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CHIN-FEI HSU. Tests for Finite Proper Mixtures of Distributions
(Under the direction of Norman L. Johnson)

A number of hypothesis testing problems are investigated, which
involve the common element of deciding whether an observed sample can
be regarded as coming from a mixture of two or more component distribu-
tions. These component distributions may be completely or partially
specified, or only be estimated from samples. One of Johnson's sta-
tistics (1973) is studied for its asymptotic performance and this
method is applied to derive a test statistic for mixture of three
symmetrical components. Next Thomas' statistic (1969) is modified and
used in testing mixtures of two continuous components. It is then com-
pared with Johnson's statistics by calculating asymptotic power for the
case of two normal components against a single alternative. Then sta-
tistics for testing three and four continuous components are derived.
Statistics for testing mixtures of more than four components are also
discussed and an algorithm to derive them is obtained. Further it is
shown that these kinds of statistics can be used to test (i) whether
it is possible to reduce the number of components in a mixture, and (ii)
hypotheses involving two or more mixtures simultaneously. A method of
deriving test statistics based on minimizing a Kolmogorov-Smirnov
statistic among mixtures of two known components is suggested and a
computational algorithm is constructed. Properties of tests based on
these statistics are studied using simulation procedures for some

special cases.
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CHAPTER I
INTRODUCTION AND SUMMARY

1.1 Motivation

Mixtures of distribution functions arise frequently in practice
and very often they present difficulites to researchers. As an
example, similar items from different sources might be mixed together
at a distribution center before they are shipped out to lots for sale.
Doubts regarding the uniformity of quality of these products having
been expressed, a procedure to test whether lots contain products from
two or more sources is desirable. For another interesting example,
see Thomas (1969, pp. 475).

In this paper a variety of hypothesis testing problems (or models)
are investigated which possess the common element that they involve
questions whether an observed sample can be regarded as coming from
a finite mixture of two or more component (distributions). These
component distributions may be completely or partially specified, or

possibly only estimated from samples.

1.2 Definitions
A finite mixture is proper if its mixing coefficients are non-

nagative and sum up to 1. More specifically, the distribution FO

is a proper mixture of the distributions Fl, -— Fk if there exist
k k
wizo, i=1,---,k, z w; = 1 such that F0 =1 wiFi ,

i=1 1=1



wi's are not necessarily known. Furthermore, if the mixing coefficients

are positive, we called the mixture strictly proper.

A finite mixture is identifiable if it can be uniqurely expressed

as far as (1) the component distributions, (2) their numbers, and
(3) the mixing coefficients are concerned (Behboodian, 1976). A finite

identifiable mixture is necessarily proper, but not vice versa.

1.3 Grouping of Problems

Table 1.1 is a list of testing problems concerning finite proper
mixtures. For convenience, relevant problems, which either (1) have
similar nature, or(2) can be treated by a similar method, are grouped
together into A - F.
The contents of table 1.1 are illustrated by the following: ' “
1). AZ2: The conditions are that there are random samples from F, and
F1 respectively and all the random variables are mutually
independent ; F2 is known; F1 and F2 are continuous.
The null hypothesis H0 is FO = wFl + (1 - w)F2 properly.
ii). B3: The conditions are that there is a random sample from FO;
F, and F, are known, absolutely continuous with density fl,fz;
fo(x,uﬂ = wfl(x) + (1 —w)fz(x); for w' > w
fo(x,w')/fOCx,w) is a nondecreasing function of some

suitably chosen function t(x).

The null hypothesis H0 is w <

“0
iii).F2: The conditions are that there are random samples from FaO and

FbO’ and each of Fal’ FaZ’ sz is either known or there is

a random sample for it; Fal’ FaZ’ sz are continuous.



The null hypothesis H0 is

FaO = waFal + (1 - wa)Faz properly and

Fb0 = waal + (1 - wb)FbZ properly.

Problems in group A test the same kind of null hypotheses,
i.e. that of proper mixtures. Problems in group B have the common
element that the component distributions are symmetric and differ only
in location shift, scale change, or both. Though these conditions
seem more restrictive than those in group A, the condition of continuity
is not required. The null hypotheses of problems in group C deal with
"restricted" proper mixtures, i. e. the mixing proportion parameter w
lies only in a restricted (or proper) interval [a,b] of [0,1] other than
the entire unit interval. Problems in group D are similar to those of
goodness-of-fit tests, except that (i) the sample(s) is(are) from the
distribution(s) (FO or Fl) other than the one (fz) we intend to test,
and(ii) we are given an additional condition that FO is a proper mixture
of F1 and F2' Problem El is that of reducing the number of components

from a given finite proper mixture. Finally, problems in group F test

two mixtures simultaneously.

1.4 Summary of the Results in Chapter II to V

In chapter II we deal mainly with problems of location mixtures.
First we derive the third and fourth cumulants of a statistic proposed
by Johnson (1973) and find that this third cumulant is a constant
( with respect to w and n ) multiple of n—'s(l - 2w) (Proposition 2.1),

while the fourth cumlant is entirely independent of w (Proposition 2.2),

provided that Pr{ X1 = Onl + mz)/Z } =0, where m, is the mean of



Fi’ i=1, 2, and X1 is a random variable having distribution F

0"
Next assuming that Fi is distributed as Nﬁni,oz) for i=1, 2, (where

NOni,oz) means normal with mean m, and variance o®,) we compute the
third (Yl) and the fourth (yz) standardized cumulants of Johnson's
statistic for various values of A = an - ml)/o and find that for sample
size n = 100, |y1| < .029 and ]Y2| < .01131. Furthermore we use a

4-term Gram-Charlier series expansion to approximate the power of
Johnson's statistic with respect to a single normal alternative and find
that the values of power are very close to those calculated by Johnson.
In section 2.3 we propose a statistic which extends that of Johnson to
the case of three symmetric components, and derive a large sample test.
Next in section 2.4 we derive an approximate formula for the power of ‘
a test for tow components mixture against a '"proportional' three

components alternative.

In chapter III we first describe a statistic T.,, proposed by

2’

Thomas (1969), in the form used by Hariton (1972) and modify it (to T3

and T4) to obtain large sample (nonparametric) tests for problems A2

and A3 respectively. Then we compute the approximate power of the test
using T4 in the case of two normal components mixture against a single
normal alternative and compare its performance with Johnson's tests.

In sections 3.5 and 3.6 we extend the method of deriving a test
statistic for two component mixture to obtain test statistics for

three and four component mixtures and find that large sample tests

can easily be formulated for problem A3--when all component distri-

butions are known - but not for problems Al and AZ.



This suggests that we might modify Thomas' statistic. By regarding a
homogeneous population as a 'one component mixture' and using a Mann-
Whitney statistic to test whether the population distribution is a
specific one, the testing problem can be embedded into problem Al
(or A2, or A3) with k = 1. By doing so, we find an interesting
algorithm which enables us to obtain a test statistic for a (k + 1)
components mixture from that for a k components mixture, when k=1,2,3,
provided that each component distribution under consideration is either
known or there is a random sample from it. Application of this
algorithm to derive a test statistic for 5-component mixture from that of
4-component mixture appears in section 3.7 In the rest of Chapter III
we deal with problem El, which involves reducing the number of components
for a given finite proper mixture. Two special cases are fully
investigated under the condition that each component distribution is
known, i. e. (1) reduction from 4 components to 3 components, and (2)
reduction from 3 components to 2 components. Large sample tests for
these two cases are also obtained.

In chapter IV we investigate by the Monte Carlo method properties
of a statistic D, which we propose for use in problems involving
proper mixtures of two known (or specified) component distributions, e.g.
problems A3, Bl and D2. First we define this statistic formally, then
rearrange it in another form which is easier to manipulate computationally
(see 4.1.4). In section 4.2 we describe a computer algorithm to
calculate from a given random sample the values of both D and @, an
estimator of the actual mixing proportion parameter in the mixture. In

section 4.3 we study three numerical examples — namely, when the two



component distributions are respectively:

(1) F1 ~ N(-1.5,1) and F, ~ N(1.5,1)

2
(i) F; ~N(-2,1) and F, ~ N(2,1)

(iii) F; ~ E(1.5) and F, ~ N(1,1/16) ,

where '"E(a)'" means "exponential with mean a_l". In order to calculate
the empirical distribution function (e.d.f.) of D, it is first expressed
as a linear combination of conditional e.d.f.'s (see 4.1.6). Then 200
samples of sizes 10, 20, 40, each for example (i) and 10, 20, each for
examples (ii) and (iii) are generated to calculate each individual
conditional e.d.f.. From these examples we find that the average of
the values of the estimators & over 200 generate samples in each
conditional e. d. f. are very close to the actual proportions parameter
w, provided that ware not too close to either end of the unit interval
[0,1]. To see how the statistic D performs, we also calculate for each
example approximate values of the actual significance levels of D using
nominal significance levels o = .05, .025 respectively (see Tables 4.5
— 4.7).

Chapter V contains short discussions of problems not included in
the previous chapters. In section 5.1 we derive a test for problem B2,
using the sample mean as test statistic, for the case when both component
distributions are normal with a common variance. In section 5.2, we
first extend a lemma dealing with distributions with monotone likelihood
ratio property, and then apply it to mixtures. Next, in section 5.3,
we derive a test statistic for problem B4, which can be used together
with a Kolmogorov - Smirnov statistic to form a test. In section 5.4,
we show that problems in group C can be treated in exactly the same way

as the corresponding problems in group A by proving that the necessary



conditions in both groups, which we use to derive the test statistics,
are equivalent. In section 5.5 we first obtain necessary and

sufficient conditions for the function Fo(x) - wFl(x) to be nondecreasing
when both F0 and F1 are distribution functions, and then propose test
statistics for problems D1, D2 and D3 (without deriving their distri-
bution). Finally in sections 5.6 to 5.8, we investigate the problems

of testing two mixtures simultaneously and derive large sample test

statistics for such problems.



Table 1.1 Grouping of Testing Problems

(Notations: * F0 = wF1+ (1-w)F2 properly ‘
** FO = wF1+(l-w)F2 for some w, O<asw<b<l, a and b known
S : random sample
K : known .
LS : location shift
SC : scale change
AC : absolutely continuous w.r.t. Lebesgue measure.) .
Symbol F0 F1 F2 Additional H
conditions
A1l S2 |s? |s? continuity? %
A2 S |S K continuity ®
A3 S |K K continuity *
Bl S |K |K,Ls* symmetry® *
B2 S |K K,LS *, symmetry w=0, or 1
B3 S |K,AC|K,AC *, (5.2.5) WS,
B4 S |K LS® - %
B5 S |K sce - ®
C1 S |S S continuity *%
C2 S S K continuity *%
C3 S |K K continuity *%
D1 S |S - ® F2=F, known
D2 S |K - * F,=F, known ‘
D3 K |S - ® F2=F, known
Fi’ i=1,---,k
k n
El S |SorKkK F0=.§ wiFi F0=_§ wiFi properly,
i=1 1=1
properly 2<m<k
F .|F F.., i=a,b;
a0 b0 |"1ij j=1:2
F1 S |{S Sor K continuity FiO= wiFi1+(1-wi)Fiz
properly, i=a,b
F2 S |S Sor K continuity, same as in F1
Fa1"Fp1
F3 S IS Sor K continuity, same as in F1
Fa1"Fp1» Fap™Fyy




Table 1.1 (Cont.)

1. Problems in groups A--D can be extended to mixtures of more
than two components, and they will be denoted by adding a 'prime' to
the corresponding symbols, for examples, Al', B2', C3' etc.

2. In each problem, random variables among samples are assumed
to be mutually independent.

3. Continuity or symmetry are assumed to hold for every compo-
nent distributions.

4. This means that F2 (x)=F1 (x-t) with t known.
5. This means that F2 (x)=F1 (x-t) with t unknown.
6. This means that F2 ()()=F1 (x/t) with t unknown.



CHAPTER II
LOCATION MIXTURES WITH SYMMETRICAL COMPONENTS

In this chapter we investigate the properties of a statistic
proposed by Johnson (1973) to test mixture of two symmetrical components.
Then we extend the method to derive a test for mixture of three symme-
tric components. Also we study the performance of these tests with

respect to certain alternatives.

2.1 Problem Bl — the Statistic &x- @y and Its Third and Fourth

Cumulants

Let FO’ Fl and F2 be distribution functions. Assume that, for

i=1, 2, Fi are of known forms, symmetric about its mean m, with

common variance o®. Suppose that X., ---, X is a random sample from
1 n

FO. We like to test the following:

HO: FO = wFl + (1 - w)F2 properly.

Define

Y1={ 1 if X< Gy +my)/2 for i =1, 2, ---, n.
0 otherwise

Let

. 1 1

K= 2% Tear Y,
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8, = @ -m) X - my, 6, = (P, - PN - By,

y 1

where P, = Pr{)(1 < (m1 + mz)/Z | Fi} . (2.1.1)

Johnson (1973) proposes the following statistic to test HO:

~ ~

A o, .
X y

Under HO both G)X and (I)y are unbiased estimators of w.

Assuming that Pr{X1 = (m1 + mz)/Z} =0,

he shows that under H0 ,

nVar (wx - wy) = nk,

_ _ -2 5 _ -2 _ _ 1.5 _ -1 _

= (m1 mz) o° + (P1 Pz) P1P2 Z(m1 mz) (P1 PZ) Pl(E1 ml) ,
where E; = E(X1 | X; < (m1 + mz)/Z, Fi), i=1,2. (2.1.2) ‘
Note that nK, does not depend on w. By the central limit theorem a .

large sample test can be formulated as follows:
reject Hy if [& - u“)y|n<2_1/2 > 21.4/2 (2.1.3)
where Zl-oc/Z is such that @(zl_u/z) = 1-a/2 and ®(x) is the standard
normal distribution function.
In order to see more clearly how this large sample test performs
we calculate the third and fourth cumulants of G)X-oﬁy in the following

two propositions.

Proposition 2.1

With UAJX and (T)y defined as above, we have under H,,

0
n“E (wx wy) m, +m2 )

(1—24»){3(1111 - mz)'Z(Pl-Pz)'l[J ? (x-ml)zdFl(x) - p,0°]

+ 3P (E;- m) (- mz)‘l(Pl- Pz)"1 - PP, (P, PZ)'Z} (2.1.4) )

nZK
3




where Pi is defined by (2.1.1) and E1 by (2.1.2).
Proof: See section 2.5.

Proposition 2.2

With Oy andb‘uy defined as above, we have under HO’

23
Kg

n3E(mX- my)“- > [E(ax-ay)z]z
(n, - mz)'4[f(x- m1)4dF1(x)- 36%]
e m,+ m
PP SR T e S s ]
4(m1 mz) (P1 PZ) [, 2 ml) dFl(x) 30 Pl(E1 ml)]
. 2 DR i i R o,
- (ml— m2) (Pl- PZ) [ ] 2 (x ml) dFl(x) Plo ]

00

120 m) 2@ P PR E- m)? + (@)~ B R P (- 6Py
-4y~ my)"H(p,P,3%(1- 6PP,)P, (B~ m)

where Pi is defined by (2.1.1) and E1 by (2.1.2).

Proof: See section 2.5.

From these propositions we find that under HO the values of n2»<3
is proportional to (1- 2w), while n3|< 4 does not depend on w at all.
In all, among the first four cumlants of &‘)x- ﬁ‘)y, only the third
cunulant depends on w and this dependence is proportional to a linear
function of w.

Define the shape factors

vy = kgl
Y2 7 K4/'<22 :
Then under HO’ only Y will depend on w .

In the following we will compute values of 1 and YZ for various
values of A, which is defined as

A= (mz- ml) 0—1 , for the case that Fi is distributed as

N(mi, 0?3, i=1,2.

