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ABSTRACT

A predictive model for phosphorus in lakes has been developed and
verified. The model shows excellent agreement between observed and pre-
dicted average phosphorus concentrations for lakes with a wide range of
hydraulic detention times (1 to 700 years) and mean depths (14 to 313
meters). At present the model should be applied only to lakes with oxic
hypolimnetic waters. The model has been verified for conditions of con-
stant nutrient loadings.

The model provides an explanation for the effects of mean lake
depth on water quality noted by several limnologists. Vertical exchange
of phosphorus forms across the thermocline and natural aggregation within
the lake are important processes for the transport and deposition of phos-
phorus in lakes. The significance of these processes increases with lake
depth.

Nomographs are presented which summarize model calculations and per-
mit the model to be used for predictive purposes. Required information
includes mean lake depth and areal hydraulic loading. Predictions of
permissible phosphorus loadings can be made for lakes which meet the con-

ditions assumed in formulating the model (e.g., oxic hypolimnetic waters).
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SUMMARY AND CONCLUSIONS

A model for phosphorus in lakes has been developed and verified. The
model shows excellent agreement between observed and predicted average phos-
phorus concentrations for lakes with a wide range of hydraulic detention
times (1 to 700 years) and mean depths (14 to 300 meters). In its present
form the model is limited to lakes with oxic hypolimmnetic: waters. The
minimum data required for predictions are the land-based phosphorus loading
(gmsP/mZ—yr), the areal hydraulic loading (m/yr) and the mean lake depth
(m). The model is useful for managing water quality in lakes, and provides
an explanation for the morphometric effects of mean lake depth observed by
several limnologists. |

This research has led to the following conclusions:

1. Vertical exchange of phosphorus forms across the thermocline region
and natural aggregation of particles within the lake waters ap-
pear to be important mechanisms for the transport and deposition of
phosphorus in lakes. The significance of these processes in-
creases with lake depth. They should be evaluated in other models
for other particulaté substances in lakes.

2. Deep lakes are able to assimilate higher nutrient loadings than
shallow ones. This conceptual result is in agreement with the ob-
servations of Vollenweider (1968).

3. For lakes with similar mean depths, increased hydraulic loading
permits increased phosphorus loading. This conceptual result is in

agreement with other observations by Vollenweider (1974) based on
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Lakes Tahoe and Zurich.

The model developed in this research is useful for predicting aver-
age seasonal phosphorus concentrations in lakes. It will not simu-
late rapid temporal changes which may be due to storms or other
short-term variations in lake conditioms. This is due primarily to
the use of seasonal averages for the reaction coefficients.

The model is capable of predicting the rate at which a lake will
respond to changes in nutrient inputs. Verification of these tem-

poral predictions awaits sufficient data at present.

The model developed in this research can be used either directly or

with some modifications to answer such questions as:

1.

Given a desired phosphorus concentration in a lake, what phosphorus
inputs can be permitted? What effluent guidelines are appropriate?
Given a proposed phosphorus loading, what lake conditions (phospho-
rus concentration) might result?

Given a proposed change in phosphorus loading, how long will it
take for stable conditions in the lake to result?

What might be the effects on a lake of such management practices as
hypolimnetic aeration, reservoir mixing, or alteration in the loca-

tion, timing, and scale of fertilizer applications?
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RECOMMENDATIONS

The model developed in this research can and should be used to analyse
the causes of present conditions in many lakes and as a basis for
evaluating alternative plans for managing water quality in these
lakes. |

Field studies which are conducted for water quality control in lakes
must place emphasis on evaluating inputs of nutrients and water in
addition to traditional studies of the lakes themselveé. Data re-
garding nﬁtrient inputs to lakes are almost nonexistent in North
Carolina. Some information may become available from the National
Eutrophication Survey. Additional measurements or estimates of
nutrient inputs should be made if soundly-based measures for water
quality control are to be formulated.

Research should be conducted to enlarge the range of application of
the model. Particular emphasis should be given to lakes with anoxic
hypolimnetic waters and to verification of the temporal characteristics
of tﬁe model. The former is needed to model shallow lakes effectively.
The latter is needed to permit reliable predictions about the rate

at which changes will occur within a lake after changes in inputs
occur.

Studies of the mechanisms responsible for mass transport across the
thermocline region and of natural aggregation in lakes should be

made. These will provide additional evidence for the reliability

of the model and also assist in extending its application.




INTRODUCTION

This report is a presentation of an input-output model for phosphorus
in lakes. The research has been undertaken for two purposes: (1) to
formulate and test a model for guiding certain decisions about the manage-
ment of water quality in lakes, and (2) to determine causes for the inverse
relationships between several lake conditions and mean lake depth observed
by some limnologists.

No attempt is made here to present a comprehensive review of the vast
limnological literature. Several important and imaginative modeling efforts
are not included. The limnological investigations which are reviewed here
are considered because they provide a base for the present work. Some are
essentially empirical. Some are primarily conceptual. All are quantita-
tive.

Empirical Models

Rawson (1955) considers that the factors affecting lake productivity
can be conveniently classified into three groups: edaphic (those dealing
with nutrient supply), climatic (those dealing with energy supply), and
morphometric (those dealing with hydrology and the shape of a lake basin).
Evidence for the importance of morphometry as an important factor in the
productivity of large lakes is presented. Measurements (mass of organisms
per unit of lake surface area) of the standing crop of net plankton, the
bottom fauna, and annual commercial fish production were obtained for a

number of lakes in western Canada and northern United States. All of these



variables show strong inverse relationships with mean lake depth, regarded
by Rawson as the best single index to morphometric conditions. Shallow
lakes are shown to produce more plankton, bottom organisms, and fish than
deep lakes. Empirical mathematical relationships for this effect are de-
rived. No causes for these relationships are proposed.

