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ABSTRACT

This paper describes an analytical formulation and a numerical analysis on the elasto/visco-plastic problems of
orthotropic moderately thick shells of revolution under axi-symmetrical loads with application to a cylindrical shell,
and with comparison to experimental results.

The analytical formulation is developed by extension of the Reissner-Naghdi theory in elastic shells where a con-
sideration on the effect of shear deformation is given. As the constitutive equation, Hooke’s law for orthotropic mate-
rials is used in the elastic range, and equations based on the orthotropic visco-plastic theory derived from the ortho-
tropic plastic theory by Hill are employed in the plastic range. The visco-plastic strain rates are related to the stresses by
Perzyna’s equation.  In order to check up the adequacy of the numerical analysis, experiments on elasto/visco-plastic
deformation of a titanium cylindrical shell subject to internal axi-symmetrical loads are performed. Good agreement is

obtained between experimental results and analytical solutions.

1. INTRODUCTION

It is well known from experiments that in plastic range the influence of viscosity of the materials appears in
the mechanical behaviour of shells made of not only high polymers but also metals at room temperature. The influ-
ence of viscosity in a plastic range becomes remarkable under high stress. However, mechanical behaviour of machin-
ery and structures subjected to loads over an elastic limit has been almost all analyzed by the conventional elasto-
plastic theory which time does not enter directly into consideration. The authors make much of this fact and have
dealt with statical problems and dynamical ones of the elasto/visco-plastic shells until now [1—6]. These studies,
however, are almost concerned with the case of thin shells and based on the assumption that the material is isotropic.

In recent years the stress analyses on moderately thick shells have drawn special attention because they are
used in many fields. These shells being moderately thick, there may be question in applicability of the classical theory
neglecting shear deformation effects.

In the present paper the authors study the elasto/visco-plastic deformation problems of general, moderately
thick shells of revolution made of homogeneous and orthotropic material under axi-symmetrical load. The analytical
formulation is developed by extension of the Reissner-Naghdi theory for elastic moderately thick shells[7,8]. The
constitutive relations are based on the orthotropic visco-plastic theory derived from the orthotropic plastic theory
by Hill and the elasto/visco-plastic strain rates are related to the stresses by Perzyna’s equation[9]. The basic differ-
ential equations derived for increments are numerically solved by the finite difference method, and the solutions are
obtained by integration of the increments.

Although it may be often obserbed in experiments that influence of viscosity appears in behavior of structures
in a plastic range, there are only a few experiments handling with this problem[10, 11]. The authors perform the

experiment on titanium cylindrical shells with free ends subject to internal axi-symmetrical loads. By comparing with
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calculating results, the adequacy of this numerical method is examined.

2. FUNDAMENTAL EQUATIONS

The parametric expressions of a middle surface of shells of revolution may be written as:

rEr(Ey,  z=z(%) 1
where ¢ is the meridional length along the middle surface
from a boundary, and r and =z are coordinates of the
middle surface, as shown in Fig. 1. The relations between the

coordinates *# , z and the angle ¥ in Fig. 1 are as follows:

r'=cos(®-9), z'=sin(dry),
(r"2+(z")2=1, '=d/d§

Symmetric axis

2

where ®=¢+ ¢ and ¢ is a change of the angle ¢ due

to deformation,

The equations of equilibrium are given in the differential

form with time or load by:

by' ¥rpy =0, ‘LH"Ns"’"!.’H:O’ 3) )

(ng y —'1[49 - 0 My sin @ - r Q =0 Fig. 1 Notations of shells of revolution.
where

Vy=rl, j,=rv 4)

ME and M, are meridional and circumferential bending moments per unit length, respectively, and py and Py
are components of distributed loads per unit area of the middle surface, as shown in Fig. 1. pg and py are

connected with internal loads { pH+, p,,+ } and external ones { p,,_’ Py~ } by following relations:

Pu=puT hT —pyThT, py=py TR -p, TR )
where

ol l 41y A7 1 (©)

A 1+1£—(RE+R(’)+4 AT,

h is thickness of the shell and RE , Rg are the principal radii of curvature in the meridional and circumferen-
tial directions of the middle surface, respectively.
The relations among internal torces per unit length are:
rNE=\l'/,{cosd>+\l./,,sind>—(x[/,,sin<l>—\p,,cos<I>)t.9. o
rQ=-yysin®+y,cosd-(yYycos®+y,sind)d
Denoting radial and axial displacement components by « and w , respectively, the strains and the changes

of curvature of the middle surface are expressed by [8]:

égm =" cos®+w'sin®+ 0 (w'cos®—u'sind—sind), om =i [r ®
2épgm =w'cos @ —i'sin® -9 (w'sin  +u' cos & + cos &) k=9, kg=Dcosd/r
where Ecnm is half the usual engineering shear strain.
The strain components at a distance 7 from the middle surface, € , €g and €gq are given as:
€6=(égm -nkg)/(1-n/Rg), €9=(égm=nig)/(1~n/Ry), Etn=Etnm /(1=n/Ryg)
Re=1/®', Ry=r/sin® ©)

