®vidently quite important to consider the complgtieysical)picture.In this
case, the authors [i65] demonstratethat the success of revPHBE3 hingedupon the fortunate
cancellation of inherent functional error and the lack of nuclear quantum effects (NQs).
the net result was a functional able to predict very acctrejaency spectra and other important
properties, the takeaway was clear: théusion of NQEs (which are necessary to describe water
most accurately) would likely have adverse consequenmtsaid propertie§ he authors went on
to propose that the comparison m&@A functionals (e.g., B97NV [84, &]), which showed
relatively tighter intramolecular bonding and looser intermolecular bondiogid likely benefit
from the inclusion of NQEs and that the frequency modes of rexlPB&ould be further red
shifted away from experiment.

A short time later, these intuitions were validate{Bi®], where it was shown that adding
NQEs to revPBED3 via path integra(PI) simulation does in fagedshift the frequency modes.
It was also shown thdhe Pl approach(accelerated by the ring polymer contraction (RF82)
88] and multiple time stepping (MT$39] methodologieshelps revPBEGD3, the hybrid cousi
of revPBED3 containing 25% exact exchangaergy compared to classical simulatiohat
ignore NQEs. The hybrid functional, combined with PI, generadiyhibitedaccurate structat,

dynamic, and spectrosdoppredictionsof liquid water.One important caveat to using hybrid
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functionals is the high computational burden. However, some of the same authors mentioned
previously alsodemonstratedhat combining Pl with a suitable (and less computationally
expensive) met&GA functional (i.e.B97M-rV) performs similarly to the hybrid caskhis result

is nontrivial and allows for easier access to highly accurate water simulations that include the
locationandi nt er acti on ¢ s nmeeohNMQES which furthea enbaoetingportard t | ¢
phenonenological descriptions (e.g., proton excursions)

Despite these advanceis functional construction and simulation techniques
comprehensive understanding of water and its associated NQEs is yet to be fdaheteless,
researchincorporating PIAIMD simulations is becoming increasingly prevalent thanks to
advances in hardware and computation methddpefully,these effortsvill illuminate remaining
areas of interest, such as the nature of comp&i@gs, wherdahe strength of the HBs (which
themelves are influenced by NQESs) affects the balance of NQEs in the stretch and librational
moded63]. Experimental techniquds.g.,deep inelastic neutron scattering (DINB)y also aid
this pursuit.

Moreover,sincea perfect water model does not currently exist, future work will likédy
push further along thaxes of theoretical description and computationathods This represents
a continuation of past progress which has yielded dozens of water modelgydatedinsorts of
specific applications and relevant conditioAdditionally, notwithstandinghe focus throughout
this section on bulk watesimulation researchwill continue tomove towards a more
comprehensive picturgf the entire phase diagrasaros a widerdiversity of environments (e.g.,

biologically confinedspacek
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3.4.2 Molecular Dynamics Model

In this work, the TIP4P/2005f potentidl6] was used to simulate water for the purpose of
extracting the DOS at various temperatures of intedstsimulation and VACF/DOSwork
discussed here wasnductedreviouslyby formerLEIP group member. Drew Antony using
the LAMMPS mde.Briefly, onthe topic of relevance, water has been and will continue to be an
important material in the reactor physasmmunity serving as both a moderator and a coolant in
numerous critical system§Vater also provides a unique and highly interesting first glargis
applying the NeTS concept to liquid materials.

In keeping withthe modelconventions described earlier, tRIMD potential contains four
interaction sites and flexible terms for describing the intramolecular DOF. It does not include
polarizability features.Importantly, it also improves on thmpular and successfrigid version,
TIP4P/2005[75], with additions to the frequency spectrum that are relevant to the TiF&L.

potential can be expressed in terms of the4ifter ) and intramoleculafy ) components

W W ®w h (350
givenby

) ) ® h (3.51)
wherew represents the Lennadines interactiofcomprising a repulsive term for electron

cloud overlap and an attractive term for dispersion forbesyeen O atomat a distance

parameterizeth strength and range Viaand,, ,

@ T - B (3.52)
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and w represents the electrostatic point charge interact{pas betweeny andrn in
elementary charge unitQ for atoms a and lwith the permittivity of free space,) over a distance
[

Q N

&) - ﬁ i—ﬁ (3.53)
and
) ) ) @ h (3.%4)
where @ is a Morse potentialparameterized bgtrength(O ), width (f ), and equilibrium

7

separationi( ) constantsproviding anharmonicity to the OH stretch mode (for each H atom

separated from O by distancé ),

® ., 0 p Q 1 f (3.55)

and represents the harmonic angle bending mode in terms of the stiffnessar(d

equilibrium angle ) parameters,

& go _ _ 38 (3.56)

In addition to theotal potential function, th site (i.e., the fourth site) positio® , is defined
by theHOH bisector projections( ;) for each H atom andsxaling constanti ),
Q9 a 8 (3.57)
All relevant parameters are given in TaBld [76] and are mostly similar to the rigid version,
albeit with some exceptions to account foriti@usion of flexibility.
Water simulations in this work also employaddifferenti value (i.e., 0.93 A)at
temperatureat and belowBOOK (at 1 atm) whereas igher temperatures used the same value as

the original paperAmong other reasons related to bond elongaéiod experimental neutron
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scattering cross section ratjdlsis was done to bring the average distanceduring simulation

in line with that ofthe rigid potentiaki.e., 0.9572A), which is slightly lower than that of the
flexible version(i.e., 0.9664 At 298 K, 1 atnf76]. The corresponding average values for the
i distance and the HOH angle are 0.15555 & 204.79°, respectivel\}compared to those of

the rigid model, 0.1546 A and 104.52°, respectively

Table 31 TIP4P/2005f parameters.

Parametefunits] Value
I 7 K] 93.2
» [A] 3.1644
n [e] 0.5564
n el -1.1128
Q 0.13194
O [kJ/mol] 432581
i [A] 0.9419
T [nm? 22.87
— [deg] 107.4
0 [kd/mol/rad] 367.810

MD simulationscontaining 504 moleculd§ig. 3.22)were performed fot7 temperatures
from 283 K to 650 Kat 1 atm (except for 600, 623, and 650 K at 80, 460150 atm, respectively
to maintain the liquid phakeDuring the equilibration and productiophasestemperature and
pressure werenodulatedwithin an isothermaisobaric ensemble (NPT) using a Nd$eover

thermostat to adjust velocities and an isotropic domain box controller for pressure adjustment.
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timestep of 0.2s was used over the course of a 4ps equilibration period, followed byactiom

loop of 1000 VACF calculations lasting 5ps each (for a total simulation time of ~ Sims MSD

was also computed simultaneously, along with several other measures, and averaged across loops
with the VACF dataThe choice of timestep was informieg the timescaleof hydrogen dynamics

as observed in the higher energy DOS features.

Fig. 322 Water simulation box containing 504 molecules withO atoms (red), H atoms
(white), and HBs (blue).

The MSD data (Fig3.23) and a variant of Eq. (3.5) (i.e., the Einstein relation)

S 0YO
(o) | E———h (3.58)
o @

were used to compute tlself-diffusion coefficients(O ) for hydrogen. This data was later
transformeddiscussedh the next chaptg¢and usedo parameterize the Schofield mode Egs.
(3.34) and (3.3). Diffusivity results are compared to experimental da@ 91, 92, 93jn Fig.

3.24, where heyexhibit systematic underestimation that improves slightly after adjusting for size

89



effects Due to thechanges in certaipotential parametsrdiscussed previouslyhese and the

density results (Fig3.25)differ somewhat fronthose inthe original TIP4FZ005f paper

250

—— 283K
| |——293K
——300 K
—— 323K
200 350 K -
373K
| |[—— 400K
—— 423K
—— 450 K
150 -

MSD (A?)

100

0 1000 2000 3000 4000 5000
Time (fs)

Fig. 323. MSD for each simulated temperature averaged over 1000 5 ps loops.
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Fig. 324. The self-diffusion coefficient (not adjusted for size effects)as a function of
temperature compared with experimental data.
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Fig. 325. Densityas a function of temperature compared to experimental datfZ6, 94}

The hydrogen VACFfér 300 K, Fig. 3.26), computedia Eq. (2.86)andthe appropriate
velocity trajectories reflects numerousimportant dynamical features of watelrirst, the
correlation magnitude tails off considerably beydhd ~ 300 feime lag This is a reasonably
indicative tme scalesubsumingall of the intramolecular modes and a majofitg., excluding
only those characterized by ttegdest time constantef the intermolecular modeBurthermore,
the superposition dhesemodes results in a rather complex signal, particulailin the first~
300 fs (Fig.3.26 subplot)t should also benentionedthat the integral of the VACF, which is
proportional to theself-diffusion coefficient, is positivéas expected for a liquid

Examining the VACF at longer timgcales showgFig. 3.27)a regime transitioaround
650 fs, after which the correlatiosteadily hoversaround zero.Interestingly, this region

corresponds tohe cage vibrationgeferencedn the TIP4P/2005f papefhese relatively slow,
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intermolecular dynamics form the lowest enepgakin the DOS at lower temperatures (as will
be seen in the next chaptefhe remainder of the VACF beyond this region exhibits much lower
correlation, which, whildikely including sone statistical noise from the computational process,

is typical of the uncertainty inherent across the larger time spans of macroscopic diffusion.

1.0F T T T T T T T T
1.0 T T T T

0.8 1 1

06} g -
—_ g
s : |
&
LL
@) _
< 1 1 1 1 1
> 0 50 100 150 200 250 300

Time (fs)
, , ] , ] , ] ,
0 200 400 600 800 1000

Time (fs)

Fig. 326. Hydrogen VACF at 300 K over the first 1 ps and 300 f¢subplot).

Temperature dependence in the VACF is illustrated in Fig. 3.28, where shifts and variations
in frequency space are readily observed over the-fit®0 fs. The exact nature of the dependence
is somewhat obfuscated, however, by ¢benplexsuperposition mentioned previously. Many of
the features are shifted both in magnitude and in positmering theicollectiveinterpretation

difficult. It might be easier perhaps, if each mode (i.e., frequency) was considered in isolation.
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Then specifictrends would be at least partially divorced from one another in energy éisae.
notable is the relative lack of temperature dependence bebfs (Fig. 3.28 subplot). This time
frame, spanning less tharb limesteps(in this worK, represents a period of temperature

O0blindness, 6 where each hydrogen atombés moti o

0.010 —— 1~ T~ 1T ~ T T T T 1

0.005

0.000

VACF (arb.)

-0.005

_0010 | L | L | L | L | L | L | L | L | L
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

Time (fs)

Fig. 327. Full-range (i.e., 5 ps) hydrogen VACF at 300 K indicating a transition from high
to low correlation regimes around 650 fs.

In the next chapter, the resulting DOS and its temperature dependence will be examined in
relation to the TSL generation process. This stage is one of the most important for ensuring the
accuracy and reliability of what is a fundamentally unique and iategmponent to ththermal
neutron scatterindata production@radigm The remainder of the chapter will describe the NeTS

methodology and results for water in some depth.
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Fig. 328. Hydrogen VACF at each evaluation temperature from 283 K to 650 K exhibiting
significant variation above ~3 fs.
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CHAPTER 4 NeTS Development
4.1 NeTS Introduction

4.1.1 NeTS Module Definition

It is useful at this point t¢re)establish a clear conception of NeTS mied in terms of
what they are and what they are not. Broadly, NeTS modules are compact, dacrwataeal
representationsf TSL data for a specific material (or material continuum, e.g., fpatosity,
multi-alloy) over a giverrange of inputconditions (e.g.,| ,T , temperature In this sense, they
behave like any otheanalytical function. They can take an input feature vector (or matrix) and
return a TSL value (or range of values). The benefits of such a represeatatimmerous, but
the most important among them are related to continuity and memory efficiency. In this context,
continuity refers taa NeTS modulds ability to generateaccurate TSlpredictionsboth on and
between the grid points that were used to traifihts is analogous to anivariatelinear model
fitted to an arbitrarily large number of points lying perfectly dima. Theresultingfunctional
representation captures an infinite number ohprelationshipaising only two parameters (i.e.,
slopeandintercept)anddespiteonly Gseein@a finite number of points during the fitting process
This, of course, generalizes toore complicatedmultivariate model forms anig the essential
goalof regression techniques.

Similarly, NeTS modules embody a higlfcompressedcontinuous representation where
there previously was non&€he associated lack of resolution constraints along iraptigature
axes can b#ransformativen certain application domains (e.g., transient analysis). As implied, the
vast reduction of memory requirements afforded from the parameterization (i.e., fitting/regression)
process also caes significant practicalimplications. Parameters (i.e., weigh and biases) are

simply stored alongside structural relations and perhaps some supplementary inplihidata.
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allows them to be loaded into memory and called like normal programming functions.
Furthermore, NeTS modules areither stochastionor extrapoative. It is also not advisable or
particularly helpful to view them sgpscificDh|l ack b
application is the relative 7 laste&ad,Nelt meduld ent i o
interpretations free of such tversions andits utility is entirely predicatecbn accuracy, memory

efficiency, and (sometimes) inference speed.

Aside from these matterguestions commonly arisecaundwhether or not NeTS modules
interpolate between grid points aaundthe role & uncertainty in thelevelopmenprocess as a
whole. Regarding interpolation, the author believes the question to be largely semantic in nature
and of little to no practical concern. The opinion of the author is that if interpolatit@fined as
the appication of a specific mathematical ripeocesdetween grid point® generate new values
using said grid points, then NeTS modules are not interpolating whatsoever (although they may be
in a much broader sense of the terBiring the training process, NeTS modules steadily
parameterizedvith the help of theprovided grid pointsbut during prediction time they can
generate predictions fall points These aresubtleyet important distinctios. Consequently
interpolationis viewed as rulebased augmentation affinite, preexistingdatasetwhereas NeTS
modules are viewed as thepresentatiorof a new infinite dataset over the same domaiike in
manycomplexfunctiors, the exact mathematicedlationshipbetweemeighboringgrid points is
not constrained in the same widnatit is in the interpolation case defined abdgualess the grid
resolution is sch that therelationshipis strictly linear) As a result NeTS modules represent all
points in the input spage auniquely functionamanner.

