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SUMMARY

The authors present an analytical solution to steady-state axisymmetric thermal stress
problem for a reactor secondary containment having shell shape and consisting of spherical
and cylindrical parts. The stresses in the shell are produced by given temperatures (tech-
nological or postaccidental and atmospheric) applied at the internal and external surfaces
of the containment.

The problem is solved using the classical theory of thin shells obeying the Kirchhoff-
Love hypothesis, and assuming the linear variation of temperature along the thickness of
the shell.

The solution is constructed in the form of a sum:

(S)=Z(S,), i=0’ 192,

where: (Sp) is a particular solution corresponding to given temperature field, and (S)), (S,
are isothermal residual solutions such that the solution (S) satisfies all equations and boun-
dary conditions of the formulated problem.

In the cylindrical part of the shell the solution (Sy) corresponding to a constant surface
temperature is expressed in terms of the radial displacement satisfying a nonhomogeneous
ordinary differential equation of the fourth order, while (S)) and (S,) are generated by a
general solution of this equation involving four unknown constants.

Similarly, for the spherical part of the shell (Sy) is generated by a particular solution
of an ordinary differential equation of the fourth order for the shear force, and (S;) and
(Sy) correspond to a general solution of this equation involving two arbitrary constants.

The solution (S) has an elementary form and the six constants are determined from
the six conditions: (i) two conditions of the clamped edge at the bottom of the shell, (ii)
two conditions of the geometrical continuity, and (iii) two equilibrium conditions at the
cup-cylinder joint.

The closed form solution enables us to give a comprehensive discussion of the prob-
lem; however, due to the approximate theory the solution should be viewed as a first step
in solving the thermal stress problem in a real nuclear reactor containment.
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1. Formulation of the problem

We assume that the reactor shield consists of a cylindrical and spheri-
cal shells shown in Fig. 1. In the cylindrical part of the shield the tempe-
rature field is axisymmetric and given by

T(x,2) = T,(x) + 20,(x), O<x<H, |3]€ 5, D)
- [T+ (07,

2, (x) = 4 [TH(x) - 177,

and TT(x) and T (x) denote prescribed external and internal surface tempera-
tures. Similarly, in the spherical part the temperature is also axisymmetric

where To(x)

@

and given by
T(§,2) = T (§)

where To (¢)

+

2T, (§), O<o<o,, |a]¢ 5, (3
== 1)+ 1T,
7, (§) -i— 2 MOEEEONS

and T+(¢) and T ($) stand for the external and internal surface temperatures
of the spherical cap. Therefore, the temperature T = T(P) of an arbitrary

)

point of the shield is axisymmetric and given by
T, if P belongs to the cylindrical part, ()
T, if P belongs to the spherical part,

T(P) =

where T(...) and T(...) are defined by (1) and (3), respectively.

Our task is to find an axisymmetric state of thermal stresses and dis-
placements, say /s(P)7, produced in the shield by the temperature T(P),
using the theory given in [i, 2, é] . The state /s(P)/ is determined by the
ordered array of functions

[87 = [Ny Voo Quy Moy Mg u, u. 7 (&)
defined on the middle surface of the cylindrical shell, and by the set of
functions

[57 = [Ty, To, Gy, Ty, flgs Ty 7 (7
defined on the middle surface of the spherical cap. Thus, / S_/ depends on
x and L—§_7 depends on ¢ only.

2. Solution for cvlindrical part of the shell
The solution / S_/ in (6) is to satisfy the governing equations for the
cylindrical shell given in [ﬁ, 2, 5] . The equations of equilibrium take the
0

form
Vo + RQx,x =
MX,X - Qx = 0, (8)
Nx = 0.

The constitutive equations relating the forces and moments to the displace-
ments and temperature read



48
-1
Ny = K[_ux,X + VR u, - 1+ v)o&To_7,
Ng = KB u, + va, = (14 vIogt 7,
€)
M =

" Dl—ur,xx + (1 + V)O&T1_7,
= D[—vur,XX + (1 + v)o&T1_7,

The formulae (8) and (9) subject to suitable boundary conditions for x = O,
and x = H determine bending state of the cylinder in a unique way. Next,

we show that all functions in (6) describing the bending state can be expre-
ssed by u, only. From (8)5 and (9)1 we obtain

[e]
I

ux,x = -vR_,Iur + (1 + v)o&To. (10)

