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This study investigates estimators that may be used instead of
the usual least squares estimator.for the parameters of a linear model.
These estimators are linear transforms of the least squares estimator
and they are usually biased.

The motivation to use a biased estimator is either a desire to
obtain an improved estimator or to satisfy a constraint. We use a
criterion called General Mean Square Error (GMSE). When there is a
constraint we only consider the class of estimators that satisfy it. We
then proceed to determine the estimator with the smallest GMSE within
this class.

The linear transform of the least squares estimator, wiiich defines
this estimator with the smallest GMSL, is usually a function of unknown
parameters. Therefore, such an estimator is not useable. llowever,
consideration of the form of this optimal estimator together with the
availability of prior information of bounds on the parameter space can
result in the development of a useful biased estimator that is superior
to many of the other estimators in the class for some values of the
parameters.

Rather than base the choice of the transformation on prior knowledge,
one can let the data choose the transform. For example, thc Stein
estimator, the ridze estimator and stepwise regression can be viewed as
stochastic linear transforms of the full model least squares estimator.

Some of these estimators are compared and applications are

considered.
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Chapter I

GENERAL CONSIDERATIONS

1.1 Introduction

When estimating the parameters of a linear model, one generally has
available an unbiased estimator. The least squares estimator is an un-
biased estimator when fitted to the true model. Under the assumption of
uncorrelated random errors with zero means, the least squares estimator
of any linear combination of the parameters has the smallest variance of
any unbiased estimator that is a linear combination of the observations.
However, smaller mean square error of an estimator for some linear com-
binations of the parameters is obtainable if a biased estimator is
considered. In this dissertation, biased estimators are explored. These
estimators are later compared in terms of their mean square error.

The literature of response surface analysis has been motivated by
similar considerations. We find the setting of response surface analysis

a convenient starting point to discuss this problem.

1.2 Response Surface Methodology

. Response surface analysis is concerned with a functional relation-

ship

n = f(gly EZ’ seey Eq; 91’ 92’ ceey er) = f(£9 9,)



between a response variable n, and q independent variables

E1r Egs oees gq. The relationship involves the parameters 015 05, e

These parameters are generally unknown, but can be estimated from experi-

mental data. Typically, such data will consist of N measured values

of n corresponding to N specified combinations of levels of the ¢&'s.
The response relationship is usually interpreted geometrically as

representing a surface in a space whose coordinates are the q+1

variables £, ..., gq and n. The N experimental combinations of

levels of the Ei's are represented by points in the space of the

independent variables. The collection of these N points

N =
{Eu}u=1, E' = (Elu’ Ezus sey Equ)s

is called the experimental design.

In practice, the form of the response function f(E, Q) is
generally unknown and the usual procedure is to assume that the unknown
function can be represented at all points £ by a polynomial in E .
Justification for considering the polynomial model comes from the fact
that functions with certain smoothness properties can be approximated
about a point by partial sum of a Taylor Series. Therefore, we shall

consider that the true model can be written as

n= x' 8
1xp pxl

where g is the vector of coefficients of the polynomial and the elements

of x "are standardized functions of tle variables 'in- .. Specifically,

~

the ith element of the vector X, corresponding to the point & is



L Byj

where E. = Z gJu, the s.

are scale factors, and the h..'s are
u=1

j 1)

Zl—

non-negative integers. For example, if £! = (£, E4,)» & = E; = 0,

and sj = 1 then for a second order polynomial (p=6) we might have

= 2 .2 -
5& - (1’ glu’ Ezu, glu’EZU’E'luF’Zu)'
In this case, the matrix whose ith jth element is hij is

1]

1

Let X (Nxp) be the matrix whose ith, uth element is Xiu and ¥ (Nx1)
be the vector of uncorrelated responses whose uth element is observed
when the level of the factors is § . If ¢ 1is the vector of devia-

tions of Y from Xg then

Y=X8+¢g .

~

We assume these deviations are random uncorrelated varlables with mean

zero and variance oz. We also assume X has fu11 column rank, that
. | .
is, (X'X) exists. .

Given this model, it is possible to derive the conclusions of the
Gauss-Markov Theorem:

"The variance of x'b is smaller when b = g = (g'g)'lz'z than
for any other unbiased estimator (of g) which is a linear combination

of the elements of the vector Y."

Thus, the guarantees of g'é, provided by the Gauss-Markov Theorem



are true regardless of whether or not X' is in the sampled region and
regardless of physical constraints that restrict the range of x'g .
Since these specifications are not a necessary prerequisite to using the
conclusions of the Gauss-Markov Theorem, there is no consideration that
for some x, §'é may be less reliable than for other x. Also there is
no guarantee that é will not take on nonsensical values.

Although the use of é may be justified by means of various

criteria, one overriding characteristic B possesses is:

~

"Of the estimators which are linear combinations of the Y, g
best fits the model to the data.' That is, the sum of squared errors

of fit

() = (Y-XB)' (X-Xb) (1.2.1)

~

is minimized when b = g. Since Y - zé is unexplained error, ¢(b)

is a measure of precision. When p 1is large due to fitting a high
degree polynomial, experience has taught that unreliable estimates of n
outside the region of experimentation can occur. Since high degree
polynomials make ¢(b) small, the unwarranted use of high degree
polynomials treats the data as being more precise than the data usually
are. That is, if B were known, then ¢(B) would be larger than ¢(é)

on the average. That 1is,

(N-p)o? = E((B)) < E(6(B)) = No .

In summary, the sum of squared deviations of Y from the model fitted
by the least squares estimator are smaller on the average than the
actual deviations are. The more parameters that are estimated, the

more the discrepancy between these two sums of squares.



There are various methods that can be used to better balance the
fitting and extrapolation errors. The judicious choice of a low order
polynomial and/or variable selection routines often yield models whose
extrapolation characteristics will be better behaved. The choice of
the model used to fit the data may be based on considerations of regions
of interest of the ¢ variables. For example, the assumption of
linearity might be plausibleover certain regions but violate physical
laws when the real line is considered. Regardless of the motivation, we
assume that one has specified a region of interest R of the £ wvari-

ables over which it is desired to approximate n by some approximating

function n,- We will consider the case where n, is related to n as

n=X"8=X{8) *X38, =y * X285

so that n, = x;8; 1s the form of the model to be fit.

A general form of criterion that has been used for variable
selection, smoothing of the response observations, selection of the
experimental design, and parameter estimation is general mean square

error

JM, ) = E( - 8)' M - 8)

tr MEG - B - B)' -

M is invariably taken to be a positive definite symmetric matrix.
pXp

The integrateu mcan squarc error (IMSE) is a special case of the

form J(%,P). To see this, let R be the region of interest. The IMSE
of b is

~

3% | mecn - e a
o] R



where a7l = J dx . If we denote the moment matrix as
R
W =QJ&'<1§
R
then
g =M J Ex'b - x'8)° &
g R

B tr WEQR-R @B
g

1%, ».
g

It can be shown that

J =V+B
where vV = N%— J Var(x'b)dx ,
o R
and R RNCCIOREOEE
o R

V is the integrated variance of x'hb and B is the integrated bias

error of Xx'b.

A similar partition exists for J(M, b). We shall denote these
partitions by V and B and call them the variance error and the bias
error (with respect to M).

When the model is written in the form:
n = ~iﬁl + 5é§2 (1.2.2)

we will denote the submatrices of W corresponding to this partitioning



of

i

as

n = X, ! X

we denote the submatrices by

E1 wZa

W= v~\]2a LVaa
)

Wop  Map

The partitioning of X corresponding to the partitioning

will be denoted by

X = &%)
and corresponding to (1.2.3) by

X = (51: EZa

1.3 Review of the Literature

~2b

~ab

~bb

L) -

(1.2.3)

in (1.2.2)

Many estimators for the parameters of the linear model can be



viewed as a linear transform of the least squares estimator of the full

model. That is,
b=Kg

The motivation for considering such an estimator comes from one of two
sources. One source is the desire to obtain a better estimator than the
least squares estimator. The second source is a knowledge of constraints
or limitations on the parameter spacc. There is also the possibility
that both sources of motivation are acting.

These sources of motivation closely coincide with the three aims of

regression analysis

- Parameter c¢stimation
. Prediction or smoothing

. Identification of explanatory variables.

Under parameter estimation, the full model least squares estimator
is generally available. The motivation here is usually to obtain a better
estimator. Under prediction or smoothing, there may be a constraint that
makes the full model least squares estimator unacceptable. Under identi-
fication of explanatory variables, it is often the case that both sources
of motivation are involved.

In our discussion, 'g will be either stochastic or deterministic.
Usually, a stochastic K is used to obtain an estimator that is better
than the least squares estimator. However, when prior information about
the parameters is available, a deterministic K may be considered for
purposes of obtaining an improved estimator. Classically, a deterministic

K is used to satisfy a constraint.



First, let us consider a deterministic K when no prior information
is available and one's goal is to obtain an estimator with better general ‘
nean squarc crror characteristics than full model. Using this criterion
Theil (1971) has shown that the optimal choice of K involves the
unknown coefficients. Thus, it appears that knowledge of the unknown
parameters is a prerequisite to obtaining an improved estimator under
such conditions. Moreover, Barnard (1963) has shown that when the range
of x'g is unbounded then among estimatorshaving bounded mean square
error, the least squares estimator g'é has minimum mean square error.
Ignoring other considerations, then it is only in those instances when
x'g is bounded that a biased estimator can compete with the least squares
estimator in terms of mean square error.

Let us now consider stochastic choices of K.

In the multivariate normal setting when there are 3 or more vari-
ables, Stein (1960) has exhibited a whole class of estimators for the
mean vector that have mean square error characteristics smaller than the
least squares estimator. Motivated by the results of Stein, Sclove (1968
has considered the univariate regression situation where p > 3 and the
error is normally distributed. When the design matrix is orthogonal,
Sclove has shown there is a class of estimators of g having smaller
general  mean square error than the least squares estimator. He shows
that this result holds for any form of general mean square error
as long as M is a symmetric positive definite matrix.

Now let us return to considerations involved with using a deter-
ministic K.

For example, the estimator obtained by only fitting a subset of the

variables of the true model using the least squares estimator is a trans- .
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form of the full model least squares estimator. The IMSE of such an
estimator depends on the design.

Using integrated mean square error (IMSE) criteria, Box and Draper
(1959) (BD) considered choosing the design that would minimize the bias
error portion of IMSE when a fixed subset of the variables of the true
model was fit by least squares. To achieve minimum bias error they found
that certain moments of the design had to agree with the corresponding
moments of a uniform distribution on R.

Whether or not the Box and Draper scheme achieves smaller IMSE than
obtained by the least squares estimator fitting the full model depends
on the variance 02 and the magnitude of the coefficients associated
with the variables that are not included in the selected subset.

Karson, Manson and Hader (KMH) (1969) minimized the bias error of
IMSE by choice of estimator rather than choice of design. Any remaining
design flexibility could be used to minimize the variance error portion
of IMSE. When designs are used that make all the coefficients of the
full model estimable, the KMH scheme always achieves smaller IMSE than
does the BD scheme. However, the IMSE of the least squares estimator
of the full model may be smaller depending on the coefficients associated
with variables not included in the selected subset. This is to be expected
in view of the work of Barnard which was referred to earlier.

Finally, we shall consider the use of a deterministic X when
prior information is available. This problem has received relatively
little attention. A reason that it has not received more attention is
the subjectivity involved here. We assume that one has prior information
that can be expressed as a bound on the magnitude of some combination of

the parameters of the model.
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Sometimes a natural bound is apparent. More often, the prior
information is not so easy to specify. In such a situation, the easiest .
thing to do is to ignore prior information. When the purpose of the
analysis is to report the data, ignoring prior information has an air
of objectivism to it.

When the objective is to use the results of the analysis for pre-
diction or parameter estimation, ignoring prior information can lead to
failure. This failure can result from an intolerably large mean square
error of the estimator of x'g over the range of reasonable values that
x'B can assume.

Usually, prior information is incorporated into an estimation
strategy using a Bayesian framework. This requires specification of a
prior density on the parameters.

It is felt that specification of a bound on certain combinations of .
the parameters is a more straightforward decision than specification of
a prior density.

With this in mind, Kupper and Meydrech (XM)(1975) considered the pro-
blem of minimizing IMSE when a fixed subset of the variables of the true
model are fit. Instead of using the least squares estimator of the para-
meter vector as Box and Draper did, they considered shrinking the least
square estimator. The amount of shrinkage was based on an a priori bound on
parameters of the variables that were excluded from the fitted model.

Design considerations were also incorporated into their scheme in
order to reduce IMSE. They found that when their a priori bound was
correct, their method resulted in smaller IMSE than was achieved by the
Box and Draper method. Smaller IMSE was also achievable even when the

parameters exceeded the presumed bound by a factor of two. .
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In a quite different context, Hoerl and Kennard (HK) (1970a) developed
the ridge estimator. The use of the ridge estimator was dcveloped to
identify explanatory variables when the variables of the design matrix
were highly correlated. They compared their estimator in terms of
general mean square error. Specifically, they considered the mean of
the squared length of the deviations of the estimator from the true
parameter values. In terms of general mean squared error, this is
equivalent to using M = {.

They found that the ridge estimator was better (in terms of the
criteria) than the least squares estimator when a certain bound on the
parameters held.

The ridge trace is a plot of the elements of the ridge estimator
versus a scalar that defines a class of possible ridge estimators. The
ridge trace is used to choose the ridge estimator from this class. Since
this choice involves the data, their ridge estimator is actually a
stochastic transform of the least squares estimator. Since their com-
parison was based on the transform being deterministic, this comparison

is open to question.

1.4 An Outline of the Study

The preceding literature review has briefly described the esti-
mators which we shall study. Certain aspects of these estimators will
be dealt with in more detail in Chapter 2. In that chapter, we shall be
noting a general similarity of these estimators while keeping in mind
the purpose of these estimators. We believe that it is important to
distinguish these purposes, since our eventual goal is to compare

estimators.
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Consider the difficulties that can occur if these purposes are not
distinguished when comparing estimators. The way that comparisons are
made places certain restrictions on the general validity of results.. When
one considers the varied purposes of these estimators, it becomes clear
that the results of comparisons are valid under only special circumstances.
In the extreme case, when there are no circumstances when one would
consider either estimator appropriate, the result of comparing two
estimators is of no interest.

To avoid states of affairs of this nature, we shall classify esti-
mators by purpose in Chapter two. When we compare estimators, we shall
be comparing only estimators that are within the same purpose group.

In Chapter three we shall describe the new results we have obtained
about estimaters that are transforms of the least squares estimator.

In Chapter four, we compare estimators of the form K é. This
requires that we select criteria for comparison that take into account
the circumstances for which the original author developed the estimator.
Also in this chapter, we incorporate a biased estimator into an iterative
method for finding the maximum likelihood estimator for a dose response
model. We also consider the bias introduced by extropolating.

Lastly, we describe what routes seem profitable for future research.




Chapter II

A REVIEW OF BIASED LESTIMATION
2.1 Introduction

In this chapter, our aim is to review certain estimators which have
been proposed in the literature. These estimators have the characteri-

zation:
b = K8 (2.1.1)

where é = (g'g)'lg'x is the least squares estimator. This characteri-
sation facilitates the comparison of these estimators in terms of their
general mean square error. Define the class K where b is in K if
there is a matrix K such that (2.1.1) is satisfied.

As will be seen, this characterization holds for many estimators.
Some of these estimators have been developed for a very specific purpose.
Comparisons involving such limited-purpose estimators can cause problems.
Therefore, before comparing two estimators, we want to insure that the
intersection of the two sets describing the purposes of each of the
estimators is not empty. To further delineate the generality of com-
parison results, one must also take into account the restrictions placed
on the comparison. For example, we may restrict comparisons to only
estimators of the form b = Eé, where X is a matrix of comstants.

In sumnary, we have to consider the purposes of the estimators and
the restrictions surrounding the comparison. The generality of the
comparison will depend on the intersection of three sets:

.The set of restrictions placed on the comparison;
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-The two sets describing the purposes of each of the estimators.

In the extreme case when the intersection of these three sets is
empty, we would consider the comparison invalid.