Regarding uncertaintythe answemight bebetterinterpretedin the contextof relevant

error sources. The input TSL datar examplecontains a certain amount of both systematic and
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random error. Systematic errappearsnainly due to theoretical and computational constraints at
the atomistic modeling and nuclear data genanagtagesThese can be partially addressed, albeit
at some computational cost due to the demands of hayder methods and/or tighter
convergences, for instance. Notably, this ignores the separation of error sources embedded in
specific modeling compomés. Random error appears in tirtherentstatistical fluctuation®of
various simulated quantities usaslinputsn FLASSH Fortunately, these are more easily reduced
(i.e., converged) via increased samplif@ncein the NeTS development stage, some degife
systematic, modeling error appears due to imperfect parameterization, low capacity, or some other
reason. This type of error is easy to measure againgtttheinpwt BSL data and can be improved
with more effective learning techniques aretwork architectures.

Several of the above points will be revisited periodically throughout the remaining sections,
and other relevant questions valsobe answeredl he rext section will briefly highlight the NeTS

development workflow before proceeding from the VACF stage left open in the previous chapter.

4.1.2Production Stages

There are three main stages by whideTS modules are constructed (Fig. 4.1).
Conceivably these stages would be followed by a packaging step and finally, dissemination and
use.The first stage, TSL data generation, encompasses the preparaibAR%Hcode inputs,
the looping ofFLASSHr u n s , and the <coll ectionHeorfe,aldlr agved
denotes TSL data that is not ready for the NeTS training protleesecond stage, NeTS input
preparation, addresses this through a series of preprocessing steps. This stage also includes the
selection and creation of feature columns that bellused to predict TSL values. It is here that a

strongattention to detail and some creativity is requifidte third stage, NeTS design and training,
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is the most computationally intensive and involves an iterative loop: dasigain A evaluate
A desimA é, an d Thisatage is the focus of this work, as it is completely novel in the
nuclear data spacdt is also a stage witlgreat potential for improvementEach of the

aforementionegroduction phasesill now be discussed in detail.

1TSL Data G
A FLASiISHput prep
A FLASISHopi ng
A Data col |l e

NeTS | npu

A Preprocessing
A Feature

A Feature

NeTS Desi ¢
A Design
A Training
A Evaluati or

ckaging
semi nat i

Fig. 41. NeTS module production stages with application phase.

98



4.2 TSL Data Generation

4.2.1 The DOS

The DOS, whictwascomputed using Eq. (2.88)ith the VACFdatafrom the end ofthe
lastchapter,js arguably the most important of tRe ASSHinputs referenced in Fig. 4.In both
solids and liquids alike, the DOS bringgnique shape to the TSL, one that is intimately associated
with a particular material and set of conditio@spturing its feattes, especially as they change
along relevant feature axes, is integral to the quality of the final prdoidtthe TSL data or the
NeTS moduletself. For practical reasonghe VACF data was processed and transformed in
MATLAB [95]. Thisaffordedgreatrflexibility and efficiencyin thegeneration, examination, and
preparatiorsteps

The complex superposition of frequencies mentioned previously becomes much easier to
discern after the transformation from the timéfrequency domaim Fig. 4.2, a representative
hydrogen DOScomputed in this workis depicted, where different peaks correspond to different
energy modes with wideanging time scaleS.here is an (intramolecular) OH stretch mode near
0.4 eV, which represents the highest energy mode with the shortest time Sdade.
(intramolecular) HOH bend mode, close to 0.2 eV, is the next highest energy mode with a
relatively longer time scal&/ ar i ous | i brati onal 6fl avorsd are
0.07 eV, having slower dynamics than the previous two peaks. A small shoulder to the left of the
librational feature, near 0.03 eV, represents intermolecular stretching. Proceeding further left on
the energy axis, towards longer time scales and predonyi@ermolecular motion, sits the cage
vibrational mode at ~ 0.006 eWrhis mode corresponds to the lowest energy peak (at least for
lower temperatures) that was referenced in the previous chAgtitionally, the nonzero DOS

value at 0 eV indicates @nzero macroscopic diffusion coefficient. Such behavior is expected for
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a liquid. The DOS temperature dependertisplayedacross all 17 evaluation temperatufies).

4.3), correlates directly with the temperatidependent shifts and variations in the @Adata.

Total DOS (1/eV)

0.0 0.1 0.2 0.3 0.4 0.5 0.6
Energy (eV)

Fig. 42. Hydrogen DOS at 300 K with correspondingintra- and intermolecular energy
modes labeled.

Taking a closer look at the 0 eXlues for each evaluation temperature (Fig. 4.4) reveals
two important trends. The first, naturally, relates to the increasing 0 eV value with increasing
temperature. This corresponds to an in@aagheself-diffusion coefficientas reflected in Fig.

3.24. Second, the prominence of the diffusive feature tends to overshadow the cage vibration peak
at higher temperatures. This diminishment may very well correlate with the associated decreases

in density with increasing temperature.
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Fig. 43. Hydrogen DOS at every evaluation temperature from 283 K to 650 Kdemonstrating
high-energy peak shifts.
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Fig. 44. Hydrogen DOS at every evaluation temperature from 283 K to 650 K showing the
low energy regionwith relevant peak shifts.
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Other interesting trends ataptured in each of the dominant higinergy modes. The OH
stretch mode, for example, blshifts with increasing temperatuf€ig. 4.5) This trend is
consistent with the view thathen the GO distance increasdand density decreases), the OH
stretch moddnarcens in response to the associated weakening of HBs along the stretch direction.
It also makes intuitive sense tlaateduction in the attractive influence of the acceptorotan
the donatorH atomwould tighten the covalenDH bond Converselythe HOH bend mode red
shifts with increasing temperature (Fig. 4.6). This behavior is consistent with the reduced HB
directionality that would accompany a change in the relative dom@between thanolecular
kinetic energyandthe HB strengthlt is also compatible with the effects of decreasing density
with increasing temperature on hydrogen bondidg. relatively lower energies, where
intermoleculardynamics are most prevalent, tie@es are also reshifted with increasing
temperaturg(Fig. 4.7) This is not surprising, sincthese modes are predominantly occurring
between (and not within) moleculesyddensity decreases are tied to the loosening of such modes.

Acrosseach of theaforementioned casethereare also relevant changes in peak height,
peak symmetry, and base width (to some degfé®) mere presence of such behavior implies that
the temperature dependence of the vibrational spectrum is complex in natthratanéinnot be
reduced to a simple left or right shift ireuencyspace. Of course, the integral of the distribution
mu st be conserved, resulting in some of t he
however, does not portray the full pictufiehe evolving balance oforce contributionsand the
tendency towards increased mobility and flow with increasing temperature both contribute to the
observed complexityln effect, changes in temperatureveal a larger portion of thenergy

landscapeéntrinsicto the TIP4P/2005f potential.
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Fig. 45. Hydrogen DOS at select temperatures emphasizing the OH stretch mode as it blue
shifts with increasing temperature.
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Fig. 46. Hydrogen DOS at selectemperatures emphasizing the HOH bend mode as it red
shifts with increasing temperature.
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Fig. 4.7. Hydrogen DOS at select temperatures emphasizing various intermolecular modes
as they redshift with increasing temperature. Thetendency towards increased flow (i.e.,
higher diffusion coefficients) is also observed at the lowest energies (< ~ 0.0125 eV).

To concludethe examination of DOS features, it is clear that the vibrational spectrum
carries a wealth of information on the physics of wakbke next step in the preparationtbfs
input for theFLASSHcodegoes back t&ig. 3.9 and Eq. (33}, where thaliffusive component is
removedirom the total DOSleaving only the solidike portion behindIn principle, this process
can be performed ia variety ofways. The diffusive form can be computed directly (in certain
cases, but usually approximately) fravtD via isolation of COM motion (or perhaps by other
means), or it can be parameterized analytically via fitting methods or experimentahdhts.
work, a linear fit of experimental translational weight (9 data[96] was used (Fig. 4.8), along
with Qvalues(Fig. 4.9)extracted from an exponential fit of MD seliffusion coefficients, related

by Eq. (3.3), to compute the necessapyalues (Fig. 4.10With Eq. (3.3). The resultingo and
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‘Qvalues were thensed to parameterize the diffusive Schofield spectrum @&48)( Fig. 3.10.
After scaling the first point in the diffusive component to match the first point in the total DOS,
the diffusive component was subtracted from the total, leaving the desired bound form almost

ready forFLASSHinput.
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Fig. 48. Linear fit through experimental translational weight data used to parameterize the
diffusive model in this work.
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Fig. 49. Temperature dependence of diffusive® values derived from MD self-diffusion
coefficients.
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Fig. 410. Temperature dependence ofrcomputed from o (, +gapd ™.
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Interestingly, the ratio between thpecifieddiffusing atommass(i.e., & & , where
& is the mass of hydroggmndits effective masgd *), expressed as gin Eq. 8.37),
captures some of tlwustering effectbrought abouglargdy) by hydrogen bondinglr'he implied
cluster size, givemasthe equivalenhumber of water moleces, can be calculated usiag g
and the mass ratio between a water molecule and a hydrogen atom (i.e.A&8lllstrated in
Fig. 4.11,the implied clustering spans a range of 3, which is quite similar to the range of

HBs per water molade discussed in the previous chapter.

Implied clustering (# mol.)

300 350 400 450 500 550 600 650
T (K)

Fig. 411 Implied clustering vs. temperature computed from: 4, 15 The dashed line at a

value of 1 emphasizes the decreasing trend towards effective mass equal to the molecular
mass

The temperature dependence also trends intuitively, demonstrating fulgisgéering (i.e.,

structuring with greater impedance to flow at lower temperatunesaplybeyond the anomalous
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region) and loweclusteringwith less impedance to flow at highemeratures. This is expected
given the shifting balance of kinetic energy and HB strength with increasing temperature.
Additionally, at higher temperatures, the-steucturing effect appears to result in an asymptote
towards a value of 1, indicating anexffive mass equal to the molecular mass.

Following the diffusive extraction, the bound DOS data was compiled for each of the
original 17 evaluation temperaturégable 4.). The NeTS development process, however, both
requires (to a certain degree) anchdiés from a large training dataset. This involves the
generation of TSL data at additional temperatures between those in the initial evaluation. There
are two obvious ways to accomplish this. Either one must compute the DOS directly from a number
of MD simulations equal to the number of desired temperatures, or one must compute the DOS
from a sufficient number of MD simulations while employing some form of interpolation to amass
the restThe former process, while accurate, involves a significantly léirgercommitment, one
that is arguably unnecessary once a sufficient number of simulations have occurred. The latter
process, dependent on both a sufficient cutoff and a suitable interpolation method, benefits from
greater efficiency with an ideally minirhaccuracy penaltyin the following description, these
dependencies are examined in context and used to generate the remaining temperature datasets of
interest (totaling 75).

Multiple interpolation methodg(i.e., linear, logarithmic, logarithmic with werse
temperature, piecewise cubic Hermite interpolating polynomial (PCHIP), cubic spénejested
in MATLAB and evaluated usin¢a version ofk-fold crossvalidation[97]. In this case, cross
validation was employed by reawing each of the 15 interior temperature geés, using k = 15
folds) separately and computing the interpolation accuracy across the resulting temperature gaps

one at a timerlhis way, each interpolation method was evaluated within the full temperatge
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The process is also inherently conservative in that it judges interpolation accuracy across a
temperature gap that is nearly twice as large as the one used in the actual production process
(because the data that was removed during -sfalgdationis available during final interpolation).

The average gap during cresaslidation is 46.5 K, for example, compared to the average gap

during production of 22.9 K.

Table 41 List of 17 temperatures used in thevater MD simulations and TSL evaluation.

TemperaturgK] Temperature co

283 473
293 500
300 523
323 550
350 573
373 600
400 623
423 650
450 -

Mean absolute percent error (MARE)

e r PTITT W W .
DOV 0= —nh
0 W

(4.1)

wherel is the number of obseations,w is the ith prediction, andb is the ith true (or observed)
value was used to quantify the accuracy of each interpolation scheme. A single MAPE value was

computed for each method, accounting for accuracy bothnaithd across temperatures (i.e.,
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putting no special emphasis on a particular region of energy or temperature space). To further
measure the relative accuracies within a region of high importance (i.e., the thermal region),
additional MAPE values were coned for energies below 0.05 eV (arbitrary). The results of the
analysis are summarized in Table L8y takeaways include the relative outperformance of linear
interpolation inbothcases (i.e., completlatasetthermalsubsetand the comparable perfoamce

of the other methodg$with the exception of cubic splinéfhe cubic spline method was the least
successful due to its imposing spuridaatures within each gaporeover, the lower MAPE
values in the thermal region ab®th beneficial in a productiosense and indicative of the
relatively large percent deviations in the lowlsstg DOS regiongpresent at higher energieb)

these regions, particularly the region between the HOH bend and OH stretch peaks, the low values
are subject to a certain aomt of statistical noise that obscures the characterization of accuracy in

more important regions.

Table 42 Comparison of interpolation method accuracy forhydrogen DOS data generation
(lowest/best in bold)

MAPE (thermal subsek

Interpolation method MAPE (total datasefps] 0.05 e\J [%]
Linear 2.6236 1.6514
Logarithmic 2.6451 1.9548
Logarithmic (T%) 2.6460 1.9814
PCHIP 2.6777 1.9091
Cubic spline 3.2923 2.2042

The outperformance of linear interpolation was somewhat expected from the onset, mainly

due to its simplicity and the seemingly sufficient number of original evaluation temperatures (i.e.,
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17). The resulting MAPE comparison further supports this conclubiaierms of accuracy, the
application of linear interpolation in the halize gaps (mentioned previoustyring production
should naturally yield even lower MAPE values than those in Table 4.2, perhaps even at or below
~ 1%. Thislevel of interpolationaccuracy is well within acceptable margins, especially
considering theMD modeling uncertaintyFor context,a sensitivity check was performed by
comparingarbitrary, adjacent DOS datasets (i.e., 323 K, 35aridfwo corresponding TSLs, one
generated a850 K with the correct DOS and the other generated at 350 K with the wrong (i.e.,
323 K) DOS.The MAPEs between the DOS datasets and the TSLs were 7.72% &% 6.0
respectively.This connection between DQffcuracyand TSL accuracy suggests that linear
interpolationfidelity discussed above would transfer to the TSL ,dadaexpected.

Consideringthese conclusions, thiell 75 temperatureinterpolated DOS dataset was

computedFig. 4.12) having uniform temperatuceltasof 4.9595 K.

