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ABSTRACT

In this paper, we consider GFSR sequences with low
discrepancies that are produced by a recurrence re-
lation whose characteristic polynomial is a primi-
tive pentanomial, whereby each term can be gener-
ated only by three bitwise exclusive-or operations.
The use of pentanomials is motivated by the fact
that there exists at least one pair of Fibonacci poly-
nomials, which can be exploited to generate low-
discrepancy GFSR sequences, for every degree less
than 22, whereas this is not true for the trinomial
case, and in most of practical applications we need
the point sets of size around 21° to 229, We give the
table of the pentanomial GFSR sequences with low
discrepancies which were found to be the best in the
dimensions two to five for degrees less than 22. The
paper also gives some results of the applications of
these low discrepancy points to multiple integration
problems.

1 INTRODUCTION

Low discrepancy points and sequences are known to
be useful for numerical integration, simulation, and
optimization. The most recent survey on this topic
can be found in Niederreiter (1992). Fibonacci poly-
nomials are closely related to the two-dimensional
discrepancy of Tausworthe sequences, a typical class
of shift register random numbers (Tausworthe 1965;
Lewis and Payne 1973). For the digital multistep
sequences, the special subclass of Tausworthe se-
quences, Mullen and Niederreiter (1987) obtained
the figure of merit for the discrepancy of the se-
quences, and defined Fibonacci polynomials as giv-
ing the best figure of merit in the two-dimensions.
Further, they conducted an exhaustive search for the
Fibonacci polynomials based on their definition. Re-
cently (Tezuka and Fushimi 1993), we generalized
their definition based on linear congruential sequences
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in the field of formal Laurent series over GF(2), which
includes Tausworthe sequences as a subclass (Tezuka
1990). The merit of this generalization is that there
are many Fibonacci polynomials which are primitive,
while the original Fibonacci polynomials as defined
in Mullen and Niederreiter (1987) are rarely primi-
tive. This means that there are many possible choices
of parameters for fast generation of low discrepancy
points based on Fibonacci polynomials.

The paper is organized as follows. Section 2
overviews the discrepancy as well as Fibonacci poly-
nomials and their related results. In Section 3, we
conduct exhaustive search for the best GFSR gener-
ators with primitive pentanomials that quickly pro-
duce low discrepancy points based on Fibonacci poly-
nomials. Finally, we discuss the applications of these
point sets to multiple integration problems.

2 OVERVIEW

2.1 Discrepancy and Related Results

First, we recall the definition of discrepancy. For N
points Xo, Xq,..., Xny-1in I¥ = [0,1)¥ k > 1, and a
subinterval J = [0, u;)¥, k > 1, where 0 < u; < 1 for
1 <i <k, we define the discrepancy as

(J;N)

D%‘) :sup|—A——
J

v,

where A(J; N) is the number of n,0 < n < N,
with X, € J and V(J) is the volume of J, and
the supremum is extended over all subintervals J.
We call as a low-discrepancy points such a point set,
Xo,X1,..., Xn_1, in I*, that the discrepancy satisfies

D{¥) < Ci(log N)¥/N,

where Cy is a constant only depending on the dimen-
sion k.

The use of low discrepancy points are justified by
the Koksma-Hlawka theorem, which is presented as
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follows:

()| / f(z)dz — Z F(X)l < V(HDE,
(1)

where V(f) is the total bounded variation of f in the
sense of Hardy-Krause, reflecting the regularity of f.

2.2 Fibonacci Polynomials and Discrepancy

Let GF{2,z} denote the field of all Laurent series of
the form S(z) = 377 s;27, with m an integer and
s; in GF(2). The ﬁeld GF{2 z} contains the field
of rational functions over GF(2) as a subfield. Here
we define an analogous version of linear congruential

sequences in GF{2,z}. Let o be a mapping from
GF{2,z} to the real field, defined as

a(S(z)) = S(2).

Then a pseudorandom sequence u,, n = 1,2,..., In
[0,1) is defined as

fa(z) = (9(z)fn-1(z) + h(z)) mod M(z)
o(fa(z)/M(2)), (2)

where g(z), h(z), M(z) and f,(z) are polynomials in
GF{2,z}. In practical situations, u, is expressed ap-
proximately by its truncated value, i.e. by summing
from some constant — L instead of —oo.

The discrepancy of the sequences defined in (2) has
been obtained (Niederreiter 1987a,c; Tezuka 1987,
1989). Here we define deg(0) = —1.

Un

Theorem 1 Let
k
p*) = min > "(deg(hi) + 1),
i=1

where the minimum s taken over all nonzero polyno-
mial solutions (hy(z), ..., hi(z)) of the equation:

k
> hi(z)g(z)'~! = 0 mod M(z).
i=1

If the sequence defined in (2) has a period of 27 — 1,
then the k-dimensional discrepancy of the sequence
over the full period is given as

DY) < Ci(log N)E=1/20%

where N = 2P and Cy is a constant depending only
on k.