Therefore, to insure valid comparisons we will consider three pur-
pose-classification groups. In this chapter, each estimator will be
classified into one of these groups, and comparisons will be made
only among estimators in the same group.

The three groups are:

1. The form of the true model is assumed to be known and one wishes

to estimate the parameters of the model.

2. The form of the true model is not known, and one wishes to
estimate certain relevant features of the true model. These
features may be expressed in terms of a model which will be used
to extrapolate (or predict) or to simply condense the data.

3. The form of the true model is not known and one wants to
identify explanatory variables.

In this chapter we will introduce estimators according to the way
the original authors introduced them. Also, generally known results
about these estimators will be introduced at this stage. First, we will
discuss estimators used for parameter estimation. Here, we take the
full model least squares estimator as a viable alternative to other
estimators mentioned in this section. These other estimators are:

.The minimum general mean square error estimator of the

form Eé where K is a matrix of constants.

-Estimators satisfying the Stein restriction as applied

to regression theory by Sclove and Branchik.

-Ridge Estimator .
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Before the introduction of the ridge estimator, we shall discuss the con-
cept of spurious correlations.

In the second section, we consider estimators that might be used
when smoothing and/or prediction is the aim. In that section we only
consider the case when the full model least squares estimator is not a
viable alternative. Thus, the integrated bias of the estimators, which
we will consider, will generally be nonzero. Here, we will compare (in
terms of IMSE) those design and estimation requirements that result in
minimizing the integrated bias. Also, the Kupper-Meydrech estimator and
the reduced model least squares estimator are discussed.

In the third section, we discuss the estimation situation when
identification of explanatory variables is the purpose of the analysis.
The inconsistency arising from using percentiles of F distribution for
determining cutoff points in stepwise regression is mentioned. Other
variable selection criteria are mentioned and the use of ridge regression

is also mentioned.

2.2 Estimation of Regression Coefficients

When interest centers on estimating the coefficients g of a model,
it is usually assumed that the true model is being fit. The usual least
squares estimator é = (5'5)'1§'X is unbiased for g wunder this assump-
tion. Therefore, motivation for considering a transformed estimator

~

b= K B8

pxp pxl
of 8 comes mainly from a desire to minimize mean square error in some
form. That is, there is a willingness to accept non-zero bias in an

estimator in order that the total error, bias plus variance, be reduced.
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Various forms of mean square error criteria have been considered.

Many of these forms can be expressed as
JM,b) = tr ME(R-B) (b-8)"-

For example, Mallows (1973) takes M to be 5'5/02; Hoerl and
Kennard (1970) use the identity matrix for M; and Box and Draper's

(1959) integrated mean squared error can be viewed as letting

So E(b-g8)(b-g)', called the mean square error matrix of b, is a
matrix common to many forms of mean square error criteria. When M is

a symmetric positive definite matrix, the mean square error matrix of b
is the only quantity that need be considered for the purpose of comparing
estimators with respect to the same mean square error criterion. The

following theorem (Finkbeiner, 1960) illustrates the importance of this

matrix.

A real symmetric pxp matrix M represents a positive definite
quadratic form if and only if
M = PP’
for some real non-singular pxp matrix P.

Since E, = E(b-g)(b-B)' 1is non-negative definite and -M 1is

positive definite we have that

tr ME = tr PP'E, = tr R'E, P 2 0,

since all the diagonal elements of P'EP are non-negative.
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Therefore, for the purpose of comparing JM,b) for arbitrary hl

and b,, we have that

whenever the matrix E, - is non-negative definite and M is
~1

&

2

positive definite.

When K is stochastic, the mean square error matrix of b=Kg is:

E(b-g) (b-8)' = Var K + (E(K8)-8) (E(KE)-R)"

It

E
E(E(K)8-8) (E(K)B-B)"

+

EKEEI D " + 88/0’ 1 K-E®)'

Cov (K,8) Cov (K,B)' + Cov (X,B)8' (E()-1)"

+

+ (B(O)-DB(Cov(K,8))" (2.2.1)

This expression for the mean square error matrix is obtained by using
the identities
Var K& = E[Var (K3|K) ]+ Var [E(X8|X)]

and

E(Kg) = Cov (K,8) *+ E(X)8 -

This expression for E, allows one to gain insight into the dif-
ference between using a deterministic K and a stochastic K matrix.

When K 1is deterministic (a matrix of constants),

K = E(K)

and

Cov (g,é) = 0.
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Thus, only the first matrix to the right of the last equal sign in ex-

pression (2.2.1) is nonzero in this case. Theil (1971) has considered .

when
b = K*8 + HY = b* + By,
where

K* = glol+g'X'X8] T B'X'X

and H is an arbitrary pxN matrix, the gencral  mean square error can

be expressed as

E, = E(-p)(-g)' = EQ*pI(R*R)' + h,,

where H; 1is non-negative definite. It follows that when a criterion of

the form J(M,b) is used and when b is any linear combination of Y,

then b* will be the linear combination that minimizes J(M,b). .
Unfortunately, X* involves unknown parameters. Therefore, b* is not a

useful estimator. A particular choice of K may achieve small J(M,b)

for some 02 and g8, but Barnard (1963) has shown that the least squares

estimator of x'B 1is that linear combination of Y having minimum

mean square error in the class of bounded mean square error estimators

when the range x'g is unbounded. liis result is generalized to the

relevant setting in Chapter 3. !
Therefore, the justification for using the least squares estimator

does not require that one be restricted to the class of unbiased esti-
mators. If the range of x'g can not be restricted and prudence
requires only consideration of bounded mean square error estimates, then
the least squares estimator is the only resort. It is when the magnitude
of the mean square error of the least squares estimator is unacceptably

large that improved estimators in some larger class must be sought. .
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When K is stochastic, however, there are certain estimators b of

the form

PN

b = K8

that have the property that when é ~ N(B, az(g'g)'l) and p=23 then

JM,b) < JM,8) (2.2.2)

for all 8.

James and Stein (1961) proved that (2.2.2) holds when M =1 and
(g'g)'l = I. They found that (2.2.2) holds for the class of estimators
characterized by 5 being a scalar matrix (a multiple of TI).
Bhattacharya (1966) found a class of estimators for which(2.2;2) holds

when M is diagonal with diagonal elements d, where

d1 > d2 > ... 02 dp . (2.2.3)

This class of estimators is characterized by K being diagonal. He also
shows how to obtain estimators satisfying (2.2.2) when X'X is nonsingular
and M is positive definite.

Since this is the only case of general interest, we shall show
exactly what the K matrix looks like for this class of estimators.

Bhattacharya (1967 ) has shown that there is a nonsingular matrix

L so that when we define

) a =18

and

z=xt

then the variance-covariance matrix of g = L8 1s
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Var g = Var L§ = o2L(X'0) L' = o°1
and L will diagonslizeM. That is, there is a diagonal matrix D so
that

L'DL = M.

~ RO

The columns of L can be arranged se that (2.2.3) is satisfied. Thus
Bhattacharya has found the transform L so that in the transformed space,
we have the conditions that the appropriate M is diagonal and the
elements of § are uncorrelated. By Bhattacharya's extension to the

results of James and Stein we know that there is a K matrix so that

J(,Ka) < J(D,o) for all g. (2.2.4.)
Now, consider an arbitrary estimator b, and subscript the J(M,P)

notation to clarify what parameter vector we mean. Then

36 BLR) = EQ-8) M)

il

E(b-g)'L'DL(k-g)

E(Lb-Lg) 'D(Lb-Lg)

E(Lb-2) 'D(Lb-2)

n

J 0, 1b)

We can use this last relationship to transform both sides of (2.2.4) to

obtain -

J(M,L—lgkg) < JM, é) for all g.

Now let us present a matrix K which has this property.
Let
265 = (al,az,...,aj) and

d; be the ith diagonal of 1 so that (2.2.3) is satisfied.
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Now, let

1 j=1,2.

> ’

) ~G-2)4(8)/ (N-P+2)ats a v = 3pdse..sp.
1 (J 2)¢(ﬁ)/( P )G(J)O"(J)J ’4’ P
K 1is then the diagonal matrix whose ith element is

p
L UdiE/dg

J

p+1 = 0.

2.2.1 The IMSE of Some Biased Estimation Procedures for Linear Mbdgls
Where Spurious Correlations Exist Among the Independent Variables.

where d

We now consider a particular difficulty that is sometimes faced in
parameter estimation. This difficulty concerns the effect of spurious
correlations. The effect of this problem may be so serious that the
aims of the study can not be achieved. In this case, the purpose of the
study may be downgraded from parameter estimation to identification of
explanatory variables or prediction and smoothing. Thus, this difficulty
may be experienced with any of the three purposes. We choose to consider
its effect only when the purpose is parameter estimation.

Spurious correlations are apparent associations between unrelated
quantities. When the data are observed rather than controlled, spurious
correlations may arise. It is enlightening for the understanding of an
aspect of this problem to consider a region of interest and the effect of
spurious correlations on IMSE when the usual least squares estimator is
used. An alternative estimator, the ridge estimator, has been proposed
as a better estimator in such a situation. After discussing spurious

correlations we shall compare these two estimators.
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2.2.2 An Aspect of the Problem of Spurious Correlations in the Inde-
pendent Variables.

It is believed that an important aspect of the prbblem of spurious
correlations can simply be viewed as the multidimensional analog of the
one-dimensional extrapolation problem.

Consider a simple case where one is attempting to estimate the

coefficients of a linear model of the form:
n = BO + lel + BZXZ'

One might offhandedly believe that fitting such a function would
provide a reasonable predictor for values of the independent variables

(xl,xz) that are in the rectangle:

in x,. < X, < max . and min . € X, € maxX X, -
m 11 1 X1i min X, 2 2i?

where these minima and maxima are taken over the N values of the
independent variables observed. See Figure 2.1.

The figure éhows a typical scatter plot of Xy and X, for which
the Pearson product moment coefficient would be near one. As can be seen
the regions near the top left and bottom right corners are sparsely
sampled and relatively distant from the region of experimentation. Using
simulated data, Marquardt (1975) considers such a situation and has shown
that when there is high correlation, the models with coefficients deter-
mined by usual least squares predict well in the region of experimenta-
tion, but poorly near the corners of the square. One way to circumvent
the problem is to let the distribution of points (xl,xz) dictate the

region of interest. For example, one could choose an ellipse as shown
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in the figurc as the region of interest. If X and x, are associated,
then it will be rare that a point (xl,xz) lie outside thc ellipse and
so it is reasonable that there would be reduced interest in this region.
On the other hand, if Xy and x, are not associated, that is, the
correlation is spurious, then there may still be a great deal of interest
in the part of the rectangle outside the ellipse. In this situation and
at other times when the region of intergst must remain fixed, Marquardt

proposes the ridge estimator as an alternative to the least squares esti-

mator for the parameters.

Thus, spurious correlations mean that the experimenter has interest
in regions of the indcpendent variables that are sparsely sampled. The
one-dimensional extrapolation problem occurs because tne experimenter
has interest in a range of the independent variable that has been
sparsely sampled.

The extrapolation probler occurs hecause the experimenter who uses
the least squares estimator must tacitly assume that the fitted function
holds in this sparsely sampled region. Similarly, the experimenter who
uses the least squarcs cstimator in the multivariate case may be

{(unknowingly) making a similar assumption.
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Scatter diagram of two highly correclated variables

Figure 2.1
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The points were obtained from a table of random numbers.

The under-

lying distribution is bivariate normal with zero means, unit variances

and a correlation of 0.9.

bution.

The ellipse is a 75 percentile of this distri-
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2.2.3 Ridge Regression

Hoerl and Kennard (HK) (1970a) have proposed a method of estimating
the parameters of a linear model. This technique, called ridge regression,
is designed to provide estimates with desirable properties when spurious
correlations exist among the independent variables.

Hoerl and Kennard assume that the variables have been standardized
so that X'X is in correlation form. Since they consider only the
situation when X is of full column rank (even though it may have a
"near singularity'), this implies that there is no constant term in the
model. In general, we takc this to mean that the constant term has been
subtracted away. This may involve estimating it by the mean of the Y
vector. When this is the case, we ignore the fact that this constant has
been eétimatcd when we compute the gcneral mean square error.

The ridge estimator 1is
b = (X'X+kD XY

where k 1is a small positive quantity. In practice, k is determined
from the ridge trace, the graph of the hk coefficient vector versus k.
In the presence of variables so correlated that X'X 1is ill conditioned,
some elements of the Qk vector may vary greatly with a small change in
k. It is recommended that one choose the smallest value of k, say k*,
so that for values of k greater than k¥, there is little change in
the elements of bk' The ridge trace can also be used for variable
selection.

The ridge estimator has not been considered in a formal region of
interest framework. Therefore, IMSE criterion could not be used as

criterionfor evaluating the properties of the ridge estimator. Most
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writers have chosen instcad to use total MSE. We shall first compare the
least squares estimator to the ridge estimator using total MSE criterion, .
and then we shall show how this comparison is effected when a region of
interest is defined and IMSE criteria is used.
HK have shown that therce exists a range of k values such that
smaller total MSE is achieved using the ridge estimator Qk with k
chosen from this set of valuesthan when k = 0 (the least squares

estimator for the full model).

To see this, let P be such that X'X = P'AP and P'P = I where
A = diag (xl,xz,...,AIQ and A, > Aj for i > j. Define ik = Pék and
¢ = BB, then if I, = (pk—g)'(gk-g), it follows that E(L,) is the
total MSE of these coefficicents. Now for any k
E(L) = E(yg)" (y8)
= E(gy-9)' (gx¢) .
P p 42 K2
= 02 z .____}__.2— + Z __1____2.
i=1 (Ai+k) i=1 (Ai+k)

The total MSE of the least squares estimator (k=0) is

P
ELy = o ] —
i=1 A,
i
02 2
When k < k* = 5 , where ¢ is the maximum of the squared elements of
¢ max
the vector ¢, we have:
) 2
I A P ¢ kk*
¢ Tmax

2 1
E(ly) < Ay mex
) <o 121 (A.1+k)2 i=1 (Ai+k)2
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P OZA.+02k
- i
_ 2
i=1 (Ai+k)
p P

R S SR T |
i=1 A.+k i=1l A,
1 1

That is, the total MSE of the coefficient vector is less for the full

model least squares estimator when

[e)
k < >

¢ max
Thus, if k is chosen sufficiently small one can obtain an improvement
over the least squares estimator. However, to know that k has been
chosen -properly requires some prior knowledge of the true parameters.
Now, let us see how this comparison is affected when IMSE criteria
is used. First, a region of interest R has to be specified. Consider
an R whose center is at the origin. Let

WS =Q I xx'dx .
R

Then, the IMSE of the ridge estimator is:
Jr = E(Qk-ﬁ)'ﬂs(bk‘ﬁ)-

Let H'H be the square root decomposition of W. (i.e. W, = H'H) and

define

1 1

g = H P and g = H B8

then,
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(B -8) Wy (B 8) = (hy-9) "B'H WH 'Rlyew)

1

= (g B'H HE TR0 = () 'R w)

= () (YY) -

The samc reasoning applies here that applied when using total MSE

criterion. [t follows that when

2,2
0<k<o /¢max
2 . .
where vy 5 1s the maximum element of the squares of the elements of the

parameter vector y, the ridge estimator will achieve smaller IMSE than

the least squares estimator.
2.3 The Case Where the Aim is Smoothing or Prediction

There are numerous instances where it is best to consider a model
that is much simpler than what might be considered the true model.

This situation usually occurs when there are a large number of
possibly important factors. In the interest of keeping the situation
relatively simple, one might choose to work with an approximating function,
and forego the complexity of finding the true model.

Usually, an adequately fitting approximation function will leave
unexplained a sizeable amount of the deviation in the data. This varia-
tion will consist of bias and variance errors. The distinction between
these two types of error is important to keep in mind namely bias error
will not average out in the long run. Thus confidence intervals based

on the assumption that the true model has been fit will tend to paint a

rosicr situation than exists. Of course, the confidence intervals will
be wider than thosc obtained using the true model, but this bias con-
tribution will not ‘‘average out' so that the usual interpretation of the

confidence interval nmust be altered.
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In order to more honestly portray the data, one might assume that
the true model is only slightly more complicated than the fitted model.