10 T T T T T T T T T T T T

Temperature (K)
283
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Total DOS (1/eV)

0.4 0.5 0.6
Energy (eV)

Fig. 412 Linearly interpolated 75 temperature DOS dataset foFLASSH TSL generation.
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As an aside, the number of generated DOS temperatures is largely arbitrary in terms of its relation
to the NeTS development process.

There are relevant concerns to balamben making this decisighoweversuch as having
a sufficient amount of trainindata while naximizing hardware and trainingfficiency. In Fig.
4.13, the temperature dependence discussed previously is again highlighted across the entire
temperature set. The shifting and broadening of pa@edso readily observed in this format, kit

reference lines for emphasis.
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Energy (eV)
Fig. 413. 75 temperature DOS dataset showing peak shifting and broadening with increasing
temperature. Vertical dashed lines (roughly centered for the lowest temperature, i.e., 283 K)

and horizontal spanning arrows (placed on the HOH bend and OH stretch peaks) are added
for emphasis.
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It should be noted that, while dapeak appears prominently (i.e., of the same or similar
order of magnitudethe DOSfeatures does not contribute equally the TSL.This can be shown

from the following where the bound DOS is weighted by a fact¥so named for convenience),

o -
q i "Q% '

which is related to thBoseEinsteinoccupation functiofi30]. As a standalone functiaf energy
(i.,e.,,"QO, sincel ~ Ofrom Eq. @.2), Fig. 4.14), the corresponding temperature dependence
agrees intuitively with the notion that higher energy states are more accesshilghet

temperatures.
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Fig. 414. Bound DOS weighting factor,l as a function of energy and temperatureMoving
from 300 K (black) to 1200 K (blue) corresponds to an increase in the number of available
energy states.

113



Multiplying "Qwith a representative, bound DOS for hydrogen in light water 21830
yields a form(Fig. 4.15)resembling the TSL v$. (aswill be seen).This shape is particularly
relevant in that ifat least qualitatively) | | ustr ates the rel at iAfiee O6i mp c
covering some of the most important TSL inputs in the DOS and liquid model parametefs (i.e.,

and(), the next section will address the remaining parameters usedkhA&SHcalculations.
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Fig. 415. Weighted hydrogen DOS in light water at 302.8 K demonstrating the relative
importance of DOS features.

4.2.2 Otherlnputs

Beyond those discussed in the previous section, the only remaining rréépealdent
inputs are the scatermass (i.e., 1.007825 anfor hydrogen and the associated free atom cross

section (i.e., 20.43608). All necessary conversions betweeratterer mass ansicatterer to

114



neutron mass rati@j, as well as between free and bound cross sections, are handled internally in
FLASSHThe| & grid was also tailored to the material of interastd scaled with temperature

this is discussed further belowdditional flags and parameters are mostly set automatically,
depending on the run type (e.m¢oherent inelastionly, incoherent inelastic ¢oherent elastjc
onephonon correction In this work, a liquid model (i.eSchofield parameterized bypandQ)

was specified, and all integral quantities were disabled. This was done to save calculation time and
because nothing beyond the TSL is needed in the NeTS develognmakimum phonon order

(i.e., the number of termscluded in the phonon expansion) of 1000 was used in the solid
component calculation. This value was selegieol to the implementation of the short collision
time (SCT) approximatiorf98] in the FLASSHcode and was found tprovide adequate
convergence at the TSL and cross section le@tlger input options, such as output specification,
also exist but are not particularly relevant to this work.

The| I grid is an essential component of the TSL generation processglastimg its
proper construction can result in highly adverse oufatr consideration at this stage might give
TSL data that fails to me@tomentchecksand/or fails to represent important material features.
Such issues are then passed on to the cross satftiem,yielding significant inaccuracie$o
avoid this, a flexible, physiemformed approach is employed to faithfully capture relevant
features and to set sensible limits.

Typically, the TSLL depemence is less complex than that adpaceA notable exception
to this wouldinvolve the relaxation of the incoherent approximation, thus introducahgerent
(i.e., structuralylependence along theaxis.Most cases, however, are sufficiently représeiny
a logarithmic grid containing anywhere from 100 to 200+ points (or whatever resolution is

necessary for convergencéys notedabove the TSLT dependence differs materially, as it
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includes the unique features of the DOBis is usually addresséar solid materials with a linear
grid over the entire DOS region (and sometimes beyond) followed by a logarithmic grid up to the
maximum valueLiquid materials, by contrast, contain significant guelastic components that
add shape betwegn T1and thdirst nonzero DOS poinflhis is often addressed by the addition
of a logarithmic grid in this region, forming a complete grid of the formliledog. Due to the
aforementioned complexity, the grid typically contains roughly 200 to 400+ points, whish
somewhat higher thathe number of grid points This work, for context, uses anff grid
containing200 and 828 points (extral resolution added for enhanced feature representation)
respectively, some of which are later trimmedr&devancerior toNeTSmoduletraining.Similar
that of the| grid, grid resolution is determined (in this work) by what is necessary for
convergence and what is favorable for NeTS development.

The limiting values of the # grid are traditionally set using mix of formulistic(i.e.,
using Eqg. (2.1)and operational intuition. The maxim@mimit, for example, isletermined from

the maximum incoming neutron energy (typicalhosen to b& eV),0
o .

f TJ" 4.3
wherethe thermal Bergy, QY is usually taken at room temperature for later scaling purposes,
corresponding to an energy of 0.0253 @We convention of setting the maximum incoming
neutron energy to 5 eV is somewhat arbitrary, but it purposely subsumes the energwheg®o
thermal effects are significant, at least to the point of their asymptotic approach to the free atom
cross sectionThe maximum| limit is subsequently computed using Eq. (2ub)der the

assumption of perfectly elastic (i.€©, 'O) backscattering (i.e', p). SettingO O and

incorporating the result from Eq. (4 y8glds
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T

—38 (4.4)
)

The associateminimum values are determined in a different manhethe case of the
minimumf value, it is naturally set to zero, relating no energy exchéreyeperfectly elastic)
The minimum value, however, is not set to zero, as that would imply no scatt€hegninimum
nonzerd limit for solid materiakis given in terms of the DOS resolution (i.e., the smallest energy
difference in this caseyO
YO

b v’ “9

By contrastthe same value fdiquid materials (ie.,this work)is set to reveal a sufficient portion
of the diffusive peak (ne&ar 1), while balancing practical constraints/olving convergence
andthe size of thg grid as a wholeThe resulting minimurnh for liquids is typically much smaller
than the one comped from Eqg. (4.5)as the smallest energy difference (characterized by the
diffusive peak width) is also much smaller

A minimum| value for solids can now be given from the corresponting

value as

| —38 (4.9)
0

Again, the same value for liquids setsimilarly to represent th@ssociatedsmallestenergy
difference mentioned abov8ince the gap between zércand the first nonzero might differ

from the gap between the first nonzierand the following pointperhapgiue to the choice of grid
type (e.g., logarithmic) and/or resolution, the smaller of the two gaps ishesei$tically to
determine the minimum for liquids.In anycase, the impact of these choices on the convergence

of important TSL properties is readily evaluatedHhyASSH
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The| (Fig. 4.1 and (Fig. 4.17 grids in this work reflect the above prescription, having
log and loglin-log structure, respectivelfthet grid, in particular, contains a relatively large
number of points in the linear region. While some of theee later removed, agreviously
alluded tq greater resolution is necessary in the vicinity of the B@8gy rangd NeTSmodules
areto properly represent such features.

In the next step of the TSL data generation process, all of the inputs discussed so far are
combined and used to initiate a number FfASSHruns equal to the number of desired
temperature evaluations (i.e., 73his is the last step before the raw TSL data is prepared for

NeTS training.
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Fig. 416. The » grid used in this work displayed in semilog.
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Fig. 417. The s grid used in this work with a semtlog inset for emphasis at lows: values.

4.2.3FLASSH Looping

In order to produce the TSL data over a sujtaldcree subset of temperature input space,
a custom Python script was developed amglemented. The scriptomprise two main,
sequential step@-ig. 4.18) The first loads in all temperatudependent data that was generated
(and discussed) previousl(je., 'Y ) Q DOS). These datsetswere organized in individual,
external files.The second iterates over each temperature and performs a seriesstépsub
Ignoring some minor details, the process flow is as foll@verwriteappropriated=LASSHinput
file lines with current temperature datan FLASSH read i & grid and initate TSL array (for
the first temperature only), read TSL data fleBbASSHoutput file, append TSL data to formatted
collection file. The total runtime of the looping process depends heavily on the run type, inputs,

and number of desired temperaturiesthis work, the complete set of temperature inputs was
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divided into three separate sets (i.e., 25 temperatures each), allowing parallel looping runs to finish

in under 24 hours.

Load "Y@Q alDIOS dat a

Overwrite i Contro

temper at ur )G DOS. t |
* Wity LooW:"Y8"Y
Re ad 0 0 O 0

Read TSL FdaAtSaS
out put

Fig. 418. Processflow diagram for FLASSH run looping with temperature-dependent
inputs. Associated 1/O files are also highlighted in green boxes.
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4.3 NeTS Input Preparation

4.3.1 Preprocessing

Once the raw TSL datéFigs. 4.1921) was collectedover the targetinput space (i.e.,
| A XY, a series of transformationsasemployed to render it usable for NeTS trainifgese
manipulations, discussed below, serve the overarching purpose of gnabitore efficient
learning praessTo this end, all input streams were repositioned in range and scale to better align
with thoseof the network parameters. The resulting consistency across input channels, specifically
from the viewpoint of the input la&y (with itsrandomly initializedweights and biases), has been

shown to allowfaster convergencand is common practice in the training of such sys{&dis

Fig. 419. TSL for H in H20 at 450 K (arbitrarily selected in the center of theoriginal
evaluation range).
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Fig. 420. TSL for H in H20 at 450 K (arbitrarily selected near the center of theoriginal
evaluation range against»s for select .
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Fig. 421 TSL for H in H20 at 450 K (arbitrarily selected near the center of the original
evaluation range) againsts for select .
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Before proceeding, it is useful to mention what deds used for NeTS training input. The
FLASSHinput grid itself,| 7 7Y formed a foundation of sorts, establishing a link between
specific points in input space with specific TSL values used in thernggpd learning procedure.
These links, however, convditle (or perhapsnothing) in the way ohonmonotonicstructure
that might reduce the capacity burdenease suboptimdbss surfacetraversal during training.
Certain additions to the thréeundationalinput setswhere the aim is to introduce structure in a
useful and practical mannere the subject of the following section, but the same preprocessing
routines discussed herein wasoappliedto thoseinputs.

Initially, all input columrs (exceptthe temperatureeolumn and the output/labelolumn
(i.e., TSL data used to compare with network predictiamsitransformed to bask0 log space.

This was done to help reduce curvature in (or linearize) alitsngvith strong exponential
dependence (e.d., grid). As described here, linearization across the problem domain helps to
reduce complexity during the fitting proce3$ie emperaturecolumn which is already linear,
was simply inverted at this stagéhe change in form illustrated from Fig. 4.22 to Fig. 4.23
demonstrates the purpose of this decision. The latter highlights what imsaAghenius
relationship between the TSL and temperature (for randomly sele@tedalues) While the
natureof thisrelationship varies somewhat over the full input space, the limgianzffect of the
temperature transformation is evident.

In the next stage, all transformed columns (except the label colweneshifted andscaled
to fall within the range-0.75 t00.75 The label column, however, which already underwent
transformation to log space, was shifted so that every value was negative. This decision (or
alternatively, shifting to all positive values) was madalleviateapparent instabilities faretwork

predictions close to zero.
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After adjusting thecolumnsin scale and range, tl{8-D) data was randomly dividddto
training, validation, and test sets according 89/0.5/0.5percentage spliEach of these datasets
serving a particular purposeasthen written taanindividual file. Typically, during the training
of multiple network architectures and hyperparameter configuratisitgg the trainingplit), the
validation ®t is used to judgprediction accuracy on data not usedhelearning processThe
test sethowever, isusually saved until the enid judge the generalization performance of the best
model[99]. Sometimes, thealidationand tessets are combinedto a single test segspecially
if the model is predetermined, but their separatsooften useful for guarding against unwanted
overfitting in the oubf-sample pool.

Theabovesplit percentagewereselected with the following idea in minthedivision of
input datainto training and test sets should reflect the desired amount of variance inttfeeaine
interest(e.qg., accuracyyver each dataset. This ideehich also applies to thalidation/test split,
implies a balance between tgpupvariaions, as(barring supplementation) allotting more data
to one split necessarihgduces the size tfie otherTotal dataset siz¢hereforealso factoedinto
the decision. Small to medium size datageight work well with an 80/20 train/test splifpr
examplewhile largedatasets might benefit from a 99/1 split.

In this work, the total input size equals 6,367,3B@tances/rowgfrom a 187x454x75
trimmed A 7°Ygrid). This provides aelatively largeout-of-sampleset contaimg nearly64,000
instances(a further discussion of/alidation/test set sizeas it relates tanetric variance is
addressed in a later sectjo®ther important factors, such as the balance between the benefit of
additional training data and training efficiency, were also considaessalluded topreviously, the
input data was trimmed based on the integral contribution tpahel cumulative distribution

functions (CDFs) in| andf . TSL data from the highestvaluation temperature (i.e., 650 K) was
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used to set thenost conservativgrid limits, resulting inintegralswithin a sufficiently small
fraction (i.e., 1e4 to 1e6) of thecorrespondingotals. Thef 1T point was alsdemporarily
removed(discussed k&r), as the logarithm of zero is undefined.

Once the initial train/test sphitas determined, there rematha decision as to how the data
should be sampled. One obvious (and frequently used) option is to split the data randomly. If this
approach were taken in this wotgQwever,entire feature spans might be left out of the training
set, virtually ensuring sulptimal accuracy. To remedy this, a lattice was constructed from every
other point in each grid dimensicend lwundary points were included neaintain the input range
and toavoid any form of extrapolatiohe idea to use a lattice stemmed primarily fritma
necessary class coverage in image classification prol@®hsand how that relates to feature
coverage in the NeTS work. In short, if the network never sees examples of a given class (or set
of classes for that matter) g training, it has little hope of forming any sort of predictiveibas
for that clasgor set of classesJhis same concept applies to regression/continuous representation
problems.Additionally, the choice tauseevery other point was arbitrary, butetaim was to
provide sufficient feature capture while also leaving adequate margin for sampling remaining
points.

