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SUMMARY

Fisher's‘method of maximum likelihood breaks down when applied to the prob-
lem of estimating the five parameters of a mixture of two normal densities from
a continuous random sample of size n. The two alternatives considered here are
moment estimates on the one hand, and multinomial maximum likelihood and minimum
X2 estimates obtained by grouping the underlying variable on the other. The
methods are compared both for bias (to n_l), and mean-squared-error (to n_z) for
a variety of mixed distributions. In terms of bias, there seems to be little to
choose between them. As regards mean-squared-error, the grouped estimates are
shown to be more accurate than the moment estimates for most distributions, though
the moment estimates do seem to be preferable for distributions which are parti-
cularly difficult to estimate. It is also found that the accuracy levels of the
grouped maximum likelihood and minimum x2 estimates do not differ greatly. For

. -2
any of the estimates, we show in many cases that the n ° term of the mean-squared-
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error cannot be neglected unless the sample size is very large indeed, and that
only very large samples give an accuracy level which most experimenters would

find acceptable.

1. Introduction

The moment solution to the problem of estimating the five parameters of an
arbitrary mixture of two unspecified normal densities was first given by Karl
Pearson, as long ago as 1894. Yet, despite the fact that many random phenomena
have been subsequently shown to follow this distribution, it is only recently
that the estimation problem has been seriously reconsidered. Since 1950 or so,

a number of papers have appeared which are directly or indirectly concerned with
some reduced form of the problem, such as when the variances of the two components
are assumed to be equal or when certain of the parameters are assumed to be known.
Some principal references here are Rao (1948), Preston (1953), Hill (1963),
Bhattacharya (1967), Choi and Bulgren (1968), Kabir (1968) and Day (1969). The
earliest recent reference for the full five-parameter problem seems to be
Hasselblad's paper of 1966. Since then, the problem has also attracted the atten-
tion of Cohen (1967), Robertson and Fryer (1970) and Behboodian (1970). Cohen
shows how the computation of Pearson's mément method, which requires the solution
of a ninth degree equation, .can be lightened to some extent. He also considers
the estimates resulting from maximising the likelihood function of the sample for
variation in the mixing proportion, given that the first four moment equations are
satisfied, but does not go on to derive appropriate formulae for their biases and
covariances. Our earlier paper giQes formulae for the biases and accuracies of
Pearson's moment estimate to order n-2. The other two papers are concerned with
maximum likelihood estimation of the five parameters, but before commenting on

them we ought first to draw attention to an irregularity in the behaviour of the



likelihood function itself.

'l' Let
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denote the likelihood function of a sample from a two-component normal mixture.
To simplify matters take the values of P, Uy and g, to be fixed. Setting My o= %y

and allowing Ol+0 we find immediately that L is unbounded for variation in My and

o Day (1969) has also remarked on this. Consider now some other paths to the

1°
point X, = Hys 0=0. Denote (xi—ul) by t and examine the effect on L of the limit-
ing operation t+0 with o = ctt. Clearly if r < 1 then along any such path to the
(t,0) origin L is again unbounded. Evidently the maximum likelihood estimate does
not exist for a continuous sample from a 5-parameter normal mixture. In practice

- ‘ we might be tempted to rule out this complicating part of the parameter space, but
this can hardly be considered satisfactory. Alternatively, we might try to find

the estimate corresponding to the largest stationary maximum of the likelihood
function (assuming that one exists) and this is precisely what Behboodian proposes.
It is also what Hasselblad proposes in effect, since although he starts by consider-
ing grouped maximum likelihood estimates, he then assumes the width of each group

to be sufficiently small to allow us to replace each group probability divided by
its length by the appropriafe value of the density function.

