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ABSTRACT 

A predictive model for phosphorus in lakes has been developed and 

verified. The model shows excellent agreement between observed and pre- 

dicted average phosphorus concentrations for lakes with a wide range of 

hydraulic detention times (1 to 700 years) and mean depths (14 to 313 

meters). At present the model should be applied only to lakes with oxic 

hypolimnetic waters. The model has been verified for conditions of con- 

stant nutrient loadings. 

The model provides an explanation for the effects of mean lake 

depth on water quality noted by several limnologists. Vertical exchange 

of phosphorus forms across the thermocline and natural aggregation within 

the lake are important processes for the transport and deposition of phos- 

phorus in lakes. The significance of these processes increases with lake 

depth . 
Nornographs are presented which summarize model calculations and per- 

mit the model to be used for predictive purposes. Required information 

includes mean lake depth and areal hydraulic loading. Predictions of 

permissible phosphorus loadings can be made for lakes which meet the con- 

ditions assumed in formulating the model (e.g., oxic hypolimnetic waters). 
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SUMMARY AND CONCLUSIONS 

A model f o r  phosphorus i n  l akes  has been developed and v e r i f i e d .  The 

model shows e x c e l l e n t  agreement between observed and p red ic t ed  average phos- 

phorus concent ra t ions  f o r  l akes  wi th  a wide range of hydraul ic  de t en t ion  

times ( 1  t o  700 years )  and mean depths (14 t o  300 meters ) .  I n  i t s  p re sen t  

form t h e  model i s  l imi t ed  t o  Lakes wi th  ox ic  hypolimnetic waters .  The 

minimum d a t a  requi red  f o r  p red ic t ions  a r e  t h e  land-based phosphorus loading  

(gms~/m2-yr),  t h e  a r e a l  hydraul ic  loading (m/yr) and t h e  mean l a k e  depth 

(m). The model i s  u s e f u l  f o r  managing water  q u a l i t y  i n  l a k e s ,  and provides  

an explanat ion f o r  t he  morphometric e f f e c t s  of mean l ake  depth observed by 

s e v e r a l  l imnologis t s .  

This research  has l e d  t o  t he  following conclusions: 

V e r t i c a l  exchange of phosphorus forms ac ros s  t h e  thermocline reg ion  

and n a t u r a l  aggregat ion of p a r t i c l e s  wi th in  t h e  l a k e  waters  ap- 

pear  t o  be important mechanisms f o r  t h e  t r a n s p o r t  and deposf t ion  of 

phosphorus i n  l akes .  The s i g n i f i c a n c e  of t hese  processes  i n -  

c r eases  wi th  l ake  depth. They should be evaluated i n  o t h e r  models 

f o r  o t h e r  p a r t i c u l a t e  substances i n  l akes .  

Deep l akes  a r e  ab l e  t o  a s s i m i l a t e  higher  n u t r i e n t  loadings  than  

shal low ones. This conceptual r e s u l t  i s  i n  agreement wi th  t h e  ob- 

s e rva t ions  of Vollenweider (1968). 

For l akes  wi th  s i m i l a r  mean depths,  increased hydrau l i c  loading  

permits  increased phosphorus loading.  This  conceptual  r e s u l t  i s  i n  

agreement with o t h e r  observat ions by Vollenweider (1974) based on 

v i i i  



Lakes Takoe and Zur ich .  

4 .  The model developed i n  t h i s  r e s e a r c h  i s  u s e f u l  f o r  p r e d i c t i n g  aver -  

age s e a s o n a l  phosphorus c o n c e n t r a t i o n s  i n  l a k e s .  It w i l l  n o t  simu- 

l a t e  r a p i d  temporal  changes which may be  due t o  s to rms  o r  o t h e r  

shor t - t e rm v a r i a t i o n s  i n  l a k e  c o n d i t i o n s .  Th i s  i s  due p r i m a r i l y  t o  

t h e  use  o f  s e a s o n a l  averages  f o r  t h e  r e a c t i o n  c o e f f i c i e n t s .  

5 .  The model i s  capab le  o f  p r e d i c t i n g  t h e  r a t e  a t  which a  l a k e  w i l l  

respond t o  changes i n  n u t r i e n t  i n p u t s .  V e r i f i c a t i o n  o f  t h e s e  t e m -  

p o r a l  p r e d i c t i o n s  a w a i t s  s u f f i c i e n t  d a t a  a t  p r e s e n t .  

The model developed i n  t h i s  r e s e a r c h  can be  used e i t h e r  d i r e c t l y  o r  

w i t h  some m o d i f i c a t i o n s  t o  answer such q u e s t i o n s  a s :  

1. Given a  d e s i r e d  phosphorus c o n c e n t r a t i o n  i n  a l a k e ,  what phosphorus 

i n p u t s  can be  p e r m i t t e d ?  What e f f l u e n t  g u i d e l i n e s  are a p p r o p r i a t e ?  

2 .  Given a  proposed phosphorus l o a d i n g ,  what l a k e  c o n d i t i o n s  (phospho- 

r u s  c o n c e n t r a t i o n )  might r e s u l t ?  

3 .  Given a  proposed change i n  phosphorus l o a d i n g ,  how l o n g  w i l l  i t  

t a k e  f o r  s t a b l e  c o n d i t i o n s  i n  t h e  l a k e  t o  r e s u l t ?  

4 .  What might be  t h e  e f f e c t s  on a  l a k e  of such management p r a c t i c e s  a s  

h y p o l i m e t i c  a e r a t i o n ,  r e s e r v o i r  mixing,  o r  a l t e r a t i o n  i n  t h e  l o c a -  

t i o n ,  t i m i n g ,  and s c a l e  of f e r t i l i z e r  a p p l i c a t i o n s ?  



RECOMMENDATIONS 

1. The model developed i n  t h i s  r e s e a r c h  can and shou ld  be used t o  a n a l y s e  

t h e  causes  o f  p r e s e n t  c o n d i t i o n s  i n  many l a k e s  and a s  a b a s i s  f o r  

e v a l u a t i n g  a l t e r n a t i v e  p l a n s  f o r  managing w a t e r  q u a l i t y  i n  t h e s e  

l a k e s .  

2 .  F i e l d  s t u d i e s  which are conducted f o r  w a t e r  q u a l i t y  c o n t r o l  i n  l a k e s  

must p l a c e  emphasis on e v a l u a t i n g  i n p u t s  o f  n u t r i e n t s  and w a t e r  i n  

a d d i t i o n  t o  t r a d i t i o n a l  s t u d i e s  of t h e  l a k e s  themselves .  Data  re- 

g a r d i n g  n u t r i e n t  i n p u t s  t o  l a k e s  a r e  a lmost  n o n e x i s t e n t  i n  North  

C a r o l i n a .  Some i n f o r m a t i o n  may become a v a i l a b l e  from t h e  N a t i o n a l  

E u t r o p h i c a t i o n  Survey. A d d i t i o n a l  measurements o r  e s t i m a t e s  o f  

n u t r i e n t  i n p u t s  shou ld  be  made i f  soundly-based measures f o r  w a t e r  

q u a l i t y  c o n t r o l  a r e  t o  be fo rmula ted .  

3. Research shou ld  be  conducted t o  e n l a r g e  t h e  range  of a p p l i c a t i o n  of 

t h e  model. P a r t i c u l a r  emphasis shou ld  be  given t o  l a k e s  w i t h  a n o x i c  

hypol imne t ic  w a t e r s  and :o v e r i f i c a t i o n  of t h e  t empora l  c h a r a c t e r i s t i c s  

of t h e  model. The former is  needed t o  model sha l low l a k e s  e f f e c t i v e l y .  

The l a t t e r  i s  needed t o  pe rmi t  r e l i a b l e  p r e d i c t i o n s  abou t  t h e  r a t e  

a t  which changes w i l l  occur  w i t h i n  a l a k e  a f t e r  changes i n  i n p u t s  

occur .  

4 .  S t u d i e s  o f  t h e  mechanisms r e s p o n s i b l e  f o r  mass t r a n s p o r t  a c r o s s  t h e  

the rmocl ine  r e g i o n  and of n a t u r a l  a g g r e g a t i o n  i n  l a k e s  s h o u l d  b e  

made. These w i l l  p r o v i d e  a d d i t i o n a l  evidence f o r  t h e  r e l i a b i l i t y  

of t h e  model and a l s o  a s s i s t  i n  e x t e n d i n g  i t s  a p p l i c a t i o n .  



INTRODUCTION 

This  r e p o r t  i s  a p r e s e n t a t i o n  of an inpu t -ou tpu t  model f o r  phosphorus 

i n  l a k e s .  The r e s e a r c h  h a s  been under taken f o r  two purposes :  (1) t o  

fo rmula te  and t e s t  a model f o r  gu id ing  c e r t a i n  d e c i s i o n s  about  t h e  manage- 

ment of w a t e r  q u a l i t y  i n  l a k e s ,  and (2)  t o  de te rmine  c a u s e s  f o r  t h e  i n v e r s e  

r e l a t i o n s h i p s  between s e v e r a l  l a k e  c o n d i t i o n s  and mean l a k e  dep th  observed 

by some l i m n o l o g i s t s  . 
No a t t empt  i s  made h e r e  t o  p r e s e n t  a comprehensive review of t h e  v a s t  

l i m n o l o g i c a l  l i t e r a t u r e .  S e v e r a l  impor tan t  and i m a g i n a t i v e  modeling e f f o r t s  

a r e  n o t  inc luded .  The l i m n o l o g i c a l  i n v e s t i g a t i o n s  which a r e  reviewed h e r e  

a r e  cons idered  because  t h e y  p rov ide  a base  f o r  t h e  p r e s e n t  work. Some a r e  

e s s e n t i a l l y  e m p i r i c a l .  Some a r e  p r i m a r i l y  concep tua l .  A l l  a r e  q u a n t i t a -  

t i v e .  

Empir ical  Models 

Rawson (1955) c o n s i d e r s  t h a t  t h e  f a c t o r s  a f f e c t i n g  l a k e  p r o d u c t i v i t y  

can be c o n v e n i e n t l y  c l a s s i f i e d  i n t o  t h r e e  groups:  edaph ic  ( t h o s e  d e a l i n g  

w i t h  n u t r i e n t  s u p p l y ) ,  c l i m a t i c  ( t h o s e  d e a l i n g  w i t h  energy s u p p l y ) ,  and 

morphometric ( t h o s e  d e a l i n g  w i t h  hydrology and t h e  shape  of a l a k e  b a s i n ) .  

