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1. Statement of the probler_n

Suppoee a parameter W is estimated by a statistic (a random variable) m,
both of them real. To avoid non-essential complications m will be suppnsed through-

out to be distributed eontimuously. As is well known, n is called a

 positively biased E(m) >u
) unbiased estimator of u if E(m) = u p
( negatively biased E(m) <u

These various cases may be verbally described as follows (ef. for instance

van der Wasrden, 1957, p. 29):

‘ & pogitively biased
an unbiased estimator of W yields an estimated value
a negatively biased
on the average larger than
which is on_the average equal to } the true value.
on the average less than

However, while this may frequently be an adequate description of what an
experimenter or a statistician has in mind when he resorts teo the terms biased or
unbiased, it will not always meet his requirements. For instance, one may want to
know not so much whether a certain estimator will be right on the average, as

whether, say, the frequency of obtaining too small estimates will be unduly large

(an example of this situation is afforded by the estimation of the latent roots of

a determinant in connection with the problem of estimating the type of response
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surfaces). In this conneetion the remark made by Snedecor (1948, p. 8) with

regard tn the term unbiased: "In sampling from certain symmetric populations, it
may be said that estimates made from unbiased samples are as likely to be in excess
of the population value as in defect", is interesting as he apparently felt the need
of adding scmething to the usual "true on the average!.

This paper will explore a few alternative approaches to the general concept
of bias together with the interrelations between various definitions given. For

convenience! sake, only negative bias will be considered in most cases, the treatment

of pnsitive bias being then self-evident.

_2_. Expectation-~bias and median-bias

D et in it i on 1: The random variable m will be said to b

2

E(Z_ﬂ) <H (2, 1);

This is the usual definition of bias.

negatively expectationbiased estimator of p if

Definition 2¢ The random variable m will be said to be a
negatively med i a 33-_‘9 iase g egtimator _g_:f_.‘_ @ g_i_‘. j_.j:_ gatlsfies one _9_:!:: _1;_1_19_

equivalent conditions:

Med(m) <u; Plm g) >5; Pm gu) >B(m 3w (2,2)

Replacing the three inequality signs <, >, >in (2,2) by =, =, = or by > <,
< s one obtains the definition of median-unbiased, or positively median~biased

estimators, resgpectively F

* After this paper had been written, the author read the recent bmok: "Nonparametric
methods in statistics" (Wiley, 1957) by D. A. S. Fraser, which on p. L9 defines
the concept of median-unbiased estimators without, however, giving any further
developments.
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Because of the fact that for many probability distributions the expected
value and the median are unequal, these two definitions are not equivalent in general:
an expectation~-unbiased estimator may be median-biased (g), a median-unbiased esti-
mator may be expectatinn-biased (_I_).), or even a negatively expectation~biased esti-

n
mator may be positively median-biased (¢). For example, & = (n - 1)"'1. ; (xi - E)z,
i=1

the well~known estimator of 02 from samples of size n from normal distributinns

N(1s 02), belongs to class (a), the median of a sample of size 2m + 1 from certain

~ skew continuous distributi ons belongs to class (p_) when used as an estimator of

the median of the corresponding distribution, and r, the well~-known product-moment
correlation coefficient, belongs to class ( _g_) when used as an estimator of the corre-
lation coefficient p of the underlying (supposedly bivariate normal) distribution

in case P> O (see Appendix). The last example is of particular interest as it

shows that the contention made by Tsdhuprnw (1939, p. 116) to the effect that the

L Y

estimator r systematically underrates P, is dubious in that this may beitaken to

mean that r more frequently than not underrates ¢ =~ which is not true.

3. Bias concepts based on comparing estimators

Looking attentively at definitions 1 and 2 nne sees they have one thing
in common: all that is involved in using them is the distribution of the estimator
itself and the true value of the parameter. This may seem natural enough, yet
remember the motivation of the present search for alternative definitions of bias:
one may be interested in the question whether the frequency of obtaining tb@ small
estimates will be unduly large and want to call an estimator with this property
negatively biased.

Now both the terms too small and unduly large imply some type of comparison

to be made. When would one call an estimate Yoo small? A reasonable answer to this
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question seems tno be: if the estimate is smaller than a certain value, to be

denoted as comparing value. The choice of this comparing value is, generally

speaking, arbitrary. Furthermore, when would one call a frequency (nf obtaining

too small estimates) unduly large? A reasonable answer to this second question
seems to be: if it is larger than it would have been if a different (presumably
"better") method of estimation would have been used; that is, if it is larger than

with a different estimator, to be denoted as comparing estimator. Again the

choice of this comparing estimator is to a large exl;ent arbitrary.