To build the training set, théattice points in each dimension were supplemented by
randomly sampling theemaining pointsUsing the comlsi e d 06 k e e p|6ff FlYvakidss (i
selected for the training set), the complete training set was constructed according to two different
methodologiesThe first functioned in a grilke fashion,hereafter referred to as grid sampling,
where thepointswere added to the training setdch of their coordinates (il 7 Yspace) were
inthecorresponding; and o ml y s a mpThiehds thielefiea @f Gemdvingentis. 7Y

values from the training set. The second involved free sampling those points remaining after the
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lattice construction, resulting in a hybrid lattice with freely sampled ghjogably, both
methodologies supplemented thekeep list with points of concavity chge (i.e., peaks and
troughs). This was motivated by the same feature capture reasoning describedEzhoysde
renderings of these approaches are shown in Fig. 4.24 for two dimensions, but the final NeTS input

was similarly sampled in-B (i.e.,| 7 ¥ 'Yspace)

:

Fig. 424. Randomly generated 2D input grids constructed viathe describedgrid and free
sampling methodsfollowing an initial lattice creation. Points included in the training set are
represented in white. For comparison purposes, both the grid and free sampled examples
represent a similar split fraction (i.e., ~ 84/16 train/test).
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It should also be notedhat these two construction methods do not exhaust the realm of possible
sampling solutions. They do, however, provide a sufficient level of functionality, with the free
sampling methogerformingbetter in comparison (using accuracy results fre, 2e.,| #
space for setY runs). This outperformance was hypothesized, as this method does not remove
entire 1D slices containing potentially relevant information from the trainingBseh also retain
a majority(or all) of the initial lattice grid, buthe free sampled grid contains more.

Each of these methods is illustrated (Figs. €85 using 2D TSL data processed
according to the above sequence and corresponding to the lowest evaluation temperature (i.e., 283
K). The differences are visually appat, ultimately leading to a difference in performartear.

this reason, free sampling was used subsequently in all NeTS training scenarios.
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Fig. 425. Scaledand trimmed 2-D (at 283 K) TSL surface using gridsampling.
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Fig. 426. Scaledand trimmed 2-D (at 283 K) TSL surface using free sampling.

4.3.2 Feature Selection and Creation

Two categories of input features were briefly introduced in the previous section: those
baselevel, independent variablaad those conveying more information about the final, prediction
target. The independent variables (i.e., T , Y, or some ongo-one transformation of said
variables, must be included to ensure funectik@ behavior of the trained NeTS module. That is,
the end user must have the abilityptss in arbitrary input coordinates that map to a distinct output
value In this work,each ndependent variable was shifted and scaedlescribed aboveut was
otherwise left untransformedhere may be transformatioiisimple or complex}that provide
noticeable enhancements over this approach, bakttisionwas made in favor of simplicity and
considering thesubsequeraddition of structural features

During the preliminary construction of tiNN in this work 1-D TSL slices (e.g., against

| orl ) were used to quickly iterate towards a baseline archieeend to judge the level of
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difficulty inherent in the training/fitting process (for thESL for hydrogen in light water
specifically).As hypothesized and demonstrated in previous ibok], the 1D slice against ,
particdarly for low| , proved to be the most difficult to represent accurately. iBmst surprising
considering the presence of DOS features along this axis. These features, as seen in Fig. 4.21, also
inhabit a relatively small fraction of space, with edcindividual feature widthcomprising an
even smaller portioof the totalrange The juxtaposition ofmoothly varying TSL behavior at
lowT (again, at low ) with the relatively compressed DOS complexity at Highlso likely
contributed to the leammg difficulty. Such pronounced feature heterogeneity across smauae is
characteristic of the NeTS work and materially unique TSL datasets more byuatityularly for
those TSLs corresponding to structured liquidge to the combination dhese factorsalong
with theearly observed learning deficiency, the decision was made to move-ihde&lopment
(discussed in detail in a later section) while supplementing the input feature seDwvlt8l1data.
The reasoning behind this is madeatl below.

As in the case of the independent varidldasformation (or lack theregthe inclusion of
1-D TSL data (shifted and scale®§ only an informed decision, hardly exhaustive of all
possibilities The general idea, in any cags, to greatlyreduce the learning burdehat is
inextricably tied to theinique features & givenTSL. Intuitively, the 2D TSL slicesaccomplish
this byconveyng a high degree of structure at the onset of their flow through the netWusk.
form of feature engineimg provides the network with a stronger initial guess, or template, of the
predicted TSL structure, thus removing some of the required fitting capaaitydifferently, the
presence of these features results in predictions that resemble the TSL fohnmome closely
during the early portion of trainirthan those in their absence, which moéceablyinfluenced by

the activation function used.
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In the implementation of these structural features, the boundihgliceswereused to
provide a reasonabtangeof the final outpuform. This way,the network couldncorporatethe
slices intoa more accurate predictiofor the 2D case, the bounding slices correspond to the four
edges of aectangl€i.e., at every combination of high/lowff ), giving a total oix input features
includingl andf . For the 3D case (Fig. 4.27), the bounds correspond to tre@2s of a cuboid,

giving a total of 15 input features includingf , and”Y

13
« high, T high |
gh.Thigh )

II" N /
T a low, T high | |'
p low. T high I A high, T high
J— >

-~ a high, B high

« high, B low g, p g
a low, [ low a low,‘ﬁ high

- le——

——

B high, T low

B low, T low

a low, T low \'

Fig. 427. The 12 edges 08-D input space forming a bounding box.
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The incorporation of TSL data along each edge component is readily visualized (Fig. 4.28)
for an arbitrary location in-® input space. Here, point values along eaéh dlice (Figs. 4.29
40) are selected according to the correspondifigh” Ycoordinates

It is alsoimportant to mention thain an application environmerthe 12 1D slicedatasets
would be stored alongside the NeTS module paramdtertunately,the storage penalty is a
relativelysmall fraction of the already small memory requirenfenthe weights and biaseghis

and other practical concerns are revisited later.

Fig. 428 An arbitrary prediction coordinate (red cube) in 3-D input space with 12
corresponding, 1D edge features (blue arrows)These features are used to aid the TSL
prediction at the given coordinate.
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Fig. 429. 1-D edge ofthe full 3-D input set corresponding to the lowests and 4| values.
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Fig. 430. 1-D edge ofthe full 3-D input set corresponding to the lowest and highest and
values, respectively.
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Fig. 431 1-D edge of the full 3D input set corresponding to the highest and lowest and J,|

values, respectively.
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Fig. 432 1-D edge of the full 3D input set corresponding to the highest: and J|| values.
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Fig. 433. 1-D edge of the full 3D input set corresponding to thdowest» and4| values.
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Fig. 434. 1-D edge of the full 3D input set corresponding to the lowest and highest and 4

values, respectively.
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Fig. 4.35. 1-D edge of the full 3D input set corresponding to the highest and lowest and J,|
values, respectively.
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Fig. 4.36. 1-D edge of the full 3D input set corresponding to the highest and J,| values.
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Fig. 437. 1-D edge of the full 3D input set corresponding to the lowest and s values.
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Fig. 438. 1-D edge of the full 3D input set corresponding to the lowest and highest and 1
values, respectively.
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Fig. 439. 1-D edge of the full 3D input set corresponding to the highest and lowest and

values, respectively.
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Fig. 440. 1-D edge of the full 3D input set corresponding to the highest and 5 values.
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Interestingly, but perhapnot surprisingly, the 12-0 datasets exhibit a unique mix of
differences and similaritiethat reflect the particular TSL of intereSthere are stark differences
in form, for example, between the thieeundarygroupings (of four edges each) againgt, and
“Y These are indicative of the expected variatialong each feature axiQbvious similarities
exist between certain high/low combinations and' , as seen in Fig29-30, 3132, 3334, and
35-36.
In the edge datasets against temperature (i.e., Fid8)3the pattern of similarities present
in the aforementionedases above isuch less apparent. There are slight observable differences
in the degree of linearityetween Figs. 338 and Figs. 390, butthey are otherwise quite similar.
For this reason, there is a higher degree of feature collinearity among the four temperature edges,
likely indicating a redundance of information in the training process. Such conclwsmiens
supported in subsequesupplementatfforts but the present work includes the fulDlboundary
set as a demonstration of the idea as a whole. Further refinement is nearly always a possibility.
The next section incorporates the entirety of everydeegn stage up to thpoint. Most
of the domairspecific constraints have been discussed in detail, and what remains is largely an

exercise in DL design, evaluation, and iteration.

4.4 NeTS Design and Training

4.4.1 Guiding Principles

As mentioned throughout previous Bens, the aim of this work is to create a NN that can
accurately represent the multivariate TSL hypersurfabe. chief practical motivations behind
this task and method relate to the absence of a known, matepi@hdent analytical expression

and to theinherent dimensional and capacity advantages afforded by NNs, respectively.
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Furthermore, while the space of possible NN architectures suitable to the task is quite substantial,
the goal here is to outline the development of a promising subset.

To arriveat a highly functional end product, three guiding principles were deassfdl
The first, a methodical approach to network architecture and hyperparameter design, ensures a
tractable progression from simple to complexth a bias towards maximizing the benefit to
complexity ratio Practical specifics regarding this principle are discussed further below. The
secondnvolves the speednd efficiency in realizing the first principle. This can be summarized
as follows: exmine each design decision in the lowest (feature) dimension possible. In practice,
this resulted innearly all of the architecture and hyperparameter settings used in the-bBnal 3
modelbeing derived frontess performed at the-D (i.e.,| A ) scale.ntuitively, and as seen in
the 12 edge plots above, thandf dimensions anveya majority of involveccomplexity. Given
the relative linearity of the third dimeos (i.e.,”Y, it is straightforward to conclude that many of
the adjustments thaerform well in 2-D will translate favorably to-B (and this was observed)
The third principlerelates to the size of the design/search space in principle one. It essentially
acknowledgeshat nothing is off limits, at least initially or until proven otherwikealso rejects
any notion of asingle, perfecsolution, instead supporting the idea of many possible designs that
are more or less equally effective in terms of accuraltiipughperhaps differing in practical
efficiency.

These three principlesre ly no means meant to be a universal or complete prescription
for solving ML problems, but they do serve to guide what is otherwise a quite daunting task of
evaluating an exponentially large design spdde last principle for referencejs merely an

admission of ignorance at the initial, novel encounter of DL appliedetatron interaction data.
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Taking these ideas into account, the following exposition should proceed in a clear and sufficient

manner, with each step referring in some way to said ideas.

4.4.2 Hyperparameter SelectionArchitecture, and Training

The termhyperparameters often used in ML/DL to refer to a parameter that is set prior
to training.The exact logic behind such settings can vary, but the important takeawatytisese,
along with the particular method or schensed to set thepare distinct from th&earning process
with its associated parametéyghile this is a useful starting point, there is not a perfect consensus
around the precise definition of therre Some may assert that hyperparameters can be subdivided
into model and training hyperparameters, while others may assert that model hyperparameters are
not hyperparameters at all but should instead be grouped under model design. Such divisions are
largdy semantic and (in the opinion of the author) serve little to no practical purpose.
Hyperparameters are typicaligpresented numerically over continuous or discrete ranges
As such, there are many possible combinatwinsn dealing with even a relatively small numbe
of them.This fact is demonstrated fg. 4.4 1for an array ofrbitrarycombinations ofthe number
of hyperparameter®against the number of evaluation points per hyperparari@tesulting in
a search space given iy Here, without detracting from the previous poi€¥s assumed to be
uniform across hyperparameters, but this often varies for each hyperpaiarpegtetice Notably,
as"tand Qncrease, the time required to exhaustively search every hyperparameter combination
quickly becomes multiples of the average human lifespan (even assuming a relatively optimistic
time of five minutes per combination). &u an endeavor is obviously impractical and

demonstrably unnecessary (fortunately for the designer).
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During the search process, certain hyperparameters may interact strongly in predictable
ways, whileothers may interact weakly (if at all) in ways tha¢ difficult to perceive. This
observation has the practical effect of reducing the exponential expansion of the search space,
instead limitingefforts to more relevant subsets. The resulting subspace can still be quite large,
but with a startingand reasoable)assumption of interaction independence, much progress can

be maden a timely manner.
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Fig. 441 Growth of hyperparameter search space (matrix values) as a function of the

number of hyperparameters and thenumber of evaluation points per hyperparameter.

There are numerous different ways in which the search space can be eiaiethe

first, and perhaps most straightforwarédpproachis to perform agrid search where a

predetermined set of hyperparameters is examined complefeig method, when donm

methodi@l (see the first guiding principle abovand sensible waycan be both effective and
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sufficient in terms of performance and intuition developmintan also belone manually or
automatically For these reasona,nonexhaustive (i.e., resulpuided)grid searclwas employed
in this work The second method, random search, examines a smaller number of possible
hyperparameter combinations, sometimes allowing gredfieiency over grid search. A third
approach, Bayesian optimizatiateratively builds a multivariate (i.e., over each hyperparameter
axis) distributior(connecting the search spawi¢h the relevant performance mejrihat can guide
the search procesowards combinations that more likely near an optimtimese and other useful
techniques aravailablein numerous, populatomputational packagde.g., Ray Tune[102]).
Also, depending on the method/implementation, the optimal search order and relative importance
of each hyperparameter can vary. An example of this is givertly.

For the sake of expediency and simplicity (in addition to the reasons previouslypeekcri
the hyperparameters discussed herein reference the broadest interpretatiabofatiefinition.
That is, most every aspect of network or training design that can vary numerically or categorically
and that is fixed prior to training will be dedara hyperparametaivhat follows is a description
of each decision axis, along with its implementation in the present work.

The learning rate is arguably the most important hyperparameter and should keatiyned
in any optimization process. As showm the simplified weight update expressifum the kth
weight parameter

T 00 .
T h 4.7

v o0 -

where— is the learning rate andlis the loss functionthe learning rate determines tinajectory
through highdimensional loss spaaga gradient descergt.e., in which the goal is find local
minimum, Fig. 4.42. As a brief aside, EqL(7) is usedas a suitable loss function this work,

since it is readily differentiable argince this particulaproblem domains devoid of outliers
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(which mightotherwiserequire a more robust measur)the learning rate is set too low, the
weight adjustments will proceed rather slowhgreasing the needed training time beyond what

is efficient. If the learning rate is too large, each step in loss space has the potential of skipping
over or out of a relevant minimum. This can render the convergence process impossinght
alsoresut in terminal numerical instability (i.e., a crasi)he goal is to choose a learning rate that

balances these opposing realities.