For example, when fitting a first order polynomial to the data, one
might assume that the true model is a second degree polynomial.

This is the situation we consider. We assume that one is fitting a
model that is not the form of the assumed model. The reason one is doing
this is because of smoothing or prediction considerations. These consider-
ations rule out the alternative of using é to estimate g. For example,
in a dose-response situation one may be interested in low dose levels.

The instrument used to measure response may be insensitive at low dose
levels. For this reason the dose is applied at higher levels where the
response can be measured and the fitted model is used to extrapolate back
to the low dose region of interest. Time and again, experiments have
indicated that response is a concave function of dose in this region.

One might assume that the true response is a concave function but fit a
straight line. A fitted straight line in such a situation will usually
overpredict response. Thus, one is able to achieve a safety factor that
may not be achievable with a concave function. Also, if one fits a
quadratic function there is no guarantee that the fitted function will not
show an increase in response in low dose regions or negative values of
response. For reasons such as these one might rule out the option of

estimating g with no bias.

2.3.1 Achieving Minimum Bias with Approximating Functions

In both the BD and KMH approaches, minimum bias error was achieved.
BD achieved minimm bias by choice of design and KMH achieved it by
choice of estimator. Later, Karson (1970) showed that minimum bias could

be achieved by a combination of design and estimation considerations.
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A simple way of viewing minimum bias techniques will be presented
along with a comparison of the resultant IMSE achieved by these techniques ‘

when the true model is misspecified.

2.3.1.1 Correcting an Estimator so that its Bias Error is Minimized

Suppose that the true model is:
n(x) = X'8 = Xi8 * X8 T X181*%3af2a"%0k2b
and it is desired to fit an approximating function of the form:
n(x) = x1b; -

KMH have shown that any estimator by with expected value g, + wilwzgz
will achieve minimum integrated squared bias (B). _For_example, KMH
R 1~ B ’
suggest using the estimator g, + wllﬂzgz, where él are the least ‘

| =2 _
square estimators using the full model. That is,

- = - = -1,— -—
| " l \ \ ]
g _ xl= =l |3
Tl gntey-| 2 |31=>~<2| Tly.
1 1 ]

In order to use the KMH estimator, g, + ﬂilwzgz must be estimable.
Satisfying this condition may require additional observations. Probably

the usual estimator that is commonly employed is
2 = ' -1 '
51 - (3151) 511 *

Among other desired properties, it minimizes the sum of un-
explained squared error (x-glg)'(g-;(lg). Since KMH have shown that

minimum bias error imposes a constraint only ©on an estimator's expected ‘
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value, one might consider correcting El by adding a vector of correcting
terms C, to El' What is the C, necessary to obtain minimum bias

error in this case? That is, what (, satisfies

< _ -1
EBY +C =8t W8, ?

Since
~ -1
EB) + & = 81+ X1X1) XX 8,%C, = B1+AB,*C;

where

it follows that
C, = (W.1W,-A)B
<1 ~] ~2 ~IRZ2

Using this concept, it is easy to understand how estimation and
design considerations have been employed to achieve minimum bias error.

The BD approach is to use the estimator El_and set Ql equal to zero
by using the design condition A = ﬂilwz. This then precludes the
necessity of having to worry about g,- The KMH method is to estimate
C by ¢ = (wilwz-g)éz. This follows since El = él-ééz. They use
design flexibility to minimize V.

It has been shown by KMH that given complete choice of design their
approach will result in smaller IMSE than the BD approach. Whether, in
a particular problem, one prefers to use one of these two approaches,
may depend on how much control over the independent variables one has,
cost of sampling in subregions in R, and other considerations. An
alternative approach given by Karson that also results in minimum B is

to use both design and estimation restrictions. How this is achieved

can be seen by partioning gl as follows:



33

1
Ql=(1W —A)g +LW1

W Won =8, 821

where A = (A 1A= (X)) X'XZa,(X X)) X'XZb) and W, = (i Wpp)-

When this partition is possible, one may choose the design restriction

1
A = 1

Since all three approaches will achieve the same minimum value of

Wy, and estimate the non-zero term by (A - ~1 2a)§2a .

bias error, comparison of their IMSL's requires us to consider only the

variance crror. Tae variaince crror of the KMl estimator is

) -1 1, 1y el
Vig = N T Q{Xp) Wy ¢ Nty WA (G W3
where

_ -1
S = X3X, - Xb%; GUX) TXKIE, -

If the dimensions of §'1 are greater than one, this matrix can be
partioned. Therefore denote the partion of §_1 that agrees with the

partition of W, = (WZa:WZb) as:

G | B
S = |- T
212 | 222

Since the variance error of the BD estimator is Vg = N tr(gizl)_lﬂl,

the variance error of the KMH estimator is:

=V

ap * N tr(y Y, AL W 0 WA S

11

-1
+ {2N tr(wl $ob~ a)'.wl (Lvl VJZb'%)§12

Vi

1, 1,
+ N tr (W W ALY W () "W -A)) S50 ) -
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In the above cxpression, denote the second term on the right by AVa

‘ and the bracketed term by AVb. The above expression becomes

V = V.

o - Vep * WVa t AV -

The KMH method uses the design which minimizes VKMH' Since

< min V

gp ¥ min AV, + min AVb = min Vy, < VB s

min VKMH
it follows that the KMH approach always attains a variance error no larger
than that attained by the BD method. Also, the variance error of the
Karson estimator is VK = VBD + AVa.
By the same argument, it follows that the Karson method results in
an IMSE that is between those attained by the BD and KMH methods.
In summary, it has been shown that the KMH method is preferable to
. the BD method, in terms of small IMSE,when the true model is correctly
specified. The Karson method is better than the BD method, but not as

good as the KMH method, when only IMSE criteria are considered.

2.4 Identification of Explanatory Variables

When the aim of the analysis is identification of explanatory
variables, and linear models are employed, it is common to focus attention
on tests of significance rather than estimates of the parameters of the
model. If the cxperiment involves a small number of variables, the analysis
is rather straightforward. In this case, it is possible to estimate g,
the parameter vector, using é.

When the data are from an uncontrolled study and the dependent vari-
able is observed at many different combinations of levels of the

. independent variables, the statistical power of these significance tests
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may be small. In this situation, there still remains a desire to identify
the explanatory variables. In such a case, linear effects (plus possibly
quadratic effects and crossproduct terms) may be considered the true
model, while higher order terms are ignored.

In order to identify the explanatory variables at this stage, it is
quite common that stepwise regression is employed. Even when the terms
of the true model are included in the terms being analyzed, the usual F
tests associated with stepwise regression are not valid. Pope and
Webster (1972) have considered the forward selection procedure and the F
statistic used at the ith step to decide whether or not to include one
additional variable in the equation. Superficially, the F statistic
has a central F distribution under the normality assumption and under

the null hypothesis

where 8. is the coefficient associated with a variable not already
included in the equation. This test is done for all such variables and
if the maximum of these F statistics does not exceed some cutoff value
the selection process stops. The cutoff value is usually chosen to match
a certain significance level based on the central F distribution. Pope
and Webster have listed sufficient conditions for this maximum F statistic
to follow a central F distribution, and they note that these conditions
must not hold due to the way the procedure works. So, although the
procedure is clearcut, there is no probability available to measure the
goodness of the procedure.

Having described an inconsistency with using F tests and stepwise

regression, we feel that parameter cstimation should be given more
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attention, even in this situation. Consider how the estimator resulting
from a stepwise regression procedure relates to é, the least squares
estimator when all the terms (linear, quadratic and crossproduct) are
included in the model.

Assume that the selection procedure stops after P clements have been
included in the prediction equation so that QS is a pg X 1 vector.

Then assume that the first P elements of g are those terms included

in the prediction equation. Then QS = gsé where KS is pg by p and

S

- P, X (P-Pg)_

14
9]
U=
o]
¥2]
I4

Here AS = (gégs)_1§é§n where X is the matrix whose columns are the
observed values of the variables in the equation. The colums of gn
are the observed values of variables not included in the equation. Note
that K. must be considered stochastic, since the assumed permutation of
the elements of g and value of p, depends on the Y observations.
Criteria other than the use of cutoff points based on the F dis-
tribution have been used for basis of variable selection in stepwise
regression procedures.

The R2

statistic has also been employed to judge whether an
additional variable should be added to the equation. The square of the

multiple correlation coefficient is defined to be:

2 @-x8)' X8 F
= — ) = n-
DD SR

b

where [ tests g=0 for the model n=B,+x'B, and where Y is the vector whose N
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2
elements are the average of the Y. R is usually expressed as a per-

centage. Including more variables into the equation will increase Rz.
If including the ith variable would only result in a 'small' increase

2

in R, this variable is not included and the selection procedure stops.

Although it is difficult to objectively decide how small is a''small"

increase 1in Rz, the tabulation of the R2

along with the variable
selected at each step offers a way to report the essential features of
the data.

The CP statistic proposed by Mallows (1973) is

(Xbe) ' (XX hy)

Cp = 82 -n+2p

A

where o is an estimator for 02. This statistic estimates the

expected value of:

'y 2
(?s-?) X X(bs—g)/o

which is the scaled sum of the squared errors. Mallows idea is that Cp
be plotted against p for as many of the regressions as possible. Such
a plot gives a intuitive feel of the relative explanatory power of using
different subsets of the possible regressions. The use of such plots is
very much subjective, but can be seen as controlling for numbers of

observations and numbers of variables in the equation. Since the R2

statistic can usually be made one by including enough variables in the

cquation, R2 doesn't control for the number of variables in the equa-
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tion. 'The similarity of Rz to a corrclation coefficient is probably
the recason for its stronger appeal.

Helms (1974) considers average estimated variance (AEV) as a method
of variable selection. This involves the choice of a region of interest
and consideration of moments. The ALV automatically incorporates infor-
mation about bias and variance when one enters or deletes a variable.
When the data arc collected and the moments are (X'X)/N, the AEV becomes

Z 2
AEV = Slpl/N’
where )
Sl = (X—’)“(lﬁl) ! (X_l(lﬁl)/(N'pl) .
When thesc moments are uscd and when only submodels having the same rank

of are considered then the ALV is a monotonic function of Cp'

5
Consequently, in this case both statistics lead to the same conclusion.
The developers of ridge regression felt that omitting variables is

an unwise procedure. They felt that the true model should be fit, and

if it is desirable to identify important variables, then those variables
whose associated estimated coefficients have large magnitudes should be
considered most important. Since these variables are scaled by dividing
each variablc by the square root of its sum of squares, comparisons of
these magnitudes are invariant to multiplication of the variable by a
constant. In this sense, ridge analysis transforms the problem of vari-
able selection back to a problem of parameter estimation. However, when
one considers the objective of variable selection, it is not clear what
criterion one would want to use to judge the goodness of different esti-

mation methods.
Lxcept for ridge regression, all of these procedures use the possibly

biaseu least squares cstimator By that minimizes the sum of squares

(¥_§1?1)'(¥_5191)' A rcason for preferring Rl to other estimators of

the fomm ?1 = KBy 1is that By yields the optimal value for any of

thesc statistics. That is, given the matrix Xl then R2 is maximized

and Cp and ALV  are minimized using Bl'
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Even so, the least squares estimator being used here is not él
but the estimator El' If this estimator is used, then the estimator
that minimizes the squares of the residuals from this model is the stage-
wise estimator és’

Stagewise regression is a procedure that has been used in economic

data analysis. If the model is

n = X8 * X8

one might estimate 8 by

and then regress the residuals of this regression onto Xz to get

estimates for g,. So the stagewise estimator g is:

-1 ~
I ()N(ézz) 5%(!‘51@,1)

whereas the usual estimator 1s:

>

1

+

-1
[(Zz'xlﬁ)'(xz’zlé)] (52'515)'1 >

o >
"
o ZKDZ'

!

[ S R

where A = (gigl)_l X%, Wallace (1964) has considered the case where

n-= lel + Bzxz

and has shown that the mean square of El is less than the mean square

error of Bl when




~

and EZ attains smaller MSE than (% when

2 2
81 2 5
<
Var(é) rz
1 12

where r%z is the coefficient of correlation between X3 and X,.
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Chapter III
NEW RESULTS

3.1 Introduction

In Chapter II we have reviewed some of the estimators we will
be considering. An attempt was made to present these estimators in one
of the three "purposc' classification categories. In this chapter we will
not always follow the classification labels presented in the last chapter.
We want to assess certain aspects of an estimator's robustness. That is,
we want to assess certain characteristics of an estimator (or a slight
modification of an estimator) when the estimator is used for a purpose
other than the original intended purpose. Sometimes an estimator may
perform well but the assumptions involving its implementation may be

unwarranted. Problems of this nature will also be discussed.

3.2 Parameter Estimation

Consider the situation in which one desires to estimate the parameter
vector § with small IMSE. We shall consider some estimators of g,
say b, in the class K.

First,consider transforms K which are deterministic. That is

~

b = K8

where K 1is a matrix of constants. We shall only consider those esti-

mators b whose integrated bias error

g' (K-1)'W(K-1)g
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is less than NO’ That is, the integrated bias error is bounded. Since
W is positive definite, (K-I)'W(K-I) is non-negative definite if X ¢ I.

Thus, there is a matrix P such that

lige]

o)
il

Ml

and

~e~

P'AR = (K-1)"W(K-1)

where )\ 1is the diagonal matrix of eigenvalues of which at least one
eigenvalue is strictly positive. Let A be the value of a strictly

positive eigenvalue and let Ei be an associated eigenvector with length

1. Then let B = 2¢N07xi P.. So

£-1)'W(K-Dg = 4Ny > Ng -

This is inconsistent with our earlier assumption. Thus, the only esti-
mator in K which is a deterministic transform of é and has bounded
integrated bias error for all B8 1is the identity transfomm.

Now, let us consider cases where there is prior knowledge of upper
bounds on some of the parameters or prior knowledge of upper bounds on
functions of the parameters.

First, consider when there is an upper bound on nz()Nc)/a2 for x

in R. Specifically, say that for x in R
22x)/o" < U

We shall consider the shrunken(i.e., shrinking towards 0 ),estimator QMW
studied by Mayer and Willke. The transform K for this estimator is

K= é\d where §,,, 1S a scalar so that

Snp



43

Daw = Sk
is a scalar multiple of the least squares estimator. The IMSE of bMW
is

TWobygy) = Sy Ving * (L83 Ry (3.2.1.)

where

Voy = N tr (') W,

M

and is the variance error of g ; and

N
BO = ;j‘ﬁ'wﬁ

is the bias crror of the zcro estimator, b = 0. The choice of

5MW that has smallest IMSE is

Since Gﬁw involves the unknown parameters, as was the case for a
general deterministic K in chapter 1I, it is not a useable choice of
scalar for an estimator of the form EMW'

Tt is possible to obtain an estimator with smaller IMSE than é
has when the parameter space is bounded. To see this, first note that
the bound we have assumed on nz(x)/o2 implies

B, = W ]R n?(x)dx < Ng [R Udx = NU

0 2
g

Now,

IW,bygy) < JUE,8)
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when
62 V. + (1-8q0) By < V
MW "M MW 0 M -
This is true when
By~ Vi Cs 1
MW .
V+B0
Also
I, by < JOW,0)
when
2B
0
™M 70

Combining ,we have that

IWbygy) < MING(H,0), J(H,8))

when ) ;

2B B,-V
0, 0 < Sy < max 0 M , 1‘ .
B ViatB

M0 mB
Based on the above inequalities, an estimator that attains small IMSE for

min

V

a wide range of B, 1is
0
N ( U-Viy ]

b, = max |0, é . (3.2.2)
[ U+V

~MW
™

Second, we consider the case where K 1is stochastic. Consider the Stein
estimator that was described in Section 2.2. Since IMSE is just a special
case of general mean square error, the results in Section 2.2 about this
estimator will apply. Therefore, we assume that the errors are normally
distributed and we assume that p = 3.

+

Now let us compare this stochastic estimator, say hs’ to QMW‘

Consider the set of parameter values g for which
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gwg/o’ < UL

When ﬁ}g{g/oz equals U, the IMSE of p&w equals the IMSE of é Since

the IMSE of b is always less than or equal to the IMSE of é, the
. 2

IMSE of b 1is less than the IMSE of Q;w it Bg'Wg/c” = U.