It is evident that a definition of bias ensuing from this approach
generally involves more than just the true value v and the distribution of the esti-
mator itself. The next three sections will give three examples of bias concepts
based on this "comparing approach'.

3.1. Median-bias viewed as_a _special case of the "comparing approach!

——_

Take for the .comparing value the true value {4 of the parameter. Take for

the comparing estimator any estimator m o with Med(mc) = {. An estimator m would

then be called negatively biased in the sense of section 3 if P(m £ M) > P(mc < B)= <
Hence this definition is identical with the definition of median-bias; cf. the
second inequality in (2,2), definition 2. If the distribution of n is symmetric,
then of course median-bias and expectation-bias are equivalent and it is here that
Snedecorts remark (see section 1 of this paper) seems to fit in the scheme.

The following argument is well in place here. One might want to look at
the idea of an unduly large frequency of obtaining ton small estimates in another
way which might appear not tn involve comparing estimators: one might endeévour to
define the frequency of obtaining too small éstimates (i.e., estimates smaller than

the comparing value) as being unduly large if the probability of obtaining estimates
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smaller than the comparing value would be large as compared with the probability of

nbtaining estimates larger than the comparing value. One might feel that with u

for a comparing value this approach would lead automatically to the definition

P(m <) > P(m > ) (3.1,1a)

(c£. the third inequality in (2,2), definition 2), but it does not. In fact, why
not use the definition
P(m 1) > k.P(m 3 ) (3.1,1p)

say, with k # 1? The simple fact that one is apt indeed to prefer the inequality
(3.1,1a) to (3.1,1b) shows that in applying this approach one would be using
implicitly a symmetrically distributed estimator (or at least an estimator with
equal probabilities of values being smaller and being larger than the true value) for
a comparing estimator. An analogous remark holds true if any other comparing value
(than 1) would be used; always one would have to decide about questions like: how
~large is k in (3.1,19) to be chosen? So this approach is essentially identical with

the approach based on comparing estimators.

3.2 Q@stribution—biaé

Take for comparing values all conceivable values <& of the parameter W
(the set of values §' may be an interval, both finite and infinite).

As for the choice of the comparing estimator M, there are often two or

more estimadtors with different, yet (almost) equally desirable properties. In such
cases there may be no point in selecting just one of these estimators for comparism
so that one may want to use all of them (in most practical cages the number of
estimators competing for the r31e of comparing estimator will not be too lgpge).

The concept of bias will then have to be modified into bias with respect to

(a particular comparing estimator)m,.
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To come back at the comparing values ;é s> note that if the set I of values
& coincides with the union of the set of & with 0 < Pm<£) <1
and the set of & with 0 <P(mc &) <1,
then the condition -
P(ggg) >P(mc§§)for Eel
means exactly that m is :;ochastically smaller than m, (this term was introduced by

Mann and Whitney, 1947, p. 50). However, in the definition to follow, I will be

———

allowed not to contain all these § -values.
The preceding considerations lead to

Definiti on 3. Let I be the set of all values which the parameter

b might conceivably have (depending on the specific practical problem). Then the

estimator m of L will be called negatively distributionbiased
With respect to2 comparing estimator m, if
P(n §)2 P(m $t) f.orgeI, (3.2,1)

the equality sien not holdmg true for at least one é € I.

Note that whereas the definition of positive distribution-bias is self-
evident after definition 3, the definition of distribution-~unbiasedness with respect
to m, presents difficultieé. If the > sign in (3.2,1) would be simply replaced by
an :c;uality sign, then it would be easy to find estimators which are neitker distri-
bution-unbiased nor distribution-biased. Alternative definitions of distribution-
unblasedness will easily appear to be unsatisfactory in other reSpects, and will not
be attempted here.