If we choose u, = ux(x) to meet the condition ux(O) = 0, from (10) we get
x pre
-1
u, = -vR u dr + “1 + v)o&h//%odx. 1)
I o
Substituting u, , from (10) into (9)2 we obtain
’
2 -1
Ng = K(1 - v9)(R u, = ofT ). (12)
Now, e@s. (8)2 and (9)3 imply
Q = D/ L 1+ v)o&Tq,x_7. (13)

Therefore, substituting (12) and (13) into (8),I we get

ul’" s axtu = ax"Rop, - B2(1 4 v)o&T;'; (oo)'= (o) (14)

where x* = 301 - v2)(—%—)2, g = —E— . 15)
If T°= const. and T1= const., a solution of (14) takes the form

u, = ug + ul, (16)

where ug = RoAT “1?

and u; = e'kE(CgT)coskE + CéT)sinkﬁ) + ekE(CgT)coskE + O&T)sinkg), (18)

Here CgT), (i =1, 2, 3, 4) are arbitrary constants. Therefore, the solution
[/ 8_7 can be expressed in the form

[87 =/8°7+ /87, (19)
where /5% 7 and /787 7 are given by
/8°7:
¥ = o, Ng = 0, Q2 = o, ' (20)
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0 o
M, = Mg = D(1 + v)o4Ty,
) )
ud = ol x, ud = ofT R, (20)
o_ _1 .0°_ &,
% = T Yy = 03
and/ S/I /

u;(E) = e_kE(CgT)coskE + CéT)sinke) + ekE(CgT)coskE + C&T)sinkg),

L - - % oot~ con)7 +
N CéT)qu - o " 5(sinke + coskE):7 -
CgT)[’I - ¢"S(sinkg + coskg) 7 +
+ oW/ + M (sinkg - COSkE)J/
ulte) = - xe™5/7(efD - ofM)cosue + (6§ + c§P)sinke 7 +
v k60§D 4 ofcosie - (0§ - ofM)sinke 7, @0
0 - 2y 20 LR D i - Pt -

RS (CgT)sinkE - CiT)coskE)_7,
Qe = —;'{-3 2Dk5/:a_k'¢[(0,(]T) + 0§Mcoske - (c§™) - o™ )sinke 7 -
ekégf(cgm) - o™ )cosk + (ogT) - cﬁT))sinkE_Z/Z

1 Eh_ 1 1 1
Nolg) = 57— u,(¥), Mg = VM, N =0,

n

%! (e)

—;{- u;],'(ls).

It follows from (19) + (21), that / S5_/ can be determined in a unique way
if CgT), (i=1,2,%,4) are known. The constants C%T) and C&T can be expressed
in terms of CgT) and CéT) using the boundary condition that the cylinder is

clamped at x = 0. This condition takes the form

ug + ul(O) = 0, u;(O) = 0. (22)
and leads to C(T) - - C(T) - ul, c(T) = 2C(T) - C(T) + 2, (23)

Substituting C(T) and C(T) from (23) into (21) we find that /_S _7 is deter-
mined in a unlque way by the constants C,I ) and Oé ), and it reads

[ 8 7
u;(E) = ug oXSsinke - ug ekEcoskE +
+ C,(IT) L_(e_kE - ekE)COSkE T 2ekESlnkE_7 - (24)

+ CéT) Lfe'kE - ekE_7sinkE,
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ul(E) = 2kug ekbsinkg +
+ CgT)k [fekE(coskE + 3sinkg) - e_kE(coskE + sinkk)_/ +
+ CéT)k [_e'kE(coskE - sinkg) - ekE(sinkﬁ + coskg)_7/,
Ml(E) = —%§ 2Dk22/hg ekE(coskE + sinke) +
+ CgT) [__(e'kE + ekE)sinkE + 2ekEcoskE_7 - (21)
- C(T)(e L S E)cosk%/[

Q&)

1 3 o ke
—53 2Dk 2ur e ~coskg +

CST) [—e-kE(coskE - sinkg) + ekE(BcoskE - sinkk)_7 +

+

+ CéT) [_e_kE(coskE + sinkg) - ekE(coskE - sinkE)_Z/Z

The constants CgT) and CéT) in (24) should be determined from suitable joint
conditions at the cross section x = H. To obtain an analytical form of these
conditions we proceed to find bending state of the spherical cap Zfﬁ;?.