12



Then by definition we have
P = 0(a/2) ,

Pl(El- ml) = -0z(0/2) ,

Mt m
co Lo ml)ZdFl(x) - B0 = - G- 2(et
J%”&
2
Wl G m)F ) - 307 B my) = 2ot - D)o

0

- ozt =
f-m(x ml) dFl(x) 30 0,
2
where z(x) = (Zw)_l/ze_x /2
It follows after some simplification that

-2 -1

- PZ)'lz(A/Z) + (P pz)’zplp2 , (2.1.5)

ne (1- 20) 7L = sty - (?,- ) %p.P,
n’c, = -A'l(Pl—pz)'§2— 16P,P,)z(4/2) - 12872 (p,- P,) 22% (1/2)
+ 407 (P, P,) tz(a/2) + ®,- pz)'4plp2(1- 6P,P,) .
Note that as x » » ,
[1- o))z te) = x 1 +ox]), and
%;g xkz(x) =0 , for any k .
Hence as A approaches « ,
A- 207y, " Balawr2) - a7 a1t 272
v 27w/ Ly s o
On the other hand we have 12 12
i wodT - E i @
by L'H6pital's rule. It then follows that as A - 0

AQ- 2 vy "8G - Dz Y25 o,

13
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Since the function (of A), vﬁ(l-Zw)'lyl is not identical to zero, there
exists at least one extreme in the range (0,~). Table 2.1 shows that
a minimum value of about -.28961 for Jﬁyl(l- Zw)_1 occurs when A

belongs to the interval (2.71, 2.73).

Table 2.1
Al- zw)'lyl

.0

.001642
.016410
-.15681
-.22022
-.26510
.28735
-.28959
.71 -.28961
.72 -.28961
.73 -.28961
-.28604
-.12905
.00006

>

= o O
et
' '

~N U1 © O
1

U1 NN NN DN .

—
(=]
1

Similarly as A approaches =,
ny, - [482(/2) - 26%2%W/2) + 202/ D11 22(/2)87 M 22(/ )87 7%
and as A approaches 0,

ny, ~ [4-12+ 4= 7%/2][1- 2+ n/2]1 = -1.13082
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Table 2.2 °
A ny,
0 -1.13082 ’
.01 -1.13081
.1 ~1.12938
. -1.09608 )
1 -1.00679

-.16626

10 -.000047
15 0

From tables 2.1 and 2.2, for n > 100

lv{| < .029|1- 20| < .029 , and lv,| < .o01131 .
For n > 25,

lv;] < -058]1- 2u| < .058 and |y,| < .045233 .
Remember that the third and the fourth cumulants of normal distributions .
are both zero. It appears that in the case of two normal components,
for n > 100, the normal distribution is a good approximation to that
of the test statistic (mx - Gy)Kz_l/z . Even for n as small as 25, we

can still expect normal to be a good approximation.

2.2 Two Normal Components vs. a Single Normal Alternative

In order to assess the properties of the test procedure (2.1.3),
it is desirable to study its performance when the distribution FO is
not a mixture of two components. In this section we will study the
following null and alternative hypotheses:

HO: FO = wFl + (1- w)FZ properly,

where E; is distributed as N@ni, c?), i=1,2.




Hj: Fj is distributed as N(u,t?). (2.2.1)

Suppose that X., ---, Xn is a random sample from F We will derive

1’ 0°
the cumulants of &x- Qy under Hl’ up to fourth order, and then use a
4-term Gram-Charlier expansion to compute the approximate power of the
test (2.1.3) with respect to the above alternative Hl' Using the same
notation as in section 2.1, under H1

E(@ |H,)

E(@a |H) = (P}~ P))

where P = oK) and K= ('™ -1,
5

(m].— mz) —1(11- mz)

Te-rp,

nv

2 = nVar(wx-wyl Hl)
-1

(ny - mz)'zr2 + (P, Pz)-ZP(l— P) + 2(m- m) L (P, PZ)'lrz(K)

(2.2.2)
2 A~ A A N 3
n2V3= n E[wx- a, -E(wxlﬂl)'E(wylﬂl)lHlj

-2 -1

=3~ m,) 2(p,- PZ)‘lrzxz(K)-sgnl- m) "t e pz)'z(l- 2P) 1z (K)

- (P, - Pz)-SP(l—P)(l-ZP) (2.2.3)

1
nV, B0~ B (1) -B@ i) 145
=4y - m) - ) Tz (KP-1) -sonl-mziz(Pl-PZ)'zvz-
[(1-2P)Kz(K) + 22°(K)] + 4(m,- m) "t (-P,) " (1-6P+6P?) 1z (K)
+(P,-P,) *P(1-P) (1-6P+6P?) (2.2.4)
For a 5% asymptotic significance level, the critical region for
rejecting H, is {|@x—my| > 1.96/EE} , where k, is given by (2.1.5).
So the asymptotic power of the test is
Pr{|ax—ﬁy]>l.96/E;|H1}: FECVZ'I/Z[_1.96/EE _E(@x|H1)+E(&y|H1)J)

/

+1-p£(v2'1 “[1.96/5; E (g [H;)*E(g, |H;)1) (2.2.5)

where ¢ = Vé_l/z[ﬁx-ay-E(Qxlﬂl) + E(&)JHl)] ’

16
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and Fg(x) =¢(x)-z(x) [%%/S(XZ-l) + %—5\/40(3-)()] is the 4-term Gram- .
Charlier expansion of the cumulative distribution of £. Table 2.3

contains values of power for various T,y and m, .

Table 2.3 Approximate power of the test (2.1.3) for two normal
components against a single normal alternative
(0=5%, 0 =1, m2=-m1)

] = .5 1.0 2.0 5.0

M n=100 400 100 400 100 400 100 400

m1=

2 -799 .999  .0786 .130  .265 .501  .693 .753

.4 .999 1.0 .109 .262  .505 .915  .753 .895

.6 1.0 1.0 .116 .305  .758 .997  .827 .975 .
.8 1.0 1.0 .0825 .180  .918 1.0 .895 .997
ml=2 i
.2 1.0 1.0 .674 .989 .201  .347 .685 .853 '
.4 1.0 1.0 .962 1.0 .385 .789  .853 .993

6 1.0 1.0 .981 1.0 .679 .989  .958 1.0

8 1.0 1.0 .778 1.0 .920 1.0 .993 1.0

Comparing Table 2.3 with Johnson's Table Ib (1973), which is
calculated by normal approximation, we find that the values in the
two tables are very close to each other.

For the reverse situation in which

HO: F0 is distributed as N(y,02),

le F0= wF1+ (l-m)F2 properly,
where Fi is distributed as N(ui’Oz) i=1,2, see Bryant (1973, pp. 28-37),

who uses a different approach.
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2.3 Problem Bl' — Three Components

Let X,, X,, ---, Xn be a random sample from FO and Fi(x) be of

1’ 722
known forms, symmetric about its mean m, with common variance o2,

for i=1,2,3. Also assume that m; < m,.

HO: Fo(x)+m1Fl(x)+w2F2(x)+ (l-wl-wz)Fs(x) properly. (2.3.1)

Define random variables Y,. and Y for i=1,2,---,n, as follows:

1i 2i?
Y _{ 1 if X; <a

11 0 otherwise

Y, ={ 1 ifx; >b
0 otherwise |,
where a<b are two constants to be defined later.
n n 1 0

T ) o
Let X = E&Elxi » 17 ni§1Y1i » Xp= ﬁileZi :

EX =wy *w,m, +(l-w1-w2)m3

EY1=w1Pll+w2P12+(1-w1-m2)P13 (2.3.2)

Yy =u; Pyt Pyt (1w -w,)P, ¢
where

Pli= Pr{X1< a]Fi} , and

P,;= PriX;> bJE.} , i=1,2,3. (2.3.3)
Eliminating wy and w, in (2.3.2), we obtain

E[X -wlml-mzmz-(l—ml-az)ms] =0
where
(¥} -Py3) (Py5-Py2)- (¥, Py ) (P ,-P; 5)
(Py1-Py3) (PypP)3)~ (Pyq-Py2) (Py5-P; 2)

(2.3.4)

and
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_ (3 Py3) (P -Po3) - (Y5-Ppg) (Pyy Py ) (2.3.5)

w. .
2 - -P._}-(P. .- -
(Py27P13) (Pyy~Pa3) = (PypPp3) (Pyy Py 3) ®

and E®

Note that E&,=w Let

1% 2 Y-
1= X -G)lml-(bzmz—(l-&l“mz)m3 s (2.3.6)

then E(TllHO)=O.

T

Proposition 2.3

Under H0 and the above conditions

- 2
nVar T1 o+ L0 + wlLl + wZLZ (2.3.7)

where

_ 22, 2
Ly = DIDs"Py3(1-Py5) + DD

-2

-2
3 P23(1-P23)—2D D,D.”P. P

17273 "13°23

1 ] -1 )
* 2DyD5 Py 5 (Ej s mg) + 2D,D7°P) 1 (E)z-my)

_ 2. ] -1 ]
Ly = -DyDyDs" (Pyy-Py5+P) 1 -Py2) + DD (2P, 4 (By-my)

“2Py3(Eygmg) + (my-mg) (Py1+P£-1)1]
1
+ DD (2P, (Eyy-my)-2P,) 5 (E)z-my)+ (my -mg) (P, +Py7-1) ]

L, = -D,D,D.(P P

-1
2 10,03 Dy"[2P;, (B

227 P3P 7 P13) + Dy 127M5)

“2P 3 (Eyzrmg) + (my-mg) (Py,+P,£-1)]
‘1
+ DDz [2P) ) (Byymy) 2P, 5 (B)z-my )+ (mymy) (B ,+P) 5-1)]

(2.3.8)
Dy = (my-mg) (Pyy-Pyz) - (my-myg) (Py;-P,s)

Dy = (my-mg) (Py1-Py3) - (my-mg) (Py,-P; )

Dz = (P157P13) (Py;-P)s) = (Pyy=Py3) (P4-Py2)

t
I

= E(X1|X1<a, Fi)

m
|

21 = EX [Xp>b, F), i=1,2,3, (2.3.9)



and Pli’ PZi are defined by (2.3.3).

Proof: See section 2.6.

Proposition 2.3 shows that nVar T1 is a linear combination of
02+L0, L1 and LZ' It was hoped that by assigning appropriate values to

a and b, both L, and L, would vanish. Unfortunately such values could

1 2
not be found handily. In the following we let

a =0n1ﬂn3)/2 and b =0n2+m3)/2

and show how the expression of nVar T1 can be simplified partially. It
follows from these specific values of a and b that

P11*Py571

P, ,+P,.=1

22%%23

Py 4 (Byq7my)=Py 5 (B zmy)
P, (Byy my)=P)s(E)z-my),

and L. and L2 are simplified to the following

1
[ - - - -1 - - -
L D1D2D3 (Py17P13*Pyq ~Py3)+D,Dz " [2P); (Eyy -1y )= 2P, (F)5-my)

+mymg) (Pyy*Po3~ 1]

-1
' = - _ -
Ly D1D2D3 (Py5Pyz+Py5 P 3)+D Do [2Py ) (B p-my) - 2Py 5 (B 5-mygy
+(my-my) (Py,+Py5-1)].

Next we will derive a large sample test for HO' Note first that 61
and &, are both linear functions of Yll’le’ - Yln’Y21’Y22’ - ,an,

and are both means of i.i.d. random variables. Therefore T1 can

be expressed as a mean of i.i.d. random variables. Then by the central
limit theorem (Var T1< ), under H0

-1/2

Tl(Var Tl) > N(0,1) in distribution.

20
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But Var T1 depends on the unknown parameters wy and Wy« Using G)l in

(2.3.4) and (32 in (2.3.5) as estimators of wys Wy respectively, we obtain .
an estimator of Var T1

nvar T, = of + Ly + 6Ly + GL) (2.3.11)
From Var Y., < o« and Var Y,, < «» , it follows that Ql > W) a.s. and

11 21
d‘)l W a.8., hence Var T1 + Var T1 a.s. In the following we state two

theorems which will be used to derive large sample results.

Theorem 2.1 (Slutsky, see e.g. Cramer, 1946, pp. 255)

If Xn’ Ym,—--,Zrl are random variables converging in probability to
the constants x,y,---,z respectively, and rational function R(Xn,Yn,-——,
Zn) converges in probability to the constant R(x,y,---,z), provided that
the latter is finite. It follows that any power Rk(Xn,Yn,--—,Zn) with

k>0 converges in probability to Rk(x,y,---,z). ‘

Theorem 2.2 (See Cramer, 1946, pp. 254)
Let Xl,XZ,--- be a sequence of random variables, with the distri-

bution functions F FZ,--—. Suppose that Fn (x) tends to a distribution

1’
function F(x) as n tends to ». Let Yl’ YZ,--- be another sequence of
random variables, and suppose that Yn converges in probability to a
constant c. Then the distribution function of Xn+Yn tends to F(x-c).
Further, if c>0, the distribution function of XnYn tends to F(x/c),

while that of Xn/Yn tends to F(cx).

By Theorems 2.1 and 2.2 we have

T, (Var Tl)_l/2 + N(0,1) in distribution.

Therefore a large sample test can be formulated as

Reject H (2.3.12) ’

. - -1/2
o if |T;|(Var T, > 21 072



2.4 Two Components vs. Three Components

Let X —--,Xn be a random sample from FO and suppose that F1 and F2

1’
are each of known form, symmetric about its mean m, with common variance

02. We wish to test the following hypotheses:

i
It

wFl + (1—w)F2 properly (2.4.1)
H1 : F = w(l-m')F1+(1-w)(l—w')F2+w'F3 properly, (2.4.2)

where o' is known, (O<w'<l), and F3 has mean mg, variance 02.

Following the argument in section 2.1, we may use (Qx'ﬁy)Kél/z

. s . e 1n n 1/2
as test statistic and reject Hj if |wx wyl>21_a/2-K2 .
Under H,
A~ = - -1 _ _ - -1 -
E(@, wylHl) w' [(my-m,) ~(mz-m,)- (P P,) “(Pz-P,)] (2.4.3)
where P, = Pr{X1<(m1ﬂn2y2 IFi}, i=1,2,3. (2.4.4)

A ~ — - '2 2 - '2
nvar(wx-mylHl) = Gnl mz) 0" + (P1 PZ) Ple

-zaml-mz)'l(Pl-Pz)'l[(1-w')Pl(El—m1)+w'P3(E3-m3)]

N4 N - -1 - _ - -1 -
+u' (1-w )[(m1 m, Qns ml) (P1 Pz) (P3 PZ)]
(2.4.5)

where Ei=E(X1[X1<On1+m2)/2, Fi)’ i=1,2,3. Note that nVar(ax-leHl)
and E(@X-GylHl) depend only on w', but not on w. And if w'=0, then
nVat(&x-ﬁylHl) = nvar(ax-ﬁy]HO) (the latter is given by (2.1.3)).
The asymptotic power of the test then can be calculated by varying F3
and w in the following formula:

A N _1/2
Pr{|a, wyl>21_a/2-K2 |Hy }

=¢([Var (&x_@ylH]_)]-l/z ['Zl_a/z'(él/z

-1/2

- E@0, [H)])

+o([ (Var (8- H;)] [-zl_u/zKél/z + @0, [H)]) (2.4.6)
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2.5 Proofs of Propositions 2.1 and 2.2

0 F1 and F2 are under .

the same conditions as in section 2.1. For convenience suppose that X

{Xl,XZ,———,Xn} is a random sample from F

and )(1 have the same distribution F., and Y and Y1 have the same dist-

0’
tribution. By definition

N R | (V. o1

@ = X mz) (m1 mz) and &y (Y PZ) (P1 PZ) .

Let U=X-EX and V=Y-EY. Then we have

EX = wm, + (1—m)m2

EY = wPl + (l-w)P2

EU=E =0

EU2 = Var X = 02 + w(l-w) (ml-mz)2

EVZ = Var Y = PP, + u(l-u) (B,-P,)?