But what are the properties of this method? Three results on the estimation
of the overall mean of a mixture y = (pul + quz) suggest to us that the efficiencies
of the individual parameter estimates are likely to vary considerably over the
parameter space. Firstly Behboodian has proved that using his estimates we are

led to estimate U by X, the sample mean. Secondly, Tukey (1960) has effectively

. shown that if My = Hy then the large-sample efficiency of X for y against the



sample median can be made arbitrarily small for any p by increasing or decreas-
ing the ratio 01/02. Of course this is what usually happens in long-tailed dis-
tributions. Thirdly, it is easily shown that X is asymptotically fully efficient
for Y in mixtures with 0, = 0y Others may not find this argument convincing.
Either way it seems to us that the efficiency question is well worth resolving.
In this paper, however, we aim to compare the performances of Pearson's
moment estimates with those of two of the best known estimates obtained from
grouping the underlying variable. The two grouped procedures that we examine
are multinomial maximum likelihood and minimum Y2, and we shall always assume the
grouping to be coarse enough to counter the peculiar behaviour of the likelihood
function for ungrouped data. The criteria we have used for comparison are simply
bias (to n_l) and mean-squared-error (to n_z). Bowman and Shenton in an un-
published Oak Ridge National Laboratory Report (referred to as B-S from now on)
have already given the biases and covariances of grouped maximum likelihood esti-
mates to n—2 and we shall make use of their results. But in order to contrast
them with minimum ¥? estimates, we shall have to derive the analogous formulae
ourselves. The set of distributions for which we calculate the biases and

accuracies of the various estimates has been deliberatly chosen to cover the

whole range of possibilities.

2. Notation and some other preliminaries

The notation that we shall use in the development of formulae for the biases
and covariances of minimum X2 estimators is identical to that of B-S. Since their

paper is not yet immediately accessible, we shall briefly outline their notation

with a few necessary extensions here.

In this multinomial situation n will be used to denote the observed propor-

tion of the sample values occurring in group r, and P. to denote the corresponding



group probability. These probabilities depend on the k unknown parameters
61,92,...,6k which appear in the underlying distributional form. The deviation
(nr—pr) will be written as e - It will be convenient to write Ei for the co-
efficient of n-i in the expansion of an expectation in powers of n_l. Likewise,
Bi’ Ci and Mi will denote the coefficients of n-i in the expansion of a bias,
covariance and mean-squared-error, respectively.

To simplify the appearance of results, we make extensive use of a summation
convention in which summation signs are dropped in the presence of a repeated
suffix or suffices. There are two kinds of summation involved in the use of
this convention; sums over the k parameters and sums over the classes or groups.

We distinguish between these by adopting the convention that repeated Greek letters,
o, B, Y, ... are used for summation over parameters, and Roman letters r, s, t, ...

for summation over the groups. A quantity which is fundamental in this kind of

problem is the derivative ™ log P, / aea aea cen aea , and we shall always

1 2 m
denote it here by F; o E Similarly, the related derivative
1%+ 0
Bmp_l / 986 99 ... 80 will be denoted by Af . Terms like
T o a o OOy oo o0l
1 2 m 172 m

2 2
3°log P, 0“log 1 dlog P,

z P L] L]
£ T aea 898 BGY 866 86€

are also frequently met in this kind of work and for this sum, for example, we

use the notation (of, yS, €). Similarly,

3
Z , 9°log P, ] dlog P,
Tr 36a36 BGY 866

B

is denoted by (aBY, 8) or (8§, Bya), because of the commutativity of differentia-

tion and so on. By a slight extension of the B-S notation, we shall write



T bs r Lot . -
E Fa as (Ta), z ruB as (FaB)’ E Pa T Bas (FaPB)’ and likewise for similar terms.
In order to write the formulae for minimum X2 estimators in a form similar
to the corresponding formulae for grouped maximum likelihood estimators, we will

need to make use of the following relationships between the I''s and the A's.