Los s

Wei ght

Fig. 442. Simplified loss landscape illustrating the path through weight space taken by
learning rates of different sizes. The optimal path (red) also decreases the learning rate with
each step.

One way to accomplish this is to perfoamamp test (Fig. 4.43), where the learning rate is
increased in a linear, steyse fashion over some large range during which an accueteted
metric is recorded at each sté&pthe low end of the range, the learning rate is too small to provide
meaningful reductions in the loss metric (or, alternatively, increases in the accuracy metric) from
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one step to the next. The high end of the range, by contrast, is highly unstable and ultimately

ineffective. The region in the middle provides a more efficgenf values from which to choose.
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Fig. 443. Learning rate ramp test for an arbitrary 3-D training case demonstrating the
impact of learning rate on the loss metric.

Different heuristics exist to choose an ideal learning rate, but many methods allow more
flexibility than simply choosing a single value for the entire training proc&ssie adapt the
learning rate monotonically by some fixed step size (i.e., additivey @ome fixed ratio (i.e.,
multiplicative). Others monitor a fixed metric and adjust the learning rate (in an additive or

multiplicative manner) if it fails to improve after some tinviore still are either hardcoded (i.e.,
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eventdriven) or combine elemén of multiple approachesThese methods are collectively
referred to as learning rate schedules.

The learning rate schedule employed in this WbBi§. 4.44)is slightly different from those
mentioned above. It belongs to a class of cyclic schedules that oscillate the learning rate between
different minimum and maximum valueSome of the benefits of this class include the ability to
choose two bounding valuésat likely encompass the (classically) optimal value (thus avoiding
theselectiorburden) and the ability to navigate out of bad local minNadurally, the cycle shape
(e.g., sinusoidal, triangular), amplitude, and frequencyB@unabk, providingample learning

flexibility.

4.0x10° | | | | .
3.5x10° i
3.0x10°% i
2.5x10° .
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Learning Rate

1.5x10° -
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00 1 1 N 1 N 1 N 1 N 1
0.0 5.0x10 1.0x16 1.5x10 2.0x1¢ 2.5x1¢

Training Iterations

Fig. 444. Triangle-based exponentially decaying,cyclic learning rate policy used in his
work.
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The triande-based,cyclic schedule with an exponentially decaying amplitused in
NeTS developmenivas selected for its effectiveness and stability characteristibs formis
givenin [103] for the general expressiattraining iterationo,

O0Ye 0OY 6060Y 0'Y h (4.9
with acycle amplitudedefined byd 'Y and0 'Y , the minimum and maximum learning rates,

respectivelyandmodulated by

. ‘ iy s O
0 0 F;(x)l wu(XQC&O h 4.9

where’ is the exponential decay factmd0 is half the cycle period he four required parameters
are provided in Table 4.3 he decay factor was set to shrink the amplitude by roughly two orders

of magnitude over the training run, aiidvas set within a reamnmended range frofd04].

Table 43 Parameterization of the cyclic learning rate schedule used in this work.

Parameter Value
0'Y 1.0e4
0'Y 4.0e3

I 0.999998051
0 30,000

As it pertains tdhelearningrate (and therefore the learningteschedulg the choice of
optimizer isvery importantsinceit determines how this information is incorporated into the
broader optimization process. Thest-orderAdamW algorithn{105] wasselected fothis work,
amidstother options, as an improved version of the already perforAdanh optimizer[106].

Specifically, AdamW has been showmachieve better convergence and generaliz&immpared
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to Adam) in a variety ofdomains The advantages afforded by the original Adam optimizer via the
combination 6 traits from RMSProg107] and AdaGrad108], namely, the suitability towards
nonstationary objective functions and sparse gradients, respectivelgugneentedby the
alternative weight decay schenmplemented in AdamW.
To better understand these features, it is helpful to discuss the algorithmic implementation

[105]. Both Adam and AdamW use biaerrected estimates of the first and second moment
vectorsatstepo, & anduv , respectivelyin the weight update process. Biased moment estimates
(due to their initialization at zerod, andv , are first computed as

& T @ p 1 Q (4.10
and

O 1 0 p T "Qh (4.11)
wherel and] are hyperparameters specifying the exfg
termsand™Q is the loss gradient at stépv.r.t. the network parameters;: , at step p. These

are subsequentlyorrected in

a i 4.1
p 1 (412
and
b V]
o 1 (4.13
before the computing the weight update,
| & .
- - - —=— _— (4.14
v T
where— ,| , _, and] correspond to the learning schedule multiplier, the learning aatesight

decay constantand a stability parameter (set to-8dy defaulj, respectively.The second
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bracketederm inEq. (4.14) represents the weight decay component thatecasipled from the
gradient updatén the AdamW implementation. This differs from the original Adalgorithm,
which implement® regularization (i.e., penalizing the sum of squared weights).

As described, the weight updat@pplied to individual weigis) areinvariant to the scale

of the gradienaindrely insteadon thelearning rateThisfeature coupled with the ratio af and

0 in Eg. (4.14) acting as an uncertainty measure (e.g., it shrinks the update step near an
optimum) and a buHin leaning rate decay schemaltimately characteriest he al gor i t h
robustness in many stochastic optimization settings.

The parametefs and’ were left at theeference values (i.e., 0.9 and 0.999, respectively
[106]). Thesealso correspond to the default settings in most ML/DL librarfége schedule
multiplier, — , from which Adam/AdamW benefit substantially accordind105], is discussed
above, and the weight decay constantvas irvestigated separatelfhe AdamW authors note
that the optimal weight decay value depends on the number of weight updates during. training

Their proposed setting

.
_ o_w( (4.15

where_ is the normalized weight decay (i.e., thelue corresponding to a single allowed
batch pass)pis the batch sizé) is the size of the training set, afids the number of epocher(
the number of passes over the entire training set

Typically, each training iteration/weight update only ssgeadient information from a
fraction of the total training set. While this adds noise to the gradient estimate, it speeds up training
significantly compared to the full batch case, where the weights are only updated after every full

sweep over the traing dataset. Setting a suitable fractional batch (or minibatch) size involves
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balancing théncreasedhoise on the low end with the speadticiency(or lack thereof) on the high

end, while simultaneously observing hardware constraints (e.g., GPU meimotit)s work,

values were tested across powers of 2 from 128 to the size of the entire training set (i.e., ~ 6.3
million), and abatch size of 1024 wassentuallychosen to meet the above criteria.

Setting the number of epochs involvesamewhadifferent set of concerns. Training for
too few epochs will not properly converge the results, and training for too many is simply a waste
of resources. There is also thependence on batch sizéhere largr batch sizes generally require
more epochs of training and vice veraagthe standard practice of early stopping, where training
is halted (and/or weights are saved) once the validation performance no longer decreases. In the 3
D training cases, 400 ephs were sufficient to cover the training space of interest, although fewer
weresometimesiecessary.

Taking all these values together yields a square root factor in Eq. (4.15) of roughly 6e
This,combinedwith the asunption ofa_ around0.1 (perhaps on the higher side of optijnal
suggestshata reasonable is probably less than 4 To aid the decision_values of 1€5, 1e4,
and 1e2 were evaluated he latter was unsurprisingly found to erode the training accuracy, as it
implies a_ value greater than 1@vhich isatypically high). The two former values did not
suffer the same disadvantage,saggested by thepperboundabove but 1e6 wasused most
frequentlyin NeTS developmenfpart from this concern, theeight decay valuéand therefore
its selection in this workj)s more importantlylinked to its regularizationeffect (involving the
performance on the validatiiestset relative to that of the training set), which is discussed further
in the following ction.

Perguiding principle twoyyvirtually every hyperparameter discussed so(d&d hereon)

was either sebr informed using-D experiment resultsThis decisionfacilitated more thar800
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test/desigriterations where edt casetook minutes to runnistead othours or days for the-B
datasetThe network architecture employed at the onset oRtBedesign process (Fig. 4.45) is
relatively simple in structure and can be summarized2®(8}1 (i.e.,the network has an input
size of 6, 2 hidden laysrof size 32, and an output of sizZe A 95/5 train/test split was used
throughout, andhe LeakyReLU activation function, based ReLU (Fig. 1.6 with a (usually
small) negative slope for negative inputgsimplemented initially as wellvith a negative slope
value 0f0.01 to enable learning for all inpufsositive or negative)An illustration of relevant

matrix operationgreminiscent of Eq91.4-5)) is provided in Fig. 4.46
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Hi dden l{Egyer):
326 i, 3aoXxpl
+ LeakyReLU(O.

\ 4

Hi dden 2(_-f1yer):

32XxBR f, 3@k
+LeakyReLU(O0.O

\ 4
OQutput =Layer (
1xdZo , lx))ﬁol

Fig. 445. Initial 2-D trial architecture showing layer/matrix dimensions and activation
functions (where applicable) The variables= :; ngrepresent the nun
i npluayneerur,bphe weight matrix connecting the inp
and the correspornedsipnegc(t h@eed gwe ct okew)i Blaek def i n

arrows represent layer connections.
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Fig. 446. Representative linear layer operation flow with an affine transformation
(characterized by weight and bias matricesss and -H- respectively) and activation function,
| relating the input matrix, <, to the output matrix, | .

Excludingtheindividual testing phaseof batch size and number of epo¢tsring which
the values spanned a wide range as noted above), batch sizes of 128 or 1024 were used most
frequently for 100and 800 epochsrespectively depending on the hyperparameter in question

Absolute grcent deviatiofAPD),

6 Oi & & bARDED QY momm%’—ﬁ 4.1
or rather its maximurMAPD), was used to determine relative performance, as it is a particularly
salient metric(or performance proxy)n this work (along with mean and median percent

deviation) The remaining descriptions are addressed within @tegptive, experimentalcope,

beginning with the choice of weight initialization.
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The starting point of the network parameters (i.e., wtiergwill placein loss space) can
have a substantial impact not only on the path taken during training but also on the endpoint
reachedAs a result,tinaturallydetermingthe success or failure of convergeripeorder to assess
any relative performancdifferencesin the NeTS contextfive different weight initialization
schemes were tested (Tabld)4The default settinpr linear layergin PyTorch discussedt the
end of this sectiorijitializes the weights and biases from a uniform distribufign, , h, , for

P .
== 4.1
Q0 K¢ (417

where"Q® &4s the size of the input feature. Thther evaluated methodsormal and uniform
variants ofXavier[109] and Kaiming[110] initialization (derived assuming an activation slope at
zero equal to 1 and RELtype activations, respectivelyyerespecificallydevelopedo address
common issues in training DNNs (e.g., vanishing axmlagling gradients)Xavier uniform in
particular,was shown to provide the best #8@verage performandgef 4 total runs¥or the case
in question (i.e.a 6-128(4)1 network architecturavith skip connectionsaddressed separately
below). The relative outperformance of Xavier against Kaiming (despite the use of LeakyRelLU)
and uniform against normal is interesting and likely related to the test architecture.

The main difference between this and the default scheme lies in the defafitjorin

Xavier uniforminitialization, ,, is definedas follows:

L i
QHIE QOE 60

. QwQE (4.18)

where Q@ € 6 18 the size of the output feature aifkd Qe ¢j p & 'QQW d "QUE 'R for
LeakyReLU.It is important to note that while this scheme workedtin thislimited case, it is by
no means the besh all conceivable cases. Results varied in testing based on the particular

architecture in questiodditionally, the biastermswere initializedclose to zero (i.e., at 0.01)
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Table 44 Weight initializ ation test results for a simple €128(4)}1 network architecture
(lowest/best in bold).

Method Top-3 Avg. MAPD [%)]
Default 29
Xavier uniform 16
Xavier normal 18
Kaiming uniform 21
Kaiming normal 25
The number otidden layersg _ , andneurons per hidden layet , were

determinedby the balance dfour practical concerns: accuracy, memory consumpti@ming
time, and inference speed. On one side, higher and¢ correspond to more weight
parameters, which entails higher storage requirements and stainerg andnferencetimes (via

an increase in the number of matrix operatio@s).the other side (and up to a poirtigher

€ _ and¢ typically result in greater capacity and therefore higher accuracy levels.
| mportantl vy, t hecemoint osly anethabtneeets theameedsdf the designar.
A linear relationship betwee# . and the number of network parameters is

shown in Fig. 4.47. In general, this observation supports the exploitation of the depth parameter,
contingent on accrued accuracy. The preference for shallower networks still exists, however,
particularly in this application where size is tied to performance. Meaningful increases in accuracy
are, therefore, required to support the use of deeper networks.

In Fig. 4.48three cases were examin@&dhere each result was averaged over four training
runs Two were used to compare the effect of keeping the total number of model parameters

roughly constant (at ~ 5008y reducing with increasing ‘ ) against simplkeeping
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¢ constant with increasing ‘ . This was done usirgn¢ of 64or less, depending on
the caseA third was used toestthe relative impact of switching to Kaing uniform weight
initialization. In each caséand without further tweakingf the deeper networksfour hidden
layers provides a large reduction in MAPD, while still maintaining size efficiddiferences in
capacity are also evident when compariing constant caseqFig. 4.48, dark gray and blue)
with the constant model parameter céSg. 4.48, red)This same decision process is employed

in the selection of below.

3.5x1¢ - T - . - T - .
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Fig. 447. Scalingrelationship between= jand the number of network parameters for128
neurons per hidden layer
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The relationship betweea and the parametestorage requirement is cledid. 4.49),
while the dependencies of training and inference time& oare less so. Inference timesha
relatively straightforward relationship with compared to training timeénowever The former
might depend simply on the number of matrix operations andapsrbn the implementation
details,while the later might exhibit more interesting, ndinear dependencies that are difficult

to predicta priori [111].