The terms 7 /RE and 7/ Ry are ordinarily neglected in the thin shell theory.
Now, we shall develope the Perzyna’s elasto/visco-plastic constitutive equations [9] into the case of orthotropic

materials by using Hill’s orthotropic plastic theory. If £ , # and 7 denote principal axes of anisotropy and the
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normal stress op directed to the shell thickness is neglected, the equivalent stress @ in orthotropic materials is ex-

pressed as follows:

= 271172
7= ’z(mcm)[(“”)"i ~2Hoyog+(F+H)od +2May, 211/ (10)

where ¥ , G, H and M are parameters of anisotropy. The gradient [ 36 /90 ] is given as follows by employ-

ing o for the plastic potential:

(32) =5, =55 15, Sy 25, ) an
where,
1G+H)OE—H0 s _(FtH)ay-Ho; S, = Maogy (12)
F+G+H 0" T F+tG+H En "~ F+G+H

In the present theory when we assume that the total strain rate can be resolved into an elastic and a visco-plastic
part, the constitutive equations for orthotropic material are written as follows:
. E . . . VP . vp . E P . VP . VD
=8t v 4 - + )1 0g= —=8 [ pupepteg~(Veper  +é5 D1,
[+ € + g€ é Vg€ R
£ Tooergel 8 T v0g%0 ~ G ot 07 Topevey | Ve0SE 0~ (Mpo% *40
(13)
A ..o
gy = 20y [eppepy ]
where the dot denotes the partial differentiation with respect to time, EE s By GEn are Young’s modulus, and Veg s

Vg are Poisson’s ratio. The Visco-plastic strain rates € i in egs. (13) are from Perzyna’s equation [9]:

if

éil-v —’7<‘I’(f)>[—]— “/<‘I’(f)>S (14)
where 7 is a viscosity parameter ofthe material. The notation <W(f)> isdefined as:

<\I’(f)>=0:f§0, <U(fy>=¥(f)y:f >0 (15)
where function f is

f=(a-0o*)/c* (16)

_* . . . i . =
Ineq.(16) o isa function of equivalent visco-plastic strain &r g

= 2 2 241/2
e _ ’-Z(F+G+H) | (F+H) degP® +2H dePdeg P +(G+H) deg"P* | 2depy'P / an
3 FG+GH+HF M

and the function is obtained from the usual tension test when a strain rate is enough small. Also f =0 becomes

Hill’s yield surface.

The resultant forces and the resultant moments per unit length are as follows:
B a me ni2. 0 0 Y y _Jhre g D
{NE' Q.ME} =f_m {oz,agn,oen}(l-n/Rg)dn > {Ne-Me} -_/_m 109 » 0 n}( I-n/Ry)dn (18)

Substitution of egs. (9) , (13) into eq. (18) is:

; ~ - . vp
Ne| [7¢  TvesG O LD, 0 éom L
Ny| | ToeaCpr TG o O 0, DgA éom Ny?
er=y o , 0, l6Ggph, 0 0 L .Q,,p 19)
M| D 0 L 0L Dy Dl K 1.v1vp
M, 0 Dg\ , O ,-vDy =Dy ko M,
where
E.h? Egh® 1 1 1
Ce=E,h, Co=Eyh, D, = £ r D= [] A== - —, T= ———
ETE TR0 T D (1iuep’ 0 12(I-vgevey) | Ry Ry T=eavos

Ineq. (19) ( )Vp denotes apparent internal forces due to viscoplastic strains as follows:

{NEVP 07, MEVP} =j h/z{&zvp’ 65171'17 ) &Evpn}( 1-n/ Ry ) dn

-hj2

Lwp e ovpy _ | A/2f. vp . VD (20)
{Nv » My }‘f {00 » g 77}(1—"7/R5)d11

~h{2

From above equations (3) ~, (20) , the following simultaneous differential equations of second order with respect
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to 1§ and ‘Z‘/H can be derived as follows:

d &
SR A P IR R IF T ) B @n
by, ba by, bs bs, bs d, Yy
where a; ~vag , by Vvbg and d;, d, are the constants determined from the shell geometrics, elattic constants.
loads, apparent internal forces and the solutions at the before calculating stage.
Equation (21) is the fundamental equation for elasto/visco-plastic problems of orthotropic moderately thick shells

of revolution. In the equation if CE N DE and Veg are equal to CB S Dg and Vog , respectively, this reduces

to the equation for isotropic shells derived previously by Takezono and Tanoue [5].

3. NUMERICAL METHOD
A finite difference method is employed for solutions of eq. (21). The usual central difterence formulas are used
for every mesh point except boundary points of the shell. For the boundary points forward and backward differnce
equations are employed. Integrations of eqs.(20) are carried out by Simpson’s 1/3 rule in the use of the valucs at
K points where are taken for equal distance through shell thickness,
The above numerical method is concerned with a handling of a spatial aspect of the problem. In this elasto/visco-
plastic problem a temporal aspect also must be considered. The solutions at any stage of the problem are obtained by

integration of internal forces and displacements due to the load increment and the time increment.