Hence, the value of p(*) can be regarded as a figure
of merit for the discrepancy of the sequences; that is
to say, the larger p(¥) is, the lower the discrepancy.
For the two-dimensional case, the next theorem
(Tezuka 1988) links the continued fraction expansion
of g(z)/M (z) with the two-dimensional discrepancy.

Theorem 2 Let the partial quotients in the contin-
ued fraction ezpansion of g(z)/M(z) be Ay(z),
A,s(z), e,

9(z)/M(z)
= 1/(Ai(z) + 1/(Aa(z) + - - + 1/As(2)))
= [Ai(z), A2(2), -, As(2)).

ceny

Then we have

) — _ .
PV =p+2 - max (deg(4y)).

Note that there exists a pair of polynomials
(g9(z), M(z)) for any degree of M(z) such that the
degrees of partial quotients in the continued fraction
expansion of g(z)/M (z) are all one.

Recently, we defined Fibonacci polynomials as fol-
lows (Tezuka and Fushimi 1993):

Definition 1 A pair of polynomials (a(z),b(z)) with
deg(a) < deg(b) is called a pair of Fibonacci polyno-
mials if the partial quotients in the continued fraction
of a(z)/b(z) are all of degree one.

As pointed out in Niederreiter (1987b), on the av-
erage, every polynomial b(z) has one a(z) such that
in the continued fraction expansion of a(z)/b(z) the
partial quotients are all of degree one. Mesirov and
Sweet (1987) proved that there exist exactly two a(z)
for every irreducible b(z), where (a(z), b(z)) is a pair
of Fibonacci polynomials.

The following recurrence relation produces a se-
quence of Fibonacci polynomials, Fi(z),i=0,1,2,...

Fi(z) = Ai(z)Fi—1(z) + Fi_a(2),
where Fo(z) = 1,Fi(z) = A;(z), and Ai(z),t =
1,2,..., are arbitrary polynomials over GF(2) of
degree one, ie., Aij(z) = z or z + 1. Thus,
(Fi(z), Fiy1(z)) is a pair of Fibonacci polynomials.

Note that if in the equation (2), g(z) satisfies the
trinomial relation

g(z)? + g(z)! + 1 = 0 mod M (z), (4)

p > ¢, and h(z) = 0, then u, follows the recurrence
relation:

Untp = Untq XOR u,,
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where XOR is the bitwise exclusive-or operation. If
zP + z7 41 is primitive, the period of u,,n = 1,2, ...,
becomes 27 — 1. Furthermore, the sequence {u,} can
be quickly generated by the GFSR algorithm with
a small amount of initialization cost required to cal-
culate uj, ..., up. In our previous paper (Tezuka and
Fushimi 1993), we conducted an exhaustive search for
the pairs of Fibonacci polynomials (g(z), M(z)) that
satisfy the above recurrence relation and obtained the
best pairs with respect to the two to five dimensional
discrepancies for the degrees less than 32. However,
it turned out that there exist no pairs (g(z), M(z))
satisfying the primitive trinomial relation (4) for the
degrees 4,6,8, 9,10,11,12, 13,14,16,19, 21,24, 26,
27,29,30, and 32. This is practically unsatisfactory
because in most of applications of low discrepancy
points we need the point sets of size around 21°
through 229.

3 TABLES OF THE BEST GFSRS WITH
PRIMITIVE PENTANOMIALS

In this paper, we consider the case where g(z) satisfies
the pentanomial relation

9(z)P + g(z)® + g(z)* + g(z)** + 1 = 0 mod M(z),
(%)
and h(z) =0, where p> q1 > g2 > ¢3 > 0.

The strategy of the search is as follows: By
using the recurrence (3), we generate all pairs
(Fp-1(z), Fp(z)), and then for each pair, we
check whether Fp_1(z)? + Fp_1(z)" + Fp_1(2)”? +
Fp_1(z)” +1=0 (mod Fp(z)), which comes from
the condition (5), where ? + z% + 292 4+ % +1,p>
q1 > q2 > g3 > 0, is a primitive polynomial. If the
check is OK, then the obtained pair is regarded as
(g9(z), M(z)) for the sequence. The validity of this ap-
proach is the same as in Tezuka and Fushimi (1993).

In the range 3 < p < 21, we found that for each
degree p there exist pairs of Fibonacci polynomials
which pass the above check. Then, the best pair
is selected by using the criterion: The minimum [
such that p(*) > p—k — 1l forall 3 < k < 5 is
calculated for the obtained generators, and then the
generators giving the smallest ! are selected for each
degree. Among them, we chose the generator with
the best figure of merit in dimensions 5 and 6. As
a result, exactly one generator was obtained for ev-
ery p except for p = 12, in which two generators ex-
ist. The corresponding polynomials M(z) and g(z)
are given in Table 1, where we listed only the expo-
nents of the nonzero terms of the polynomials. In this
search, we omitted the pair for the reciprocal case,
ZP + zP~91 4 gP~92 4 P9 4 1, which could be used

as well. Also we omitted a pair (¢’(z), M’(z)), which
is obtained by the transformation (¢'(z), M'(z)) =
(9(z +1), M(z +1)).