EUV = Cov(X,Y) = P1 (El—ml) + w(l-w) (ml-mz) (Pl—Pz) .
B = w(l-w) (1-20) (ml-m2)3

BV = (1-20) [/, (x-my) 2, () #0714 (1-w) (1-26) (ny m) * () -P,)
where e=(m1+m2)/2,

BUVZ = (1-2u) (P-P,) [Py (B, -m )+u(1-u) Gy -m,) (P, -P,)]

BV = [P,P,*u(l-w) (P,-P,)%] (1-20) (P, -P)

it

= [7, (xm) ) HF, (0 +6u (1-0) (m my) Po% 4o (1-w) (2-3u+3u%) (m) -m,)
BV = [ Gem))3aF, (0430 (1-w) (m, ) [2f° Gem)) 2R, (0)-07)
+3w(1-w) (ml-mz) 2P1 (El-n11)+w (1-w) (1-3w+3w2) (m.l-mz) 3(Pl-Pz)
BV = - @-20) (P -P,) [, Cem)) 2, o+ (1-26)° (B -P)P o )
+ w(l-w) (1-30+30%) (my -m)2 (P, -,) 2+ [P P, +u(1-w) (P -P,) 2142 ®

+u(1-u) (m, -m,) “p.p,
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3

BUV® = [P,P,+(1-3u+3u’) (P,-P,) ] [P, (B, -m, )+u (1-w) (my-m,) (P, -P,)]

2.2 2 2 2 4
B = P %0+ (1-2we2u )P,P, (P, -P,) *+u(1-w) (1-3u+3u’) (P -P,)

Proof of Proposition 2.1:

3 2

2 -3..3 - -
n’E0,-0,)° = mmy) w0 -30mmy) P ey -p,) U

+3(m, -m 3@, -P) 2B - (p,-P,) BV

=(1-20) {30y -m)) APy P S, Gemy ) 2P, (000 -Pyo”]
+3P) (B -my) (ny -my) "L By -P,) TP P, (B -P,) 7}

Proof of Proposition 2.2:

e, = @y-m) "t Et-3@H?) - 4 m) 3@ -p,) T (- sEUPEUVHEDY)

+6(n, m) 20 -P,) [EUAv2-mu? - BvA-2 (BV) 2

3

-4(m1-m2)'1(p1-P2)’3(Euv -3EUV-EV2)+(P1-P2)_4[EV4-3(EV2)2]

= (m,-m) "t 1f7 em) R, (903071 -4ty m) ey P
[/°, ey ) dF, (x)-307P, (B;-m))]
-6, m,) 2,2 ) S om0 Pyo”
-12(m, m) "2 (p,-P) ?pE (B )
-z;(ml-mz)'1(P1—P2)'3 (1-6P,P,)P, (E -m,)
+(P1-P2)'4 PP, (1-6P,P,)

2.6 Proof of proposition 2.3

We use the same notation as in section 2.3. By definition

T1 =X -&1m1 -&zmz - (1-@1 -&z)m3
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= X-m +DD_1(Y—-P )+DD'1(Y-P )
37173 V1 713 273 V27230

where Dl’ D2 and D3 are defined as in Proposition 2.3.

By definition we have

Var X1 =0 +w1 (1- wl) (m1 3‘) +w2(1 wz) (m m3) Zw 2(m1 3) (m2 m3)

Var Y., = P13(1-P

1 (1-2p

(1-2p

139+ (PP ) 139+ (Py5-Py3) 13)

-wi @

Var Yo; = Pyg(1-Py)*uy (P -P) ) (1-2P, 2)+w) (P) )P, 2) (1-2P, )

2
1° 13) 2(P12'P13) ~2ugwy (Pyy =Py ) (PP )

2. 2 2 ) ]
~w7 (Pyy-Pp3)"-wy (P (Pyy7Py3) (Py-Pys)

CovX;, Y q) = Pyg(Bygmmg)+ay [Py (Byy-my ) =Py £ (B, -my)

2
2273 200,

g ) (B Py )T -u (g ) (B Py ) - (my ) (P - P13
+ua [P (By M) Py 5 (B 57mag)+ (myomy) (P =Py 5) ] ®
wpwp [y Mg) (Py 5Py )+ (g ma) (P -Py5) ]
CovXy,Yp) = Pys(Byzmy)- “’1(’“1 M) (P ~Poz)- “’z (my-ms) (Pp5-Po3)
+y [Py By ) ~Po3 (Byzmg)* (my my) (Pyy Py
+0) (Ppa (Bppmp) -Po3 (Byzmas)+ (myme) (Py,-P)3) ]
“wpup Lmy mg) (Pyp=Pag)*(myms) (Py; -P)s)]
Cov (Y1 5Y57) = Py 3Pyt (PP 5) (Pyy -Pyadbuz (P =Py ) (P Py)
+op [Py3(Pyy Py 3)*Py 5 (P "Ppg) 140y [Py 5 (Pyy Pog)#P)5 (Py 5Py )]

*wy0) [(P7 Py 3) (Pyy Py +(Py )Py 53 (P -Py2)] o

Therefore



nDzvar T

- 2
3 1" ngar X1 +D1Var Y 1 +D§Var Y21 + 2D1D3COV(X1,Y11)

1

+2D2D3Cov(X1,Y21) + 2D DZCov(Y

11°Y21)

s Woy wz wz
1 2 1’

1

and w,w,.

can be expressed as a linear combination of w 1 1“2

The coefficient of wy is

2, 2.2 ) 2 ]
D3 (m; -m) “+D] (P (1-2P) ;) +D5 (P (1-2p,

11713 21°P23) 3)

~2D,D, [P, (P -Py ) *P) (Py; -P)5) 142D, Do [P, (B -my) -Py £ (B, 5-mo)

+(my-mo) (P =Py 142D, Do [Pyg (Byy -my )< (B z-my)+(my -mz) (P, =P, ]

_ nl
= D3L1 .

The coefficient of w, is

2 2.2 2
D3 (m,-m) “+D) (P ,-P) £) (1-2P) )05 (P,5-Py2) (1-2P,5)

~2D D, [Py 1 (P =Py 1) +P) £ (P =Py ) ]+2D, D5 [Py 5 (B ,-my) -Py £ (Ey 5-My)

+(my-mg) (P p-Py ) 142D, D[P, (B ) m)) -Py 2 (Eyz-mg) + (my-mg) (Py5-P) )]

_
= D:,)L2 .

The coefficient of mi is

2=
- [Dg(my -m)+D, (P31 -P; 3)*D, (Py;-Py2) 17 = 0 .
The coefficient of w% is
2 _
- [Dg(m,-mz)+D; (P ,-P; 5)+D, (P, P2} 1" = 0 .

The coefficient of Wy W, is
- [Dy (m; -mz)+Dy (P -P) 1)+, (Py; ~P5 )1 [D5 (my~my)+D; (P -P, 5)

+D2(P 1]=0.

227P23)

The constant term is

22.2 2
D30"4D]P; 5 (1-Py 1) +D)P) 1 (1-P, ) ~2D; D, Py <P, 2-2D DoPy 5 (E) z-M3)

oy 2.2
+2D2p3P23(E23 m) = D(e™L) .

26



CHAPTER III
TESTS USING RANK-TYPE STATISTICS

In this chapter we describe a rank-type statistic proposed by
Thomas (1969), in the form used by Hariton(1972), and modify it in
order to apply to problems A2 and A3. Next we compare the performance
of this modified statistic with Johnson's statistics in the case of two
normal components against a single normal alternative. Then we extend
the method to obtain test statistics for three and four components
mixtures, and give an algorithm to derive test statistics for mixtures
of more than four components. Finally in section 3.8 we study two
special cases of reducing the number of components of a given finite

proper mixtures.

3.1 Problem Al

Suppose that Xil,Xlz,—--,X. is a random sample from the c.d.f.

in.
i

Fi’ i=0,1,2 and that all the X's are mutually independent. We wish to

test the following null hypothesis

HO : FO = wFl + (1 -w)Fz properly.

Thomas (1969), assuming (i) the continuity of FO, F1 and FZ’ and (ii)
ny=n,=n,, proposed a statistic to test H0 and showed its asymptotic
normality. Hariton(1972), assuming only condition (i), expresses

this statistic as

T2 = in + sz - Wiz -1/2 (3.1.1)

where
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1 Ili n.
o= 2 5 h(X., X
I Y =1 k1

(3.1.2)

it) b
and h(x)= {1 if x>0

0 otherwise.
Define

a35= JE3QF; = PriX;) <X,

ij Jl}’ (3.1.3)

then
) aii=1/2, aji=1-aij (by continuity)
(2) EW..=a,.

(3.1.4)

- _ 132 _ 2
(3) Var W,. = — [aij (ni+nj l)aij+(ni l)fFidFj

el o a2
(nj Dfa Fj) dF. ]

-1 _
Y] COV(Wij,Wik) = _BE{ fFJ.deFi ajiaki]

(For proofs of (2),(3) and (4), see Birnbaum and Klose(1957).)
‘Integrating both sides of the equation FO=wFl+(1—m)F2 with respect

to F,, F FZ’ we have

0’ "1

1/2 = wa10+(l-w)a20

o

o1 = w2 + (1-w)a21

[¢3

02 = wa12+(1-w)/2 .

Solving for w in each equation and equating these solutions by pairs,
we obtain three conditions on o's. Hariton shows that these three
conditions are mutually equivalent. Hence under H0 a (single) nece-

ssary condition is therefore

oy g ¥y ~% 2~ 1/2=0. (3.1.5)

It follows that under H0 ET2=0.

Let N=n,+n,+n, and suppose that as N »

01 2



ni/N > T, i=0,1,2 and there exists ¢ such that 0<ssrisl-e<1. Then by
the following Theorems 3.1 and 3.2, T2 has an asymptotic normal dist-

tribution.

Theorem 3.1

Let F - B be k univariate c.d.f.'s and suppose that for

1> Fao-
i=1,2,---,k, a random sample {Xil’__—’xin.} of size n, is available
from Fi. Assume that all X's are mutually independent. Let
N=n1+---+nk, ri=ni/N, i=1,---,k, and also assume that there exists ¢
such that 0<esrisl-e<1, i=1,---,k. Then for any integer m, the random

vector

1/2

N -1/2))

((W : '1/2)’(wiz" -1/2),-",0'\]

11091 i n*Im
has an asymptotic multi-normal distribution with finite mean vector and

finite variance-covariance matrix provided i_'s and jt's are integers

t
such that lsitxjts k.
Proof: As stated in Hariton(1972) this follows from Theorem 5.5.1 of

Puri and Sen (1971), pp. 196 by setting c=2 and

- e(d) _
IN) @D = Byg = T 0 Lo

Theorem 3.2

Let X be a kx1 vector of random variables, and let {x(ll____x(nl

---} be a sequence of vectors of random variables such that X(n) > X

in distribution. Let 817798, be continuous functions defined on Rk.

Then
(gl(X(n)),—--gm(X(n))) + (g, (X),---g, (X)) in distribution.
Proof: See Breiman (1968), pp. 237.

VarT,, can be derived by using the formulae in (3.1.4). But since

2
terms in (3.1.4) involve unknown distributions FO’ Fl’ Fz, these terms

29
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can only be estimated. One possible way is to use the following extended

theorems (see Hariton, 1972) of Woinsky and Kurz (1969, pp. 447): .

n n_ n
1 a b "¢
X z r h(x

LMD =1 §=1 kel CK i

1 R R R LY f
T ¥ ©hX )h (X ) > [ A-F)
nin i1 j=1 kel ak”p3)" Fat

)h()(Ck bj ) > | F dFC in probability,

W -1+

ab

in probability. (3.1.6)
Denote the (consistent) estimator of Var T2 obtained in this way by
Var TZ' Hariton then obtains the following large sample test

. . o ~1/2
Reject H, if |T2|(Var Tz) > 21.4/2 ° (3.1.7)

where 2)-0/2 is such that @(zl_a/z)=1-oc/2.

3.2 Problem A2

Suppose now that FZ is known and X. 1,-——X.m are random samples '
i
from Fi’ i=0,1 with all the X's mutually independent. Assume that FO,

Fl’ and F2 are continuous. In order to test the following null hypothe-
sis

H0 : F0=mF1 +(1-u))F2 properly,
we define random variables

Rij = fFini(x) dF-_j x)

p i
=1- -n—k_z j(xik) (3.2.1)
where Fini is the e.d.f. corresponding to Xil’"-’xini‘ Note that
ER..=a... Define a statistic

T3 = W10 + RO2 - R12 - 1/2 (3.2.2)
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where “&O is defined by (3.1.2).

Under H

0’
= - - l‘. = '
ET3 S0yg *0gp "0 ~ 3= 0 -
22
Var R;= ERyy™ - 045
=L [ -a,.2 + |F Z(XJdF (x)] for i=0,1 (3.2.3)
n; [ 7% 2 i1, 1. 2.
Cov(ROz, 12)
Cov (W goRy )= E{[ non, Z_ _Z_ h(Xg5 X )1 [1- = Z R k)]} T990% 12
i=1 j=
R rz‘o Izll
= a1y —2.) Eh(Xp; X0 F, (Xpp) -0
10” 011-131k-1 11052 g ~0q009,
_ _ o1 R _
" %107 *10™27 Z[HOHIJ (1-Fy (x))E, ()dF; ()+nyng (g -1)% 0, ]
o™
= 1.
T gl %1% IFO(X)FZ(x)dFl(x)]
_1 ]
Cov(W, 5sRy,) = ﬁg[“w"‘zo [Fl(x)Fz(x)dFO(x)] , (3.2.4)

and VarWlO follows from (3.1.4).

Var T3 can then be calculated as a linear combination of the above
terms. As in section 3.1, it is desirable to have a consistent
estimator for Var T3, so that large sample tests can be applied. For

this purpose, we need the following:

Proposition 3.1

P
1) Ry, == oy,

nO n1
nOnl 1§1 j__Z_l h(Xp5-Xp1)F, (%5) —£- fFO(X)F2 ()dFy (x)
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(3) 2 z [F, ¢, 01— [F,200dF, 00, a=0,1

a1-

L T h(X F. 2 (x)dF , (x)
121 le e X —= j 1 K)dF,(x

(4)
n1 0

as ny, Ny, 0, ——> o
Proof: (4) follows from (3.1.6),

Since ERiz =055 »

Eh(Xy ; -Xg;)F, (X)) JFO(x)FZ(x)dFl(x) for 3=1,--, ny; i=1,---,n.

E[Fz(xai)]2 - JFzz(x)dFa(x) , a=0,1.

(1) and (3) follow from the weak law of large numbers. (Since

R,. is a mean of i.i.d. random variables). Under the assumption of

01

continuity, after rearranging the terms,

l = -
Ry 121 321 By Xo)F, Ky = fFOHO(X)Fz(X)dFlnl(x) . Since

Fan x) —> Fa(x) a.s. (by the strong law of large numbers, and

a
continuity of Fa(x)), |JF0n0(x)F2(x)dF1n]Fx) - fFO(x)FZ(X)dFl(x)| <

] (Fop () - Fg@IF, Gy, (O] + | [FoG0F, CaFy, @ - [y 0OF, GOdF, 00|

n

1
_ 1

1 1
* e L Tl () - ff;fo(x)Fz(x)dFl(x)l
—> 0 a.s. (by the strong law of large numbers) q.e.d.