Now let us consider the other extreme where g = 0. From (3.2.1)

and (3.2.2) we have [
U-v

T (W, byg) < l

2
FM] v (3.2.3)

UV B

Bhattacharyya has shown that the IMSE of bs is bounded by

p
o2 {d1+d2+ Z_ 3 d.}
|

N-p+2 1=3

Since

oltr(x'x) lw

<
It

2

o tr L_I

Ll

I
Q
™o
D~
[a}

we have that the IMSE of hs is bounded by h Vi where

(3.2.4)

Equating the multiples of VFM in (3.2.3) and (3.2.4), we see that

- . PR +
JWhby < IC,bly)  when

== | Vpm > (3. 2.5)

2
g s [ 1*h
1-h*
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If one is unwilling to assume a bound on g'ﬂg/oz smaller than the

multiple of VFM in (3.2.5),then bswould be preferable no matter what the

true value of g'yg/o‘.

We will now consider the cffect that spurious correlations have on
the bound in (3.2.5). TFirst, consider the orthogonal case (no spurious

correlations) that is, ()('X)'l = 1. We assume that M = I. Then the

1

d,'s are all one and from (3.1.4)
[ = 2+2(p-2)/N-p+2

P

2N
p(N-p+2)
so that the multiple of VFM in (3.1.5) is

1+h% _ pNp*2) + /2N
1-h? Yp(N-p+2) - /2N

If p=10 and N = 36 as in the 10 factor example of HK (1970b) then

%
Lh” _ 306 .

1-h*
If (5'5)_1 is any nonsingular matrix and M = I, then the di's are

eigenvalues of (X'X). This would be the situation when the correlations
between the independent variables are viewed as being spurious. When
X'X is ill conditioned, the eigenvalues are very spread out. In this

situation the factor
1+h*
1-h*
will be larger then when X'X = I. We substituted into (3.2.4) the

eigenvalues from the 10 factor example of lioerl and Kennard (1970) to obtain

ihus, we sce that the rnultiple of VFM in (3.2.5) is larger when

spurious correlations arc present than in the orthogonal situation.
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Apparently, in the ill-conditioned situation, ,p;w requires less exact

prior knowledge in order to be competitive with bs'

3.21. Prior Information About Exactly One of the Elements of g/oz.

Now let us consider the case where prior information is expressible
in slightly different form. Instead of a bound on nz/oz, we assume
an a priori bound exists on one of the elements of g/o% say B,. We wish to
incorporate this prior knowledge into our estimation procedure for g
because we fecel that using ﬁ will result in an intolerably large IMSE.
That is, failure is likely to result if our IMSE is too large. We do
not define ''too large' and ask the reader to bear with us. An application

of this estimator follows in 4.1.

Consider the estimator

X'bo = x'K 8

= X] B - 0(xg A8y - x5 By).
. 1
where B ogx) gy
o (X (I-X, (%) ex ke -x, o) Ty
8,=(X5 (I-X; (X1%) "XPXI Xy (121 By 4) %)2

Al A — (V1 oV NN vy

0, b, is the least

and & 1is a scalar constant. Note that when ¢ 5

squares estimator for fitting the reduced model n = X181- When 6§ =1,

then QG = g . iet us determine K. Now if ?1 = %1 - 582 then

x'Bs =[x %) \ Lol \Igl rzs',lsﬁ : (3.2.1.1)
! -l :
- N
whence K= 1 @94
L & _
The expected value of b, 1is

X8
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and the bias of x'b is

(K- = x[(1-6)A8, + (5-1)x.8,

1]

(1-8) (x}A - %,) 8,

The integrated bias is
2
NB,

7
g

B. = (1-8)°

5 tr(A'W,A - 2A'W,+ W

3)
The integrated variance of x'b, 1is

Vv, = Ntr KE'O KW

8
Now KQX'X) K =
T aes| | [RppT ¢ A7) el 1)
+
l_o, 8 0 0 1
1 (1-8)A
~ -1 — 21—, =1
G O et TATIE AT L]
= +
_ 0 0_ o :
- ' -1
where G = X5(1-%; (%1% X)X, -
_ 2
So V6 = VRM +6 VA ,

~

where Vp,, 1is the integrated variance of 8 and V, is the inte-

~ ~

grated variance of g minus the integrated variance of g. The IMSE

of b, is
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2
+ 52 V, o+ (1-8) By, -

V

I, by) = Vpy

Now

N 2
- B
[s)

G tr[-A': 1m|

BZG
_ 2 v
ST 7 YA

g

so that

2
856G

V

2 2
JW, by) = Vgy * [a + (1-6) v, .

ag

Note that J(W, by) and J(W, b)) are the IMSE for El and é,

s

respectively. It can be shown that J(W, pé)‘ is minimized when

2
8 = 5
82(1"'0
Now
2
JW, b - JW, by) =4 8% + (8%-26) 281y
X B % Do 2 AC
and
2 2 BSG
JW, 12'5) - J(¥, bl)'_' 67 - 1+ (1-6) ) VA .
g

Since
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25§G

J(w,gd)-J(ﬂ,go) <0 when 0 <6 < >
(¢ +82G

and

BZG‘UZ

JW,b.)-J(W,by) < 0 when ——0 <6 <1,
~I3E ~~1 2 2
82G+0

we would prefer the estimator (3.2.1.1) whenever

8% G - o 23% G
max | 0 , S | <8< min | 1, (3.2.1.2)
B; G+o B; G+g

To proceed further, suppose that it is possible to specify a bound

U so that

When Bg/oz <U, then the interval

UG-1
UG+1

2UG
UG+1

max[O, ]<6<min[1,

is contained in the interval (3.2.1.Z2). If we agree to use

* -
8 =max[0,UG1]

UG+1

then it follows that

I, bg*)< min{I(W, by),J(W, by))

if
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u-g1

UG+3

< 82/02 <U.

3.3. A Characterization of Some Biased Estimators

In situations where one is not fitting the true model, there is a
desire to achieve small IMSE for the model one has chosen to fit. In
the last section we have seen one aspect pertaining to this problem.
That aspect is the danger that such an estimator will have an unbounded
IMSE. Specifically, if any g in p dimensional space is possible,
and one has chosen a bound U on the IMSE, then there are g and o?
combinations that will yield an IMSE larger than U for any estimator

K g where K is deterministic and not equal to I. In practice, this

fact is not always considered. Our argument rests on the notion that

whenever one fits a reduced model to data, then he has prior convictions
that certain values of g and % will not occur. We further assume
that he is willing to state his prior convictions in the form of a bound

on the parameter space. We will use these assumptions somewhat freely

in what follows.

Consider the case where the true response is
n=x'g= §i§1 * X8y - (3.3.1)
Let Y be a vector of uncorrelated responses and let

X =0% X ), so that
Nxp pr1 : pr2

2

EQY) = Xg = glgl + Kzgz and Var Y =0~ I .
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The KM, BD, KMH, and ridge estimators can all be characterized as

linear transforms of the least squares estimator of the full model.
That is,

b=Kg
pxp
__51_
where K = 5 and K1 is a PXP matrix. Define
A= X% xrx
1~1 1~2

Then for the BD estimator, by, = (gigl)'lgix, so that the matrix K;
for this estimator takes on the value

K o= (L, . A)
~1 L~
Lplple’z

The KMH estimator has a X, matrix of the form

STRESRER 2

The ridge estimator has a K; matrix of the form

T 0 Tlarx e+ kDX
1 pyo,

where k 1is a scalar. The value of k to be used is based on Y, whence

k 1is stochastic. The KM estimator has a K, matrix of

Ky (15 A1 = [Ky © Ky Al
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where K is a matrix of constants. Thesc constants are chosen based
on prior bounds on the parameter space.

3. 5.1.Consideration of the Estimators of the form El +,52§2

At this point we will consider a particular class. To simplify the
discussion, we shall refer to only the first Py elements bl of the

estimator b. That is

b
1xp
b= !
Ixp Y
We shall work in the form
Bl A&
g [y 1 g
or B B
. £ I -A 1
S I e I
2
—_ _ _’” ~ Ez
So that for the BD estimator
é I - A E El
LAl | *]=1(Lal 2l .
8 0 I g 8

and for the KMH estimator
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] L |1 - Al B
SRR A ] G IR SN 2=
& o Il &
1 3
= oww,-an|
172
%)

b= 1K) | - (3.3.2)
P1x1 pyxp; ' PiXD, | B

In this class of estimators, QBD attains minimum integrated variance

and b attains minimm integrated bias. Let us proceed to find that

KMH
52 that minimizes the IMSE, the sum of integrated variance and inte-
grated bias. For an arbitrary 52, the integrated mean square error of

the estimator (3.2.2) when (3.2.1) holds is

_ -1
I, B) = N tr {(XjX) T + KM

+ ;’} B3N Ky 2 ("W DK, + g

- 2 WA+ AWAE,
Here M = gé(;—gl(gigi)‘*zl)gz. This is what G was. We will be using
the symbol G for another purpose. We want to differentiate J with
respect to 52 and set the expression to zero. Instead of directly
differentiating J with respect to K,, let K, = HG, where H 1is square,

and then differentiate J with respect to H. The derivative is
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»J _ 2N . . i -1,
T ;7—{Hw19ﬁ2§§b' + (W A-W,)8,85G + ZNHW, (M °G -,
and 9 J . 0 when
3 H
8,8y . )
W, G [ 22 + M 1 G' = (W,-W;A) 2 G'. (3.3.3)

In order that (3.2.3) hold for all G, it must be that

B262 8287
LWJIQ [ 2 + M = (wz 'Nlé) 2 ’
g g
or
B8, [ 8,8} !
e 282 | E2k2 -1
ﬂﬂlﬁ - (wz Hlé) 02 [ ‘;7“‘+ M ]
. B8y
A solution that holds for all —>— 1is

o

<
Q= - A = 7 *M

g g

' ' -1
282 [ £,82 -1]

It appears that the minimum IMSE estimator of the form (3.3.2) is

; By,

bty gy G| B (3.3.4)

*
In order to prove that b is the minimum IMSE estimator of the form

(3. 32), it is necessary to take an arbitrary 52 ~and show that



JM, ) < I, b) .

*
let K2 be defined so that

Then

JW, b - IO, b)

%
2 (A Wl _Hz) (EZ_EZ) }EZ

* -1 *1 -1
NG - o,
1
i, x| 1, Bafp | s
"Nk [HT ] LY

N *
27 BN Bk )e,
- N tr K, (M 148,88 /0 2 KN

B8 THRR/ 0 ) KM,

From (3.5.4) we have

=~
|

, = 05, -mp /ot M g /0D !

and letting

Q M_l + ﬁzﬁé/oz then we have

JW, b - I, b) =

*1

2 W

*
Nt K QK B

*
- 2N tr gzgé/oz (/N\'Lvl-wé)gz

(3.3.5)

56
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“IN tr g,8)/0 % (A"H, WK,
SNt K, QKW

(3.3.6)

Now

-2N trggzgz/oz)(A W W‘)K 2N tr K QK K ¥,

and

*
“2N tr (B,83/0 NAN, WK, = N tr Ky W) K, Q -

Substituting these expressions into (3.3.6) and completing the square we

have
* *
JMW, b)) - JM, b) = - N tr(K,-K,)'W; (KZ ,)Q - (3.3.7)

Now W, and Q are positive semidefinite so (5;‘52)'w1(5;f52) is
also positive semidefinite. This means that the entire product is
positive semidefinite. Since the trace of a positive semidefinite
matrix is nomnegative we have from (3.3.7) that the IMSE of Q* is
always less than the IMSE of b. So Q* attains minimum IMSE of all
estimators of the form (3.5.2).

The form of Q* is of interest for several reasons. First, it can
be seen that generally Q* involves unknown parameters, and therefore
is not generally useable. However, if the design satisfies the BD
condition, then EZ = 0 and the BD estimator is the minimum IMSE
estimator of this form.

Now let's see a way that the KMH estimator is related to Q*.

' *
The expected value of b 1is

3 ﬁﬁ
ER) = £ + A, + (WW,-A) 22 ek e
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Using the fact that M is positive definite and (Sce Lemma 1, Mayer

and Willke (1973)) that

1|1 B2k
. ! BIR 02
22",
1+ 7

it can be shown that

By | BB, 1| . 1 .
7 7 M T g BB
: : o’+g) M3,
*
It follows that the expected value of b is
1]
E -1 £ME;
Eb) = By + A8, + (8 H,-A) prwal R (3.3.8)
o ENE;
Thus, gzéz for K, given by (3.38) is
M8 1 -1
2, W BIE, = SpM W8,
o +BME,

which is just a scalar (GE) multiple of the KMH minimum bias error
correction term. Clearly, Sk is a function of unknown parameters and
8y is a monotonically increasing function of ﬁzMﬁz/Uz bounded above
by one.

Equation (3. 38) can be used to gain different views:.of the BD and KMH
estimators. The BD estimator can be viewed as minimum variance unbiased

*
estimator of E(b ) when g Mg, is zero. The KMH estimator can be

viewed as the minimum variance unbiased estimator of

1
]
82

*
im Eb ) .
MBy, >
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If the BD and KMH cstimator had been developed in order to attain
the same expected valuc as Q*, then both estimators do so when
gy M 52/02 takes on an cextreme value ( when g5 M gz/c2 = (0 for the
BD estimator or for very large values of g) M gz/o2 for the KMH
estimator J -

Since we considered E(b*) to gain a different view of the KMH
estimator, we will confine our remarks to the KMH estimator. First,
compare the relationship between the KMH estimator and E(b*) to the
relationship between é and the expected value of the minimum IMSE
estimator in K. We have not formally considered this last relationship,
but certainly this last relationship must be similar to the first
rclationship. Consider 6;w é, an estimator discussed on page 43.

* ~ x A
lts expected value is &, B, and g is unbiased for lim E(8, 8).

Thus, it would appear that these two relationships are very similar.
Since the relationships are similar, one might feel that the KMH esti-
mator is similar to é-—-an often critized estimator but also an often
used‘estimator. However, this comparison ignores an important point.
The KMH estimator is intended to be used in situations where the
integrated bias crror is nonzero.  The full model least squares
estimator é is intended for use when the integrated bias is zero.

The KMH cstimator is the minimum bias cstimator for estimates of the

form

IR

>

1
0

However, the increase in integrated variance of the KMH estimator may

not be warranted in light of the fact that one is going to end up with
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a biased estimator.

. The KMH estimator has been praised by its authors because one can
use 1t without having any prior knowledge of the parameters. We see this
as misleading to potential users of this estimator. As we stated
earlier, we assume users have prior convictions that certain values of
g and 0% will not occur. Thus the fact that the KMH estimator doesn't
use the prior knowledge is actually a hindrance. It's something one
can usc when he has prior knowledge, but for some reason doesn't want
to use the prior knowledge. In other words, the KMH estimator is a
fancy way of camouflaging one's subjectivity in a maze of matrices. It
would seem that if one had some prior knowledge, it would be more
honest to try to quantify it instead of hiding it. When one considers
that such quantification may lead to an improved estimator, it seems

3.5.2. The SK Lstimator.
We now consider the Svendsgaard-Kupper (SK) estimator. Consider

. worth-while to attempt quantification of prior knowledge.

the deterministic K matrix

1

K'=

=Y

where K, = [I_ : A+ 6(V~Vi1}l’2‘é)]

1 pl
so that
QSK =Kg
- - -1 -
=B+ A8y * (W W,A)B,

= El + Gm-lwz'ﬂ)éz ’ (3. 39)

where ¢ 1is a constant. The IMSE of INJSK is
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_ YA 2 N wlw 1
JW, DSK) = (§-1)"Ny + 87 Nt + gj'ﬁé(w3 wz Hl wz)ﬁz

-1
+ N tr W) (51X

L2008 -
where Yy = —g—%r? and 1 = tr[wo(gégxz) 1]

g

with

_ -1 - [ -1 -
Ny = ;WM W 0,

and =1 - 51(5i§1)—1§i . Let us change the argamcents of J(-) to
J(8). Note that J(0) and J(1) are, respectively, the corresponding

BD and KMH expressions for J.

