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ABSTRACT

The plastic strain concentration factors Ke are used for fictitious elastic low
cycle fatique analysis. Hiibel, August 1987, proposes a method with which the
factors Ke can be evaluated more realistically for secondary and peak stresses
than with those given in previous design codes. Based on this proposal, factors
Ke will be evaluated in this paper for structures subjected to primary stresses
in addition to secondary and peak stresses.

1 INTRODUCTION

It was shown in a previous paper [Hiibel, August 1987] that, besides considering
local notch effects and Poisson's ratio corrections due to multiaxial stress
states, a cantilever beam under displacement-controlled loading provides upper
bounds for the global behaviour of many practical relevant structures with
regard to the factors Ke, The idea was to derive Ke factors appropriate for
designing LMFBR structures subjected to high cyclic thermal loads, i. e. for
structures primarily loaded with secondary and peak stresses in the absence of
primary stress. However LMFBR structures can also experience moderate cyclic
primary stresses due to internal pressure, and even relatively low primary
stresses may considerably enhance plastic strains due to simultaneously acting
secondary or peak stresses. This will be examined in greater detail in this
paper.

It is expected that the findings will also prove useful for the design of LWR
structures which typically experience higher primary stresses than LMFBR struc-
tures.

Only stresses of cyclic nature will be considered in the following, since the
factor Ke is used in fatigue analyses. This means that primary stresses due to
dead weight, for example, need not be regarded here. Likewise, a plastic shake
down condition is assumed so that ratcheting, which may occur under these con-
ditions, will not be considered.

2 STRUCTURAL GEOMETRY AND MATERIAL

A structure is required which may be considered to be representative for study-
ing the effects of primary stresses on global structural behaviour. Following
Hiibel, August 1987, a short cylindrical shell clamped at both ends and sub-
jected to an axisymmetric radial displacement yields factors Ke conservatively
bounding those of many real structures and loadings encountered in nuclear
reactors - at least if primary stresses are absent. If the cylinder is very
short, the plastic behaviour of a cantilever beam under deflection-controlled
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loading is approximated since the axial plastic strain components become
dominant.

We will now consider internal pressure superimposing the axial temperature
gradient loading of the shell. In case of thin-walled shells this results in
additional biaxial primary membrane stresses, the axial portion of which need
be considered only in case of the short shell. Thus, the cantilever beam
substituting the short shell may be retained, the only modification being that
an axial force is applied in addition to the deflection-controlled loading.

The cross section of the cantilever is a solid rectangular one with the area

A =2hb a N = Y

A he :

VAR e

The loading consists of a cyclic displacement wo at the free end and an axial
force N, cycling in phase with wo. However, the factor Ke may be derived in the
following by assuming that wo and N grow monotonically, since the loading path
will be strictly radial with respect to the yield surface due to the uniaxial
stress states, and only kinematic hardening of the material will be admitted
corresponding to the assumption that a plastic shake down state is present. For
the same reasons, the deformation theory may be used.

The material behaviour may be bilinear elastic-plastic (hardening parameter
E/C) thus capturing the essential features of the material behaviour with
respect to plastic strain concentration factors.
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This bilinear stress strain representation has been chosen because of its
simplicity, which permits relatively simple analytical treatment of the
problem. This in turn is favourable for performing extensive parameter studies
to derive general results as a basis for adapting them to any specific real
material.

3 SOLUTION
The solution of this elastic-plastic problem follows with purely analytical

methods, so that the application to several real materials can be made very
easily later on - without inelastic Finite Element analyses.
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For the given system, plastic strain concentration factors are derived accord-
ing to the definition

K eel -pl
e ef- el

for combined primary and secondary stresses. £f.el jis the strain determined by
assuming purely elastic material behaviour and thus has the character of a
fictitious strain.

Ke will be determined for the highest stressed location of the structure (x = 1,
y = h) only. The strain €21°Pl (=1, y=h) will be determined as a function of
the displacement wo at the location x=0 and the axial force N, assuming the
small displacement theory holds.

First, the correlation between axial force (N), bending moment (M), membrane
strain (€y) and bending strain (€p) at an arbitrary location x is to be
derived.

Three different sections are distinguished along the length of the cantilever,
denoting different states of plastification:

a) Plastification of the cross section on both surfaces with contrary
signs; i. e. plastic tensile strains at y=h, plastic compression strains
at y=-h

b) Plastification on one surface only; i. e. plastic tensile strains at
y=h, elastic strains at y=-h

c) A purely elastic state of the entire cross section

Plastification with the same sign on each surface (i. e. plastic tensile
strains at y=h and y=-h) would require very high primary stresses. This is
considered to be unrealistic in practical design cases and is therfore
disregarded here. In the presence of an axial force, case a) corresponds to
relatively high bending strains. Without any axial force, section type b) will
be omitted.