After rearrangement,

Var T, = —%EJ[FI(X)-FZ(X)]ZdFO(x) . -%IJ[FO(X)—FZCX)]ZdFl(x)
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- '?1;(0‘01'0‘21) * "n'o_nl'("‘lo a10*1)

Therefore a consistent estimator for Var T3 is

- n,-1 n, n, n
_ 1 1 1 1 0
Var T, = 2 2 D) h(Xpp Xy 5 )h(XOk lJ)]

3
Moty n1 o i1 j=1 k=1
ol L joPoR
Awrt h(X Jh(X )]
oy nO L i1 571 kel 1k 03011 ¥o;
n n
1.1 0.2 1,1 %2
+—[—— " E"(X,;)] + —[—= ] F,"(X;;)]
n " ny ;2 2 701 n,tny 52 Y
n

2. 1 4 )

ot B3 nong g m, )

AV EO 7 h(X, ;X )E, (X, )]
n1 Nghy j=1 j=1 13 017 Z7]

1 2 1 2 1 2
M0 Re)” T MRy My Wy
0 1 01
Let N4n0+n1, and suppose that as N » « , ni/N > Y5 s i=0,1, and there
exists ¢ such that 0 < ¢ < Y S l-¢ <1 . Then by Theorems 2.1,2.2,

+1) (3.2.5)

3.1, and 3.2, under HO

-1/2

T3( Var TS) —> N(0,1) in distribution. Therefore a large sample

test can be formulated as follows:
Reject H, if |T,|(Var T) /2 5 2 (3.2.6)
0 3 3 1-o/2 e

where z,_q/, is such that ®(zl_a/2)= 1- o/2

33
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3.3 Problem A3

Suppose that F. and Fz are known, and that Xl, Xz,--—, Xn is a

1

random sample from F F. and F, are continuous.

Also assume that FO, 1 2

0
The null hypothesis is

HO: FO(x) =wP1(x) + (1- w) Fz(x) properly

First define random variables
ROi = IFn(x)dFi(x), i=1,2, where Fn(x) is the empirical distribution

function corresponding to Xl’ Xz, --- Xh.

Define the test statistic

1
4= R * Ryy "0y, - 7 - (3.3.1)

Then following an argument similar to that in section 3.3, when H0 is

T

true, we have

_ _ o1 .
ETy = o109 *agp "% =7 - ®
Var R10 and Var R

indices. We have

0z can be similarly derived as in (3.2.3) by changing

Cov(RlO,ROZ) = -Cov(ROl,ROZ)

19 1%
-E{[l— 5 i——z-l FLX)IN- 5 izl F, (Xi)]}' %01%02

n n
B} I S
1 4agg *apg = 7 L L EIFXDE, (X1 + appa,

n- i=1 j=1
1
= ﬁ{“loazo - fFl(x)Fz(x)dFO(x)] (3.3.2)
It follows that
Var T4= Var R10 + Var R02 + 2Cov(R10,R02)

) % {‘(0‘10 ) "‘20)2 ¥ I[Fl(x) - FZ(X)]ZdFO(x)} (3.3.3)
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Hence a consistent estimator for Var T4 is

~ 1 2 1 1 2
Var T, = I—1{-(R10 - Ry )+ ﬁ'igl[Fl(Xi)'Fz(Xi)] } (3.3.4)

By the central limit theorem and Theorems 2.1, 2.2, 3.1 and 3.2,

-1/2 -1/2

T4CVar T and T4CVar T have a same asymptotic distribution,

4) 4)
viz., a univariate normal distribution N(0,1). Thus a large sample test

can be formulated as follows:

1/2

Reject Hy if |T,| > zl_a/ZCVar Ty)

where 29-0/2 is such that @(zl_a/z) = 1-0/2 .

3.4 Two Normal Components vs. a Single Normal Alternative

In this section we study the performance of T4 with respect to the
same hypotheses, HO’ Hl’ as in section 2.2 and then compare its approximate
power with other tests. Assume that Fi ~ Noni,oz), i=1,2. The hypotheses
to be considered are
HO: F0 = wFl +(1- w)F2 properly
Hl: FO ~N(u,12).

By definition

-1
2

T, =R

A *R

10 02 ~ %12

where ROi is defined by (3.2.1) and ag, by (3.1.3). It follows that
- %— and

ETy = a1p * 0gp ™ agp

nVar T, = - (a)y - apg)” + f[Fl(x) - Fz(x)]ZdFO(x) .

Under H0

E(T,[Hy) = 0

wVer (Ty[Hg) = - -app)® + [[Fy00) - F,001%a8, (0

w60 - F@IAE® - RE] G40
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1f, furthermore, we let m2=-m1, then the last term on the right hand .
side of (3.4.1) vanishes. Therefore
2 2
nVar(T4|H0) = -E% - a21) + J[Fl(x) - Fz(x)] sz(x)

xX+m X+Hm

X-m
= [ 1 - e/ 1%+ Jm [o—D) - o= pDdx  (3.4.2)

where ¢(x) is the derivative of ®(x) and ¢(x) is the cumulative
standard normal distribution. Note that in (3.4.2) nVar (T4 HO) does not

depend on w. A large sample test can be formulated as follows:

-1/2 5

Reject Hy if |T,|[Var(T,|H,)] (3.4.3)

0 1-0/2
where 2)_o/2 1S such that d)(zl_a/z) = 1- o/2 and a is the asymptotic

significance level.

Under H1
oy U -1, 1
B ) = o)+ 0D - s e -3y
Hmy e O [w X~y Xy 2 x-
nVar (T, |H,) = -[4C( ) - o )"+ [&f ) - o )19 FHydx
oIy vot+T1? vo<+T? o ° '
(3.4.4)

For a function f(z) having no pole between the real axis and the

lines z=+imh, it can be shown by contour integration that (Goodwin, 1949):

i o 22
f(x)e " dx =h ) f(nh)e + R(h) (3.4.5)

=-00

2 2
where |[R(h)| < 2/me " /h®
We first use (3.4.5) with h=1 to calculate the integrals in

(3.4.2) and (3.4.3) for various values of My susT with g2=1. When =1

— =2
RO |<2/7 e ™ ~.00018 ,




i. e. the approximation (3.4.5) is accurate to 3 decimals with
maximal error +.00018. From these values we then obtain the approximate
power of the test (3.4.3) with respect to the alternative hypothesis HO

from the formula

37

1/2 1/2
Q(-zl_a/z[Var(T4’H0)] + E(T4|HO)) . @(-zl_a/z[var(T4|H0)] -E(T4|HO)
[Var (T, |H))] /2 [Var (T, H,)11/2

(3.4.6)

Table 3.1 contains the approximate power of the test (3.4.3) for
5% significance level with o<1, m,=-m, , and various values of my 4, and
T. Comparing Table 3.1 with Table 2.3, we see that for the case of two
normal components versus a single normal alternative,the test using T4
(i.e.(3.4.3)) is more powerful than the test using @x-ﬁy (i. e. (2.1.3)),
especially when 1=1,2. Next, comparing Table 3.1, for n=100,400, with
Johnson's table IIb (1973, pp.24) which uses another statistic, we see
that in most places the power is fairly comparable except that when

=2, m1=1, n=100, the test using T4 is considerably more powerful.

3.5 Problems Al', A2', A3' —— Three Components

In this section, the following null hypothesis will be tested:

HO: Fo(x)= wlFl(x) + wze(x) + (l-wl-wz)Fs(x) properly. (3.5.1)

Let XOl’ ---, XOn be a random sample from F0 and suppose that each
0
of Fl’ Fz, F3, is either known or there is a random sample from it.
Also assume that all the r.v.'s in the samples are mutually independent
and FO’ Fl’ Fz, F3 are continuous.
Integrating both sides of (3.5.1) with respect to Fi(x), for

i=0,1,2,3, we obtain
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N ]
n

wogg * wyayy (1w wydag,

Q

1w w a )
7 1% 22102

R
01 1 231

_ 1 .
gy = wyogp * Fw, (1wt wydag,

1

+ =

_ . Y §
Apz = wyoqz * 7 oz *(1-w - w3

where %h is defined by (3.1.3). We introduce the symbols

Ay = ap; = Oy
By = oq3 7 0y
C =

i~ %1 %4
for i=0,1,2,3. After rearrangement, the above equations can be written

as:

(3.5.2)

Az = wBs + w,Cy

A necessary condition for (3.5.2) to have a unique consistent

C

solution for {wl,wz} is that any three of the four equations in
(3.5.2) have a consistent solution forv{wl,wz} . (A consistent

solution is a solution that simultaneously satisfies the designated
set of equations.) In other words, each of the following four

determinants has value zero,

Ay By Gy Ao By G Ao Bo Co A B G
A B G A B G A, B, G, Ay B, G,
A By G A By Cs A B Cg A; By Cgf

39
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Note that, by definition,

Al-A0=Bl-B0

T B
B, - B1 = C2 -G
from which, our conditions can be simplified as follows:

(C1 -Cy - A+ AO)[BOC2 - Bl(C0 - A

0o~ M o)
0 " AP [BpC, - By(Cy - Ag) - AgByl =
Ro - Ap)[BeC, - By (Cy - Ag) - AgB,l =
-(B, - B)[B,C, - B;(Cy - A - AgB)] = 0.

- AOBZ] =0
(A

i
o

|
e

Suppose that BOC2 - Bl(C0 - AO) - AOBZ # 0 . Then
C1 - CO - A1 + A0 = 0 -
A0 - A1 =0
A0 - A2 =0
B,-B =0 |,
it follows that AO=A1=A2; B0=B1=B2; CO=C1=C2. In turn, these

give BOC2 - Bl(C0 - AO) - AOBZ = 0 , which is a contradiction. Hence

we must have BOC2 - Bl(CO - AO) - A0 5 = 0. (3.5.3)
This is therefore a necessary condition for (3.5.2) to have a unique
solution for {ml,wz} .

The reasons that (3.5.2) must have a unique consistent solution for
{wl, wz} are discussed in the following:

If there exist two sets of solutions for (3.5.2), say {wl,wz} and

{wl',wz'} , Wwith 0 < wl,O < wz,O swl', 0 < wz', w1+w2<1,

w1'+w2'< 1, and either wl# wl' » OT W, # wz', then we have

FO(X) = U)lFl(x) + U)ZFZ (x) + (1- wl - wz)Fs(x)

= wl'Fl(x) + wZ'Fz(x) + (l-wl'— wz')FS(x) for all x
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which implies that

0=(m1-w1')[Fl(x)—F3(x)] + (wz—wz')[FZ(x)—FS(x)] , for all x.

From this , it will be shown that the existence of two non-
identical solutions {wl,mz}, {wl' ,wz'} reduces the problem of testing
a mixture of three components to one of testing two components. This
has already been discussed in sections 3.1 to 3.3, and is not our
present interest.

1) 1If w1=w1', Wy # “’2" then F2 (x)EFS(x), which implies that under
HO’ Fo(x) = wlFl(x) + (1- wl)Fz (x), a mixture of two components.

(2) If wy # ml’, wy = wz', then similarly Fo(x) =w2F2 (x)+(1-m2)F3(x),
a mixture of two components.

(3) If w # w ', wy # wy's

@ (o} ~wy")(w, - w,") >0, then

]

Wy "W W w

1_ v_],: - i F (x) + 2 vf.(:) P
Wyt TWRTY W1-01 79279
. €.y FS(X) is a proper mixture of F1 (x) and F2 x).

Fy(x) = F,(x) ,

(W

(0) (wy ~wy")(wy- ') < 0and Jo; - w'| < oy w)']

W' - w W 'y, 5w
_ N 1 1-% W%
FZ(X) = WFI(X) + w, e FS(X) R

i. e., FZ (x) is a proper mixture of F1 (x) and FS(X)

©) (0 - w" (- w") <0and fu; - w'| > [w,- w,' |
wy' oy o O B T
F.(x) = —————F,(x) + F.(x) ,
1 wy 1 2 wp | owp' 3
. €.y Fl(x) is a proper mixture of FZ (x) and FS(X)'

1

("9

d w "= w' - w,, then

1" %1

0= (wl - wl')Fl(x) + (wz - wz')F2(X)= (wl-wl')[Fl(x)-FZ(x)]
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which implies that F, (x)=F,(x).
bove < ®

In each of the above cases (a) to (d), F0 (x) can be reduced to a
proper mixture of two components. For example, if F3 (x)=wF1 (x)+(1-w)132 =),
then FO (x)=u)1F1 (x)+w2F2 (x)+ (1_wl_w2)F3 x)

=[wl+w(1'wl'w2)]Fl(x) f [w2+(1_w)(1-w1_w2)]Fz(x)

a proper mixture of F1 and FZ. In conclusion, for FO to be a genuine
mixture of three components, (3.5.2) must possess a unique consistent
solution {wl,wz}, a necessary condition for which is (3.5.3).

Rewrite (3.5.3) in terms of a's

0= (1/2-a01)(1/2-a32)+(1/2-a31)(1/2~u20)+(1/2-a30)(1/2-a12)

(3.5.4)

Our test statistics will be derived from (3.5.4). First let us consider

problem Al. Besides the random sample from FO’ we have for i=1,2,3, a

---,Xini from Fi' Define '

random sample Xil ,

T5 = (1/2-W01) (1/2-W32)+ (1/2-W31) (1/2-W20)+ (1/2-W30) (1/2-W12)

(3.5.5)
where Wij is defined as in (3.1.2). Under HO’ ET5=O. Choose ¢ such that
n, _
O<ex< W =pisl-e<0, i=0,1,2,3, then by Theorem 3.1

NY2 (N, -1/2), Uy, -1/2), (1/2), (g -1/2), (W ,-1/2), (g -1/ 2))

has an asymptotic normal distribution with mean

Nl/z((a01'l/2),(asz'l/z)’(azo"l/z)’(a31_1/2),(a12’1/2)’(aso_l/z))

(3.5.6)

and variance-covariance matrix N((oij)), i, j=1,2,---,6, where

N=n0+n1+n2+n3 and Oij are listed below. The function g(xl,---,x6) .

=X X XX X X is continuous on R6, hence by Theorem 3.2, NT5 has an
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asymptotic distribution which is that of ZIZZ+ZSZ4+ZSZ6 with (Zl,---,Z6)

having a 6-variate normal distribution with mean vector (3.5.6) and variance-

covariance matrix ((cij)) as follows:

I T T N S S
013 = Py [JE{dFy- ajol*py” [[FdF; g ]

= -1- _2 _1 2 _2
%2 T P3 [ngdFs ayz] +p, [[F3dF,)-az,]

_ 120 2 2
O35 = Py [[FdF,-ag,] +p fF 0™%0!

Q
It

1,2 2 1,2 2
a4 = P3 [[F)dF5-07z] +p) " [[F3dF; -0 ]

Q
1]

S S S B S
55 = Py [JE3dF -05,] +p, [ [F1dF,-ay, ]

e lop2. 2 -1, .2 2
%6 ~ P3 [[FqdFz-ags] +py"[[F3dF-az,]
912 = 934 = 956 = 0
o5 = Py [fFlF dF -0 050
g = p
14 [IFOFSdFl 01 31]
o =-p -
15 [IFOFZdFl 01 21]
g = p -
16 [fFlFdeo 10 so]
0, = p'l[jF F_dF_- ]
23 2 UEGF57%00%,
o’ =
24 Ps [fFl %373 23]
o,. = F -
25 fFl 3dF2 12 32]

-1
= P FFEFAdF - o 7
26 3 [f 02 3 02 03/

Q
|

Q
|

fF F dF

35 2 %02%12!

-1
o =P FFdJdF -a o
36 0 [J 2 307 %20%30!
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‘1
045 = "Py [JF FgdFy-ayog]

-1
a6 Pz [fFOFldFS-aosuls] (3.5.7)
where pi=ni/N.

In the following we will derive the asymptotic variance of TS‘
Let U% denote the r-th moment about zero and K. denote the r-th cumulant.

