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ON UNIFYING CONCEPTS IN PLASTICITY THEORY
AND RELATED MATTERS IN NUMERICAL ANALYSIS
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SUMMARY

This paper reviews a rate-independent theory (or class of theories) of multiple-mode
plastic straining which unifies various constitutive equations of macroscopic solids and
single crystals. Some consideration is given to the relationship between the muitiple-mode
theory and thermodynamic concepts, including physical aspects of finite distortion of me-
tal crystals. Uniqueness criteria and related minimum principles in incremental (or “rate-
type”’) boundary value problems are presented for the general class at finite strain. Spe-
cial circumstances {one being infinitesimal strain) are defined under which the uniqueness
criteria assure convergence of a form of finite element approximation in the boundary
value problem. Extensive reference is made to recently published work of Hill, Rice, Se-
well, and Havner.

A symmetry postulate pertaining to the “effective hardening moduli” plays a key. role
in the general theory. This postulate permits the adoption of Sewell’s multiple-mode sad-
dle function as a potential for stress and plastic mechanism rates and leads to the con-
nection between uniqueness and (rate-type) minimum principles. The postulate has a re-
markable consequence for application of a simple form of the theory to single crystals in
the tensile test. At small strain this theory reduces to the classical Taylor hardening of
crystals, which has had wide application in micromechanical calculations of crystalline
aggregate models.

At infinitesimal strain, and at finite strain when the two dominant principal stresses
are everywhere tensile, additional minimum principles are given for the ‘self-straining
problem” which permit the independent variation of displacement and plastic mechanism
rates. (In single crystals the latter are interpreted as crystallographic shear rates.) It is
shown that these principles lead to a proof of convergence of the finite element method
in the incremental or rate-type problem. This proof includes convergence of the method
for the classical flow rule of Prager and Drucker and its finite strain counterpart, the latter
of which is widely used in nonlinear elastic-plastic stress analysis.
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1. Introduction

A recent concept in theoretical plasticity which may not yet be well known is the
multiple-mode 'saddle' potential function of SEWELL [6]. 1In a form that can be easilyrelated
to single-mode, classical plasticity theory (and at a material point where further inelastic

straining is imminent) the 'saddle' function may be written

M(D,u) = DD - g‘lq\p B N (1)

Here D is the rate of deformation (Eulerian strain rate); < is the positive-definite temsor
. _ . . . . et =2 . .

of instantaneous Green-elastic moduli (with symmetries &€ljkl 6f31kl klij)’ u is a

stress-rate-like ‘'slack' variable; A is a symmetric second order material tensor with units

of stress, and both A and the modulus g may be functionals of deformation history. The con-

stitutive equations for material co-rotational (Jaumann-Zaremba) derivative of Kirchhoff

stress 1(=(00/o)g) and plastic mechanism rate Y are

(o]
Te¥L (2)

to which must be added the 'linear complementarity' constraints
we 0, y> 0, uy=20. (3)

From eqs. (22) and (3),v= g_l[A-Q] (with a square bracket signifying its argument is
to be replaced by zero if negative), and it may be seen that eqs. (1)-(3) are equivalent to
2=p-gtanla, g>0, @)
which is due in essence to HILL [20] and has been identified as the constitutive equation of
single-mode plastic straining for 'non-locking' materials by HAVNER [7]. By further re-

quiring
H=g-rx >0,
where H is the history-dependent 'hardening' modulus, there follows (HIIL[20])

p= & ewtpet,  w= 2T O

The symmetric tensor M delimits elastic from elastic-plastic response in Kirchhoff stress-
rate space, hence we may introduce a scalar potential surface £ = 0 (the 'yield' function)

scaled such that M equals its stress gradient. Thus,

-1

o
P = g [af b f %)

9T ~ 3T

the classical plastic flow rule (given at infinitesimal strain by PRAGER [18] and DRUCKER
[19]). Obviously, eqs. (2)-(3) encompass both strain hardening and strain-softening be-
havior, with eq. (5) (or (6)) gilving the further specilalization to strain-hardening
plasticity.