Evidence f o r  t h e  importance of morphometry as a n  impor tan t  f a c t o r  i n  t h e  

p r o d u c t i v i t y  of l a r g e  l a k e s  i s  p r e s e n t e d .  Measurements (mass of organisms 

p e r  u n i t  of l a k e  s u r f a c e  a r e a )  o f  t h e  s t a n d i n g  c rop  of n e t  p l a n k t o n ,  t h e  

bottom fauna ,  and a n n u a l  commercial f i s h  p r o d u c t i o n  were o b t a i n e d  f o r  a 

number o f  l a k e s  i n  w e s t e r n  Canada and n o r t h e r n  Uni ted S t a t e s .  A l l  of t h e s e  



v a r i a b l e s  show s t rong  inverse  r e l a t i o n s h i p s  wi th  mean l ake  depth ,  regarded 

by Rawson a s  t h e  b e s t  s i n g l e  index t o  morphometric condi t ions .  Shallow 

l akes  a r e  shown t o  produce more plankton,  bottom organisms, and f i s h  than  

deep l akes .  Empirical mathematical r e l a t i o n s h i p s  f o r  t h i s  e f f e c t  a r e  de- 

r ived .  No causes f o r  these  r e l a t i o n s h i p s  a r e  proposed. 

Sakamoto (1966) notes  i nve r se  c o r r e l l a t i o n s  between ch lorophyl l  meas- 

urements dur ing  c i r c u l a t i o n  per iods  and t h e  mean depths of twelve l a k e s  i n  

c e n t r a l  Japan. Deep l akes  a r e  observed t o  conta in  lower concent ra t ions  of 

ch lorophyl l  (mg/m3) i n  t h e i r  euphotic  zones and lower t o t a l  amounts of 

ch lorophyl l  i n  t h e i r  water columns (mg/m2) than shal low l a k e s .  A c l o s e  

r e l a t i o n s h i p  i s  noted between ch lorophyl l  content  and t o t a l  phosphorus o r  

t o t a l  n i t rogen  contents  i n  s e v e r a l  l akes .  Nu t r i en t s  and l i g h t  a r e  con- 

s ide red  i n  a  model developed t o  expla in  t h e s e  observat ions.  Sakamoto 

i n d i c a t e s  t h a t  t h e  t o t a l  phosphorus content c o n t r o l s  t h e  product ion of 

phytoplankton i n  these  l a k e s .  For deep o l igo t roph ic  and mesotrophic l a k e s ,  

l i g h t  l i m i t a t i o n  i s  a l s o  proposed a s  a  s i g n i f i c a n t  f a c t o r  dur ing  c i r c u l a -  

t i o n  per iods .  

Vollenweider (1968) has  b u i l t  on t h e s e  works by eva lua t ing  both mean 

l ake  depth and t h e  input  of land-based n u t r i e n t s  a s  f a c t o r s  i n  determining 

the  t r o p h i c  s t a t e  of l akes .  Using d a t a  from f o r t y  l a k e s  i n  Europe and 

North America, he e s t a b l i s h e s  an empir ica l  r e l a t i o n s h i p  between phosphorus 

loading ( e . g . ,  gms ~ / r n ~ - ~ r ) ,  mean l a k e  depth,  and t h e  t r o p h i c  s t a t e  of 

t hese  l a k e s .  For a  given t roph ic  l e v e l ,  deep l akes  a r e  shown t o  be capable 

of a s s i m i l a t i n g  higher  n u t r i e n t  loadings than  shallow ones. Based on t h i s  

empir ica l  a n a l y s i s ,  permiss ib le  loading l e v e l s  ( loadings which maintain an  



o l i g o t r o p h i c  s t a t e  ) and dangerous l o a d i n g  l e v e l s  ( t h o s e  which can c a u s e  

a t r a n s i t i o n  t o  an  e u t r o p h i c  s t a t e )  a r e  determined f o r  l a k e s  w i t h  mean 

dep ths  from 5 t o  200 mete r s .  For  example, t h e  p e r m i s s i b l e  phosphorus 

l o a d i n g  f o r  a l a k e  w i t h  a n  average dep th  o f  1 0  m i s  g iven  a s  0.10 gms 

p/m2-yr, and a l a k e  w i t h  a dep th  o f  200 m i s  cons idered  c a p a b l e  o f  ass imi -  

2 l a t i n g  0.60 gms P/m -yr w h i l e  remaining i n  an  o l i g o t r o p h i c  s t a t e .  

Conceptual  Models 

Stumm and Morgan (1962) have a p p l i e d  s t o i c h i o m e t r i c  concep t s  t o  l a k e  

e u t r o p h i c a t i o n .  It can be  shown t h a t  t h e  i n t r o d u c t i o n  of 1 mg of  P i n t o  

a l a k e  h a s  t h e  p o t e n t i a l  i n  a s i n g l e  p a s s  through t h e  phosphorus c y c l e  of 

producing 115 mg of a l g a e  i n  t h e  ep i l imnion  and t h e n  c a u s i n g  a consumption 

of 140 mg of  oxygen i f  t h e s e  a l g a e  are m i n e r a l i z e d  i n  t h e  hypolimnion. 

These a u t h o r s  i l l u s t r a t e  t h e  i n a b i l i t y  of conven t iona l  b i o l o g i c a l  waste- 

wa te r  t r ea tment  t o  s o l v e  problems of c u l t u r a l  e u t r o p h i c a t i o n ,  s t r e s s  t h e  

r o l e  of phosphorus as a p o l l u t a n t ,  and emphasize t h e  d i r e c t  r e l a t i o n s h i p  

between man's a c t i v i t i e s  and l a k e  p r o d u c t i v i t y .  

O'Connor and Muel ler  (1970) have s u c c e s s f u l l y  a p p l i e d  a box-model 

approach t o  t h e  Great  Lakes ,  c o n s i d e r i n g  t h e  temporal  and s p a c i a l  d i s t r i -  

b u t i o n  of a c o n s e r v a t i v e  m a t e r i a l  ( c h l o r i d e s )  throughout  t h e  Great  Lakes 

system. I n  t h i s  approach t h e  l a k e  sys tem i s  t r e a t e d  as a number of i n t e r -  

connected subsystems;  a s e p a r a t e  mass b a l a n c e  i s  w r i t t e n  f o r  each subsystem. 

OsConnor and Muel ler  c o n s i d e r  each of t h e  Great  Lakes a s  a s i n g l e  box t h a t  

i s  complete ly  mixed ( a  con t inuous  s t i r r e d - t a n k  r e a c t o r ,  o r  CSTR), and 

t r e a t  t h e  Great  Lakes a s  a group of CSTRs i n  s e r i e s .  Based on an a n a l y s i s  

of w a t e r  and c h l o r i d e  i n p u t s  t o g e t h e r  w i t h  l a k e  q u a l i t y  d a t a  o v e r  a s i x t y -  



year period, they are able to demonstrate the applicability of this approach 

to the chloride problem in the Great Lakes and to make predictions about 

the consequences of several alternative management plans for controlling 

chloride levels in these lakes in the future. 

Phosphorus cannot be modeled as a conservative substance in lakes. 

Vollenweider (1969, 1974) has applied the one-box modeling approach to 

phosphorus in lakes with considerable imagination and success by consid- 

ering that phosphorus is removed from the lake by a first-order reaction 

(sedimentation) which occurs throughout the lake. For steady-state condi- 

tions Vollenweider (1969) obtains the following equation: 

Here La is the areal phosphorus loading (gms/m2-yr), Qa is the areal hydrau- 

- 
lic loading (m3/m2-yr or mIyr), Z is the mean lake depth (m), o is a sedi- 

- 1 mentation rate coefficient (yr ) ,  and [El is the steady-state concen- 

tration of total phosphorus everywhere within the well-mixed lake and in 

the lake outflow. 

Examination of Eq. 1 indicates that [F] depends upon the inputs of 

phosphorus and water, the sedimentation coefficient of particulate phos- 

phorus, and the mean lake depth. This is in general agreement with the 

empirical analyses of Rawson, Sakamoto, and Vollenweider discussed pre- 

viously, if one assumes that trophic state and the standing crop of plank- 

ton are directly dependent on the phosphorus concentration in a lake. 

Comparison (Vollenweider, 1969) between predictions based on Eq. 1 and 



data from several lakes was unsatisfactory, and semi-empirical modifi- 

cations have been made (Vollenweider, 1969, 1974). 

One of the assumptions made by Vollenweider in deriving Eq. 1 will 

be examined here. Removal of phosphorus by sedimentation from the lake 

is assumed to occur throughout the lake. The sedimentation rate (gms/yr) 

is represented as 0 V [TPl, where V is the total volume of the lake. A more 

realistic assumption used by Imboden (1973) and in this research is to 

treat sedimentation as an output of phosphorus at the lake bottom, as 

follows : 

Sedimentation Rate = gAs [TP] (2) 

Here As is the area of the sediment-water interface (m2) and g is a sedi- 

mentation rate coefficient (m/yr) which is affected by the settling velo- 

city of the particles being removed. However, when used in the one-box 

model of Vollenweider, this assumption results in a relationship for [F] 
which is independent of depth: 

- 
[TP] = La 

Qa + g 

Hence, the inverse relationship between phosphorus concentration and lake 

depth predicted by Eq. 1 derives from a debatable assumption about sedi- 

mentation in lakes and does not provide a suitable cause-effect relation- 

ship for the empirical observations of Rawson, Sakamoto, and Vollenweider. 

A model which is similar to that developed in this research has been 

formulated by Imboden (1973, 1974). This research has been influenced 

considerably by Imboden's analysis and results. However, Imboden's model 

leads to predictions that deep lakes will have higher concentrations of 



phosphorus in their euphotic zones than shallow ones (Imboden, 1973). Such 

predictions are not in agreement with the observations of Rawson, Sakamoto, 

and Vollenweider. This discrepancy will be discussed subsequently. 