2 2.4
t = ' - [
Then My K4+4K3K1+3K2+6K2K1+K1 . Denote H{111 E(21222324), then H1111
can be derived formally as follows (David et al. 1966):
Write ”h formally as

@t = c@H @@ 3@ Brec@?) () 2 ()

and operate with s%; on both sides, after cancelling the factor 4 on both

sides, we have
L (3s) = k(T08) 43k (T8 )k (T)+K (T ke () + 3k (T2) k (rs) +3k (rs) (k ()2

#3c(rP) k() (s)+ (1)) %k (5).
Next operate on both sides first with t%?y then with Vg?-. After cancelling
certain factors on both sides and putting r=s=t=v=1 , we have

H1111 = 1111%%0111%1000"%11100001 110150010 ¥101150100 0011¥1100
*K1010%01017 10010110 *¥0110%1000%0001" 0101100050010
*K1100%0010%0001 T€00111000%01007%1010%01000001

T¥1001%0100%0010 ¥1000%0100<0010X0001 *

where Kabed 1S the 4-variate cumulant. Since (Z Z4) has a 4-

1’22’23’
variate normal distribution, we have

“11117%011171110™ 12017 101170 >

K =0 __ - K =0 . K -0 K —a
1000=%017Y/2 > %0100 %3271/2 5 “po10™ 2072 » “poor~ 31 V2 >

0,

<1100~ 1010 °13 > *¥10017°14 > 0110 923 ")

Ko101~%24 ° oo11~° -
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Therefore
B(Z1232524) = 013024*914%93%93 (0 1/2) (a5, =1/ 2) %0,y (0, -1/2) -1/ 2)
+0y3(055-1/2) (031 -1/ 2)*0) 4 (05,-1/2) (@ y-1/2)
+(a01-1/2)(a20-1/2)(a32-1/2)(a31-1/2)
Since E(Z122)=012=0 , E(ZSZ4)=034=O , we have Cov(lez,2324)=E(leZZSZ4).
Similarly we have
COV(ZIZZ’2526)=E(ZIZZZSZ6)
= 015926916925 025 (g1 1/ 2) (05071/2) 0y (g =1/ 2) (g 5-1/2)
+0¢(0g,71/2) (az4-1/2)*0; ¢ (055-1/2) (0y,-1/2)
+(a01'1/2)(alz-l/Z)(usz'l/Z)(a30-1/2)
and
COV(ZSZ4’2526)=E(ZSZ42526)
= 93596936945+ 05 (4071/2) (a371/2) 40y (0 1/ 2) (g 1/2)
*0g5 (03171/2) (030-1/2) +054 (0159 ~1/2) (07,-1/2)
*+ (0y971/2) (05 1/2) (07, =1/2) (05571/2).
By the same method it can be shown that

Var(ZIZZ) = [011+(a01—1/2)2][022+(a32-1/2)2],

n

Var (2,2,) = 055+ (0yy"1/2) 2] [0+ (0 -1/2)21,

Var (2.Z,) = [055+(oc12-1/2)2][066+(a30-1/2)2].

Finally the asymptotic variance of NTs can be derived from the following:

Var(lez+ZSZ4+ZSZG)

= Var(ZIZZ)+Var(2324)+Var(ZSZ6)+2C0V(lez,Z3Z4)+2C0V(ZIZ2,ZSZ6)

+2CoV(Z,Z,,2.L (3.5.8)

374°75 6)'
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From the above argument we see that the asymptotic variance of T5

(i) is not so easily derived, and (ii) has nonlinear terms. And when ‘
we come to derive a consistent ostimator tor i, we gof invelve in labotioas

work and have to work out various estimators for different terms in (3.5.8).

The reason for this tedious derivation is that T5 has terms which are products

of random variables. If we look again at the definition of TS’ i.e. (3.5.5),

we find that the only possible situation in which T5 is a linear combination

of random variable would be when all the components Fl’ FZ, F., are known---

3
viz. problem A3'. In this latter case we can modify T5 to

~

TS = (1/2’R01)(1/2‘a32)+(1/2'631)(1/2'R20)+(1/2'R30)(1/2’&12)
(3.5.9)
where ROi is defined as in (3.2.1).

Under HO’ ET5=O,

nOVar {‘5 = -[- (1/2-a32)a10+ (1/2-a31)a20+ (1/2-ulz)a30] 2 .
+f['(1/2'a32)F1+(1/2“a31)F2 +(1/2_a12)F3]dF0 ’ (3‘5'10)

from which a consistent estimator for nOVar T5 is therefore

nOV;r %5 = - [~ (1/2-0g Ry o* (/27015 Ry (1/2-a12)R30]2

n
= [ (1/2-05)F (X ) * (1/ 2y F, (X )+ (1/ 270y )P (R )1
(3.5.11)

Since T5 has an asymptotic normal distribution, a large sample test can be
formulated as follows:

. . . S o312
Reject H, if |T5|(Var T5) > 20072

3.6 Problems Al'. A2', A3'—Four components

Suppose that Xil’"_’xin.is a random sample from Fi’ i=0,1,2,3,4. .
i

Assume that all X's are mutually independent and all Fi are continuous.



We wish to test the following null hypothesis:

H0 : FO = wlFl + wZFZ + w3F3 + (1—w1-w2-w3)F4 properly.

Integrating both sides of H0 with respect to Fi’ we have

Ui T WO t Wylp; * wgogs * (l-wl-wz-ws)a4i , 1=0,1,2,3,4, (3.6.1)

where A is defined by (3.1.3). Denote by

Aj S op; T ooy
By = oq5 7oy
(3.6.2)
Ci = apy oy
D; = og5 = ay;

[l
1}
[

-
ek
-
nNo
-
W
-
'

(3.6.1) can be rewritten as

b
I

Bi +w Ci + w,D. i=0,1,2,3,4.

i 9 2 3V

Following the same argument as in section 3.5 by setting each of five 4xd
determinants to zero, we have
0=[ (A3-Ag) (C;-C,)~ (Ay~Ag) (B ~Dg)- (A, -Ag) (C5-C,) 1 [-B; D, +C, (D, -D;)+D,B,
0=[ (A,~Ag) (B5~B) )~ (By~B) ) (D,-Dy)- (Ag-A)) (BB, )T [C,AL Dy (A, -A ) -A,C]
0=[(Cy~Cy) M5-D )+ (A ~Ag) (C5-Cy)- (Ag-Ag) (€;-C,)1 [ABS#Dy (A, A )-AqB,
071D ~D5) (A-Ag) - (Ay “Ag) (By-D3)- (Dy-Dg) (BB )1 [-ByA-AgB,+C, (A -Ag)]
0=[(Dy-Dy) (Ag~Ay)- (A5-A0) (G -Gy~ (A -Ag) (B,D) ] [(B4-Dy) (€, A, )
- (C3As) (By-A)+ (€ -A ) (Dy-Ay)] (3.6.3)

By definition we have the following relations:

Ag~Ap = By-By
Ag=Ay = CyoC,y
AyAs = DDy
B.-B. = C.-C

172 ~1 %2
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From these relations it follows that the first factor of each equation in

(3.6.3) is equal to each other. Suppose that this common factor is not zero,

then the following equations must hold simultaneously: .
-B1D2+C2(D1-D3}+D3B2 =0
C2A3-D3(A2—A0)-A0C3 =0
AOB3+D3(.A1-AO)-B1A3 = 0 (3.6.4)
-B1A2—A0B2+C2(A1-A0) =0

(BS-DS)(CO-AO)-(CS-AS)(BO-A0)+(C1—A1)(D0-AO) =0,
But

(A5-Ag) (C3~Cy) - (Ay=Rg) (01 -D3) - (A ~Ap) (C5-C))

= [-ByDy+C,(Dy-D5)*DB,] - [CpA5-Dy(Ay-Ag)-AgCs]
+ [AgBg*Dg(A)-Ag)-BiAs] - [-ByAy-AgB)*Cy (A -Aj)]
which is equal to zero by (3.6.4), and this is a contradiction of our
previous assumption. Therefore when HO is true we must have
(A5-Ay) (C;-C,)- (A,-A)) (D) -Dz)- (A -A;) (C5-C,) = O . (3.6.5)

Or in terms of a's
420%21*931%02732%1 0™ %40%21 " *41%02"%2%1 0 %4013 %41%30"%3%1 0
“040%32"%2%03**43%027%1%23"%42%31 " 4321 = O (3.6.6)

where aij = 1/2-aij. Thus an appropriate test statistic can be defined as

follows:




= L T L 1 1 W 1] Tt T _Wt T _N r _W? t
T = WagWo1 Wz W W2l 0 WagWo1 WaiWo2 WaoW10 Wao137Wa1¥30

~W? - - LI 14 t W 1 1 '
W43Wi0 WAOWéZ W&2W63+W&3W02 W41W23 W42W31+W43W21 (3.6.7)
' = - i 2 =
where Wij 1/2 wij’ and Wij is defined by (3.1.2). Under HO’ ET6 0

(by independence). The asymptotic distribution of T6 can be derived simi-
larly to that of T5 as in section 3.5, but it is difficult to identify

unless all the component distributions are known—- viz. we are dealing

with problem A3'. In this latter case a modified statistic would be
~=|' t py v _. t ! DY P LY L DY Y 1§
Te = Ryga'pp*a’ 59RyyRega' 170" 41Rp272a2R g Rago 3704 1R3072 43R 0
f R _DPt | S | - - 1
*azoR] 7Ry 0932724 2R03 43R 02 241923742031 Y301 (3.6.8)
- - - .
where Rij 1/2 Rij and Rij is defined by (3.2.1).
UnderHO, ET6=0’
~ 2 2
nOVar T6 = [aa10+ba20+Ca30+da40] + j[aF1+bF2+cF3+dF4]‘dF0
where (3.6.9)
- N N | = - -
a=0z) " gy "0z, D= oz tayy -
= ' - A! = wen! - - !
C=o0pp -0yt oy s d=-ay <oz - ogg
Therefore a consistent estimator for nOVar %6 would be
movar Tg = -laky g*bRygreRygrdRygl™ + L [aFy (Xg3)*DF; (o)
2
+cF3(XOi)+dF4(XOi)] (3.6.10)
and a large sample test would be
. . A X -1/2
Reject HO if |T6|CVar T6) > 29.0/2 (3.6.11)

3.7 Discussion and A Conjecture

In the usual two sample tests, an interesting hypothesis is
HO : Fo(x) = Fl(x)

where F0 and F1 are the two underlying distributions to be tested, each of
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them is either known or to be estimated from a given sample. Denote by
oagy = JEdFy - ®

Assume that both F

0’ F1 are continuous. Under H0 we have

01 ~ 1/2 =0 (3.7.1)
We may use the statistic
WOl—l/Z

to test H where W.. is defined by (3.1.2).

0’ 01
In Table 3.2, the necessary conditions derived from previous sections
when testing mixtures of 2, 3, and 4 components are tabulated. For
completeness, we also include k=1 by regarding it as a 'one component
mixture'. These conditions are readily seen to follow a certain pattern,
such that the condition of k components can be derived directly from that -
of (k-1) components without going through tedious manipulation. The
tules for such derivations can be summarized in the follwoing algorithm: .
1. For k even (integer), generate new terms through substituting
the index i by k every where in the necessary condition of (k-1) component,
i=0, 1, ---, k-1, then subtract from the (k-1)-component condition all the
new terms generated.
2. For k odd (integer), first group all terms in the condition
of (k-1)-components in the manner - shown in Table 3.1, (This can also be
done by preserving the order of terms when (k-1)-component condition is
derived from that of (k-2)-components.) Next, multiphy each group by
aik',where i is the index missed in the group (each group has exactly one
such index). Then substract all (new) terms generated from that of

(k-1)-components. A (conjectured) 5-component condition is derived in

this way. It is only a conjecture and has not been derived analytically.
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Note that for the case of k-components, with k=2,3,or 4, the necessary
condition is one that includes all the possible combinations of pairs
of different indices out of the (k+1) indices, 0, 1,2, ---, k. This

can also be seen from the last column of Table 3.2.

3.8 Problem El

In this section we study the problem of reducing the number of
components of a given finite proper mixture by considering two special
cases, viz., that of reducing from (1) four components to three, and
(2) three components to two. The methods used to derive the test
statistics in both cases are the same; they are included here for the
purpose of completeness, and for the reason that if these two tests are
applied consecutively, we would be able to test for reduction
from four components to two components.

In each case, we first derive from the null hypothesis necessary
conditions, and then test statistics. As before, we may suppose that
each component distribution is either known or there is a sample from it.
If not all component distributions are known, the asymptotic distribution
of the test statistic is difficult to identify; so from henceforward

we will suppose that each component is known.

3.8.1 Reducing Four Components to Three

Let Xl’ - Xn be a random sample from FO and suppose that F

1 Fp
F3, F4 are known, continuous. Also assume that FO is continuous and that

F0= wlFl + wZFZ + wst +(1- Wy -y -wS)F4 properly. (3.8.1)
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We wish to test the following null hypothesis:

HO: l-wl-wz-w3=0
Define o35 as in (3.1.3) and Ai’ Bi’ Ci’ Di as in (3.6.2). Under HO’
we have

FO = wlFl + wZFZ +(1 - wy " wZ)F3 properly. (3.8.2)

Integrating both sides of (3.8.2) with respect to Fi’ i=0, 1, 2, 3, 4,

we obtain
Ai = wlBi + wZCi . (3.8.3)
As discussed in section 3.5, when (3.8.2) holds, then necessarily
BOC2 - Bl(C0 - AO) - A0 ) = 0. (3.5.3)

If this is so, then the first four equations in (3.8.3) have a unique

consistent solution for {wl, wz} . Let this solution be
-1
1= A6 - A0 (BC,y - BGy)

B, = (AB; - AB)(B)Cy - Blcz)_l

From the assumption (3.8.1) and HO’ oF &2 must also satisfy the fifth

~
W

equation in (3.8.3), i. e. we must have
_ _ _ -1 _ _
Ay = G - AC))(BIC, - B)Cp) "By + (AgB, - AB1)(B,C - BiCIC,
or
0= agy(B;C; - B)Cy) + oy (B)Cy - CyBy) + ay, (CiBy - BiCy)
- 05, (B)C) - ByCy) - agy (B,Cy - CoBy) - a5y (CiB, - BiCY)
(3.8.4)
The right hand side of this equation is a linear combination of g

and o (the only non-constant terms). (3.5.3) can be rewritten as

%01° 02
= - . 1
0= oygCp = 9y0By - 95p(C, - By) + 3(B) - B,) (3.8.5)
In the above argument we find that (3.8.4) and (3.8.5) are two necessary

conditions for both assumption (3.8.1) and HO to hold. Therefore we may
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define test statistics

1
T7 RlOCZ - RZOBl - RSO(CZ - BZ) + 7{B1 - BZ) (3.8.6)

Tg = (Ryy = agg) (B1Cy - BC) + Ry - 05y) (ByCy - C3By)
+ Ry, = ag,) (C;B, - BC)) (3.8.7)
where Rij is defined in (3.2.1). Obviously expectations of T7 and T8 are
equal to the right hand sides of equations (3.8.5) and (3.8.4) respectively,

and Var T.,, Var T8 and Cov(T7, T8) can be calculated by using (3.2.3) and

7’
(3.3.2) as in the following

n Var T, = -[Cyoqy - Byoyy - (C; - Bz)"'so]2

- - - 2 4
+ J[CZF1 BZFZ (C2 BZ)FS] dFO t11 .,  say,

_ i i _ 2
n Var Ty = -[(B,C, -B,C;)ay, *+(B,C, -C,B,)oy; +(C;B, -B,Cplay,]

2
* J[(Blcz - B,C,)F, +(B,C, -C,B,)F; +(C;B, -B,C,)F,]"dF,
=t,, , say,

n Cov(T,, Tg) = ~[Cyo0 Byayg - (Cp- B,)agg1[(B)Cy- B,Ci)o, +(B,C,CB oy
* (CyBy - BiCplop,l + J[CZFI - BjF, -(C; -B,)Fs]-

[(B,C, - B,C))F, +(B,Cy - C)B,)F; +(C;B, - B,C,)F,]dF,

=t say .

12 2
ti10to00 and t;, can be estimated consistently term by term by Proposition
3.1. We will denote these consistent estimators by €11’ €22, and €12 res-
pectively. After rearranging, T7 and T8 can each be expressed as means of

n i.i.d. random variables, i.e.

_ 1
T, =+

[ e =

[CZFl ()(k)-BlF2 (Xk)- (CZ-BZ)FS (Xk)+(B1-B2)/2] (3.8.8) .

k=1
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T =__1_..