Now,
_ 2 2
J(8) - J(0) = N(6°-28)y + N&°1
and
_ 2 2
J(8) - JQA) = N(6-1)“y + N(8°-D).
Since
J(8) - J(0) <0 when 0 < § < 2y
(y+1)
and
J(8) - JAA) < 0 when [Cia9 PR 1,

(y+1)

we would prefer the estimator (3.3.0) whenever

max lO, 1;1-] < § < min [ 1, —21-]. (3.3.10)

Y*T Yt
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To proceed further, suppose that it is possible to specify an upper
bound U for vy. This can be done, for example, in the following way.
Because the BD integrated squared bias can be written as the sum of two

non-negative terms, namely

N -1
Ny + ;2‘ ﬁé@y‘ﬂéﬂl wz)ﬁz ’
and because this quantity should be less than

NQJ 2
N n“dx ,
2 g

which is the value of B for that estimator identically equal to zero,
it follows that

vy < U when = < U.

Thus, one can construct an upper bound for vy by considering nz and 02.

If we assume that vy < U, then the interval

is contained in the interval (3.3.10). If we agree to use

it follows that

J(6*) < min[J(0), J(1)]

if
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U-gr v < U.
(U+31)

Figure (3.3.2.1) illustrates thesc concepts.

FIGUR: (3.5.2.1). [Illustration of Mechanism for Choosing &%

min {1, AT
Y+t

(U"T)T T éT 3’[’ U ' ‘ ) ﬁéﬂoﬁ,z
A S Y =
(U+31) | o
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3.3.3. Estimation of «y.

It is possible to find an unbiased estimator of y by using the
following easily demonstrated result:

If
E(£) =y and Var(g) = Y,
then

E(E'QE) = E'gﬂ + tr(gY).
In our case,
E(g,) = d Var(g,) = o (XiX,) T
ﬁz) = ﬁz an Var(ﬁz) =0 (XZQXVZ) ’
so that
E(BL W.8.)= 0% (y+1)
2~072 :

Under the usual normality assumptions,

2= L yrrxan Xy
(N-p)

2 A -
is distributed as Eﬁg—s- X%N-p)’ and s’ and BJW,8, are independent.
P

Since one can readily show that

R/sh) = | B 5,
N-p-2j o
it follows that
(N-p-2)8 W
i
(N-p)s2

Y =

is an unbiased estimator of .



3.3.4. A Confidence Interval for «.

When one has made a prior assumption, it is prudent to make an a
posterioricheck of the assumption. Since the use of the SK estimator
requires the specification of an upper bound on nz/oz, it 1s wise to
check this. Accordingly, a confidence level on vy has been derived.
This derivation is based on the assumption that the deviations from

the true model are normally distributed.

-1 . -

Let S~ = LL' where [ 1is lower trianglar and z =L lgz .
1f A nax is the largest eigenvalue of LJWOL then by a result in Rao
[1965],

829082 Z'L'WLlz z'L'W Lz
= = ~0 < )\
gyse,  z'L'L' L Lz 2' max
So
8 S B,
Y < Apax 2
ag
Now
8y M B, 858 8
Fe——" ~F snp| 2
Py s Py N-p o
where F; N () denotes the noncentral F distribution with vy
1’72
and vy degrees of freedom and noncentrality parameter A. In this
— - = ] 2 1
case p, = rank M and A ﬁ2§§ gz/o . Let sz,N-p,a (A\) denote
the oth percentile of this distribution. Since
Pr{F! (A) < F] 1is a decreasing function of A, the value of
pzsN'p’a

say A, which satisfies

65

As
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F! (\) = F

pz:N'psa

will be the upper bound for all values of A for which

F A) < F.
pZ’N'psa ( )
Thus
_E2§E2 -
Pr > < A 1 - a. (3.3.4.1)
— 0 —
. 828 & have tha
Since vy < Amax ——;7———-, we have that
v . B8R
= > (3.34.2)
A o]
max

Priy < A .«

Thus, one would expect y < A\ nax i with confidence (1-a) x 100 percent.
As long as U was greater than A nax i, one could be confident that

~

U had not been chosen too small. If U was smaller than Apax A

or ;, then it would appear that the data did not substantiate the small
choice of U. Varying U based on Anax » would make & stochastic.

The IMSE of such a resulting estimator has not been investigated. If U

had been carefully chosen, then one should not place a great deal of

weight on this confidence interval.

3.3.5 An Application of the Ridge Estimator to Smoothing and Prediction

Situations.

Larlier we considercd estimators when the least squares estimator
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é was for some recason not an acceptablc altcrnative estimator. In some
situations this restriction may be made without thorough consideration.
For example, a straight line fit to data may be considered smoother

than a quadratic fit to tiesc same data. The integrated variance is
always smaller when the straight line is fit, and one may feel that he

is achieving smaller IMSE by fitting a straight line. Nothing we have
discussed so far contradicts this conception if the true quadratic
coefficient is small. However, the ridge estimator offers a way to
modify all the elements of é for the purpose of achieving smaller IMSE.

This method may be preferable in those situations when one's goal is to

achieve an estimator with smaller IMSE than é . When o® is large
and the colums of X are highly correlated, the IMSE of é can be
very large. In such situations there is not always a great deal of
prior knowledge available on any of the elements of g. Therefore, the
elimination of variables in order to reduce the integrated variance can
be quite subjective and can appear arbitrary.

We shall develop an estimator for use in such a situation. Consider

an arbitrary estimator b with IMSE
JMW, b) = Vb +B|) .

The IMSE of b can be expressed as
"
— B

JOW, B) = Vp + 5= By

~

o

where B0 is the bias error of the zero estimator. Now, if a priori

-~

we know a number db such that
~ Bb
>

%, ,

I
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_then

TW, B) 5 Vy * OBy -

We may prefer Ql to b, if

v < V (3..3.5.1)
by )
when
J < U (3.3.5.2)
b b,

When (3.3.5.1) and (3.3.5.2) held we would know that the bound on the
IMSE of b, was less than the bound on the IMSE of b,. There may be
parameter coefficients g such that even when (3.3.5.1) and (3.3.5.2) hold

we would have

JW, by) < I by) -

We shall temporarily ignore this possibility, and choose the estimator
b that attains minimum integrated variance given that the bound on
the ratio b is fixed.

~

The integrated bias of the zero estimator is

=}

' N
By = g'WE—
g

The ratio of this integrated bias to the bias error of an esti-
mator of the form b = gé is
2
J ' (K-1)8)
Q A —

A

and by an application of the Cauchy Schwarz inequality this ratio is
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bounded by
..1 '
tr(X-DW " (K-D'W

We select an estimator of the form b = gé where this bound

is fixed (at an a priori value ¢). As a Lagrangian problem, we want to

minimize
- ' 'l ' 1 "1
F=Ntr KE'O KW+ (tr(&-D - K-DE-0) .

The derivative is

Q
1]

= WO K ¢ KD (3.3.5.3)

@
=

where k 1is chosen so that

9 = tr(K-DW KDY

is true. Setting (3.3.5.3) to zero and solving for K, we have that the

solution matrix is
+ _ ' -1 '
K = Wk ¢ X'X) T XX

This completes the derivation of this estimator. We shall now make
some comments about this estimator.

First, this estimator is of the general form of a ridge estimator.
For a general ridge estimator the transform of the least squares coef-

ficients is
®+ x0T Ex.

. + +7 . . . -
Thus, b = K8 is a gencralized ridge estimator.
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Second, we shall consider how ¢ may be chosen. Say that a priori

we know that nz/o2 < U on R. Then

JW, b5 < JM, 8

when

Vv +0+U< V.

+

A

~

Solving for 9 4 WC have that the IMSE of Q+ is smaller than the IMSE
of é when

~

P - ) (3. 35.4)

Thercfore, when U > n2/02 on R 1is true, any choice of k so that (3.3.5.4)
hoids will result in an estimator with smaller IMSE than the IMSE attained
by é. Obviously, when onc is very conservative and will admit to only a
large value for U then one might as well use é. We say this since

equation (3. 3.5.4) indicates that only small choices of ¢ , will be avail-

+

~

able. However, we see that equation (3.3.5.4) gives us a method to assess

if U 1is too large.

3.4 Identification of Explanatory Variables

We shall only discuss the ridge estimator in this section. The
problem of how to best select k has received considerable attention.
A number of methods for selecting k have been reviewed by R. L.
Obenchain (1975). He lists 6 methods of selecting k besides the use

~

of 8 .
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Wwe would like to list a seventh method. That is, chouse k so

that the residual sum of squares

0(8) = (X - X8 (Y - X&)

satisfies R
& s@ L g2
N N-p
The IMSE of such an estimator is difficult to evaluate, since it is a
stochastically shrunken estimator. Alsqg such an estimator is apparently
not in S, the class of estimators that satisfy the Stein restriction.
However, choosing k in this way does result in an estimator that

has some nice properties.

.If there is no error then k is zero.
-It has the same RSS that would be expected to result if

g were substituted for éK .

Using the 10-Factor example from Hoerl-Kennard (Page 71) we find

that a k of about .15 satisfies

0B ()

36 26

Since the other nonzero k's were .007, .02, .039, .11 (.2, .3) and
.54; we find that .15 is near the median.

Applying this technique to Hoerl and Kennards second example, we
obtain a k of about .08. Hoerl and Kennard suggest using a k

between .2 and .4.
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Many other characteristics of this method of choosing k can be

studied. However, as an objective method, it appears reasonable and

gives similar results to other methods.

is a main reason to use it.

We suggest that its simplicity



Chapter 1V
APPLICAT IONS AND FURTHER COMPAR|SONS

4.1 An Application of Siascd Estimation Theory to an Iterative
Maximum Likelihood Search

4.1.1. Background

Parametric dose-response models have great utility in quantifying
the relationship between an agent and a health effect of that agent.
Knowledge of such relationships is key information for the determination
of air quality standards.

The parameters of such models are estimated from observed data. The
maximum likelihood estimator (MLE) of these parameters have good statis-
tical attributes, and so the MLE is often calculated. Even for simple
mathematical models, this calculation usually involves iterative methods.
Such iterative schemes do not always successfully converge to the MLE.

We have attempted to determine the MLE for the cumulative logistic
function adjusted for natural responsiveness. The data were obtained . in
an epidemiological panel study. Generally, there are no control groups
for such studies and existing iterative methods can perform poorly under
such circumstances. Difficulty in using one such method was experienced
in this case.

The success of the iterative method that we used depended heavily on our
ability to start the iteration with good starting estimates of the para-
meters (starting values). If one set of starting values doesn't result
in convergence, one tries another set. Complex subjective judgments may
be required to obtain good starting values. Since starting with the MLE

as a set of starting valucs will usually result in convergence one can
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always be accused of using poor starting values when the itcrative scheme
fails.

There are a couple of ways that an iterative scheme can fail. When
very poor starting values are used, convergence to a relative maximum
may take place, or the specified number of iterations may be used up
before convergence to the MLE has occurred. Another type of failure
results when the revised estimates overshoot the MLE and get progressively
worse. This type of failure occurs when a certain matrix requiring in-
version is ill-conditioned. It is this type of failure that was
experienced in our case, and it is this type of problem that our modifi-
cation is designed to handle.

This type of failure can be viewed as the fault of unbiased esti-
mation. At each iteration the revised estimates are derived from a |
solution vector. This solution vector can be considered the least squares
estimator of the parameters of a particular linear model. Although the
least squares estimator attains minimum variance among unbiased estima-
tors, this variance can be large.

The theory of biased estimation is based on the fact that mean
squared error (bias plus variance) can be smaller for a slightly biased
estimator with much smaller variance, than for an unbiased estimator.
This theory is applied to develop a class of estimators appropriate for
this problem. The result is an iterative maximum likelihood search
strategy in which the user of the method simply specifies a bound on the
difference between the MLE and the starting value for the proportion of
natural responses. The method using the least squares estimator can be
viewed as considering this difference to be unbounded. Thus, the user
can specify a very crude bound and expect to do better by incorporating

this bound into the modified method.
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First, we present the theory involved. This includes a description
of the dose-response model, a description of the iterative method, the
development of a modification to this iterative method, and a discussion
on the subjective input required to usc the modification.

Second, we do an cmpirical ecvaluation of this modification. The
data used in the evaluation arc described. Next, we describe the evalua-

tion, list the results, and draw conclusions.

4.1.2. Theoretical Development

4.1.2.1. Description of the Cumulative Logistic Adjusted for Natural
Responsiveness Dose-Response Model.

Consider a dose-response experiment where dose levels Zi at N
different levels are applied to n; subjects and at each dose level r
subjects respond.

If the administration of a dose Z causes a proportion P(Z) of
the test subjects to respond and other independent factors acting on the
test subjects during the experiment cause a proportion C to respond,

then the total expected proportion responding will be
P'(Z) = P(Z) + C - P(2)C=C + (1-C) P(Z). (4.1.2.1)

This equation is called Abbott's Fornula. If P(Z) is the cumla-

tive logistic function

1
1+ exp[- (A*BZ)]

P(Z) =

then P'(Z) is known as the cumulative logistic adjusted for natural

responsiveness. This model is motivated by the concept of a tolerance.
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An individual's tolerance is defined as that level of dose Z0 such that
doses higher than ZO always cause a response. The purpose of the model
is to make inferences about the distribution of tolerances in a target
population. In fitting such models, it is usual to assume that the n,

subjects exposed to a dose level Zi were randomly selected from the

target population. Assume in addition that the proportion of tolerances

less than Z is P(Z) for each Z. When these two assumptions are

correct the probability of observing r, responses from the n, subjects

dosed at level Zi for i=1,2,...,N 1s
N n. T- n.-r.
L(AB,0 = TI (hPz) "a-pre)) - .
N 1
i=1

In general, L(A,B,C) 1is called the likelihood function. Those
choices of A, B and C (denoted by A, ﬁ, and é) that maximize

L(A,B,C) are the MLE.

4.1.2.2. Description of an existing iterative method.

Based on an approximation to the first derivative of the log likeli-
hood evaluated at the MLE by the first order terms of the Taylor-
Maclaurin expansion, Finney (1971) has derived the expressions used in
iteratively solving for the MLE of the parameters of the probit dose-
response model adjusted for natural responsiveness. These expressions
can be easily applied to the logistic model described in (4.1.2.1). When
AS, BS, and Cs are the starting values for the parameters A, B, and C
respectively, at the iteration number S, the revised estimates

(A

s+]1° B

s+1> Csa1) 2TC



77

As+1 %0 0
BS+1 _ g + 0
Cs+1 2 Cs

A

The formulae for &0, &1 and a, are algebraically the same as
the formulae for the least squares estimator of the parameters of the

linear model

Yi = agXg togXy taX, te., i=1,2,...,N, (4.1.2.2.1)
i i

where the e; are uncorrelated random variables with zero mean and

common variance 02. The Xg » X5 0 and Xy are all determined from

As’ BS and Cs’ and the formula for the Y3 also involves T;. The

formulae below define the in and Y3 for i=1,2,...,N and

j=0,1,and 2.

Ty
. ﬁ'(‘s
P, = :
1-¢
S
P, = 1 ,

=

[}

",
pi e
o
[
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P.-P, 5
yi = (Ag + B2y * ) (nyws)” s
W
xo = ()%
- 5.
Xpy = 2y (W)
and

Q; 1
Xy = = (3wy)*

W

If C1 is obtained from inspection of the data, A1 and B1 can

be obtained by iteration to maximize the likelihood for this value of

Cl' The appropriate expressions involved in this first stage of itera-

tion are algebraically equivalent to the least squares estimators

for the parameters of the model
Yi = %9Xpi * %1% * ey i=1,2,...,N (4.1.2.2.2)

which is obtained from (4.1.2.2.1) by setting a, to zero. Of course,
starting values for A and B are required even for this first stage

of iteration, and for B0 one could use zero and set

pP-C
AO = 1n ._; ’
1-P

where
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This choice of starting value for AO maximizes the likelihood
function for these values of B0 and Cl’ Having obtained revised
estimates for A and B after a number of iterations using this first
stage, one could proceed to the second stage of iteration using
(4.1.2.2.1) and these rcvised estimates as starting values.