3. Solution for spherical part of the shell

The solution 175_7 describing bending state of the cap should satisfy
equilibrium equations and constitutive relations referred to the spherical
coordinates (see [3, 2, j] ). The equilibrium equations takes now the form

(ﬁ¢sin¢)’¢ - ecos(}: - 6¢sin¢ 0,

~

(§¢sin¢),¢ + Nesin¢ + ﬁ¢sin¢

0, (25
(ﬁ¢sin¢)’¢ - ﬁecos¢ - §6¢sin¢ =0,

while the constitutive equations read

ﬁ? = —%— [_(ﬁ?,¢ + ﬁr) + V(ﬁ¢ctg¢ + ﬁr) - R(O1 + v)oﬁﬁo_7,
ﬁe = —%— [_(ﬁ¢ctg? + 8+ V(ﬁ?a¢ + ¥ - R(1 + v)O&ﬁo_7, 26
= » » . - 3]
qu, - % L% g + votgy + BT + oy, 7,
ﬁe = —%— [7Ectg¢ + vﬁ’? + R(1 + v)o&51_7,
Zﬁ:re & - ﬁ_qffr’¢ - ﬁ¢), @7
K - o p] (28)

Egs. (25) + (27) can be reduced to two equations involving % and Q, only.
Thus, if we substitute (26)5 and (26)4 into (25)5, we obtain first of the

two equations 5
~ ~ 2.~ RS ~ -~
K’¢¢ + %,¢cot¢ - (v + ctg ¢)% = _TT-Q¢ -1+ V)R0&T1,¢- (29)
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To derive the second equation couplingfi and §¢ note, that (26),I and (26)2
can be written in the form
+ 'u_?¢ —-—E—-V ) (Nq) - VNe) + R%To,
% (30)
W, + Tyote = = [y - Vi) + Roy
T ¢ ¢ %1 - v2) 2] ¢ 0& o
Differentiation of (30)2 with respect to ? yields
-~ ~ . —2 ~ ﬁ ~— ~ ~ ~
U, ,ctgd - U,sin + T = . (W, - vN,) + Rof,T . (3)
NS A N RN R BT
Substracting (50),| from (50)2 we also obtain

~ ~ _ R N - §.

g0 T ctg?- 21 - v?) “ o+ V)(N? Ng) (32)
Finally, elimination of u¢ ? from (31) and (32) and formula (27) lead to

% ( - vN ? + (1 + v)(Ne -% )ctg¢ 7+ o(I\To 4 (33)

Next, if we put

Wy = - Qyotes, T = - Ty, 40 (34)
then the equilibrium equations (25)1, and (25)2 are satisfied identically,
and (%3) and (34) imply

- x 2 = N 2y 7

+ £ - (et - = - K(1 - % + K(1 - T .

U, 00 * %,4° gp - (ete™¢ - V)Qy (1 = v% + K1 = v)opT, 4-(35)
The eqs. (29) and (35) constitute the set of two equations, we have been
looking for. If a solution (&g Q ) of these equations is found the remaining
functions describing the bending state of the cap can be determined in a

unique way. Neglecting in (29) and (35) terms involving ctgo we arrive at
the approximate set of equations

K % = _E_ -
'X/’M - VX = 5 ¢ 1+ V)RO&\T»] ¢1

Gy g9 * G = = K = v+ RO - vDely
Elimination of & from (36) leads to
Tpoppag * KTy =B LC 4 Rl o ¢ oqTo gy = VT 7 OD)

where 2

- ~ _ ~D 2 = 2
o (G ol SR R v2>(—%;) . (38)

(36)

It is easy to express all functions describing the bending state of the shell
in terms of Q¢ Neglectlng VQ¢ in (56)2 we obtain

———2—( B, 04 + oy o (%9)

The moments M$ and Me are obtained from (26)3, (26)4 and (39), if terms

involving ctg¢ are ignored:

M, = - —2— 6‘%‘?‘?? + —% °(I‘@o,1>¢ + B+ oy, (#0)

¢
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. Bv = 5~ ~ ~
M, = - Q + v —=—— opT + D1 + V)T, . (40)
) T Y. 000 = %r%o,0¢ oy
The displacement components ﬁr, U, are given by (30), in which N, and ﬁe

are treated as known functions. If we choose U, in such a way to satisfy the
condition ﬁ¢(?o) = 0, then, ignoring vﬁ¢ in comparison with ﬁe, from (50)2

we get - -
- R ~ ~ o~ R ~ —~ e
T(0) = —— T (¢ ) + RofT, = - = (¢ + RopT, . (41)
%o T © % Ty 0 Q¢,¢ $o ol
Therefore, the solution /8§ 7 takes the form

[87-/87+ /%7, (42)
where Zf§°_7 corresponds to a particular solution of (37), while [‘§1_7 is
generated by a general solution of (37) with ﬁo = ﬁq = 0.