With the abbreviations

ypl(x) ~ oy/E—em(x)
h g,(x)

and making use of the assumption that the cross sections remain plane after

deformation, the following is obtained after introducing the bilinear stress
strain relation and performing some integrations across the section

nkx) = px) = E- .‘:m(x)/oy
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Assuming a constant axial force (N(x)=N) and a linearly distributed bending
moment (M(x) = M(x=1)-x/1) the bending strain &€,(x) implicitly contained in the
above equations may be integrated twice along the length of the cantilever to
yield the deflection w(x),

The integration constants may be determined from the boundary conditions of the
cantilever beam and from the continuity of the deflection and the slope between
the sections a and b and the sections b and c, respectively. After some exten-
sive mathematical work, a general analytical solution for the elastic plastic
cantilever under axial force and deflection-controlled loading is achieved,
resulting in lengthy algebraic expressions which only contain the searched
variables Ke and of.el implicitly. Some computer programming is required to
solve the equations for these variables. The results thus obtained were veri-
fied by comparison with some Finite Element analyses. Of course, for vanishing
axial force, the Ke factors derived in [Hiibel, August 1987] are met.

4 NUMERICAL RESULTS
4.1 GENERAL EVALUATION

A parameter study has been performed to determine Ke as a function of the pri-
mary plus secondary stress level, expressed as fictitiously elastically calcu-
lated stress of-.el normalized by the yield stress oy, for different mormalized
primary stresses and different hardening parameters. The results are shown in
Figs. 1 through 3 for p = 0/0.5/0.9 and E/C=100.000/100/50/25/10/4.

It can be seen that the curves without any primary stress (p=0, Fig. 1) fre-
quently cover those with primary stresses (Figs. 2 and 3) at a constant primary
plus secondary stress level. In these cases, a primary stress may conserva-
tively be treated like a secondary stress with respect to Ke. However, this
only holds for normalized primary stresses p<0.5 at moderate primary plus
secondary stress level of.el/oy; depending on the hardening parameter E/C in
general.

A comparison of Figs. 2 and 3 (e. g. E/C=25,of-91/oy= 2.2) shows that fora
constant primary plus secondary stress level 05-91/0Y Ke may decrease with
increasing primary stress p (with the exception of perfectly plastic material
behaviour E/C+ ®). This may be attributable to the fact that a larger material
volume becomes plastic in the tension zone (which governs the plastic strain
concentration) if the primary membrane stress is increased while keeping the
primary plus secondary stress constant. Therefore, the load is carried in-
creasingly by a larger volume of the tension zone, releasing the plastic strain
at the highest stressed surface.

4.2 SPECIFIC MATERIAL

These general results are applied to the material data of AISI 304 ss. The
(temperature-dependent) cyclic material properties E/C and oy were gained from a
bilinearisation of the stress-strain curve of the 10th cycle according to the
ORNL constitutive theory. Fig. 4 shows Ke versus fictitious elastic stress

level (i. e. primary plus secondary stress range) for the temperature 500°C and
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normalized primary stress ranges p=0/0.5/0.9. The extremes of the curves belong
to elastic-plastic strain ranges of 0.4 % and 1.0 % respectively.

The figure shows that for this specific material (and probably also for other
hardening materials) Ke can conservatively be determined by entering the curves
at p=0, regardless of the actual primary stress range. Of course, the actual
primary stress range still contributes to the primary plus secondary stress
range. This means that primary stresses can be considered as secondary for Ke
purposes, provided the primary stress range is smaller than twice the yield
stress.

5 CONCLUSION

It has been shown that the plastic strain concentration factor for the most
stressed location of a cantilever with solid rectangular cross section under
cyclic displacement-controlled loading at the free end combined with a cyclic
axial force provides an upper bound for an arbitrary cylindrical shell loaded
with a cyclic axial temperature gradient and a cyclic primary stress, for
instance caused by internal pressure.

A parameter study showed that the Ke factors derived for secondary stresses
only (p=0) often cover those derived for primary plus secondary stresses (p<l).
In these cases, the primary stress may be regarded as a secondary stress, which
means that Ke is only governed by the primary plus secondary stress, reqgardless
of their individual portions.

A specific evaluation for AISI 304 ss material showed that this holds for the
entire range of parameters investigated here (P=0...1, Sn<1200 MPa). Therefore
no distinction is to be made between primary and secondary stress ranges with
respect to Ke and thus the factors published in Hiibel, August 1987, which were
based on p=0, may be used for any p value.
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