Based on empirical results, it appears that the success of such
a two stage scheme depends on how well Cy is chosen and on what
criterion is used to determine when to stop first stage iterations and
transition to the second stage. Very stringent criteria would be waste-
ful of computer time if C1 is poorly chosen,and its use does not
guarantee success when C1 is chosen close to é. When a very loose
criterionis employed, e.g. omitting the first stage entirely, failure
rates are high. The failures are usually the result of high correla-
tions among the xji resulting in a singularity in the matrix requiring
inversion. Invariably, such a singularity is preceeded by an unreason-
ably large overestimation of the magnitude of @y

When we regard (4.1.2.2.1) as the true model whose parameters are to be
estimated, the problems mentioned in the last paragraph are a familiar
weakness of least squares estimation. That is, even though the least
squares estimator achieves minimum variance among unbiased estimators,
this variance can be very large when the independent variables are
highly correlated. In those cases cited above, we view this variance
as being intolerably large. Possibly a slightly biased estimator with
much smaller variance can achieve small enough mean squared error (bias

plus variance) to usually avoid that type of problems.
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4.1.2.3 Development of an Alternative listimator via the Consideration
' of Biased Estimation Thcory.

Consider the class of biased estimators of the form

aO g kO
a, = Zl + k, o (4.1.2.3.1)
a, 0 k2

where kO’ k1 and k2 are constants. We shall consider using the a;
in place of the &i in a single phase iteration scheme. Note that if
the ki are zero then the a, are the least squares estimators of the
model described in (4.1.2.2.2), which are biased when o, is nonzero. It
is also possible to obtain the &i from (4.1.2.3.1) by letting the ki
‘ take on certain values.
We shall use an error criterion that seems appropriate for this
problem and show how the ki can be chosen so that for a wide range of
a, values, better performancé in terms of this criterion is attained by
an estimator using the chosen ki's than is attained by using either of
the estimators mentioned in the above paragraph. The choice of the ki
is made by specifying an upper bound on ag/oz.

It turns out that the formula for the ki that we suggest using
involves the specified upper bound and the correlation between the xji'
Generally, this correlation changes from one iteration to the next, so
that even though only one bound is used, the ki vary between iterations.
In those cases where successful convergence takes place, the estimators

are similar to those that were suggested for the two stage scheme.

. Initially, the Xj; are highly correlated and the k. are zero. In
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later iterations, the correlations become smaller and the ai's approach
the &i's. Thus, instead of sclecting a criterion for deciding when to
jump from the first to sccond stage of iterations, the use of the proposed
estimator eliminates the need to make this decision by automatically
incorporating it into the computation process based on the value of the

specified upper bound.

Let the true model at each iteration be

n o= apXy v oogXy F aoXo,

and consider approximating n over an interval of interest Eg S X S &

with
n = apXy *oaXy *d)X,

where (ao, a, az) is a vector of estimated regression coefficients. A

reasonable measure of the closeness of n to n 1is integrated mean square

error
Ne (o1 ..~ .2
J=== J E(n-n)"dx
o £o
where
_ £
91=J1dx
)

This is the situation where one may consider using the estimator

discussed in Section 3.2.1. Using that estimator suggests that we set

R 0— T“o_l

~
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where Mo and wy are the least square estimators of Mo and My

. (respectively) for the model
H(xZi) = ugXei Y WXy (4.1.2.3.2)
The valuce of & suggested by (3.2.1.3) is in this casc
% - 2 2
§* = max(0, (Us®-1)/(Us"+1)),

where s2 is the sum of squared deviations from fitting (4.1.2.3.2).
Finally, U 1is our upper bound on a%/cz. Now, let us consider how to
choose U. |
One way to choose a value U that bounds ag/oz is to find an

upper bound for ag and a lower bound for oZ. Therefore, first consider
@, as being C—CS, since CS+1 = &2+CS. Partial justification for

‘ considering o, = C-CS can be based on a result from large sample theory:
"... if first approximations are of nonzero efficiency, one cycle of
computation will yield fully efficient estimates' Finney (1971). By
(4.1.2.1), C is a proportion, sc that if we agree to set Clrto some value

2 2

between zero and one then (C-Cl) = 0y will be less than one.

Considering only the variability contributed to Yy by P,. we have

2 _ (1-C) (C+(1-C)P; (1-P;))
o = Var y. =

b (-G (G -CYP; (1-P;))

When we assume that the starting values are equal to the respective true
parameters of the model, we have that 02 is one. For these reasons we
suggest using U = 1.

Smaller values for U such as Pi might be used, but we have only

. investigated the case where k is deterministic. The use of any infor-
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mation gained from the data in fixing k would require that k be
treated as random.

In practice, the error may be too large even when U is carefully
chosen. So if the iteration routine fails one should consider varying
U. However, it would seem unnecessary to choose a value of U larger

than one.

4.1.3. Empirical Bvaluation of Modilication

Hammer et al (1974) reported on data from student nurses in Los
Angeles who completed daily symptom diaries during the period of their
training. The total numbersof yes/no responses of four symptom cate-
gories pooled over days having the same range of maximum hourly oxidant
levels are listed in Table 4.1.1 along with the midpoint of these oxidant
ranges. The symptom categories are leadache, Eye Discomfort, Cough and
Chest Discomfort with no accompanying fever, chills or temperature. Due
to the restrictions, the positive responses are indicators of only mild
personal discomfort.

Assuming independence between days of responses from the same
student nurse, the number of positive responses are taken to be bi-

nomially distributed with parameters P! and n; where

PL= C + (1-C)/(vexp[- (A+BZ)])

The MLE's for this model are listed in Table 4.1.2 for each symptom.
Iterations were run using three different starting values for C

and four different bounds on a%/cz. The starting values for C were:
(a) The observed proportion of total responses corresponding to

the lowest oxidant level. For all four symptom categories this pro-
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portion turned out to differ from the MLE for C by less than 0.01. The
minimum observed proportion was used as a starting value for C in the
case of Chest Discomfort in order to avoid the computation of the log-
arithm of a negative number in the process of getting a starting value
for A.

(b) One half the proportion used in (a).

(c) Zero.

The starting value for B was zero and the starting value for A

was

A = ln(FPCS)/(l-F)
where
P= (Jr))/Ing .

The four different values for U used were ﬁ%, ﬁg, 1, and .
Infinity corresponds to using the least squares estimator for (4.1.2.2.1).
Iterations were continued until the change in the likelihood was
zero (to the accuracy of the computer), or until 30 iterations, or until
the program faulted. The maximum number of iterations used on any one

Tun was 25.

Table 4.1.3 lists the occurrences of successful convergence. From
this table it can be seen that the percent of successful convergences was
higher in all cases when a finite bound on ong/o2 was used. When ﬁ%
was specified as a bound, the failure was due to convergence to the MLE
of A and B for the starting value Cl‘ The highest percent of successful

.convergences when a starting value for C of either 0 or %P,

was used occurred when U was set edual to one.
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4.1.4. Conclusions

If good starting values are used, convergence can always take place
using Finney's formula. However, how good these starting values must be
depends on the data.

The modification of Finney's formula developed here yields success-
ful convergence for starting values that are too poor to be used directly
in Finney's formula. When very poor starting values for C are used
neither the modification nor Finney's formula works all the time. How-
ever, for some values of U, a higher success rate can be obtained using
the modification. Moreover, when seemingly adequate C starting values
are used, successful convergence is obtained using the modification in
cases where the use of Finney's formula had failed.

The use of smaller U values seems to yield poorer success rates
for poor choices of C starting values, but can achieve improved success
rates for seemingly adequate C starting values.

It is recommended that a number of C starting values be used with
this modification. When no other information is available, U should
be taken to bc one. If convergence fails due to a singularity, a tighter
bound should be tried. A plot of the likelihood obtained at the final
iteration versus the corresponding C value is helpful for deciding if

more starting values should be tried and what values to use.
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Maximum Likelihood Estimates for Each Symptom

Table 4.1.2
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Symptom A B C
Headache - 4.626920811 .04070218878 .09535299228
Eye Discomfort - 5.045747967 .09309640264 .04166289253
Cough - 9.949532964 .1690304341 .09442183274
Chest Discomfort -13.206019686 .2243214541 .01772926043




Successful (S) and

Table 4.1.3

Failing (F) Iteration Attempts

88

U Symptom Starting Value for C
0 %Pl P1
Pi Eye Discomfort S S S
Headache F F S
Cough F F S
Chest Discomfort F F S
% Success 25 25 100
Pg Eye Discomfort S S F
Headache F F S
Cough F F S
Chest Discomfort F F F*
% Success 25 25 50
1 Eye Discomfort S S F
Headache .S S S
Cough F F* S
Chest Discomfort F F* F*
% Success 50 50 50
® Eye Discomfort F* F* F*
Headache F* F* F*
Cough F* F* S
Chest Discomfort F* F* F*
% Success 0 0 25

*Indicates failure occurred due to program default.
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~

4.2. A COMPARISON OF SOME ESTIMATORS OF THE FORM Kg

4.2.1. Introduction

In this section we will compare some estimators that are of the
form Eé. The comparisons will be done in such a way that some light
will be shcd'Aon answers to such questions as:

«For poor designs (highly correlated independent variables), is the
BD estimator preferable to the KMH estimator? Does the SK estimator
achieve sizeable reduction in IMSE as compared to the KMH estimator when
the scalar 6 is chosen conservatively?

.1f one's goal is the reduction in IMSE, are there full model
estimators (i.e., estimators of the form gé where K is nonsingular)
that are competitive with reduced model estimators in achieving small
IMSE?

-How does Q+, the estimator developed in “Section 3.2.4, compare
to the KMH and BD estimators? Since Q+ is a generalized ridge esti-
mator, the results of such comparisons are indicative of comparisons
between the ridge estimator and these two other estimators.

In the general setting of linear models, the answers to these
questions are in terms of complex matrix expressions whose interpre-
tations often depend on the values of unknown coefficients and on the
coordinates of the design points. In general, these coefficients and
these coordinates are free to vary in multidimensional space. For
these reasons we shall restrict the scope of our comparisons. We shall

consider a particular model, a simple class of designs, and a certain
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criterion.

The modelxis discussed in Section 4.2.2. The class of designs is
discussed inSection 4.2.3. The criterion and the motivation for
considering this criterion is discussed inS ection 4.2.4. An explana-
tion of the comparison is in 4.2.5. The results of the comparison are
described in Section 4.2.6, and our interpretations of these results

are given in Section 4.2.7.

4.2.2. The Model

We consider the situation where the true model is not known. We are
interested in estimating the response surface over a particular region
of interest. We want to use a model that is general enough to detect
important irregularities in the response surface, and yet we don't want
a model that is so complex that it has little chance of verification in
subsequent experiments. In many situations, the most complex model that
can be used is the second degree polynomial. We shall assume that the
second degree polynomial in two variables is the true model. Specifi-

cally, we assume that the true model is of the form
= B . +R.X,+B,X,*+8 x2+8 x2+8 X, X
n 0 P11 TR P11 P22t P12

We assume that the Bg's are unknown coefficients. Later, we willas-
sume that on a priori bound on nz/o2 can be specified. Such an
assumption implies some knowledge of the B's. However, no additional

specific knowledge of the B8's will be assumed.

4.2.3. The Class of Designs

We take the region of interest to be the square bounded by

-1 <xy < 1 and -1 =X, < 1. The designs we shall consider will be
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gencrated by the scalar ¢. These designs are nine point designs. The

coordinates of these ninc points are

(xl’xz) = ('C) C)

L ¢z 1l,¢
(2 2’ 2 2)’

1, 1)

I S SR S 4
( 7 29 7’+ 2);

+
|

(0, 0),
1 r 1 g
(7‘* iV 7),
('1’ '1),

1 z 1 z
Cz*3 773>
(C’ -z

Figures 4.2.1 and 4.2.2 show the plots of these nine points when ¢ 1is

1 and when ¢ is 1/2, respectively.

The correlation coefficient of X4 and X, is (l-cz)A1+c2). The
mean of the design points for X4 and X, is always zero irrespective
of what value ¢ assumes. When ¢ 1is one, we have a completely

orthogonal design. As ¢ approaches 0, x;, and X, become in-

1
creasingly correlated until all points lie on the line X; = X, when
¢ 1is zero. We will consider five designs in this class specified by
z =1, .75, .5, .25 and .125.

For this model and this region of interest, the moment matrix is



1/3
1/3

(]

0 1/3 1/3
0 0 0 0
1/3 0 0 0
0 1/5 1/9 0
0 1/9 1/5 ©
0 0 0 1/9
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4.2.4. The Criterion Used for Comparison

We believe that IMSE is a reasonable choice for comparison of esti- ‘
mators. However, the computation of the IMSL of biased estimators
generally requires the specification of the coefficients of the model.
Such specification would limit the gencrality of the results of the
comparisons.
We shall instead compare estimators by equating their integrated
variance (when possible) and observing a bound on the ratio between
the integrated bias of one estimator and the integrated bias of the
zero estimator. The two ratios, for each of the two estimators, are
compared. We would prefer that estimator whose ratio is smaller. Let's
see what inference can be made about the IMSE of the two estimators
after comparing these ratios.
Consider two estimators, Ql and QZ » whose respective IMSE is ‘
Ji = Vi + Bi’ i=1,2,. If the bias error of the zero estimator is
BO' then let 5 for i =1 and i =2 be the respective bounds on

the ratio of Bi to BO' Then we have

J; = V; + (B;/By)B, =V, + ¢.B,.

When we have equated the integrated variance so that V. =V, then

1 2
by < b, implies that the bound on the IMSE of b, is less than the
bound on the IMSE of b2 for all BO' For certain values of the co-
efficients, it may be that the IMSE of hZ is smaller than the IMSE of
Rl' However, with little specific knowledge of the coefficients, this

seems an objective method for comparing estimators. We shall call 91

a more efficient estimator than Qz when 2 is less than ¢, given

that V1 = VZ' "I'
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When the two Vi's can not be equated, then we consider the dif-

. ference

Vi - Vy + (89797)By,

set this difference equal to zero, and then solve for BO' When a
bound M on B0 satisfies

a1

417¢2

By <M<

then we know that b, is more "efficient" than 92'

We interject a word of caution at this point. For many criteria,
it is possible to find optimal estimators. An optimal estimator may
perform well for a particular criterion, but it may be poor when the
criterion is modified slightly.

The optimal estimator for the criterion used here is the Q+ esti-
mator. Since this estimator is similar to the ridge estimator, it is
tempting to infer that the results .of these comparisons apply to the ridge
estimator. However, the fact that the scalar k of the ridge estimator
is not generally chosen in the manner that we will choose it weakens

this inference.

4.2.5. Explanation of the Comparison

In this section we are interested in comparing four estimators:
+The full model estimator.
*The ,p+ estimator.
*The BD estimator.
. *The KMH estimator.

Each of these estimators is a deterministic transform of the least
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squares estimator é. A typical estimator is b = Ké. The full model
estimator, the BD estimator, and the KMH estimator have an integrated
variance that depends on the design only. The only one of the four
estimators whose integrated variance can be modified once the design is
fixed is the E+ estimator. We shall vary the scalar k of the Q+
estimator so as to equatc the integrated variance error of Q+ with
that of either the BD or KMH estimator. Only choosing k equal to zero will
equate the integrated variance error of Q+ estimator with the full
model estimator. Therefore, the estimator Q+ will be compared with
the full model estimator when the k is fixed so that the integrated
variance of the KMH estimator and the integrated variance of Q+ are

equal.

4.2.5.1. Method of Obtaining Bound on the Ratio of Bias Errors

Consider an estimator of the form b = Ké. The bias error of this

estimator is

NQ 2
5 (x'(K-I)g)"dx.
2 JR X (K18

g

The bias error of the zero estimator is obtained bv setting k to zero

and 1is B0 where
_ N
By =— E'ME -
(¢}
The ratio of these two bias errors is

¢ x (K-DB)
Q| ——2— dx . (4.2.5.1.1)

U
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A version of the C-S incquality states that '"Let A be a p.d. mxm

matrix and QeEm, (i.e., U 1is an m-vector )}; then

| 2 | B
sup WE - a7y

xep XM
~m

and the supremum is attained at X* = A-IQ."Rao(1965). We shall apply this
fact to the integrand of (4.2.1.1.1). In this case letting U' = x'(X-1),

X=p8, and A= W,we have

2 ] .
sup BEDB” - k-t xD x -

geEp B'Ng

By the monotone convergence theorem

Ve 2 } '
swpa | BEDOT gx<a [ v aDrteeD s &
R
6'He
- tra X' (-DW L&D 'x dx = tr KE-DW D"
R

4.2.6. Results

Table 4.2.1 lists the results of our comparisons.
First, let us consider the comparison between the BD and the Q+
estimator. We see that for all choices of ¢, the bound ¢ of the
Q+ estimator is smaller than the bound ¢ of the BD estimator. This
means that »for all values of the integrated bias of the zero estimator,
the p+. estimator has a smaller upper bound on its IMSE. Thus,

the p+ estimator with this choice of k is more efficient than the

BD cstimator.
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Secondly, comparing the KMH and Q+ we see this same relation-
ship between the bounds on the ratio. Thus Q+ with this choice of
k 1is more efficient than the KMH estimator.