Py 8y = T @
r _ nr r .r
Pr fog = Tag + T Tg (3
r r 3 r r Ynrnr
P, Aygy = Togy * ) Tus Ty = Tolgly (4)

4 3 6
r __r r r r _ r Y rr . rnr
P, Aasyé = Toeys ) FaBYFG + ) Fuﬁryd Y FaBFYFG + rarBrYra (5)

i
In these equations, the summation over r is temporarily suspended. The sums X

describe sums over all the i permutations of the suffices inside producing terms
of the same form, for example,
3 r or r or r or r or
r_ I =T T I~ I, +7T r-.
z of "y of Y ay B By "o
To evaluate the final expectations for the minimum X2 estimators, we make
use of some results of Bowman and Shenton (1963) on the expected values of

. . . ] . .
products of linear combinations of the e 's, such as EZ{(hrer)(lseS)(Jtet)(kueu)}'

In addition, we need the following non-linear relationships.

. 5 2y _ _ 92 .
(prhrlr 2p°h i ) (Prhr 2prhr)(pr1r) (6)

EZ{(hrei)(ises)} rrr

2 2 21 4 _ 5.3y s _ 2 . 2
EZ{(hrer)(ises)} 2(prhrlr 2prhrlr) + (prhr 'prhr)(prlr Prlr)

+ 2(p2h ) (p71) )



) - 2(p, i) (P2h_j

*h i) - 2(p 3 (P2h 1)

rrr

EZ{(hrei)(ises)(jtet)} = 2(p;hrirjr

+ (p b, - pZh ) (p i 3)

+ (3 pih, - ph)(p i) 3) (8)

3. Algebraic details for the minimum x? estimators

In this section, we shall derive results for the variance-covariance matrix
of minimum x2 estimators to the second order, and for their bias to the first
order. We then compare them with the corresponding formulae for grouped maximum
likelihood estimates. Following B~S, we first introduce a fundamental local

~ A
stochastic Taylor expansion for the minimum x? estimators 6= {ea}, namely

A o 1 o 1 .0
ea = Ba + ¢l + 21 ¢2 + 31 ¢3 + ... %)
where
o §ea o §Zea
(1) ¢ =e 3 > ¢, = ee 5—x— , and so on.
T r s
3g, a8 .
(ii) 5;: =-§E;, evaluated at n_=p. 6=6, and similarly for higher
derivatives.

We can evaluate the derivatives occurring in (9), indirectly, by using the esti-
mating equations,

2 2T _ =
In2a, =0, 0=1,2,...,k. (10)

Differentiating (10) with respect to n gives

98
r 2 AT 8
——— l
2nr Aa + (nr AaB) anr 0, (11)
r.r T 568 T
where the term in brackets is summed over r. Hence, (eraFB - eraB) rraie ZFa,
r

using (2) and (3), and so
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where L™ is the inverse of LaB = (0,B). Using (12) in (9), we find immediately

for the estimates @a and éb’ that

. PN A _ a,b
E,{(8,-6,) (6,-6,)} = E (¢7¢7)

a‘YLbGFYF6 _ S)

El(L
- 1P, (13)
as it should be.

The process illustrated by (11), (12) and (13) can be extended to give

results for Bl(éa) and Cz(éa,ﬁb). If we differentiate (11) with respect to n_,

we find

326 36 36 30 36
B _ 26 AY - 2p A" B s B _ (p2F £ . X (14)

2La8 Bnrans rs o r oB Bn Py aBSn Py aBY) Bn an’

where drs is the usual Kronecker delta function. Further differentiation of

(14) with respect to n, gives

2% 3
B __ By,r BcS YENT pSpt
ZLGB on dn on, z 6 L AaBFY 2 Z L BYrﬁre
r s ¢t
3 920 3 320
T B AT BS,.r
-2 z prAaB on Bn (pr aBY) Z on 9n L FG
s s t
Be. YT, 86..r
(pr dBYé)L L'°L FEFCFG (15)

Now we find from the expansion (9) for 6a and éb’ that

B (8) = 5 E (93 (16)



A A 1 a,b . ab 1 ab, ab 1 ab
B, {(B_-0.)(8,-6,)} = 5 E, (4305 + ¢567) + ¢ E, (4303 + 630) + 7 E,(030) (A7)

Using the formulae (2) to (5), (12), (14), (15), the results of Bowman and
Shenton (1963) on the expected values of linear combinations of the e's, and the
non-linear results (6) to (8), we can evaluate all of the terms in (16) and (17).