50 — 7Tt rr 1 '+ T rr 1T T+ T *r 1T T T * 1
| |—=— 64 hidden neurons per layer (Xavier uniform)
| |—o— (roughly) constant total param&avier uniform
! —A— 64 hidden neurons per layer (Kaiming uniform)
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# hidden layers

Fig. 448 Relationship between accuracy (as measured by MAPD) and | mmgyi,
averaged overfour 2-D training runs (for each case)Case 1 (dark gray) and Case 2 (blue)
examine constants J with increasing = |- mmg 4, _(oRly switching weight initialization
schemes)Case 3 (red) keeps the total number of network parameters roughly constant at ~
5000 with increasing= |- mmg 4, _Jhe y-axis values, at this stage, are of no practical
importance beyond their use as a relative measurerfgualitative comparison.
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In this work,& values were tested across powers of 2 ranging 8to 2048 (with the
exception of a few casd®low/abovehis lowerfupper bound, e.gdownlup t08/8192, in which
there was nobservedenefit). Ultimatelyane of 128 was chosen to provide sufficient accuracy
without the meaningful increases in memory consumption and traimegnce time mentioned
above (which scale rather poorly in the latter two metrics). The selected poinphsaigned in
Fig. 450, which shows the dependency of accuracy (as measuMéBiD) one averaged over
a dozenuniquetest cases during thel2 training processHere, it isapparentthat & UpC
corresponds to the lowest (best) average MARDI|t is dso evidenfrom Fig. 4.4 that theorder
of magnitude increasein required storage (i.e., from ~ 50k to ~ 800k parameterahd
training/inferencdime could be avoided (by selectidg  p ¢)Wwhile retaining a majority of

the accuracy benefit gained frantreasing .
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Fig. 449. Scalingrelationship between= pand the number of network parameters for four
hidden layers.
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The differences between the scalingéof and € ‘ (among other observed

concerns, e.g., capacity, training stability) generally suggest a preference for going deeper (i.e.,

increasinge \ ) instead of wider (i.e., increasirg). As such, the observed increase in

MAPD beyond 512 liden neurons per layer, which might otherwise redunther attentionat
the training stagéo recover the naively expected downtrend in MAPD with highgr can be

ignored in this case.
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Fig. 450. Relationship between accuracy (as measured by MAPD) andjaveraged over an
arbitrary set of unique 2-D training runs. The y-axis values, at this stage, are of no practical
importance beyond their use as a relative measure fqualitative comparison.

Inspired by the success o#sidual (or skip) connections in the various ResNet and
DenseNet CNN architectures (particularly that of the latter), NeTS modules were designed and

tested with two different skip configurations: sequential and dense @&X&j). Such
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implementations have shown advantages in parameter efficiency, gradient propagation (e.g.,
helping address the vanishing gradient problem), and featurevitvsomealso contributing a
regularization effedi2z6]. Oneof the mosimpactfulaspects of thidesign pattern is the ability to
effectively train exceptionally deep networks (e.g., hundreds of layers or more), thus extracting
the capacity potential inherent in the depth parameter. While this capability ssavdyexploited

in this work (due to a preference for more compact models with faster inference speeds), it is

important to mentioand could be explored in future work

Sequent iraang Dens e -r(amug

L ayeerp a yee rp

L a yée rq > a yee

Fig. 451. Comparison of sequential and dense skip connection schemes for an arbitrary
sequence of éidden layers.

In the sequential layout, the length of the skip connection is restricted to prevent

connections beyond a single skipped layer. The dense layout removes this restriction, allowing
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connections between a given hidden layer and all downstream layers. Agleatsal pattern is
alreadya subset of the densely connected schamagsince weighted skip connections were later
implemented(discussed below), the dense arrangement was adopted in the NeTSTksrk.
decision provided greater design flexibility thesulted in some of the besCPtesting resultyet
seen(Table 4.5.

Under the weighting schenfehich is the only one of its kind known to the authane
key benefit is the ability to modulate the influence of individual skip connections between the
lower limit, where the connection is dropped via a zero weight, to the upper limit, where the
connection influence is saturated via some large weRghttically, this yields a design space that
not only subsumes the sequential skip patterrohetthatalso includes the original, simplified
(i.e., having no skip connections) architectéreelatively smallnumberof possible (skip) weight
values vereevaluated duringhe 2D training process. In some cases, the skip connections were
initiatedinserted por to activation, whilein most othergincluding the best caselhey were
initiatedinserted after activation. The weight values themselves were selected accosewvey b
tiered (i .e., depending on t he basetl enrthg tesie too f t h
boost the influence of early hidden layers on the input of later hidden layers.

The mosteffective approach observed usedultiplicative tier structure with weights of
1, 2, and 4 for skip connections spanning one, two, and thdelerh layers, respectively.
Experience from a variety of different test cases resulted in the following takeaways. Lower weight
values (e.g., less than one) typically fail to provide significant information flow across skip
connections, relative to the gpasting (adjacent) layer connections. Larger weight values (e.g.,
much greater than 10) tend to overshadow the information passing between adjacemtflegers,

resulting in pooraccuracyor instability. Intermediate values, by contrast, specificallys¢ho
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preferentially weighting earlier layers, seem to perform quite well. This behavior was
hypothesized, since the input features were customized to provide a high degree of information
content to the initial hidden layer. Regardless, more research isdnaedelly examine the

relevantparameter space, which could be the subject of future work.

Table 45 Performance of select weighted skip connection settings (each averaged over four
runs) for a 6-128(4)1 network architecture (lowest/best in bold).Weight values given as
a:b:c, for example, correspond to the weights of connections skipping 1, 2, and 2iden
layers, respectively.

Setting Avg. MAPD [%]

PostPre-activationinitiation/insertioni 1:1:1 14
Same as abowvel:2:4 12
Postactivation initiation/insertiofi 1:1:1 16
Same as aboved 1:2:4 11

Same as abovie0.010.1:0.89 (sum tang 16
Same as aboviel:4:16 12
Pre/Pstactivation initiation/insertiof 1:2:4 14

Following the selection of skip connection weights, further adjustments in the layer
activations were examined. The observation in gaaiyning runs that network predictidarms
(particularly those at the start of training) reflect ¢theseractivation motivated the use of mixed
activation layers (e.g., where different hidden layers may have different activation functions). It
was found for example, that Relitype activation networks exhibiteshore angular prediction
forms, while tanh activation networks exhibitedmparativelysmoother formgwhich more
accurately depict the spectral natureloé TSL). For this reason, tanh activat®were substituted

in thelast hidden layerg few other configurations were tested but did not give better nesiilis
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LeakyReLU activations in all preceding hidden layers, yieldindg/&¥D (averaged over four
runs)of 8.5% (i.e., a marked improvememter the homogeneous activation caseTable4.5).
The observed benefits of the mixed activation approach likely warrant further study, Eraaps
more granular level (e.g., mixed activations both across and within hidden layers).

Despite sparse experimentation with other activations functions at the start and end of the
2-D development process, LeakyRelLU (with the default parameterization for negative slope, i.e.,
0.01) demonstratedconsistently dominant performance characteris(ms at least sufficient
enoughto avoid supplantation). Additionglarameteituning involved differentnegative slope
valuesof 0.05, 0.1, and 0,2vith corresponding MAPB(averaged over four runej 9.7%, 7.8%,
and 9.3%, respectively. These resultsttethe use of the 0.1 negative slope in subsequent training
runs.

Minor perturbations to the best performing hyperpararsgterealsotested, namely +/

25% adjustments to hidden layer size (Ee., p @,® w pand a fifth hidden layer extension

(i.e., € _ V). The first two adjustments gave MABDaveraged over four runs) of

8.0% and 8.8%, respectively, while the third gave values (averaged over three runs) of 11.7% for
a 1:2:4:8 skip weight scheme and 9.0% fofl:2:3:4 schemeNotably, none of the perturbation
results eclipsed the best MAPD (i.e., 7.8%), so these changes were not incorporated.

It is reasonable to question whether 4 (or so) averaged runs per configuration are sufficient
to converge the performance trends aleagh hyperparameter axis. To this point, it must be said
that theintention of the hyperparameter exploration procedure wagitily narrow down a very
large search spaoghile also meeting accuracy goals more exhaustive grid search would
certainly help solidify the above findingsand he relaxation of the strong hyperparameter

independence assumption might also yield interesting outc@wesall, the reduction in MAPD
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valuesover the course of-P development (i.e., from up to 100%+ at the start to low single digit
values at the end, especially for longer training ruefi¢ctsa meaningful improvement that was
also mirrored in the final (®) results (see next section).

There was an additional design scheme that was not implemented but is still worth
mentioning. Thecascading network architecture {samed here for convenienceot to be
confused with othemlistinct cascade networks) is interesting in this workddew reasons. As
depictedn Fig.4.52, the reduction it from one hidden layer to the next can result in a network
with similar accuracy as the no cascade case, enabling a smaller memory footprint and faster
training/inference speedghere is als@ample flexibility in how the reductions are performed, but
in general, they should decrease monotonically-{geftght) in an additive or multiplicative
fashion, as this was found to give acceptable results with the benefit of fewer parameters.
Preliminay testing found that stronger multiplicative reductions (e.g., using-taylayer size
multiples of 0.5 or 0.25) worked wefi particular

The reason cascading networks were not used in the final stages lies in their interaction
with skip connections Specifically, it is preferrable that information passed along a skip
connection is o6full and complete.d When down
upstream layers, a portion of the information containedgivenupstreanoutput matrixmust ke
lost/removed (or at least compressed) befocarntbe added to the downstream input matrix (i.e.,
the sizes must matchYhis operation can certainly be done, but it necessarily affects the
information flow in a nortrivial way that may ultimately proveuboptimal. As such, the benefits
of dense skip networks were selected over those provided by cascading networks, and the topic of

combining the two architecture types is left for future work.
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Geometric Ari t hmet i ¢ No n ¢

Fig. 452. Comparison of representative (monotonic, decreasing) cascading layschemes
geometric (i.e., multiplicative), arithmetic (i.e., additive), and the base case (i.e., no
cascading).

The design space and hyperparameter fosliilsted above are briefly summarizawald
visualizedin Table4.6 and Fig.4.53, respectivelyFollowing the iteration process)dse settings
were carried over to-B training, where they could manifest their efficacy over the entire input
set. Despite reaching a point of high accuracy, the presence of additional architectural and
parametric possibilities is (overwhelmingly) apparent. Tad holds favorable implications for

future work (as will be discussed later).
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Table 46 Summary of the hyperparameter/design space selectiofa 3-D training.

Setting Selection
€ 4
€ 128
cascading none

skip connections
skip weight scheme
activationfunction
weight initialization
optimizer
regularization (explicit)
batch size

training epochs
learning rate sakdule

loss function

dense, weighted
multiplicative, 1:2:4
LeakyReLU(0.1)n hidden layers-B, tanhin hidden layer 4
Xavier uniform
Adamw
Weight decay (© 1le6, as implemented in AdamW)
1024
400

triangular,cyclic, w/ exponentially decayingmplitude(see
parameters ifable 4.3)

MSE

When NeTS researchbegan the PyTorch DL library(developed and maintained by

Facebook Al research (FAIRWas chosen tamplementall design and training taskdue to its
flexibility, modularity, Python interface, native GPU support, parallelization features,
documentationandlarge usecommunity. Model trainingemployeda number of NVIDIA P100
and V100 GPUS (located on a LEIP compute cluseaghcontaining 12 GB and 32 GB of
onboard memory, respectively (i.e., large enough to hold the entrd GB input set). This
allowed the simultaneous ineng of multiple 2/3D networksparallelizedover 23 P/V-100s each.

To measure progress, assess accuracy, and visualize results, various output metrics were collected
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during training (e.g., learning rates, MSE loss, minimum/mean/median/maxfaPibe taining

and validation setsnputs corresponding to MAPDg standalone script was also constructed to
perform inference over arbitrary inputs using a saved PyTorch weights file (from a previously

trained network) and a defined model class (which casaked together with the weight file, if

desired).

Input Layer (n; = 15):
15 features (a/B/T + 12 1-D edges)

Mip1 = 1

A

Hidden Layer 1 (nj,, = 128):
12815 w;p 1, 128x1 b4
+ LeakyReLU(0.1)

My 1-p3 = 1

My 150 = 4

@

My 152 =1

Y

Hidden Layer 2 (n;,; = 128):
128x128 Wh,.lﬂh.Za 128x1 bh.lﬂh.Z
+ LeakyReLU(0.1)

Mpzsp3 =1

A

Mpon,4 = 1

mh,?’ﬂo =1

My 1 opa = 2

Hidden Layer 3 (nj, 3 = 128):
128x128 WhlzﬁhIB, 128x1 bhlzﬁhs
+ LeakyReLU(0.1)

Mp3z.pa =1

.

h 4

Hidden Layer 4 (n, 4 = 128):
128x128 Wh,3—>h,4—a 128x1 bh,3—>h,4—
+ tanh

@

Mp oo = 2

Mp g0 =1

@

A

Output Layer (n, = 1):
1x128 Wy 40, 1X1 by 4sp

Fig. 453. Final 3-D NeTS architecture with colorcoded layers and skip connections
Weights,[O , are given for each skip connection.
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4.4.3 Performance Metrics andevaluation

Apart from their compactness, NeTS module accuracy was considered paramount
throughout the development cycle. Naturally, if the accuracy levels achieved by the NeTS work
did not mark a meaningful step over previous approaches (or if they faileeéet the lower,
practicality threshold), there would be no reason to take on the added complexity. This is not the
case, however, as will be demonstrated below. The results of the hyperparameter/design space
search (outlined in the previous sectionjielded networks capable of highdelity TSL
representationFurther mplications related to size, accuracy, and scalability are reserved for
subsequent sections.

Upon reaching the-B training stage, a small handful of early trial runs (i.e., before
convaging the hyperparameter/design space at ik I8vel) were used to dial in the final
configuration. Once this was achieved, two networks were trained (for comparison purposes, as
each is initialized randomly)arious forms of outputor eachnetwork, whch are qualitatively
identical, are provided in the figures and tables bel@Quantitative comparisons can be drawn
from Tables 4.78.

The minimization of the MSE loss function (Eq. (1.7)), shown in &g, acts as a direct
proxy foraccuracy improvement during training. A large reductiothe lossof approximately
six orders of magnitude is observed over the first learning rate cycle (spanning 60,000 training
iterations, i.e., twic®). The remaining loss decay of roughly two osdei magnitude occurs over
the remaining training iterations. The total number of training iterations is nearly 2.5 million, with

around 40 learning rate cycles.
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MSE Loss
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Training iterations x10°
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Fig. 454. Training curves showing MSE loss over ~ 2.5 million imtions (i.e., weight

updates), or 400 epoch¢run 1). Top and bottom datasets are identical, havindinear and
logarithmic x-axes, respectively. The cyclic, decaying learning rate schedule (and its period

constant,d) is evident in both curves.