8~ n [(ByC,-B,Cp) (1-Fy (X )-ag,) + (B,Cy-B,C)) (1-Fy (g )~ agq)

1

+ (CyB,-B,C;) (1-F, (X, )-0g,)] (3.8.9)

nm3gzs

k

Hence if nVar T7 < =, by the central limit theorem,

T, (Var T./)_l/2 > N(0,1) in distribution.

And if nVar T8 < w,
-1/2
T8(Var T8)

let T = (T7,T8), then T has an asymptotic bivariate normal distribution.

+ N(0,1) in distribution.

Define ( _
t11 tip)L

=nT T |,
% ~|t12 t22| -

then Qn has an asymptotic chi-square distribution with 2 degrees of freedom
(Wilks, 1962, pp. 261). Applying Theorems 2.1 and 2.2, Qn and

e
) t11 12
Qn =nT]|. . T' (3.8.10)

t12 t22
have the same asymptotic chi-square distribution with 2 degrees of freedom.

Under H ET, = ET, = 0, so én has an asymptotic central chi-square

0’ 7 8
distribution. Otherwise én has an asymptotic noncentral chi-square dist-

ribution with 2 degrees of freedom and noncentrality parameter

1
(ET)'. (3.8.11)

Y1 Y12|”
n (ET)
~1t12 22

Therefore a large sample test is

reject H0 if én is too large. (3.8.12)

3.8.2 Reducing Three Components to Two

Let Xl,-—-,Xn be a random sample from FO and suppose that Fl, Fz,

F3 are known, continuous. Also assume that FO is continuous and
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F F1 + wZFZ + (1-w1-m2)F3 properly. (3.8.13)

0“1

We wish to test the following null hypothesis:

H, : 1-w;~w, =0

0 172
Under HO,
FO = wlFl + (1—wl)F2 properly. (3.8.14)

Integrating both sides of (3.8.14) with respect to Fi’ i=0,1,2,3, we have

A; = B, . (3.8.15)

When H0 is true, the following condition must hold :

a9 *ogy T %y T 1/2 = 0, (3.1.5)
from which it follows that the first three equations in (3.8.15) have a

unique consistent solution of 0 - Let this solution be

61 = A2 / B2 = (aoz-l/Z)/(ulz-l/Z) .

Substituting (I)l into the last equation in (3.8.15), we have .
(u03-a23)(a12-1/2) = (uls-azs)(aoz-l/Z) (3.8.16)

Define T4 as in (3.3.1) and
T9 = (Ros-azs)(alz-l/Z) - (a13_a23)(R02_1/2) , (3.8.17)

where Rij is defined by (3.2.1). (3.1.5) and(3.8.16) are two necessary
conditions when the assumption (3.8.13) and H0 both hold. nVar T4 was

derived in (3.3.3) and will be denoted by Sy11° While
nvar Ty = - [(ag,1/2)agg* (ay5-0p5)0p0] * [(a12-1/2)F3+(uls-aZS)FZ]ZdFO
= S,y » SV,
nCov(T,,Tg) = -0y 0p) [(a1571/2)agy* (0 37ap3)as]

+I(F1_F2) [(alz'l/Z)F3+ ((}13'023)122](11:0

= Sy, SaY.

Similarly we can estimate S110 S127 S22 consistently by Proposition 3.1,
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A

and we will denote these estimators by S11» S12° Sp2 respectively.
Following the same argument as in section 3.8.1, we may use

. *11 *12| 7

Pn = n(T4,T9) 517 S9 (T4,T9)' (3.8.18)
as a test statistic and

reject HO if ﬁn is too large. (3.8.19)



CHAPTER IV
A SIMIULATION STUDY

In this chapter we study a new statistic which can be used to test
hypotheses of proper mixtures when the components are known, e.g. problems
A3, Bl and D2. A computational algorithm is constructed and properties of
this kind of statistics are discussed. Then we use simulation procedure

for three special cases.

4.1 OQutline

Let X ---,X.n be a randon sample from F0 and suppose that F1 and F2

1’
are known, continuous and

Fl(x) 2 Fz(x) for all x. (4.1.1)

We wish to test the following null hypothesis

H0 : F0=wF1+(l—w)F2 properly. (4.1.2)

Define a statistic

D= inf sup |F, (x) - F,(x)|
O<wsl X On 0
= inf sup |F0n(x) - wFy (X) - (1-w)F2(x)l (4.1.3)
O<w<l x

where FOn(x) is the empirical distribution function corresponding to

X,,---,X . D can be rewritten as
1 n
D = inf max K. (w) (4.1.4)
O<w<l j=1,---,n J
where
y = i1 - (1-
Kj(w_, max [|* wFl(X(j)) a w)Fz(X(j))|,
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—-j—-u) - “w
L - aFy (Kgy) - @w)F, (X))l (4.1.5)

and X(j) is the j-th order statistic of Xl,--—,Xn.

On the other hand the distribution of D can be expressed as a weighted s

mean of conditional distributions (Behboodian, 1972) as follows:

Pr{D=<d | w}

n
= I ( )w 1-w)™ 1Pr{D<d| i out of n X's are from F; and the
1=0 rest from F } (4.1.6)

where w is the probability that Xl comes from Fl' We will use (4.1.5) to
calculate the conditional distributions and then use (4.1.6) to obtain the

(unconditional) distribution of D.

4.2 An Algorithm

In this section we describe an algorithm which enables us to compute -

from a given random sample the values of D and &, the latter minimizing
the expression (4.1.3). From (4.1.5) Kj(w),as a function of w, is defined
in the following ways:

2j-1

(1) When 5o

< FZ(X(j))’ we have

Kj(w) = FZ(X(J)) ; +u [F (x( )) -F (x(J))], (4.2.1)

an increasing function of w.

2j-1

(2) When F,)(X5y) < ‘%ﬁ‘ < Fl(X(j)), we have

- __j__+ - i <w<w?
Fz(x(j)’ * ot el Ky (] AF 0w
Ky = - L R (X)) Fy () if wh<osl
F,G)) olF) (X(5)) Fp(Rgy)l,  1F vgses :
4.2.2)
with u# = [ an F, (X (51 [F (X(5))F (x(J))] , decreasing first in the

(4.2.3) ‘li

interval [O’w§)’ then increasing in the interval [w?,l].
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(3) When Fl(x(j)) < Z%ﬁl3 we have

w) = *i—-- . + of- . i
KJ( ) n FZ(X(J)) [ Fl(X(J))+F2(X(J))], (4.2.4)

a decreasing function of w.

It can be seen from the above argument that, for each j=1, ---, n, Kj(m)
is either a straight line segment or a sequence of connected straight lines.
And from (4.1.4) we see that the value of D is attained when & is the
minimax point among all the intersection points of straight lines Kj(w),
j=1,---,n. Using this fact, we construct a computational algorithm for
finding the values of D and & when a random sample is given. (Programs
written in Fortran IV are available from the author.)

Step 1 : For each j=1,---,n , let a(j)=1l,2 or 3 according to whether

Kj(w) is of case 1,2 or 3 respectively. Let

b(0) = max K. (0). (4.2.5)
j=1"_’,n J
Denote by
dK. (w)
! =
Kj(o) dw w=0

Then find j0 such that

K&O(O) = max { K&(O) : Kj(0)=b(0) }.
If more than one such jO exist, choose any one of them,

Step 2 : If a(j0)=1, put

D=b(0), and =0 (4.2.6)

and the algorithm stops. Otherwise let wy=0 and proceed to step 3.

Step 3 : Compute the intersection points of the line Kjéw) with
all the other lines Kj(m) and denote these points by (w},B%) for jsz.

Let
= mi 4.2.7
min max (u)J ,wO ) ( )

W
1 - Mo
j#ig
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Step 4 : If mlzl, put

D=Kj (1), and 6=1 (4.2.8)
0
and stop the algorithm. Otherwise let j1 be such that
- 1
1 = ' . =
Kjl(wl) max {Kj(wl). 3#3 o wj—wl} . (4.2.9)

If more than one such j1 exist, choose any one of them.
Step 5 : If a(j1)=l,"0r both a(j1)=2 and w§<iw1, with w? defined by
1
(4.2.3), put

D=Kj (ml), and &=w1 ’ (4.2.10)

1
and stop the algorithm. Otherwise proceed to step 3 by changing indices

appropriately.

4.3 Numerical Results

For exploratory purpose three numerical examples are studied by the

simulation procedure. Namely, when the component distributions are res-

pectively:
(1) F; ~N(-1.5,1) and F, ~N(1.5,1)
(2) F1 ~ N(-2,1) and F2 ~ N(2,1)
(3) F1 ~ E(1.5) and F2 ~ N(1,1/16) .

The simulation procedure can be described as follows:

(a). For each i=0,1,---,n, where n is the sample size, a set of random
numbers {Xl,---,Xi} is generated according to the distribution Fl’ and a
second set of random numbers {Xi+1,---Xn} is generated according to the dis-
tribution Fz. They are then combined to form a sample for FO, denoted by
s(i|n), subject to the condition that i out of the n random variables are dist-

tributed as Fl and the rest are distributed as Fz. Applying the algorithm in
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section 4.2 to s(i|n), we then obtain a pair of values of (&,D).

(b) Repeat (a) until the desired number of samples is achieved
(200 in our cases) and the pairs of values of (&,D) are computed.
From these values of D, we compute the conditional empirical distributions
of D, denoted by Fn(x]i), subject to the condition that i out of n X's
are distributed as F1 and the rest are distributed as FZ’ i=1,---,n.

(c) From (4.1.6) we calculate for fixed w ﬁhe unconditional empirical
distribution of D.

For case (1), samples of sizes 10, 20, 40 respectively were
generated. The resulting empirical distributions are summarized in
Table 4.1.

For cases (2) and (3), samples of sizes 10, 20 respectively were
generated. The resulting empirical distributions are summarized in

Tables 4.2 and 4.3.
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Table 4.1 Empirical distribution function of the statistic D ‘
calculated by (4.1.7) when the components are
N(-1,5), N(1,5) respectively

Sample size n = 10

w .0 .05 .10 .15 .20 .25 .30 .35 .40 .45 .50

095 .0 .0 .0 .0 .0 .0 .0 .0 .0 .0 .0

.120 .01 .025 .037 .046 .053 .058 .061 .063 .064 .065 .065
.130 .04 .060 .072 .080 .087 .092 .096 .099 .101 .103 .103
.140 .075 .097 .112 .124 .134 .143 .152 .160 .166 .170 .171
.150 .150 .164 .180 .195 .211 .226 .240 .252 .262 .267 .269
.160 .210 .224 .246 .270 .294 .317 .336 .353 .365 .372 .374
.170 .250 .277 .311 .343 .373 .399 .422 .440 .453 .461 .464
.180 .290 .336 .383 .427 .467 .502 .531 .554 .571 .581 .584
.190 .320 .390 .454 .511 .560 .600 .633 .657 .674 .684 .687
.200 .355 .439 .514 .579 .632 .675 .707 .730 .746 .755 .758

.210 .395 .494 .578 .647 .700 .740 .769 .789 .802 .809 .812
.220 .470 .559 .637 .702 .754 .793 .820 .839 .850 .856 .858
.230 .535 .617 .689 .749 .800 .435 .863 .882 .894 .900 .903
.240 .595 .669 .732 .785 .827 .860 .884 .901 .912 .919 .921
.255 .665 .731 .784 .829 .865 .893 .915 .930 .940 .946 .948
.265 .705 .575 .802 .842 .876 .904 .925 .941 .951 .957 .959
.280 .740 .797 .842 .878 .908 .931 .948 .960 .968 .973 .974
.285 .775 .802 .858 .890 .917 .938 .954 .966 .974 .978 .980
.295 .815 .851 .881 .907 .929 .948 .963 .974 .981 .986 .987

.315 .840 .877 .906 .929 .947 .962 .973 .981 .986 .989 .990
.330 .855 .894 .923 .945 .962 .974 .982 .988 .991 .993 .994
.355 .895 .925 .947 .963 .975 .983 .989 .993 .996 .997 .998
.385 .935 .952 .966 .976 .983 .989 .992 .995 .997 .998 .999
.395 .95 .963 .973 .980 .986 .991 .994 .996 .998 .998 .999

.415 .975 .982 .986 .990 .993 .995 .997 .998 .999 .999 .999
.59 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0




Table 4.1 (Cont.)

Sample size n = 20

w .0 .05 .10 .15 .20 .25 .30 .35 .40 .45 .50

.059 .0 .0 .0 .0 .0 .0 .0 .0 .0 .0 .0

.094 .015 .047 .067 .082 .092 .098 .102 .105 .108 .110 .111
.108 .10 .134 .179 .214 .238 .251 .261 .269 .276 .282 .284
.122 .220 .288 .355 .402 .433 .453 .468 .481 .492 .500 .503
.129 .275 .361 .437 .488 .522 .546 .566 .582 .594 .602 .605
.143 .425 .504 .587 .650 .694 .724 .743 .755 .763 .767 .769
.164 .580 .661 .737 .792 .831 .859 .878 .890 .897 .901 .903
.185 .725 .779 .838 .880 .907 .924 .936 .944 .951 .954 .956
.199 .785 .833 .879 .914 .937 .953 .963 .970 .975 .978 .979
.227 .880 .913 .938 .957 .971 .981 .988 .993 .995 .997 .997
.262 .955 .966 .977 .986 .992 .995 .998 .999 .999 1.0 1.0

.33% 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0

Sample size n = 40

w .0 .05 .10 .15 .20 .25 .30 .35 .40 .45 .50

d
.040 .0 .0 .0 .0 .0 .0 .0 .0 .0 .0 .0

.060 .010 .016 .023 .025 .029 .034 .036 .035 .033 .034 .034
.080 .165 .191 .236 .264 ,284 .305 .327 .344 .352 .353 .352
.100 .420 .518 .564 .597 .631 .662 .682 .692 .698 .704 .707
.120 .635 .748 .796 .828 .857 .882 .899 .910 .918 .923 .925
.130 .735 .827 .876 .902 .918 .931 .940 .948 .954 .959 .96l
.140 .805 .870 .913 .940 .954 .963 .969 .975 .980 .983 .984
.150 .860 .903 .942 .965 .977 .983 .987 .989 .990 .992 .992
.170 .945 .954 .973 .987 .933 .995 .997 .998 .99 1.0 1.0
.190 .965 .972 ,983 .992 .996 .998 .999 .999 .999 1.0 1.0
.210 .980 .991 .,995 .997 .999 .999 1.0 1.0 1.0 1.0 1.0
.270 1,0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
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Table 4.2 FEmpirical distribution function of the statistic D
calculated by (4.1.7) when the components are N(-2,1), ’
N(2,1) respectively

Sample size n = 10 .

w .0 .05 .10 .15 .20 .25 .30 .35 .40 .45 .50

d
.085 .0 .0 .0 .0 .0 .0 .0 .0 .0 .0 .0

.120 .020 .027 .040 .053 .061 .066 .069 .069 .069 .069 .068
.140 .055 .095 .130 .157 .175 .186 .192 .195 .197 .198 .198
.160 .150 .213 .263 .301 .326 .344 .357 .365 .371 .374 .375
.180 .270 .347 .409 .455 .490 .515 .533 .546 .555 .560 .562
.200 .415 .499 .566 .618 .656 .683 .702 .716 .724 .729 .730
.220 .515 .604 .671 .720 .758 .787 .809 .825 .837 .844 .846
.240 .605 .682 .745 .794 .833 .863 .886 .903 .914 .921 .924
.260 .705 .770 .822 .862 .894 .917 .935 .948 .957 .962 .964
.280 .785 .831 .869 .900 .925 .944 .958 .968 .975 .979 .980 -
.300 .840 .875 .905 .929 .948 .962 .972 .980 .985 .987 .988

.380 .955 .968 .977 .983 .988 .992 .995 .996 .998 .999 .999 -
.490 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 ""