The algebra becomes very heavy; the final result for bias is

Ay _ 1 aB 1 _aB Y$ _
B8 = 3128y + 3 1LY (eY®) + 281,8) - (8,v,8)) (18)
and E2{(§a—6a)(§b-6b)} is given by
A A __ab _ aB bo l 1

E,{(6,-6,)(8,-6,)} = -L7" + LL 5T + 7T Tp) + (Tye)?

#1208 0 30,8,7,6) - (@1,8,8) - (BY,0,6)
3 1 1
- 5(0B,Y,8) - 5(v8,a,8) + 2(oy,BS) - 7 (B5Y8)
; 1 1 1 1

+ (aBy,68) + 5(aBYd) +-2-(1"B){(ow,6) = 5(a,Y,8) + 5(0y8)}
+ 2 ) {(EY,8) - 3(B.1,8) + F(BYS))
+ 2 {2(aY) + (BY,0) + (o7,8)}]
+ LaBLbO‘LYELSC{%(BYe) (asZ) + %(BYG) (ae)
+ (aBT) (Y8e) + 2(aBL) (¥8,€) + F(yde) (BZ,a)
+ 2ey8e) (az,8) + (86D (ae,Y) + (BYL) (6€,0)
+ 2ave) (56,8 + 2(8Y8) (e, ) + 5(a8T) (BE»Y)
+ 2(0v8) (Be,0) + (Be,Y) (aL;8) + (Be,8) (aL,Y)
+ (BT,e) (¥8,0) + (Bg,a) (¥§,€) + (ag,€) (¥6,B)

+(a0,8) (¥8,8) + 1(B,7,€) (0:8,0) + 5(8,6,8) (@YD)
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- (a8 (B,Y,€) - F(BYE) (0,8,8) = F(BYS) (0,€,D)
- 2(8,7,8) (a€T) = (9BT) (¥,6,€) = 3(¥,8,€) (BT, )
1 1 1
- E(Y’G,E) (aC’B) - E(B’Y’e) (ocg,é) - 7((1,6,C) (BE’Y)
- 1(8,6,0) (¥8,0) - 5(0,€,0) (¥8,8)} (19)
The minimum X2 bias may be compared with that of the grouped maximum like-
lihood estimate (6%),

B,(6%) = 1 12BLY8(2(8y,8) + (8Y8)} (20)

The M, result for grouped maximum likelihood estimates is somewhat simpler than

2

that for the minimum X2 estimates, and is given in B-§ as

Ez{(eg-ea)(eg-eb)} = - Lab + LaBLbaLYG{(GG,B,Y) + (BS,a,Y) + (aByds) + 3(ad,BY)
+ 2(aBY,6) + F(BYS,0) + 3(av8,8))
+ L2BLPYEL 0 Ly (8,6,6) + F(BYD) (0,6,€) + (BY) (8e2)
+ 2(ay8) (BeT) + F(BYE) (8T) + (82,0 (BYL) + (8¢,8) (oL)
+ 2(0BT) (¥8,€) + 3(az,e) (BYS) + 3(BT,e) (ayd) +‘%(G€,B)(Y5€)
+ 2(BL,0) (Y8€) + (ave) (88,2) + (BYE) (08,2) + (65,€) (YE,B)
+ (BS,€) (YZ,0) + (a8,B) (YT,€) + (BS,a) (YZ,€)

+ (08,Y) (Be, L) + (BY,e)(as,0)} . (21)

In view of the fact that Bowman and Shenton have applied a number of checks
to equation (21), we can take it to be correct. We have similarly applied checks
to equation (19). For example, it may be shown that in the case where there is
one parameter, 0, which is the probability parameter of a simple binomial distri-

bution, then Ez(’é—e)2 is zero when calculated from (19), even though a large number
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of non-zero terms are involved. Checks of this kind, taken together with the
fact that (19) and (21) lead to values of comparable magnitude when computed for
various grouped mixed normal distributions, strongly suggest that (19) has also
been correctly derived.