Figure4.5 shows the decrease in the median and maxs&&he training and validation
sets Similar © the loss curve, a majority of the reduction takes place early in training. The
reduction in APD, however, is comparatively more dramatic, falling more than 20 orders of
magnitude before the end of the first cydledian APDs drop below the 1% accurabyeshold
shortly after, while the max APDs steadily approach low, single vhdjies towards the latter half
of training.

In comparing the median APDs of the training and validation sets, the observed
overlappings indicative ofsimilar performancéor in and outof-sample datéhisis ideal) while
also reflectinghe robustness of the measure itsefiich gaugesggregateentrality. The max
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APDs, by contrast, exhibrinor visible differences. These differences, where the validation set
marginally outperforms, are largely attributable to the volatility of the maximum (with respect to
sampling) as a singlgefined measure of extremity. In all likelihood, the training sepéaed to
contain a point (or points) that was more 0di
resulting in theobservedliscrepancy.

More generally, if large discrepancie®gre observetbetween the training and validation
sets(particularly where the validation performance was much worse) for eitherthetmedian
or/fand max APIDAPDs, this wouldikely signal poor generalization (i.e., overfitting). Alleviating

the issue wouldheninvolve moreregularization(e.g., via increasing).

T T
— train median APD
— train max APD
validation median APD |4
— validation max APD

NS 0.5 1 1.5 2 2.5
\‘WXIOG
Ll Ll L o | | Lol L Lo
10" 10" 10° 10° 104 10° 10° 107

Training iterations

Fig. 455. Training curves showing APD over ~ 2.5 million iterations (i.e., weight updates),
or 400 epochgrun 1). The train median (blue) and validation median (yellow) curves overlap
considerably, with each eclipsing the 1%accuracy level Inset shows a select portion of the
same data with a linear xaxis.
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While the magnitude of the MAPD is of primary concern, its location in input space is also

quite informative. This metric wasecorced every five epochgluring training resulting in a

complete MAPD trajectory (Fig. 466). Along thel axis the MAPD location hovers at

predominantlyhigher values, which is not surprising considering the prevalence of DOS features

in this region(that are inherently more challenging to leain) , the MAPD location starts out

atlonerval ues before dédbouncing6 bsubskquedyrsettingior t h

the high region.

5
>
Scaled 1/T

0.00
_0_5(30'25 Scaleda

-0.75
-1.00

2
o.oo02
Scaledb

-1.00

Fig. 456. MAPD trajectory during training (run 2). Darker and lighter cubes represent
earlier and later training results, respectively. The MAPD settles in the high , high a1, low

1| region at the end of training.
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The trajectory along the (inverse) temperature @@k a somewhat differenfpath
conmpared to those in andf . Inverse temperatunealuesstarthigh and then immediately move
lower before bouncing between intermediate and high values, ultimately converging within the
high region (corresponding to a low actual temperatifte)y about 30 epochsThe finaIMAPD
trajectory coordinate(in scaled input space/f /'Y ), 0.5323/0.7237/0.7%here the latter two
correspond toan intramolecular (i.e., higher energy) DOS peak and the lowest evaluation
temperature (i.e., 283 K), respectivedye thus sufficiently representative of thdmdonging to
thebest, savedhodelstate.

Regarding the saving of model parameters, it is common practice to stop training and
record weight values once the validation performance stops improving (knews as early
stopping). In the NeTS work, however, this technique was not required, as evidenced by the
progression of the validation APD curves in Figg54 Model parameters were instead savade
thetraining MAPDreached a minimupwhich (interestimgly) gave better results (in terms of the
overall MAPD) than using the minimum validation MAPD.

Using the saved model state, inference runs were performed for the lowest, middle, and
highest evaluation temperatsreesulting in thefollowing predictionand APD surfacegFigs.
457-62). In general, APDs are elevated for higher and! values, where curvature is more
pronouncedind TSL values are lawhere is alssome (relatively lower) APPeaking along the
0 s pdi noef  tshaening /5 Epacediagonally from low | £ to high| /f . Figure 458 shows
the APD surface at 283 K and exhibits the highestervedvalue (see yaxis scale)further
supporing the MAPD trajectoryconclusionsNotably, it is both intuitive (due to the presence of
DOS features) and preferable (due to their lower relative influence) to see thst FPdpes

distributed towards the higher end okpace
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Fig. 457. TSL prediction surface (run 2) for the lowest evaluation temperature (i.e., 283 K).
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Fig. 458. APD surface(run 2) for the lowest evaluation temperature (i.e., 283 K).
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Fig. 459. TSL prediction surface (run 2) for a central evaluation temperature (i.e., 466.5 K).
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Fig. 460. APD surface(run 2) for a central evaluation temperature (i.e., 466.5 K).
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Fig. 461. TSL prediction surface (run 2) for the highest evaluation temperature (i.e., 650 K).
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Fig. 462. APD surface(run 2) for the highest evaluation temperature (i.e., 650 K).
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Figures 463-65 combine APD inference result®ver all input grid temperatures into
individual histograms for the training, validation, and test sets, respectiMedysame plots are
provided for the oubf-sample data (i.e., validation + test séig). 466) and the total inpugrid
(i.e., train + validation + test sefsSig. 467).

In each of these figurethe presence of high peaks and long tails is evident, leading to the
conclusion that the APD distribution is ranrmal(or morepreciselyin this case, leptokurtic, i.e.
having greater kurtosis than the normal distributi&imowing the standard deviation in APD is ~
0.2 also helps rule out normalityhis notion is further substantiated in Fig6&.where a fitted
half-normal distribution is compared to the tatah 2 resultsThere, the visible redistribution of
probability mass to the peak and tail (at the expense of the shoulder) hghlgimteresting
consequence othe TSL datasetand the resultinglocationdependent (in input space)
heteroscedasticity iprediction residualéevident in the previous APD surfaceSaid differently,
certain regions of input space are easier to learn (represent) than others, and this leads to the
6stretchingdé of the distribution as described

The summarized accacy results, as shown in Table3-8.for runs 1 and 2respectively,
containmean, median, and maximum APDs, along with the portion of observed APDs that fall
below 2% and 1%Overall, thetable metrics indicate high levels of accuracyl the practicaly
therein

After noting the similarity in performance across the training, validation, and test sets of
both runs, it appears that the regularization effects provided by the weight decay, skip connections,
and high ratio (~ 120:1) of training examples nwdel parameterss sufficient for good
generalization. Were this not the case (and as touched on above), additional techniques might be

required (e.g., dropout, which was explored briefly).
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Fig. 463. Training set APDhistogram (run 1). Inset plot shows tail region.
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Fig. 464. Validation set APD histogram(run 1). Inset plot shows tail region.
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Fig. 465. Testset APD histogram (run 1). Inset plot shows taitegion.
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Fig. 466. Combinedvalidation/test set APD histogram (run 1). Inset plot shows tail region.
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Fig. 467. Combined train/validation/test set APD histogram (run 1). Inset plot shows talil
region.

6 %10
B run 2
— fitted half-normal
5 i
\*{ increased peakedness
4 i
3
g
g3 1
o
decreased shoulder |
2 i
1 ‘ increased tailedness | _
0
0 0.5 1 1.5

APD [%]

Fig. 468. Combinedtrain/validation/test set APD histogram (run 2) with a fitted half-normal
distribution.
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Table 4.7 Accuracy of the 3-D NeTS module(run 1) as measured by the meanmedian, and
maximum APDs. Percentages of APDs less than 1 and 2% are also giviem each dataset
Results for the complete input grid are in boldValidation sometimesabbreviated as V.

Dataset Me?or)o]APD Me?%?PD Ma[>(<%A]\PD < 206[%] < 1%[%]
Train 0.2310 0.1664 3.0152 99.9925 98.9458
Validation 0.2246 0.1635 2.4491 99.9969 99.0671
Test 0.2258 0.1641 2.7513 99.9843 99.0985

V + Test 0.2252 0.1639 2.7513 99.9906 99.0828
Train + V + Test 0.2309 0.1663 3.0152 99.9925 98.9472

Table 48 Accuracy of the best 3D NeTS module (run 2) as measured by the mean, median,
and maximum APDs. Percentages of APDs less than 1 and 2% are also given for each dataset.
Results for the complete input grid are in bold. Validationsometimes abbreviated as V.

Dataset MefE\on/o]APD Met[:(I)./o,]APD Ma[>(<)/OA]\PD < 206 [%] < 1% [%]
Train 0.2279 0.1675 2.8696 99.9910 99.0974
Validation 0.227 0.1635 22044 99.9%9 991519
Test 0.227 0.1637 2.2620 99.969 992336

V + Test 0.2227 0.163 2.2620 99.9%9 99.1927
Train + V + Test 0.279 0.1675 2.8696 99.9910 99.0983

In revisiting the train/validation/test split decision, a bootstrapping procedure (where the
combined validation/test set was sampled 1,000 times with replacefgprd69) was used to
elicit theeffect of sample size on thecertaintyin a given statistical estimate (i.e., mean APD).

The uncertaintygiven in terms of the ratiq,f* ) was shown to decrease according to the familiar
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pAV0 relation, falling well below 1% fosizes near those of the validation and test sets used in

this work.
180 : |
# of samples = 1,000 m
160 - sample size = 100 0.0912 .
[sample size = 1,000 | |0.0289
140 - [ Isample size = 10,000 0.0096 4
I sample size = 30,000 0.0055

Counts

0.16 0.18 0.2 0.22 0.24 0.26 0.28 0.3
Mean APD [%)]

Fig. 469. Demonstration of the effect of sample size on accuracy metric uncertainty (mean
APD in this case run 1). The uncertainty fraction, 0fH, is given for each sample size. Each
histogram was constructed using 1,000 samples (of a given size) from the combined
validation/test set data (with replacement), which contains more than 60,000 values.

4.4.4 Performance in Context

1) Comparison with Modeling Uncertainty

In general, it is useful to compare the accuracy of NeTS with the accuracy in the underlying
water models used to generateitiputs of theaw TSL data. The aim, in this respect, is to achieve
a level of accuracy within, or at least on par with, MD modeling uncertalitdy properties such

as the dipole moment, dielectric constant,-défiision coefficient, expansion coefficient, and
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temperature of max density, most classical moféi$o achiewe accuracy levels within ~3%

of experimental valug$2]. Many are, in fact, considerably less accurate tharottperform very

well for certainparameters but poorly for othefes.g., TIP4P/2005 quite accurately preditts
seltdiffusion coefficientto within 1% when larger system sizes are used but overestimates
vaporization enthalpy by at least 10%4.2]).

A majority of quantum MD approacheqe.g., AIMD, PFAIMD), while capable of
producing more accurate frequency spectryBq (likewise for other measuresthan their
classical counterpartgnften fall short in terms ofccurately reproducing the seliffusion
constantThis is likely due in part to syem size limitations andralative lack of research volume
in the more accurate metho@sth will likely improvewith time). In any case, NeTS accuracy
(where a vast majority of APDs are below 1falls well within the range oéxpectedmodel
uncertainy (regardless of methodparticularlythatassociated witlhe frequency spectrum and
diffusion constant (which are the essential MD outpumdTSL inputs in this work)As a result,
the overall accuracy of the NeTS module is limited by the modsliag, not by the (NeTS)

methodology itself

2) Comparison withPastEfforts

Despite there being little in the way of exact comparison (e.g., to TSL fitting in
temperatureg)other useful references lie in past work and incinftmation regarding memory
usage, implementation speed, and accurAsysuch, any subsequent conclusishguldwarrant
deeper investigation.

In [113] and[114], for exampleprevious work13] on samplingemperaturelependen

thermal scattering datia light water (and graphiteyvas extended, and later implemented in
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MCNP6[115]. More specifically, temperature dependewes addressed the CDFs over and
I usinginverse temperaturpolynomial expansiongup to order 5) The resulting parameter
storage requiremeniscreasedo ~ 10 MB (relative to their prior workyvith temperature zoning
(used for betteaccuracy)still represenng a significant improvement over the ~ 25 M&juired
per temperature in the ACE thermal file for light watdonte Carlo testing also showed minor
runtime differences (i.e.,-55%) compared to the base case. When the meshing scheme was
improvad and tested for graphite, PDF MAPDs approached 20%+ and 60%-+aind{ ,
respectively. It is likely the results for light water would be simiidrere the generated PDFs are
proportional to the TSL

Earlierresearch hagredominantlyaddressed tempeuredependencat the cross section
level. In[15], free gas (i.e., ignoring binding effects) cross sections @88 and other materials
were interpolated using a variety of different methods over discrete temperatureingrids
increments ranging from ~ ZH0 K. Loglog interpolation was shown to provide the bait
aroundaccuracy, and incremeras high as 25 K resulted quitelow MAPDs (e.g., on the order
~ 1-2%) for fission, capture, and elastic scattering cross @extintuitively, interpolating over
larger temperature increments was found to be less acclinate resultsvhile practicalare not
readily comparableiith this work, as they do not include thermal effects or differential quantities.

The work 0f{116], which uses a Maxwellian kernel interpolation (MKI) scheme to provide
temperaturaependent cross sections, gives similar results to thedpmterpolation mentioned
above. Though it is physitsased, it may not function well for lower energy resonaibceadened
with TSL data[117]. Additional research has also been dtmelleviate interpolation across
heterogenous grids in the continuous forrfiat], further improving their implementation in

modern Monte Carlo codes.
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Taken togethera majority of past work has addressed interpoladéither at the cross
sectionor secondarylistributionlevel. The issue of temperature dependence at the TSL level, by
contrast, has largely been ignor@adth some exceptions)rhis has been done both explicitly,
where itwas previouslydeemedmpossible, and implicitlyAs a result, this work (at the TSL
level) is rather uniquedReasons for the approach include the proximity of the TSL to the nuclear
data geneation process (i.e., througkLASSH and the flexibility afforded in use and
disseminationi(e., both the secondaries and total cross section are derived &di8ltj not to
mention the technical challenge

In terms of possible future needs, the egten of input space beyond /“Ymay become
both useful and desirable. Were this to happen, those current methdidkely suffer greatly in
terms of accuracy or become infeasible. NeTS modules, however, are designed in a manner that
readily accommodates such changes. This scalability, coupled with the expressive capacity of NNs
combines to maintain high accura@véls within a compact, versatile package.they stand
today, NeTS modules are at least an order of magnitude more compact and more accuhate than
most closely relatedapproaches (e.g., basis function expansion fitting T&L-derived

distributions).