PROPOSED MODEL 

The model l a k e  cons idered  h e r e  h a s  a summer s t r a t i f i c a t i o n  l a s t i n g  s i x  

months and i s  u n s t r a t i f i e d  (homothermal) d u r i n g  a w i n t e r  c i r c u l a t i o n .  A 

two-box model i s  used f o r  t h e  summer p e r i o d ;  subsystems a r e  t h e  e p i l i m n i o n  

and t h e  hypolimnion. A one-box model is  assumed f o r  t h e  w i n t e r ,  a l t h o u g h  

on ly  a p o r t i o n  o f  t h e  l a k e  may be i n  t h e  e u p h o t i c  zone.  The models a r e  

coupled a t  t h e  v e r n a l  and autumnal o v e r t u r n s .  A l l  boxes a r e  well-mixed 

(CSTRs), s o  t h a t  h o r i z o n t a l  c o n c e n t r a t i o n  g r a d i e n t s  a r e  n e g l i g i b l e .  The 

e f f e c t s  of t h e  l i t t o r a l  zone a r e  n e g l e c t e d ,  and t h e  hypolimnion i s  assumed 

t o  remain o x i c  a t  a l l  t i m e s .  I n p u t s  of phosphorus from t h e  sed iments  t o  

t h e  l a k e  w a t e r s  a r e  n o t  cons idered .  A l l  e x t e r n a l  i n p u t s  o f  phosphorus and 

water a r e  made t o  t h e  e p i l i m n i o n  d u r i n g  t h e  summer s t r a t i f i c a t i o n ;  t h e  l a k e  

d i s c h a r g e  i s  a l s o  withdrawn from t h i s  zone.  A l l  e x t e r n a l  phosphorus i n p u t s  

a r e  assumed t o  be  b iochemica l ly  a c t i v e .  Two phosphorus compartments a r e  

used,  s o l u b l e  or thophosphate(0P)  and p a r t i c u l a t e  phosphorus (PP).  S o l u b l e  

o r g a n i c  phosphorus i s  n e g l e c t e d .  Th is  two-compartment assumption f o r  

phosphorus,  used s u c c e s s f u l l y  by Imboden (1973, 7 4 ) ,  may b e  u s e f u l  f o r  

modeling P o v e r  t ime  s c a l e s  of months and s e a s o n s .  Schematic r e p r e s e n t a -  

t i o n s  of t h e  summer and w i n t e r  models are p r e s e n t e d  i n  F i g u r e s  1A and B.  

For t h e  summer model (F ig .  lA) ,  f o u r  i n t e r d e p e n d e n t  l i n e a r  d i f f e r e n -  

t i a l  e q u a t i o n s  a r e  o b t a i n e d  by f o r m u l a t i n g  mass b a l a n c e s  f o r  each  phos- 

phorus compartment i n  each box. For OP i n  t h e  e p i l i m n i o n ,  
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n e t  r a t e  i npu t  : load ing  output  : r e a c t i o n  : i n p u t :  v e r t i c a l  
of change from land-based hydrau l i c  n e t  pro- exchange from 

sources  d i scharge  duc t ion  hypolimnion 

output  : v e r t i c a l  
exchange t o  hypolimnion 

For PP i n  t h e  epi l imnion:  

n e t  r a t e  i npu t  : load ing  output  : r e a c t i o n  : output  : s e t t l i n g  
of change from land-based hydrau l i c  n e t  pro- t o  hypolimnion 

sources  d i scharge  duc t ion  

L 
t h  'th 

i npu t :  v e r t i c a l  ou tpu t :  v e r t i c a l  
exchange f rom exchange t o  hypolimnion 
hypolimnion 

For OP i n  t h e  hypolimnion, 

ne t  r a t e  r e a c t i o n  : i npu t :  v e r t i c a l  ou tput :  v e r t i c a l  
of change decomposition exchange from exchange t o  

epilmnion ep i l imnion  

(6) 

9 



For PP i n  t h e  hypolimnion, 

n e t  r a t e  input  : s e t t l i n g  
of change from epi l imnion 

input  : v e r t i c a l  
exchange from 
epilmnion 

output :  s e t t l i n g  r eac t ion :  
t o  sediments decomposition 

output :  v e r t i c a l  
exchange t o  
epi l imnion 

The s u b s c r i p t s  e and h r e f e r  t o  t h e  epi l imnion and hypolimnion, t h  

and s denote t he  thermocline region and t h e  sediment-water i n t e r f a c e ,  LOP] 

and [PP] r e f e r  t o  t he  concent ra t ions  of orthophosphate and p a r t i c u l a t e  

phosphorus, p and r a r e  r a t e  c o e f f i c i e n t s  f o r  n e t  product ion and decom- 

2 -1 
p o s i t i o n ,  k i s  a v e r t i c a l  exchange c o e f f i c i e n t  (L T ) which inc ludes  t h e  

e f f e c t s  of molecular and tu rbu len t  d i f f u s i o n ,  i n t e r n a l  waves, e ros ion  of 

t h e  hypolimnion and o t h e r  f l u i d  processes  on t h e  t r a n s f e r  of h e a t  and 
- 

mate r i a l s  ac ros s  t h e  thermocline,  Z i s  a mean depth,  V i s  t h e  volume of 

a box, A i s  an i n t e r f a c i a l  a r e a ,  Qj i s  a land-based volumetr ic  r a t e  of 

inf low of water ,  Q i s  the  volumetr ic  r a t e  of l ake  d ischarge ,  and g i s  an 

e f f e c t i v e  s e t t l i n g  v e l o c i t y .  

Equations 4 t o  7 a r e  mathematical d e s c r i p t i o n s  of mass ba lances .  

These may a l s o  be descr ibed i n  words. For example, a mass ba lance  of OP 

i n  t h e  epi l imnion (Eqn. 4) i s  a s ta tement  t h a t  r a t e  of change o r  accumu- 

l a t i o n  i s  t h e  sum of i n p u t ,  ou tpu t ,  and r e a c t i o n  r a t e s .  More s p e c i f i c a l l y ,  



t h e  n e t  r a t e  of change (Ved[OPle/dt) i s  e q u a l  t o  t h e  rate of  i n p u t  o f  OP 

from land-based s o u r c e s  (CQ.[OPIi) p l u s  t h e  r a t e  o f  i n p u t  of OP from t h e  
J - 

hypolimnion by v e r t i c a l  exchange a c r o s s  t h e  the rmocl ine  ((kth/Zth)- 

Ath[OPIh) minus t h e  rate of  o u t p u t  o f  OP t o  downstream a r e a s  i n  t h e  l a k e  

d i s c h a r g e  (Q[OPIe) minus t h e  r a t e  o f  o u t p u t  of OP t o  t h e  hypolimnion by 
- 

v e r t i c a l  exchange ( (kth/z th)  Ath [OP] , )  minus t h e  r a t e  of u t i l i z a t i o n  o f  

OP f o r  n e t  p r o d u c t i o n  of p a r t i c u l a t e  phosphorus (peVe[OPIe). 

For t h e  w i n t e r  model (F ig .  l B ) ,  two l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  

a r e  o b t a i n e d  from mass b a l a n c e s  o f  t h e  two phosphorus compartments. For  

OP throughout  t h e  l a k e ,  

n e t  r a t e  i n p u t  : l o a d i n g  o u t p u t  : r e a c t i o n  : r e a c t i o n :  
of change from land-based h y d r a u l i c  p r o d u c t i o n  decompo- 

s o u r c e s  d i s c h a r g e  i n  e u p h o t i c  s i t i o n  
zone 

(8) 

For PP throughout  t h e  l a k e ,  

n e t  r a t e  i n p u t  : l o a d i n g  
of change from land-based 

s o u r c e s  

o u t p u t  : r e a c t i o n :  r e a c t i o n :  
h y d r a u l i c  p roduc t  i o n  decompo- 
d i s c h a r g e  i n  e u p h o t i c  s i t i o n  

zone 

o u t p u t :  s e t t l i n g  
t o  sed iments  

The s u b s c r i p t  e u  deno tes  t h e  e u p h o t i c  zone.  



These models a r e  joined by boundary condi t ions  a t  t h e  f a l l  ove r tu rn  

and t h e  s p r i n g  s t r a t i f i c a t i o n .  A t  t h e  f a l l  over turn ,  

[OPI j u s t  a f t e r  mixing = [oP], V, + [OPIh Vh 

[PP] j u s t  a f t e r  mixing = [PP] Ve + [PPIh Vh 
e  

A t  t h e  onse t  of t h e  sp r ing  s t r a t i f i c a t i o n ,  t h e  concent ra t ions  of PP i n  t h e  

epi l inmion and t h e  hypolimnion a r e  s e t  equal  t o  t h e  concent ra t ion  of PP 

throughout t h e  l ake  a t  t h e  end of t h e  win te r  c i r c u l a t i o n  ([PPIe = [PPIh = 

[pp] ) .  S imi l a r ly ,  [OP], = [OPIh = [OP]. 

With such a  coupled seasonal  model, s t eady- s t a t e  s o l u t i o n s  (e .g . ,  

t ime-invariant  s o l u t i o n s  obta ined  by s e t t i n g  t h e  le f t -hand  s i d e s  of Eq .  

4-9 equal  t o  zero)  cannot r e s u l t .  Under cons tan t  inf lows of phosphorus 

and water ,  numerical s o l u t i o n  of Eqns. 4-9 y i e l d s  a r e p e t i t i v e  o r  s t a b l e  

annual cyc le  f o r  a  l ake  (Fig.  2 ) .  Lake c o e f f i c i e n t s  ( r ,  pe, kth,  e t c . )  

a r e  assumed cons tan t  over t he  app ropr i a t e  per iod (summer s t r a t i f i c a t i o n  

o r  win ter  c i r c u l a t i o n ) .  A d e t a i l e d  d e s c r i p t i o n  of techniques used f o r  

the  numerical s o l u t i o n  i s  presented elsewhere (Snodgrass, 1974).  

The s e l e c t i o n  of r e l a t i o n s h i p s  t o  r ep re sen t  var ious  p h y s i c a l ,  chemi- 

c a l ,  and b i o l o g i c a l  processes  w i l l  be summarized. The n e t  r a t e  of pro- 

duct ion of p a r t i c u l a t e  phosphorus (phytoplankton, e t c . )  during summer 

s t r a t i f i c a t i o n  i s  descr ibed by p V [OP], (mass/time).  Re la t ionsh ips  
e  e  

which a r e  more t h e o r e t i c a l l y  s a t i s f y i n g  have been used by s e v e r a l  o t h e r s .  