Sample size n = 20

w .0 .05 .10 .15 .20 .25 .30 .35 .40 .45 .50

d
.058 .0 .0 .0 .0 .0 .0 .0 .0 .0 .0 .0

.094 .050 .076 .082 .084 .087 .090 .094 .098 .102 .105 .106
.112  ,150 .228 .258 .268 .271 .275 .282 .292 .303 .311 .314
.130 .280 .397 .456 .487 .504 .515 .528 .543 .558 .569 .573
.148 .445 .564 .629 .669 .696 .715 .713 .746 .758 .766 .769
.166 .620 .719 .771 .806 .828 .844 .856 .867 .877 .884 .886
.184 .740 .819 .860 .886 .905 .919 .930 .938 .943 .947 .948
.202 .815 .877 .909 .930 .947 .959 .968 .974 .978 .980 .981
.220 .875 .925 .949 .964 .975 .984 .989 .993 .994 .995 .995
.238 .905 .963 .975 .983 .990 .994 .997 .999 .999 1.0 1.0 -
.256 .,930 .978 .986 .992 .994 .997 .998 .999 .999 1.0 1.0
.418 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0




Table 4.3 Empirical distribution function of the statistic D
calculated by (4.1.7) when the components are
E(1.5), N(1.1/16) respectively

Sample size n = 10

.085 .0 .0 .0 .0 .0 .0 .0 .0 .0 .0 .0

.120 .01 .018 .029 .041 .052 .059 .058 .052 .042 .034 .035
.160 .175 .215 .260 .299 .322 .327 .318 .299 .271 .235 .205
.200 .420 .501 .565 .619 .657 .675 .670 .638 .576 .488 .405
.240 .600 .712 .771 .813 .841 .853 .847 .821 .773 .699 .605
.280 .800 .855 .885 .905 .919 .925 .922 .904 .868 .815 .755
.320 .870 .915 .937 .948 .955 .958 .954 .942 .918 .885 .840
.360 .920 .955 .967 .972 .973 .973 .972 .967 .956 .938 .910
.400 .970 .985 .988 .987 .989 .990 .991 .991 .988 .978 .960
.440 .985 .992 .995 .996 .996 .996 .995 .994 .992 .986 .985
.50 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0

Sample size n = 20

w .0 1 .2 .3 A4 .5 .6 .7 .8 .9 1.0

.058 .0 .0 .0 .0 .0 .0 .0 .0 .0 .0 .0

.103 .075 .122 .149 .168 .178 .178 .172 .157 .142 .136 .085
.121 .180 .283 .342 .362 .372 .384 .393 .382 .355 .324 .210
.139 .325 .453 .517 .545 ,571 .593 .598 .580 .555 .530 .430
.157 .500 .615 .674 .706 .737 .758 .759 .743 .718 .672 .545
.175 .640 .727 .788 .820 .841 .850 .845 .833 .823 .787 .645
.202 .810 .854 .883 .905 .922 .936 .940 .931 .911 .873 .760
.238 .910 .946 .958 .966 .974 .978 .977 .973 .968 .957 .890
.265 .965 .973 .985 .990 .991 .990 .986 .982 .979 .965 .935
.301 .975 .992 .996 .997 .998 .998 .995 .992 .992 .986 .970
.418 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
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Tables 4.1 — 4.3 show that:

(1) In general, as the sample size n increases, the entire range of
the empirical distribution function moves toward zero. This is as expected,
since when the hypothesis of mixture is true, the value of D would be close
to zero.

(2) For the two normal cases, value in Table 4.1 is less than the
corresponding value in Table 4.2 for fixed n, d and w. This indicates that
the statistic D performs better when the two components are further
apart.

(3) 1In all three cases,as the actual mixing proportion w increases
from zero to one, the mean of e.d.f.'s  first decreases, then increases
The same phenomenon holds for almost all the percentiles of the e.d.f.

In other words, the statistic D when used to test the hypothesis of mixture,

will perform better when the actual mixing proportion is near .5.

(4) In all three cases, when .1 < w< .9, thee.d.f.'s reamin
relatively constant for varying . This is especially true when sample
size n becomes larger.

The average values of & over each 200 samples are summarized in
Table 4.4. It appears from Table 4.4 that unless the actual proportion
w = i/n is close to either 0 or 1, the averaged values of § are very close
to w. This is an indication that the above procedures can also be used to
estimate the true proportion parameter of the mixture.

Using nominal significance levels a = .025, .05, we also calculate,
from the above values of D, approximate values & of the actual significance -
levels in Tables 4.5 - 4.7. More explicitly, the a's are calculated by

the following formula:




Table 4.4 Average values of & over 200 generated samples

The actual
proportion
from Fl’ w

.0
.025
.050
.075
.100
.125
.150
.175
.200
.225
.250
.275
.300
.325
.350
.375
.400
.425
.450
.500
.550
.600
.650
.700
.750
.800
.850
.900
.950

1.000

(In cases (1) and (2), whenw>.5, use 1-the value
corresponding to 1-w.)

n

Case (1) Case (2) Case (3)
=10 20 40 10 20 10 20

.0555 .0560 .0382 .0635 .0411 .1051 .0880
.0511

.0701 .0612 .0732 .0987
.0743

.1072  .1092 .0995 .1182 .1052 L1738  .1445
.1286

.1575 .1415 .1430 1763
.1710

.1964 .1945 .1964 .1926 .1969 .2210 .2012
.2173

.2384 .2378 .2406 .2576
.2622

.2908 .2941 .3064 .2948 .3059 .2944  .2967
.3277

.3498 .3454 .3552 .3443
.3692

.3909 .4011 .3975 .4085 .4080 .3809 .3739
.4280

.4510 .4461 .4487 .4352

.5022 .4890 .4977 .4906 .5006 .4739 .4525

.5546

.5930 .6116

.6403

.6703 .6472

.7463

.7308 .7787

.7909

.7768 .8429

.8577

.8294 .8823

68
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n . i
~ nylyo1 1 . "
a iéo(l)u)(l w) Eﬁﬁ(no'Of points (§ , D) above the D, . curve

| iout of n X's are distributed as Fl) , (4.3.1)

)

where the D curve is formed by connecting all those points (i-,D .
1-a n’>1l-a,l

i=1, ---, n, with Dl-u i satisfying

’
1-a=Pr{DsD__ ;| Ly 4.3.2)

Tables 4.5-4.7 show that :

(1) As sample sizes n increase, in general, the approximate values
of the actual significance appear to approach the nominal significance
level (o). This fact is as expected, since as n increases, the performance
of the test statistic usually improves.

(2) When w is not too close to either 0 or 1, the values of 0 remain
relatively constant. This is due to the fact that when w is close to either
0 or 1, the small number of random variates generated for one component
causes a great deal of variability among the 200 combined samples, which
in turn causes the values of D to become larger. Hence at both ends of
[0,1] we tend to have larger values of d .

(3) In the cases of two normal components, corresponding values

in Tables 4.5 and 4.6 are fairly close to each other. This indicates

that if we use the statistic D to test (4.1.2) and reject if D is too

large, then this test would be consistent with respect to the distance
between the components.

(4) The values of d are closer to the nominal significance levels in

both normal cases than in the exponential-normal case.




Table 4.5 Approximate values & of the actual significance levels of the
‘ statistic D when the components are N(-1.5,1), N(1.5,1) res-
pectively  (When w>.5, use the values corresponding to l-w.)

o = .05 a = .025
n =10 20 40 n =10 20 40
‘ .0 .0700 .0800 .0775 .0325 .0425 .0550
.05 .0591 .0685 .0695 .0287 .0309 .0389
.10 .0501 .0554 .0526 .0236 .0262 .0298
.15 .0420 .0462 .0446 .0205 .0226 .0238
.20 .0349 .0406 .0433 .0166 .0192 .0227
.25 .0291 .0375 .0448 .0132 .0166 .0237
.30 .0248 .0360 .0475 .0104 .0151 .0246
.35 .0220 .0353 .0501 .0084 .0142 .0247
.40 .0203 .0347 .0512 .0070 .0126 .0233
. .45 .0195 .0342 .0510 .0062 .0131 .0213
.50 .0192 .0340 .0507 .0060 .0130 .0202
. Table 4.6 Approximate values & of the actual significance levels of the

statistic D when the components are N(-2,1), N(2,1) respec-
tively (When w>.5, use the values corresponding to 1-w.)

o« = .05 o = .025
n = 10 20 n = 10 20

.0 .0825 .0500 .0550 .0350
.05 .0711 .0340 0420 L0170
.10 .0599 .0291 .0321 .0141
.15 .0497 .0287 .0247 .0144
.20 0409 .0296 .0192 .0152
.25 .0338 .0309 .0153 .0162
.30 .0285 .0322 .0127 .0173
.35 .0247 .0331 .0112 .0182
. -40 .0222 .0335 .0105 .0186
45 .0209 .0336 .0101 .0188

‘. .50 .0204 .0336 .0101 .0188
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Table 4.7 Approximate values & of the actual significance
levels of the statistic D when the components
are E(1.5), N(1,1/16) respectively

a = .05 a = .025
n = 10 20 n =10 20
w
0 .0925 .0350
.05 . 0667 .0532 .0255 .0267
.1 .0508 .0508 .0202 .0204
.15 .0403 . 0467 L0171 .0160
.2 .0331 .0416 .0153 .0131
.25 .0279 .0364 .0139 .0116
.3 .0242 .0318 .0129 .0108
.35 . 0215 .0277 .0120 .0101
.4 .0197 .0243 L0111 .0095
.45 .0188 .0222 .0103 .0093
.5 .0186 .0217 .0094 .0099
.55 .0192 .0229 .0090 .0113
.6 .0206 .0253 .0088 .0134
.65 . 0227 .0282 .0089 .0154
.7 .0258 .0308 .0096 .0168
.75 . 0297 . 0327 L0111 .0175
.8 .0345 .0345 .0136 .0183
.85 .0401 .0384 .0176 .0211
.9 . 0463 .0476 .0235 .0277
.95 .0529 .0656 .0316 .0376

1.0 . 0600 . 095 . 0425 .0500




CHAPTER V
MISCELLANEOUS PROBLEMS

In this chapter we study various problems which have not been

discussed in the previous chapters.

5.1 Problem B2 — Normal Components

Let X ,——-,)(.n be a random sample from FO and suppose that F1 and F2

1
are of known form, symmetric, and Fz(x)=Fl(x—t), t>0 known. Assume also
that

F0 = wFl + (l-m)F2 properly . (5.1.1)

We wish to test the following null hypothesis:

H0 tw=0o0r 1. (5.1.1)

Assume further that Fi is distributed as Nﬁni,oz), i=1,2. (note that

"H[m]%t>0') Behboodian (1972) shows that under (5.1.1), the sample mean

¥ =L -
Xn =0 pX Xi has density

n . . .
f(x,0) = [7‘1}]1/25 2 (D' (1-0)" Texpi- 5 [x-my* %t]z}. (5.1.3)
i=0 20

It follows that, for O«w<l

f(X,w . . . f (x, . . .
x,O) is a decreasing function of x, and 'f%if%% is an increasing
function of x. (5.1.4)

Therefore a test can be formulated as follows:

Reject H, if b < ih <a (5.1.5)
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where a, b are chosen such that

a-mz

J CE(x,0)dx =0 ( ) = 1-0/2 , (5.1.6)
o o/

b b—m1 ’
J £(x,1)dx =0 ( / ) = o/2 . (5.1.7)
. -

and o is the level of significance.
The above method can be applied to the case when there exists a sta-

tistic with density satisfying (5.1.4).

5.2 Problem B3

Let Xl,---,Xn be a random sample from F. and suppose that F1 and F2

0
are of known forms, and have densities fl and f2 respectively. Also assume

that

FO = wFl + (l-w)F2 properly , (5.2.1)
then F0 has density f0=wf1+(1—w)f2. We wish to test the following null
hypothesis:

HO w < wy

where Oswo<wls 1 . First let us state a lemma.

Lemma 1

Let Xl,--—,Xn be a random sample from F Assume that F0 has density

0°
fo(x,w), where @ is a real-valued parameter, and that, for w<w',
£, (x,u")

fO (X, LU)

is a nondecreasing function of x. (5.2.2)

Then the test
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1 if Ln(Xl,—--,Xn;wO,wl) >cC
w(xl’_“’xn) = r if Ln(Xl’-——’Xn;wO’wl) =cC (5'2'3)
0 if Ln(Xl,---,Xn;wO,wl) <cC
where
n fO(Xi,w')
L (X s~ X ;w’w') =1 — ’ (5.2.4)
n-l n .
i=1 fO(Xi,w)

and ¢ and r (0<r<1l) are constants determined by Ew w(Xl,---,Xn)=a,
0

maximizes the minimum power for testing H0 against Hl’

Proof: See Lehmann (1959), pp. 330.

Lemma 1 can be extended by slightly altering the assumption (5.2.2) as

follows:

Lemma 2

If in Lemma 1, instead of (5.5.2), assume that for w < w'

f(x,0")
o - is a nondecreasing function of some suitably chosen function
fo(x,w)
t(x). (5.2.5)
Then the test (1 if Ln(t(Xl),-—,t(Xn);wO,wl) > C

w(t(xl),———,t(xn)) ={r if Ln(t(xl),—-—,t(Xn);wO,ml) =c (5.2.6)

~0 if Ln(tcxl),---,t(xn);wo,wl) <cC

where

n fO(Xi,w')

Ln(t(xl),-'_,t(x );w,w') = I —
n .

i=1 fO(Xi,w)

and ¢ and r(0<r<1) are constants determined by E pEX), -t (X ))=a,
0

maximizes the minimum power for testing H0 against Hl'

Proof: A slight modification of Lehmann's proof for Lemma 1.
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In the case of a 2-component mixture, the density of F, is of the form

0

f0=u£1+(1-w)f2. In order to apply Lemmas 1 or 2, fo(x,uﬂ must satisfy the

assumptions (5.2.2) or (5.2.5). Note that we may write

fo(xaw'_) . 1+ w' - W
fo(x,w) fz(x) .y
fl(x)—fz(x)
= 14w " w ] (5.2.7)
fl(x) -1
-1 + W
£, ()

For w<w', this is a nondecreasing function of fl(x)/fz(x). Hence if we
let

t(x) = fl(x)/fz(x) R (5.2.8)
we may apply Lemma 2 to obtain a test (i.e. (5.2.6)) which maximizes the
minimum power for testing HO against Hl' If further fl(x)/fz(x) is a non-
decreasing function of another suitably chosen function tl(x), then
fo(x,w')/fo(x,w) is also a nondecreasing function of tl(x), Lemma 2 can be

applied.

5.3 Problems B4 and BS

Let Xl,———,)(_n be a random sample from FO and suppose that F1 is known,
Fz(x)=F1(x-t) (in problem B4) or Fz(x)=F1(x/t) (in problem B5), with t
unknown. We wish to test the following null hypothesis:

H

o ¢ F, = wFy + (l-w)F2 properly.