Sakamoto (1966) notes inverse correllations between chlorophyll meas-
urements during circulation periods and the mean depths of twelve lakes in
central Japan. Deep lakes are observed to contain lower concentrations of
chlorophyll (mg/m3) in their euphotic zones and lower total amounts of
chlorophyll in their water columns (mg/mz) than shallow lakes. A close
relationship is noted between chlorophyll content and total phosphorus or
total nitrogen contents in several lakes. Nutrients and light are con-
sidered in a model developed to explain these observations. Sakamoto
indicates that the total phosphorus content controls the production of
phytoplankton in these lakes. For deep oligotrophic and mesotrophic lakes,
light liﬁitation is also proposed as a significant factor during circula-
tion periods.

Vollenweider (1968) has built on these works by evaluating both mean
lake depth and the input of land-based nutrients as factors in determining
the trophic state of lakes. Using data from forty lakes in Europe and
North America, he establishes an empirical relationship between phosphorus
loading (e.g., gms P/mz-yr), mean lake depth, and the trophic state of
these lakes. TFor a given trophic level, deep lakes are shown to be capable
of assimilating higher nutrient loadings than shallow ones. Based on this

empirical analyéis, permissible loading levels (loadings which maintain an




oligotrophic state ) and dangerous loading levels (those which can cause

a transition to an eutrophic state) are determined for lakes with mean
depths from 5 to 200 meters. For example, the permissible phosphorus
loading for a lake with an average depth of 10 m is given as 0.10 gms
P/mz—yr, and a lake with a depth of 200 m is considered capable of assimi-
lating 0.60 gms P/mz-yr while remaining in an oligotrophic state.

Conceptual Models

Stumm and Morgan (1962) have applied stoichiometric concepts to lake
eutrophication. It can be shown that the introduction of 1 mg of P into
a lake has the potential in a single pass through the phosphorus cycle of
producing 115 mg of algae in the epilimnion and then causing a consumption
of 140 mg of oxygen if these algae are mineralized in the hypolimnion.
These authors illustrate the inability of conventional biological waste-
water treatment to solve problems of cultural eutrophication, stress the
role of phosphorus as a pollutant, and emphasize the direct relationship
between man's activities and lake productivity.

0'Connor and Mueller (1970) have successfully applied a box-model
approach to the Great Lakes, considering the temporal and spacial distri-
bution of a conservative material (chlorides) throughout the Great Lakes
system. In this approach the lake system is treated as a number of inter-
connected subsystems; a separate mass balance is written for each subsystem.
O'Connor and Mueller consider each of the Great Lakes as a single box that
is completely mixed (a continuous stirred-tank reactor, or CSTR), and
treat the Great Lakes as a group of CSTRs in series. Based on an analysis

of water and chloride inputs together with lake quality data over a sixty-



year period, they are able to demonstrate the applicability of this approach
to the chloride problem in the Great Lakes and to make predictions about

the consequences of several alternative management plans for controlling
chloride levels in these lakes in the future.

Phosphorus cannot be modeled as a conservative substance in lakes.
Vollenweider (1969, 1974) has applied the one-box modeling approach to
phosphorus in lakes with considerable imagination and success by consid-
ering that phosphorus is removed from the lake by a first-order reaction
(sedimentation) which occurs throughout the lake. For steady-state condi-~

tions Vollenweider (1969) obtains the following equation:

L

—_ a

[TP]= ___ (L)
Qa + 0 z

Here L_ 1is the areal phosphorus loading (gms/mz—yr), Q, is the areal hydrau-

a
lic loading (m3/m2-yr or m/yr), Z is the mean lake depth (m), o is a sedi-
mentation rate coefficient (yr—l), and [TP] is the steady-state concen-
tration of total phosphorus everywhere within the well-mixed lake and in
the lake outflow.

Examination of Eq. 1 indicates that [Tfj depends upon the inputs of
phosphorus and water, the sedimentation coefficient of particulate phos-
phorus, and the mean lake depth. This is in general agreement with the
empirical analyses of Rawson, Sakamoto, and Vollenweider discussed pre-
viously, if one assumes that trophic state and the standing crop of plank-

ton are directly dependent on the phosphorus concentration in a lake.

Comparison (Vollenweider, 1969) between predictions based on Eq. 1 and




data from several lakes was unsatisfactory, and semi-empirical modifi-
cations have been made (Vollenweider, 1969, 1974).

One of the assumptions made by Vollenweider in deriving Eq. 1 will
be examined here. Removal of phosphorus by sedimentation from the lake
is assumed to occur throughout the lake. The sedimentation rate (gms/yr)
is represented as o V [TP], where V is the total volume of the lake. A more
realistic assumption used by Imboden (1973) and in this research is to
treat sedimentation as an output of phosphorus at the lake bottom, as
follows:

Sedimentation Rate = gAg [TP] (2)
Here A  is the area of the sediment-water interface (m?) and g is a sedi-
mentation rate coefficient (m/yr) which is affected by the settling velo-
city of the particles being removed. However, when used in the one~box
model of Vollenweider, this assumption results in a relationship for [TP]
which is independent of depth:

(T - (3)

Qq + 8

Hence, the inverse relationship between phosphorus concentration and lake
depth predicted by Eq. 1 derives from a debatable assumption about sedi-
mentation in lakes and does not provide a suitable cause-effect relation-
ship for the empirical observations of Rawson, Sakamoto, and Vollenweider.