This express ion  has been s e l e c t e d  because i t  i s  s imple,  i t  i s  l i n e a r ,  



IL STAGNATION CIRCULATION 
b 

TIME AFTER SPRING STRATIFICATION ( m o n t h s )  

FIGURE 2: PREDICTED STABLE ANNUAL CYCLE FOR LAKE ONTARIO 



and i t  works. A s i m i l a r  e x p r e s s i o n  h a s  been used by Imboden. Values  pe 

- 1 -1 rang ing  from 0 . 1  days t o  5 .0  days were t e s t e d  t o  cover  t h e  range  sug- 

g e s t e d  by t h e  l i t e r a t u r e .  A v a l u e  of 2.0 days  w a s  s e l e c t e d .  I n  a s i m i -  

l a r  manner, g r o s s  p roduc t ion  o f  p a r t i c u l a t e  phosphorus d u r i n g  t h e  w i n t e r  

c i r c u l a t i o n  is  d e s c r i b e d  by peU V [OP] (mass l t ime) .  A range  o f  peU from 

0 . 0 1  days  t o  0 . 5  days was t e s t e d  and a v a l u e  o f  0.06 days  was 

s e l e c t e d .  

The r a t e  of decomposit ion of p a r t i c u l a t e  phosphorus i n  t h e  hypolim- 

n i o n  d u r i n g  t h e  summer s t r a t i f i c a t i o n  i s  given by r V [PPIh (mass l t ime) .  
h h  

This  f i r s t - o r d e r  decomposi t ion rate h a s  been used by o t h e r s  ( Jewel1  and 

McCarty, 1971, Imboden, 1973, 1974) .  For t h e  w i n t e r  c i r c u l a t i o n  a simi- 

l a r  e x p r e s s i o n  was used t o  d e s c r i b e  PP throughout  t h e  l a k e ,  v i z . ,  rV[PP] 

-1 (mass l t ime) .  Values of rh and r from 0.003 days t o  0.07 days  were  

t e s t e d ;  t h i s  range encompasses most r e p o r t e d  r e s u l t s .  A v a l u e  o f  0.03 

- 1 days was s e l e c t e d  f o r  b o t h  c o e f f i c i e n t s .  

Transpor t  a c r o s s  t h e  the rmocl ine  d u r i n g  t h e  summer s t r a t i f i c a t i o n  

i s  d e s c r i b e d  by a F i c k i a n  r e l a t i o n s h i p .  For example, t h e  r a t e  o f  t r a n s -  

p o r t  o f  OP from t h e  hypolimnion t o  t h e  e p i l i m n i o n  by v e r t i c a l  exchange 
- 

p r o c e s s e s  i s  r e p r e s e n t e d  by (kth/Zth) Ath [()PIh (mass l t ime) .  ~t i s  

sometimes u s e f u l  t o  c o n s i d e r  t h e  f l u x  o f  m a t e r i a l  (masslarea- t ime)  a c r o s s  

t h e  the rmocl ine  r e g i o n .  For example, t h i s  i s  d e s c r i b e d  by (kth/Zth) . 
[OPIh when c o n s i d e r i n g  t r a n s p o r t  of OP from t h e  hypolimnion t o  t h e  e p i l i m -  

n ion .  An extended d i s c u s s i o n  of v e r t i c a l  exchange i s  p r e s e n t e d  subse-  

q u e n t l y .  I n  a  p r e l i m i n a r y  a n a l y s i s ,  v a l u e s  o f  k = 2 . 1  mL/day and 
t h  - 

Zth = 5  m were used.  



Sedimentat ion o f  p a r t i c u l a t e  phosphorus i s  d e s c r i b e d  by t h e  p roduc t  

2  
of a  s e t t l i n g  c o e f f i c i e n t  ( g ,  m/day), a  c r o s s - s e c t i o n a l  a r e a  (m ) and a 

3  PP c o n c e n t r a t i o n  (mass/m ) .  For example, t h e  r a t e  o f  s e d i m e n t a t i o n  of 

PP from t h e  hypolimnion t o  t h e  l a k e  sediments  d u r i n g  t h e  summer strati-  

f i c a t i o n  is  given by gh As [PPIh (mass/ t ime) .  A similar approach i s  

used by Imboden (1973, 1974) .  Values (of t h e  s e t t l i n g  c o e f f i c i e n t s  r e -  

p o r t e d  i n  t h e  l i t e r a t u r e  range from 0  t o  over  20 mlday. I n  t h i s  r e s e a r c h ,  

v a l u e s  from 0.05 m/day t o  0 .5  m/day were t e s t e d .  I n  a  p r e l i m i n a r y  a n a l y s i s ,  

v a l u e s  o f  ge = 0 . 1  mlday, gh = 0.246 m/dayy and g  = 0.27 m/day were  used.  

A d d i t i o n a l  d i s c u s s i o n  o f  sed imenta t ion  i s  p r e s e n t e d  subsequen t ly .  

The e f f e c t s  of mean l a k e  dep th  on phosphorus c o n c e n t r a t i o n s  i n  l a k e s  

were c a l c u l a t e d  u s i n g  t h e  f o l l o w i n g  c o e f f i c i e n t s :  

These c o e f f i c i e n t s  were s e l e c t e d  by a  p r e l i m i n a r y  a n a l y s i s  of d a t a  

f o r  Lake O n t a r i o .  However, phosphorus c o n c e n t r a t i o n s  i n  b o t h  t h e  e p i l i m -  

n ion  and t h e  hypolimnion a r e  c a l c u l a t e d  t o  i n c r e a s e  w i t h  i n c r e a s i n g  

l a k e  dep th  f o r  b o t h  s t e a d y - s t a t e  and s t :able-cycle  c o n d i t i o n s .  S i m i l a r  

c a l c u l a t e d  r e s u l t s  a r e  a l s o  r e p o r t e d  by Imboden (1973).  Model p r e d i c t i o n s  

are t h u s  i n c o n s i s t e n t  w i t h  l i m n o l o g i c a l  o b s e r v a t i o n s .  



While n o t  i n  agreement w i t h  t h e  o b s e r v a t i o n s  o f  Rawson, Sakamoto, and 

Vol lenweider ,  t h e s e  c a l c u l a t e d  r e s u l t s  do have a r e a s o n a b l e  b a s i s .  P a r t i -  

c u l a t e  phosphorus i n  t h e  hypolimnion i s  removed s i m u l t a n e o u s l y  by minera l -  

i z a t i o n  t o  OP ( r a t e  = rh[PPIh)  and by s e d i m e n t a t i o n  a t  t h e  l a k e  bot tom 

% 
( r a t e  = g ~ s [ ~ ~ ] h / ~ h  = (g/Zh) [PPIhy where Zh i s  t h e  average  d e p t h  o f  t h e  

hypol imnion) .  M i n e r a l i z a t i o n  and s e d i m e n t a t i o n  a r e  t h u s  c o m p e t i t i v e  p a r -  

a l l e l  r e a c t i o n s .  Deep l a k e s  p r o v i d e  more o p p o r t u n i t y  f o r  m i n e r a l i z a t i o n  

of PP t h a n  sha l low ones (compare rh w i t h  g/?h i n c r e a s e s ) ,  s o  t h a t  phosphorus 

i s  r e t a i n e d  i n  s o l u t i o n  r a t h e r  t h a n  b e i n g  removed t o  t h e  sed iments .  Higher  

[OPIh i n c r e a s e s  t h e  upward t r a n s p o r t  of o r thophospha te  t o  t h e  e p i l i m n i o n  

( i f  kth/yth i s  independent  o f  dep th)  and l e a d s  t o  h i g h e r  [PP], 

I n  o r d e r  t o  d e c i d e  how t h e  model shou ld  b e  modif ied s o  t h a t  p r e d i c t i o n s  

w i l l  be  c o n s i s t e n t  w i t h  o b s e r v a t i o n s ,  l e t  u s  c o n s i d e r  two l a k e s  r e c e i v i n g  

i d e n t i c a l  i n f l o w s  of phosphorus,  l i g h t ,  and w a t e r .  One l a k e  is  deep and 

t h e  o t h e r  i s  sha l low.  The sha l low l a k e  i s  observed t o  c o n t a i n  more n e t  

p lank ton ,  f i s h ,  c h l o r o p h y l l ,  and PP t h a n  t h e  deep l a k e .  Th is  c o u l d  a r i s e  

f o r  a t  l e a s t  two r e a s o n s .  F i r s t ,  t h e  deep l a k e  may n o t  t r a n s f o r m  OP t o  PP 

as e f f i c i e n t l y  a s  t h e  sha l low l a k e .  L i g h t  may be  l i m i t i n g .  T h i s  h a s  been 

proposed by Sakamoto (1966) and by Lorenzen and M i t c h e l l  (1973).  Second, 

t h e  deep l a k e  may remove p a r t i c u l a t e  phosphorus t o  t h e  sed iments  more rap-  

i d l y  t h a n  t h e  sha l low l a k e  by r e a c t i o n s  t h a t  are n o t  d e s c r i b e d  a d e q u a t e l y  

i n  t h e  model, o r  by r e a c t i o n s  which a r e  n o t  i n c l u d e d  i n  t h e  model. 

Phosphorus t h a t  e n t e r s  a  l a k e  w i l l  e v e n t u a l l y  l e a v e  i t .  I f  l i g h t  i s  

l i m i t i n g ,  some P w i l l  n o t  b e  i n c o r p o r a t e d  i n t o  biomass and s o  can  l e a v e  t h e  

l a k e  i n  t h e  o u t f l o w  as OP. However, o b s e r v a t i o n s  sugges t  t h a t  OP i s  reduced 



t o  v e r y  low l e v e l s  i n  t h e  e p i l i m n e t i c  w a t e r s  o f  most l a k e s .  For  example, 

Thomas (1969) r e p o r t s  t r a c e  c o n c e n t r a t i o n s  of OP a t  t h e  summer minimum 

i n  38 C e n t r a l  European l a k e s  having wide ranges  of mean dep th  and t r o p h i c  

s t a t e .  Hence, a t t e n t i o n  i s  d i r e c t e d  h e r e  toward p o s s i b l e  mechanisms f o r  

d i s c h a r g i n g  PP t o  t h e  l a k e  sediments .  Two a r e  e v a l u a t e d  h e r e .  F i r s t ,  a 

depth-dependent exchange of P a c r o s s  t h e  the rmocl ine  i s  developed,  based 

p r i m a r i l y  on e m p i r i c a l  ev idence .  Second, t h e  n a t u r a l  a g g r e g a t i o n  o r  f l o c -  

c u l a t i o n  of p a r t i c l e s  i n  l a k e  w a t e r s  i s  c o n s i d e r e d ,  based  p r i m a r i l y  on 

concep tua l  arguments. A d e s c r i p t i o n  of t h e s e  p r o c e s s e s  fo l lows .  Both are 

inc luded  i n  t h e  f i n a l  l a k e  model. 