Thirdly, we compare the full model estimator with Q+ when k has
been chosen to equate the integrated varuance of b+to the integrated
variance of the KMH estimator. For ¢ = 1, we have

-V, +
M~ "h _ 4.25-3 _ 44

bt O .0857-0

So if one could specifv a bound smaller than 10 on nz/o2 one would
achieve smaller IMSE using b+ with k fixed as above rather than
using the full model estimator. This results holds for all B, and
the result holds for ¢ set at one. As ¢ was decreased toward zero,
this result held for larger values of the integrated bias of the zero

estimator. When ¢ is .125,

Vim " VT 4020 - 1210

212 - 0
°

= 15000.

+

- *m

Fourthlv, we compare the KMH and full model estimators. When ¢ =

1 then
Y~ Vi | 425 -3 x|,
‘H T RM 5-0
and when ¢ = .125
V., -V
B T 'R _ 4020 - 1210 = 400,
¢KM[_1"¢FM 3'0
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We see that the KMH estimator is preferable to the full model only for
choices of bounds that are smaller than the bounds that were true for
the MVFR estimator.

Fifthly, we compare the BD and full model estimators. When z=1,

then

Ve " VBD _4.25 - 2.15 » ,
]

bap - OmM 7.25 - 0

and when ¢ = .125
Voo, -V
M " VBD _ 4020 - 34.6 . 1000 .
gD ~ *PM 3.99

So the BD and KMH estimators are very similar in their comparison to
the full model estimator.

Lastly, we compare the BD and KMH estimators. When ¢ = 1, then

V

o VY

BD _ 3 -2.15 2
7.25 -3

.25.

*sp = P
When ¢ is 3/4, 1/2, 1/4 and 1/8, then this bound is .14, .67, 67.4,
and 1187.3, respectively. Thus, the BD estimator seems preferable to
the KMH estimator only when the independent variables are highly

correlated.
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4.2.7. Interpretations of the Results

Let us see what light has been shed on the answers to the questions
posed inSection 4.2.1. For the first question it would appear that
these comparisons indicate that as the independent variablcs become more
correlated the BD estimator becomes more clearly preferable. We must qualify
this statement since the answer depends on the values of the unknown
parameters. Here it would seem that the SK estimator could be used.
However, the SK estimator can do no better than the BD estimator in
achieving small integrated variance. The KM estimator may be pre-
ferable when the integrated variance of the BD estimator is too large.

It would seem that we have answered the second question in the
affirmative. It appears that the Q+ is more efficient than either
the BD or KMH estimators. Since this estimator is similar to the ridge
estimator, one might expect that the ridge estimator is more efficient
than either the BD or KMH estimators. However, it may be that smaller
values of k are used in practice. If this is the case, then Q+ will

have characteristics that are similar to the full model estimator.
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4.3 AN APPLICATION OF BIASED LSTIMATION
TO
TIL LOW DOSE EXTRAPOLATION PROBLEM

4.3.1 Introduction

In screening envirommental contaminants for their effects on the
hcalth of a large population, often the goal is to obtain information
about the effects when the exposurc dose of the contaminant is low.

The exposurc to low levels of a contaminant may result in a serious
health effect (death or presence of tumors) in only a small proportion
of the population. However, even a proportion that might normally be
considered small may be of concern to public health officials when the
target population is large (say, over a million).

When the response rate is low, say less than one in a hundred,
there is a fair chance that a reasonable size sample (say, 50 individuals)
will contain no affected individuals. Thus, there is a real danger that
hazardous contaminants can pass undetected through such a screening.

When all outcomes are the same (no dectections), the estimated
variance is zero. llowever, the variance must have been nonzero if we
have missed detection due to using too small a sample size. Therefore,
when we do make a detection we must realize that it is unlikely that the
observed proportions will coincide with proportions that would be
obtained in repeated experiments. In order that we are not mislead by
such random fluctuation we may plan at the outset to limit the amount of
detailed information to be extracted from the data. Although using

large numbers of experimental units can improve precision, there is
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always a limit on the number of experimental units available.

When one conducts an experiment with a small number of experimental
units, one is taking a risk that the information to be derived from the
experimental data lacks sufficient precision. Since we have ruled out
increasing the number of experimental units, we shall‘confine our
remarks to two alternatives that can also improve precision.

First, one might decide to allocate the experimental units so that
the barest minimum of detailed information can be extracted from the data.
Such a sacrifice would be made in order that this minimum amount of
information is as precise as possible. For example, when the shape
of the response curve is unknown and the number of experimental units
is fixed, then a two-point design can more precisely estimate the
differential response between the two points than is possible when some
units are allocated to other dose levels. However, confining the design
to two levels sacrifices information about the gradient.

Second, one might decide to extrapolate. That is, choose
experimental doses higher than the interval of interest, fit a curve
to these points, and use the points lying on the curve in the interval
of interest as estimates of the response. In practice, a few units
are usually tested at the background dose as a control. Thus, one
might prefer to call this method an interpolation rather than an extra-
polation. However, the term extrapolation is usually used here.
Perhaps this term persists because the number of control units is
usually small, that is,the resulting precision is only able to detect

background response levels of, say, five percent.
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Usually a straight line is chosen as the curve fit to the dose
levels when interpolation is used. There are a number of reasons to
choose a linear function. First, the parameters of a linear function
can be estimated more prccisely (less variance) than the parameters
of a more complex function. Second, most dose-response curves are sigmoid
in shape. Thus, intervening points on a line (connecting points on
the lower concave portion of the dose-response curve) will lie above
(on the average) the true response curve. See Figure 4.3.1.

Here, we shall discuss some methods that can be employed to
increase the precision of estimates of the dose-response curve. We
assume that the experimenter is able to dose at any reasonable level

that he desires.
First, we assume that the true function is unknown, that goal

of the experiment is the estimation of A (the differential response
between dose levels EO and El), that a two-point design at dose
levels gO and £y > El is employed, that the estimator for A (say
32) is based on linear interpolation between £o and €s and that
only the variance of 32 is the criterion used. In this setting we
find that the variunce of 32 is smallest when &) is as large as
possible.

Second, we assume that the true model is a quadratic function.
Since &2 will be biased, we use mean square error (MSE) criterion
rather than variance criterion. We find that the square of the quad-
ratic term divided by the variance of the experimental error must be
bounded in order to-guarantee that the MSE of Ezv:is smaller usihg

52 > El rather than gz = 51.
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response function at dose levels of 1 and 3.
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Third, we consider a particular quadratic namely Bzxz. Since the true
model is unknown we cannot deny that this may be the true form of the
function. We find under special circumstances that we would only want
to choose &, OHIY. slightly iarger.than £1 in order to minimize MSE.

We can not recommend this as a solution, .but onlyAcqnsider~it*as informa-
tion to motivate making further constraining: -assumptiomns -about the . form
of the dose-response curve.

Fourth, we assume that &y has been chosen arbitrarily larger

than £1- We assume that the true dose-response curve is a quadratic
function with positive coefficients. We then find functions that bound
this class of functions, and estimate them.

Finally, we show what level lower than €, to use in a sub-
sequent experiment to best refute the upperbound on this class. We
also recommend how sample size should be‘chosen for this subsequent
experiment.

4.3.2. An Example

Consider a population of experimental units (humans, mice, etc.).

Conceptually, it is possible to imagine the average response, n(x),

thatwould be obtained if the whole population were administered a dose
X. We can further imagine that the function n could be defined for
dose levek other than x. Although it would be impossible to verify by
experimentation, it is conceptually possible to view n(x) as a function
defined for all dose levels x in some interval. We call n(x) the
true response.

Let us assume that the experimenter has interest in determining in-
formation about the response on an interval R = {xlgo <X < 51}, which
is a subinterval of the interval where n(x) is defined. For example,

€y might be the background concentration of an agent, and 3 might

- ———— - ———— -
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represent a very small increase over &g, that could be realized if noen-

vironmental control were exercised with regard to this agent. ‘The term
"very small" means that the concentration would be much smaller than
typical concentrations that 1aboratorie§ are designed to handle. Let Y
be the vector of observed responses from N experimental units which
have been exposed to doses (xl,xz,...,xN) = x'. Some or all of these
dose levels may be the same. Let n(x) = (n(xl),n(xz),...,n(xN)) be
the true response vector. We assume that
Y=nx)+¢g,

where ¢ is a vector of random uncorrelated errors with zero means and
common variance 02. Biological differences, errors in applying the dose,
sampling error and instrument error are some of the sources of error that
make the vector ¢ nonzero. So far we have made no assumptions about

the functional form of n(x).
A minimal amount of useful information about n(x) is provided by

the difference
a = n(gp) - nlg)-

The peramcter A is most meaningful waen n is a monotonic increasing func-
tion of cosec. This population parameter can be estimated rather precisely

as compared to trying to estimate a more complex aspect of n(x) on

the interval R.

For reasons such as these, the experimenter may be content with an

experimental design that can provide information only about A. This
is especially true when the number of expgrimental units is small.

We shalldiscuss only the case whereffwo dose levels are used.

If one obtains ny Tesponse meésurements at g, and n, response

measurements at &4, then an unbiased estimator for & is the dif-

ference of the two means
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Here, ?é and Yé are the averages of the responses made at dose
. 1 0 -
levels £y and Y respectively.

~

The variance of 8y is
Var 31 S A CE I B
no ny

It may be judged that this variance is too large. Such a judgment is
usually based on the size of type I and type II errors. In order to
compute the type II error, one must specify how small a difference one
desires to detect.

When these computations indicate that the variance is too large,
one could decide to increase n, and n;.

We assume that this alternative is not available. °®We will consider
extrapolating. That is, instead of using £, as a dose level, we will

dose at a level higher than &1 , and using linear interpolation, estimate

A. In this case, our estimator for A is

Az = (51'50) 81’
where El is the estimated slope from fitting the straight line by
least squares.
If we made n, and n, Tresponse measurements at 52(52 > 51) and

Eg» respectively, then the variance of 4, is

2
. £.-§
Var b, - | 20| 2|1,
%275 To Mz,
If n, = ny then the variance of 32 will be less than the variance
of & whenever

1
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€1 - &
E = EO

Z

< 1.

Thus, based on only the variance, we would prefer that P be greater
than &1 This result comes about because we are ignoring the fact

that n(x) may not be a straight line.

From figure 4.3.1, we see that on the average &2 will tend to
overestimate A. This tendency is not taken into account when only
variance is considered.

In order to partially account for this tendency, let us assume that

n(x) 1is only slightly more complex than a straight line. We will

assume that n(x) is a quadratic in x, namely

- 2
n(x) BO + le *BxT

>

~

Under this assumption, 8, is a biased estimator for 4, while 8y

remains unbiased. The expected value of 82 is

E(8,) = (§;°§()E(By)
= (51'50) (Bl+a82)’
where
a = (§2+£0)'
Since
A = 2

= (51'50)81 + (51'53)82 2

the mean square error (MSE) of 22 is then

- N 2
Var 4, + (E(8,)-8)

E1-En 2
= 02 ['—];"' '_1' 170 + (51'50)2(52'51)283 ’ (4..3.2.1)
n n,}{&,-€
[P0 T2 52750

and 32 will attain smaller MSE than 21 when (assuming n, = nz)
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-E~12
1, 1 {2h
Ny 1, 27%0

B%/o2
2 2

(4.3.2.2)

nO nz

A

Thus, A, is preferable to 81 only when (4.3.2.2) holds.

4.3.2.1. An Example where Bias Is More Important than Variance.

In the last section we have considered that the true model is a
quadratic. From (4.3.2.1) we see that when 82 is zero then one attains
smaller MSE for larger values of £qe We have also shown how Bg/o2

must be bounded to attain smaller MSE using ‘82 rather than 81. We

shall now consider a situation where the optimum choice for £ is
only slightly larger than £q-
We assume that the response n(x) is an incidence rate. Therefore,
n(x) 1is always less than one. We assume that the true response is a

second degree polynomial in x, namely

n(x) = Bzxz.

We have set BO and B, to zero for our convenience. However, in a
sense, this choice of Bo and By yields a response model whose curvature
is somewhat extreme, when, in fact, Bo and 8, are positive.

It is often assumed when working with proportions that the variance
is due solely to sampling error. We shall also make this assumption.
However, it should be kept in mind that this is probably a lower bound

on the true variance in many practical applications. If the variance is
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actually larger, then our assumption will yield a value of &9 which is

smaller than the optimum value. However, the realization that this

assumption may be wrong does justify using the least squares estimator

~

A, instead of some weighted least squares estimator.

2

With our assumptions about the model and the form of the variance,

we have that

2 2 2010 +2 2
85018580 Ba82(1-8587) } [ £1759 |

MSE(AZ) = { |
2750

nO nz
* (az-sl)z(al-ao)zeg : (4.3.2.1.1)

Taking the derivative of MSE(KZ) with respect to &, and setting it to

zero and multiplying by it by (52-50)3/282(51-50)2, we have

(£,-28,63) (6,600 /€2 (1-8,62)/my + By (6,761) (657E0)° = O
(4.3.2.1.2)
If we multiplied this expression out we would find that the only
term that didn't have a 8, in it is  -g,8,- Consider the situation
where 50 is zero. Then we can divide -(4.3.2.1.2) by E%BZ‘ We are

left with

'Ez/nz + gz'gl = 0.
Solving for £, we have

&2 = glnz/(nz-l).
Using this value for £, we have that

A 2 o .2,4 )
MSE A, = Bzal/n2 6251/(n2 1).
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The ratio of MSE Z to the MSE of Zl is

2

" 1
2
nz-l (nz-l)(l-Bzil)

We see that for typically small values of A = BZE% there will be only

slight improvement.
We have derived the optimal choice for £y using a number of
assumptions that seem weighted in favor of not interpolating at all. In

practice, larger choices of &, may be justifiable on other grounds.

In view of the fact that &%Bz will be small in this application, we do

not recommend that ) be selected in this way.

4.3.3 Obtaining Bounds on the Dose-Response Curve.

In the last section we have seen that one would not optimally
choose EZ much larger than gl when a straight line is used for extra-
polation and the true model is a very restrictive quadratic. Let's say one ‘
does not know the twue model. Then he can't rule out that the true model
may behave similarly to the quadratic that was.used in the previous
section. That is, the MSE may be minimized for the true model only
when 52 is quite close to El. Now MSE consists of both bias and
variance, and variance can be controlled by choosing &y large.
Therefore, it seems that when £ is large and one fits a straight
line one needs to be most concerned about the bias.

When one fits a straight line to dose-response data on the
grounds that it is conservative, one is making some assumptions about
the form of the true dose-response curve. He is assuming that the
true dose-response curve is both monotonically increasing and concave
upward over the interval from EO to 52. When these assumptions

hold then one can infer that the straight line will lie above the .
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true response on the average. This is often considered a rather weak
inference. It could be that A is zero, and yet the estimate of A
that is computed from the straight line fit suggests that the
environmental contaminant poses a real danger to the health of some
large target population. Rather than take action to control the
contaminant, it may be decided that it is preferable to obtain a
better bound on A.

If the assumptions about the shape of the dose response curve
are true, then doing a new experiment using a dose level gé, where
gé is less than &2, will result in an estimate for A which is
still conservative and yet this new estimate will have a smaller
expected value than the previous estimate for A  (See Figure 4.3.3.1).
However, many animals might be needed before one could safely reject
the old estimate for A and accept the new estimate.