The general form of Sewell's potential function for multiple modes is (from [6])
-1 k k j .
W@ = DED - 22 D WD WD - v, Ky =L, )

with the matrix of material moduli (ng) supposed symmetric, positive-definite and n the
number of currently critical modes at the material point. The general constitutive

equations for multiple-mode plastic straining are then
QW L (8)
B Tk ke
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¥y <0, y, >0 ukyk (9)

Eqs. (8), (9) obviously include eqs. (2), (3){or (4)) and eqs. (5) or (6) as special cases.
The specified positive-definiteness is a natural extension of the requirement g>0 in single-
mode straining. The specified symmetry, however, is a new postulate which is shown to have
important consequences for application of this theory to metal crystals in the next section.

(Refer to HAVNER [7] for simple examples of solution of eqs. (8), (9).)

2. Metal Crvstals

For application to individual metal crystals, it is necessary to choose the multiple-
mode form of the theory and identify the y's as glide shear rates in the crystallographic
slip systems. (That is, Y is the contribution of instantaneous slip in the kth system to
the velocity gradient at the material point, referred to the present position of the slip
system axes.) Moreover, the following physical interpretation is given the A's (see, for

example, HAVNER [3]):

NS N - ok N gk = Iﬂk - QkT, (10)

where Nk QF are respectively the symmetric and skew-symmetric parts of the tensor (dyadic)

k

product (bQ@n) , with n, bk denoting unit vectors in the current normal and glide directions

of the kth system. Then, egs. (8),(9) may be equivalently written

o

T= £Lp- ok, 1)
k, kj

AR < mg g, 205

(12)

=

TAT D = YkEngYj ,

which are the constitutive equations for elastic-plastic crystals proposed by HILL and RICE
[2], with the exception that Hill and Rice supposed only the positive-definiteness of the
moduli (g J) and not their symmetry. The symmetry is necessary, however, in order to in-
corporate these equations into the theoretical structure defined by Sewell's saddle
potential function, eq. (7). Henceforth, we will adopt this symmetry as an important part
of the rate-independent theory of single crystals.

The positive-definiteness of the (gkj) is necessary in order that eqs. (12) (or their
equivalent, eqs. (9)) have a unique solution for specified strain rate D (see, for example,
SEWELL [6] or HILL and RICE [2]). The symmetry postulate has a further consequence in in-
cremental (rate-type) boundary-value problems, as follows. Consider a crystalline solid
with boundary data given as prescribed velocities (displacement increments) on a portion SD
of the current surface and prescribed nominal traction rates (force increments) on the re-
mainder SF' A sufficient condition for uniqueness of quasi-static deformation is (HAVNER

[81)

o .
I +EZ‘thAykAyJ. )V - b(av,av) >0, 13)

for all kinematically admissible 4v (identically zero on 8p), where each E, Y pair is

determined from the associated D via egs. (11)-(12). The hkJ are 'effective’ hardening

moduli given by
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hk] _ ng _ Ekéf E_] , Mk - Jf—lAk , (14)

and T
b(y,v*) = fg.(2DD* - L'L¥)AV = b(y*,v) (15)

for all kinematically admissible fields v,v*. (L is the velocity gradient.) A simpler but
oversufficient condition is

£ap(L 22 A @ ATID AV - by, a0 >0 (16)
which is the counterpart within the context of crystal plasticity of the uniqueness criterion

in SEWELL [5].

Consider now the scalar functional

21(y) = f2(y) DAV - bly,v) - 2(£,¥) , an

where . .

(£,v) = J[yfdv + Jvt dAg (18)
and i,é are prescribed body force rate (per unit current volume) and nominal traction rate
respectively. The following minimum principle (HAVNER [8]) is a direct consequence of the
symmetry postulate for moduli gkj (hence for the hkj from eq. (14)).

Theorem. If the uniqueness criterion, eq. (13), is satisified for all pairs

of kinematically admissible fields v{(x), the statically admissible true

solution u(x) minimizes I on the admissible class v.

(This theorem of course also holds if eq. (16) is satisfied for all Av.)

In regard to thermodynamic (or 'thermostatic') considerations relative to lattice
straining and inelastic deformation in metal crystals, suffice it to say that there are
strong arguments which motivate the present structure of the theory (egs. (11), (12)) under
quasi-static conditions. Reference should be made to HILL and RICE [2] and HAVNER [3]1, [4]
for detailed developments and discussion (including analysis of large pressure effects). Un-
doubtedly, a deeper thermodynamic theory is needed for fast deformation processes.

