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SUMMARY

In the past twenty years, many attempts to unify the theories of macroplasticity and 

microplasticity in polycrystalline materials have been made. Several major approaches have 

been suggested namely: the geometrical approach, the analytical approach, the phenomenologi­

cal approach and the internal variables approach. To verify the plasticity theory based on 

any one of the above models, detail experimental data including microstructural quantities 

such as dislocation density, dislocation speed, etc. are required. Unfortunately, there 
were some difficulties in evaluating dislocation speed and dealing with the term "mobile 

fraction" of dislocation density. Therefore, an experimental verification of such plasticity 

theory has not been made. In this paper, a dislocation velocity equation based on a ther­
mally activated model is used. A set of plastic strain rate equations for polycrystalline 

materials formulated by analyzing dislocation dynamics in a statistical approach are pre­

sented. In order to evaluate the activation free energy, Gibbs’ modified tetragonal distor­

tion model is used together with some measurements obtained from electron micrographs. Ex­

perimental results on the dynamic yielding and fracture of 6061-T6 aluminum alloy tubings 

under biaxial loadings obtained by Ng, Delich and Lee are used. In dealing with "mobile 

fraction,” Gilman’s suggestion is adopted.

In a polycrystalline metal, it is assumed that there are an infinite number of randomly 

oriented grains at a single point with a uniformly random distribution of active slip planes. 

There is a random distribution of Burgers vectors of the mobile but non-interacting disloca­

tions. Furthermore, grain boundary effects are ignored. The average speed of dislocations 

is assumed independent of the relative orientation of each dislocation segment and its 

Burgers vector but dependent on the glide plane orientation with respect to the macroscopic 

coordinates. Dislocation densities of three different specimens under different conditions 

are obtained through the application of a transmission electron microscope and employed in 

the plastic strain rate equations. A reasonable agreement between the analytical and 
experimental results is observed.
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1. Introduction

In the past twenty years, many attempts to unify the theories of macroplasticity and 

microplasticity in polycrystalline materials have been made. Several major approaches have 

been suggested, namely: the geometrical approach, the analytical approach, the phenomeno­

logical approach and the internal variables approach. A survey of the theoretical develop­

ments has been given by Kelly [2].

In this paper, a dislocation velocity equation based on a thermally activated model is 

used. In order to evaluate the activation free energy, Gibbs’ modified tetragonal distor­

tion model [3] is used together with some measurements obtained from electron micrographs. 

In dealing with the "mobile fraction” of dislocation density and with dislocation speed, 

Gilman’s suggestion [4] is adopted. Through the application of probability and statistical 

techniques, a plasticity theory formulated by considering integral dislocation dynamics is 

verified by the experimental data in reference [1]. Dislocation densities of three different 

speciments under different conditions are obtained through the application of a transmission 

electron microscope. A comparison of theoretical plastic strain rates with corresponding 
experimental results is made.

2. Plastic Strain Rate Equations

It is well-known that plastic flow occurs in a metal by means of dislocation movements. 

The rate of plastic flow depends on three microscopic variables: the mean dislocation speed 

v, the mean density of mobile dislocation N. and the displacement per dislocation line b 

(i.e., the magnitude of the Burgers vector b). It has been suggested [4,5] that, for a 

single crystal of unit volume and subjected to a homogeneous pure shear, the macroscopic
•P plastic shear-strain rate, e , is given by

2-4b NmM (1)

In a polycrystalline metal, it is assumed that there are an infinite number of randomly 

oriented grains at a single point with a random distribution of active slip planes and a 

random distribution of Burgers vectors of the mobile but non-interacting dislocations. 

Furthermore, grain boundary effects are ignored. The mobile dislocations of a family of slip 

planes are assumed to have approximately the same orientation with respect to the local 

coordinates. The average speed of dislocations is assumed independent of the relative 

orientation of each dislocation segment and its Burgers vector but dependent on the glide 

plane orientation with respect to the macroscopic coordinates.