V e r t i c a l  Transpor t  

Mortimer (1942) h a s  e s t i m a t e d  t h e  mean v e r t i c a l  eddy d i f f u s i o n  co- 

e f f i c i e n t s  (kh) i n  t h e  hypol imne t ic  w a t e r s  of s e v e r a l  l a k e s  u s i n g  the rmal  
1 .49  

and chemical  d a t a .  Ana lys i s  of h i s  r e s u l t s  i n d i c a t e s  t h a t  kh=0.0142 

2 ( c o r r e l a t i o n  c o e f f i c i e n t  = 0.952) .  Here kh i s  expressed  i n  m /day and 

i s  i n  mete r s .  Th i s  e m p i r i c a l  r e s u l t  i s  a l s o  expressed  q u a l i t a t i v e l y  by 

Mortimer (1969) a s  f o l l o w s  "The ' average  i n t e n s i t y '  o f  t u r b u l e n t  s t i r r i n g  

i n  t h e  hypolimnia of l a k e s  i s  g e n e r a l l y  p o s i t i v e l y  c o r r e l a t e d  w i t h  l a k e  

dimensions,  i n c l u d i n g  depth." These o b s e r v a t i o n s  f o r  hypol imne t ic  w a t e r s  

have analogues  i n  t h e  r e g i o n  of t h e  the rmocl ine .  

Blanton (1973a) h a s  examined t h e  v e r t i c a l  en t ra inment  of hypol imne t ic  

wa te r s  i n t o  t h e  e p i l i m n i a  of s t r a t i f i e d  l a k e s ,  and concluded t h a t  "Mean 

dep th  seems t h e  most impor tan t  morphometrical  parameter  governing t h e  mag- 

n i t u d e  of en t ra inment :  t h e  g r e a t e r  t h e  mean dep th ,  t h e  g r e a t e r  t h e  e n t r a i n -  

ment." Blanton (1973b) h a s  c a l c u l a t e d  v e r t i c a l  d i f f u s i o n  c o e f f i c i e n t s  f o r  



1 . 5 8  
t h e s e  l a k e s .  Ana lys i s  of t h e  d a t a  i n d i c a t e s  t h a t  k  = 0.00162 ( c o r r e l a -  

2  t i o n  c o e f f i c i e n t  = 0.941) .  Again k  h a s  u n i t s  of m /day and i s  i n  m e t e r s .  

Mean d e p t h s  f o r  t h e s e  l a k e s  range from 3.2 t o  740 m. Blanton does  n o t  s p e c i -  

f y  t h e  l o c a t i o n  of k  w i t h i n  t h e  epi l imnion- thermocl ine  r e g i o n  of a l a k e ;  i t  

i s  probably  c h a r a c t e r i s t i c  of c o n d i t i o n s  j u s t  above t h e  the rmocl ine .  

Blanton (1973b) h a s  a l s o  determined t h e  mean s t a t i c  s t a b i l i t y  (E, 

- 2 
s e c  ) a c r o s s  t h e  the rmocl ines  of t h e s e  l a k e s .  E i s  d e f i n e d  as (g /p )*  

(ap/aZ) ,  where g i s  t h e  a c c e l e r a t i o n  of g r a v i t y  and p  i s  t h e  f l u i d  d e n s i t y .  

E i s  a  measure o f  t h e  s t a b i l i z i n g  buoyant f o r c e  o f  t h e  d e n s i t y  g r a d i e n t  i n  
-0.606 

a  l a k e .  Ana lys i s  of Blan ton ' s  d a t a  i n d i c a t e s  t h a t  E = 0.0155 Z (cor-  

r e l a t i o n  c o e f f i c i e n t  = 0.922) .  Deep l a k e s  a r e  t h u s  observed t o  have lower  

s t a b i l i t i e s  t h a n  sha l low ones ,  and so  may b e  l e s s  a b l e  t o  resist mixing by 

f l u i d  t u r b u l e n c e .  

Ozmidov (1965) h a s  p r e s e n t e d  ev idence  i n d i c a t i n g  t h a t  t h e  v e r t i c a l  

t u r b u l e n t  exchange c o e f f i c i e n t  i n  ocean ic  w a t e r s  d e c r e a s e s  w i t h  i n c r e a s i n g  

d e n s i t y  g r a d i e n t .  Consider ing t h i s  r e s u l t  and B l a n t o n ' s  d a t a ,  a n  e m p i r i c a l  
- 

c o r r e l a t i o n  h a s  been sought between kth and Z .  R e s u l t s  a r e  p r e s e n t e d  i n  

F igure  3 ;  d a t a  s o u r c e s  a r e  l i s t e d  i n  Table  1. The r e s u l t s  i n d i c a t e  t h a t  
I. 12 

= 0.00682 2  
k t h  ( c o r r e l a t i o n  c o e f f i c i e n t  = 0.924; kth i s  i n  m / d a y ) .  

Based on t h e s e  r e s u l t s  a  mean-depth dependent exchange of phosphorus a c r o s s  

t h e  the rmocl ine  h a s  been inc luded  i n  t h e  model. The e f f e c t  of t h i s  r e a c t i o n  

i s  t o  remove PP from t h e  ep i l imnion  t o  t h e  hypolimnion at  a f a s t e r  r a t e  i n  

deep l a k e s  t h a n  i n  sha l low ones .  

The v e r t i c a l  exchange c o e f f i c i e n t  i n  t h e  the rmocl ine  r e g i o n  can b e  
6 

more u s e f u l l y  d e s c r i b e d  by t h e  r a t i o  kth/71th, d e f i n e d  h e r e  as kth (m/day). 



I .  BAIKAL 
2. TAHOE 

3. ONTARIO 

4. CAYUGA 
5. HORW BAY 
6. ZURICH 
7. WASHlNGTON 

8. TlBERlAS 
9. SAMMAMISH 

10. E L A  3 0 5  
I I .  MENDOLA 
12. LINSLEY POND 
13. E L A  2 4 0  
4 .  E L A  2 2 7  

L O G  2 ( m e t e r s  1 

FIGURE 3: CORRELATIONS BETWEEN kth AND Z 



TABLE 1 

Lake 

Ba ika l  

Tahoe 

Onta r io  

DATA SOURCES FOR ANALYSIS OF VERTICAL TRANSPORT 

Data Source 

1 
Kozhov (1963) 

Goldman (1974) 
1 

Sweers (1970) 
2 

Cayuga 55 Powell  and J a s s b y  (1974) 

Luz e r n  50 
(Horw Bay) 

Zur ich 5 0 

Edmondson (1974) 1 Washington 33 

T i b e r i a s  2 4 Lerman and S t i l l e r  (1969) 

Sammami s h 17.7  B e l l a  (1970) 

ELA 305 

Mendo t a 

1 
S c h i n d l e r  (1971) 

1 2  Powell  and J a s s b y  (1974) 

L i n s l e y  Pond 7 Powell  and J a s s b y  (1974) 

S c h i n d l e r  (1971) 
1 

ELA 240 6 . 1  

ELA 227 H e s s l e i n  (1973) 3 

1. Temperature p r o f i l e s  ob ta ined  from r e f e r e n c e .  kth c a l c u l a t e d  i n  t h i s  
r e s e a r c h .  

2 .  Values c a l c u l a t e d  f o r  a f i x e d  the rmocl ine  have been used t o  b e  con- 
s i s t e n t  w i t h  o t h e r  r e s u l t s .  

3. The v a l u e  of kth based on t empera tu re  measurements h a s  been used t o  b e  
c o n s i s t e n t  o t h e r  r e s u l t s .  



The fol lowing r e l a t i o n s h i p  has been assumed 

Eq.  12 is  based on the  empir ica l  r e s u l t s  i n  F ig .  3 ,  t oge the r  with a  rough 

- 
es t imat ion  of t h e  dependence of Zth on Z .  F i n a l l y ,  t h e  dependence of Ze 

- 0.568 
on Z has been descr ibed by = 1.6 Z ,  based on a n a l y s i s  of a d d i t i o n a l  

d a t a  from Blanton (1973b). 

Natural  Apqregation 

The t r anspor t  of p a r t i c l e s  i n  t he  a i r  and water  environments depends 

upon p a r t i c l e  s i z e .  Many a e s t h e t i c ,  h e a l t h ,  and genera l  eco log ica l  e f f e c t s  

a l s o  depend upon p a r t i c l e  s i z e .  Light s c a t t e r i n g  by smog and depos i t i on  of 

p a r t i c l e s  i n  t h e  lung a r e  common examples of ae roso l  e f f e c t s .  Hahn and 

Stumrn (1970) have presented conceptual arguments f o r  t h e  s i g n i f i c a n c e  of 

coagulat ion i n  n a t u r a l  waters  inc luding  l a k e s .  Edzwald e t  a l .  (1974) have 

presented experimental evidence of t he  occurrence of coagula t ion  i n  es tu-  

a r i e s .  Here t h e  poss ib l e  r o l e  of coagulat ion i n  removing phosphorus from 

l akes  i s  ou t l i ned  i n  a  s imp l i f i ed  way. 

Contacts may occur between p a r t i c l e s  by Brownian d i f f u s i o n  (termed 

p e r i k i n e t i c  f l o c c u l a t i o n ) ,  by v e l o c i t y  d i f f e r e n c e s  i n  t h e  water  due t o  f l u i d  

motion (termed v e l o c i t y  grad ien t  o r  o r thok ine t i c  f l o c c u l a t i o n ) ,  and by 

d i f f e rences  i n  t he  g r a v i t a t i o n a l  s e t t l i n g  v e l o c i t i e s  of t h e  p a r t i c l e s  them- 

se lves .  These processes  had been examined f r u i t f u l l y  f o r  atmospheric coag- 

u l a t i o n  by Fr ied lander  (1964). The l a t t e r  two of t hese  w i l l  b e  examined 

f o r  aqua t i c  coagulat ion here .  