A model which is similar to that developed in this research has been
formulated by Imboden (1973, 1974). This research has been influenced
considerably by Imboden's analysis and results. However, Imboden's model

leads to predictions that deep lakes will have higher concentrations of



phosphorus in their euphotic zones than shallow ones (Imboden, 1973).. Such
predictions are not in agreement with the observations of Rawson, Sakamoto,

and Vollenweider. This discrepancy will be discussed subsequently.




PROPOSED MODEL

The model lake considered here has a summer stratification lasting six
months and is unstratified (homothermal) during a winter circulation. A
two-box model is used for the summer period; subsystems are the epilimnion
and the hypolimnion. A one-box model is assumed for the winter, although
only a portion of the lake may be in the euphotic zone. The models are
coupled at the vernal and autumnal overturns. All boxes are well-mixed
(CSTRs), so that horizontal concentration gradients are negligible. The
effects of the littoral zone are neglected, and the hypolimnion is assumed
to remain oxic at all times. Inputs of phosphorus from the sediments to
the lake waters are not considered. All external inputs of phosphorus and
water are made to the epilimnion during the summer stratification; the lake
discharge is also withdrawn from this zone. All external phosphorus inputs
are assumed to be biochemically active. Two phosphorus compartments are
used, soluble orthophosphate (OP) and particulate phosphorus (PP). Soluble
organic phosphorus is neglected. This two-compartment assumption for
phosphorus, used successfully by Imboden (1973, 74), may be useful for
modeling P over time scales of months and seasons. Schematic representa-
tions of the summer and winter models are presented in Figures 1A and B.

For the summer model (Fig. 1A), four interdependent linear differen-
tial equations are obtained by formulating mass balances for each phos-

phorus compartment in each box. For OP in the epilimnion,
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y_ dloP], - k
Zth
net rate input: loading output: reaction: input: vertical
of change from land-based hydraulic net pro- exchange from
sources discharge duction hypolimnion
k
- _th A [oP],
Ztn
output: vertical
exchange to hypolimnion (4)
For PP in the epilimnion:
d[PP] .
Ve __Eg_é IQy[pPl; = QIPP],  + po Vo [OP], - g Ay [PP],
net rate input: loading output: reaction: output: settling
of change from land-based hydraulic net pro- to hypolimnion
sources discharge duction

K K
+ “th -
—= Ay, [PP]y ——.Z.th Ay, [PPI

Zth th
input: vertical output: vertical
exchange from exchange to hypolimmion
hypolimnion
(5)
For OP in the hypolimmion,
v d[OP]h + k - kth
h r, Y, [PPL _th 4 [OP] —= Ay, [oP]y
Zth Zth
net rate reaction: input: vertical output: vertical
of change decomposition exchange from exchange to
epilmnion epilimnion
(6)




For PP in the hypolimnion,

d[PP]
Vo — h = 8. Arp [PPlg - g, Ag [PPIy - ryVy, [PP]y
net rate input: settling output: settling reaction:
of change from epilimnion to sediments decomposition
+ Xen K
_ Ath [PP]e - _th Ath [PP]h
Zth Zth (7)
input: vertical output: vertical
exchange from exchange to
epilmnion epilimnion

The subscripts e and h refer to the epilimnion and hypolimnion, th
and s denote the thermocline region and the sediment-water interface, [OP]
and [PP] refer to the concentrations of orthophosphate and particulate
phosphorus, p and r are rate coefficients for net production and decom-
position, k is a vertical exchange coefficient (LZT_l) which includes the
effects of molecular and turbulent diffusion, internal waves, erosion of
the hypolimnion and other fluid processes on the transfer of heat and
materials across the thermocline, E is a mean depth, V is the volume of
a box, A is an interfacial afea, Qj is a land-based volumetric rate of
inflow of water, Q is the volumetric rate of lake discharge, and g is an
effective settling velocity.

Equations 4 to 7 are mathematical descriptions of mass balances.
These may also be described in words. For example, a mass balance of OP

in the epilimnion (Eqn. 4) is a statement that rate of change or accumu-

lation is the sum of input, output, and reaction rates. More specifically,
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the net rate of change (Ved[OP]e/dt) is equal to the rate of input of OP

from land-based sources (ZQj[OP]i) plus the rate of input of OP from the

hypolimnion by vertical exchange across the thermocline ((kth/zth)'

Ath[OP]h) minus the rate of output of OP to downstream areas in the lake

discharge (Q[OP].) minus the rate of output of OP to the hypolimmion by

vertical exchange ((kin/Ziy) Ac, [OP]y) minus the rate of utilization of

OP for net production of particulate phosphorus (peVe[OP]e).

For the winter model (Fig. 1B), two linear differential equations

are obtained from mass balances of the two phosphorus compartments. For

OP throughout the lake,

V d[OP]

= Q. [0P].

10 o; [0P],
net rate input: loading
of change from land-based

sources

For PP throughout the lake,

vV d[PP] = . .

it ZQJ[PP]J
net rate input: loading
of change from land-based

sQources

Q[op]

output:
hydraulic
discharge

Q[PP] +

output:
hydraulic
discharge

gA, [PP]

output: settling

to sediments

The subscript eu denotes the euphotic zone.

11

Pey VeulOP]

reaction:
production
in euphotic
zone

peu VEu [OP]

reaction:
production
in euphotic
zone

+ rV[PP]

reaction:
decompo-
sition

(8)

- rVI[PP]

reaction:
decompo-
sition

(9



These models are joined by boundary conditions at the fall overturn

and the spring stratification. At the fall overturn,

]

[OP] just after mixing [OP]e Ve + [oP]y Vi

v ‘ (10)

[

[PP] just after mixing [PP]e Ve + [PP]h Vh

v (11)

At the onset of the spring stratification, the concentrations of PP in the
epilimnion and the hypolimnion are set equal to the concentration of PP
throughout the lake at the end of the winter circulation ([PP]e = [PP]h =
[PP]). Similarly, [OP]e = [OP]h = [oP].