Consider a set of local slip plane coordinates y , attached to an arbitrary dislocation 

segment ds on a certain slip plane as shown in Fig. 1. Dislocations which are active in the 

slip planes having the same unit normal vector y3 and the same Burgers vector b are con­

sidered to belong to the same family. Consider now a typical family K of dislocations 
+>y +K identified by quantities with superscript K such as y3 and b . A small rectangular volume

->K ->K ->K •element having its edges parallel to y1, y2, y^ may be employed to compute the macroscopic 

plastic strain rate attributed by this family of dislocations. The volume of this element 

is of the same order of magnitude as the core volume of a dislocation line segment of length 

%, which is assigned in the y, direction. According to eq. (1), the shear plastic strain 
- -Krate for Kth family of dislocations expressed in the y^ direction becomes
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•PK *PK , K. 1 K. —K „K K,K 79
613 = 631 (a = 2 (b ‘1 Nmlv ‘ (2)

where cK is defined as follows

« = sgn «p . (3)

fr is the force acting on the dislocation. The symbol sgn denotes the signum function. The
K

introduction of G is to ensure that force acting on a dislocation in a positive direction 

will produce a positive dislocation velocity. In a general stress field, c" depends on the 

term tr(u S), i.e. tr(u S)< 0, G = + 1 [6]. S is the deviatoric stress tensor while u is 

the so-called orientation tensor for Kth family to be discussed later. Likewise, one has

:PKK. _ -K K. I k -K. K । K K .
6320c - 6230a 5 2 (b * y2} Nm v 5 ■ (4)
By a coordinate transformation, the plastic shear strain rate tensor expressed in the

K
local slip plane coordinate system (y; a = 1,2,3) as shown in eqs. (2) and (4) can be 

expressed in a global coordinate system, (X; i = 1,2,3). The transformation matrix is 
given as follows [6]:

cospcos - cos@sindsin 

sindcosy + cos@cososiny 

sin@siny

-cososin - cos@cosysind

-sindsin + cos@coscosd 

sin@cosy

sin@sind

-sin@cosd 

cos®
(5)

The geometry of Eulerian angles d 9 and 1 are shown in Fig. 2. The components of the
plastic strain rate tensor in the global coordinate system can be calculated by the following
transformation

•PK , .
eij (*k)

K a.
iQ

K *PK , K. 
ajs FaB (yy) (6)

Since the dislocation motion considered is due to a glide mechanism only, therefore

•PK, K. -PK, K. PK, K. -PK, K, .PK, K. A _
6120c 5 6210a 56220. 5 F1l"a = 6330a 50 (7)

Equation (7) is valid only if the dislocation motion due to a climb mechanism can be ignored. 

With this assumption and by using eqs. (2), (4), and (7), eq. (6) leads to the following 
expression.

•PK _ K KKKK .eij - "ij b Nm v I? (8)

. KIKKKK KKKKKKC _where Ulj-2 1(11833 *8138j1)c0s00 +(12833 *8138j22sin ) (9)
7 Kis the orientation tensor and w" indicates the direction of Burgers vector in the ya 

coordinate system as shown in Fig. 2.

Equation (8) expresses the contribution of the mobile dislocations of Kth family to the 

plastic strain rate. At a given global material point, there are G number of dislocation 

families. The resultant plastic strain rate is given by [2]
G

3 i Mle
Since the polycrystalline materials are characterized by having a random distribution of 

dislocations, it appears reasonable to replace this discrete set by a set of three continuous 

random variables X,0,0 where x=v+w (see Fig. 2). A probability density function, 
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f,(x»1,0), on the fraction of a slip plane orientation in the range between (x»9,0) and 

(x+dx, 0+dd, 0 + d0) has been suggested by Sackett [7]. For isotropic materials having a 

uniform distribution of slip plane orientations, the probability density function f. is found 

to be 1/4T2. In general, the plastic strain rate equation for a polycrystalline material may 

be written as [7]

i,= J 2 c(x,0,@)u25 (x,0,6) b(x,0,6) £,(x,9,6) 
— —m °

•N(x,4,0) |v(x,4,@)|sin@d@dddx (11)

where the integration is taken over an unit hemisphere.