Thus, there seems to be a need to decide how many animals should
be used for such a subsequent experiment. There is also a need to
determine Eé.

It would seem that this problem is solvable by viewing it in the
light of classical hypothesis testing. Viewed in this light we might

want to test whether n(&é) is larger than ﬁf&é), the estimator of n(ié)

based on linear interpolation between 50 and 52, or if whether n(gé) is zero.

The problem is not that simple.
Consider choosing the point Eé, which is in the interval

[gl,gz], that necessitates the use of the least number of animals

to reject n(gj) = n(¢}) (and accept n(£3) = 0) when n(g) = REY)
is false. Now, if we select £é=gz then nL(gé)-O is maximized among
cnoices of gé from the interval [gl,gz]. Thus, it would seem that this

criterion would indicate that a second experiment be repeated at the two
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Figure 4.3.3.1

n(EZ)

n(&,)

n(g;)
n(gy)

5k 3 :

The figure shows that the bias error at &y resulting from the

linear interpolation betwcen (go, n(go)) and (gé, n(gé)) is

smaller than the bias error at &1 resulting from the linear inter-

polation between (EO, n(go)) and (52, n(gz)). This result holds

for any function that is monotone concave upward on (go, 52)

whenever 51 < &é < 52.




doses €0 and £, Such a second experiment does not really seem

to relevantly address the problem of obtaining a better bound on A.

On the other hand, if we choose gé to minimize th; bias error of
nLCgl) we are lead to choose gé equal to El. Presumably, . we do
not have sufficient animals to test at 51 and obtain sufficient
precision.

In order to objectively select a '"'reasonable’ point gé that
lies between 51 and gz we make an additional assumption. We
tentatively assume that 2
n(x) = By + ByX *+ BX,
where B, and B, are non-negative. This assumption about the signs
of By and B, is not so constraining that we cannot define Bo» B
and B, to be those values that make n(x) coincide with the true
unknown response at go and gz when the true response is monotoni-
cally increasing. Before we consider the inferences that can be made
when this assumption holds, let us first consider how constraining
the assumptions about BO’ Bl’ and 62 are.

First, consider the function
2
na(¥) = ap + ogX + ax
where this function is equal to the true unknown function at the

points EO’ £y and £y In order for nA(x) to satisfy these regquire-
ments it need not follow that nA(x) is monotone o comcave.upward on
(go,gz). However, if the true unknown function is both'monotone and

concave upward then the parameters of nA(x) must satisfy the conditions

o

a, > 0 and ag > - 6}(g1+50).
The condition ay > 0 arises from the fact that QA(gl) must be less
than the coordinate corresponding to £, on the straight line passing

through (EO,nA(gO)) and (gz, nA(gz)). The condition 0y >

~a,(& + §y) arises since n,(£5) < ny(&p)

— R
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Since o, need not be positive, it does not follow that our assump-
tion is general enough to allow n(x) to coincide with the true
dose-response model at EO’ El and €q- However, 0y is a measure
of how close the true response at £ &1 and ) lie to a straight
line. In this sense then, when 0, is small, the true unknown response
will be approximately linear. When o, is small, 0y cannot be too
negative. This is because 0y must be larger than -uz(g1+£0). Now
let us consider the error of n(x) at x = gl when o is negative.
Since n(x) coincide with the true unknown response:.(and with

nA(x)) at EO and gz, it follows that

L]
o

Bp - ap * (Byroq)Ey *+ (B,-0,)El (4.3.3.1)

{
o

alld BO - 0-0 + (Bl'al)gz + (Bz'az)gg - (4-3.3.2)

The error of n(x) at x = El is
n(€)) - mp(&) = (Byap) + (By-ay)g; + (ez—az)gf. (4.3.3.3)

Substituting the value of Bo - ag defined by (4.3.3.1) into (4.3.3.3),
and substituting the value of By ~ defined by the difference of
(4.3.3.1) and (4.3.3.2) into (4.3.3.3), we have that
B el

n(&y) - np(&)) = (Byop)| (E1-&) + EETEE . (4.3.3.4)
Equation(4.3.3.4) shows that n(gl)-nA(El) is always positive. Also
the equation shows that n(El) - UA(El) is minimized if B, 1is taken
to be zero when oy is negative. It appears that n(El) - nA(El)
decreases as &, gets larger. This is true if the true response is a

quadratic so that 0 is fixed. However, 0 can be expected to change

with &, when the true unknown response is more complex than a quadratic.




Thus, we consider
NG = By + ByX + Bx°
0 1 2
to be the quadratic that coincides with the true response at 0> &1

and gz

we assume that

if the coefficients are positive. When this is not.possible

n(x) = By + Bx°

where n(x) coincides with the true response at EO and 52. In
this case, our assumption is conservative since n(gl) - qA(El) is
positive.

Now, consider the class of functions Q, where n(x) is in Q
if

_ 2
n(X) - BO + le + Bzx ’

and By and B, are non-negative. A relevant property of functions

in Q 1is :
For any n(x) in Q, there are two corresponding functions
n (x) and nQ(X) such that these functions are in Q anl

nQ(X) <n(x) <n X,

for EO <X K 52, and
ﬂQ(Ei) = n(gi) = nL(Ei)’
for i =0 or 2. We can show that this holds by considering

nL(X) = 80 + elx

118
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and nQ (X) = BO + 0 zxz ’
where 00 =By * BZ(€2+€O)
and 6, = (Bl+52(€2+€0))/(€2+€0)-

For these particular functions,
nQ(X) <n(¥ <n

when Bl > 0, 82 >0, and x < go + 52. Since 0 5_50 < 52’ we
have that {x|g0 < X < g,} is a subset of the set {x|x < £0+€2}.
We require 82 > 0 so that n(x) < nL(x) and we require 81 >0 so
that nQ(x) < n(x). Under our assumptions about Bl and B, we know

that, since

A= n(gl) - H(EO) )
then

WQ(§])° n(éo) <A< nL(El)' n(go)-

Hence when our assumptions are true about n(x), we know that obtaining
bounds on A 1is straightforward.
From a two -point design and for any n(x) in Q, we can find

unbiased estimators for the functions nL(x) and n,(x) corresponding

Q

to n(x). These estimators are

N = (EY. - Y, + (Y, Y, )X}/ (E,-E0) 4.3.3.5
”L(X) 52 50 EO EZ ( gz EO 2 =0 ( )

and
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Ag0o = {z;%YgO : a;éYgz : (Ygz-vgo)xz}/(ag -l . (4.3.3.6)

We have that

E(n, () = By + 81X,
and

E(SQ(x)) =

|
™
o
+
@
\8)
e

It follows that HL(X) and ﬂQ(x) are unbiascd for nL(x) and
nQ(x) respectively.

Further, when Var Y, = Var Y and Y and Y are
%0 &2 &0 &2

uncorrelated then by the Gauss-Markov theorem we have at the point X
that ﬁL(x) and ﬁQ(x) are best linear unbiased estimates of nL(x)

and nQ(x), respectively. When Var Yé # Var YE then since we
0 2

are using a two-point design we know that Yé and Yé are the
0 2

maximum likelihood estimators for n(&o) and n(gz). So ﬁL(x) and
HQ(X) are the maximum likelihood estimators for nL(x) and nQ(x) ,
respectively ,because of the invariance property of the maximum
likelihood estimators.

We see that if the true dose-response function is in Q  then
E(fy(x)} < n(x) < Eln ()

for go <X < gz. Thus, by making a rather nonrestrictive assumption,
we find that we can bound the true response function. However non-
restrictive the assumption, we must admit to a degree of arbitrariness

and thus the need to validate this assumption.
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In the validation we assume that the response is an incidence
rate and that the frequency is binomially distributed. Consider a
subsequent two point experiment at x = 50 and x = gé. Since our
goal is to make inferences about A, we clearly only wish to consider
those values of &é such that gl < g < gz. The estimates of
nL(gé) and nQ(gé) can be computed from the data of the first

experiment. These are

1t

]

o, - - - 2 2 .2

! - EX, + (¥, T )¢ - .
NGy {&ﬁYgo ¥y, * T T e }/(&2 £D)
We want to choose gé and the number of experimental units, né,
so that it is possible to "'optimally' test whether there is a signifi-
cant difference between nL(gé) and nQ(Eé). Since we don't know
these values we do the test on ﬁL(gé) and ﬁQ(Eé). We quantify

this test as follows:

Let Yé, = 13/n, be the observed incidence rate at ;. The
2

likelihood ratio test of the hypothesis

Hy: ré is distributed binomially with parameters né and

o - o '
L{Yg.z} n(€'5)
versus the alternative hypothesis

le ré is distributed binomially with parameters né and

E{Yéé} < np (€3)

is to reject Hy when (using the approximate large sample distribution)
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1
where
A n'yY ny(1- Y V)
' .
1 Y., 1-Y,,
2 { 52
The constant C, is determined by selecting the significance level of

1
the test. Let us now consider how the required sample size could be

determined.

One way to select sample size is to determine a proportion so that
if the observed proportion is less than thisvalue then HO is rejected
at the selected level. It would seem that if Y' nQ(gz) then one

would expect to reject HO, since

E(ﬁQ(Eé)) = nq(€3) < np (83
When Y = nQ(gz), then L becomes
&2

) i (az Lo (EN)
fen [T (1 f )t O
L = | ~ ~ 4.3.3.7
n} nQ(Eé) 1 - nQ(Eé) ( )
n'
Since Ln' = le , we would reject HO at the 5% significance level
2
when
_ 2
-2 nj logeL1 > 2.71 = X1,0.1 °
The required number of observations to reject HO when Y < Q(gz)
2
is
ny = 2.71/4-2 logeLl). (4.3.3.8)

By choosing Eé to maximize-loge Ll’ equation (4.3.3.8) shows that

we will minimize our sample size requirements.
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4.3.3.1. Results

In this section we present tables listing our prescribed values

1 1 3 s SIS 2
of n, and gz for various choices of YEO’ Ygz, EO and 52.

First,we will describe how these tables were constructed and then

we will comment on the implications of this analysis.

a
and (4.3.3.6 ) to compute nL(gé) and nQ(gé), respectively. né

For fixed values of Y, , Y, , £go gé and £,» we used (4.3.3.5)
o &2

was set to 1, and expression (4.3.3.7)was used to compute L,, and

from this we used (4.3.3.8) to compute né. We varied gé until né

was minimized. These values of gé that minimized n!, say 53 ,
are correct to the second decimal place. Table 4.3.3.1.1 shows n§
(the minimized value of né) and &3 for various values of Yé and

0

Y, when £,=0 and &, = 1. Table 4.3.3.1.2 shows n! and £*
£, 0 2 2 2

when 50 =1 and €, = 10.

Both tables show that n*

2
decreases as either Yé increases or Y  decreases. These tables
2 ‘0
also show, that except when Y% is zero, 53 decreases as either
22
Y, increasc or Y, decreases. When Y is zero then &%

increases with Yéz .
Now let us consider the implications of these tables. Assume

the experimenter has used a two-point design and estimated A based

on ﬁL(x). He considers conducting a subsequent experiment to check

on the conservativeness of his estimate for A. He is willing to

reject n(gg) z_aL(gg) at the 5 percent significance level when

Yég < ﬂQ(EE). That is, he is willing to re-estimate A based only

on YE* and ignoring Yé when the above hypothesis is rejected.
2 2




For example, luble 4.3.3.1.1 shows that if Y} = 0.5 and
2

Yé = 0, then he should conduct thc experiment at &£} = 0.30 and
0
he needs 24 animals. If he chooses &é other than 0.30 he will

require more animals. Also if he desires to reject for some other

value of Yg,5 between nQ(gE) and nL(gE) he will need more

animals. If he finds that he has insufficient resources to meet the

sample size requirements, this analysis indicates that he should not

conduct a subsequent experiment for this purpose. His conclusion
should be that A lies somewherc between the estimates based on

ngley) and my (€))-
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4.3.4 Summary

We have considered some of the errors in extrapolation. Some
of these errors are due to the variability of the data. A separate
error component arises when we incorrectly specify the true model.

We have shown that even when we specify the wrong model, we can
control random variability by dosing at high levels and using linear
interpolation to estimate the differential response between doses
at lower levels.

We have seen that an important error in linear interpolation is
model misspecification. For a particular model, we have seen that
the best choice for controlling variability and bias is to interpolate
only slightly. When the model is correctly specified we need only
control variability. In this case we are lead to dosing at as high a
level as possible.

The class of models that contains these two extreme examples
must be considered quite flexible in its ability to contain a
function that approximates the true function. For any function in
this class we can use a two-point design to obtain unbiased estimates
of functions that bound the first function.

When these bounds are too wide for decision-making purposes we
have shown how to design an experiment to distinguish between these
bounds. This design suggests what dose level to use and the sample
size requirements.

The second experiment may still involve some interpolation. In
view of the fact that our assumption about the forms of the model may

be too narrow we suggest computing similar bounds from this second
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experiment. If one believes that the true response is approximately
linear at low dose, then there is reason to believe that at small
enough dose the linear model will not be rejected.

Consideration of the fact that many observations are required to

distinguish between bounds when Yg - Yé
2 0

that attempting to obtain experimental data at lower response levels

is about 0.01 indicates

may not be worthwhilec.
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CHAPTER 'V

FUTURE RESEARCH

One of the aims of this dissertation was to develop estimators that
could attain smaller general  mean square error than the least squares
estimator.

Many of the estimators that were studied can attain smaller mean
square error than the least squares estimator, but only for a subset of
the parameter space. Thus, using these estimators because they have
small mean square error requires that one know that the true parameters
lie in this subset. Thus, prior knowledge is required in this case.

In many instances, only crude knowledge of certain bounds on the
parameters is necessary to insure that the parameters lie in the
required subspace. It was felt that there would be many instances where
such knowledge would exist for many data sets.

However, in the cases we have investigated, when such bounds exist,
they are usually very large and the incorporation of this information
into the estimator would probably not be worth the effort of having to
explain what one was doing.

In those instances where a smaller bound is known, one often finds
that a transformation is uscd. For example, proportions are bounded by
one, but one might employ linear model methods by transforming to the
logits of these proportions. Since the logit is not bounded, there is
no obvious choice for a bound on the logit in general.

This suggests that the use of transformations, which map a finite
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interval into an unbounded interval, may be viewed as a way of incor-
porating prior knowledge into the estimator.

Transformations also have an ability to reduce the terms in a linear
model. For example, the log transformation can remove multiplicative
interaction terms. Thus, transformations may be able to reduce the
number of parameters to be.estimatgd. However, the use of transfor-
mations has somc disadvantages.

In the first place, using transformations of the dependent variable
makes the interpretation of the parameters more complex. To reduce the
complexity, one might try to make inferences about the untransformed
variable frdm the estimates obtained in the transformed space. There
are theoretical reasons why such inferences are invalid.

For example, if Y is lognormally distributed, that is

Y = exp Z,

where Z ~ N(u,oz) then

E(Y) = explu + o%/2},

whereas

exp E4n Y = exp EZ = exp v .

So, in general

E(Y) 4 £ E(E(Y)).

That is, one can not talk about how Y will behave on the average if

one determines how f(Y) behaves and then transforms back using f_l.
In the case of the log transformation we see that such a procedure

introduces bias. It might be of interest to conduct research to

determine the mean square error of such a procedure, and compare it to
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some biased estimator.
We have investigated linear transformations of the independent

variable. For example, if the true model is

n=x'g

and one fits

4]

where z = Mx, then the integrated bias error is minimized when

a = M) Mg

One might consider a z defined as above when using principal component
regression.

We have considered only estimators that are linear transformations
of the least squares estimator. There is at least one application
involving a fixed nonlinear transformation of the least squares esti-
mator. This is the regression problem when there are errors in the
measurement of the independent variables. When the variances of the
measurement error in both variables are known, one solution in estimating
the coefficients is to rotate the axis a certain amount, obtain the
least squares estimator using the transformed variables and obtain the
required estimator by transforming back. This required estimator is a
least squares estimator using the transformed variables.

For this reason, it may be of interest to consider nonlinear
transforms of the least squares estimator. If such a study were done,

the nonlinear transform might be approximated by a linear transform.
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In this case, it may be possible to apply some of the theory developed

. here.
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