An additional consequence of the symmetry postulate, which has been thoroughly in-
vestigated by HAVNER and SHALABY [9], pertains to latent hardening of single crystals as
interpreted from the tensile test. Havner and Shalaby have proposed the following simple,

one-parameter hardening law relating slip system critical strengths 7~ to the shear rates Yy

o3 - Nad) s (19)

~ ~ 0

This simple law corresponds to equal effective hardening moduli th (= h for all systems) but
fully anisotropic physical slip system moduli
kj K

Y =h - Nod (20)

and is consistent with eqs. (11), (12), to first order in infinitesimal lattice strain.
HAVNER and SHALABY [9] have shown that eq. (19) fully accounts for the perpetuation of single
slip in the tensile test of f.c.c. single crystals through very large deformations. (See
BELL and GREEN [21] for a survey of the experimental literature on this topic over a 40 year
period.) It should be noted that eq. (19) (or (20)) reduces to Taylor's hardening rule (all
ij = H) at infinitesimal plastic strain, which has had extensive application in micro-
mechanical calculations of crystalline aggregate models (cf. BISHOP and HILL [10], HUTCHINSON
f11], [12], LIN (13], LIN, et. al. [14], HAVNER and VARADARAJAN [22], HAVNER, et. al. [15],
and HAVNER and SINGH [16].)
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3. Macroscopic Solids

In addition to the classical status of egs. (5) and (6) for strain-hardening, poly-
crystalline materials (and the wide experimental support of 'normality' at small strain) it
may be shown through the averaging theorem at finite strain (see HILL [1] or HAVNER [4]) that
the 'normality' structure inherent in the general multi-mode theory of eqs. (7)-(9) carries
over from single crystals to macroscople crystalline aggregates. That 1s, to the extent
that these equations (equivalently, eqs. (11), (12))are a reasonable mathematical theory
of crystal deformation, the same structure of the theory is appropriate to describe the de-
formation of polycrystalline materials, for which either the multi-mode or the 'smooth'
single-model equations may be adopted (also see HILL [23] for analysis at infinitesimal
strain).

For the latter case (egqs. (5) or (6)) the uniqueness and minimum principles are due in

essence to HILL [20]. A sufficient uniqueness condition is
o -1 .0
f(at & lAI + 12 av - b(av,av) >0 . (1)
An oversufficient condition analogous to eq. (16) is

78D(E - gIA@N)AD 4V - b(av,av) > 0 . (22)
Lastly, the statement of the associated minimum principle 1s the same as that for the scalar

function I of eq. (17).

4. Problem Partitioning and Numerical Analysis

We return to the general multi-mode theory of eqs. (7)-(9) and consider a partitioning
of the incremental boundary value problem (defined in Section 2) into two parts: an elastic
problem and a self-straining problem whose solution depends upon the elastic solution. The
uniqueness condition in the elastic problem at finite strain, established by HILL [24], may
be written

() & Liay) av > 0 (23)

for all kinematically admissible Ay didentically zero on S, where the 'nominal' moduli & ,

D
given by
P =0 + l(o §.,— 0,8, -0, 8,  -~g,86, ) (24)
T4gke T TTigke” 2°%1k°307 %1%k T 95K 94001k
have only the 'diagonal' symmetry of &£ Henceforth, we make the special assump-

1jke_ T kedj
tion that the tensor of nominal moduli & is everywhere positive-definite. This will be

assured either at infinitesimal strain (in which case & reduces toX) or at finite strain if
the two dominant principal stresses at each material point are tensile (HAVNER [8]).

In the self-straining part of the boundary value problem, the body 1is constrained on SD

and traction-free on SF' Upon defining 'modified' hardening moduli EkJ,
g K3 g
h3=gJ_Ak£1AJ (25)

(identically the effective moduli hkf at infinitesimal strain), it may be proved that a
sufficient condition for uniqueness is (HAVNER [8])

rg" Z7hag + peEMd by ;) dV >0 (26)
where

5= LL - zYk/”\,k (27)
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is the"nominal' stress-rate. Obviously, the solution is unique for positive-definite X
and _th .