Veloc i ty -grad ien t  f l o c c u l a t i o n  i n  a CSTR may b e  d e s c r i b e d  as 

fo l lows  (O'Melia, 1972 b )  : 

where n  and no a r e  t h e  number c o n c e n t r a t i o n  of p a r t i c l e s  a t  t i m e  t and a t  

t = o ,  r e s p e c t i v e l y ,  G is  t h e  mean v e l o c i t y  g r a d i e n t ,  and Q, i s  t h e  f l o c  v o l -  

ume f r a c t i o n ,  o r  t h e  volume of s o l i d  p a r t i c l e s  p e r  u n i t  volume of suspen- 

s i o n .  I n  a r r i v i n g  a t  E q .  1 3 ,  i t  i s  assumed t h a t  each c o n t a c t  o p p o r t u n i t y  

produces a n  a g g r e g a t e ,  S t a t e d  a n o t h e r  way, t h e  p a r t i c l e s  are assumed t o  

be complete ly  d e s t a b l i z e d .  

Consider  t h e  p roduc t  ( 4 / ~ ) 4 1 G t .  For  a l a k e  w a t e r  c o n t a i n i n g  a l g a e  

II -5 
SO t h a t  [ P P ] ~  = 5pg/!L, t h e n  4 = 1 0  T h i s  

g r a d i e n t  i n  l a k e  w a t e r s  

assumed. Data r e p o r t e d  

of G r a n g i n g  from 0.012 

and a w a t e r  c o n t e n t  

i s  n o t  known, b u t  a 

by Okubo (1971) f o r  

sec'l t o  1 . 6  s e c - l ,  

assumes a n  a l g a l  composi t ion 

o f  0 .9 .  The mean v e l o c i t y  

-1 
v a l u e  of 0.5 s e c  w i l l  b e  

o c e a n i c  w a t e r s  i n d i c a t e  v a l u e s  

w i t h  most v a l u e s  b e i n g  0 .1  

sec'' o r  g r e a t e r .  I f  t h e  t i m e  f o r  a g g r e g a t i o n  i n  t h e  h y p o l i m n e t i c  w a t e r s  

P 
i s  t a k e n  as (zh/g  ) and go i s  assumed t o  b e  0.05m/day, t h e n  (4/n)$Gt)  - 

0 

11 % (Zh i n  m e t e r s ) .  

The r e l a t i v e  a g g r e g a t i o n  r a t e s  by v e l o c i t y  g r a d i e n t s  and d i f f e r -  

e n t i a l  s e t t l i n g  may be  expressed as f o l l o w s  (Camp, 1946) :  

Here N is  t h e  o r t h o k i n e t i c  f l o c c u l a t i o n  r a t e ,  N i s  t h e  s e d i m e n t a t i o n  
0 g  



f l occu la t ion  r a t e ,  v i s  t h e  kinematic v i s c o s i t y  of t h e  water ,  S i s  t h e  

s p e c i f i c  g rav i ty  of t h e  p a r t i c l e s ,  and Dl and D2 r e f e r  t o  t h e  diameters  

of two p a r t i c l e s .  A l l  p a r t i c l e s  a r e  assumed t o  have t h e  same s p e c i f i c  

g rav i ty .  For T = 5OC, S = 1.02,  D2 = 100pm, and Dl = lOpm, then N 1 6  No-  
g  

F loccula t ion  by d i f f e r e n t i a l  s e t t l i n g  can be f a s t e r  than  by v e l o c i t y  gradi-  

e n t s .  

A d e t a i l e d  f l o c c u l a t i o n  a n a l y s i s  would r e q u i r e  knowledge of t h e  

s i z e  d i s t r i b u t i o n  of t h e  p a r t i c u l a t e s ,  t oge the r  with chemical information 

about t h e i r  s t a b i l i t y .  For t h i s  research  i t  has been assumed t h a t  

gh = go ( 1  + f  q) 
f o r  t he  summer s t r a t i f i c a t i o n ,  and 

f o r  t h e  win ter  c i r c u l a t i o n .  The f l o c c u l a t i o n  c o e f f i c i e n t  has  been taken 

a s  0.05 meters -I. The preceding a n a l y s i s  of contac t  r a t e s  would suggest  

a  va lue  of f i n  t h e  order  of 50. Hence, t he  s e l e c t e d  va lue  of f has  t h e  

e f f e c t  of assuming t h a t  only 1 out of every 1000 c o n t a c t s  a c t u a l l y  pro- 

duces an aggregate .  No aggregat ion is  assumed i n  t h e  epi l imnion,  o r  i n  

the  euphotic  zone during t h e  win te r  c i r c u l a t i o n .  



RESULTS AND DISCUSSION 

Model V e r i f i c a t i o n  

With t h e  except ion of t h e  v e r t i c a l  exchange and f l o c c u l a t i o n  r e a c t i o n s ,  

prel iminary va lues  of t h e  r eac t ion  c o e f f i c i e n t s  were s e l e c t e d  from t h e  l i t -  

e r a t u r e .  F i n a l  va lues  were chosen by c a l i b r a t i n g  the  model us ing  a v a i l a b l e  

d a t a  f o r  Lake Ontar io (Thon, 1969; Shiomi and Chawla, 1969; Vollenweider, 

1974; Do-bson, 1974).  Input  and morphometric d a t a  f o r  Lake Ontar io a r e  a s  

2 - 
follows: La = 0.68 gm P/m -yr ,  Qa = 0.031 m/day, Z = 88.5 m. A summary 

of t h e  c o e f f i c i e n t s  i s  presented i n  Table 2 .  These have been used i n  gene- 

r a t i n g  t h e  p red ic t ed  s t a b l e  annual cyc le  f o r  Lake Ontar io (Figure 2) .  

V e r i f i c a t i o n  of t h i s  model i s  provided he re  i n  two ways. F i r s t ,  model 

p red ic t ions  of t h e  e f f e c t s  of lake  depth an eu t rophica t ion  a r e  compared wi th  

Vollenweider 's e s t ima te s  based on observat ion (1968). Second, p r e d i c t i o n s  

of [TP] a t  t h e  end of t h e  annual w in te r  c i r c u l a t i o n  per iod  a r e  compared 

with observa t ions  made by o t h e r s  on s e v e r a l  l akes .  

Model p red ic t ions  a r e  compared wi th  Vollenweider 's empi r i ca l  a n a l y s i s  

(1968) i n  Figure 4. Dashed l i n e s  d e l i n e a t e  combinations of phosphorus 

loading and mean depth which Vollenweider considers  w i l l  produce o l i g o t r o -  

ph ic ,  mesotrophic,  o r  eu t rophic  condi t ions  i n  a l ake .  So l id  curves d e l i n -  

e a t e  combinations of La and which a r e  pred ic ted  t o  produce an annual 

spr ing  [TP] of 20 pg/R. This [TP] i s  considered he re  a s  an i n d i c a t o r  of 

troublesome condi t ions  (see Sawyer, 1947).  Other va lues  of [TP] could be  

assumed; p red ic t ed  curves would have the  same shapes bu t  would b e  v e r t i c a l l y  

d isp laced .  



Summer Stratifi 

g e 
= o. 1 m/day 

cat i - 

TABLE 2 

MODEL COEFFICIENTS 

Winter Circulation 

g = go [J- + f ( y  - Feu)] 

go = 0.05 m/day 

f = 0.05/m 
- 
zeu = 10m for Z: > lorn 



- AFTER VOLLENWEIDER ( 1968 9 
SPRING [TP] = 20pq / I  

A -  Qa = 0 . 0 3 1  m / d a y  

B - Qa = 0 . 0 0 7 6  m/day / 

L O G  7 ( m e t e r s  

FIG. 4: COMPARISON OF MODEL PREDICTIONS WITH VOLLENWEIDER'S 
EMPIRICAL RESULTS ( 1968). 



The agreement between c a l c u l a t e d  and observed c u r v e s  i n  F i g u r e  4 is  

good. Th is  p rov ides  some v e r i f i c a t i o n  f o r  t h e  model, and f o r  t h e  importance 

of v e r t i c a l  t r a n s p o r t  i n  t h e  the rmocl ine  r e g i o n  and f l o c c u l a t i a n  as pro-  

c e s s e s  a f f e c t i n g  w a t e r  q u a l i t y  i n  l a k e s .  

The e f f e c t  of h y d r a u l i c  l o a d i n g  i s  i l l u s t r a t e d  by t h e  model r e s u l t s  i n  

F igure  4. Inc reased  h y d r a u l i c  l o a d i n g  p,errnits i n c r e a s e d  a r e a l  phosphorus 

l o a d i n g  (La). Th i s  e f f e c t  h a s  been no ted  by Vol lenweider  (1974) i n  com- 

p a r i n g  Lakes Tahoe and Zur ich .  

The r e s u l t s  o f  model p r e d i c t i o n s  and f i e l d  o b s e r v a t i o n s  f o r  s e v e r a l  

l a k e s  a r e  p r e s e n t e d  i n  F i g u r e  5. P r e d i c t e d  annua l  [TP] are p l o t t e d  v e r s u s  

observed v a l u e s .  P r e d i c t i o n s  a r e  made u s i n g  t h e  c o e f f i c i e n t s  l i s t e d  i n  
h 

Table 2 ;  i . e . ,  a l l  c o e f f i c i e n t s  are c o n s t a n t  e x c e p t  kth,  gh, and g which 

a r e  depth-dependent.  Data s o u r c e s  f o r  observed [TP] and phosphorus l o a d i n g s  

a r e  p r e s e n t e d  i n  Table  3. 