3:34, -bias

In certain problems oﬁe may be particularly interested in one special

comparing value, not the true value of the parameter 1 (for example,in response

surface theory the value zero plays an important réle in connection with the



estimation of the canonical regression coefficients). Call this special comparing

value =§c’ S0 that_§; is a fixed and known constant as opposed to gf neccurring in
section 3.2. Handling the question of comparing estimators in the same wey as in

section 3.2 one arrives at

Definition L. The estimator m of  will be cailed negatively

E-biased with respect to the estimabor m if

Pm g &,) >Pm, g &) (3.3,1)

The definition of §c-unbiasadness presents no difficulties.
Note thaet estimatore which are both expecta’isn-unbiased and mediane

unbiased may be §c-biased with respect to some estimator m,. In fact, due to the

agymmetry of §c with respect to p ( §c cannot be both larger and smaller than u),
even an estimator m that is distributed symmetrically around u may be fe-biased

with respect to another estimator m, that is also distributed symmetrically around

K. For example, let m be distributed N{u, 202) and m, be distributed N(u, 02),

s

and take §e = U « 20, then m is negatively'tgh-biased with respect to m_. Hence,

C

from the standpnint of §c-bias an estimator which is both expectation-unbiased and

median-unbiased noy be worse than even an estimator which is negatively expectatione

biased and negatively medien~biased, but which has a smaller variance. Here the
concepts of bias and of efficiency merge into each other. Another possible reason
(also a mixture of bias and efficiency considerations) for preferring certain
biased estimators to certain unbiased estimators was brought forward by Olekiewicz,

1950.

At this point the author remembers with pleasure a discussion with D. Hurst,

Department of Experimental Statistics, N.C. State College, Raleigh, who emphasiééd
that there is little practical value in proving that a certain estimator possesses
Just one out of the whole long list of properties which estimators may be desired to
have, and that the main interest ought to be in estimators with several useful pro-

perties.



‘ L. A lemma which is useful in proving certain types of bias

An almost trivial lemma which, however, sometimes provides an easy proof
nf an estimator being (negatively) median-biased, or distributimn-biased, or ¢ "
biased is

Lennga 1.

Whether the random variables m and z are independent or dependent, if

P(z 25)=1, | (e)
then .
Pmgf) 3Pm, g €+ & ), (L>1)

where m, =m+ 2. A necessary and sufficient condition for the equality sign

to hold in (L,1) is
Plm+z>&E+C)nm g&)1=0 (4s2)

Pro

fo
Y

Drawing a picture will bring home the triviality of the proof.
Pmg€)=Pil(zgt+C-mnmge)ul(z>E+L -mnlm g8)]

= (because of condition (c¢) in the lemma) =
=Pm+z ge+ S I+Pllm+rz>¢g +{)nlm g €)]2
2Pm, < E+ S,
which completes the proof both of (l,1) and (4,2).
It should be remarked that the equality (l,2) will represent a rather peculiar
property of the joint distribution of m and 2z, yet it>is clear that (4,2) cannot
be proved or disproved from the conditions of the lemma alone. Three extra conditions
each of them sufficient for (L,2) not to hold, are
«) m and z are independently distributed and P(z = ¢ ) <1,
B) each (measurable) set in the half-plane z > ( in (r_n_,,g)-space has positive

probability,
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y) some set [(5 >§o) N (m >§o)]with ¢o + ;“o > &+ £ has positive
probability (implied by, hence weaker than B).

Remar k. Lemma 1 is useful in connection with certain cases

of negative bias. The analogue for positive bias is:
Wnether the random variables m and z are independent or dependent, if
P(Esg)sly (ct)
then

Pmp&) gPm, 28+ ¢ ) (Ls1%)

where m,=m+ z. A necessary and sufficient condition for the

equalz‘.ty sign to hold in (L,1') is
Plm+z <£+L)n(@m2g)] =0 (Ls29)

When applying Lemma 1 or 1% in order to prove that m is a biased estimator

of & in one of the senses discussed in this paper, take E = 0 and

for median-bias take £ = i and try to chonse the randem variable 2 in such a way

that mc =m+ 2z has & for its medians,

for distribution-~bias with respect to (g * _z_) take § arbitrarily from the set I of

conceivable values of | and see if 2 can be chosen in such a way that (g + 3)

is- an interesting comparing estimator,

for & c-b:i.as with respect to (_r_n_ + _g) take &= Ec and see again if 2 can be chosen

in such a way that (E + g_) is an interesting comparihg estimator.

In all three cases m and z may be mutually independent nor dependent.
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APFENDIX

At the end of section 2 certain statements were made concerning expectation-
and/or median-bias of certain estimators. In this appendix these statements will

be proved and illustrated.