3. Dislocation Velocity Function

It is generally accepted that a thermally activated motion controls plastic deformation 

over a large region of the stress-temperature space. Hence, a dislocation velocity 

expression based on this mechanism is used. Based on a thermally activated model, Li [8] had 

arrived at the following dislocation velocity equation:

AG* vv= 2Vsexp(- kr°) kr t* (12)

where AG* is the free energy of activation at zero applied stress, vs the shear wave speed in 

the material, T* the applied effective stress, k Boltzmann’s constant and T the absolute 

temperature. V* =bA* is the so-called activation volume and A* is the activation area, 
V* । ।Equation (12) is based on the assumption that kT T*l<1 and that T* is independent of A*.

It is noted that the macroscopic resolved (applied) shear stress T, is often decomposed 

into two components: an athermal component T, (also called back stress) and a thermally 

activated component T* (applied effective stress). The athermal component is presumed to be 

that associated with long-range obstacles or stress fields, and the energies required to 

overcome them are so large that thermal fluctuations play no role. On the other hand, the 

thermal component is presumed to be associated with short-range obstacles or stress fields 

(less than about 10 atomic distances in width) which can be overcome by thermal fluctuations. 

For most applications, Tu is assumed negligible which leaves T,=T*. This assumption is 

appropriate if the mobile dislocation density is relatively low and temperature T is less 

than 0.25 T , where T is the material’s melting temperature. Hence, in analyzing the m m
experimental results obtained by Ng, Delich and Lee [1], this assumption is used. When the 

effects of the long range stress field are negligible, t* is essentially the effective stress 

acting on the dislocation and given by

|T*|=tr(u S) (13)

4. Activation Free Energy and Volume

According to the rate reaction theory [9], an activation process occurs when dislocations 

jump over short-range barriers. According to Fleischer’s analysis [10], activation free 

energy derived from the tetragonal distortion model, AG*, depends on the average spacing, %, 

between short range barriers. Gibbs [3] then modified the Fleischer model by employing the 

Friedel’s correction [11] for the dislocation length between short range barriers. His 
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formulations are expressed as follows:

AG* = AG* - t* bld (14)

where

AG* =0.77 Vob (15)

v = uAeTb2/3.86 (16)

A = K* (ub22/1*)1/3 with K* = 1 (17)
and

V* = bad (18) 

d is the width of the force - distance diagram proposed in Fleischer’s analytical model, 

Ae- is the tetragonal strain and u the shear modulus. If we assume the obstacles to dis­

location motion is strong, then Ae can be assumed approximately equal to 0.6 (17). It is 

believed that the above model gives a fair estimation of AG* and AG* . Recent computer 

simulated experiments [13] have shown that Friedel’s theory for the steady state thermally 
activated motion of dislocations past weak obstacles gives close approximation to the 

computer results of a statistically random situation. It should be noted that even though 

V* is called the "activation volume”, it is indeed not a physical volume but related to the 

work done by the external stresses when a dislocation overcomes the barrier.

5. Measurements of Dislocation Density

It is generally accepted that the technique of transmission electron microscopy is 

particularly useful for observing the density and configuration of dislocations produced by 

various deformation processes such as cold work, creep, fatigue, etc. Employing standard 

electron micrographs, a method called the surface intersection method is frequently used for 
measuring dislocation density of an order of 109 lines/cm2 or less. By using this method, 

foil thickness as well as local dislocation movements during the thinning process do not 

have to be considered. This method is employed in the present investigation.