A l a k e  was s e l e c t e d  f o r  p r e s e n t a t i o n  i n  F i g u r e  5 on t h e  f o l l o w i n g  

bases :  (1) t h e r e  i s  no evidence t h a t  t h e  l a k e  i s  n o t  l i m i t e d  by phosphorus,  

( 2 )  t h e  phosphorus l o a d i n g  has  been measured o r  e s t i m a t e d ,  (3) h y p o l i m e t i c  

w a t e r s  must be  a e r o b i c ,  and (4)  r e l i a b l e  d a t a  f o r  phosphorus c o n c e n t r a t i o n s  

i n  t h e  l a k e  w a t e r s  must be  a v a i l a b l e .  The agreement between observed and 

p r e d i c t e d  phosphorus c o n c e n t r a t i o n s  i s  e x c e l l e n t ,  and p r o v i d e s  s t r o n g  v e r i -  

f i c a t i o n  f o r  t h e  model and i t s  assumptions .  The a n a l y s e s  o f  t h r e e  l a k e s  

w i l l  be  no ted .  F i r s t ,  t h e  agreement between observed and p r e d i c t e d  v a l u e s  

f o r  Lake Onta r io  i s  good because  d a t a  from t h e  l a k e  were used i n  c a l i b r a t i n g  

t h e  model. Second, p r e d i c t e d  v a l u e s  f o r  t h e  Sempachersee are h i g h .  This 

can i l l u s t r a t e  t h e  dependence of t h e  model on i n p u t  d a t a ,  i n  t h i s  c a s e  L . 
a 



I .  AEGERISEE 
2. TURLERSEE 
3. ZURICHSEE 

4. BODENSEE 
5. SEMPACHERSEE 
6. ONTARIO 

7. TAHOE 
8. KALAMALKA 
9. OKANAGAN 

10. SKAHA 
I I .  OSOYOOS ( N.BASIN 

FIGURE 5: COMPARISON OF MODEL PREDICTIONS WITH OBSERVED PHOSPHORUS 
CONCENTRATION IN SEVERAL LAKES. 



Lake - 
Observed 
Spr ing  [TP] 
( U B / R )  

Aeger i see  7.6 

T u r l e r s e e  14 .5  

Zur ichsee  32 

Bodensee 3 5 

Sempachersee 34.2 - 36.7 

Onta r io  26.4 (1969) 

23.7 (1972) 

Tahoe 1 . 5  - 4 .3  2 

Kalamalka 201 

Okanagan 30' 

Skaha 60' 

Osoyoos 601 

TABLE 3 

DATA SOURCES FOR FIGURE 5 

Phosphorus 
Loading (La) 

Reference ( g m s ~ / m ~ - ~ r )  Reference 

Vollenweider 0.16 
(1974) 

Vol lenweider  
(1974) 

I 1  1 .10  

P e r r e t  (1973) 0.77 

Shiomi and 0 .68 
Chawla (1970) 
Dobson (1974) 0.68 

Goldman (1974) 0.04 

S t e i n  and 0.32 
Coul thard (1971) 

11 0.39 

I I  2.19 

I I  4.20 

[TP] based on y e a r l y  average  l a k e  c o n d i t i o n s .  

2. [TPI based on range w i t h i n  l a k e  d u r i n g  w i n t e r  c i r c u l a t i o n .  

11 

Imboden (1973) 

Vol lenweider  
(1974) 

11 

I I 

P a t a l a s  and 
S a l k i  (1973) 

11 

I 1  

I I  



Imboden (1973) e s t ima te s  a  t o t a l  P loading  of 10,700 kg P /y r ,  of which 

8000 kg/yr  de r ive  from a populat ion of 7200 i n h a b i t a n t s  i n  t h e  dra inage  

a rea .  A l l  of t h e  P discharges zrom these  i n h a b i t a n t s  a r e  assumed t o  reach 

t h e  lake .  Hence, t h e  high predic ted  [TP] may be due t o  an overes t imate  of 

La. Third,  p red ic t ed  values f o r  Lake Tahoe a r e  low. It is  p o s s i b l e  t h a t  

v e r t i c a l  mixing i n  Lake Tahoe i s  l e s s  i n t e n s e  than t h a t  i n d i c a t e d  by t h e  

k ca l cu la t ed  f o r  t he  model i n  t h i s  research  (compare observed kth f o r  
t h  

Lake Tahoe wi th  model i n  Fig.  3 ) .  The h ighe r  exchange c o e f f i c i e n t  used i n  

t h e  model would remove PP more r ap id ly  from t h e  epi l imnion,  and p r e d i c t  more 

depos i t ion  of P than  may a c t u a l l y  occur.  Applicat ion of t h e  model t o  a  

s p e c i f i c  l ake  and using c o e f f i c i e n t s  s p e c i f i c a l l y  determined f o r  t h a t  l a k e  

should provide even b e t t e r  agreement between model and r e a l  system than 

Figure 5. 

General P red ic t ions  

The p r e d i c t i o n s  of a  s t a b l e  annual cyc le  f o r  Lake Ontar io presented  i n  

Figure 2 i n d i c a t e  the  following. F i r s t ,  t h e  model p r e d i c t s  slow changes i n  

phosphorus compartments throughout t he  yea r ,  except a t  t h e  f a l l  ove r tu rn  and 

the  s p r i n g  s tagnat ion .  This i s  due p r imar i ly  t o  t h e  use of s easona l  aver-  

ages f o r  t h e  r e a c t i o n  c o e f f i c i e n t s .  Hence, t h e  model i n  i t s  p re sen t  form 

w i l l  no t  s imula te  rap id  temporal changes which may be due t o  s torms and 

o the r  short- term v a r i a t i o n s  i n  l a k e  condi t ions .  Second, t h e  summer and win- 

t e r  models approach s t eady- s t a t e  ( t ime-invariant)  condi t ions  f o r  Lake Ontar io.  

P red ic t ions  f o r  o the r  l akes  have ind ica t ed  t h a t  t h i s  i s  no t  always t h e  case.  

For example, shal low l akes  have [PP], a t  t h e  end of t h e  s t agna t ion  per iod  



which a r e  l e s s  than  s t eady- s t a t e  va lues ,  while  deep l a k e s  show [PP], i n  t h e  

f a l l  which a r e  above s teady-s ta te  concent ra t ions .  

The model i s  capable of p r e d i c t i n g  t h e  temporal response of a  l a k e  t o  

sudden changes i n  land-based n u t r i e n t  i n p u t s .  V e r i f i c a t i o n  of t h e s e  pre- 

d i c t i o n s  awaits  s u f f i c i e n t  da t a  a t  p re sen t .  For example, t h e  response of 

Lake Washington t o  sewage d ivers ion  has been demonstrated, but  s u f f i c i e n t  

da t a  on n u t r i e n t  i npu t s  t o  v e r i f y  t h e  model p red ic t ions  a r e  no t  a v a i l a b l e .  

The predic ted  e f f e c t s  of phosphorus loading and mean depth on water  

q u a l i t y  i n  l a k e s  a r e  presented i n  Figure 6 f o r  s e v e r a l  hydrau l i c  loadings .  

These r e s u l t s  a r e  ca l cu la t ed  f o r  a  sp r ing  concent ra t ion  of TP = 20 pg/G i n  

a  s t a b l e  annual cyc le .  Combinations of La and Z above and t o  t h e  l e f t  of 

any curve a r e  pred ic ted  t o  cause eu t rophic  condi t ions ;  combinations which 

l i e  i n  t h e  reg ion  below a  curve a r e  pred ic ted  t o  permit o l i g o t r o p h i c  con- 

d i t i o n s .  

These p red ic t ions  are presented i n  o t h e r  ways i n  F igures  7 and 8. The 

e f f e c t s  of phosphorus loading  and hydraul ic  loading a r e  i l l u s t r a t e d  i n  Fig- 

u re  7 f o r  s e v e r a l  mean l a k e  depths.  The combined e f f e c t s  of La, Q a y  and 

on water q u a l i t y  a r e  i l l u s t r a t e d  i n  Figure 8. A s p r i n g  concent ra t ion  of 

TP = 20 ~ g / g  i s  aga in  assumed t o  provide a  u se fu l  upper l i m i t  f o r  o l igo-  

t roph ic  waters .  These r e s u l t s  i l l u s t r a t e  t h a t  l akes  wi th  l a r g e  depths and 

high hydraul ic  loadings  can t o l e r a t e  g r e a t e r  land-based phosphorus loadings .  

The r e s u l t s  i n d i c a t e  t h a t  for a  l a k e  wi th  given hydro logica l  (Qa) and mor- 

phometrical ) c h a r a c t e r i s t i c s ,  t he  land-based n u t r i e n t  loading  (L ) should 
a  

be reduced t o  a  l e v e l  a t  o r  below the  three-dimensional su r f ace  presented i n  

Figure 8. 







FIGURE 8: INTERRELATIONSHIP AMONG AREAL P LOADING ( La), AREAL HYDRAULIC LOADING (8)  
AND MEAN LAKE DEPTH ( z 1. LTPI = 2 0  pdl. 



These p r e d i c t i o n s  a r e  based on t h e  c o e f f i c i e n t s  l i s t e d  i n  Table  2 .  

Where a v a i l a b l e  ev idence  i n d i c a t e s  t h a t  o t h e r  v a l u e s  may b e  a p p r o p r i a t e ,  

t h e s e  can b e  used i n  t h e  model. It must a l s o  be  emphasized t h a t  l a k e s  

which develop anox ic  hypol imne t ic  w a t e r s  cannot be  d e s c r i b e d  by t h e  model 

i n  i t s  p r e s e n t  form. 

P r e d i c t i o n s  f o r  North C a r o l i n a  Lakes and R e s e r v o i r s  

Many l a k e s  i n  North C a r o l i n a  are man-made impoundments, c o n s t r u c t e d  

f o r  power g e n e r a t i o n ,  f l o o d  c o n t r o l ,  water supp ly ,  r e c r e a t i o n  and o t h e r  

purposes .  Measurements o r  e s t i m a t e s  of n u t r i e n t  i n p u t s  have n o t  been made 

f o r  most of t h e s e  w a t e r s .  A s  a r e s u l t ,  p r e d i c t i o n s  have been made of t h e  

phosphorus r e t e n t i o n  c a p a c i t y  o f  t h e s e  l a k e s .  Th i s  i s  t h e  f r a c t i o n  o r  p e r -  

c e n t  of t h e  phosphorus e n t e r i n g  a  l a k e  which i s  r e t a i n e d  i n  t h e  l a k e  s e d i -  

ments. A h i g h  r e t e n t i o n  c a p a c i t y  i n d i c a t e s  t h a t  most o f  t h e  land-based 

n u t r i e n t  l o a d i n g  t o  a  l a k e  reaches  and is  r e t a i n e d  i n  t h e  l a k e  sed iments .  