With such a coupled seasonal model, steady-state solutions (e.g.,
time-invariant solutions obtained by setting the left-hand sides of Eq.
4-9 equal to zero) cannot result. Under constant inflows of phosphorus
and water, numerical solution of Eqns. 4-9 yields a repetitive or stable
annual cycle for a lake (Fig. 2). Lake coefficients (r, pgs kipo ete.)
are assumed constant over the appropriate period (summer stratification
or winter circulation). A detailed description of techniques used for
the numerical solution is présented elsewhere (Snodgrass, 1974).

The selection of relationships to represent various physical, chemi-
cal, and biological processes will be summarized. The net rate of pro-
duction of particulate phosphorus (phytoplankton, etc.) during summer
stratification is described by pe Ve[OP]e (mass/time). Relationships
which are more theoretically satisfying have been used by several others.

This expression has been selected because it is simple, it is linear,
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and it works. A similar expression has been used by Imboden. Values Pe

-1 to 5.0 days -1 were tested to cover the range sug-

ranging from 0.1 days
gested by the literature. A wvalue of 2.0 days -1 was selected. In a simi-
lar manner, gross production of particulate phosphorus during the winter
circulation is described by Pey V [OP] (mass/time). A range of Pey from

-1 to 0.5 days -1 was tested and a value of 0.06 days -1 was

0.01 days
selected.
The rate of decomposition of particulate phosphorus in the hypolim-
nion during the summer stratification is given by rth [PP]h (mass/time).
This first-order decomposition rate has been used by others (Jewell and
McCarty, 1971, Imboden, 1973, 1974). For the winter circulation a simi-
lar expression was used to describe PP throughout the lake, viz., rV[PP]

(mass/time). Values of r;, and r from 0.003 days "1 to0 0.07 days -1 were

tested; this range encompasses most reported results. A value of 0.03

days -1 was selected for both coefficients.

Transport across the thermocline during the summer stratification
is described by a Fickian relationship. For example, the rate of trans-
port of OP from the hypolimnion to the epilimnion by vertical exchange
processes is represented by (kth/zth) Ay, [OP]y, (mass/time). it is
sometimes useful to consider the flux of material (mass/area-time) across
the thermocline region. For example, this is described by (kth/zth)-
[OP]h when considering transport of OP from the hypolimnion to the epilim-
nion. An extended discussion of vertical exchange is presented subse-
quently. In.a preliminary analysis, values of kth = 2.1 mz/day and

Zth = 5 m were used.
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Sedimentation of particulate phosphorus is described by the product
of a settling coefficient (g, m/day), a cross-sectional area (m2) and a
PP concentration (mass/m3). For example, the rate of sedimentation of
PP from the hypolimnion to the lake sediments during the summer strati-
fication is given by g, Ag [PP]h (mass/time). A similar approach is
used by Imboden (1973, 1974). Values of the settling coefficients re-
ported in the literature range from O to over 20 m/day. In this research,
values from 0.05 m/day to 0.5 m/day were tested. In a preliminary analysis,
values of g, = 0.1 m/day, g, = 0.246 m/day, and g = 0.27 m/day were used.
Additional discussion of sedimentation is presented subsequently.

The effects of mean lake depth on phosphorus concentrations in lakes

were calculated using the following coefficients:

P, = 2.0/day, Py = 0.06/day, r, = 0.03/day,

2]
)

= 0.03/day, g, = 0.1lm/day, g, = 0.246 m/day,

[1e]
I

= 0.27m/day, Zeu= 10m, Zth = 5m, Z, = 10m,

2
Q, = 0.03lm/day, kip = 2.1m"/day.

These coefficients were selected by a preliminary analysis of data
for Lake Ontario. However, phosphorus concentrations in both the epilim~
nion and the hypolimnion are calculated to increase with increasing
lake depth for both steady-state and stable-cycle conditions. Similar
calculated results are also reported by Imboden (1973). Model predictions

are thus inconsistent with limnological observations.
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While not in agreement with the observations of Rawson, Sakamoto, and
Vollenweider, these calculated results do have a reasonable basis. Parti-

culate phosphorus in the hypolimnion is removed simultaneously by mineral-

ization to OP (rate rh[PP]h) and by sedimentation at the lake bottom

nwe

(rate = gAs[PP]h/Vh (g/Eh)[PP]h, where Eh is the average depth of the
hypolimnion). Mineralization and sedimentation are thus competitive ﬁar-
allel reactions. Deep lakes provide more opportunity for mineralization
of PP than shallow ones (compare fh with g/z£ increases), so that phosphorus
is retained in solutioﬁ rather than being removed to the sediments. Higher
[OP]h increases the upward transport of orthophosphate to the epilimmion
(if kth/zéh is independent of depth) and leads to higher [PP]e. |
In order to.decide how the model should be modified s§ that‘predictions
will be consistent with observations, let us comnsider two lakes reéeiving
identical inflows of phosphorus, light, and water. One lake is deep and
the other is shallow. The shallow lake is observed to contain more net
plankton, fish, chlofophyll, and PP than the deep lake. This could arise
for at least two reasons. First, the deep lake may not transform OP to PP
as efficiently as the shallow lake. Light may be limiting. This has been
proposed by Sakamoto (1966) and by Lorenzen and Mitéhell (1973). Second,
the deep lake may remove particulate phosphorus to the sediments more rap-
idly than the shallow lake by reactions that are not described adequately -
in the model, or by reactions which are not included in the model.
Phosphorus that enters a lake will eventually leave it., If light is
limiting, some P will not be incorporated into biomass and so can leave the

lake in the outflow as OP. However, observations suggest that OP is reduced

16




to very low levels in the epilimnetic waters of most lakes. For example,
Thomas (1969) reports trace concentrations of OP at the summer minimum

in 38 Central European lakes having wide ranges of mean depth and trophic
state. Hence, attention is directed here toward possible mechanisms for
discharging PP to the lake sediments. Two are evaluated here. First, a
depth~dependent exchange of P across the thermocline is developed, based
primarily on empirical evidence. Second, the natural aggregation or floc-
culation of particles in lake waters is considered, based primarily on
conceptual arguments. A description of these processes follows. Both are

included in the final lake model.