A number of bulk samples representing the initial and the static and dynamic fracture 

states were cut from the various tubular specimens made of 6061-T6 aluminum alloy [1] for 

preparing thin foil samples. These thin foil samples were then used to reveal the disloca­

tion structure through the application of a transmission electron microscope. Dislocation 

densities as' well as activation volume are then calculated by analyzing the electron 

micrographs. Typical micrographs are shown in Figs. 3 and 4. Based on the surface inter­

section method, a measured dislocation density Na can be expressed as

n M,
Nma = -A— (lines/cm2) (19)

m

where n_ is the number of lines counted in the micrograph. Am is the measured area of the 

micrograph and MA is the magnification factor. In order to reveal all the dislocations 
as clearly as possible, all micrographs were further enlarged. Taking the area magnification 

and the result of contrast analysis into account, the average measured dislocation density 

N can be calculated by
N

N = (E0) (lines/cm2) (20) 
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where (FV) is the fraction of visibility. The results of measurements show that the average 

dislocation density of the initial state is 2.35x108 lines/cm2, show that of uniaxial 

static fracture state is 5.60x108 lines/cm2 and that of biaxial dynamic fracture state is 

4.80 x108 lines/cm2. These results are consistent with the fact that the average dislocation 

density is a function of plastic strain. The effective plastic strain of the uniaxial 

fracture state was found to be 1.17 x 10 2 while that of the biaxial dynamic fracture states 

was found between 5.28 xlO"3 to 5.80x10“3.

6. Analytical Plastic Strain Rates

In dealing with the "mobile fraction" of dislocations of Kth family, a probability 

density function f(x,$,0) is introduced. Based on Gilman’s suggestion [4], it is statisti­

cally equivalent to assuming all the dislocations be mobile while the values of dislocation 

speed of Kth family vary from its mean. This implies that the activation area swept by 

dislocations per unit time within the same family varies. Under this condition, the average 

speed is no longer independent of the relative orientation of each dislocation segment and 

its Burgers vector as was assumed previously. Based on the above discussions, it is reason­

able to take fm as the probability density function of activation volume such that the pro­

duct of fm V* gives the expectation value of activation volume for Kth dislocation family. 

Employing this notion and eq. (12), eq. (11) can be written as

TT
2 25(x,0,0) b(X,0,0) y(x,0,0) fe(x,0,0)

_  T*
• fm(x,0,0) NVs exp(- -~) Kr t*l sinededodx (21)

If we assume the expectation value of activation volume of Kth family is orientation inde- 

pendent and be the same for any family, the complication of the present rate equations is 

substantially reduced. It may be shown that the expectation value of the activation volume 

is given by [14]

E(V*) = p*[E(,), E(fi9), E(QJ, E(9,1+] y 22P* var(a,) (22)- - > 4 - i= 1 ° -

where V*=P*(R1, 22, 23, 24), 91= 0, 22 = •, 223 = x and 94 = %. In general, all second and 

higher order partial derivatives can be assumed small. Therefore, eq. (22) can be approxi­

mately expressed as

E(V*) = P* [E^), E(22), E(Q3), E(Q4)] (23)

Furthermore, by using eqs. (17) and (18), E(V*), which is orientation independent, is given

by

E(V%) = V* =
- _ -1/3 ub22 bd (24)

The bar on the top of T* or % denotes the respective expectation value. If we assume 21, 

92 and 223 are all uniformly 

effective stress T* can be

distributed and refer to eq. (13), the expectation value of the 

expressed in terms of the deviatoric principal stresses [6]:

T* = 0.0732 S11- 0.4268 S22 +0.3536 S33 (25)
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To simplify the evaluation, it is assumed that f V*=V*. It is further assumed that the 

average magnitude of the Burgers vector approximately equals to the distance between two 

closest atom sites. Thus for 6061-T6 Aluminum alloy, we find the average b=2,86xl0“8 cm. 