Two general points should be made about the formula at (21) (and also about
(13) and (19)). Firstly, it is easily seen that the grouped maximum likelihood
estimates may not strictly exist if all of the observations fall into ome group.
For example, if in the case of a single two-parameter normal distribution, all
of the observations fall in the jth group, we can make the grouped likelihood
function arbitrarily close to unity if we take the mean to be any point in the
jth group, and the variance arbitrarily small. The formula at (21), however,
assumes that the grouped maximum likelihood estimate comes from the estimating
equations in a regular way. Faced with this kind of difficulty, we should really
use the maximum likelihood estimate conditional on not all of the observations
falling in the same group. But, since with sensible grouping this conditioning
event has very high probability, (21) can be used as a working approximation to
the properly conditioned formula. Secondly, and probably more important, we
should take note of Brillinger's (1964) general warning about the representation
of moments by power series in n .

In passing, it also séems well worth recording that under an obvious limit
process, (21) simultaneously gives the required formula for the 'regular' maximum
likelihood estimates in the continuous case, to order n_z. Denoting the density

function of a typical observation by f(x; 8), then for the continuous case all we

need do is replace terms like (aB,Y,8) by

2
E{B log £ , dlog f | Blog_g} ,

BGQBGB BGY 866
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LaB by
dlog f dlog f
E{ . 1,
aea 366

and so on. It also seems worth mentioning that applying the same limiting pro-

cess to (19), for example, we get the n—2 results for estimates, which are the

continuous analogues of minimum Xz estimates, and which are obtained from

minimising ;{f(xi; erl. These and similar estimates are seen to have the same
i

asymptotic efficiency as the continuous maximum likelihood estimates to order

-1 . s
n , and in the multiparameter case, at least, might well prove to be effective

competitors, especially for not too large sample sizes.

4. Some numerical comparisons

A mixture of two normal densities can have either two or four points of
inflection. Distributions with two inflections have only one mode and so are
termed unimodal. Those with four inflections may be either bimodal or unimodal.
For the last kind, we use the term bitangential. A full description of the
parameter space of mixed normal densities in terms of the three distinct types
is given in Robertson and Fryer (1969). We have compared the performances of the
moment and grouped estimates for a large number of mixtures of all three types.
In this paper, we include details of three distributions of each kind (Tables 1
to 4), and these results can be considered fairly typical. Three of the chosen
populations do not represent any known random phenomena. Population 4 is also
artificial, but has been used by Cohen (1967). The remaining five populations
all correspond to real data, and a description of them is given in Table 5.

The biases and mean-squared-errors of the grouped estimates were calculated
for two different groupings of the underlying variable. First, the central part

of the distribution (some 90%) was split into four equal-length groups, the two
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end-groups making six in all. Second, the distribution was divided into ten
groups in a similar way. The first result in the tables for maximum likelihood
refers to six groups and the second to ten. Since the minimum Xz calculation
for six groups was almost identical to its maximum likelihood counterpart, only
the ten group figures for minimum x2 are included. The method of grouping was
dictated to a large extent by practical considerations, and it is not claimed that
the groupings are in any sense optimal.

There seem to be a number of points worth making about the results in Tables
1 to 4. Firstly, as expected, the maximum likelihood results for ten groups are
almost always substantial improvements on those for six groups. Population 6
shows that the change can be quite dramatic. We therefore need only compare
moment estimators with the ten-group results. As regards bias, minimum x2 esti-
mators seem to be slightly better than grouped maximum likelihood estimators,
but the difference between the two is seldom large. Moment estimators are some-
times better and sometimes worse than the grouped estimators, and furthermore
the differences are often considerable. For all three estimators, there is a
definite tendency for bias to decrease as the number of inflections and modes
in the parent distribution increases, indicating that we can indeed make some
inferences about the quality of our estimates by looking at the shape of the
distribution. Looking now at the first order terms in mean-squared-error, we
find that the grouped estimators are usually markedly superior to the moment
estimators. This superiority, however, is not completely uniform, since the
performance of the moment estimates is often preferable to that of the grouped
estimates for well-mixed distributions, with parameters that are very difficult
to estimate. When we take the second-order terms into consideration, the general
position of the moment estimators is slightly improved. Again, for all three

estimates there is a strong tendency for mean-squared-error to decrease as the
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component distributions show themselves more clearly.