Owing to the presence of the nuisance parameter t, we can not apply the
methods discussed in sections 2.1, 3.1, 3.2 or 3.3. Behboodian (1976) uses
a method of moments to estimate the (unknown) parameters o and t. We could

of course use this estimated value of t, and apply the methods discussed
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in the previous sections as if both components were known to have these
estimated values to derive test statistics. In the following we will explore
another approach to problem B4.
Denote by FOn(x) the empirical distribution function corresponding to
the random sample Xl,---,Xn. Without loss of generality, in the following
we will assume t>0, (if t<0 the following still holds by exchanging Fl(x)

and Fz(x)). Then Fz(x) < Fl(x) , and
Fo(x) = Fl(x) + (l—w)[FZ(x)-Fl(x)] > Fl(x). (5.3.1)
It follows that for i=0,1,---,n,

i : i
- Zizx . lFOH(X)-FO(X)I 2 max q; - Fl(x(i))’ Fl(X(i+1))- ﬁa ’
(1) (i+1)
where X(O)=-m , X(n+1)=w‘ Therefore
1 1
5 [Fn () Fpl] 2 max fmax(y Fy Xiy)s F1Kgagy) )]

and then

[\

D= inf sup |Fy (X)-Fy(x)| max [maxﬁ% " B Xy

0<w<]l -o<x<® i=1,---,n
i
Fl(x(i+1))— EJ]
> D (5.3.2)

n
where Dn is the Kolmogorov-Smirnov statistic, the distribution of which

can be used along with (5.3.2) to obtain a test for HO'

5.4 Problems Cl1, C2, C3

Let X q,---,X be a random sample from F0 and suppose that for

01 On

0
i=1,2, Fi is continuous and is either known or there is a random sample

for it. We wish to test the following null hypothesis:

H0 : FO = mFl + (1-w)F2 for some w in [a,b] with 0<a<b<l, known .
(5.4.1)
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We show in the following that we can use the test statistics,

TZ’ TS’ T4 discussed in sections 3.1 - 3.3 for problems C,, CZ’ C3

respectively

Define
%
F1 = bF1 + (1- b)F2 R
*—-
F2 = aF1 + (1- a)F2 (5.4.2)

Substituting these expressions into (5.4.1) and simplifying we may

express F, as

0 b-a 1 b-a’2
Let
w* _w-a
b- a , (5.4.3)
* % * * *
then FO = w F1 +1 - w )F2 , with 0 < w* < 1. Since both F1 and
*
F2 are distribution functions, H0 can be reformulated as
£ _ * % %
HO : FO— F1 + (1 -w )F2 properly (5.4.4)

*
In other words, H0 is true if and only if HO is true.

Define
* * .
Ao = f Fi dF0 , i=1, 2 (5.4.5)
and £ % *
aj, = J Fl sz . (5.4.6)

From the assumption of continuity of Fl’ F2 and the definitions, Fl*

*
and F2 are continuous, hence we have

* * % E
=1 -

*
Following the same argument as in section 3.1, under HO we have a

necessary condition
* * E]

%10 * %2 " 92

=0 , (5.4.7)

DN =

s ® *
By definition, g = bOLlO +(1- b)OLZO, %o = aOt10+(1- a)OLZO’ and



*
= 2(1+ a -b) + (b- a)ay, , where a; is defined by (3.1.3),

%2
hence we may rewrite (5.4.7) as
= ot * low " 1 4.8
0=a1q * 0y - 0, = 3 =(b -a)(og4* ogym g5 ) (5.4.8)
Define
. (b- a)T., = (b " L
T, = (b- a)T, = (b- a)(Wyp* Wy~ Wyp - 3
% o P!
T, = (b- a)T; = (- @)Wy * Ryy Ry - 3 (5.4.9)

T,= b -a)T, = O -a) Ry Ry <)

where Wij is defined by (3.1.2) and Rij by (3.3.1). The variances of

* * *
T T T

5 » Tz 5 Ty can be derived by using the variances of T2’ T3, T4
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respectively. Similarly, consistent estimators of these variances can

be derived from those of'Tz, T3 and T4 by multiplying the factor (b-a)z.

Then large sample tests can formulated as follows:

(1) Problem C1

Rei . x5 7 * -1/2
ject Hy if IT2 | (Var T,) > 2y 420 (5.4.10)
(2) Problem C2
Rei . * ~ * _1/2
ject Hy if ]T3 | (Var T ) > 21 4/2 0 (5.4.11)
(3) Problem C3
Reject H, if |T, |(Var T, ) /% > 2 (5.4.12)
J 0 4 4 1-0/2 S

where 29 o/ is the (1- o/2)x100 percentile of the standard normal

2
distribution.

5.5 Problems D1, D2, D3

Suppose that each of FO, Fl is continuous and is either known, or

there is a random sample from it, and assume that
FO = wFl + (1 - m)F2 properly. (5.5.1)

We wish to test the null hypothesis:
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HO: F2= F, a specified d. f. .

Before discussing how to test HO, let us first analyze the testing

problem a little further. Given F, and F., does there exist a real

0 1’

number w in [0,1]such that FO— wFl is a nondecreasing function? The

answer to this question is contained in the following:

Proposition 5.1

Let F F1 be two cumulative distribution functions satisfying the

0’
condition that whenever FO x') = FO(X) for x < x', it implies Fl (x')=F1 x).
Define

G(x,w) = Fy(x) - wFy (x) (5.5.2)
then G(x, w) is nondecreasing if and only if

w<wy (5.5.3)
where g - inf{FO(x') - Fp®)

F (x") - F ()

If furthermore, FO, F1 possess densities fo, fl respectively, such that

P x'>x, Fl(x') > Fl(x)} (5.5.4)

whenever fo(x) =0 it implies that fl(x)= 0, then G(x, w) is non-

decreasing if and only if

£,(x)
w < J'nf{—f?ﬁ- : fl(x)> 0 } .

Remark: If FO is a proper mixture of F1 and FZ’

proportion w must satisfy

then the mixing

0 sw < Wy -

On the other hand, by a similar argument, Proposition 5.1 can be
applied to
H (W= oFy(x) - (1 -y )F,X)

and then ,, must also satisfy
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wzl-wl ,

where
oy _ ]'.nf{ FO(X') - FO(X)
F,(x') - Fy(x)
In order that w to be unique, we then must have

= 1 - UJ1 ’ (5.5.7)

Fz(x') > Fz(x), x'>x} (5.5.5)

“o
which can be used to derive test statistics for testing the hypothesis
of mixture. (Not shown in this paper).

Proof:
Suppose that G(x, w) is nondecreasing, then for x < x' such that

Fl(x') > Fl(x), we have

Fo(x') - Eg(0)
Fl(x') = Fl(x)

w <

It follows that, by taking infimum, w < wy - Conversely if
w < wy s then for x' > x and Fl(x’)>F1(x), we have
F (x') - Fy(x)
wswos Y 0 , Or
' -
Fl(x ) Fl(x)

Gx', w) = G(x, w) .

For x' > x and Fl(x') = Fl(x), we have
G(X', w) - G(x,w) = FO(X') - Fo(x) >0

If, furthermore, F F1 have densities fO’ fl’ respectively, then

O’
G(x,w) is nondecreasing if and only if

fo(x) - wfl(x) >0 for all x .

The rest of the proposition follows. q. e. d.
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From (5.5.1), Fz can be expressed as

-— - -1 -
F2 (1- w (FO wFl) (5.5.8) ]
Conversely if there exists an w in (0,1) such that Foy - wFy is
nondecreasing, (1 - w)_l(FO - wFl) would be a distribution function )
and FO would be a mixture of Fl and (1 -w)-l(F0 - wFl) .  From

Proposition 5.1 there might be infinitely many such , and the null
hypothesis H0 : P2 = F states that there is one w which will make

( l-u))—l(F0 - wF;) equal to F (a. s. )

Now under H., we have

0
F0= F1+(1-w)F R .
and so we can use the statistics T3 and T4, discussed in sections
3.2, 3.3, to test HO. .

Another possible line to attack would be to use the following

statistics as in Chapter IV:

inf sup_ | FOn x) - wF]n x) - Q- wFX) |, (for problem D1)
0 1

O<w<l
inf. sup ]FOn(x) - mFl(x) -(1-wWFX)| , ( for problem D2)
O<w<1
inf sup_ |F0(x) - wF ) - (- FX)| ( for problem D3)
O<w<l

where Fin (x) is the empirical distribution function.
i

5.6 Problem F1
In this section and the next two sections, we study problems of

testing two mixtures simultaneously. Let {XOia} and {XOib} be
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random samples from FaO and FbO with sample sizes N0 Do respectively.
Assume that all the X's are mutually independent. Suppose that each

of F F is continuous and is either known, or there is

a1’ Faz’ B Foz
a random sample from it. We wish to test the follwoing null hypothesis:

. = i, 1 5.6.1
Hy: Fpp = W F + (1 - w)F, properly and ( )

FbO = wanl + (1 - wb)FbZ properly. (5.6.2)

For each single mixture we may use the test statistics TZ’ T3 or T4
discussed in sections 3.1 - 3.3.

Since all the samples under consideration are assumed to be
independent, we can combine the test statistics for each single mixture
to form a test statistic for HO . In the following we use an example
to illustrate how the statistic can be derived.

Suppose that Fa1 is known and for each of Fa2’ Fbl’ sz there is

a random sample {XZia}, {Xlib}’ {XZib} of size n_os Nyps My respectively.

Also assume that all the samples are mutually independent. For testing

(5.6.1) we use

a

a _ a _ a_1
T;7 = Ryp * W2 R > (5.6.3)

3
where Rija is similarly defined as in (3.2.1) and ‘Vija as in (3.1.2)

For testing (5.6.2) we use

b b b b

_ ) o1
Ty =Wip *Wgp " Wiy "3 (5.6.4)

a b b
Var T3 , var T2

can be similarly derived as in sections 3.3, 3.2.

and their consistent estimators Var Tsa, Var T2

There are many possible methods of combining these two independent

b to test H.,. We will consider three of them:

statistics, T a, T2 , 0
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(1) as all n's tend to « ,

2

2.0 -1 by2 A0 o by-1
Tyg = (Tsa) (Var Tza) + (T,))"(Var T,) " —> x,°  (5.6.5)

in distribution.

(2) Given observations T3a = ta , sz =t define the following
random variables:
a
- 2 log Pr{ T3 >ta} ’
- 210g Pr{T.? >t }
2 b ’
then a b
T11 = - 2 log Pr{ T3 > ta} - 2logPr{ T2 > tb} (5.6.6)

will have approximately a chi-square distribution with four degree of

freedom. ( If T3a and sz are continuous, this would be so exactly.)

(3) This will be discussed in section 5.7.

5.7 Problem F2
a b . .
Let {XOi } and {XOi } be random samples form FaO and FbO with sizes
N g Do respectively. Assume that these two samples are independent.
Suppose that each of Fal’ FaZ’ sz is continuous and is either known
or there is a random sample from it. We wish to test the following null

hypothesis:

HO: FaO = waFal + (1 - wa)FaZ properly (5.7.1)

and Foo = wpFap ¥ (1 - w))Fy, properly (5.7.2)

The difference between (5.7.1) - (5.7.2) and (5.6.1)-(5.6.2) is that Fal
and Fb1 are not necessarily identical in ( 5.6.1)-(5.6.2), but are
identical in (5.7.1)-(5.7.2). If Fa1 is known, the method discussed in

section 5.7 can be applied here, but not if Fal is only given by a
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random sample. For in this latter case the test statistics for each
single mixture are not necessarily ( or usually) independent. Hence

we have to investigate their 'covariance structure. On the other hand,
the method given below can be applied to section 5.6 . (This is why it is

included as method (3) at the end of that section.)
b

First suppose that there are random samples {Xlia},{ XZia} s { XZi }
of sizes n_gs Moy Ny, from each of Fal’ FaZ’ sz respectively. And
assume that all samples are mutually independent. For testing (5.7.1)
we use

a _ a a _ a_1
T, =Wio *Woo Wi -3 (5.7.3)

where nga is similarly defined as in (3.1.2). For testing (5.7.2) we use

b_y b b . b 1
T =W *Yo Y12 -2 (5.7.4)
Then Var TZa and Var sz can be derived by using (3.1.4), while
a by, _ _ a _ a,, b _ b
gy Cov(Ty™s Tp) = ~lagy -~ oy dlogy ~ g1 )
+ J[Fao - Fapl g - FypldFyy (5.7.5)
Define matrix
t Var Tza Cov (Tza,TZb)
L= (5.7.6)
a b b
Cov(T2 , T2 ) Var T2
let N = n., *n, + n, + oo * o, , and assume that as N — « ,
nij/N —_ rij and that there exists € such that 0 < ¢ < rij <1l-g <1

for all n's. Then under H Nl/z(Tza, sz) has an asymptotic bivariate

0 ’

normal distribution with mean vector (0, 0) and variance-covariance matrix

lim NZ .

N-oo



Denote the consistent estimators of Var Tza, Var sz, Cov(TZa, T2

b
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)5

which can be derived as in section 3.1, by Var Tza, Var sz, Cov(Tza,sz)

respectively, and introduce the matrix

b

- a " a
Var T Cov(T2 , T2 )

2
S = ~ a b " b
1 COV(T2 , T2 ) Var T2
Then by Theorems 2.1 and 2.2, the statistic

_ a b.. -1,..a b

(5.7.7)

(5.7.8)

has an asymptotic central chi-square distribution with 2 degrees of

freedom under H, . Generally it has a non-central chi-square distribution

0
with 2 degrees of freedom, and noncentrality parameter
. b -1 a b
lim NET.?, ET,°) 3z, " (ET,?, ET.D)' ,
Novoo 2 2 1 2 2
where ET denotes the expectation of T.

(5.7.9)

Suppose that Faz is known and there are (mutually independent) random

samples from each of F's. Then, instead of Tza, we use

a 1
2 "Rz "7
to test (5.7.1) and use

a bye -1..a b
N(T", T,70S, (T, T,)"

T13

to test HO, where S2 is similarly defined as Sl’ i. e.

A ~ b
{ Var TSa Cov(TSa Tz)
S = A A
2 Cov Crsa, sz) Var sz

(5.7.10)

(5.7.11

(5.7.12

)

)




86

5.8 Problem F3

a b .
Let {Xoi } and {XOi } be random samples form F o and F, with

sizes nos Mo respectively. Assume that these two samples are mutually

indeﬁendent. Suppose that each of Fal’ Fa2 is continuous and is either

known or there is a random sample from it. We wish to test the following

null hypothesis:

i

H.: F

0 a0 waF

a1l * a - “E)Faz properly (5.8.1)

and _ -
Fb0 = waal + (1 mb)Fa2 properly . (5.8.2)

Note that the difference between (5.6.1), (5.6.2), (5.7.1), (5.7.2) and

(5.8.1), (5.8.2) is that F; = F,; and F_, = F, in (5.8.1), (5.8.2).

1

If both Fal and Fa2 are known, we may apply methods (1) and (2)
discussed in section 5.6. If only one of Fal and Faz is known while

there is a random sample for the other, we may apply the method discussed
in section 5.7. Now suppose that for each of Fal’ FaZ’ there is a

a ay . . .
random sample {Xli }, {XZi } with size n, n,, respectively.  Also

assume that all samples are mutually independent. For testing (5.8.1)

we use

3
X
[l
=
[
+
=
V)
1
=
i
N ]

(5.8.3)

’

where Mﬁja is similarly defined as in (3.1.2). For testing (5.8.2), we

use

b 1
2 0 W Y2 7 (5.8.4)

Then Var T.2, Var T b

2 , can be derived by using (3.1.4), while
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a b
Cov (T2 , T2 )
_ 1 a _ b _ _ .
T h { T logy map)logy ey ¢ J (Fao = Fap) (g FaZ)dFal} .
s @ - 0@’ - o) +[(F., - B )(F.. -F)dF .
n, 02 1272702 12 a0 al” Vb0 “bl’ a2
1 2 2 2 2
W '_{n T2 T %1 T %% +f Fa1 dFa * JFaZ dFal}
ala2
(5.8.5)
Define the matrix
( Var 7.2 Cov(T,2, T.D)
2 2 72
13° | cov(r,?, T, Var TP (5.8.6)
2 1 2 .
and denote the corresponding consistent estimator of 5 by SS'
Let N=n_, + nbO tn, +n, ,and assume that as N —> o, ‘

nij/N —_ rij and there exists e such that 0 < ¢ < rij <l-e <1,

for all n's. Then under HO, by Theorems 3.1 and 3.2, the statistic

a . bw-l..a b (5.8.7)
T,))8; (T, T,”)

T 2+ Ty

14 = N(T

has an asymptotic central chi-square distribution with two degrees of
freedom. In general T14 has an asymptotic non-central chi-square

distribution with two degrees of freedom and noncentrality parameter

Lin N(ET,?, E'I‘Zb)ZS_l(ETZa, BL,") (5.8.8)
Nooo
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