In Table 2, we summarize the figures of merit in
dimensions 2 through 6 for these generators. Since no
efficient algorithm for calculation of figures of merit
in higher dimensions than two is available at present,
the brute force calculation, which is the same as the
one in Andre et al. (1990) was done. Notice that for
all 2 <k <5 wehave p]) > p—k + 1 for p < 11;
p*¥) > p—kfor p<15; p®) > p—k —1for p < 21.

Table 1: Pairs of Fibonacci Polynomials (g(z),
M(z)) for the Best Pentanomial GFSR Generators
Gp 1,925 for 5 <p <21

G5‘3'2’1M20 35
g:14
G6,5,2,1 M:016
g:01235
G7.5,3,1 M:01257
g:136
Ggesa M:0123678
g:013¢67
Goas1 M:03 45679
g:01358
G10,5,2,1 M:02357910
g:146789
Gi1832 M:02 35 8 10 11
g:14578910
Gi2421 M:01 47 810 12
g:0 46 11
G12,9‘3,2 M:0345¢68 12
g:3458911
Gises2 M:02 4710 11 13
g:012378912

Gl4’12'211 MO 3568 911 13 14
g:13 11 12 13

Gisges M:0 189 11 13 15
g:05 8 10 11 14

Gis2,003 M :0 1 2 8 13 15 16
g:0135913 14 15

Girio76 M :0 3 6 8 11 12 17
g:346789 10 12 13 14 16

G1310,3.5 M:012341011 12 13 15 18
g:147911 12 14 15 17

Gi9,12,004 M :0 1 2 6 7 10 12 13 14 15 16 18 19
g:23 8 10 11 14 15 16 17 18

Ga,1161 M:01 257911 13 14 15 17 19 20
g:01389 1117 18 19

G21'17's,3M:0 245678 10 16 20 21
g:18 10 13 14 18 19 20
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Table 2: Figures of Merit in k£ Dimensions, k =
2, ...,6, for the Resulting Generators

| [ o2 I o) | o I o) l o) I

Gs3,2,1 6 4 4 4 3
Ge,5,2,1 7 5 3 3 3
G753, 8 6 6 5 4
Gs.6,51 9 6 5 5 5
G311 10 8 6 6 6
G10,5,2,1 11 8 8 7 6
G11,8,3,2 12 9 8 8 8
Gi2,4,21 13 9 9 8 7
G12,9,32 13 9 9 8 R4
G13,6,5,2 14 10 10 9 9
Gi14,12,21 15 11 10 9 8
Gi5,8,6,5 16 12 11 11 9
G16,12,10,3 17 12 12 11 11
G17,10,7,6 18 14 13 12 12
G18,10,8,5 19 15 13 13 11
G19,12,10,4 20 16 14 14 12
G20,11,6,1 21 16 15 14 12
G21,178,3 22 18 16 15 12

4 EXPERIMENTAL RESULTS

Low-discrepancy points are mainly used to construct
a set of nodes (sampling points) for multi-dimensional
numerical integration, where the speed of generating
nodes is very important. Our generator is quite at-
tractive from this point of view, because it can gen-
erate one random number by three XOR operations
and a normalization because u,,n = 1,2, ..., satisfy

Untp = Untqs XOR Unyq, XOR Untg, XOR u,.

Here uj,...,u, are initial values calculated by the
equation (2) using (g(z), M(z)) in Table 1.

We applied four of our generators, Gii 33,2,
Gira1221, Gi7,10,76, and Gag11,6,1, to the following
five multiple integration problems:

(1) fl = exp(_Zf:zlxk))
(il) f2 = 2129232425 exp(Yp-, £2),

(iii) f3 = exp(— Z:___l zy)sin(— Z::l Ti),

(1V> f4 =\ 1+ Z:=1 Lk,

(V) fs = 1+ z1 + 22,23 + 32,2323 + 4z 23232] +
5z1z3z3zdzd.

In Table 3, we give initial values U, = [2Pu,],n =
1,...,p, for the four generators. Table 4 shows the
relative error En(fi)/I(f:),1=1,...,5, where I(f;) =

;s fi(z)dz. Here, we let Xo be the origin and let
Xn = (un,..,Untq) for n = 1,..,27 — 1. Observe
that the results are almost of order 1/N.

Table 3: Initial Values for the Four Generators,
Where U, = [2Puy,]

[ [ Gussz | Guaazza | Giraors | Gaonien |

U 1024 8192 65536 524288
U, 757 5187 48304 853599
Us 1333 2362 92158 956150
U, 1355 14008 78013 591590
Us 273 1957 127464 529024
Us 1922 10841 5901 675699
Uy 808 10642 123275 281973
Us 1123 10183 118759 239640
Us 8 6497 68460 54439
Uio 1296 4790 87052 257100
Un 157 10522 41304 127295
Uiz — 12502 79116 997588
Ui — 15564 27543 795733
Uis — 15715 105387 804259
Uss — — 50485 199720
Uis — — 109032 525368
Uiq —_ —_ 67451 48081
Uis —_ — —_ 876740
U — — — 206167
Uzo —_ — — 375723
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