Vertical Transport

Mortimer (1942) has estimated the mean vertical eddy diffusion co-
efficients (kh) in the hypolimnetic waters of several lakes using ther??ig
and chemical data. Analysis of his results indicates that k,=0.0142 z
(correlation coefficient = 0.952). Here kh is expressed in m2/day and Z
is in meters. This empirical result is also expressed qualitatively by
Mortimer (1969) as follows ''The 'average intensity' of turbulent stirring
in the hypolimnia of lakes is generally positively correlated with lake
diménsions, including depth." These observations for hypolimnetic waters
have analogues in the region of the thermocline.

Blanton (1973a) has examined the vertical entrainment of hypolimmetic
waters into the epilimnia of stratified lakes, and concluded that '"Mean
depth seems the most important morphometrical parameter governing the mag~

nitude of entrainment: the greater the mean depth, the greater the entrain-

ment." Blanton (1973b) has calculated vertical diffusion coefficients for
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_1.58
these lakes. Analysis of the data indicates that k = 0.0016Z (correla-

tion coefficient = 0.941l). Again k has units of m2/day and Z is in meters.
Mean depths for these lakes range from 3.2 to 740 m. Blanton does not speci-
fy the location of k within the epilimnion-thermocline region of a lake; it
is probably characteristic of conditions just above the thermocline.

Blanton (1973b) has also determined the mean static stability (E,
secfz) across the thermoclines of these lakes. E is defined as (g/p)-
(3p/5Z) , where é is the acceleration of gravity and p is the fluid demsity.
E is 3 measure of the stabilizing buoyant force of the density gradient in
a lake. Analysis of Blanton's data indicates that E = 0.0155 270.606 (cor-
relation coefficient = 0.922). Deep lakes are thus observed to have lower
stabilities than shallow ones, and so may be less able to resist mixing by
fluid turbulence.

Ozmidov (1965) has presented evidence indicating that the vertical
turbulent exchange coefficient in oceanic waters decreases with increasing
density gradient. Considering this result and Blanton's data, an empirical
correlation has been sought between kth and Z. Results are presented in
Figure 3; data sources are listed in Table 1. The results indicate that
key, = 0.00682 2-1.12 (correlation coefficient = 0.924; kth is in mz/day).
Based on these results a mean-~depth dependent exchange of phosphorus across
the thermocline has been included in the model. The effect of this reaction
is to remove PP from the epilimnion to the hypolimnion at a faster rate in
deep lakes than in shallow ones.

The vertical exchange coefficient in the thermocline region can be

more usefully described by the ratio kth/zkh, defined here as kip (m/day) .
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TABLE 1

DATA SOURCES FOR ANALYSIS OF VERTICAL TRANSPORT

Lake Z (m) Data Source

Baikal 740 Kozhov (1963)l

Tahoe 313 Goldman (1974)%

Ontario \ 89 Sweers (1970)2

Cayuga 55 Powell and Jassby (1974)
Luzern 50 0'Melia (1972a)

(Horw Bay)

Zurich 50 Li (1973)

Washington 33 Edmondson (1974)l
Tiberias 24 Lerman and Stiller (1969)
Sammamish 17.7 Bella (1970)

ELA 305 15.1 Schindler (1971)l
Mendota 12 Powell and Jassby (1974)
Linsley Pond 7 Powell and Jassby (1974)
ELA 240 6.1 Schindler (1971)

ELA 227 hob Hesslein (1973)°

—

1. Témperature profiles obtained from reference. k;j calculated in this
research.

2. Values calculated for a fixed thermocline have been used to be con-
sistent with other results.

3. The value of kth based on temperature measurements has been used to be
consistent other results.
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The following relationship has been assumed

~

- 7 o
kth 0.005% (12)

Eq. 12 is based on the empirical results in Fig. 3, together with a rough
estimation of the dependence of E;h on Z. Finally, the dependence of E;

- — — 0.568
on Z has been described by Zo = 1.6 Z, based on analysis of additional

data from Blanton (1973b).

Natural Aggregation

The transport of particles in the air and water environments depends
upon partiéle size. Many aesthetic, health, and general ecological effects
also depend upon particle size., Light scattering by smog and deposition of
particles in the lung are common examples of aerosol effects. Hahn and
Stumm (1970) have presented conceptual arguments for the significance of
coagulation in natural waters including lakes. Edzwald et al. (1974) have
presented experimental evidence of the occurrence of coagulation in estu-
aries. Here the possible role of coagulation in removing phosphorus from
lakes is outlined in a simplified way.