2

A.1. The estimator s of the variance 02

Be %y3Xps eeeesX, AN n-fnld sample from a normal distribution N(M,cz). It is

well known that

n

2 1 S =2

S = . 2 (X. - X)
T = B

is an expectation-unbiased estimator of 02. It will be shown that EE is, however,

negatively median-biased, i.e., that

Mg A>3 . (4.13)
n-l _ 3 Ne=l -1
Now P(§_2§02) = : = e §y dy =
[»]
1*(9-'2-'-1 22
%(n-l) n-1 4
— / by 2 gy a
Y e
I%-g—) 0

=1 - Qn-lind) = (352, B/ il <1 (B, BL ),

where the functions Q ¥y and I are defined by
: A y v
Y \3e ] / -5 3-1
W) =PIt c2 2L, e 2y g,

cf. Pearson and Hartley (1954), p. 122;

X

Y( 4 x) =/ et gt 1 g,
n
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cf. Higher Transcendental Functions (Vol. 2, 1953), p. 133;

» P =g+ L nY e+ 1),

I(usp) = I(

m
Vo+1

cf. X. Pearson (1946) or Jordan (1950), p. 56.

Jordan (1950)s; p. 57 mentions that "it can be shown by the tables of the

function I(u,p) that ... I({/p + 1, p) > %- ", However, this can be proved
analytically. By means of the asymptotic expression for ¢(«# 1, <+ \/2« y)

given by Tricomi (1950) one finds that

(% )/ T(«) = —12- bo— 0(.4"1), ' (A.1,2)

3 \/ 2m«

a formula which for real < can easily be proved by Laplace!s method. This formula
implies that for « large enough (=% «)/T(«) exceeds %- and that

y( % Q) /T( <) > !‘2- if &= o -

Therefore, the inequality (A.1l,1) will evidently be proved (even for small values of
n) if it can be shown that

‘Y(“"")/ () > y(°<+ 1, «+ 1)/r{«+ 1) for any « > 0.
Now this inequality is equivalent to

L ap( ol )> o+ 1, <+ 1)

or

.,< &4+ 1
«. f et g% dt>/ e~ t% at
n
. A L4+ 1
or 18+ [ et etars /S eteta
N 0
o <41
5ty /ot gt s,
4

-t

As the maximum of the integrand e t~ is reached for t = « the last inequality

is clearly correct, whereby the proof is complete.



Volume 2 of Higher Transcendental Functions contains an error: it

is stated that (<« xkﬁ(ao is a monotonic decreasing function of
«for «> 0, & » 0, whareas in reality vl < x¥/r(«) is a decreasing
function of « (Note that (4 x) + y(«%x) = 1(«) ; cf. Jordan

(1950)s p. 57, equation (3) ).

The following table is computed from Pearson and Hartley (195)), p. 122

seqq., at some places checked by K. Pearson!s table of the incomplete gamma function.

It is interesting to note that the asymptotic expression (A.1,2) yields results

which are accurate to 3 significant decimal places for n - 1 > ).

n -1 P(s® g o)

O OO0 N ON VLW
O
-
n
o)
=

A B ] U AV I ) I el
O O O O 0 O O O
» L) - - - ) - -
Y R U
\ONS‘NO-I:‘MS
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4.2. The sample median as_an estimator of the median of the distribution.

. Be F(x) a continuous distribution function with dF(x)/dx different from zero
in one (finite or infinite) x-interval, and o Fps eves Xppyq @ sample of odd size
from the corresponding distribution. Rearrange the walues in the sample, and use

(1) 55_(2) g oo §§(2m+l) . As P(x) is assumed to be a continuous

(m+1)

the notation x
distribution function, the occurrence of equality signs has probability zero; x
is the sample median. It is well known (cf. for instance Wilks, 1948, equation (16)

I T

on p. 16) that

" P
pa™ g = (EEA L e Puem e, (2,0

nal

Denote by G the inverse (defined for O <P < 1) of the function F so that G(%-) is the
median of the distribution considersd. Substitute F(y) by F in the integrand of

/1
(4.2,1) and use the equality F <ng)> = %’- , then

) . 1/2
@ ™V <o) - Ty F(L-n" aF, (4.2,2)

1/2 .1
Because of F(1-F)" aF / H(1-5)™ qH
0 1/2

(as appears from substituting F = 1-H), one obtains

1/2 1
/ / FH1F)" oF = -21- S Pan® e - %- B(m+1,m+1) . (A.2,3)
0 0
(m+1)

The equations (4.2,2) and (4.2,3) prove that x is a median-unbiased estimator

of the median G(1/2) whether F(x) represents a skew distribution or a symmetric one.
(m+1)

However, the expectation of X equals

+
'ﬂ%%@f%%ﬂ _{ y [F@ T [1-F) " a(y) =
0

= B L, neL) G(F) . F(Q-F)™ aF =
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1
o = &3 * g /0@ 03] . Q" o (4,2,1)
? 0
N 1 2
VAT “pl . Pt eEs |/ it [6G*h) = 6(3)] . 6™ an =
0 ~}/2
e o 1 1 Ly gk 1,2\m
=/ {16z - 6@ ] - [6F) - 6301} D)™ an, (4.2,5)
2 .