High r e t e n t i o n  f a c t o r s  sugges t  t h a t  o l i g o t r o p h i c  c o n d i t i o n s  w i l l  occur .  

However, a p r e d i c t i o n  o f  w a t e r  q u a l i t y  ([TP]) r e q u i r e s  i n f o r m a t i o n  about  

n u t r i e n t  l o a d i n g  (La). 

P r e d i c t i o n s  of P  r e t e n t i o n  f a c t o r s  f o r  s e v e r a l  l a k e s  i n  North C a r o l i n a  

a r e  p r e s e n t e d  i n  Table  4 .  Hyco and Belews R e s e r v o i r s  a r e  used f o r  c o o l i n g .  

Lakes Norman and Wylie a r e  used f o r  hydropower g e n e r a t i o n  and c o o l i n g .  Lakes 

James and Water lee  a r e  used f o r  hydropower g e n e r a t i o n .  Kerr and Fontana 

r e s e r v o i r s  a r e  used f o r  hydropower g e n e r a t i o n ,  f l o o d  c o n t r o l ,  and r e c r e a t i o n .  

S e v e r a l  and perhaps  a l l  of  t h e s e  r e s e r v o i r s  have a d i s c h a r g e  from t h e  

l a k e  bottom. During t h e  summer s t r a t i f i c a t i o n ,  h y p o l i m e t i c  w a t e r s  a r e  



TABLE 4 

PREDICTIONS OF PHOSPHORUS RETENTION IN NORTH CAROLINA RESERVOIRS 
(Preliminary) 

Reservoir 

Hyco 

Belews 

Lake James 

Lake Norman 

Lake Wylie 

Lake Waterlee 

Font ana 

Kerr 

Hydraulic P 

Qa(m/yr) Detention Time (days) Retention (X) * 
7.7 300 61.2 

*Assumes hypolimnetic discharge to downstream during stratification period. 



released downstream. This requires some changes in the basic input-output 

model. First, the discharge of nutrients from the epilimnion to downstream 

(QC [OP], + [PP]~)) is set equal to zero. Second, a downward advective trans- 

port of phosphorus across the thermocline is added to allow water entering 

the lake to reach the lake for subsequent discharge. The vertical advective 

flux of nutrients is given by QaAe([OPIe + [PP]~]. Finally, the advective 

discharge of P from the hypolmnion is given by Q{[oP]~ + [PP]~). The result 

of these modifications is to increase the input of P to the lake sediments 

and reduce P in the lake waters. The effect is most pronounced for deep 

reservoirs with low hydraulic loadings. Reservoirs with bottom discharges 

are predicted to have somewhat greater assililation capacities for nutri- 

ents than lakes with epilimnetic withdrawals. 

Model predictions (Table 4) indicate that the retention of P in lake 

sediments will be low for several reservoirs in North Carolina. This is 

due to their shallow depth and high hydraulic loading. For a reservoir 

such as Lake Wylie with a hydraulic detention of 32 days, the almost river- 

like nature of the system prevents phosphorus from being retained in the 

sediments (predicted retention = 9.9%). For Belews Reservoir with a greater 

depth and a detention time of 1000 days, considerable phosphorus retention 

(68%) is predicted. 

These estimates should be viewed with caution because (1) the model 

has not been verified for a reservoir-type system having a hypolimnetic 

discharge, (2) the possible occurrence of anoxic hypolimnia has not been 

evaluated, (3) stratification has been assumed, but may not always occur 

in cooling reservoirs and ( 4 )  waters in central and western North Carolina 



t y p i c a l l y  con ta in  high concent ra t ions  of n a t u r a l  t u r b i d i t y  ( e .g . ,  c l a y s )  

which could i n c r e a s e  n a t u r a l  aggregat ion and improve P r e t e n t i o n .  

I f  p r e d i c t i o n s  of  water  q u a l i t y  i n  North Ca ro l ina ' s  l a k e s  and reser- 

v o i r s  a r e  t o  be made, two th ings  must be done. F i r s t ,  measurements o r  es- 

t ima te s  o f  n u t r i e n t  i n p u t s  t o  t h e s e  waters  must be made. Measurements are 

p r e f e r r e d ,  d i f f i c u l t ,  and expensive.  Lacking t h i s ,  n u t r i e n t  i n p u t s  may be  

es t imated  us ing  land  use d a t a ,  as demonstrated by Vollenweider (1968). 

These e s t i m a t e s  use land  development, popula t ion  d e n s i t y ,  i n d u s t r i a l  a c t i -  

v i t i e s ,  e x i s t i n g  wastewater t reatment  f a c i l i t i e s ,  f e r t i l i z e r  a p p l i c a t i o n s ,  

and animal popu la t ionsas independen t  v a r i a b l e s  from which t h e  i n p u t s  of 

n u t r i e n t s  a r e  es t imated  i n  terms of  t h e i r  l o c a t i o n ,  type ,  magnitude, t e m -  

p o r a l  v a r i a t i o n ,  and p o s s i b l e  f u t u r e  changes. 

Second, t he  model developed i n  t h i s  r e sea rch  should be  used t o  make 

water  q u a l i t y  p r e d i c t i o n s .  These p r e d i c t i o n s  w i l l  be most r e l i a b l e  f o r  

l akes  w i t h  o x i c  hypol imnet ic  waters ,  s t a b l e  n u t r i e n t  l oad ings ,  and e p i l i -  

mnetic d i scharges .  P red i c t i ons  f o r  r e s e r v o i r  systems wi th  hypol imnet ic  

d i scharges  can be made, bu t  a d d i t i o n a l  v e r i f i c a t i o n  of t h e  t h e  model should 

be sought .  S i m i l a r l y ,  p r e d i c t i o n  of  t h e  t i m e  r equ i r ed  t o  reach a  new s t a b l e  

l e v e l  of  wa te r  q u a l i t y  a f t e r  a  change i n  n u t r i e n t  i n p u t s  can a l s o  be  made, 

bu t  f u r t h e r  v e r i f i c a t i o n  of  t h e s e  model p r e d i c t i o n s  should b e  at tempted.  

F i n a l l y ,  t he  model should no t  be used f o r  anoxic  systems. Add i t i ona l  

research  can add t h i s  dimension t o  t h e  u t i l i t y  of t h i s  modeling approach. 

Copies of a  computer program t o  f a c i l i t a t e  numerical s o l u t i o n  of t h e  

model may be ob ta ined  from C.  R. O'Melia a t  t h e  Un ive r s i t y  of North Caro l ina .  
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GLOSSARY 

su r f ace  a r e a  of a l ake  (L') 

2  su r f ace  a r e a  of t h e  sediment-water i n t e r f a c e  (L  ) 

hor i zon ta l  c ross -sec t iona l  a r e a  of a  l a k e  a t  t h e  thermocline 

(L2> 

diameter of a  p a r t i c l e  (L) 

s t a t i c  s t a b i l i t y  ( T - ~ )  

f l o c c u l a t i o n  coef f i e i e n t  (L-l) 

mean v e l o c i t y  grad ien t  (T") 

sedimentat ion c o e f f i c i e n t  of e n t i r e  l ake  (LIT) 

sedimentat ion c o e f f i c i e n t  i n  t he  hypolimnion ( L I T )  

sedimentat ion c o e f f i c i e n t  i n  t h e  epi l imnion ( L I T )  

sedimentat ion c o e f f i c i e n t  i n  t h e  absence of f l o c c u l a t i o n  ( L I T )  

g r av i ty  a c c e l e r a t i o n   LIT^) 

2  v e r t i c a l  t r a n s p o r t  c o e f f i c i e n t  (L I T )  

2  v e r t i c a l  t r a n s p o r t  c o e f f i c i e n t  i n  t h e  hypolimnion (L I T )  

2  v e r t i c a l  t r a n s p o r t  c o e f f i c i e n t  i n  t h e  thermocline (L I T )  

v e r t i c a l  exchange c o e f f i c i e n t  i n  t h e  thermocline region,  

= kth/zth (L/T) 

2  a r e a l  phosphorus loading  (M/L -T) 

-3 
number concent ra t ion  of p a r t i c l e s  i n  a  system (L ) 

i n i t i a l  number concent ra t ion  of p a r t i c l e s  i n  a  system ( L ' ~ )  

o r t h o k i n e t i c  f l occu la t ion  r a t e  (L -3T-1) 



sediment a t i o n  f l o c c u l a t i o n  r a t e  ( L - ~ T - ~ )  

product ion r a t e  c o e f f i c i e n t  i n  t h e  epi l imnion ( T - ~ )  

product ion r a t e  c o e f f i c i e n t  i n  t h e  euphotic  zone, c i r c u l a t i o n  

model (T-l) 

3 
volumetr ic  r a t e  of d i scharge  from a  l a k e  (L /T) 

3 
volumetr ic  r a t e  of inf low t o  a  l ake  from source j (L /T) 

a r e a l  r a t e  of t o t a l  water  inf low o r  d ischarge  (L / t )  

decomposition r a t e  c o e f f i c i e n t  f o r  e n t i r e  l ake  ( T " ~ )  

-1 
decomposition r a t e  c o e f f i c i e n t  f o r  t he  hypolimnion (T ) 

s p e c i f i c  g rav i ty  of a  p a r t i c l e  

time (T) 

3 volume of e n t i r e  l a k e  (L ) 

3 volume of t h e  epi l imnion (L ) 

3 
volume of t he  euphotic  zone i n  c i r c u l a t i o n  model (L ) 

3 volume of t h e  hypolimnion (L ) 

mean l ake  depth (L) 

mean depth of t he  epi l imnion (L) 

mean depth of t h e  euphotic  zone, c i r c u l a t i o n  model (L) 

mean depth of t h e  hypolimnion (L) 

mean depth of thermocline region (L) 

f l o c  volume f r a c t i o n  

2 kinematic  v i s c o s i t y  of water  (L /T )  

3 dens i ty  of water  (M/L ) 



volumetric sedimentation coefficient ( T - ~ )  

concentration of orthophosphate (M/L~) 

3 concentration of particulate phosphorus (M/L ) 

3 concentration of total phosphorus (MIL ) 

3 steady-state concentration (MIL ) 