Contacts may occur between particles by Brownian diffusion (termed
perikinetic flocculation), by velocity differences in the water due to fluid
motion (termed velocity gradient or orthokinetic flocculation), and by
differences in the gravitational settling velocities of the particles them~
selves. These processes had been examined fruitfully for atmospheric coag-
ulation by Friedlander (1964). The latter two of these will be examined

for aquatic coagulation here.
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Velocity-gradient flocculation in a CSTR may be described as
follows (0'Melia, 1972b):

4 -1
n=mn (1+7¢0Ct) (13)

where n and n, are the number concentration of particles at time t and at
=0, respectively, G is the mean velocity gradient, and ¢ is the floc vol-
ume fraction, or the volume of solid particles per unit volume of suspen-
sion. In arriving at Eq. 13, it is assumed that each contact opportunity
produces an aggregate. Stated another way, the particles are assumed to
be completely destablized.
Consider the product (4/7)¢Gt. For a lake water containing algae

so that [PP]. = 5ug/f, then ¢ = 10 ~.. This assumes an algal composition

h

of P and a water content of 0.9. The mean velocity

C H 0
106 263 110 (16
gradient in lake waters is not known, but a value of 0.5 sec—l will be

aséumed; Data reported by Okubo (1971) for oceanic waters indicate values

1 1

of G ranging from 0.012 sec”~ to 1.6 sec”

sec™t or greater. If the time for aggregation in the hypolimmetic waters

, with most values being 0.1

is taken as (2£/go) and g, is assumed to be 0.05m/day, then (4/m)¢Gt) =
11 E£ (Eﬁ in meters).
The relative aggregation rates by velocity gradients and differ-~

ential settling may be expressed as follows (Camp, 1946):

N
_3_: 12 v G

(14)

Here No is the orthokinetic flocculation rate, Ng is the sedimentation
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flocculation rate, v is the kinematic viscosity of the water, S is the
specific gravity of the particles, and Dy and D2 refer to the diameters
of two particles. All particles are assumed to have the same specific

gravity. For T = 5°C, S = 1.02, D, = 100um, and D; = 10um, then Ng =6 N,

2
Flocculation by differential settling can be faster than by velocity gradi-
ents.

A detailed flocculation analysis would require knowledge of the

size distribution of the particulates, together with chemical information

about their stability. For this research it has been assumed that

g, = 8, (L+£2) | (15)

for the summer stratification, and
g=g, [1+£@-2,)] (16)

for the winter circulation. The flocculation coefficient has been taken
as 0.05 meters L. The preceding analysis of contact rates would suggest
a value of f in the order of 50. Hence, the selected value of £ has the
effect of assuming that only 1 out of every 1000 contacts actually pro-

duces an aggregate. No aggregation is assumed in the epilimnion, or in

the euphotic zone during the winter circulation.
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RESULTS AND DISCUSSION

Model Verification

With the exception of the vertical exchange and flocculation reactionms,
preliminary values of the reaction coefficients were selected from the lit-
erature. Final values were chosen by calibrating the model using available
data for Lake Ontario (Thom, 1969; Shiomi and Chawla, 1969; Vollenweider,
1974; Dobson, 1974). Input and morphometric data for Lake Ontario are as
follows: L, = 0.68 gm P/mz-yr, Q, = 0.031 m/day, Z = 88.5 m. A summary
of the coefficients is presented in Table 2. These have been used in gene-
rating the predicted stable annual cycle for Lake Ontario (Figure 2).

Verification of this model is provided here in two ways. First, model
predictions of the effects of lake depth om eutrophication are compared with
Vollenweider's estimates based on observation (1968). Second, predictions
of [TP] at the end of the annual winter circulation period are compared
with obser&ations made by others on several lakes.

Model predictions are compared with Vollenweider's empirical analysis
(1968) in Figure 4. Dashed lines delineate combinations of phosphorus
loading and mean depth which Vollenweider considers will prodﬁce oligotro-
phic, mesotrophic, or eutrophic conditions in a lake. Solid curves delin-
eate combinations of La and Z which are predicted to produce an annual
spring [TP] of 20 ug/%. This [TP] is considered here as an indicator of
troublesome conditions (see Sawyer, 1947). Other values of [TP] could be
assumed; predicted curves would have the same shapes but would be vertically

displaced.
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TABLE 2

MODEL COEFFICIENTS

Summer Stratification Winter Circulation

g, = 01 m/day g =g, [1+ £ (Z - Zéu)]
gy = 8, (1 + £2,) g, = 0.05 m/day

8, = 0.05 m/day £=0.05/m

£ = 0.05/m Zg, = 10m for Z > 10m
~k—t—h-=11—ooosi Z_ =12 for Z < 10
” th O ) eu = or m
Zen

_ _0.568 |
Z,=1.612 Pey = 0.06/day

p, = 2.0/day r = 0.03/day

r, = 0.03/day
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The agreement between calculated and observed curves in Figure 4 is
good. This provides some verification for the modgl, and for the importance
of vertical transport in the thermocline region and flocculation as pro-
cesses affe;ting water quality in lakes.

The effect of hydraulic loading is illustrated by the model results in
Figure &, increased hydraulic loading permits increased areal phosphorus
loading (L;). This effect has been noted by Vollenweider (1974) in com-
paring Lakes Tahoe and Zurich.

The results of model predictions and field observations for several
lakes are presented in Figure 5. Predicted annual [TP] are plotted versus
observed values. Predictions are made using the coefficients listed in
Table 2; i.e., all coefficients are constant except ch, &> and g which
are depth-dependent. Data sources for observed [TP] and phosphorus loadings
are presented in Table 3.