Hence the second term in the third member of (4.2,L) equals zero for distributions
which are symmetric with respect to the median, since for these distributions
G(-]é‘-t-h) - G(%-) is an odd function of h, Further, this same second term in (A.2,h)

s ¢ positive . . s
is {negativ e} for those distritutions for which

O(z+h) - 6@ 26(3) - G(F-h) (0 <h <P (4.2,6)

Hence for such skew distributions as satisfy (A4.2,6) the statistic £(m+1) is an

' expectation-biased estimator of the median G(;',iz_ (though not only for this type

of skew distribution, of course.)

Remark., If the sample size is even, 2m say, the statistic
) is customarily used as an estimator of the sample

median, For certain skew distributions this is a median-biased

estinator of the median. If ¢ (¥, (&, .. x(z‘“)) is to be a
median-unbiased estimator of the median, then the function ¢ will

not 'be independent of the distribution function F, So for even

sample sizes there is no exact analogue to the sample median in samples

of odd size.
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A.3. The estimator r of the correlation coefficient p

Be (xl,yl) , (xz,ya) voos (xn,yn) an n-fold sample from a bivariate normal
distribution with correlation coefficient p. Define the sample correlation coefe

ficient in the usual way by

1
n / ‘:2 " n ) \'2‘
r = {g (x-%) Gy -5")} // { & D % (55 }

s> 1947, p. 3Lk, eq. (14.55), and Romanoysk

It is well known (cf. Kendall ¥, 1925,

p. U2, eq. (128) ) that

2 1‘2(3') 11 m1 2
Er) = p.g(n, p)=op. (n_l)r(ml) « F(py 35 5= 0 ") =
r (§) 1 ’2‘* 31 0-3

The last equality follows from Fuler!s integral representation for the hypergeometric

function (used in this context as early as 1925 by Eomanows l.c o

F(a,byc;z) = 1'"1%%%3-%7 jl £ (1) CPL (1at2) R
[+]

see for instance Higher Transcendental Functions (vol. 1, 1953), p. 59, eq. (10), and

p. 11k, eq. (1).

From l
(1-tp) 2'<(l-’o) for anyp ¥1, t£o
Bt follows that
n 1 n-l
-1 - 1, !""l -l
f t. (1-1;).7'5 (l-tnz) dt < £ (1et) T gt -
0
1, /D=l
() I'(==)
- (1 nly | 227 for any 92741,




. hence by the fourth and second members of (A.3,1) that

gln, 0% <1 for any o # 1.

Therefore r is a negatively expectation-biased estimator of p if p is positivse,

as was stated at the end of section 2.

5 enmark, The well-known asymptotic series for E(_x:) may be derived

readily from (4.3,1).

In order to investigate whether r is a median-biased estimator of p, we use

formula (25) of Hotelling (1953?", Pp. 200 (note that Hotelling's n denotes the number

which is one less than the sample size}, which entails

P = g T n-l) 1le 2 ler F( ’ -];; n-l; M dr (AOB,Z)
£20 0 e / R

By means of the substitution
L. =
| e = 7
suggested by section 5 of Hotelling (1953), the second member of equality (4.3,2)

11—}

reduces after some patient algebra to

n-l 1

n2 Il /Y 2T g, T a1 107
-_— - )" F(m >3 n-33 1 = dy (4.3,23)
Ve m o/ y ("2 3 12' mf‘pir)

As p increases from O to 1, the function (l-my)? increases for any y > 0,
2

. lmp

the function o decreases for any y > O,
1-p°

hence 1 = T 5y) increases for any y > 0,

* The author wants to thank Dr. R. J. Hader, Institute of Statistics, Raleigh, for
drawing his attention to this paper.
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2
hence F(%, -%:; n-'%; 1l ET%';%YT) increases for any y > 0,

hence the integrand of (4.3,2a) increases with p for any
¥y >0,
As P(r > p) = % if p = 0 (the direct verification of this elementary fact from

(A.3,2a) is straightforward, though rather intricate) s this means that

P(r P P > 22'- if p > 0. Therefore r is a positively median-biased estimator of pif

P is positive, which completes the proof of all statements mads at the end of

section 2.
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