From the results, it is clear that for many parameter values a very large
sample size is needed for the first order approximations to be adequate. (This
is particularly noticeable for populations 2 and 5.) It is also frequently true
that, for many parameter values, very large sample sizes are necessary to give
sufficient accuracy to the estimators, in the sense of leading to estimators with
reasonably small coefficient of variation. Martin's (1936) unsuccessful attempts
to apply the moment solution using relatively small samples may be a reflection of
this fact. 1In some cases, at least, low accuracy levels may be partly explained
by the fact that mixed normal distributions can have very different parameter
values, but virtually indistinguishable distribution functions. For example, de-
noting a normal density with mean Y and standard deviation o by N(u,0), the two
mixtures {0.0668.N(4.80, 1.90) + 0.9332.N(7.14, 1.08)} and {0.1451.N(6.04, 2.10) +
0.8549.N(7.10, 1.02)} are very similar over the whole range of the random variable.
In such cases, a knowledge of the n—3 terms would also be desirable. It seems,
however, that the calculations needed to obtain these terms for the grouped esti-
mators would be prohibitive, both in terms of algebraic complexity and computa-
tional time; and the corresponding calculations for moment estimators, although
not quite so bad, are heavy enough to make them impracticable at the present time.

Finally, there is an interesting comparison we can make, prompted by the
results for population 2. Our calculations are based, of course, on the assump-
tion that the two component population variances are not necessarily equal
(although for a particular problem they may happen to be). Rao's (1948) first-
order results for this distribution do involve the assumption that the variances
are equal, so that there are only four parameters to estimate. It turns out that
Rao's estimators are much more accurate. In terms of the estimator ﬁ, for example,

Rao's first-order variance is 11.8/n, whereas ours is of the order 500/n. This
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could imply that the assumption of equal variances leads to a great improvement
in accuracy, when one can legitimately make it. The explanation for this might
be that in such a case, the actual distribution is less likely to be confused
with another of the same type. At the same time, this discrepancy in accuracy
also suggests that making an unjustified assumption of equal variances may give
very misleading results. However, the level of accuracy in this case is so poor
that we would have to seriously question whether it was worth trying to identify
all five parameters. In cases where a knowledge of the individual components is
crucial, we can do little else. In other cases, however, we would be well advised
to consider which functions of the parameters could be reliably estimated and
whether or not we might be better off trying to estimate the percentage points

of the mixture only, for example.
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TABLE 4

First Order Coefficients of Generalised Variances

Population M.L, M.x2 M.L, M.x?
Number M.M. (6 groups) (10 groups)
1 1.320,4 9.800,4 5.658,3
2 1.362,6 2.848,7 4.,149,6
3 1.417,2 3.435,3 4,958,1
4 2.310,2 5.838,3 1.891,2
5 4.,432,3 4.634,4 1.104,4
6 1.014,4 2.060,5 1.189,2
7 6.917,2 5.120,3 5.762,2
8 5.811,3 5.964,4 8.963,3
9 2,689,2 4.335,2 1.807,2




TABLE 5

Details of the Five Real Populations

Population Description Source
Number of Data

2 Heights of 454 plants. Rao (1948)

3 Birthweights of 8,533 Ashford, Brimblecombe
Devon infants, 1965. and Fryer (1968)

5 Breadth of forehead of Pearson (1894)
1,000 Naples crabs

7 Length of 1,000 Pearson (1914)
individuals of
Trypanosoma Gambiense

9 Ash content of 430 Hald (1952, p.156)

samples of peat.