3) Comparison with NeTS Direct/Raw Output
To furtherframeNe TS per f or mance, it 1is helpful t o
(i.e., the APDs in log space, as the model predictésthiied)logarithm of TSL values) with that
in Tables 47-8, wherethe APDs are computed following a transformation back telogrspace
(i.e., to obtain the actual TSL values). In Figg0471, this comparison is shownlinand/ atthe

I and , respectivelycorresponding to thBIAPD coordinates listed abover run 2(i.e., scaled
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| £ 'Y © 0.5323/0.7237/0.75Discrepancies between outputs and labels are too small to see
without magnification, as they give mean APDs on the order of 0.01%. This high accuracy is a
testament to the NeTS design process and thauahaapacity of NNs in general.

On a related note, since the location of the MAPD (and higher APDs more brizadly)
concentrated at the higher end df spacejts lower relative impact (due to their values being

much smallershould supplement the accuracy of F&rived quantities
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4.5 Guidance Regarding NeTS Packaging, Dissemination, and Use

4.5.1 Packaging

Before trained NeTS models can be used in a practical setéagralcomponents must
be combined into a NeT®odule The firstcomponenis the model parameter file (sometimes
caled the state dictionary)which PyTorch stores (or rather, serializes aPython ordered
dictionary For size reference, the[3 model parameters in this wor&quireroughly 2% kB of
memory (i.e., close tothe 51,713 model parameters multiplied by 4 bytes (39 leiacl). The
second componerd the zer¢ data that waset aside during the gyecessing stagén general,
this datacanbe handled in a variety of ways (e.g., compdtiDL representation), but for the

sake of simplicity, itcan be saved explicitly and concatenated perhaps interpolated then
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concatenaid on an as needed basis.terms of size,hte zerof data in this workrequires
approximately 5 kB of space (i.e; 187| 6 s 75 temperatures 4 bytes)

The 12 1D datasetsanbe easily stored and interpolated as well, taking up el kB
(i,e,4 (187 + 454 + 75) 4) of storagelt is important to not¢hat(for thezera and 12 1-D
dataset9 any required interpolation would take place at the input stage (i.e., prior to NeTS
inference) over grids that are sufficiently finetuned (by the TSL and/or NeTS producerpgs
to allow high accuracyThe sizes of these two data categories areratbersmallon a relative
basis(i.e., less than 25% or so of tteeal memoryfootprint, including the model parameters)

The | ast component is the inference O6engin
suitable (to the particular application environme&ombination of the aforementioned datadéts.
desired, data access (by the inference, togl., Python scripttan benitiated from asinglefile
(using a largeordered dictionary)instead of using three separate filese data that is read in
will then need to pass through three main steps: input transformation, inference, output
transformation/collection. The input transformation step will perform the needed scaling
operations &s described in section 4.3), along with any-prierence interpolan (which, as
stated above, could alternatively involve inference over some ML model). The inference step is
even morestraightforward using the defined model (which may be stored, at low cost, within the
state dictionary) with its corresponding paramete proceed like a function call. The output
transformation/collectiostep is then responsible for converting NeTS output back to TSL space
(by inverting the scaling operations) and subsequently returning them to (or storing them for) the
user.Suchan inference script might require an additional-305kB, bringing the total module

footprint to about 280 kBAs they relate to the discussed datggelsvant scaling implications
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for higher dimensional NeTS (i.e., those having more than three inpilltbe discussed in the

next chapter.

4.5.2 Dissemination

Practically, dissemination may occur via three main avenues: direct/formal,
direct/informal, and indirect. In the direct/formal case, and as it pertains to the ongoing operations
of the NNDC, the author proposes the addition of a new section (or sections) to the GNDS and
ENDF formatsthat would be includedlongsidethe usual, corresponding TSL evaluatidimis
new section would simplgomprise othe data file (or files}theinferene file, and a third file for
documentation and user instructson

In the direcinformal case, whertheusualTSL evaluation and the associated formatting
restrictions may not warrant inclusion, the above components can be readily communicated
between pactitioners.This is trivial, but it allows for a newcaleof TSL data exchange.g., by
removing unnecessary subsequent requests for datasets generated at new conditions).

The indirect case, distinct from the previous channels, includes any embetitNed@S
modules within relevant nuclear data (eFl.ASSH or reactor physics codes. In either scenario,

a collection of NeTS modules (fanumerous materials) could be stored, implemented in
accordance with preexisting compute/parallelization capabijldies shipped in tandem with other
package filesThis is perhaps the most attractive endpoint, as it enables the realizatieNeTS

mo d u fulepdtsntial in a locaked, streamlined manner.
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4.5.3 Use

Depending on the use environment, certain aspects of NeTS performance can matter more
than othersinference speed, for example, is more important in the embedded NeTS case, where
longer latency times might slow down an already compansive simulationThis aspect would
likely be of less importaoe to the userlooking to generate the TSL atsenglenew temperature
(using NeTS). The size of the NeTS module is also of greater importance in the former case, where
it also impacts inference speg@dla thenumber of required matrix operations)

In such cases vene high performance is essential, the importance of compactness cannot
be overstated. The current NeTS modules, given their size, are actually small enough to fit
(entirely) in cache memory, whichao result in data transfer speedups one to two orders of
magnitude greater than those using RAM (depending on the hardware configanattorievel,

e.g., L2, L3). This ability can make a large difference when data transfer comprises a meaningful
chunk d total job time (or even more so whenrépresents gerformance bottleneck). While
multiple NeTS modules can fit in cache memory as is, there are other, yet to be applied,
compression techniques that can further shrink their size and boost perforengnaéntization

[118], single/mixed precisiotraining[119]). These methods were not explored in this work as the
NeTS modules are already quite sm&kh a related note, the accompanying dits fand
associated inference I/0O can be compressed and optimized for speed using specialized formats and
open source toolsespectively

Aside from memory latency, NeTS module size is naturally proportional to the number of
compute operations requiraatinferenceThis implies that smaller networks run faster than larger
ones, all else equal. During inference testmthis work (for a single CPU on an Intel Xeon-E5

2690v4 processer @ 2.60 GH#)e waltclock time was measuretross one complete input set
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call. Several runs gave times spanningd®s, corresponding to per example (i.e., per row)
inference speeds of ~ 1 ikthe process was parallelized along the number of examples to be run
(perhaps in combination witihhodelparallelization) this time could be reduced by at least another
order of magnitude or morén any casethis initial discussiorabout the relationship betwee
model/modulesize and speeshould hopefully,aid those whanight seek to implememMeTSin

ademandingproductionenvironment
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CHAPTER 5 Conclusions
5.1 Results Summary

TSL evaluationsveregeneratedver a range of temperatunesing theFLASSHnuclear
data codeandemployed in thalesign andraining of a neural network capable of representing
Y| fi RY for light water The resulting modegxhibits very high accuracy levetgpproaching
0.1% and 1%median and maximum APDs, respectivelhile also maintaining a compact
memory footprinbf aound 205 kBIncluding the model parameters, the complete NeTS module
for light water is about 280 kB in siz&his novel realization of an effective TSL function
(particularly one of this form and fidelity) is entirely unique infileéd of nuclear datand carries
interesting implications for reactor mufihysicsapplicatiors (where the temperature feedback
between neutronic and thermal hydraulic analyses can be impactfuT SLdissemination more
broadly.The size of the NeTS module also represemassive reduction in storage requirements
relative to adjacent methods and legacy formats.

The neural architecture in this work was customilt, containing a mix of structural
elements found to work well for this application. Weighted skip connectionsxample, were
used as a flexible means of adjusting information femrossthe network. Feature engineering
also played an important role in outcome success, vamerdimensional label subseise., edges

of bound input spaceyere found to aid learning without a significatbrage burden.

5.2 Implications
As mentioned previousiNeTS modules in the kB range compradarge continuum of
data into a very small package. This shouldb halleviate storage concerns in any related

applicationwhile also enablingapid inference via fewer required operations and the ability to fit
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into (fast) cache memonryAdditionally, the encapsulation of TSL data provided by NeTS is an
easy adebn in curent and future nuclear data formats, taese modulesmight usually be
developed alongsidepical TSL evaluatios. Inclusion of NeTS modules for multiple materials
within modern nuclear data codes (e.ASSH is also advantageous, allowing for conee
inference over input spaes needed

One of the more promising aspects of NeTS design is the natural incorporation of
additional input dimensions (i.daeyond / /Y. Apart from the energy and momentdaransfer
axes,which haverelatively complicatedorms additional parameters such @nperatureand
pressuragenerally exhibit more simplistic, monotonic dependencies thatadily linearized in
feature space. There is, as a redilig opportunity to create NeTS modules capturing both
conditional(i.e., thermodynamic propsft and conpositional(e.g.,porosity,alloy composition
high burnup structurejariation Adding such features involves properly reflecting their influence
on the TSL inputs ansubsequently othe data used to train NeTS.

The astute examiner may call tissue of scalability into questidas it relates to the use
of hypercube edges as input featuregjce the number of edges onéaaube is given by ¢
While adding a fourth or fifth input dimension would certainly require greater attention, the
number of edges used in the feature set could be greatly reduced by taking advantage of redundance
(i.e., collinearity). This is most easily sealong the temperature axis, where three or more of the
input edgesanbe removed withoutneaningfulconsequene (notshown hergas it makes little
practicaldifferencen three dimensionsputit is also presergmongthe energymomentum edges
As described above, other simplistic dependencies could also benefit from this increased

efficiency.

191



If desired, the NES methodology could also be applied to represent functional variations
at other levelqin the nuclear data workflow)rhis might involve condition&ompositional
dependencies in the DOS, for example, or even the same in the integral distributioad Gif)th
Such applications highlight the underlying generality of the fitting problem and may provide a
highly performant framework for addressing similar challenges in the design and operation of

nuclear systems.

5.3 Suggestions for Future Work

5.3.1 Architecture and Methods

Given the degree of progress achieved between the original NeTS proof of concept (for
beryllium oxide [100]) and the development of NeTS for light waterjsithighly likely that
additional impreementsare possibleSeveral specific avenues that were left for future exploration
are described below.

On the topic oflesign a more comprehensive hyperparameter search (e.g., using multiple
iterations of successively finer grigdthin an automated@dmeworR would likely prove useful.
Testing for interactions therein might also yield conclusions that enlightemdependence
assumptiorand ultimately lead to better performan€be combination of the cascading and skip
weight architectures warrants additional attention as well. If the information from (wider) previous
layers can be effectively conveyed (or compressed) across skip connections to gijiarrow
downstreamayers, it night be possible to extract the combined efficieaof both model types.

Whether combining these forms or maintaining the current skip configuration, the skip
weights themselves could be made trainaBlesuming proper initialization and subsequent

convergence, this would reduce the number of hyperparameters while adding minimally to the
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learning procesA mor e extreme extension of this idea

where each skip connection is assigned a trainable weight matrixtésmfj augmenting or
otherwise manipulatingpstream informatiotat the neuron levebefore it is passed downstream.
This could be implemented a number of ways amght renderinteresting results with broader
ML/DL applications

Anotheropen area oNeTS research includeghe sensitivity of the accuracy metrics to
different forms of regularizationGreater understanding here would likely expedite the
development process for other materi@isnterest There is also the possibility of incorporating
ensemble(e.g, stacking, boosting, baggingnd uncertainty approachewhich may further

supplement performance.

5.3.2 Memory Consumption and Speed

In terms ofraw performance, there is ample room ftother explore compression
techniquegbeyond the initial scope of this wrkruning, which removes weakly contributing
neurons or connections, is one such example. Quantization, which reduces the precision of
constituent parameters, is another relevant example tpattisularly useful in edge computing.
These methods, alongside moebaked changes, have the potential to shrink current NeTS
modules by a factor of four or mor&his would also result in meaningful improvements in

inference speed. In any case, theeotrNeTS form should be sufficient for most applications.

5.4 Final Thoughts
While this work haspractical implications in the fields of nuclear data and nuclear

engineering, it is essentially agnostic toithmoming dataseSaid differently, the eural networks
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employed in NeTS development are designed purely for the purpose of functional representation
without Oknowl edge 0 .Thit makds BleTS gnalagous$ to otherarggpredsionc a t |
networks that might be used in an industrial sgtéind tweaked for robustness (i.e., resistance to

noisy data).Further review would be necessary to determine the applicability of the NeTS
architecture to other domairfe.g., ML-based DFT potential energy surface (PES) fittiagy

certain adjustment®(g., adapting the loss function and regularization scheimeld likely aid

such arendeavor.
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Appendix A. The Phonon Expansion

Considering a harmonic system amarng with Eq. (2.54),

Y 1Ih Qa0 ° Q° O h (A.1)

P
¢“o
the spatiallydependent portion of the integrand can be rewritteéarms of displacemeng¢a/hich
are also operators liKé 0),6 0, about the equilibrium position¥, 0 [30],

60 YO Yh (A.2)
and thus

Q ° Q° O & ° Q° o
(A.3)
Q ° M ° 0° 0&° 0’ &
Now, the exponential factors can be combined using the commutator rétation @ O
60 manddé M 0O,

QQ Q@ ~"n (A.4)
andthe Bloch identityvalid in the harmonic approximation)

0o a® % (A.5)
wheredl is a linear combination of phonon creation and annihilation oper@bvehichd 0 is
comprised) can be used to move the expectation brackets into the expdinentgives the
following, where® O @ Q[due to time origin invariance),

Q ° Q° O &aed q° O gt G X O @ X BMA6
Here, Q° orepresents the Deyaller factor and is expressed explicitly using the

DebyeWaller function,
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ol =01» n O (A7)
as
a % q 8 (A.8)
This rendershe new expression,
Q ° Q2 00 QP F (A.9)
where the Deby&Valler component can be removed from the time integral in (A.l;(ﬁngcan

be expanded 445]

- O ro oy P e x P o
(03 P (.DCOCAQ)@ E ,‘]Aq)(ﬁh (A.9)
wherethe-th term represents all exchangesgolving r} phonons This is known as the phonon
expansion

The zeroth order term in (A.9) corresponds to the (qredastic term in Eq. (3.23), in

which the(effective)DebyeWaller factor is given for a cubic lattice,

e
0 o s (A.10)
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