A lake was selected for presentation in Figure 5 on the following
bases: (1) there is no evidence that the lake is not limited by phosphorus,
(2) the phosphorus loading has been measured or estimated, (3) hypolimmetic
waters must be aerobic, and (4) reliable data for phosphorus concentrations
in the lake waters must be available. The agreement between observed and
predicted phosphorus concentrations is excellent, and provides strong veri-
fication for the model and its assumptions. The analyses of three lakes
will be noted. First, the’agreement between observed and predicted values
for Lake Ontario is good because data from the lake were used in calibrating
the model. Second, predicted values for the Sempachersee are high. This

can illustrate the dependence of the model on input data, in this case Lé.
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Lake

Aegerisee

Turlersee
Zurichsee
Bodensee
Sempachersee

Ontario

Tahoe

Kalamalka

Okanagan
Skaha

Osoyoos

TABLE 3

DATA SOURCES FOR FIGURE 5

Observed Phosphorus
Spring [TP] Loading (Lg)
(ug/2) Reference (gmsP/m?-yr) Reference
7.6 Vollenweider 0.16 Vollenweider
(1974) (1974)
14.5 " 0.30 "
32 " 1.32 "
35 " 1.10 "
34.2 - 36.7 Perret (1973) 0.77 Imboden (1973)
26.4 (1969) Shiomi and 0.68 Vollenweider
Chawla (1970) (1974)
23,7 (1972) Dobson (1974) 0.68 "
1.5 - 4,32 Goldman (1974) 0.04 "
20t Stein and 0.32 Patalas and
Coulthard (1971) Salki (1973)
30t " 0.39 "
60’ " 2.19 "
60! " 4.20 "

1. [TP] based on yearly average lake conditions.

2. [TP] based on range within lake during winter circulation.
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Imboden (1973) estimates a total P loading of 10,700 kg P/yr, of which
8000 kg/yr derive from a population of 7200 inhabitants in the drainage
area. All of the P discharges [rom these inhabitants are assumed to reach
the lake. Hence, the high predicted [TP] may be due to an overestimate of
La' Third, predicted values for Lake Tahoe are low. It is possible that
vertical mixing in Lake Tahoe is less intense than that indicated by the
kth calculated for the model in this research (compare observed k. for
Lake Tahoe with model in Fig. 3). The higher exchange coefficient used in
the model would remove PP more rapidly from the epilimmion, and predict more
deposition of P than may actually occur. Application of the model to a
specific lake and using coefficients specifically determined for that lake
should provide even better agreement between model and real system than

Figure 5.

General Predictions

The predictions of a stable annual cycle for Lake Ontario presented in
Figure 2 indicate the following. TFirst, the model predicts slow changes in
phosphorus compartments throughout the year, except at the fall overturn and
the spring stagnation. This is due primarily to the use of seasonal aver-
ages for the reaction coefficients. Hence, the model in its present form
will not simulate rapid temporal changes which may be due to storms and
other short-term variations in lake conditioms. Second, the summer and win-
ter models approach steady-state (time-invariant) conditions for Lake Ontario.
Predictions for other lakes have indicated that this is not always the case.-

For example, shallow lakes have [PP]e at the -end of the stagnation period
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which are less than steady-state values, while deep lakes show [PP]e in the
fall which are above steady-state concentrations.

The model is capable of predicting the temporal response of a lake to
sudden changes in land-based nutrient inputs. Verification of these pre-
dictions awaits sufficient data at present. For example, the response of
Lake Washington to sewage diversion has been demonstrated, but sufficient
data on nutrient inputs to verify the model predictions are not available.

The predicted effects of phosphorus loading and mean depth on water
quality in lakes are presented in Figure 6 for several hydraulic loadings.
These results are calculated for a spring concentration of TP = 20 ug/% in
a stable annual cycle. Combinations of L, and 7 above and to the left of
any curve are predicted to cause eutrophic conditions; combinations which
lie in the region below a curve are predicted to permit oligotrophic con-
ditions.

These predictions are presented in other ways in Figures 7 and 8. The
effects of phosphorus loading and hydraulic loading are illustrated in Fig-
ure 7 for several mean lake depths. The combined effects of Lys Qq, and z
on water quality are illustrated in Figure 8. A spring concentration of
TP = 20 pg/% is again assumed to provide a useful upper limit for oligo-
trophic waters. These results illustrate that lakes with large depths and
high hydraulic loadings can tolerate greater land-based phosphorus loadings.
The results indicate that for a lake with given hydrological (Qa) and mor-
phometrical (Z) characteristics, the land-based nutrient loading (La) should
be reduced to a level at or below the three-dimensional surface presented in

Figure 8.
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These predictions are based on the coefficients listed in Table 2.
Where available evidence indicates that other values may be appropriate,
these can be used in the model. It must also be emphasized that lakes
which develop anoxic hypolimnetic waters cannot be described by the model

in its present form.

Predictions for North Carolina Lakes and Reservoirs

Many lakes in North Carolina are man-made impoundments, constructed
for power generation, flood control, water supply, recreation and other
purposes. Measurements or estimates of nutrient inputs have not been made
for most of these waters. As a result, predictions have been made of the
phosphorus retention capacity of these lakes. This is the fraction or per-
cent of the phosphorus entering a lake which is retained in the lake sedi-
ments. A high retention capacity indicates that most of the land-based
nutrient loading to a lake reaches and is retained in the lake sediments.
High retention factors suggest that oligotrophic conditions will occur.
However, a prediction of water quality ([TP]) requires information about
nutrient loading (L,).

Predictions of P retenﬁion factors for several lakes in North Carolina
are presented in Table 4. Hyco and Belews Reservoirs are used for cooling,
Lakes Norman and Wylie are used for hydropower generation and cooling. Lakes
James and Waterlee are used for hydropower generation. Kerr and Fontana
reservoirs are used for hydropower generation, flood control, and recreation.