If ﬁo = const. # O, and ﬁq = const. # O, a particular golution of (37)
is given by §$ = 0. In this case 1—80_7 is described by the formulae

Tv$=o, Tg = 0, 6$=o,

ﬁ$ = D1 + v)o&ﬁq, ﬁg = D1 + v)o&ﬁq, (43)
~0 ~

un($y) = Roﬁﬁo’

x° - 0,

and[‘§1_7 takes the form
[BY7 - 87+ 57, (a)
where Zf§1_7 and Zf%;_7 are given by

817

61 = ng) V@Tsin?oe;iwﬂsin(ﬁwq - —%;),
(45)
Vg = 73{_)*
-5, (46)

Wl - XéT)Vﬁ_e—kwﬂsin(ﬂwq + —%;),
%2 . x(T _EEE_

2 IR

-=-
I

e_kwﬂcoéﬁwq.
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Here X(T> and X(T) denote unknown horizontal shear force and unknown bend-
1 2
ing moment acting at the cross section ¢ = ?o’ and 1 1

Wy =4 -¢ 20, T=/301-v9)7 4(%) c. (47)
The total horizontal displacement of the cap S(T)(Qo), and the resultant
rotation angle %(T)(¢o) corresponding to the state / S_7/ are given by

< o~ ~ e ~2
S(T)(+o) = RopTosing, + XgT)~g§§— sin2¢o + XéT)“gg— sin?o,
Eh Eh
() (1)_2k° (1) 453 (48)
X ( ) = X — sin + X —_—
to 1 % ¢o 2
4. Final solution for the reactor shi 14 (containment)

An analysis of the states / S 7 (see formulae (19), (20), and (24)),
end /8 7 (see (42), (43) + (46)) leads to the conclusion that [ 87 is
determined in a unique way if (C,]T s C2T)) are known, while /8 7 is unique

for a unique pair (X#T), XéT)). These four constants should be determined
from two geometric conditions and two eguilibrium equations which must be

satisfied at the joint cross-section ¢ = ¢o‘ These conditions take the form

ug + ul(w) = E(T)(¢o), —%— ulﬁw) = &KT)(?O)’
MO+ mMl(w) = WO 4 x(T), Qo = -x{P, w-B, @y
where M° = D(1 + v)o&Tq, M° = D1 o+ v)o&ﬁa. (50)

The conditions (4-9),I and. (49)2 represent continuity of the horizontal disp-
lacement and the rotation angle of the shield at ? = ¢0, while (49)3 and
(49)4 express equilibrium of the moments and horizontal shear forces at

¢ = ¢o‘ These conditions lead to the four linear nonhomogeneous algebraic
equations for XgT), XéT), CgT), and CéT):

T T
x§81y + x{P8,5 4 ofM8,, + ofDs,, - £57,

T 7
x{P 8y, + {85, + of 7855 + o§Ds,, - £5",

(1) (1) (Mg _ (1) (51
X3 855 + 07 855 + O 85y = 1377,
(™) () (™ (1)
X378, + 078,35 + 05708, = £
where Sik is given by
e ~2
8 I , by = 25 sin
11 5 ?o 12 5 ¢o’
545 = ekw(coskw - 2sinkw) - e_kwcoskw,
(52
514 = (ekw - e_kw)sinkw, )
3
S0 = & 8., = =X
21 12?2 22 FER !
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8 k[kW( X 'k) —kW( e ‘k)_7

o3 = —f~ L e (coskw + 3sinkw) - e coskw + sinkw) /,

824 = - —E— [-ekw(coskw + sinkw) - e_kw(coskw ~ sinkw)_7/,

2

§,, =0 §,n = —2

LU 32 7 Tomk? !

535 = - ekw(sinkw + 2coskw) - e_kwsinkw,

(52)
854 = (ekw + e—kw)coskw,
3

§,, = —=& 8,,=0

v B
843 = o¥(3coskw - sinkw) + e Y(coskw — sinkw),
544 = - ekw(coskw - pinkw) + e_kw(coskw + sinkw);

and ng) 11,2,3,4), (k= kw) are defined through

(T) _,0 _=o0 o
fq =u, -, + ureoksind - cosd),

(m) k o
f =2 u e sind

2 R ' (53)
ng) = ugeoYcosd + sino) + (M° - ﬁ°)332,

(T) o o ~ - o
77 = - 2uge cosof u, = Ro&Tosln¢o, u, = RofpT,.

Having found the constants XgT), XgT), CgT), OgT) satisfying (51),
we can determine the bending state of the cap from (42) and the bending
state of the cylinder from (19).
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