Based upon these assumptions, it now is possible to establish an absolute minimum
principle which permits the independent variation of velocity field and plastic shear rates.

Consider the functional
.T =-1- ~kj k
2L, (w,2) = S8 (1) & "5(w,2) + ITh Akxj} av - 2/In A7 Dy, )dV (28)

on the space of continuous (vector) functions w(x), identically zero on SD’ and the field of
nonnegative scalar rates Ak(x) in critical systems, where Ee(x) is the unique elastic solu-
tion and

32 = BLlw) = oAt (29)

For positive-definite o and nonnegative—definite<Ekj, the true self-straining solution BS(XL
y(x), statically admissible and satisfying the constitutive equations (8)-(9), minimizes
I, on the admissible class w(x), A(x) (HAVNER [8]).

Combining this theorem with the elastic minimum principle (HILL [24]), corresponding to
the uniqueness condition of eq. (23), leads to a pair of inequalities on the discretization
errors in a finite element approximation, as follows. Let the body be subdivided into a
large number of tetrahedral sub-regions q, the finite elements (making certain that no
element cuts across a material interface). Assume all elements to be of equal order of
magnitude in size and let h denote a representative element dimension. Further, suppose the
current distribution of stress and constitutive properties is known throughout the body.
Introducing piecewise-linear interpolating polynomials with a local basis and distinguishing
the finite element solution from the exact solution by the suffix h, it can be proved that

™ 2 Ly av < ow?) (30)

st 27Mag av sz ind av

+ ZIEY;{ Eﬁkjyj - ’(\Jkof_l"é_T]dv <

nlaly 2 Lauhav + 20mafat poat) av (31)
nere du =y —uf, mP =y -y, a5 =5 -5 (the aiff bet inal st t
Wi e Ee Ee, Yk Yk Yk, Eh E ’§h e 1 erence etween nomlina stress rates
in the respective solutions of the self-straining problem), and éT = é(5e+ gs,Y) is the total

nominal stress rate (i.e. the sum from the elastic and self-straining solutions.) The in-
equality (30) may be considered equivalent to the''fundamental Theorem1.l1" in STRANG and FIX
[25, pp. 39-40 and 106]. The proof of eq. (31) can be made as a generalization of the proof
of the corresponding inequality at infinitesimal strain in HAVNER and PATEL [17].

The convergence of the (incremental) elastic solution from eq. (30) (i.e. 52-+Be as
h~+ 0), based upon the assumption of positive-definite & , ensures that the right-hand side

of eq. (31) converges to zero. Thus, the nonnegative intéérals on the left-hand side must

individually converge to zero, whence §

. h . vz, . .
hTE and .78, < ofli(ge), the unique nominal stress-

rates assured by eqs. (23) and (26) for nonnegative-definite ki (with 5

= 4§+ 8 ). Morewer,
. . . ki _h To= e
for positive-definite h™~, Y e the unique plastic mechanism rates from eq. (26).
Lastly, we write the convergence inequality for the case of single-mode plastic strain-

ing:
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-T =-1,. = 2 = o1
fog, 2 g, AV + fR{Ay 17 dv + 20y, iy A Tan) AV
s 2084 A-DCagl) @v + 0%, (32)
with 432 + 0 from eq. (30), where
=g -1, (33)

For H>0 (and o€ positive-definite), inequality (32) assures convergence of the finite

element method in the incremental problem for the classical plastic flow rule of eq. (6).

Moreover, H > 0 is a sufficient condition for uniqueness of solution. The corresponding in-
equality at infinitesimal strain is given in HAVNER [7].

As noted in HAVNER and PATEL (17] (and again in HAVNER [7]), the real issue in actual
calculations using the finite element method is convergence of a sequence of incremental
solutions. Convergence of the incremental (or rate-type) problem as presented here (and in
[7) and [17] at infinitesimal strain) is a necessary test of the finite element method but
1s not sufficlent of itself to establish sequential convergence. Determination of conditions
ensuring the latter remains a significant open problem of numerical analysis in theoretical

plasticity.
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