With f, =44z for isotropic materials and by employing s |t*l =tr(uS), eq. (21) becomes

iP = 4 z* eQ | J 2 u tr(uS) sinededodx (26)
— —T o

where

V* • 1 - AG*
B* = — and € = — bN v exp(- —) kT o 4 skT‘

The results of the integration of eq. (26) are shown as follows

.P 4
ell = 15 B 6 (2S11 ” S22 " S33)

:P = &P = 4 B* : s
-21 e12 5 % 12

and the other, plastic strain rate components may be obtained by permutation.

(27)

(28)

Since the

deviatoric Sij and Cauchy stress tensors, o., are related, the plastic strain rates can

also be expressed in terms of the Cauchy stress components. Equations (27) and (28) are

identical to that derived by Clough and Simmons [15]. However, these analytical results 

were not verified by experiments. It is the purpose of this paper to verify the plastic 
strain rates obtained by eqs. (27) and (28) by utilizing and comparing with the experimental 

results in [1].

7. Results

Referring to eq. (25), there are six different permutations of the order of the three 
principal axes of the stress tensor. Therefore, the absolute average applied effective 

stress T* should be the mean of that of the six permutations of eq. (25). The results of 

the calculations of |T* of the three dynamic biaxial tests at yielding and fracture re­

ported in [1] are given in Table 1. Arsenault [13] has suggested that d = 3b. Using this 

approximation and obtaining % directly from the micrographs, V* for these three different 

dynamic tests at yielding and fracture were calculated by eq. (24). The results are shown 

in Table 1.

From the measured pressure and strain histories of the test specimens {1], both the axial 

and hoop stress and strain rates are determined. For small deformation2 the total strain 

rate ij is the sum of the elastic and plastic strain rate components. The elastic strain 

rates can be determined by the stress rates. The experimental axial and hoop plastic strain 
,p ,p

rates, Sx and E$, for the dynamic tests [1] are also shown in Table 1.

To verify the present strain rate equations, the theoretical plastic axial and hoop 

strain rates calculated by eqs. (27) and (28) are compared with the experimentally determined 
values. In addition to quantities such as dislocation density and activation volume, the 

following quantities are employed in the calculation: AG* = 0,438eV, 1 = 2,62 x 1010 Pa, 

v, = 3.11 x 105 cm/sec, T = 293°K and k = 1,3804 x 10-16 erg/°K. The results of the comparison 
are shown in Table 1. It is worthy to note that the dislocation densities of the samples at 

incipient yielding, when negligible plastic deformation has occurred, are essentially the 

same as that at the virgin states. A reasonable agreement between the analytical and 
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experimental results is observed. Therefore, the present investigation provides a partial 

verification of the visco-plastic constitutive theory based on dislocation dynamics for 

polycrystalline materials.
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TABLE 1

Test 
Specimen

Status Experimental Results Theoretical Results

E X 
1/sec

e0 
1/sec

&
j 1/sec

• P
e0

1/sec
|T*| 

lx 107 Pa

v*

lx 10-20 cm3

•P
ex

1/sec

• p
ee

1/sec

D1SP1 Yielding -1.31 34.80
1
-0.33 4.51 6.73 1.16 -1.23 5.17

D1SP1 Fracture 0.26 4.04 -1.57 3.86 8.70 0.35 -1.90 4.44
D2SP2 Yielding -3.03 43.20 -0.35 4.68 7.10 1.14 -0.43 4.93
D2SP2 Fracture 1.60 4.20 -1.03 3.70 9.17 0.31 -1.10 3.95
D3SP3 Yielding 2.00 48.00 0.22 5.15 7.62 1.11 -0.19 5.04
D3SP3 Fracture 1.50 । 4.40 -0.90 3.91 9.96 0.30 -0.93 4.04

Y

b
. w

Dislocation
Line —7

0

Y2 ds

Y3 = Y X Y2
Fig. 1 Local Dislocation Coordinates. Fig. 2 Global and Local Coordinates.
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X

Fig. 3 Dislocations in Specimen S1SP1 at the 
Static Uniaxial Fracture State.

Fig. 4 Dislocations in Specimen D2SP2 at 
the Dynamic Fracture State.
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