Several and perhaps all of these reservoirs have a discharge from the

lake bottom. During the summer stratification, hypolimnetic waters are
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TABLE 4

PREDICTIONS OF PHOSPHORUS RETENTION IN NORTH CAROLINA RESERVOIRS

(Preliminary)

_ Hydraulic P
Reservoir Z(m) Qa(m/yr) Detention Time (days) Retention (Z)*
Hyco 6.3 7.7 » 300 61.2
Belews 15.3 5.6 1,000 67.9
Lake James 14.0 22 228 35.6
Lake Norman 10.3 18 206 39.9
Lake Wylie 6.9 79 32 9.9
Lake Waterlee 6;9 93 27 8.1
Fontana 41.1 82 183 16

Kerr 9.2 49 150 14.4

*Assumes hypolimmnetic discharge to downstream during stratification period.
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released downstream. This requires some changes in the basic input-output
model. First, the discharge of nutrients from the epilimnion to downstream
(Qlfor], + [PPle}) is set equal to zero. Second, a downward advective trans-
port of phosphorus across the thermocline is added to allow water entering
the lake to reach the lake for subsequent discharge. The vertical advective
flux of nutrients is given by Q,A.{[OP]s + [PP]c}. Finally, the advective
discharge of P from the hypolmnion is given by Q{[OP]ly + [PP]y}. The result
of these modifications is to increase the input of P to the lake sediments
and reduce P in the lake waters. The effect is most pronounced for deep
reservoirs with low hydraulic loadings. Reservoirs with bottom discharges
are predicted to have somewhat greater assililation capacities for nutri-~
ents than lakes with epilimmetic withdrawals.

Model predictions (Table 4) indicate that the retention of P in lake
sediments will be low for several reservoirs in North Carolina. This is
due to their shallow depth and high hydraulic loading. For a reservoir
such as Lake Wylie with a hydraulic detention of 32 days, the almost river-
like nature of the system prevents phosphorus from being retained in the
sediments (predicted retention = 9.9%). For Belews Reservoir with a greater
depth and a detention time of 1000 days, considerable phosphorus retention
(68%) is predicted.

These estimates should be viewed with caution because (1) the model
has not been verified for a reservoir-type system having a hypolimmetic
discharge, (2) the possible occurrence of anoxic hypolimnia has not been
evaluated, (3) stratification has been assumed, but may not always occur

in cooling reservoirs and (4) waters in central and western North Carolina
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typically contain high concentrations of natural turbidity (e.g., clays)

which could increase natural aggregation and improve P retention.

If predictions of water quality in North Carolina's lakes and reser-
voirs are to be made, two things must be done. First, measurements or es-
timates of nutrient inputs to these waters must be made. Measurements are
preferred, difficult, and expensive. Lacking this, nutrient inputs may be
estimated using land use data, as demonstrated by Vollenweider (1968).
These estimates use land development, population density, industrial acti-
vities, existing wastewater treatment facilities, fertilizer applications,
and animal populations as independent variables from which the inputs of
nutrients are estimated in terms of their location, type, magnitude, tem-
poral variation, and possible future changes.

Second, the model developed in this research should be used to make
water quality predictions. ' Thése predictions will be most reliable for
lakes with oxic hypolimnetic waters, stable nutrient loadings, and épili-
mnetic discharges. Predictions for reservoir systems with hypolimmetic
discharges can be made, but additional verification of the the model should
be sought. Similarly, prediction of the time required to reach a new stable
level of water quality after a’change in nutrient inputs can also be made,
but further verification of these model predictions should be attempted.
Finally, the model should*not be used for anoxic systems. Additional
research can add this dimension to the utility of this modeling approach.

Copies of a computer program to facilitate numerical solution of the

model may be obtained from C. R. 0'Melia at the University of North Carolina.
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No applications for a patent has been or will be made.

Publications
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onmental Sciences and Engineering, University of North Carolina
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GLOSSARY

surface area of a lake (Lz)

surface area of the sediment-water interface (Lz)

horizontal cross-sectional area of a lake at the thermocline
w?)

diameter of a particle (L)

static stability (T—Z)
flocculation coefficient (L—l)
mean velocity gradient (T“l)

sedimentation coefficient of entire lake (L/T)

sedimentation coefficient in the hypolimnion (L/T)

sedimentation coefficient in the epilimmion (L/T)

sedimentation coefficient in the absence of flocculation (L/T)

gravity acceleration (L/T2)
vertical transport coefficient (LZ/T)
vertical transport coefficient in the hypolimnion (L2/T)

vertical transport coefficient in the thermocline (L2/T)

vertical exchange coefficient in the thermocline region,

= ke /2y, (L/T)

areal phosphorus loading (M/LZ—T)

number concentration of particles in a system (L—3)

initial number concentration of particles in a system (L—B)

orthokinetic flocculation rate (L_3T'l)
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sedimentation flocculation rate (L=3T~1)

production rate coefficient in the epilimnion (T“l)
production rate coefficient in the euphotic zone, circulation
model (T_l)

volumetric rate of discharge from a lake (L3/T)

volumetric rate of inflow to a lake from source j (L3/T)
areal rate of total water inflow or discharge (L/t)
decomposition rate coefficient for entire lake (T"l)
decomposition rate coefficient for the hypolimmion (T_l)
specific gravity of a particle

time (T)

volume of entire lake (L3)

volume of the epilimmion (L3)

volume of the euphotic zone in circulation model (L3)
volume of the hypolimnion (L3)

mean lake depth (L)

mean depth of the epilimmion (L)

mean depth of the euphotic zone, circulation model (L)
mean depth of the hypolimnion (L)

mean depth of thermocline region (L)

floc volume fraction

kinematic viscosity of water (L2/T)

density of water (M/LB)
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o volumetric sedimentation coefficient (T_l)
[oP] concentration of orthophosphate (M/L3)

[PP] concentratiqn of particulate phosphorus (M/LB)
[TP] concentration of total phosphorus (M/L3)

[ steady-state concentration (M/L3)
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