4. EXPERIMENTS
4.1 Test pieces and material constants

The cylindrical test pieces used in experiment were cut out from a titanium drawn tube with outer diameter 60
mm and inner diameter 46 mm. The dimensions of the test piece are 25.5 mm in mean radius, 3 mm in thickness and
86 mm in length (Fig. 4 ).

To know this material constants three directional uniaxial tension test specimens, axial, circumferential and 45°
directions, were cut out from the drawn tube (Fig. 2 ). Tension tests of these three kinds of test pieces were carried
out under various constant strain rates ( € = 0.05~300 u /s ). Figure 3 illustrates the stress-strain curves obtained
from the tests for axial specimens, Further consideration of the test results for circumferential and 45° directional

specimens gave us next material constant values,

Young’s modulus : EE = 59 =107 GPa , Poisson’s ratio :  Vpg = Vo =0.35

* -5 o
Statical hardening stress - strain relation : T =482(9.18 X 10 S+ eyp) S MPa
Initial yield stress : o, = 144 MPa, Viscosity parameter : 7 =0.0015 1/s @22
Parameter of anisotropy : G/F=1.59, H/F=220, N/F=6.30

V()=[(5-5 /71"

The broken lines in Fig. 3 indicate the results calculated from the above

material constants. It is seen from the figure that the calculated lines

approximately agree with the experimental results in the whole strain and

strain rate ranges. Circumferential
. test piece
4.2 Experimental method = )Z____ ,
. . . . . . . a I o~
Schematic view of the experiments is shown in Fig. 4. Using an “:--" : S A

electro-hydraulic servo testing machine, axial compressive forces W are
applied to the upper and the lower cylinders @ , @ , and the brass

ring divided into twelve parts ® ., is spreaded to the radial direction by

-Axial test piece

the tapered part of the cylinder () lubricated by means of grease, Then

the titanium cylindrical test piece @ is subjected to the radial axisymmet- Fig. 2 Uniaxial tensile test piece
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rical load (mean contact pressure P ). Strain gages were attached on the outer surface and axial distributions of axial
and circumferential strains € , €g were measured.

The loads (P = 27.0n135 MPa ) were applied stepwise as shown in Fig. 5 and the strains in the test piece were
measured every five minutes from just after loading to the stationary state. When the maximum strain rate becomes
less than 5 p in five minutes, we regarded it as a stationary state and proceeded to the next loading stage. In the
figure, P, denotes the initial yield load from calculations. Relations between J and P were calibrated by
means of measuring strains of a circular ring under inner pressure in which strains can be obtained theoretically.

4.3 Comparison between the experimental and the calculated results

To find the contact pressure distribution pressure distinction sheets were inserted between the split ring ® and
specimen (@ . From the change of color of the sheet we found that the pressure was distributed uniformly in circum-
ferential direction and distributed on a width of 4 mm in axial direction. Therefore, in this analysis, the pressure distri-

bution was approximated with next equations:
395 ¢S4imm: p, =P =((F/2)/2*1(t-39) , 400— B

A1SgS8mm: p, =P =P-[(F/2)/2* ) (t-43)" £,-152 s ]
Ex=14 uls

The increment of time (Af); was decided as (A¢) ;= 0.9 Aty , where

5300
4 —k
Aty = 3 (1re) (0—,),- (¥'=d¥ /df, i: calculation stage ) 2
v E )4
Q4 B
2001

is the stability limit given by Zienkiewicz and Cormeau [12].
The boundary conditions at the point A ( j =1)and B( /= N )are:
Point A, Mg=0, ¢,=0 @5 100
Point B, ¥ =0, ‘I’H=0

The meridional mesh number N and the division number X through

Ey= 0,05 s’

0¢=436(00001,

— Experimenl - ‘
— Oi-C%
e.,_o,oms(—\ari-)

thickness of the shell were chosen to be N =216 and K =19, respectively. 0 os 1.0 15
. E o
These numerical values were determined from evaluation of convergency of 5 /°
the solutions according to variation of the values and in consideration of .
Fig. 3 Stress--strain relations.

capacity of the computer and computing time.

Decision of the parameter of anisotropy M is difficult because

thickness directional specimen can not be obtained. However, since the

influence of the value is small, SETI and 9y in eqs. (12) were

considered to be equal and M / F = 4,79 was used in this calculation.

Some of the essential features of the solutions are shown in Figs.

6~n11.  The results by thin shell theory are indicated by dotted lines

and chain lines. In this thin shell theory the effect of the shear strain
€tn  was ignored, while the shear stress Ogn Was considered in
computing o

The adequacy of this numerical analysis seems to be supported

because close agreement between experimental and calculated values

is seen in Figs. 7 and 8. Tt is found from these figures that as the load

increases, the variation of values with time becomes significant and the

diffence between solutions from both theories appears remarkably .
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